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ABSTRACT 

Utilizing large amounts of data requires high-quality and effcient data analytics 
methods. However, the methods are not universal nor ready-to-use in every case, 
but instead, existing methods often need to be modifed or developed to be suitable 
for the case. The quality of methods can be assessed by several criteria, and the prac-
tical utility of the methods is determined by the amount of resources needed for using 
them. Method development is often balancing between different characteristics, i.e. 
some need to be weakened in order to achieve an improvement in another. 

This thesis consists of three publications, in which methods of predictive data 
science were developed. The frst method was developed for predicting the prof-
itability of free-to-play mobile games using data collected within a short time inter-
val, and is based on Bayesian inference, survival analysis, and a mixture model. The 
second method is a quicksort-based acceleration of the tournament leave-pair-out 
cross-validation for estimating binary classifcation performance via Receiver Oper-
ating Characteristics (ROC) curve analysis. The third method is a learning algorithm 
that was developed based on the learning algorithm referred to as CGKronRLS by 
using nonsmooth multiobjective optimization, and its goal is to learn sparse (easier 
to interpret) hypotheses on pairwise data. 

The results obtained with simulated and available real-world data sets were con-
sistent in every research study. The proftability prediction model was observed to 
be able to predict the monetization percentage, but it was noticed that badly selected 
prior distribution might lead to biased estimates. The cross-validation method pro-
duced equally good estimates of the ROC curves and the areas under them as the 
earlier, slower method, but it was noticed that the ranking of the data may not be 
unequivocal with the presented method. The learning algorithm was noticed to learn 
sparse hypotheses when the decrease in the performance measure was restricted to 
fve percents in comparison to the prediction performance of the reference method, 
and even sparser when the decrease in prediction performance was not limited. All 
the methods presented in this thesis improve the existing methods or serve as an 
alternative for solving these tasks. 

KEYWORDS: Bayesian inference, cross-validation, kernel methods, optimization 
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¨TIIVISTELMA 

Suurten tietomäärien hyödyntäminen vaatii laadukkaita ja tehokkaita data-
analytiikan menetelmia.¨ at kuitenkaan ole yleisp¨ a, joka tilanteeseenNe eiv¨ atevi¨ 
sopivia, vaan usein olemassa olevia menetelmiä joudutaan muokkaamaan tai ke-
hittämään tilanteeseen sopiviksi. Menetelmien laatua voidaan arvioida useilla eri 
kriteereilla ja niiden vaatimien resurssien m¨ ä¨ a vaikuttaa niiden k¨ ann¨ar¨ ayt¨ ollisyyteen. 
Menetelmäkehitys on usein tasapainoilua eri ominaisuuksien välillä, eli jotakin omi-
naisuutta joudutaan heikentam¨ ään, jotta saavutetaan parannus toisen ominaisuuden 
suhteen. 

Tämä väitöskirja koostuu kolmesta osajulkaisusta, joissa kehitettiin ennustavan 
datatieteen menetelmia.¨ ainen menetelm¨Ensimm¨ a kehitettiin ennustamaan ilmais-
ten mobiilipelien tuottavuutta lyhyellä seuranta-ajalla kerätystä datasta ja se pohjau-
tuu Bayes-päättelyyn, elinaika-analyysiin sekä sekoitemalliin. Toinen menetelmä on 
pikalajitteluun perustuva nopeutus turnajais-pari-pois-ristiinvalidoinnista, jota 
voidaan käyttää binääriluokittelijan ennustuskykyä kuvaavan erottelukykykäyrän es-
timointiin. Kolmantena menetelman¨ ä on CGKronRLS-nimisen oppimisalgoritmin 
pohjalta, epasile¨ ä¨ aytt¨ allä kehitetty oppimisalgoritmi, a monitavoiteoptimointia k¨ am¨ 
jonka tavoitteena on oppia harvoja (helpommin ymmärrettäviä) hypoteeseja parit-
taisella datalla. 

Kussakin osatutkimuksessa saatiin yhteneviä tuloksia simuloiduilla ja valmiik-
si olemassa olleilla todellisilla havaintoaineistoilla. Numeerisilla kokeilla osoitet-
tiin menetelmien toimivuus, mutta havaittiin myos¨ jatkokehitystä vaativia asioita. 
Tuottavuutta ennustavan mallin havaittiin pystyvän arvioimaan todellista maksavien 
k¨ ajien osuutta, mutta huomattiin my¨aytt¨ os huonosti valitun priorijakauman vaiku-
tus estimaattien harhaan. Ristiinvalidointimenetelmä tuotti yhtä tarkkoja arvioita 
erottelukykykäyrästä ja sen alle jäävästä pinta-alasta kuin alkuperäinen, hitaampi 
menetelma,¨ mutta huomattiin, että tall¨ ä menetelmall¨ ä saatava havaintojen jarjestys¨ 
ei välttämättä ole yksikäsitteinen. Oppimisalgoritmin havaittiin tuottavan harvoja 
hypoteeseja silloin, kun ennustuskyvyn heikkeneminen oli rajoitettu viiteen prosent-
tiin tihe¨ a, sek¨ a harvempia silloin, kun ennus-an verrokkimallin ennustuskyvyst¨ a viel¨ 
tuskyvyn heikkenemistä ei ollut rajoitettu. Jokainen tässä väitöskirjassa kehitetty 
menetelmä parantaa olemassa olevia ratkaisuvaihtoehtoja tai tarjoaa uusia n¨ okul-ak¨ 
mia näiden ongelmien ratkaisuun. 

ASIASANAT: Bayes-päättely, optimointi, ristiinvalidointi, ydinfunktiomenetelmät 
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1 Introduction 

Data science is using data to answer scientifc questions. It has been defned as a dis-
cipline that uses methods from statistics, informatics, computing, communication, 
management, and sociology to examine data and turn it into useful knowledge and 
insights [1]. As is visually explained in Figure 1, it is a feld that is at the centre of 
the intersection of mathematics and statistics, computer science, and a feld of appli-
cation. Data science can be viewed from ethical, computational, statistical, scientifc 
and human perspectives [2]. Ethical perspective is the foundation providing guide-
lines for good practice. Scientifc, statistical and computational perspectives corre-
spond to formulating a problem, designing a study and analysis, and providing the 
used algorithms, respectively. Human perspective brings everything together by pro-
viding the aspects of communication during the work between the people involved 
and afterwards communicating the results to the other people [2]. These perspectives 
are visualized in Figure 2 in a way that the scientifc, statistical and computational 
perspectives form the core of data science and are surrounded by the ethical and 
human perspectives, which infuence all parts of it. 

Data
science

Mathematics
and

statistics

Computer
science

Application
domain

Figure 1. Data science in relation to other 
felds. 

Human perspective

Ethical perspective

Statistical

perspective

Computational
perspective

Sc
ien

tifi
c

pe
rs

pe
cti

ve

Figure 2. Different perspectives [2] to view 
data science. 

When it comes to methods, the focus is on statistics and computer science, as 
data science can be viewed as a child of them [3]. A sample of data is observed from 
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a feld of application and then selected methods are used for e.g. interpreting and 
explaining the data sample, inferring from the sample to population level, or making 
predictions for new data based on the sample. Different aims of data science can 
be split into three categories [1] based on a question that is being answered to: de-
scriptive analytics focus on the past and present by explaining what has happened or 
is happening, whereas predictive and prescriptive data analysis focus on the future 
by answering questions ’what will happen?’ and ’how to make it happen?’. Which 
methods are selected depends on the question that is being answered. Descriptive an-
alytics are conducted by e.g. visualization, summarizing the data by central moments 
and using correlation analysis to discover connections between variables in data [4]. 
In predictive analytics, methods like machine learning, statistical learning, statistical 
inference and survival analysis are used to predict a more general case based on the 
observed sample [5]. Prescriptive analytics, then again, go even further by recom-
mending actions to be taken based on the outcomes of the predictive models. This 
can be done by e.g. simulation, decision analysis [6], stochastic modelling [7] or 
reinforcement learning [8]. The focus of this thesis is on methods for predictive an-
alytics. More precisely, the methods used and developed in the studies are either in 
the feld of machine learning or statistical inference. 

Machine learning methods and methods for statistical inference are partly over-
lapping, but the observed sample is used for different purposes in those felds. They 
correspond to the two cultures of statistical modelling presented by Breiman [9]: sta-
tistical inference to the data modelling culture and machine learning to the algorith-
mic modelling culture. In statistical inference, the goal is to describe and understand 
the population better by estimating the population distribution based on the observed 
sample. Then again, in machine learning, the goal is to estimate the function that 
represents the true connection between the input and output variables, so that the es-
timate can be used for predicting the labels of new data points. These points-of-view 
have also been called generative and discriminative approaches of machine learn-
ing [10], and in both of them, the main components are the same, but they might 
represent different things. 

Method development can be done in different parts of the process and related to 
the different perspectives of data science. It can be in the scientifc perspective by 
formulating a problem in a feld of application so that methods included in the sta-
tistical and computational perspectives that are used in other felds can be modifed 
to be suitable for use in this new feld. It can be in the statistical or computational 
perspective, meaning modifying or improving a model’s formulation or the algo-
rithm used for fnding the fnal hypothesis, or the performance evaluation measures. 
Rarely is anything completely new developed, as usually all the methods are based 
on something already existing. 

When talking about improving a method or coming up with a new method for 
solving a specifc task, it is important to have clear criteria for evaluating the quality 
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of the method. Aliferis and Simon [11] have formalized different quality aspects of 
a data science method, which are also possible areas for improvement. The quality 
aspects are representation power, transparency, soundness, completeness, computa-
tional complexity for learning or using a model, other cost functions, space complex-
ity for learning, storing or using a model, sample complexity, learning curves and 
power-sample requirements, and probability and decision theory consistency [11]. 
These quality aspects are versatile and rigorously defne what to consider while eval-
uating a model or improvement. 

The importance of method development on a general level is self-evident. First 
of all, new problems can be solved. Secondly, the better and more reliable the data 
science methods are, the better they can be utilized and taken advantage of in society 
and the everyday lives of the people. These aspects are measured by soundness 
and completeness. In addition, transparency and explainability are other important 
aspects of methods and are highly related to the people trusting them – especially if 
they are aimed to be used in sensitive felds where it is important to understand the 
reasoning behind the decisions given by a model. This aspect is a great weakness 
of for example deep learning methods, which are used increasingly. The faster to 
compute and more memory-effcient the methods are, the fewer resources are needed 
for using them. The computational aspects are also related to fnancial resources 
as well as even to their carbon footprint and sustainability of using them. Sample 
complexity, learning curve and power-sample requirements of a method are related to 
the amount of data that is needed. Even while living in the era of big data, collecting 
data can be time-consuming and require a lot of fnancial resources in some felds. 
Thus, the smaller the sample complexity of a method is, the more practical it is and 
the wider it can be applied in different felds. 

This thesis provides insight into data science method development through sev-
eral studies. A common goal in the studies was to present alternative methods for 
solving some prediction problems in the felds of application. Nevertheless, the feld 
of application, the type of method development and the method development aspect 
varied from study to study, and the motivation for the developed methods came from 
the felds of application. The types of method development in the studies included in 
this thesis are: 

• Defning a problem of estimating the proftability of free-to-play mobile games 
within a survival analysis framework, and utilizing Bayesian inference to pre-
dict the values of the parameters of the model. The model enables a prelim-
inary estimation of the proftability without having extensive historical data 
available. 

• Introducing a variation of a cross-validation method, whose time complexity 
for obtaining a full ranking of data needed for ROC curve analysis is lower 
than that of a previously existing method for the same task. The presented 
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method reduces, on average, the number of cross-validation rounds and thus 
the number of learned hypotheses, which makes it particularly suitable for 
scenarios where model training is computationally intensive. 

• Presenting a well-defned learning problem and an algorithm for solving it, 
in order to learn sparse hypotheses on pairwise data without compromising 
the prediction performance considerably. Having sparse hypotheses enhances 
interpretability and improves time effciency in prediction because only the 
most important training data observations are considered in the model. 

These topics were in part determined by the projects during which the studies were 
conducted. The mobile game analytics research was conducted on data provided 
by a Finnish free-to-play mobile game developer, and the other two studies were 
conducted as part of a Research Council of Finland project, where the aim was to de-
velop tools to support machine learning and model evaluation in precision medicine 
applications. 

This thesis consists of two parts. The frst part is formed by Chapters 1-5 as 
follows: It is started by an introduction to the thesis in Chapter 1, which is followed 
by presenting the theoretical foundation of predictive data science in Chapter 2. In 
the theory part, the scope is limited to the concepts that are needed for understanding 
the studies. After that, the quality aspects and a process of method development 
are described in more detail in Chapter 3. In Chapter 4, the research studies are 
presented according to the method development process. Finally, the frst part of the 
thesis is concluded, and future research is discussed in Chapter 5. After that begins 
the second part, where the original publications included in this thesis are gathered. 

