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1 Introduction

Interest rates are the main tools used by central banks to steer the economy. However,
the consequences of discretionary interest rate policy changes are by no means obvious to
the naked eye. This is because the actual path of an interest rate is determined jointly by
systematic reactions to an ever-changing economic environment, reactions to past interest
rate policies as well as the actual discretionary changes in the interest rate policy. To
estimate the effects of such changes, econometricians have long used structural vector
autoregressive models (SVARs), which are flexible and allow for various different types
of analysis (see, for example, Christiano et al. 1999; Stock and Watson 2001; Christiano
et al. 2010).

Since low interest rates became widespread in industrialized countries in the aftermath
of the 2007–2009 Great Recession, the assumptions that these models generally may no
longer be valid. Two reasons for this stand out. Firstly, common sense and economic
theory both suggest that there exists an effective lower bound (ELB) under which the in-
terest rate cannot fall without it losing much of its meaning. Secondly, monetary policy
is no longer carried out solely or even primarily by means of interest rate policy. Instead,
various unconventional policy measures have become common in countries that have ex-
perienced low interest rates. (See, for example, the survey of Dell’Ariccia et al. 2018.)

The emergence of the ELB and unconventional monetary policy has lead to the devel-
opment of more advanced methods that take these into account (see the survey of Rossi
2021). On one hand, some authors have constructed shadow rate time series that are,
firstly, not bound by the ELB and, secondly, reflect also unconventional monetary policy
measures (see, for example, Krippner 2013; Wu and Xia 2016, 2020). On the other hand,
some authors have included censored interest rate variables into their models. These ac-
complish the same goal as shadow rates without relying on any external model of the
shadow rates. (See, for example, Iwata and Wu 2006; Mavroeidis 2021; Aruoba et al.
2022.; Ikeda et al. 2022.) In addition, there are some more unique approaches (see, for
example, Wright 2012; Getler and Karadi 2015).

The main focus in this thesis is on the two approaches by Mavroeidis (2021) that aim
to solve the issue of the ELB but are built on very different assumptions. These represent
the simpler and more straightforward end of the advanced approaches. The kinked SVAR
(KSVAR) model merely introduces an ELB as a lower bound under which the interest
rate may not fall. It does not however, take unconventional monetary policy into account.
This is built around the idea that the central bank faces an asymmetric problem: It can
raise the interest rate as much as it wants but it cannot drop it indefinitely. Meanwhile, the
censored SVAR (CSVAR) model also takes into account unconventional monetary policy
measures by estimating a shadow rate, i.e. an interest rate that is not generally observable
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but may fall under the ELB and reflects the true state of monetary policy. Unconventional
means of conducting monetary policy make the central bank’s problem symmetric. These
models are used to analyze the monetary policy shock in euro area.

Before the advanced KSVAR and CSVAR can be analyzed, the standard SVAR setup
is presented together with a simple New Keynesian (NK) model of the economy, which
motivates the model structure. The identification scheme used in the SVAR models is
traditional lower-triangular or short-term identification. This means that a discretionary
monetary policy shock is identified as a shock that cannot be explained by the develop-
ments of key macroeconomic variables.

This thesis has two novel features. Firstly, all empirical considerations are carried out
with euro area data, which has received far less attention in this type of research than the
USA or Japan. This thesis also offers the reader context for understanding unconventional
monetary policy in euro area. Secondly, this thesis uses the KSVAR and the CSVAR mod-
els to come up with concrete shadow rate time series together with confidence intervals
that can be compared to other shadow rate time series, such as the one by Wu and Xia
(2016).

The empirical results show that not only does the inclusion of the ELB change the
results but also the way in which it is included also matters. Overall, the standard SVAR
and the KSVAR imply that the monetary policy shock plays a very minor role in the
economy. Meanwhile, the CSVAR reserves an important role for the monetary policy
shock and also results in the price puzzle, a well-documented anomaly in the analysis
of monetary policy. Indeed, CSVAR appears as the more attractive of the two advanced
methods, but the anomalous results are troubling. The overall results are also reflected in
the shadow rate series; unconventional monetary policy does not appear to have had much
effect on the KSVAR shadow rate but clearly moves the CSVAR shadow rate. The policy
implications of these results are that the existence of the ELB increases the uncertainty
related to the outcomes of monetary policy and that more work is required. Indeed, one
should exercise caution when applying the conventional wisdom in today’s world.

The rest of this thesis is constructed as follows. Section 2 presents the standard SVAR
framework that forms the backbone of this thesis but also largely of modern macroecono-
metrics. This is followed by Section 3 that introduces the conventional set up that ignores
the ELB. This section takes a more practical stance by looking at the concrete problem of
monetary policy shock identification and structural analysis. Section 4 takes a closer look
at what the ELB means and also what type of unconventional monetary policy measures
there are and how these have been used in euro area. Sections 5 and 6 present the KSVAR
and the CSVAR models of Mavroeidis (2021) respectively. Sections 3, 5 and 6 end with
empirical analyses of different models. Finally, Section 7 concludes.
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2 The vector autoregression and structural vector
autoregression toolkits

2.1 Vector autoregression

The workhorse of this thesis is the vector autoregression (VAR) and structural vector
autoregression (SVAR) framework. This section provides a brief introduction to this vast
topic.

I denote the vector of endogenous variables by xt = (x1t ,x2t , ...,xKt)
′ ∈ RK , where

t ∈ Z is the period of observation. This process is said to follow a VAR(p) process, if

xt = ν +A1xt−1 +A2xt−2 + ...+Apxt−p + ε t , (1)

where ν ∈ RK and A j ∈ RK×K for ∀ j = 1,2, ..., p are parameters. The error term ε t ∈ RK

is both independent and identically distributed and it has a zero mean. Within this thesis
I’ll further assume that ε t follows a multivariate normal distribution NK(0,Σ), which I
denote by ε t ∼ n.i.dK(0,Σ). The matrix Σ is a symmetric and positive definite matrix of
dimension K ×K. Under these assumptions, ε t is also called Gaussian white noise or
innovation process. (Lütkepohl 2006, 13, 16; Kilian and Lütkepohl 2017, 24–25.)

In layman’s terms, VAR(p) process of Equation (1) states that future realizations of a
vector of endogenous variables xt are linear combinations of the last p realizations of the
same process with an intercept ν and an error term ε t added. The number of lags p is
called the order of the process.

It is desirable that the VAR(p) process is stable. This means that the expected value
and autocovariance are constant over all values of t:

E[xt ] = µ and E[(xt −µ)(xt+h −µ)′] = Γ(±h) for ∀t ∈ Z.

In other words, the expected value and the autocovariance function are constant over all
values of t. A necessary and sufficient condition for this is

det(IK −A1z−A2z2 − ...−Apzp) = 0 for |z| ≤ 1.

(Lütkepohl 2006, 14-16, 25; Kilian and Lütkepohl 2017, 25–26.)

An important consequence of the stability is that the VAR(p) process can be presented
as a vector moving average process. More specifically it can be expressed as a so called
VMA(∞) process such that

xt = µ +
∞

∑
i=0

Φiε t−i (2)
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For practical purposes, Φi can be constructed by

Φ0 = IK and Φi =
i

∑
j=1

Φi− jA j, i = 1,2, ...

(Lütkepohl 2006, 18-23; Kilian and Lütkepohl 2017, 26.)

VAR(p) process can be predicted recursively. I denote by Et [xt+h] the expected
value of xt+h where h > 0, conditional on the information available at period t, i.e.
{xt ,xt−1,xt−2, ...}. The unbiased and minimum squared error prediction for xt+h at period
t is

Et [xt+h] = ν +A1Et [xt+h−1]+A2Et [xt+h−2]+ ...+ApEt [xt+h−p],

where Et [xt+i] = xt+i for i ≤ 0. (Lütkepohl 2006, 33–35; Kilian and Lütkepohl 2017,
47–48.)