4 



2 Predictive Data Science 

Predictive data science is a feld where a sample of data is observed and used to se-
lect an optimal hypothesis from a set of possible hypotheses, and the hypothesis is 
then used to make predictions. Generative and discriminative approaches [10] are 
two viewpoints of data science with different goals. In the generative approach, the 
observed data are assumed to follow a probability distribution, and the goal is to esti-
mate the density function related to it. Parametric density estimation is a parametric 
method for achieving this goal, whereas kernel density estimation and generative 
neural networks are nonparametric methods. On the other hand, in the discrimina-
tive approach, there are no assumptions about the underlying distribution of the data; 
instead, the goal is to learn a hypothesis that accurately predicts on data that was not 
seen during training [10]. 

The predictive data science process consists of several components, which are 
described as a fowchart in Figure 3 for both data science approaches. The starting 
point is to have a sample of data. Then, a learning procedure is conducted to obtain 
candidate hypotheses, among which a fnal hypothesis is selected by model selection. 
Depending on the data science approach, the model selection is conducted either on 
the same data from which the hypotheses were inferred or on a separate validation 
dataset. Eventually, the generalization performance of the selected fnal hypothesis 
is evaluated on a separate test dataset in the discriminative approach. 

As only estimates, instead of the true values, of the underlying unknown reality 
and performance can be obtained, it is important to understand the characteristics of 
the estimates – especially their reliability and stability. A good estimator produces 
values that are near the corresponding true value: the closer they concentrate around 
the true value, the better the estimator is. An estimate is unbiased when its expected 
value is equal to the true value, i.e. there is no systematic shift in how the estimates 
calculated from different data samples are scattered around the true value. Further-
more, effciency is another important characteristic, as it measures the range of the 
area where the estimates are [12]. 

Practical utility is another equally important characteristic of an estimator, in 
addition to its unbiasedness and variance [12]. Practical utility can be measured 
by the need for different resources, e.g. computational (time), space (memory) and 
sample complexities [11]. Both the learning and evaluation phases of the data science 
process are computational procedures that transform an input into an output, and 
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Data

Training
data

Test data

Learning
algorithm

Final hypothesis Generalization
performance

Model 
selection 

Optimization

Hypothesis 
space

Candidate
hypotheses

Validation 
data

Figure 3. Components of a predictive data science process. Dashed lines mean that a separate 
test set is taken, and the generalization performance of a fnal hypothesis is evaluated only in the 
discriminative approach. A dashed rhombus means that separate validation data is included in the 
process only in the discriminative approach. 
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thus, they fulfl the informal defnition of an algorithm [13], and their effciency can 
be measured similarly to the effciency of algorithms. The complexities are often 
measured as functions of the input size. Asymptotic order of growth of any resource 
requirements is denoted by a function Θ [13]. 

The methods developed in the research studies followed different data science 
approaches, were associated with different components of the fowchart in Figure 3, 
and utilised different existing theories and methods. A publication-wise summary 
of these is given in Table 1, and more information about the relevant topics is given 
in the following sections: More information about data and the data science ap-
proaches on a general level is given in Section 2.1. That is followed by explaining 
the components related to the learning phase in Section 2.2. Both model selection 
and evaluation of generalization performance are discussed in Section 2.3 along with 
resampling methods. 

Table 1. Summary of the data science approaches, fowchart components in Figure 3 to which the 
method development is related, and theory topics that are used in the publications. 

Publication 
Data science 

approach 
Flowchart component Relevant theory 

I Generative Hypothesis space 

Time-to-event data, 
survival analysis, 

MLE, MAP, 
EM-algorithm 

II Discriminative 
Model selection, 
generalization 
performance 

Cross-validation, 
ROC curve, AUC, 

quicksort, 
computational 

complexity, 
estimation theory 

III Discriminative 
Learning algorithm – 

optimization 

Pairwise data, 
SRM, LMBM, 

sparsity, C-index 

2.1 Data 
In a data science task, a sample of data is observed and assumed to follow a probabil-
ity distribution �. The sample provides partial information about � over a popula-
tion of interest to the learner [10]. The population is described by some measurable 
characteristics, which are called random variables and denoted in this thesis by �. 
The set of possible values for � is � , and its content depends on the type of the 
variables. They can be quantitative or qualitative, but in predictive data science, the 
qualitative variables are usually represented in a numeric form. The quantitative vari-

7 



Riikka Numminen 

ables can be continuous or discrete, which can be further categorized as categorical, 
ordinal, or nominal depending on whether the discrete values have a natural order-
ing or not [4]. For continuous random variables, � is usually assumed to consist of 
real numbers R, and for discrete variables, it is typically a subset of natural numbers 
N. In this thesis, the sample of observations is denoted either by � (a sequence of 
realizations of �), when the observed values are emphasised, or with an index set 
notation ℐ = {1, . . . �}, when the focus is on which data points are included. In 
other words, a datum �� can be referred to just by the index � ∈ ℐ. 

The random variable follows a probability distribution �, whose probability den-
sity function is denoted as �� or without the subscript if it is clear from the context. 
In addition, �� denotes a joint probability distribution when � is a multivariate ran-
dom variable. It is assumed in data science that the sample ℐ is independent and 
identically distributed (i.i.d.) according to �. In other words, the examples in the 
sample are independent of each other, and they are sampled from the same distri-
bution. In the generative approach, the goal is to estimate the parameters of �, i.e. 
to understand the distribution from which the data are sampled. Depending on the 
context, the notation � or � is used to refer to the distribution. Furthermore, they are 
connected to a general notation of probability P: 

∫ 
� (�) = P�∼� [� ∈ �] = �� (�)�� 

� 

for an event � ⊂ � , expressing how likely it is to have an observation � ∈ � [10]. 
In this thesis, the data used in the studies followed mainly a supervised learning 

paradigm, where it is usually written that � = (�, � ), because the data consists 
of both independent and dependent variables. Notations � and � , respectively, are 
used to refer to them, and the realizations of them are � and �. They are also called 
input and output variables, or features and labels, again in the corresponding order. 
Similarly to the previous paragraph, the sets of possible values for � and � are � 
and � , respectively. If the labels are known only for some of the examples in the 
sample, the paradigm is called semisupervised, and there are additional challenges 
as a consequence, which is seen in the case of Publication I. 

In supervised learning using the discriminative approach, the goal is to estimate 
a function � : � → � , which describes the unknown underlying connection between 
the input and output variables, and eventually use the estimate for predicting the 
labels of new data. More precisely, it can be assumed that the underlying reality can 
be modelled as � = �(�) + �, where � is an error term that contains everything that 
is not modelled by � , also called an irreducible error [5]. These kinds of learning 
tasks are usually regression or classifcation problems, depending on the content of 
� . In a regression task, the labels � are continuous, e.g. � = R. In contrast, it is a 
classifcation task when � consists of predefned categories. 
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Depending on the application domain, the data may exhibit special character-
istics arising from the nature of the features, the data-collection process, or depen-
dencies between variables. In Publications I and III, for example, the data were 
time-to-event and pairwise, respectively. These characteristics are briefy discussed 
in the following Sections 2.1.1 and 2.1.2. 

2.1.1 Time-to-Event Data and Survival Analysis 

Time-to-event data measures the time it takes for an event of interest to occur for the 
individuals in the sample. The type of the event depends on the feld of application. 
This kind of data appears, for example, in medicine, where the event would be e.g. 
a diagnosis of a disease or the death of a patient, and in industry, where the event 
would be e.g. some part of a machine to break. The time when the event happens 
is called an event time, and the time until that, the follow-up time. As the follow-up 
happens within a limited time interval, it is not always possible to know the exact 
times of entering the study or having the event, but instead it is only known that 
the entry has happened before the follow-up started or the event was to happen later 
than when the follow-up ended. In these cases, the data are left- or right-censored, 
respectively [14]. 

Another example of a feld of application where this kind of data exists is game 
analytics, where the interest is often in player retention, churn rate and monetization 
(see the review [15] and the reference therein for more information). In particular, 
when it comes to estimating the proftability of a game, as in Publication I, it is 
of great importance to be able to obtain the estimates as early as possible without 
having to collect data from a long time interval in order to avoid wasting resources 
on something that is not even expected to be proftable. Then the event of interest is 
an event of monetization, and the data are right-censored as the estimation is done 
before having the historical data. 

Survival analysis is a feld of statistics that is used for predicting when an individ-
ual will experience the event. In survival analysis, it is assumed that every individual 
will eventually have the event [14], which, however, is not always the case and then 
a mixture cure model [16] is used instead. In this case, the population is a mixture 
of two subpopulations: some will have the event at some point, but may not have 
had it yet, and some will not have the event, no matter how long they were followed, 
i.e. they are cured. The existence of the two subpopulations affects how to handle 
censoring, because often it is not possible to know whether the censoring occurred 
because an individual was not followed long enough or the individual is cured. 

In the case of a mixture cure model, a triplet of random variables � = (T, �, � ) 
is used to describe the situation. The frst two are used in survival analysis, and the 
third is a label denoting which subpopulation the observation belongs to. The frst 
variable T = min (T*, �) is the observed time that is either the event time T* or 
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the censoring time �, which ever is smaller. The second variable � = I (� < T*) is 
an indicator denoting whether the event was observed during the follow-up (� = 0) 
or the individual was censored (� = 1) [14]. The third variable � is an indicator 
representing whether the individual is uncured (� = 0) and will have the event at 
some point, or if the individual is cured and will be always censored no matter how 
long they are followed (� = 1) [16]. Thus, � is partly latent, because it is known 
only for those subjects who have had the event before the end of follow-up, i.e. 
its value is known through the value of �. This is the defnition used by Dempster 
et al. [17] for the observed data being incomplete. Then again, if the label was 
known for every subject, the data were said to be complete as the triplet � would be 
fully known. In this thesis, the notation �obs is used to denote the incomplete data, 
when it is necessary to discriminate between the incomplete and complete data, and 
otherwise the complete data notation � is used. 

2.1.2 Pairwise Data 

Pairwise data is such data, where � is a Cartesian product of two domain spaces, for 
example sets of drugs and targets or sets of clients and products. When it comes to 
this kind of data, the goal is often to predict some joint or relational feature between 
the domains. To summarise, this means that there are three random variables used for 
describing the case: one denoting the element in the frst domain, another denoting 
the element in the second domain, and a third being the label representing whether 
there exists a relation between the two elements (binary label) or the strength of the 
relation (continuous label). In addition to the identity information that can be derived 
from the label matrix, there may be some domain-specifc side information that helps 
in making predictions for new data. 

A fundamental assumption of pairwise data is that the elements in the domains 
exist as components of several pairs. Usually, the numbers of unique elements in the 
domains are much less than the number of pairs. This enables some computational 
shortcuts that have been discussed for example by Viljanen et al. [18]. Nevertheless, 
it is possible that not all possible pairs are known, and hence the label matrix can be 
sparse. 

As a consequence of the pairwise assumption, there are four different cases of 
generalization [19]. The simplest case of generalization is when both elements of 
test pairs are such that they are included in the training data, but the labels of the 
exact pairs are not known. Another case is that only one of the elements of the test 
pairs is seen during training, and the other element is not. The known element can 
be either of the frst or second component of the pair, so there are two different cases 
in this generalization category. The last case is when neither of the elements of the 
test pairs is seen during training. This is called a cold-start problem and is the most 
challenging of the generalization tasks. 
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2.2 Learning Phase 

The main component of the learning phase in Figure 3 is a learning algorithm, and 
optimization and hypothesis space are highlighted as its core elements. The term 
learning algorithm is used for the whole learning procedure, also when referring to 
the generative approach, because the components are the same regardless of the data 
science approach, although this term is not generally used in statistical literature. In 
addition, the data science approach has an effect on the contents of these compo-
nents. Hypothesis space represents what kind of models are aimed to be ftted to 
the data, which can be considered as a formulation of prior knowledge or assump-
tions about the data-generating process through � or the mapping � . As the goals 
are different in the two data science approaches, the commonly solved optimization 
problems also vary depending on the approach. In the generative approach, the para-
metric density estimation is often conducted via maximum likelihood estimation or 
the corresponding Bayesian point-of-view for solving the same task, maximum a 
posteriori estimation. Then again, when learning a hypothesis in the discriminative 
approach, the goal of the optimization problem is to minimize an objective function 
representing the in-sample loss. Furthermore, the used optimization methods depend 
on the optimization problem. General level characteristics of models are described in 
Section 2.2.1 together with the two more specifc hypothesis spaces that were used in 
Publications I and III. After that, commonly used optimization problems and algo-
rithms for solving them are described in Sections 2.2.2 and 2.2.3. Finally, examples 
of learning algorithms used in the Publications are presented in Section 2.2.4. 

2.2.1 Hypothesis Space 

The learning phase begins by formalising an idea of what kind of model could es-
timate � or the distribution � appropriately. This represents prior knowledge or 
assumptions about the underlying, unknown reality, and the set of possible hypothe-
ses is called a hypothesis space ℋ. Restricting the search space to a certain kind of 
models, i.e. making assumptions about the structure of the hypothesis space, is done 
in order to avoid overftting that could be caused by training data being misleading to 
the learner if any kind of model is allowed. One type of this kind of prior knowledge 
is the assumption that the data distribution belongs to a family of parametric distri-
butions. This is used especially in the generative approach. Another type of prior 
knowledge is an assumption that the hypothesis class fulfls certain learnability crite-
ria for the distribution over the data. The learnability criteria determine the minimum 
amount of data needed for inferring a good hypothesis, i.e. the sample complexity, 
in the discriminative approach. However, if the model is not learnable with a certain 
distribution, the learning process might not converge to a good hypothesis, no matter 
how much data there is available [10]. 
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A general rule of thumb is to use as simple models as possible. If the complexity 
of the hypothesis space is high, the models tend to overft the training data and are not 
usually very good at generalizing to new data [10]. However, there are also excep-
tions: Over-parameterized models, e.g. neural networks, have recently been shown 
to be good at generalization despite interpolating the training data. This occurs as 
a consequence of a phenomenon called double descent [20]. The more fexible the 
hypothesis space, the smaller the bias of the model, but the higher the variance when 
generalizing to new data. Thus, the selection of a hypothesis space is a trade-off 
between bias and variance or bias and complexity, depending on the point-of-view 
[10]. In addition to the theoretical properties of the complexity of the model, sim-
pler models are easier to understand, interpret and explain. Explainability is diffcult 
to obtain for complex models, which is a downside of using neural networks, for 
example. The complexity of the model is strongly dependent on its structure. 

The structure of the hypothesis space determines the form of the model. It may 
be linear or nonlinear, parametric or nonparametric, or even such that it cannot be 
formalized by an explicit function. Hypothesis space is said to be linear when the 
hypotheses ℎ in it are linear with respect to the features, e.g. ℎ(�) = ��, and non-
linear when there is a nonlinear transformation of the features, e.g. ℎ(�) = ��2 . 
However, in both of these cases, the models can be linear with respect to the parame-
ters, which is what is called a linear model. Hypothesis space is said to be parametric 
when there is a fxed number of parameters and the number does not depend on the 
amount of data available, whereas in a nonparametric case, the number of parameters 
is not fxed and may depend on the size of the data. Models that cannot be formalized 
by an explicit function are also nonparametric, because there is no functional form 
containing parameters whose values could be optimized. Then the structure of the 
model is based on the used algorithm. 

Reproducing Kernel Hilbert Space 

Sometimes the input space � is mapped into another, higher-dimensional space, 
called a feature space, ℱ , in order to ease the learning task. This is benefcial in 
that it is then possible to use a linear model in ℱ while the behaviour can be highly 
nonlinear in � . However, it comes with a cost: computational complexity may be 
high for learning linear models over high-dimensional data. Kernel-based learning 
is used to solve this concern. A kernel function is defned as an inner product in the 
feature space, and thus, it can be considered as a similarity function. Kernel methods 
utilize the kernel functions for avoiding the need to explicitly express the mapping 
from � to ℱ [10]. Further, using the kernel trick is not limited to a data of a single 
table input space only, but instead, it can be applied to structured data as well. Thus, 
any kind of input space (e.g. graphs, strings, trees) equipped with a positive defnite 
kernel can be mapped into a Hilbert space [21]. 
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Reproducing kernel Hilbert space (RKHS) is a special Hilbert space of functions 
associated with a positive defnite kernel function and has a property that pointwise 
images of two functions in it are close if the functions themselves are close when 
the distance measure is based on an inner product [22]. Kernel functions �(�, ��) 
are also called representers of evaluation at a fxed value, when they are functions of 
the frst element and the second element is fxed. This is the core of the reproducing 
property of RKHS: the inner product of two representers of evaluation produces the 
kernel at the two fxed points. This kernel property provides a fnite-dimensional 
solution to an infnite-dimensional structural risk minimization problem (7) to be 
presented in Section 2.2.2 [5]: 

�∑ 
ℎ(�) = a��(�, ��), (1) 

�=1 

where a� are the parameters to be optimized on the dual problem. 

Mixture Cure Model 

Also the mixture model mentioned in Section 2.1.1 can be viewed as a kind of kernel 
method [5]. Then the mixture cure model as a function of observed time � , has 
the form ℎ(�) = �0�0 (�) + �1�1 (�), where the mixing proportions �� (with 
� ∈ {0, 1}) are equivalent to the probabilities of the subpopulations P (� = �), and 
�� (� ) = P (T* > � | � = �) are called survival functions [14]. The hypothesis is 
then an unconditional survival function 

ℎ(�) = P (� = 0) P (T * > � | � = 0) + P (� = 1) P (T * > � | � = 1) , 

which reduces to 
ℎ(�) = ��0 (�) + 1 − �, (2) 

when P (� = 0) = �, �0 denotes the survival function of the uncured population, 
and �1 (�) ≡ 1 [16]. 

2.2.2 Optimization Problems 

The type of the used optimization problem depends on the data science approach. In 
the generative approach, the goal is to fnd a probability distribution that fts the data 
the best, i.e. to fnd a distribution that is the most likely to have generated the sam-
ple. There are two commonly used methods to learn the optimal parameters of the 
distribution: maximum likelihood estimation and maximum a posteriori estimation. 
In contrast, in the discriminative approach, the goal is to fnd a hypothesis that esti-
mates the best the unknown � . This can be done by following empirical or structural 
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risk minimization learning paradigms. Again, the notation is slightly different de-
pending on the data science approach. In particular, in the generative approach, the 
optimal parameters are highlighted by using notation �̂, whereas in the discriminative 

^approach, the fnal hypothesis is denoted as � . 

Maximum Likelihood Estimation 

Maximum likelihood estimation (MLE) is a method used in the parametric density 
estimation problem for fnding such values for the parameters of the probability den-
sity function that maximize the value of a likelihood function. Likelihood function 
is the joint density function of the sample points [4]: 

�∏ 
�(� | �) = �(�� | �), (3) 

�=1 

where � is a probability density function of the probability distribution from which 
the data are drawn, parameterized by �. The probability distribution is not known, 
but instead, there is usually an idea about the family of distributions that it belongs to. 
In other words, there is prior knowledge about the model’s parametric form, but the 
values of the parameters need to be inferred from the data sample through the density 
function. Likelihood function is a function of parameters while having the data fxed, 
and its value is the likelihood of having observed the given sample of data under the 
model �. Even though in the likelihood function the data are fxed, in general the data 
are considered as random variables and the parameters of the density distribution as 
unknown but fxed. Thus, the goal is to fnd such values for the parameters that make 
it the most probable to draw the sample given the parameters. 

The model learning is done by fnding such � ∈ Ω, where Ω is the set of possible 
values for the parameters, that maximize the likelihood function. Often it is easier to 
maximize the logarithm of the likelihood function instead of the likelihood function 
itself, because taking the logarithm transforms the product in equation (3) into a sum: 

�∑ 
�(� | �) = log �(�� | �). 

�=1 

In addition to easing up the differentiation, the transformation from a product to 
a sum of probabilities makes the computation more feasible with small probabili-
ties due to issues related to the foating point representation (see for example [23] 
for more information about the foating point representation of numbers). From the 
monotonicity of the logarithm, it then follows that the optimization problem has the 
following form: 

�̂ = arg max �(� | �) = arg max �(� | �). (4) 
�∈Ω �∈Ω 
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Maximum a Posteriori Estimation 

Maximum a posteriori (MAP) estimation is another method for conducting paramet-
ric density estimation. It is used when the Bayesian interpretation of statistics is 
used instead of the frequentist interpretation, which is related to the MLE. The main 
differences between Bayesian and frequentist interpretations are that the Bayesians 
consider probabilities as degrees of belief of events based on the information avail-
able, whereas frequentists consider them as frequencies over repeated trials, and the 
Bayesians view the parameters as random variables, unlike the frequentists, who 
view them as fxed but unknown values. As the parameter � is considered as a ran-
dom variable in the Bayesian inference, there is a probability distribution it follows 
and a density function �(�) characterizing it. This density function is called a prior 
distribution. Joint probability distribution of the parameters and data �(�, �) is de-
fned by the prior distribution together with sampling distribution �(� | �). The 
joint distribution �(�, �) = �(�)�(� | �). Bayes’ rule then implies the posteriori 
distribution for �: 

�(�, �) �(�)�(� | �)
�(� | �) = = , (5)

�(�) �(�) 

where �(�) is the marginal distribution of the observed data that can also be called 
the prior predictive distribution [24]. 

The goal in MAP estimation is to fnd such � ∈ Ω that maximizes the posterior 
distribution (5), i.e. fnds the mode of the distribution. The equation can be simplifed 
for optimization in form �(� | �) ∝ �(�)�(� | �), because the marginal distribution 
of the data does not depend on � and hence �(�) in (5) does not have an effect in the 
optimization problem. In addition, the sampling distribution is equal to the likelihood 
function as it is taken as a function of �, not �, i.e. �(� | �) = �(� | �) when using 
the notations presented in the previous section. Then, the optimization problem has 
the form 

�̂ = arg max �(�)�(� | �) = arg max �(�)�(� | �), (6) 
�∈Ω �∈Ω 

where the latter equality follows again from the monotonicity of the logarithm. It can 
be seen that it is similar to the MLE optimization problem (4), the only difference 
being that the prior distribution is included. It is also worth noticing that this reduces 
to (4) if the prior distribution is a uniform distribution [24]. 

Empirical and Structural Risk Minimization 

Empirical risk minimization (ERM) is a learning paradigm used in the discriminative 
approach when training a supervised machine learning model. In ERM, the goal is 
to fnd a hypothesis ℎ ∈ ℋ that minimizes a training error ℒℐ (ℎ) = E {ℓ(�, ℎ (�))} 
[10], where the subscript ℐ highlights that it is conditioned on the sample of data 
used for training the model and E denotes the expected value. Function ℒ is called 
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an error function, and it calculates an average of a loss function ℓ over the training 
data, as the average is used to estimate the expectation. 

The optimization problem is then 

�̂ = arg min ℒℐ (ℎ), 
ℎ∈ℋ 

where ℋ is a set of predictors chosen in advance before seeing the data. Inductive 
bias is introduced when restricting the set from which the learner can choose the 
hypothesis. Ideally, the restriction is based on prior knowledge about the problem 
to be learned, and it is done in order to avoid overftting. Realizability assumption 
implies that there exists such a hypothesis ℎ* whose empirical risk ℒℐ (ℎ

*) = 0, 
when the examples in ℐ are sampled according to � and labelled by � . However, the 
aim is to measure the true risk ℒ(�,� )(ℎℐ ), which is a random variable because there 
is randomness in the sampling process and hence also in the choice of the predictor 
ℎℐ [10]. 

Structural risk minimization (SRM) is a learning paradigm similar to ERM, but 
the goal of the search is to fnd a hypothesis that balances between the empirical risk 
and model complexity. Then the aim is to have a hypothesis whose generalizability 
is good. In the ERM paradigm, there is a risk of overftting the training data, which 
would mean that the empirical risk may be small, but the model fails to generalize 
to new data. Overftting can be avoided by an additional regularization term in the 
objective function. Regularized ERM is an example of SRM, as the regularization 
restricts the model’s complexity. This is also called a regularized loss minimiza-
tion, which usually refers to how the concept of SRM is conducted in practice. The 
optimization problem is then 

�̂  = arg min ℒℐ (ℎ) + �� (ℎ) , (7) 
ℎ∈ℋ 

where � is a complexity function and � is a regularization parameter [10]. 
In practice, some optimization algorithm is used for solving these optimization 

problems once an explicit formula is obtained for the objective function after de-
termining the forms of the loss function and complexity function. Error function∑� 1is the empirical risk ℒℐ (ℎ) = ℓ(ℎ, ��) and thus its formula depends on the � �=1 
selected loss function. In a least-squares problem, the used loss function is squared-
loss ℓ(ℎ, �) = (ℎ(�) − �)2 . Another commonly used loss function is logistic loss 
ℓ(ℎ, �) = log (1 + exp (−�ℎ(�))) that is used in logistic regression. Yet another er-
ror function is hinge loss ℓ(ℎ, �) = max {0, 1 − �ℎ(�)} that is used in support vector 
machines (SVM). Logistic loss and hinge loss are commonly used in classifcation 
tasks as they are convex surrogate loss functions to a zero-one loss. In addition, ERM 
with log-loss ℓ(�, �) = − log �(� | �) is equivalent to the MLE [10]. 