Naturally, the true model is not known to the econometrician and it has to be estimated.
Let there be a sample x1−p,x1−p+1,x1−p+2, ...,x0,x1,x2, ...,xT to which the econometri-
cian wants to fit a VAR(p) model. The first p observations are needed as initial values to
fit the VAR(p) model. One characteristic feature of these models is that the number of
parameters is high, namely K + pK2 +K(K +1)/2.

A conventional VAR model can be fitted with relative ease using multivariate least
squares (see for example Lütkepohl 2006, 69–77; Kilian and Lütkepohl 2017, 31–32).
However, maximum likelihood (ML) estimation will prove more useful in later sections.
This method hinges on the assumption that ε t ∼ n.i.dK(0,Σ). In other words, the proba-
bility density of the error term in each period is given by multivariate normal distribution

fε(ε t) =
1

(2π)(K/2)
det(Σ)−1exp

(−1
2
(ε ′tΣ

−1
ε t)

)
.

Since xt is given by the last p observations, the parameters A1,A2, ...,Ap and ν and the
error term ε t as is shown in Equation (1), the probability density of xt conditional on Xt−1

and these parameters can be written as

fx(xt |Xt−1) = fu(xt −ν −A1xt−1 −A2xt−2 − ...−Apxt−p),

where θ contains all parameters. This can then be turned to the probability density func-
tion of the whole sample given the initial values:

fX(x1, ...,xT |θ ,x1−p, ...,x0) =
T

∏
t=1

fx(xt |Xt−1).
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The log-likelihood function is then

l(θ |x1−p, ...,xT ) =
T

∑
t=1

log( fx(xt |Xt−1)) =−KT
2

log(2π)− T
2

log(det(Σ)) (3)

− 1
2

T

∑
t=1

(xt −ν −A1xt−1 − ...−Apxt−p)
′
Σ
−1(xt −ν −A1xt−1 − ...−Apxt−p).

The vector θ̂ that maximizes the log-likelihood function is the ML estimator. (Kilian and
Lütkepohl 2017, 38–40.)

The ML and least squares estimates are equivalent. They can be expressed in analyti-
cal form. Start by defining the following objects:

B = (ν ,A1,A2, ...,Ap), β = vec(B), Zt =

 1

Xt

 , Z = (Z0,Z1, ...,ZT−1),

X =



x1

x2
...

xT


and x = vec(X),

where vec(X) operator stacks the columns of X on top of each other. Now the estimator
for β is

β̂ = ((ZZ′)−1Z ⊗ IK)x,

where ⊗ is the Kronecker product. Furthermore, the estimator for the covariance matrix
Σ adjusted for degrees of freedom is

Σ̂ =
1

T −K p−1

T

∑
t=1

ε̂ t ε̂
′
t ,

where ε̂ t are residuals xt − ν̂ − Â1xt−1− ...− Âpxt−p. (Lütkepohl 2006, 70–75, 90.) These
estimators are unbiased and consistent. Furthermore, they are normally distributed allow-
ing for conventional hypothesis testing. (Kilian and Lütkepohl 2017, 38–40.)

Besides the parameters, the order p is usually unknown. It can be estimated for ex-
ample by sequential testing, by using information criteria or by comparing forecast per-
formances. (Kilian and Lütkepohl 2017, 51–66.) However, in the econometric literature
it is not uncommon to choose the order a priori. For example, Stock and Watson (2001),
Mavroeidis (2021) and Aruoba et al. (2022) choose p = 4. They work with quarterly
data, which means that the oldest relevant observations are from a year ago. This can also
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be seen as a way to deal with the problem of seasonality. Because my goal is to replicate
their studies, I will proceed with this assumption.

2.2 Structural vector autoregression

2.2.1 Identification

The VAR models by themselves can be used for prediction as well as some analysis of
the multivariate time series (see for example the discussion on Granger causality in Kil-
ian and Lütkepohl 2017, 48–50). However, in econometrics as well as in this thesis the
goal is often to analyze so called structural shocks. These shocks are mutually uncor-
related and they have an interpretation in economic theory (Kilian and Lütkepohl 2017,
109). In particular, the interest of this thesis is in the monetary policy shock, which is an
unexpected change in interest rate. In essence, the goal is to identify systematic and fore-
seeable interest rate changes and unexpected discretionary ones. In this section, I omit
the intercept ν as it wont play a role in the subsequent methods. One can assume that the
data is demeaned in this section.

The goal is to analyze the following modification of the standard reduced-form VAR
model of Equation (1):

B0xt = B1xt−1 +B2xt−2 + ...+Bpxt−p +wt , (4)

where wt are structural shocks. Most importantly, E[wtw′
t ] = IK , which means that the

components of wt are mutually uncorrelated and have a unit variance. Note that the num-
ber of structural shocks matches the dimension of the error term. By rearranging the
Equation (4), the reduced form Equation (1) can be derived:

xt = B−1
0 B1︸ ︷︷ ︸
=A1

xt−1 +B−1
0 B2︸ ︷︷ ︸
=A2

xt−2 + ...+B−1
0 Bp︸ ︷︷ ︸
=Ap

xt−p +B−1
0 wt︸ ︷︷ ︸
=εt

.

In order for wt to be identifiable from ε t , B0 has to be non-singular. This is because of
ε t =B−1

0 wt . Furthermore, Σ=Cov(ε t) =Cov(B−1
0 wt) =B−1

0 B−1
0

′. (Kilian and Lütkepohl
2017, 109.)

The choosing of B0 forms a large part of SVAR analysis. Here I’ll restrict the discus-
sion to so called B-models (see Lütkepohl 2006, 358–362, 364–367 for discussion on A-
and AB-models). Σ = B−1

0 B−1
0

′ forms a system of equations consisting of K(K + 1)/2
unique equations because Σ and B−1

0 B−1
0

′ are symmetric. However, B0 has total of K2 free
variables meaning that there isn’t a unique solution. In order for such to exist, K(K−1)/2
restrictions have to be put on B−1

0 . More can be added, but this results in an over-identified



7

model, which puts restrictions on Σ, i.e. on the reduced form model. These restrictions
could then further be tested. However, there cannot be fewer than K(K − 1)/2 and each
block of B−1

0 has to be identifiable as well. For example, block diagonal B−1
0 wouldn’t

work even if there were enough restrictions since the blocks themselves couldn’t be iden-
tified. An example of a possible identification strategy, which will be studied in further
detail below, is to restrict B−1

0 to a lower triangular matrix. This means that B−1
0 can be

derived from a Choleski decomposition of Σ. (Lütkepohl 2006, 362–363.)

2.2.2 Impulse responses

Once structural shocks have been identified, methods of analyzing these are needed. A
common approach is to study the impulse response functions (IRF). These are the re-
sponses of different components of xt+h at different horizons h to different one-time im-
pulses in wt :

Θh =
∂xt+h

∂w′
t
, i = 0,1,2, ..., (5)

where Θh ∈ RK×K . The elements of Θh are

θ jk,h =
∂x j,t+h

∂wkt
,

so that Θh = [θ jk,h]. Generally, the point of interest is the curve θ jk,h over different values
of h and not any single θ jk,h. (Kilian and Lütkepohl 2017, 110–111.)

For the sake of this thesis, the IRF is a change in the development of macroeconomic
time series induced by a monetary policy shock or simply put the consequences of a
discretionary change in monetary policy.

To construct impulse responses in the standard SVAR model, take the VMA(∞) pre-
sentation of Equation (2) and substitute B−1

0 wt for ε t :

xt = µ +
∞

∑
i=0

ΦhB−1
0 wt−h, (6)

which implies that

Θh =
∂xt+h

∂w′
t
= ΦhB−1

0 . (7)

Note that Θ0 = B−1
0 . (Kilian and Lütkepohl 2017, 111–112.)