The regularization term helps to make the learning rule stable, and it is shown 
that stable algorithms are less prone to overftting. A commonly used regularization 
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function is the ℓ2 norm of the parameter vector (weights), which is called Tikhonov 
regularization. This stabilizes the algorithm by penalizing large weights of a linear 
model. Another commonly used regularization function is the least absolute shrink-
age and selection operator (LASSO), which is the ℓ1 norm of the weights. The use of 
this kind of regularization leads to a sparse solution, and is thus suitable for feature 
selection [10]. Enforcing sparsity in the model can be done by using ℓ0 pseudonorm, 
which simply counts the number of nonzero components of the vector of parameters. 
The nonconvexity and discontinuity of the ℓ0 pseudonorm make the optimization 
problem NP-hard [25], and hence it is often replaced by the ℓ1 norm that is its tight 
convex relaxation [26]. Another way to undertake the problems of nonconvexity and 
discontinuity is to use the class of polyhedral �-norms, which are defned as the sum 
of the � largest components of the vector [27; 28]. 

2.2.3 Optimization Algorithms 

Characteristics of the objective function to be optimized by an optimization algo-
rithm depend on the optimization problem and the hypothesis space. In the genera-
tive approach, the problems (4) and (6) can sometimes be solved analytically, espe-
cially when the hypothesis space consists of simple distributions, e.g. normal, and 
the prior distribution is a conjugate prior (see e.g. [24] for more information on what 
they are). However, numerical methods are often used because the models may be 
more complicated and there may be other things to be taken into account. For exam-
ple, Expectation Maximization algorithm used in Publication I and to be presented in 
more detail in the next subsection, can be applied when there are some missing data. 
There exist many kinds of numerical methods for solving the optimization problems 
in the discriminative approach. In data science, the optimization algorithms that are 
commonly used are in the subset of indirect methods, which iteratively search for a 
solution, improving it at every iteration. 

Whether the optimization problem is constrained or not affects suffcient and 
necessary optimality conditions, which are used to verify the optimality of a solution 
obtained by an iterative algorithm [29]. All the optimization problems presented in 
Section 2.2.2 are unconstrained, as even in the SRM, the constraint of the model 
complexity is taken into account by the regularization term in the objective func-
tion. Depending on the interpretation, this kind of consideration is called Lagrange 
multipliers (see e.g. [30] for an explanation) or penalty function (explained e.g. in 
[29]). 

In addition, characteristics of the objective function affect the methods that are 
applicable for solving the problem, and what the optimality conditions guarantee. 
The most important characteristics are convexity and differentiability. From the con-
vexity, it follows that a found solution, which is a local minimum, is also a global 
minimum. The importance of differentiability is that the main approach when solv-
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ing unconstrained problems is gradient descent [30], i.e. many numerical optimiza-
tion methods utilize gradients to fnd a direction in which the solution is updated in 
the following iteration. Another signifcant characteristic is smoothness of the ob-
jective function, because the gradient of a nonsmooth function may not exist for all 
points. Then the concept of gradient needs to be generalized to a subgradient [31]. 
Furthermore, the size of the optimization problem has an impact on what algorithms 
are feasible, as it affects the time and computational complexity of the method. Lim-
ited memory bundle method [32] is an optimization algorithm suitable for solving 
this kind of more complex task, was used as part of the presented method in Publi-
cation III and is presented in a separate subsection at the end of this section. 

Expectation Maximization Algorithm 

Expectation maximization (EM) algorithm is an iterative method, which can be used 
for example for solving an MLE for a mixture cure model with latent variables. This 
example is utilized to make the description of the method clearer. The EM-algorithm 
uses two versions of a likelihood function: one for the observed incomplete data and 
another for complete data. The incomplete data likelihood function for a mixture 
cure model and a sample of data of � elements is [14] 

�∏ 
�obs(� | �obs) = �(�� | �)1−�� � (�� | �)�� , (8) 

�=1 

whereas the complete data likelihood function 
�∏ { 

�(� | �) = �(�� | �)1−�� [P (T * > �� | � = 1) P (� = 1)]�� 

�=1 (9)}�� · [P (T * > �� | � = 0) P (� = 0)]1−�� . 

The EM-algorithm consists of two steps: in the E-step, conditional expected values 
of the latent variables are calculated given the observed data, and in the M-step, those 
values are used in order to be able to maximize the complete data likelihood function 
(9) instead of the likelihood function for the incomplete data (8). More precisely 
at an iteration round �, the E-step means taking a conditional expectation of the{ } 

�(�) | �obscomplete data likelihood E�(�) and fnding such �(�+1) ∈ Ω in the M-{ } { } 
�(�(�+1)) | �obs �(�) | �obsstep, for which E�(�) > E�(�) for all � ∈ Ω. As the 

optimization problems related to MLE and MAP, (4) and (6), are similar, there is not 
much difference between the steps of the EM-algorithm for the mixture cure model 
either. The prior knowledge used in the MAP point-of-view affects the expectation 
step of the EM-algorithm by adding a term related to the prior distribution. The 
E-step is then calculating 

{ } { } 
log �(� | �) | �obs �(�) | �obsE�(�) = E�(�) + log �(�) (10) 
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and again in the M-step, �(�+1) is chosen so that it maximizes (10) over the whole 
parameter space Ω. When using the EM-algorithm, the two steps are repeated until 
convergence is achieved. Convergence of the EM-algorithm is measured by compar-
ing the values of (8) at �(�+1) and �(�), and is considered to be achieved once the 
difference between the values is small enough [33]. 

Limited Memory Bundle Method 

Limited memory bundle method (LMBM) is an iterative optimization algorithm, 
which only expects the optimization problem to be unconstrained and the objec-
tive function to be locally Lipschitz continuous, and in particular, does not require 
either the convexity or the differentiability of the objective function. It is specifcally 
suitable for solving large problems as its computational complexity is only linearly 
dependent on the number of variables [32]. 

Main steps of the LMBM are direction fnding, line search and aggregation of 
subgradients. An aggregate subgradient is used for direction fnding instead of the 
usual gradient. A two-step line search procedure is used for determining the step to 
be taken into the determined direction, because further information is needed about 
the goodness of the search direction as it is possible that it is not a descent direction 
in the nonsmooth optimization. The step is either a serious step or a null step, which 
mean, respectively, that the direction is descent one and the solution is updated in 
that direction, or the solution remains the same as in the previous iteration, but ad-
ditional information about the objective function is provided through an auxiliary 
point and subgradient. The aggregation procedure is conducted only after a null step, 
and it uses three subgradients and two locality measures from the earlier iterations. 
Another term affecting the search direction is a correction matrix that accumulates 
information about the previous subgradients. The steps of direction fnding, correc-
tion, line search and aggregation are iterated until a small enough value is achieved 
for a stopping parameter, which is calculated as a function of aggregate subgradient, 
search direction and locality measure from the current iteration [32]. 

2.2.4 Learning Algorithms 

Learning algorithm is a procedure that combines the three components presented in 
the previous sections into one algorithm that returns the optimal hypothesis given the 
data and the model. They are implementations that utilize an optimization algorithm 
to solve an optimization problem with a given set of possible hypotheses so that the 
fnal hypothesis is the best at the given task for the given sample of data. In statistical 
inference, the learning procedure is not typically referred to as a learning algorithm, 
and thus, the methods presented in this section are all for the discriminative approach. 
Even further, the methods presented in this section are limited to the ones which were 
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used in Publications II and III. Contents of the three components of the learning 
algorithms are given in Table 2 for the exact versions that were used. 

Table 2. Examples of learning algorithms based on what was used in the publications. The 
algorithm presented in Publication III, LMBMKronℓ0LS, is included to facilitate comparison with the 
corresponding baseline methods. Defnitions of the acronyms used as a part of an algorithm name 
or only in this table: CART refers to classifcation and regression trees, CG to conjugate gradient, 
RLS to regularized least-squares, RBF to radial basis function, and LS to least-squares. 

Learning algorithm Hypothesis space 
Optimization 

problem 
Optimization 

algorithm 

Linear regularized 
least-squares [34] 

Linear models 

SRM with 
squared loss 
and ℓ2 norm 
as regularizer 

Singular value 
decomposition 
based approach 

[35] 

Logistic regression 
[36] 

Linear models 
transformed by 

Sigmoid function 

SRM with 
log-loss and 
ℓ2 norm as 
regularizer 

Liblinear [37] 

Random forest [36; 
38] 

Tree-based 
ERM with 

Gini impurity 
CART [39] 

CGKronRLS [34] 
RKHS with 

Gaussian RBF 
kernel 

SRM with 
squared loss 
and ℓ2 norm 
as regularizer 

Conjugate gradient 
with ’vec-trick’ 

[40] 

KronSVM [34] 
RKHS with 

Gaussian RBF 
kernel 

SRM with 
squared hinge 

loss and ℓ2 

norm as 
regularizer 

Quasi-minimal 
residual method 

[41] with 
’vec-trick’ [40] 

LMBMKronℓ0LS 
[42] 

RKHS with 
Gaussian RBF 

kernel 

SRM with 
squared loss 

and ℓ0 

pseudonorm 
as regularizer 

LMBM [32] with 
generalized 

’vec-trick’ [43] 

In addition to learning algorithms for regression or classifcation tasks, there are 
algorithms that produce continuous outputs that can be used for ranking the data, but 
that are not labels in the same manner as the continuous predictions in a regression 
task. This kind of algorithms are called scoring algorithms [44]. The continuous 
scores can then be transformed into binary labels determined by a threshold value. 
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Binarization of the scores is highlighted by using notation 

{ 
^1 if �(��) > � and 

�� (�) = (11)
0 otherwise 

for this kind of a classifer, where � denotes the used threshold value. For example, 
logistic regression is such a classifer, where the continuous scores are obtained by 
transforming the outputs of a linear model into probabilities of belonging to a certain 
class. Similarly, random forest can produce probabilities of belonging to a certain 
class, whereas in SVM, the scores would be distances of the data points from the 
separating halfspace [10]. 

2.3 Evaluation Phase 

In order to be able to reliably use a model or method, its quality needs to be eval-
uated. There are two types of evaluation in the predictive data science process, as 
was visualized in Figure 3: model selection and generalization performance. The 
focus in model selection is on comparing different models and selecting the one that 
fts the data the best. In general, the realizability assumption is not fulflled ever as 
all models are simplifcations of reality. However, some models can still be better 
than others in the given tasks, and thus examples of methods for model selection are 
presented in Section 2.3.1. As was seen in the Figure 3, the model selection can be 
done on the same data that is used for inferring the candidate hypothesis, or on a sep-
arate validation data when the goal is to select a hypothesis that is the best among the 
candidate hypotheses at generalization. Similarly, the focus of generalization perfor-
mance evaluation is measuring how well the fnal hypothesis generalizes to new data. 
Thus, yet another separate data set is needed for testing. Examples of performance 
measures for estimating the generalization ability are presented in Section 2.3.2. 

The amount of available data might become a problem when the evaluation is to 
be done on data that was not seen while learning the hypothesis. If there were plenty 
of data, simple hold-out could be used to split the sample into training, validation ∐ ∐ 
and test sets so that ℐ = ℐ�� ℐ��� ℐ����, where the subscript notation denotes a∐ 
subset of ℐ and highlights that the union is taken over disjoint sets, in order to 
have separate data sets for model selection and model assessment, but as the amount 
of observed data is usually limited, resampling methods are often used to make better 
use of the available data. The most important resampling methods are mentioned in 
Section 2.3.3, although the focus is on cross-validation, which was a main component 
of the presented method in Publication II. 
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2.3.1 Model Selection 

Learning algorithm returns an optimal hypothesis among the given hypothesis space, 
but there may be several models from which the most suitable one should be selected. 
Then the learning procedure is executed for the different models, and model selection 
is used to determine the optimal fnal hypothesis. Thus, model selection can refer 
both to selecting between several hypothesis spaces or learning algorithms and to 
tuning some hyperparameters of a learning algorithm. 

The data that are used for model selection depend on the goal of the used data 
science approach. In the generative approach, the model is a guess of the distribu-
tion from which the data are sampled, and its quality is measured in the sense of 
how well the optimal hypothesis fts the data. This is exactly the defnition of a like-
lihood function, which returns the likelihood of having observed the given sample 
of data under the model. Hence, the likelihood function can be used as a compo-
nent of different criteria that can be used to select the optimal model. For example, 
Akaike information criterion (AIC) [45] is one of these kinds of criteria. Its value 
is calculated with 

AIC = 2 |�| − log �(�̂), 

where |�| denotes the number of parameters of the model. Thus, the complexity of 
the model is also considered, and the more complex models are penalized for having 
more parameters to be optimized. The values of these kinds of criteria computed 
for several models can be compared, and the one producing the lowest value can be 
selected as the fnal hypothesis. 

In contrast, in the discriminative approach, where the goal is to fnd a hypothesis 
that is good at generalizing to new data, the model selection also needs to be done 
on data that are separate from the training data. Then, separate validation data are 
used. When it comes to this approach, the model selection may be selecting between 
different learning algorithms or different models obtained by tuning some hyperpa-
rameters of a learning algorithm. The selection can be conducted based on the same 
measures that are suitable also for evaluating the generalization performance. 

2.3.2 Generalization Ability 

Generalization error measures the model’s ability to predict on new data. General-
ization performance measures can be based on the predicted values, which measure 
how close the predicted values are to the true values, or on the order of the pre-
dictions, which measure whether the order of data points is preserved during the 
prediction task. For the latter goal, continuous predictions can be used directly, but 
in a classifcation task, continuous scores are needed instead of the class labels. 
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When it comes to a classifcation task, measures based on a confusion matrix are 
commonly used. Elements of a confusion matrix can be defned for a classifer �� by 

∑ 
[(�� = ��) ∧ (�� (�) = ��)] , 

�∈ℐ���� 

where �� and �� have all possible classes at turn [44]. In a case of binary classi-
fcation, it is a 2 × 2 matrix, whose elements are the numbers of correctly/falsely 
predicted positives and correctly/falsely predicted negatives. This is usually denoted 
for a deterministic classifer with a symmetric loss, but in Table 3, the notations re-
lated to a scoring algorithm are used, and the subsets of the test data having positive 
or negative labels are denoted by ℐ+ and ℐ−, respectively. Several performance mea-
sures can be derived from a confusion matrix: accuracy, precision, recall, sensitivity, 
specifcity, true positive/negative rates and false positive/negative rates etc. 

Table 3. A confusion matrix. 

Predicted positive �� = 1 Predicted negative �� = 0 
Positive label ℐ+ True positives False negatives 
Negative label ℐ− False positives True negatives 

The measures derived from the confusion matrix can be presented as condi-
tional probabilities. Sensitivity, true positive rate (TPR) and recall are all equal to 
P (�� (�) = 1 | � ∈ ℐ+), which is the probability for correctly predicting a positive 
datum as positive. Similarly, P (�� (�) = 0 | � ∈ ℐ−) is the probability for correctly 
predicting a negative datum as negative, also called specifcity or true negative rate. 
Hence, the false positive rate (FPR) is the complement of specifcity. False positive 
and false negative rates are also called type I and II errors, in the respective order 
[46]. All of these measures have a single-class focus as they focus either only on the 
positive data points or only on the negative data points. On the other hand, accuracy 
P (�� (�) = ��), which is the most commonly used performance measure in classif-
cation tasks, measures only the portion of correctly labelled data points, no matter 
what their true classes are [44]. 

As the elements of a confusion matrix are based on predictions made by a de-
terministic algorithm and using symmetric loss, there are limitations in the usage of 
these measures. For example, if the data are highly imbalanced, a high accuracy can 
be obtained by always predicting the majority class. In addition, as was said, the 
measures derived from a confusion matrix do not account for possible asymmetric 
misclassifcation costs. Nevertheless, these can be taken into account by changing 
the threshold value in (11). Then, a confusion matrix becomes a tensor as there would 
be another dimension for the threshold value [44], which, however, is not easily in-
terpretable. Another way to deal with this is to use such ranking-based performance 
measures that use the scores directly or take into account different values for �. From 
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^ now on, the � is denoted as a function of an index to simplify the notations and the 
index set for the used training data is marked in subscript when necessary: for exam-

^ple (�) denotes the value of the fnal hypothesis inferred from training data ℐ�� �ℐ�� 

evaluated at a test data input �� corresponding to index � ∈ ℐ����. 
Area under the ROC curve (AUC) is a ranking-based summary statistic that 

measures the probability of a randomly selected positive datum to be ranked higher 
than a randomly selected negative datum: 

( ) 
^ ^P �(�) < �(�) | � ∈ ℐ−, � ∈ ℐ+ . (12) 

In order to estimate this probability, all pairs of a positive and a negative datum need 
to be considered. As a generalization of AUC, concordance index (C-index) is 
another ranking-based performance measure producing a point estimate. The use of 
the concordance index is not limited to only binary data sets, as it only compares 
whether the predictions of two data points are in accordance with the order of their( ) 

^ ^true labels. Then the concordance probability is P �(�) < �(�) | �� < �� , which is 
equal to (12) if � = {0, 1} [47]. 

Graphical measures can provide more information about the effect of the thresh-
old. For example, Receiver Operating Characteristic (ROC) curve is a ranking-
based graphical measure that takes into account the effect of the threshold. A ROC 
curve is obtained by calculating the TPR and FPR for all possible threshold values 
and drawing the obtained points in a unit square called a ROC space. An example 
of three ROC curves is presented in Figure 4 to demonstrate possible shapes of the 
curve. The closer the curve lies to the left top corner, the better the classifer is. If 
the corner is reached, there exists a threshold that leads to a perfect classifcation of 
the test data points. In contrast, the curve lies on the diagonal for a random classifer. 
ROC curve uses two distinct single-class focus measures rather than combining those 
into a single multiclass focus metric. This is another reason why ROC curve analy-
sis is suitable for studying the class imbalance [48]. In practise, a ROC curve can be 
drawn by ranking the data from the smallest to the greatest according to the predicted 

^ ^ ^ scores, �(�1) ≤ �(�2) ≤ · · · ≤ �(�|ℐ���� |), calculating the predicted labels with (11) 
for every possible � ∈ (−∞, ∞), and using those predictions for calculating the 
conditional probabilities. The starting point of a ROC curve, (0,0), is obtained when 

^every datum is predicted to belong in the negative class, i.e. when �(�|ℐ���� |) < �. 
^Similarly, the endpoint of it, (1,1), is obtained when � < �(�1), implying that all data 

points are predicted to belong in the positive class. Otherwise, the TPR and FPR are 
both within the range [0, 1]. 
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Figure 4. An example illustrating the ROC curves of three classifers with different ranking ability. 

2.3.3 Resampling Methods 

Resampling methods provide means for versatile use of a data sample of limited size. 
Their usage is justifed by trying to balance between having enough data for learn-
ing an unbiased hypothesis and having enough data for estimating the algorithm’s 
generalization ability so that the variance of the error estimates would not depend 
that much on the random variation in the test data [44]. Resampling methods can 
be divided into subcategories of multiple and simple resampling based on whether 
each data point is used for testing possibly multiple times or only once. Multiple re-
sampling is further divided into random subsampling, bootstrapping, randomization 
and repeated cross-validation. Simple resampling, then again, is further divided into 
resubstitution and cross-validation [48]. Further explanation about cross-validation 
will be given next, as the only resampling methods used in the publications are the 
different versions of cross-validation that were used in Publication II. 

In Figure 3, the data were visualized as being split into separate training and 
test sets, but sometimes there are insuffcient data for both training and evaluation, if 
this kind of simple hold-out was used. This problem can be avoided by repeatedly 
separating a smaller part of the data for evaluation and using the rest for learning 
the hypothesis, and then using an average of the performance estimates obtained 
from the repetitions as a fnal estimate. In cross-validation, the idea is to split the 
sample into several folds of approximately equal size, and iterate through the folds 
so that each fold is used once as a separate test set while the other folds are used 
for training a model. This ensures a more structured way to split the data compared 
to random repeated hold-out. When using cross-validation, there are as many fnal 
hypotheses as there are folds, because the fnal hypothesis depends on the training 
data, which is slightly different at each iteration. Performance estimates can then be 
either calculated for each test fold separately and averaged, or the predictions made 
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by different fnal hypotheses can be pooled, and an estimate is calculated for all the 
pooled predictions at once [49]. 

Leave-one-out (LOO) and �-fold cross-validation are the most commonly used 
cross-validation methods [44]. In LOO, each fold contains only a datum, i.e. the 
folds are {1} , {2} , . . . , {�}, and thus the test sets are independent from each other. 
On the other hand, the training sets ℐ ∖ {1} , ℐ ∖ {2} , . . . , ℐ ∖ {�} are almost com-
pletely overlapping, which causes that the fnal hypotheses 

^ ^ ^�ℐ∖{1}, �ℐ∖{2}, . . . , �ℐ∖{�} 

from the cross-validation rounds are not necessarily independent, and affects the bias 
of the error estimates [44]. In �-fold cross-validation, the sample is split into � folds∐� so that ℐ = and |ℐ� | ≊ � for all �. Again, the test sets are independent�=1 ℐ� � 
of each other, and this time there is more variation also in the training sets ℐ ∖ ℐ� , 
� ∈ {1, 2, . . . , �} as more data are left out for testing. 

In contrast, in leave-pair-out (LPO) cross-validation [50], the folds are not inde-
pendent from each other, because each negative datum � ∈ ℐ− is paired with every 
positive datum � ∈ ℐ+ and every such {�, �} pair is once left out for testing. This 
cross-validation approach can be used when the goal is to estimate a learning algo-
rithm’s ability to fnd a hypothesis whose generalization performance is good with 
respect to ranking-based summary statistics, e.g. AUC in (12). Furthermore, it has 
been shown to produce an almost unbiased estimate of the AUC [50], when it is 
calculated as 

( ) ∑ ∑ ( ) 1 ^AUC[ �̂  ℐ = � �ℐ∖{�,�}(�) − �̂  ℐ∖{�,�}(�) , (13)| ℐ+ || ℐ− | 
�∈ℐ− �∈ℐ+ 

where � is the Heaviside function, whose value at argument � is 

⎧ 
⎪1, when � > 0⎨ 

1� (�) = 
2 , when � = 0⎪⎩ 
0, when � < 0. 

As the concordance index is a generalization of AUC and uses a similar formula for 
calculating the estimate, LPO also produces an almost unbiased estimate of it. A 
beneft of using LPO is that it enables using maximal amount of data for training 
while comparing only predictions that are made with one prediction function, which 
has been shown to lead to more reliable results than with LOO and �-fold cross-
validations [50]. However, there is also a limitation in its usage: it is not suitable 
to be used together with all ranking-based performance measures, because it does 
not produce a full ranking of data. This problem has been tackled by presenting 
tournament leave-pair-out (TLPO) cross-validation [51], which expands the idea of 
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LPO to all possible pairs. Then 

( ) ( )−1 ∑ ∑ ( ) 
[ ^ � ^ ^AUC �ℐ = � �ℐ∖{�,�}(�) − �ℐ∖{�,�}(�) , (14)

2 
�∈ℐ �∈ℐ:�� >�� 

and a ranking of data can be determined by tournament scores 

∑ ( ) 
^ ^����� (�) = � �ℐ∖{�,�}(�) − �ℐ∖{�,�}(�) , 

�∈ℐ∖{�} 

which denotes for a datum �, how many times it was predicted to have a higher value 
than the other sample units. 

A downside of using cross-validation methods is that it is time-consuming to 
repeat the learning process many times. When using cross-validation, as many hy-
potheses are learned as there are folds, as can be seen e.g. in (13) and (14) for 
calculating the AUC. The number of hypotheses to be learned is � with LOO, � with ( ) 

� �-fold, | ℐ+ || ℐ− | with LPO, and with TLPO cross-validations. Hence, time-2 
complexity is also an important factor to be taken into account when considering the 
suitability of using a cross-validation method in a specifc case. 

Quicksort 

In Publication II, Quicksort was combined with LPO cross-validation to decrease the 
time complexity for producing a full ranking of data from the quadratic time of the 
TLPO cross-validation. Quicksort is a recursive sorting algorithm that is based on 
the divide-and-conquer paradigm. In that a pivot-element ������ is randomly selected 
among the points ℐ to be ordered. Then, other points in the current set are compared 
to the pivot element and divided into two groups based on whether they are smaller 
or greater than the pivot element. Then the same is repeated in the smaller subsets 
of indices until the order is determined [13]. In the worst case, the pivot element is 
always the smallest or the greatest among the current set, causing all the compared 
data points to end up in the same subset. In contrast, in the best scenario, the pivot 
element divides the data points equally between two subsets. Thus, the worst-case ( ) 
runtime for quicksort is Θ �2 , whereas its expected runtime is Θ(� log �) [13]. 
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According to Blei and Smyth [3], developing tools and methods is a main priority for 
data science. However, there does not seem to be a common agreement on the best 
practices of conducting data science in general, or method development in particular 
[52; 2]. Different data science life-cycle methodologies (e.g. [53; 54; 55; 56; 57], and 
see especially [58] for a comprehensive review), frameworks (e.g. [59; 60; 61; 3; 2]) 
and checklists (e.g. [62; 63; 64; 65; 66; 67; 68; 69; 70; 71], and see especially [72] 
for a comprehensive review of existing tools) have been created to formalize the data 
science pipeline in varying contexts and implementation of the methods in differ-
ent applications. The life-cycle methodologies consist of abstract steps that can be 
followed to conduct data science, and checklists are even more practical application-
specifc lists of actions, whereas the frameworks have a more philosophical perspec-
tive as also ethical questions and the communication point-of-view are taken into 
account in addition to the computational, statistical and scientifc perspectives [2] 
that align with the steps of the life-cycle methodologies. In the scope of predictive 
data science, the most important steps are understanding the domain and data in or-
der to frame the scientifc questions, and using statistical and computational tools to 
formulate, learn and evaluate a model. Method development is a process of creating 
new methods to solve scientifc problems in a feld of application, or more com-
monly, improving or modifying existing methods to be better or suitable for solving 
the problems. To formalize this process, Aliferis and Simon [11] have presented 
multiple quality aspects of data science methods, and a work-fow to describe the 
steps of the development process of new methods. 