The Θh of Equation (7) is independent of history. That is, it does not matter under
which initial conditions the shock wt impacts, it will always lead to the same impulse
responses. Furthermore, the actual impulse response is linearly dependent on the shock
so that only the scale and not the shape of IRF depends on size of the xt . As stressed by
Koop et al. (1996), however, impulse responses of nonlinear models often depend on the
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past values of xt . In addition, the shape of the impulse responses may also depend on the
size of the shock wt . Instead, they offer generalized impulse response functions (GIRF)
to be used with more complex models:

GIRF(h,wt ,Xt) = Et [xt+h|xt +wt ]−Et [xt+h|xt ], (8)

where Xt contains the past and current values of xt and Et is the expected value operator
conditional on the information available at period t, i.e. xt . Under the standard SVAR
model considered in this section, GIRF(h,wt ,Xt) = Θhwt .

In practice, Θh is unknown and has to be estimated using the estimators described in
Section 2.1. It can then be shown that

√
T vec(Θ̂h−Θh)

d→ NK2(0,Σ
Θ̂h
), where d→ denotes

convergence in distribution. In other words, Θ̂h is consistent, unbiased and asymptotically
normal. Although normality could be used to construct the confidence intervals for Θ̂h,
in practice, bootstrap is the most common method for this. (Lütkepohl 2006, 377.) The
standard non-parametric bootstrap algorithm for constructing the bootstrap sample for
confidence intervals is:

1) Fit a VAR model to the whole sample and store the parameter estimates ν̂ , Â1, ..., Âp

and the residuals ε̂ t for t = 1,2, ...,T . Center the residuals if necessary.

2) Randomly draw with replacement T bootstrap residuals εb
t from ε̂ t .

3) Generate bootstrap time series recursively as xb
t = ν̂ + Â1xb

t−1 + ...+ Âpxb
t−p + εb

t .
This can be initialized by setting xb

1−p = x1−p, xb
1−p+1 = x1−p+1,..., xb

0 = x0.

4) Estimate parameters ν̂b, Âb
1, ..., Â

b
p based on the bootstrap time series xb

t .

5) Construct bootstrap impulse responses Θ̂b
h using ν̂b, Âb

1, ..., Â
b
p.

6) Repeat steps 2–5 many times storing Θ̂b
h.

There is a number of ways that confidence intervals can be derived from the boot-
strap sample of Θ̂b

h. The most straightforward method is to directly construct the stan-
dard percentile intervals. Simply put, the 100%− γ interval for θ jk,h is approximately
[θ b

jk,h,γ/2,θ
b
jk,h,1−γ/2], where θ b

jk,h,γ is the γ-quantile of θ b
jk,h. (Lütkepohl 2006, 709–711.)

The same approach can be used for GIRF(h,wt ,Xt). Occasionally, it is necessary to use
parametric bootstrap. This is accomplished by sampling εb

t from a centered multivariate
normal distribution using the estimate for Σ̂ instead of sampling them straight from the
residuals.
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3 Monetary policy shock in the absence of the ELB

In the broadest possible sense, the monetary policy shock is an exogenous shock to a
monetary policy instrument or to a proxy of the central bank’s monetary policy stance
Inst . If Xt is the information set available to the central bank at time t and f (·) is the
reaction function or feedback rule of the central bank to this information, the monetary
policy shock mt is

mt = Inst − f (Xt). (9)

(Christiano et al. 1999.) For the purposes of this thesis, Inst is an interest rate that the
central bank is able to control.

In this section, I will propose a linear candidate function f (·) and a model which
describes how the monetary policy shocks, mt , of Equation (9) propagate through the
economy and analyze the effects of mt on the economy, when the ELB is ignored.

3.1 A Simple New Keynesian model

In a conventional non-zero interest rate environment, the monetary policy shock can be
identified in a simple New Keynesian (NK) three–equation model. The three building
blocks of this model are the forward–looking Phillips curve, forward–looking Investment–
Saving (IS) relation and a Taylor rule. While this model is extremely simple, it has proven
popular in the literature. The model is easy to modify and it is also simple enough for the
econometric analysis in the later sections.

To start off, the forward–looking Phillips curve simply relates inflation of the current
period, πt , to the output gap yt and the expected future inflation Et [πt+1]:

πt = κyt +βEt [πt+1]+ut , (10)

where κ > 0 and 1 > β > 0 are parameters and ut is an exogenous disturbance that is
sometimes called a "cost-push shock". Unlike the old Keynesian non-forward looking
Phillips curve, the curve of Equation (10) can in fact be derived from a lower level model
with firms that try to select optimal prices under price frictions. In other words, it has
micro-foundations. (Woodford 2010.)

The second element of the NK model is the forward–looking or inter–temporal IS
relation. It relates the current output gap to expected future output gap and the current
real interest rate, rt . Using the Fisher equation, the real interest rate is the nominal interest
rate, it , minus the expected future inflation. The relation is

yt = Et [yt+1]−σ(it −Et [πt+1]−ρt), (11)
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where σ > 0 is a parameter and ρt is an exogenous disturbance that can be given the role
of a natural rate of interest (Jung et al. 2005) or a demand preference shock (Ikeda et
al. 2022). Much like the forward looking Phillips curve of equation (10), the forward–
looking IS relation too has micro foundations. The IS relation can be derived from the
Euler equation: Households try to even out their consumption over time and the real
interest rate is the cost of doing so. (Woodford 2010.)

The shocks ut and ρt can be given autoregressive AR(1) dynamics so that

ut = φuut−1 +wut and ρt = φρρt−1 +wρt , (12)

where wut ∼ n.i.d(0,σu) and wρt ∼ n.i.d(0,σρ). Stationarity also requires that |φu|, |φρ |<
1.

The third equation is the Taylor rule. First proposed by Taylor (1993, see also 1999),
the Taylor rule proposes that under optimal monetary policy, interest rate is set according
to the rule

it = πt +0.5yt +0.5(πt −2%)+2%.

However, for the econometrician, there is no reason to fixate on these exact numerical
values for the coefficients. Furthermore, the Taylor rule can be derived using the for-
ward looking Phillips curve and the forward looking IS relation together with some form
of welfare function for households. The simplest choice is to consider a quadratic loss
function:

Et [Σ
∞
j=0β

j[(πt+ j −π
∗)2 +ωy2

t+ j]], (13)

where β is the discount factor, π∗ is the inflation target and ω ≥ 0 is the relative weight of
the output gap target. Note that there may also be a non-zero output gap target, and quite
often the inflation rate target is zero. The appearance of β in Equation (10) is also worth
noting. This results in more general versions of the Taylor rule. (Clarida et al. 1999;
Woodford 2002.) The one I choose bears a close resemblance to the original rule:

iTaylor
t = a1πt +a2yt , (14)

where iTaylor
t is the optimal or the Taylor rule implied interest rate.

The loss function of Equation (13) can be justified on one-hand by the mandates of
central banks to maintain price stability, low unemployment and sturdy economic growth.
However, it can also be justified using the household’s utility function. In the latter case,
the idea in a nutshell is that a higher level of production leads to a higher level of consump-
tion, which increases utility, but also working hours, which reduces utility. This trade–off
can be seen as making the closing of the output gap desirable. Furthermore, under sticky
prices, inflation leads to non-optimal pricing, which leads to inefficiencies and thus costs.
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Whilst these mechanics are very complex, under a very simple model, the utility function
can be reasonably well approximated by a second–order Taylor approximation, where the
first–order terms disappear. This allows the expression of the problem in the form of the
quadratic loss function of Equation (13). (Woodford 2002.) Nevertheless, one should note
that this is not the end of the story as more complex models can lead to more complex
loss functions with additional terms such as "net worth gap" or "credit spread gap" (see
for example Cúrdia and Woodford 2016; Hansen 2018). Additionally, using third–order
approximation instead of second–order leads to asymmetric loss function (see Benigno
and Rossi 2021). Finally, the ECB is officially only interested in price stability and not
output stability. This goal also was not symmetric until recently (Lane 2022).