3.1 Quality Aspects 
There are different quality aspects of data science methods, which are also possible 
areas for improvement and criteria for comparing methods. According to Aliferis 
and Simon [11], they are 

• representation power, 

• transparency, 

• soundness, 
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• completeness, 

• computational complexity for learning or using a model, 

• other cost functions, 

• space complexity for learning, storing or using a model, 

• sample complexity, learning curves and power-sample requirements, and 

• probability and decision theory consistency. 

Briefy, in other words: a good method is suitable for solving all relevant problems, 
is not a ’black box’, produces correct solutions for the whole problem space, can 
be used on a reasonable amount of time, memory, data, and other resources, and is 
theoretically justifed from the points-of-view of probability and decision theory. In 
addition to the theoretical justifcation, soundness and completeness are more like 
theoretical properties that guarantee that the method is reliable to use. In contrast, 
the other quality aspects are more relevant to the usability of the method. Represen-
tation power, transparency, and time and memory complexities are the most relevant 
quality aspects when it comes to the research studies presented in Chapter 4. Thus, 
further description of them is given in the context of the components of predictive 
data science. 

Representation power of a method depends on the representativeness of the ob-
served data, components of the learning process and the selected performance evalu-
ation measure. It is clear that the fnal conclusions cannot be trusted if the questions 
are not properly defned, the data are not a representative sample of the interested 
population, and the selected methods are not suitable for answering the questions 
[2]. Quality of the data greatly impacts the quality of models that can be inferred 
from it: a good model cannot be learned from inadequate data, or vice versa, garbage 
in, garbage out. Thus, the observed data need to be a representative sample of the 
population that is being modelled [73]. Representation power of a learning algorithm 
answers a question of what type of relationships the method can represent [11]. This 
means the suitability of the selected hypothesis space, and whether the optimization 
problem and algorithm are selected in accordance with the goal of the problem. The 
representation power of a hypothesis space is connected to its complexity, and the 
complexity of the model has a positive relationship with its ability to model com-
plex data. However, the more fexible the model, the higher the risk of learning also 
the noise in the training data, and the lower the possibility of understanding, inter-
preting and explaining the model. Finally, the choice of performance measure also 
affects the representation power of the whole process: it needs to be selected so that 
it measures meaningful and reasonable performance criteria [11]. 

Transparency of a method means that its steps are possible to understand and 
easily interpretable by humans [74]. In addition, there should be a clear relation 
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between the method semantics and real-world entities for transparent methods [11]. 
Only the simplest models are transparent in that sense, but for example, regulariza-
tion (see the end of Section 2.2.2) can be used to penalize more complex models and 
thus increase the explainability of the fnal model. In addition, there exist several 
methods or tools to increase the explainability of the black-box methods [74], but 
the downside of using them is that they simplify the model’s complexity too much. 

The computational and space complexities are theoretical characteristics of 
methods, and denote the asymptotic or exact amounts of time and memory needed 
for using the methods. They are usually written as functions of sample size, and 
need to be determined separately for learning, using or storing a model in predic-
tive data science [11]. These aspects provide another point-of-view for comparing 
methods and selecting possible methods in addition to comparing only the prediction 
performances of the methods. 

Altogether, all of these quality aspects can be used for validating and comparing 
methods from several points-of-view. In addition, they can also be used for justifying 
why a presented new method would be better than the previously existing ones. They 
also form the basis for possible aspects of method development while refning and 
improving existing methods during the process of developing methods. 

3.2 Process 
A precise description of a method development process has been presented by Alif-
eris and Simon [11]. They have described it as a work-fow starting from a rigorous 
problem defnition and theoretical analysis of the problem, then moving on to theo-
retically analysing the presented method for solving the problem, and fnally empir-
ically testing the method both in controlled conditions and with real-life data. The 
work-fow is highly non-linear, as returning to an earlier step for some refning may 
be necessary [11]. Based on the work-fow, the data science method development 
process is described in the following subsections to have three steps: defning and 
analysing the problem, conducting theoretical analysis on the presented method, and 
empirically validating the method. Furthermore, it is important to communicate the 
results at the end of the method development process, as is highlighted in the data 
science life-cycle methodologies, and frameworks and checklists for conducting data 
science, for example, by Lones [52]. Reporting the results is related to the human 
perspective of data science, which is what Baillie et al. [2] used as an unifying per-
spective that brings the project all together. In addition to that reporting the method 
and results transparently enforces open science, it also enables others to be able to 
verify that the results are sound and reliable. Reproducibility, replicability, robust-
ness and generalizability are different aspects of reliability and repeatability [63] that 
provide useful information on what can actually be said about the results and what 
conclusions can be drawn based on them. 

30 



Method Development 

3.2.1 Defning and Analysing the Problem 

The process begins with properly defning the problem that is to be addressed by 
the new method. Scientifc thinking enables defning and iteratively refning the 
problem based on the available information, whereas statistical perspective provides 
means for analysing the problem [2]. A precise and mathematical defnition enables 
analysing the problem theoretically and proving whether it can or cannot be solved 
within given performance requirements and with the available resources. Theoretical 
analysis of the problem provides the means to select the methods that could be used 
for solving it. 

Once the problem is defned and the population of interest is determined, a sam-
ple of data is needed to represent the population and be used together with the se-
lected methods. Benchmark data sets are such that are publicly available and com-
monly used to validate methods used in a specifc feld, though it is good to keep in 
mind that using these might bias the methods towards being good on these data but 
not on other real-world data sets [52]. Another way to obtain the sample is secondary 
use of existing data [59], i.e. data that were collected for another purpose but can be 
used for this task as well. However, the secondary use of data comes with a risk of it 
being incomplete, noisy or non-representative [59] as well as with ethical concerns. 

3.2.2 Theoretical Analysis of the Method 

Theoretical analysis and empirical validation together provide information on the 
suitable methods and their properties for the task. Theoretical analysis is needed in 
addition to the empirical testing in order to avoid having to do an enormous amount 
of empirical studies, to have the necessary information for planning the empirical 
studies, and to have a broader analysis than what can be obtained by using benchmark 
data sets [11]. In addition, it is possible to confront some unexpected consequences 
in the execution or interpretation of the method, if computational considerations are 
not taken into account before implementing a method [2]. Based on the results of the 
theoretical analysis of the method, it can be made more suitable, and the refnements 
and extensions determine the practical utility of it [11]. 

Aliferis and Simon [11] have listed different categories of possible types of re-
fnement: 

1. Optimizing the need for resources. 

2. Changing the way the computation is executed, e.g. by parallelization. 

3. Relaxing the necessary or suffcient conditions. 

4. Enlarging the set of possible methods for a task or applications for a method, 
i.e. generalized frameworks. 
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5. Making the method more easily understood by increasing its explainability, 
clarity or transparency. 

Within the context of the research studies included in this thesis, the most relevant 
refnement categories are the performance optimization and the generalized frame-
works. 

Performance optimization refers to optimizing the method’s requirements of any 
kind of resources, e.g. improving the computational, space or sample complexities 
of the method, or optimizing some other criterion determined by other cost functions 
[11]. An implementation of the method affects its effciency greatly, as is seen in the 
runtime analysis in the Publication II, where it was faster to have a larger number 
of predictions at once than to obtain them in several smaller parts with the imple-
mentation for RLS. Nevertheless, the modifcations in the refnement category 2 on 
the implementation of the method usually lead to better effciency by dividing the 
execution into smaller problems. 

The generalized frameworks, then again, mean having a core method included 
in a family of similar methods, justifying its belonging to there and establishing 
rules that guarantee common properties within the family of methods. This kind of 
generalization enables that the core method can be modifed to be suitable to solve 
a slightly different problem, or used as a basis for variations, which inherit some 
properties of the core method [11]. 

All the algorithm refnement categories form a versatile list of possible aspects 
of what could be improved in existing methods over time, and they affect the quality 
aspects of a method (see Section 3.1). However, the analysis of theoretical properties 
of a method only demonstrates the theoretical possibility of how a method works, 
but cannot guarantee its usability with real-life data. That is why it is important to 
combine the theoretical analysis with empirical testing [11]. 

3.2.3 Empirical Validation of the Method 

Empirical validation of a method starts with testing it in controlled conditions, which 
means testing how different characteristics of data affect the performance of the 
method. In practice, this means testing for example different sample sizes, amount of 
noise in the data, strength of the signal in the data or the dimensionality of the data. 
This is also the place for testing how the results are affected if the assumptions for the 
data are violated to a varying degree. Depending on the aim of the controlled condi-
tions tests, the data can be simulated, i.e. generated based on a mathematical model, 
re-simulated, i.e. generated from an encoded distribution learned from a real-life 
distribution, or shuffed, which is similar to the idea of using data in the permutation 
test [75] and means permuting the data so that on average there is no signal to be 
learned. Additionally, other statistical tests can be used alongside other evaluations 
to verify that the real data fulfls the assumptions of the data for the method. It is 
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important to verify the assumptions on the data, because it is possible not to be as 
anticipated, which onward has an effect on the results obtained by the method [11]. 

The other part of the empirical validation of a method is to test it with real-
world data sets. Aliferis and Simon [11] split this part into two steps: in the frst 
step, the labels are known, whereas in the second they are not known but instead are 
assumed to be obtained later. The empirical testing is usually done by using available 
benchmark data sets and comparing the performance of the presented method to 
several state-of-the-art alternative methods. However, it is important to remember 
that using benchmark data sets for comparing methods has its risks of the best method 
over-ftting the test set and not being any better at generalizing than the other methods 
[52; 76]. 

Yet another thing to be taken into account when empirically testing a method and 
comparing it to others is to use such baseline methods that are a meaningful basis for 
comparison. Naı̈ve baselines are the simplest methods used for demonstrating that 
the problem is not trivial. More generally, the baseline methods are often simpler 
than the presented new method, and are used to justify the use of the more complex 
model [52]. Sometimes the simpler methods can be even competitive with the more 
complex ones (see e.g. [18], where this kind of side fnding was observed). This, 
though, may be a consequence of not having a proper method to measure what is 
actually wanted to be measured, and reminds of the necessity for carefully choosing 
the performance metrics so that they are suitable for the case and e.g. take into 
account the class imbalances or the type of the errors made, if there are unequal 
costs for different errors. That is why it is recommended to use multiple metrics in 
the empirical validation phase and report them in the end [52]. 
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4 Research Studies and Results 

Different methods were developed and presented in the research studies included in 
this thesis, targeting different kinds of problems in various domains. The types of 
method development done in the studies are presented in Table 4. The development 
processes have somewhat followed the work-fow described in Chapter 3, and hence 
the research studies are discussed accordingly in the following sections. 

Table 4. Summary of the methods developed in the research studies. 

Publ. Development tactics Impacted quality aspects 
Development 

category 

I 

A mixture cure model 
was formulated for the 

domain of mobile games 
for proftability 

prediction. 

Representation power of 
survival analysis mixture 

cure models was 
expanded to this domain. 

Generalized 
frameworks. 

II 

Quicksort was combined 
with LPO 

cross-validation to avoid 
the need for running a 

complete tournament to 
obtain a full ranking of 

data. 

Computational and space 
complexities of a 

cross-validation method 
for ROC curve analysis 

were decreased. 

Performance 
optimization. 

III 

The optimization 
component in the 

CGKronRLS learning 
algorithm was modifed 
to enforce sparsity in the 

model. 

Considering sparsity in 
addition to the prediction 
performance in the main 
objective impacted other 
cost functions, decreased 
the model complexity and 

increased the model 

Generalized 
frameworks. 

transparency. 
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4.1 Bayesian Inference for Predicting the Monetization 
Percentage in Free-to-Play Games 

This study serves as an example of conducting method development by formulating 
a commonly used model in a new domain and deriving the forms of the necessary 
formulas for this particular case with relevant distributions and assumptions. The 
development type falls in the category of generalized frameworks, when considering 
from that category the aspect of modifying a core method so that it is suitable for 
solving a slightly different problem than for which the method is usually used. It is 
relative, what is considered as a slightly different problem, but in this case, it meant 
that the data had similar characteristics despite being collected from a completely 
different application than where these kinds of models are generally used. Further 
details are described in the following sections about the problem that was solved, 
the method developed for solving the problem and how the method was empirically 
validated. 

The problem 

Free-to-play games have become to account for the majority of all games, which has 
led to the revenue models evolving. In free-to-play games, the money comes from 
advertisements, premium upgrades and in-app purchases instead of game purchases 
and subscriptions. Then it is important to know as early as possible, after publishing 
the game, how many players are expected to monetize in order to know whether it is 
proftable to continue developing the game. 

The prediction task is then in the feld of semi-supervised learning, because the 
labels representing whether or not the individuals will monetize are known for only 
some players, i.e. those who have already monetized. This is demonstrated by a 
simulated example in Figure 5, where the endpoint characters denote whether the 
individuals were detected to monetize or censored due to the limited follow-up. Ad-
ditionally, the monetization indicator is presented by colours in the fgure. This is 
the information that is needed for predicting the proftability of the game. 

The method 

The presented model is based on survival analysis methods, modelling the players 
as a mixture cure model and fnding estimates of the model parameters by MLE 
or MAP, if there exists prior information about the distribution of the monetization 
percentage. To recap from Section 2.1.1, there are three random variables used for 
describing the situation: time, censoring indicator and label that now corresponds 
to the monetizing indicator. Monetization can be expressed as a survival analysis 
model because the data gathered from a new game shortly after publishing it are 
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Figure 5. Simulated data example with 50 players: 9 monetizing and 41 unmonetizing. The data 
were generated with parameters (�, �) = (0.1, 1.0). Figure adapted (subfgure resized and font 
changed) and caption from Publication I [77], ©2020 IEEE. 

time-to-event data with limited follow-ups, and the event of interest is to make the 
frst purchase. The standard assumption of survival analysis that everyone eventually 
has the event does not apply in free-to-play games since many players never seem to 
purchase anything. Hence, the population is a mixture of monetizing and unmonetiz-
ing players. In addition, prior information can be used according to the principles of 
Bayesian inference for the monetization percentage to ease the prediction task when 
there is not much data gathered yet. 

Now, the hypothesis space is the unconditional survival function of a mixture 
cure model (2), where an assumption of the distribution for the time variable will be 
substituted. Then the exact form of the hypothesis is 

ℎ(�) = ��−�� + 1 − �, 

when the time is assumed to follow exponential distribution Exp (�). Thus, the 
parameters to be optimized are � and �, which denote the monetization percentage 
and conversion rate. The model is then ft through the MLE or MAP optimization 
problems (4) or (6), respectively, depending on whether there is prior information 
available. 

Empirical validation 

Validity of the presented model was studied by numerical experiments conducted 
on two generated data sets, a relatively small game data set gathered from several 
versions of a free-to-play mobile game and a larger real-world data set (CDNOW 
data set [78]) having similar type of data. The generated data sets were used to 
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measure how much the amount of data or the true monetization percentage affect 
the estimates of the monetization percentage obtained through the model learning 
process, and the real-world data sets were used to create censored data sets that 
replicate the actual version user test. 

Methods 

The model was ft by the EM algorithm because of the latent variable in the model. 
In addition, Q–Q-plots and AIC were used for verifying that the model assumptions 
are fulflled with the real-world data: Q–Q plots for verifying that T* ∼ Exp (�), 
and AIC for model selection between a survival analysis model and a mixture cure 
model. Drawing Q–Q-plots is a method of exploratory data science that compares the 
sample quantiles to the theoretical quantiles of the distribution the sample is assumed 
to follow. 

Controlled conditions data 

The experiments with generated data were run as Monte Carlo simulations with a 
thousand repetitions in order to numerically approximate the distribution of the es-
timate obtained by the method. In the frst experiment, the aim was to evaluate 
the effects of sample size and follow-up time on the estimate of the monetization 
percentage, because they affect the number of events that have occurred. The gen-
erated data sets had 100, 500, 1 000, and 5 000 data points and 10, 50, 100, and 
500, respectively, monetizing individuals as the true monetization percentage was 
� = 0.10. Several follow-up times were determined so that there was 25 %, 50 %, 
75 % or 100 % probability for the monetizing players to purchase before censoring. 
Additionally, the impact of the choice of a prior distribution was taken into account 
by selecting two distributions with different means and variances: Beta (2, 10) and 
Beta (10, 82). 

In the second simulation experiment, the goal was to test the effect of the true 
monetization percentage on the estimate. It was tested with values 0.01, 0.05, 0.1, 
0.5 and 0.75. Censoring times were defned the same way as earlier, but with 
{10 %, 20 %, . . . , 100 %} probabilities to purchase before censoring and in this ex-
periment, the sample size varied from 100 to 1 000 in steps of 100. Prior distributions( ) 

4Beta (2, 100), Beta (2, 20), Beta (2, 10), Beta (2, 2), and Beta 2, were selected3 
so that their mean values vary approximately in the range of the true monetization 
percentages. 
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Real-world data 

The game data consisted of data gathered from six different versions of the game. 
The number of players varied between the versions from a few hundred to over 2 000. 
The number of monetizing players was small in all versions, varying from 6 to 35. 
Hence, the true monetization percentages varied in the range 0.004–0.019. The date 
of starting to play the game represented the time of entering the study, and the time 
from that to the date of the frst purchase was considered as the event time. Different 
data collection dates were simulated by creating censored data sets by considering 
only the data from the frst 1, 2, . . . days since the beginning of the study. Maximal 
follow-up was the latest date in the whole data set. 

The CDNOW data set was used similarly to validate the model on a data set 
with a larger sample size (23 570) and greater true monetization percentage (approx-
imately 50 %), i.e. with more information. It contained information on the purchase 
history of 23 570 individuals in an online retail shop. Similar characteristics can be 
derived than from the mobile game data, with the difference that now the time of 
entering the study is the date of the frst purchase, and the event of interest is whether 
the customers return to the shop and make another purchase. The different follow-up 
times were created in the same way as for the game data, and again, the maximal 
follow-up was the date when the data set was actually collected. 

Results 

The simulation demonstrated the effects of the prior on the variance and bias of the 
estimate of the monetization percentage. It was shown that the less information there 
is in the data (smaller samples or shorter follow-ups), the more the prior impacts the 
variance and bias of the estimate. When there is not much information in the data, 
the estimate is mainly based on the prior, and thus its strength affects the accuracy 
and precision of the estimate, as can be seen in Figure 6. For the real data sets, it 
was seen that in the beginning the model produces higher estimates than the current 
situation, but when the follow-up time is lengthened, it approaches the true value, as 
is shown in Figure 7 for the mobile game data set. 

Author’s contribution 

The author was involved in the following categories of the contributor roles tax-
onomy [79]: data curation, formal analysis, investigation, methodology, software, 
visualization, writing – original draft and writing – review & editing. 
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4.2 Quicksort Leave-Pair-Out Cross-Validation for 
ROC Curve Analysis 

This Publication is an example of optimizing the need for resources, i.e. it is in the 
category of performance optimization kind of method development. The quicksort 
leave-pair-out (QLPO) cross-validation method presented in this work is an improved 
version of a previously existing method for solving the problem, as it decreases the ( ) 
computational complexity from Θ �2 to Θ(� log �). 

The problem 

ROC curve analysis and AUC are often used as performance measures in medical re-
search and diagnostic systems to measure how good a hypothesis is at distinguishing 
the subpopulations of having and not having a medical condition. In medical re-
search, the sample sizes are often small, and cross-validation methods are thus used 
together with machine learning methods for model evaluation. Moreover, drawing an 
ROC curve requires determining the order of the entire data, and as a consequence, 
not every cross-validation method is suitable in that case. In particular, LPO is not 
suitable in this case, even though it is good for estimating the AUC. Pooled �-fold 
and LOO cross-validation methods can be used for obtaining a ranking of data, but it 
is created by comparing predictions made by several fnal hypotheses from different 
rounds of cross-validation. In contrast, in TLPO cross-validation, only predictions 
made by one hypothesis are compared, and in addition, it produces an almost un-
biased estimate of AUC, as it is developed based on LPO cross-validation, but it is 
impractical in many applications because of its quadratic computational complexity. 

The method 

The presented method is developed by combining quicksort (see Section 2.3.2 for a 
broader description), and the idea of LPO cross-validation. Quicksort uses a divide-
and-conquer paradigm for ranking the data without going through all possible pairs 
of data points, whereas LPO cross-validation enables the maximal use of the sam-
ple for learning a hypothesis while having the test pair separated. The ranking is 
obtained by selecting a pivot element ������ ∈ ℐ� (where ℐ� denotes the current set 
and is ℐ in the beginning), pairing it with all the other elements within the same 

^set � ∈ ℐ� ∖ {������}, learning hypotheses �ℐ∖{�,������ }, and then comparing the pre-
^ ^dictions �ℐ∖{�,������ }(�) and �ℐ∖{�,������ }(������) to see whether data point � should be 

ranked lower or higher than the pivot. Once all the pairs in the current set are gone 
through and the data points are divided into subsets of smaller and greater, the same 
process is run recursively on the resulting subsets until a full ranking is obtained. 
As different hypotheses are used at every comparison step during quicksort, equally 
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Figure 8. The effect of sample size on the number of pairs whose predicted values are compared 
in order to obtain a ranking by using quicksort or tournament leave-pair-out cross-validation. 
Figure with a small modifcation and caption from Publication II [80]: the label in the legend 
changed from QS to QLPO. 

many hypotheses need to be trained as there are comparisons. On average, the num-
ber of comparisons increases more slowly as a function of sample size when QLPO 
cross-validation is used instead of TLPO cross-validation, as is visualized in Figure 
8. 

Empirical validation 

The empirical validation aimed to demonstrate that the presented method produces 
at least equally good estimates of the ROC curve and AUC values as other suitable 
cross-validation methods. The quality of the method was tested by comparing its 
results to the results of TLPO, pooled 10-fold and LOO cross-validations, both in 
terms of the ROC curves and the AUC values. The experiment was run as a Monte 
Carlo study with 1 000 repetitions with the simulated data and 617 or 185 repetitions 
with the real-world data set, depending on the training sample size. Average ROC 
curves and AUC values were calculated over the repetitions, and variation of the 
estimates was measured by symmetric 95 % credible intervals. In addition, a runtime 
analysis was also conducted as a part of the empirical validation to give an example 
of the runtimes of the chosen algorithms with the four cross-validation methods. 

Methods 

Three learning algorithms were used to test the performance on different models. 
Regularised least-squares (RLS) and logistic regression (LR) are linear and paramet-
ric models, whereas random forest (RF) is a nonlinear and nonparametric ensem-
ble method. Though the goal of the prediction task is to classify the data points, 
scoring algorithm versions of these methods were used to obtain the continuous val-
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ues needed for evaluating the TPR and FPR with different threshold values that are 
needed for drawing the ROC curves. 

Controlled conditions data 

The simulated data were generated by a non-linear generative model with ten features 
X = (�1, �2, . . . , �10)

⊤ that all followed normal distribution with mean � = 0.5 
or � = −0.5 and standard deviation � = 1. The sign of the mean value for the feature 
was positive with 25 % probability and negative with 75 % probability. Expression 

( ) 
�X⊤� + (1 − �) �1

2 + �2
2 + 4�1�2 , 

where � = (2, 1, 1, 1, 1, 0, . . . , 0)⊤ , was scaled to range [0,1] by a sigmoid function 
to generate the probabilities of the datum belonging to the positive class. The coeff-
cient � took values in the range [0,1] in steps of 0.25. Populations of a million data 
points were generated to correspond to the differently weighted non-linear genera-
tive models. Independent test set and 1 000 samples of 30 and 100 data points with 
fractions of positives of 10 % or 50 % were drawn from each population. 

Real-world data 

A medical data set was used to evaluate the quality of the proposed method under 
uncontrolled conditions. The data consisted of 85 876 voxels and six voxelwise 
features extracted from diffusion-weighted imaging maps [81] of 20 patients with 
histologically confrmed prostate cancer in the peripheral zone. The data was highly 
imbalanced as there were 9 268 data points with a positive label and 76 608 with a 
negative label. Balanced samples of sizes 30 and 100 were drawn from the data with-
out replacement as many times as how many disjoint sets were possible to sample. 