Of course, it is clear that the Taylor rule of Equation (14) is a nowhere near sophisti-
cated enough policy rule that a central bank in the real world could follow it (Clarida et
al. 1999). Nevertheless, it can be seen as a simple tool to identify discretionary changes
and responses to more complex phenomena in monetary policy (Christiano et al. 2010).
One of the simplest extensions to the model is to allow smoothing of interest rates by the
central banks and allowing for discretionary monetary policy decisions. The smoothing
may be motivated by the goal of keeping interest rates steady or by taking into account
the uncertainty under which central banks make their decisions. Another addition is dis-
cretionary monetary policy shock mt , which accounts for deviations from the rule. The
smoothed Taylor rule with discretionary policy is

it = λ iTaylor
t +(1−λ )it−1 +mt , (15)

where λ ∈ [0,1] (Ikeda et al. 2022). This expression can easily be expanded to include
more lags of it or even iTaylor

t to capture the frictions on monetary policy decision making.

3.2 The NK model in SVAR framework

The goal in this section is to construct a SVAR model to identify the monetary policy
shock mt and see how it propagates through the economy. Note that adding mt to the
model outlined in Section 3.1 allows for the identification of the shocks since this leads
to three shocks in three equations.

The SVAR model can be derived by establishing a state space presentation of the three
equation model using the method of unknown coefficients. Start by rewriting Equations
(10) and (11) in terms of it−1,ut ,ρt and mt :

πt = bπiit−1 +bπuut +bπρρt +bπmmt , (16)

yt = byiit−1 +byuut +byρρt +bymmt . (17)
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Now the Taylor rule of Equation (15) can be rewritten:

it =λ (a1πt +a2yt)+(1−λ )it−1 +mt

=(1−λ +λa1bπi +λa2byi)it−1 +λ (a1bπu +a2byu)ut +λ (a1bπρ +a2byρ)ρt

+(1+λ (a1bπm +a2bym))mt

=biiit−1 +biuut +biρρt +bimmt . (18)

(Ikeda et al. 2022.)

Using matrix notation, the same can be presented as

xt =


πt

yt

it

=


bπi bπu bπρ bπm

byi byu byρ bym

bii biu biρ bim





it−1

ut

ρt

mt


=


bπi bπu bπρ bπm

byi byu byρ bym

bii biu biρ bim





it−1

φuut−1 +wut

φρρt−1 +wρt

mt



=


bπi φubπu φρbπρ

byi φubyu φρbyρ

bii φubiu φρbiρ




it−1

ut−1

ρt−1

+


bπu bπρ bπm

byu byρ bym

biu biρ bim




wut

wρt

mt


= Azt−1 +B−1

0 wt . (19)

The vector zt is not observed except for it , but it can be given the following law of motion,
which is based on the AR(1) structure of ut and ρt and the Equation (18):

zt =


bii φubiu φρbiρ

0 φu 0

0 0 φρ

zt−1 +


bim biu biρ

0 1 0

0 0 1

wt

=Czt−1 +Dwt . (20)

Solving Equation (19) for wt and substituting it for Equation (20) yields

zt = (C−DB0A)zt−1 +DB0xt .

If (C−DB0A) = 0, zt can be written in terms of xt . This condition holds and this is proven
in Appendix A. This fact can be used to turn Equation (19) into a VAR(1) representation:

xt = ADB0xt−1 +B−1
0 wt . (21)
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(Ikeda et al. 2022.)

Equation (21) is a VAR(1) model instead of a more general VAR(p) model where
the order p ∈ N+. This is not surprising since only a single lag was used all throughout
Section 3.1. To account for AR(p) processes where p > 1 in Equation (12) and for a
central bank that smooths interest rates over more than just one period in Equation (15),
the p can be increased when fitting the VAR model. Furthermore, the VAR(1) model is
nested within a VAR(p) model, which means that increasing p does not impose further
restrictions on the model. Indeed, following Mavroeidis (2021) and Ikeda et al. (2022), I
choose p = 4 in the empirical analysis of this thesis.

Once a VAR(p) model is fitted to data, the monetary policy shock can be identified by
imposing restrictions on B−1

0 of Equation (21). I make the common assumption that the
monetary policy shock does not have an immediate impact on πt or yt . The idea is that
if the monetary policy shock would have an immediate impact on πt and yt , the central
bank could react to these changes in a systematic non-stochastic manner. By Equation
(9), such a shock would cease to be an exogenous shock. This is by far the most popular
identification scheme (Examples include but are not limited to Christiano et al. 1999,
2010; Stock and Watson 2001; Iwata and Wu 2006; Wu and Xia 2016; Mavroeidis 2021).
In practice, this restriction means that bπm = bym = 0 in Equation (19). This results in

B−1
0 =


bπu bπρ 0

byu byρ 0

biu biρ bim

 . (22)

Unfortunately, this isn’t sufficient as it is still impossible to identify wut or wρt . Fortu-
nately, however, these are not the focuses of interest here and the exact identification can
be accomplished for example by setting bπρ = 0. This does not have an effect on the
identification of mt , which is the point of interest. If there are more monetary policy in-
struments, they can be added below the interest rate so that the monetary policy shock has
an immediate impact on them. If there are more endogenous variables that are not mon-
etary policy instruments, they can be added above the interest rate, so that the monetary
policy shock doesn’t have an immediate impact on them. (Christiano et al. 1999.)

A slight modification of the identification strategy of Equation (22) is offered by Stock
and Watson (2001). They consider a forward-looking Taylor rule to identify the monetary
policy shock. They assume that Federal Reserve sets interest rates so that a 1%-point
increase in inflation forecast leads to a 150bp increase in the rate of interest and a 1%-
point increase in unemployment forecast leads to a 125bp increase in the rate of interest.
They construct forecasts using the reduced-form VAR model. Any deviation of the rate
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of interest from this rule is identified as the monetary policy shock. This identification, of
course, relies heavily on the assumption that the central bank follows a very specific form
of the Taylor rule.

3.3 Alternative identification strategies

The short-term restriction method of Equation (22) is far from the only strategy that can
be used to identify a monetary policy shock. This subsection provides a brief overview
of different methods. (For a more detailed overview and more exhaustive list, see Rossi
2021 and references therein.)

A very common identification strategy in structural modelling is to use heteroskedas-
ticity. This method was developed by Rigobon (2003). Under this scheme, Σ is made
conditional on its regime j at period t, Σ j(t). Then Σ j(t) is estimated within differ-
ent regimes. Usually, there are only two regimes with Σ1 and Σ2, but more can be
added. These can be derived from the residuals in periods {t ∈ {1, ...,T}| j(t) = 1} and
{t ∈ {1, ...,T}| j(t) = 2} respectively. The individual shocks can then be estimated from
decompositions Σ1 = B−1

0 B−1
0

′ and Σ2 = B−1
0 ΛB−1

0
′, where B−1

0 is a K ×K matrix and Λ

is a diagonal K ×K matrix with only positive components on its diagonal. This results
in K ×K +K unknowns and K × (K +1)/2×2 = K ×K +K. In other words, the model
is perfectly identified with just two regimes. Increasing the number of regimes leads to
over-identification. This identification leads to Θ0 = B−1

0 in regime 1 but Θ0 = ΛB−1
0 in

regime 2. However, since Λ is diagonal, IRFs only differ from each other in scale but not
in shape. (Kilian and Lütkepohl 2017, 491–501.)

Identification by heteroskedasticity can be used to identify the monetary policy shock
in two ways. Firstly, it can be seen as a method to identify orthogonal shocks, which
are then afterwards given a structural interpretation by the econometrician. For example,
Brunnmeier et al. (2021) construct a ten variable VAR model for the US economy. They
divide the economic history into six periods or regimes, and use these regimes to identify
shocks by heteroskedasticity. Then they conduct impulse response analysis and label one
of the shocks the monetary policy shock due to the impulse responses corresponding to
their preconception of the effects of the monetary policy shock.

The second approach by Wright (2012) is similar to so–called high frequency iden-
tification. This strategy relies on two ideas. Firstly, only one shock is allowed to vary
across regimes. The procedure starts with estimating Σ̂1 and Σ̂2 and then finding a vector
b so that bb′ is as close as possible to Σ̂1 − Σ̂2. This leads to only partial identification
as only the shock associated with b is actually identified. Secondly, daily data is used.
The assumption is that the variance of the monetary policy shock is larger on the days on
which there is a monetary policy announcement. In other words, one regime is the policy
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announcement days and the other is every other day.

It is also possible to test other identification schemes using heteroskedasticity to im-
pose additional over-identifying restrictions. Lanne and Lütkepohl (2008) examine a
group of models where a monetary policy shock is identified by short-term restrictions
much like I have done in Section 3.2. However, these models include a variety of vari-
ables that can be expected to react to a monetary policy shock immediately, such as bank
reserves. The models vary in the way in which these variables respond to a monetary pol-
icy shock. To test which one is the most plausible identification scheme, they argue much
like Brunnmeier et al. (2021) that there have been structural breaks in the way in which
monetary policy has been carried out and use these structural breaks to impose further
over-identifying restrictions. They then proceed to test the over-identifying restrictions
and reject some but not all models they consider. This way heteroskedasticity can be used
to validate other schemes.

The heteroskedasticity approaches have their downsides. The most apparent problem
is that different regimes may not actually exist, although this can be easily tested. Addi-
tionally, the approach by Brunnmeier et al. (2021) relies on their subjective interpretation
about the monetary policy shock. On the other hand, the approach by Wright (2012) uses
high frequency data that isn’t available for most variables, such as GDP or inflation. Fur-
thermore, the announcement days can be difficult to separate from other days as central
bankers make speeches, data is released and such also on days on which there are not
policy announcements. What is worse, since the approach uses the monetary policy an-
nouncement as a dummy that identifies the monetary policy shock, it would have to be
exogenous. Naturally, however, monetary policy decisions are often made in response to
the state of the economy so that they are endogenous. Regardless, there are significant
benefits to these approaches as well. The identification by Wright (2012) does not rely on
any monetary policy instrument making it more robust to monetary policy being carried
out by different methods compared to, for example, the short-term identification. This
flexibility can of course also be a problem, since the shocks do not correspond to any
specific change in policy, such as a surprise 25bp rate hike. In addition, the uncertain an-
nouncement days can sometimes be identified from the volatility so that this problem can
be overcome. (Rossi 2021.) The shocks identified by heteroskedasticity can also have an
immediate impact on variables that are not monetary policy instruments but are assumed
to respond immediately, such as asset prices or interest on bonds.

Besides heteroskedasticity, instrumental variables (IV) can be used to identify the
monetary policy shock. Let zt be a vector of instrumental variables at time t. Assume
that E[ztmt ] = ω ̸= 0 and E[ztwt ] = 0, where mt is the monetary policy shock and wt is
any other structural shock. With these assumptions, IV can be used to identify a monetary
policy shock in two ways.
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Stock and Watson (2012) identify various shocks by relying heavily on the assump-
tions made. Let B0 = [b1,b2, ...,bp], where bi ∈Rp and bm is the column that corresponds
to the monetary policy shock. Based on the assumptions, bp and ω can be identified up
to a sign and scale from

E[εtzt ] = E[B0wtz′t ] = [b1 · · ·bp]


E[w1tz′t ]

...

E[wptz′t ]

= bmω.

Stock and Watson (2012) identify all structural shocks in their model with instruments.
This means that they can identify the whole B0 and thus B−1

0 up to scale and sign. Scale
and sign can be chosen so that the impulse responses are easy to interpret.

Gertler and Karadi (2015) identify only the monetary policy shock by choosing an
explicit monetary policy instrument and using two-stage least squares. The goal is the
partial identification of the SVAR model. More specifically, the identification of the col-
umn bm of B−1

0 , where Σ = B−1
0 B−1

0
′, so that the immediate impact of the monetary policy

shock is bmmt . Let εm
t be the reduced form error that corresponds to the monetary policy

instrument and εw
t be any other reduced form error. Also let bm be the component of bm

that corresponds to the monetary policy instrument and bw any other component. In the
first stage, regress εm

t on zt to derive fitted values ε̂m
t . Then regress all other residuals on

ε̂m
t :

ε
w
t =

bw

bm ε̂
m
t +ut .

This results in K −1 equations and K unknowns. The K:th equation is, however, formed
by the fact that b′

mbm must be equal to the diagonal component of Σ that corresponds to
the monetary policy instrument. Thus the shock is identified.

Gertler and Karadi (2015) use surprise changes in interest rate futures as instruments in
their analysis of the monetary policy shock in the US. They define the surprise as change
in the rates that occurs around monetary policy announcement. They also use futures for
different interest rates and for different maturities. However, it isn’t clear which monetary
policy instrument one should choose. They try the federal funds rate and 1- and 2-year
government bond yields. Meanwhile, Stock and Watson (2012) use multiple shock series
developed by different authors simultaneously. These shock series are derived from eco-
nomic models, which naturally makes them sensitive to model specifications. A common
challenge that both Gertler and Karadi (2015) and Stock and Watson (2012) face is that
they find their instruments rather weak. This means that their instruments explain very lit-
tle of the variation in εm

t . This is rather concerning as it is difficult to actually test whether
or not instruments are weak, as autocorrelation can invalidate many commonly used tests,
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including the F-test (Rossi 2021).

It is also possible to identify monetary policy shocks by restricting the sign of the im-
pact. These are called sign restrictions and they were developed by Faust (1998), Canova
and Nicoló (2002) and Uhlig (2005). Sign restrictions are identified by simulating series
of uncorrelated shocks with a unit variance ηt , converting these to candidate series for
structural shocks w∗

t = Q′ηt , where Q is an orthogonal matrix, and choosing a lower tri-
angular matrix P so that the reduced form errors ε t = Pηt = PQw∗

t . If PQ satisfies the
sign restrictions, it is retained. Otherwise, it is rejected. The goal is to generate many
PQ, which can be used to construct candidate IRFs. The mean or median IRF can then be
interpreted as the true point estimate for IRF. (Kilian and Lütkepohl 2017, 421–425.)

Canova and Nicoló (2002) identify a model where a negative monetary policy shock
has a positive impact on output, employment, consumption, inflation and real cash bal-
ances but which causes short-term interest rates to decline in relation to longer ones. They
justify this by constructing what they call a limited participation model of the economy.
Similarly Debortoli et al. (2019) assume that a positive monetary policy shock has a pos-
itive impact on prices and output but a negative impact on the long term interest rate.
However, they further impose that these signs persist at least for a year, whereas Canova
and Nicoló (2002) only impose these restriction on the immediate impact. The former is
called a dynamic sign restriction and the latter a static sign restriction (Kilian and Lütke-
pohl 2017, 424–425, 432).

The sign restriction approach relies on the econometrician’s subjective interpretations
about the monetary policy shock. This means that one needs a credible macroeconomic
model to justify these choices. Additionally, under sign restriction, the restrictions put on
other shocks also matter for the monetary policy shock. This is not true for short-term re-
striction identification. There is no consensus on how this matter should be handled. For
example, both Canova and Nicoló (2002) and Debortoli et al. (2019) identify all structural
shocks. This is not necessary when using short-term restrictions. Sign restriction identifi-
cation also does not result in unique point estimates for IRFs, which can make inference
challenging. Finally, sign restriction identification requires a method for generating lots
of random orthogonal Q matrices. This can be computationally challenging especially
when K is large. (Kilian and Lütkepohl 2017, 425–437.)

There are also other methods than SVARs such as event studies and local projections.
These, however, lie outside the scope of this thesis. (See Rossi 2021.)



18

3.4 The effects of the monetary policy shock

3.4.1 Data

I identify the effects of a monetary policy shock in the euro area using quarterly data
from the first quarter of 1999 up to the first quarter of 2020. This choice of time range
is made due to the availability of data and to avoid the Covid-19 recession. Covid-19 is
avoided because the shock appears as a clear outlier and appears to violate the normality
assumption inherent in the VAR models discussed here. I use the annualized log-change
in harmonized index of consumer prices (HICP) for inflation and the end-of-period Main
Refinancing Operations rate (MRO) for interest rate. I use the end-of-period interest rate
as the assumption that monetary policy shock doesn’t have immediate impact on other
endogenous variables is more justified with the end-of-period interest rates than with the
average interest rates. The MRO rate is the interest rate that ECB charges from banks for
collateralized loans with one week maturity. HICP is taken from Eurostat and MRO is
from the ECB.1

I construct the output gap by filtering out the cyclical component of logarithmic Gross
Domestic Product (GDP) using the modified Hamilton filter of Quast and Wolters (2022).
In contrast to the more popular Hodrick-Prescott filter, modified Hamilton filter is as
real time as the publication of GDP figures. This means that these output gap estimates
reflect the decision making environment of central banks, firms and households better.
Furthermore, in contrast to the original Hamilton filter of Hamilton (2018), the modified
filter is robust to varying business cycle frequencies. The filter is described in further
detail in the Appendix B.