Results 

Similar performance was observed both with the simulation data and real-world data: 
The estimates produced by QLPO and TLPO cross-validation were almost unbiased. 
In contrast, when pooled 10-fold or LOO cross-validation was used, the estimates 
were negatively biased when the sample size was 30, but almost unbiased with the 
larger sample size. All the credible intervals covered most of the possible area for 
the smaller samples and became narrower as the sample size was increased. This 
is illustrated in Figure 9 for the real-world data set. In other words, the prediction 
performance was on the same level when QLPO or TLPO cross-validation was used, 
and worse when either pooled 10-fold or LOO cross-validation was used. 

Furthermore, the runtime analysis demonstrated the decrease in computational 
complexity when comparing QLPO to TLPO cross-validation, as can be seen in Ta-
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Figure 9. Average ROC curves and AUC values, and their 95 % credible intervals. Figure from 
Publication II [80]. 
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ble 5. Though it was noticed that the implementation of the algorithm greatly affects 
the time it takes to run the different cross-validation methods: TLPO was clearly the 
slowest cross-validation method when the used algorithm was LR or RF, but when 
RLS was used, it was the fastest. This is a consequence of the use of the Sherman– 
Morrison–Woodbury formula in the implementation of RLS [82], because it enables 
faster computation of the predictions for all the pairs at once than calculating them in 
several smaller parts. Otherwise, the runtime analysis showed that QLPO was slower 
than pooled 10-fold or LOO cross-validation, as expected based on their theoretical 
computational complexities. Altogether, the empirical validation indicated that it is 
better to use QLPO cross-validation than pooled 10-fold or LOO cross-validation 
in order to have almost unbiased performance estimates, and QLPO is preferred to 
TLPO in order to have a reasonable computation time with most methods. 

Table 5. Average runtimes in seconds for the cross-validation methods with RLS, LR and RF, and 
sample sizes 30, 50 and 100. Table adapted and caption from Publication II [80]. 

Sample size 30 50 100 
Algorithm RLS LR RF RLS LR RF RLS LR RF 
QLPO 0.002 0.1 20 0.005 0.3 40 0.007 0.5 70 
TLPO 0.001 9 60 0.002 80 300 0.006 1500 1600 
P10F 0.002 0.03 1 0.002 0.05 2 0.002 0.03 2 
LOO 0.001 0.1 4 0.002 0.2 9 0.004 0.3 10 

Author’s contribution 

The author was involved in the following categories of the contributor roles tax-
onomy [79]: data curation, formal analysis, investigation, methodology, software, 
visualization, writing – original draft and writing – review & editing. 

4.3 Predicting Pairwise Interaction Affnities with ℓ0 -
Penalized Least Squares – a Nonsmooth Bi-
Objective Optimization Based Approach 

This research study presents another example of method development in the category 
of generalized frameworks, where something is changed in the problem and then also 
in the method so that it can be used to solve the modifed problem. This time, the 
method is a learning algorithm, and the modifcation is done in order to obtain sparser 
hypotheses that are also easier to interpret and understand, as they are less complex. 
The core method was kernel ridge regression, KronRLS [34], and it was generalized 
to enforce sparsity by using a different regularization function than usually. 
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The problem 

Sparse hypotheses are sometimes preferred, as they are less complex and thus easier 
to interpret and explain. In addition, they require fewer resources when being used. 
In this study, the aim was to obtain these kinds of models in a large-scale pairwise 
interaction affnity prediction problem. In particular, in this domain, a sparse solu-
tion allows using only the most signifcant drug-target pairs of the training data in the 
prediction process. Sparsity can be obtained by using regularization to restrict the 
model’s complexity. Depending on the regularization function, the SRM optimiza-
tion problem may become nonsmooth and cannot be solved with the regularly used 
optimization algorithms, which are usually suitable for solving convex optimization 
problems. 

The method 

The presented learning algorithm enforces the sparsity by using an ℓ0 pseudonorm 
instead of the usually used Euclidean norm in the regularization term of the SRM 
objective function. This change makes the objective function nonconvex: 

�∑ ( ) 
min (ℎ(��) − ��)

2 + � ||a||1 − ||a||[�] , 
a 

�=1 

where a is the vector of dual coeffcients in the hypothesis (1). Hence, the opti-
mization algorithm used inside the KronRLS method is also changed from conjugate 
gradient to the limited memory bundle method. 

In addition, main objectives, starting point procedures and bi-objective criteria 
are important components of the method. The main objective defnes whether ob-
taining sparsity is a secondary goal after maintaining a high C-index (MO1) or if they 
are equally important goals (MO2). In the MO1, the accepted decrease in C-index 
is restricted to be at most a predetermined percentage of a corresponding value of 
the non-sparse reference model. The starting point procedure determines the initial 
solution when moving to the next iteration during the search for an optimal solution. 
It is either always the latest solution (SP1) or the best solution that was obtained with 
the strictest sparsity condition (SP2). Bi-objective criteria is used for model selection 
and is calculated as a sum of the relative C-index and sparsity: 

| CI (a) − CIideal | | �� (a) − ��ideal |
��� (a) = + ,| CIideal − CIworst | | ��ideal − ��worst | 

where the concordance index CI is 1 in the ideal case and 0.5 in the worst case, 
and the number of non-zero coeffcients, ��, is 2 in the ideal case and |ℐ��| in the 
worst case. This kind of bi-objective criterion enables the relative changes in the 
generalization performance and sparsity to affect the criterion equally. 
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Empirical validation 

The quality of the presented method was experimentally tested by comparing its 
performance to the performances of baseline methods on two simulated data sets and 
three biomedical interaction data sets. Both continuous and binarized labels were 
separately used. In addition, the performance was tested in the four different learning 
settings depending on whether the drugs and targets were in- or off-training-set drugs 
and targets. 

Methods 

The presented method was compared to KronRLS and KronSVM, which are state-
of-the-art learning algorithms for predicting the pairwise interactions. KronSVM can 
produce sparse models, so in the comparison with this algorithm, the performance 
was evaluated both in terms of sparsity as well as in the generalization ability. Spar-
sity was measured by the percentage of coeffcients equal to zero, and generalization 
ability by the C-index. KronRLS, on the other hand, does not produce sparse models, 
but its beneft is that it can be used both with continuous and binary labels, unlike 
KronSVM, which is limited to the classifcation task only. 

Controlled conditions data 

The simulated data sets were sparse variants of the checkerboard simulation with 
and without added noise. Each drug and target had a descriptive feature following a 
continuous uniform distribution � (0, 5). The labels were determined by the XOR 
function on the even parities of the features describing the drug and the target in 
the binary case. Continuous labels were produced by multiplying the binary label by 
both feature values associated with the pair. Separate training, validation and test sets 
were generated according to the described procedure with different random seeds. In 
the training and validation sets, there were 100 drugs and 100 targets. Test set, then 
again, contained 500 drugs and 500 targets. All sets were sparse with labels assigned 
to randomly selected 25 % of the pairs. Noise was added by fipping the sign of the 
label of each pair with 20 % probability. These data sets were generated for having 
such data that the methods run fast on them. 

Real-world data 

Three benchmark data sets were used for testing the method on real-world data. 
Metz [83] and Merget [84] data sets were sparse, whereas the Davis [85] had all the 
drug-target interaction affnities known. Related to Davis and Metz data sets, the 
drug feature matrices contained structural fngerprint similarities between two drugs 
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Figure 10. A generated example for visually demonstrating the used data splits. S1 refers to a 
generalization task, where both the drugs and the targets of test and validation pairs also exist in 
the training set. S2 refers to a generalization task, where the test and validation targets do not 
exist in the training set, but the test and validation drugs do. In contrast, S3 refers to a 
generalization task, where the test and validation drugs do not exist in the training set, but the test 
and validation targets do. Finally, S4 refers to the cold-start problem, where neither the drugs nor 
the targets of test and validation pairs exist in the training set. Figure from Publication III [42] with a 
larger font size in the legend. 

computed with 2D Tanimoto coeffcients and the target feature matrices contained 
the normalized version of the Smith-Waterman scores between two targets. The 
interaction affnities were quantifed as the dissociation constant in Davis data and 
the inhibition constant in Metz data. For the Merget data, the structural fngerprints 
were computed by 1024-bit fngerprint based on the shortest path between atoms, the 
target feature matrix contained amino acid sub-sequences of ATP binding pockets 
and amino acid properties, and the interactions were measured by binding affnities. 
As the labels were in different units, the binarization thresholds were also different 
for the data sets: 30 for Davis, 7.6 for Metz, and 7 for Merget. The biomedical data 
sets were split into training, validation and test sets in a way that the training set was 
the same in all generalization tasks, and validation and test sets were selected so that 
they fulflled the conditions for the four different generalization tasks, which were 
described in Section 2.1.2. An example of this kind of data split is given in Figure 
10. 

Results 

The results were reported as sparsity percentage and C-index values. Using the pre-
sented method with MO1 resulted in a clearly sparser solution than KronRLS without 
sacrifcing too much in terms of the prediction accuracy. Using the MO2 led to even 
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Figure 11. A visualization of the results for the Davis data set with continuous labels. S1 refers to 
a generalization task, where both the drugs and the targets of test and validation pairs also existed 
in the training set. S2 refers to a generalization task, where the test and validation targets do not 
exist in the training set, but the test and validation drugs do. In contrast, S3 refers to a 
generalization task, where the test and validation drugs do not exist in the training set, but the test 
and validation targets do. Finally, S4 refers to the cold-start problem, where neither the drugs nor 
the targets of test and validation pairs exist in the training set. 

sparser solutions, as the decrease in C-index was not restricted. Even the comparison 
to KronSVM, in the binary case, showed that the presented methods found notably 
sparser solutions than the state-of-the-art methods without decreasing the C-index 
too much. An example of the results is given in Figure 11. It can be seen that the 
generalization performance remains competitive in most cases, while the sparsity 
increases signifcantly in all cases. 

Author’s contribution 

The author was involved in the following categories of the contributor roles taxon-
omy [79] during a revision phase: data curation, formal analysis, investigation (re-
running the experiment with the real-world data set and adding two other real-world 
data sets), software, visualization and writing – review & editing. 
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5 Conclusion and Future Work 

The main objective of this thesis was to unite three research studies, where varying 
types of data science method development had been done. The problems in the 
studies were different, and thus also the developed methods are related to different 
areas of data science – though, in all of the studies, the goal was to predict something, 
which limited the scope of this thesis to predictive data science. One of the studies 
was related to the generative data science approach, whereas the other two used the 
discriminative approach. The presented methods were about formulating a survival 
analysis mixture cure model in the feld of free-to-play mobile games, developing a 
faster cross-validation method (QLPOCV) that can be used together with ROC curve 
analysis, and modifying a learning algorithm for pairwise data to enforce sparsity and 
thus produce simpler hypotheses without compromising the generalization ability 
considerably. Thus, the method development category was generalized frameworks 
in the frst and third studies, and performance optimization in the second study. 

Even though the method development process was presented to contain both the-
oretical analysis and empirical validation steps, the methods presented in the research 
studies were evaluated mainly empirically. In all of the studies, the empirical vali-
dation consisted of using both simulated controlled conditions data and real-world 
data. The controlled conditions data were used for estimating the effects of differ-
ent assumptions of the data or of a component of the method on the performance 
of the method: e.g. the effect of the choice of the prior distribution in the Bayesian 
inference, the impact of linearity of the data generative model on the ability to rank 
the data correctly, and controlled amount of noise in the data when learning sparse 
hypotheses. The real-world data sets, then again, were used to see performances of 
the methods in uncontrolled conditions. However, the empirical validation focused 
on one domain per research study, and thus, it is not evaluated how the methods 
would generalize to different domains. Nevertheless, the methods are not domain-
specifc and could be applied to similar tasks in other domains, as well, while keep-
ing in mind that the monetization model is developed for time-to-event data and the 
LMBMKronℓ0LS for pairwise data. 

In method development, there is always plenty of future work that can be done. 
In particular, several arose questions remained unresolved in the research studies: 
In the monetization prediction task, the partial violation of the required parametric 
assumptions had a greater impact on the results than expected, and thus reassessing 
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the theoretical assumptions could improve the method. Secondly, when it comes to 
QLPOCV, theoretical research remains to be done to estimate the effect of possible 
cycles in the corresponding tournament graph, whose existence causes that the order 
of data points may not be unequivocal but instead depend on the random selection 
of the pivot elements. On the other hand, regarding the LMBMKronℓ0LS method, 
further empirical analysis should also be conducted in order to evaluate possible 
random effects that may have appeared because of the used random split of data, as 
only a single split was used instead of some kind of resampling. In addition, the 
LMBMKronℓ0LS method is time demanding and rather complicated to use. The 
usability of the methods is a common problem, as the focus has been on describing 
the ideas of the methods and how they were used, and wrapping them in a form that 
would be easy to use remains to be done. 
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