A popular alternative to output gap is to use unemployment instead. This can be
attractive as unemployment is available in almost real time, has a higher publication fre-
quency and does not require any filtering. However, unemployment does not contain all
the information of the output gap. (See Christiano et al. 2010 for a discussion and, for
example, Stock and Watson 2001; Mavroeidis 2021 for examples of similar studies using
unemployment.) GDP data is also taken from Eurostat.

The used time series are depicted in figure 1. A couple of observations can be made.
Firstly, the interest rate seems to have generally followed inflation and the output gap
especially before early 2010s just as the Taylor rule would imply. Secondly, the interest
rates have been very low starting from the early 2010s. In fact, they were zero from
2016:Q1 all the way to 2022:Q2. The subsequent post-coronavirus rate hikes are left out
of the sample. Under the standard SVAR framework, this ELB period is very dubious,
since 0 is treated like any other real number.

1https://ec.europa.eu/eurostat/en/ and https://sdw.ecb.europa.eu/ respectively. The MRO rate is spliced
together from variable and fixed tender rates.
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Figure 1: Euro area inflation, output gap and interest rate rate between 1999:Q1–2020:Q2.

3.4.2 Impulse responses

Typically, when using the standard SVAR model with the same identification as I have
used, econometricians have found that a monetary policy shock that increases the interest
rate reduces inflation and output gap. If unemployment has been used instead, then un-
employment increases. (See, for example, Christiano et al. 1999, 2010; Jarociński 2010.)
However, this result is by no means universal. Indeed, many have observed a so–called
price puzzle. This means that inflation has increased, not decreased, in reaction to the
monetary policy shock. For example, Sims (1992) and Stock and Watson (2001) observe
that in short term inflation increases in response to a monetary policy shock whereas Han-
son (2004) and Estrella (2015) finds this increase to be persistent. Meanwhile, Casteln-
uovo and Surico (2010) find the price puzzle to exist in the US only in some sub-samples.
Nevertheless, Rusnak et al. (2013) find in their meta-analysis that the majority of au-
thors have not reported a significant price puzzle, although they partly attribute this to
publication bias.

The price puzzle is usually attributed to unobserved variable bias, and a common
solution is to include a separate commodity price inflation. The idea is that commodity
price inflation induces consumer price inflation with a lag. To counter this, the central
bank increases interest rates. This makes it appear as if it is the central bank increasing the
interest rates that is causing inflation. (Sims 1992; Christiano et al. 1999.) An alternative
candidate for the omitted variable is inflation expectations (Castelnuovo and Surico 2010).
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Note that the omitted variable bias is not the only explanation. For example, the price
puzzle could also be a result of increased borrowing costs for producers that are then
transferred to consumers. This is called working capital channel. (Christiano et al. 2010.
For additional alternative explanations and solutions, see Barth and Ramey 2001; Leeper
and Zha 2001; Estrella 2015.) Alternative identification schemes can as well solve this
problem. For example, if one explicitly specifies the monetary policy shock to be such
that an increase in the interest rate reduces inflation and output gap, the price puzzle
is made impossible. Similarly, using heteroskedasticity and then picking the monetary
policy shock afterwards solves this issue.

Additionally, there exists a rarer anomaly where the output gap also increases in the
short term after a monetary policy shock. This is observed, for example, by Gertler and
Karadi (2015) when using short-term restriction strategy.

Figure 2 reports the impulse responses of a SVAR-model to a monetary policy shock
identified by Equation (22). The underlying VAR model has 4 lags and inflation, output
gap and interest rate as endogenous variables. The shock itself is scaled to correspond to
a 25bp immediate shock to interest rate. Figure 2 also has 90% confidence intervals that
have been constructed using a non-parametric bootstrap with 5000 realizations.

An obvious takeaway from figure 2 is that the monetary policy shock does not appear
to have a particularly large effect on the other variables. Indeed, looking at the 90% con-
fidence intervals, the monetary policy shock has a statistically significant effect only on
the output gap with a horizon of 1 quarter as well as on the interest rate itself. This raises
doubts about the ability of the central bank to exercise discretionary monetary policy to
achieve its goals. This is, of course, partly due to the rather wide choice of confidence
intervals. It is not uncommon to encounter 66% or 67% confidence intervals in the litera-
ture (see, for example, Stock and Watson 2001; Ikeda et al. 2022). It is also worth noting
that inflation seems to increase in response to the monetary policy shock, although this is
insignificant. This could be seen as weak evidence for the price puzzle.

The weakness of the monetary policy shock used to be exceptional for standard SVAR
models with the current identification. For example, Christiano et al. (1999; 2010) and
Stock and Watson (2001) found that in the US the economy responded strongly to a mon-
etary policy shock. Sims (1992) found similar results in many different countries. How-
ever, some more recent studies have found the monetary policy shock weaker (see, for
example, Jarociński 2010 for a survey of European countries and the EU; Estrella 2015
for the US). This does, however, depend on the identification strategy. For example, when
comparing their IV identification strategy to the short-term restriction strategy, Gertler
and Karadi (2015) observe very similar results to those of figure 2 when using the short-
term identification. With their IV strategy, however, the monetary policy shock has the
expected effects, i.e. prices and output fall. Furthermore, when using sign restrictions,
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Figure 2: Impulse response functions of the monetary policy shock in linear SVAR frame-
work.
Notes: Solid lines are the point estimates of the impulse response functions to a 25bp
monetary policy shock. The shaded areas are their 90% bootstrap confidence intervals
with a non-parametric bootstrap sample of 5000 simulations. The quarterly horizon is up
to 24 quarters (6 years).

Debortoli et al. (2019) find no evidence for a change in the IRF of the monetary policy
shock in the US. Instead, they observe the expected effects. Although since they use sign
restrictions, this is by design.
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4 Views on the ELB

4.1 What is the ELB?

In the Sections 3, the interest rate was assumed to adjust without being bounded. This
implies a rather odd assumption that the central bank has chosen to keep the interest rate
at 0bp even though they could have chosen any other rate, including a negative one. In
other words, in their quest to fulfill their mandate, the ECB found 0bp to be the optimal
rate since 2016:Q1 to the end of the sample. Instead of this, interest rate can be assumed
to be bounded by some level called the ELB. This level need not be one that the rates
cannot fall under but rather a rate under which the changes in the interest rate either no
longer reflect the true state of monetary policy or are inconsequential.

From the central banks point of view, the ELB introduces a certain asymmetric aspect
to monetary policy. Taking the Taylor rule of Equation (??) as an example, the ELB
limits the central bank’s ability to answer low inflation or output gap with lower interest
rates. Meanwhile, nothing limits the central bank’s ability to increase interest rates when
inflation or output gap is high. This means that over heated economy with high inflation
and output gap is easier for the central bank to deal with than a stagnant economy with
low inflation and output gap.

From statistical point of view, the ELB can be accounted for by a censoring rule. Such
a rule can take the form of:

it = max(i∗t ,b), (23)

where it is the observed and bounded nominal interest rate, i∗t is the unbounded nominal
shadow rate and b is the censoring threshold or the ELB. The shadow rate i∗t is not ob-
served when it falls below b. However, it is still known to be under that level. This means
that i∗t is a latent variable. (Iwata and Wu 2006.)

The ELB may be at zero but can also take different values. For example, Wu and Xia
(2016), Mavroeidis (2021) and Aruoba et al. (2022) use 25bp and Ikeda et al. (2022)
20bp as the ELB in the U.S. whilst Iwata and Wu (2006) use 50bp as the ELB in Japan.
This choice can be based on visually observing the behaviour of the interest rates. Iwata
and Wu (2006), for example, note a qualitative shift in their sample as interest rates fell
below 50bp. The ELB can also be based on the behaviour of other rates. For example, Wu
and Xia (2016) base their choice of 25bp on the interest rate on reserves that the Federal
Reserve had paid. It is also possible that the ELB changes over time. For example,
Hayashi and Koeda (2019) and Ikeda et al. (2022) set the ELB as the interest on bank
reserves in Japan, and Wu and Xia (2020) set it as the lowest observed deposit rate up to
date in the euro area.
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In my sample period for the euro area and for the MRO rate, the deposit facility rate is
not an option for the ELB. The problem is that the deposit facility rate is by design lower
than the MRO rate, and it has occasionally been negative whereas the MRO rate has only
been non-negative. However, looking at the figure 1, two possible choices seem natural.
Firstly, 0bp is both the lowest value that the MRO rate has taken, and the rate was stuck at
0bp since 2016:Q1 to the end of the sample in 2020:Q1. This implies that the movement
of the MRO rate has clearly been restricted to some extent by the level 0. Additionally,
0 as a minimum interest rate is an intuitive choice. A second option would be 5bp. The
MRO rate fell to 5bp in 2014:Q3 rather smoothly without getting stuck at other levels.
Then the MRO rate stayed at 5bp from 2014:Q3 all the way to 2015:Q4. It could thus be
argued that since this extremely low interest rate regime was new to the euro area and to
the ECB decision makers, they hesitated to lower the rate to 0 until 2016:Q1. Of course,
these can be spliced together by setting the ELB to 5bp up to 2015:Q4 and to 0bp since
2016:Q1. Similarly to the arguments of Wu and Xia (2020), it can be argued that prior to
2016:Q1 it was perceived that 5bp was the ELB. However, as the MRO rate fell beneath
5bp, the new ELB was set at 0bp. If the MRO rate is increased afterwards, as has happened
after the sample studied here, there is no reason to increase the ELB as the public and the
policy makers now know from experience that the ELB is at 0bp. This would, however,
make the construction of bootstrap confidence intervals more challenging and because of
this I opt to use b = 5bp.

4.2 Shadow rates

Generally speaking, there are two schools of thought when it comes to the ELB. One set
of researchers have focused on the way in which the ELB restricts the ability of the central
bank to carry out monetary policy. The ELB is seen as something that the central bank
must adjust to and which leads to the inability of the central bank to adopt optimal policies
by setting the interest rate. (See Eggertsson and Woodford 2003; Jung et al. 2005; Gust
et al. 2017.) The second set of researchers have instead tried to assess the policy stance
of the central bank without relying on the observed interest rates that are bound to zero.
The justification is that in such circumstances, the central bank exercises monetary policy
by other unconventional means. In practice, this implies estimating the shadow rate i∗t
of Equation (23) or estimating the monetary policy shock without actually including a
monetary policy instrument into the model. The latter can be accomplished, for example,
by the heteroskedasticity identification scheme of Wright (2012). (See also Rossi 2021
for an overview of the topic.)

The possibility of ignoring the ELB allows for an additional research: Does the ELB
matter? In other words, can the monetary policy makers circumvent the limitations set
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by the ELB by exercising unconventional monetary policy? This question has lead to two
competing hypotheses: The ELB irrelevance and the ELB relevance hypotheses.

The first approach for estimating i∗t uses an auxiliary model of the term structure and
other variables. Krippner (2013) links the term structure of bonds to the expected short
rates, Et [it+h]. Since investors can always hold cash, these rates can be expected to be
non-negative, though in the absence of cash, they could turn negative. These hypothetical
rates are expected shadow short rates, Et [i∗t+h]. Krippner (2013) constructs a model to
estimate these rates. Choosing h = 0 leads to estimates of i∗t . A related idea is that of the
"lift-off" from zero of Swanson and Williams (2014). It is possible to derive the market
expectations for the period when interest rates lift-off from zero by looking at interest rates
of different maturities since according to the expectations theory, longer interest rates are
averages of future interest rates.

Wu and Xia (2016, 2020) suggest an alternative approach to deriving shadow rates
by using a shadow rate term structure model (SRTSM). The SRTSM explains the shadow
rates by a linear model of factors, whereas the observed rate is a non-linear transformation
of the shadow rate:

i∗t = β0 +β
′
1Fact ,

it = bt +σ
∗g(

i∗t −bt

σ∗ )+ εt , εt ∼ n.i.d(0,σ),

where Fact is a vector of factors that summarise the state of the economy and g(x) =

xΦ(x)+φ(x), where Φ(x) and φ(x) are the cumulative distribution function and the den-
sity function of a standardized normal distribution, respectively. Regardless of the method
used, these shadow rates can then be used as i∗t in a conventional linear SVAR model de-
scribed in Section 2 and used in Section 3.4.

The problem associated with these models is that the estimates for shadow rates are as
artificial constructs sensitive to the model specification (Krippner 2020). If the specifica-
tion is not correct, any measurement errors can be large and persistent (Mavroeidis 2021).
Fortunately, the estimation of shadow rates is not necessary for the identification of the
effects of the monetary policy shock. The shadow rate can be included as an unobserved
latent variable directly in the SVAR model.

The easiest way to include the shadow rate in the SVAR framework is to keep the
observed rate as is as an explanatory variable but to interpret the interest rate on the re-
sponse side as censored, i.e. unobserved if it falls to or below the ELB. In the terminology
of Mavroeidis (2021), this is the kinked SVAR model (KSVAR). The consequence of this
model structure is that the shadow rate itself does not have a causal effect on the economy,
only the observed rate has. The shadow rate thus becomes more-so the rate that central
bank would prefer in the absence of the ELB rather than a proxy for the monetary policy
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stance. Because of this, other policy instruments, such as the money supply or excess
reserves, must be added to the model to account for the unconventional monetary policy
(see, for example, Iwata and Wu 2006; Hayashi and Koeda 2019). If other monetary
policy instruments are not included, this would imply an assumption that unconventional
monetary policy is irrelevant. This fact can be seen either as a claim that these unconven-
tional measures are ineffective or as a limitation of the KSVAR model.

Overall, the KSVAR changes the dynamics of the NK-model of Section 3 a little if one
does not introduce alternative instruments. The Equations (10) and (11) can be taken as is
since neither the inflation nor the output gap is constrained directly. However, Eggertsson
and Woodford (2003) and Jung et al. (2005) find that the optimal interest rate is not
perfectly captured by the conventional Taylor rule of Equation (15) even in the simplistic
NK-model if the central bank can credibly commit to a future policy. Instead, interest
rates are kept at the ELB longer than the Taylor rule would suggest. Jung et al. (2005) go
as far as to suggest that interest rates stay below the ELB until the cumulative deviation
from the observed rate, ∑

t
j=0 i∗j − i j, is zero. This stimulates the economy as the central

bank commits to the ELB for a longer period of time. In other words, the central bank
exercises forward guidance.

In practice, the models by Eggertsson and Woodford (2003) and Jung et al. (2005)
depict an extreme case since a central bank cannot be expected to fully commit to future
monetary policy. Instead, the late exit can be approximated in the SVAR model by in-
troducing different regimes, one for a non-ELB regime and another for an ELB regime.
These regimes have different reduced form parameters ν ,A1, ...,Ap and perhaps also Σ,
which can account for the changing persistence of the monetary policy. In the simplest
case, the process is assumed to switch between these two regimes as the interest rate falls
below to or to the ELB, or surpasses it. (See Mavroeidis 2021; Aruoba et al. 2022 for
implementation.) In more complex cases, a more sophisticated exit rule can be formu-
lated. For example, Hayashi and Koeda (2019) require both the shadow rate to exceed the
ELB and inflation to exceed a stochastic inflation target. In practice, however, such for-
mulations require a more complex setup or a large number of switches between the ELB
regime and non-ELB regime in order for the models to be estimated. The latter is not the
case with the pre-covid euro area sample period studied in this thesis and the former leads
to models that are no longer the KSVAR.

A somewhat more challenging approach is to include the shadow rate both as a re-
sponse and a covariate. In the terminology of Mavroeidis (2021), this is the censored
SVAR model (CSVAR). The challenge is that the covariate is unobservable and thus its
distribution has to be estimated. Again, the Equations (10) and (11) can be taken as is
except that they depend on the shadow rate i∗t and not the observed rate. This is because
i∗t captures the whole range of unconventional monetary policies that are implicitly as-
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sumed to work just like conventional policy. Of course, this makes i∗t a proxy for the
monetary policy stance and not an actual interest rate that banks or other institutions pay
to the central bank. Because of this, there is no need to introduce additional monetary
policy instruments into the model unless they specifically are expected to work somehow
differently. Furthermore, the late exit or forward guidance is now taken care of since such
policy is associated with a change in the shadow rate today, which leads to changes in the
expected future shadow rates. (Ikeda et al. 2022.)

The most difficult approach is to use both the observed and the shadow rates as covari-
ates. This is likely necessary if one wishes to introduce regime switching as the estimation
of such regimes may be impossible without the introduction of a shadow rate as a covari-
ate. This formulation – censored and kinked SVAR (CKSVAR) in Mavroeidis’s (2021)
terminology – allows the shadow rate and all the unconventional monetary policy mea-
sures that influence it to have an effect on the economy but differently from the observed
rate and the conventional monetary policy instruments. However, the CKSVAR is by de-
sign identified as is and thus it relies on a wholly different identification scheme from the
standard SVAR, the KSVAR or the CSVAR considered in this thesis. Because of this a
more rigorous overview of the CKSVAR is left outside this thesis. (Mavroeidis 2021.)

The advantage of Mavroeidis’s (2021) setup is that a model where the ELB is irrel-
evant, i.e. the CSVAR, and a model where the ELB makes monetary policy impossible,
i.e. the KSVAR, are nested within a single model, i.e. the CKSVAR. Since these mod-
els are Gaussian, the ELB (ir)relevance hypothesis can be tested using a likelihood ratio
test. Of course, within the euro area this does not necessarily perfectly identify the ELB
(ir)relevance since it could confuse time dependence and the ELB relevance. More pre-
cisely, since non-ELB and ELB periods are separated by a single period, it is not clear
that Mavroeidis’s (2021) test comparing the CKSVAR and the CSVAR truly tests ELB
relevance since it could just as well be a structural break in time, comparable to Chow’s
test (see Lütkepohl 2006, 182–184 for a description of Chow’s test). On the other hand,
it is also likely that any structural break that coincides with the interest rate reaching the
ELB is caused by the ELB. Indeed, some researchers have used time varying VAR mod-
els to see if the parameters have changed since the beginning of the ELB era (see, for
example, Swanson and Williams 2014; Debortoli et al. 2019). Alternatively, Ikeda et al.
(2022) compare the impulse responses of monetary policy shocks that impact at different
dates. This, naturally, requires a model that has time dependent impulse responses, and is
merely focused on the ELB’s (ir)relevanse to the monetary policy shock. Also, the chal-
lenge of identifying the change in impulse responses that are specifically induced by the
ELB persists.

Wu and Xia (2016) investigate the effects of unconventional monetary policy by
comparing the observed development of the economy and a counterfactual time series
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where there were no unconventional monetary policy shocks. This can be done using
the VMA(∞) representation of Equation (6) and setting the monetary policy shocks to
zero if the ELB is binding. However, since the sample is finite, any VMA decomposition,
also called historical decomposition, is only approximate (see Kilian and Lütkepohl 2017,
116–123 for an overview of historical decomposition and 131–139 for counterfactuals).
Furthermore, this approach requires that the shocks are observed, which isn’t always the
case. Lastly, because their model assumes monetary policy shocks to be equally as effec-
tive in the ELB as outside it, they don’t actually test the ELB (ir)relevance hypothesis.

4.3 Unconventional monetary policy

4.3.1 The extended toolkit

Dell’Ariccia et al. (2018) list three unconventional monetary policy tools that a central
bank may use. They are forward guidance (FG), quantitive easing (QE) and negative
interest rates policies (NIRP). The main goal of these policies is to flatten the yield curve,
that is to make borrowing money cheaper for a longer period of time.

Campbell et al. (2012) make a distinction between two types of FG: Delphic and
Odyssean. Engaging in Delphic forward guidance means that a central bank clarifies
what principles it will follow in future and what its expectations are whereas engaging
in Odyssean forward guidance refers to the central bank committing to some interest rate
policy regardless of how the economy develops. The Odyssean variety of FG is similiar
to that studied by Eggertsson and Woodford (2003) and Jung et al. (2005).

FG can take the form of a conditional promise to maintain certain interest rate pol-
icy. Examples include the statement by the Bank of Japan in October 2010 to keep in-
terest rates low until "price stability is in sight" or the statement by the Bank of Eng-
land in August 2013 to keep interest rates low until unemployment has fallen below 7%.
(Dell’Ariccia et al. 2018.) This can be very attractive for central bankers who have to
operate in an uncertain environment (Panetta 2023).

FG faces many challenges that may hinder its effectiveness. First of all, in order for
FG to have any effect, central bank has to commit to some policy which differs from
market expectations. On the other hand, if the statement differs too much from these
expectations, it may not be credible. Secondly, a promise to keep interest rates low also
informs the markets that the central bank is pessimistic about the future. This may make
FG counter-productive. (Dell’Ariccia et al. 2018.) On the other hand, FG can also be the
most straightforward way to lower interest rates on loans with higher maturities, since it
targets these directly.

QE is a large scale asset purchase operation by a central bank. While these usually
target government bonds, they can also target corporate bonds in general, and banks and
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mortgage lenders in particular. Such operations usually occur at a time when the reserves
banks hold at the central bank increase, meaning that they can be financed by these re-
serves. Furthermore, as bonds mature, QE wears off naturally without any sale program.
(Dell’Ariccia et al. 2018.)

QE is usually enacted through a schedule that specifies the timeline of purchases and
their amount and asset classes. This can be seen as a strong complement to FG. The
channel by which QE has an effect on the economy through such signalling is called the
signalling channel. Furthermore, by choosing what maturities and types of bonds the
central bank purchases, they can easily target different maturities. (Dell’Ariccia et al.
2018.)

NIRP has been enacted, for example, by the ECB and Bank of Japan by charging
banks’ interest on the deposits that they make at the central bank. In theory, such poli-
cies should be impossible as banks would prefer to hold cash instead of paying interest.
However, in practice such a course of action would involve considerable transaction costs.
This means that as long as these transaction costs are larger than the negative interest rate
that banks have to pay to the central bank, NIRP is possible. (Dell’Ariccia et al. 2018.)

NIRP can be a double edged sword. On one hand, it encourages lending at a lower
interest rate by banks. On the other hand, it reduces bank profitability, which can reduce
lending and hurt the banking sector that is probably already weakened by a recession.
Usually NIRP also targets only a part of the reserves. Commonly, mandatory reserves are
exempted. (Dell’Ariccia et al. 2018.)

Unconventional policies have received a good deal of criticism as well. Firstly, uncon-
ventional policies can threaten bank profitability, as they lower interest rates beyond what
conventional policy would do. This fall in interest rates is not caused by banks’ access
to cheaper credit but rather by directly lowering the interest rates that they can charge on
the market. Secondly, unconventional policies can also encourage riskier behaviour since
they typically lower the yields of safe assets and may also make investors and banks more
complacent and confident that they will have easy access to cheap credit in the future as
well. Finally, unconventional policy holds political risks as central banks venture onto
uncharted waters. (Dell’Ariccia et al. 2018.)

4.3.2 Unconventional monetary policy in the euro area

At the onset of the great recession in 2008 and 2009, the ECB was particularly cautious in
enacting unconventional policies. It slashed interest rates but still mainly functioned as the
lender-of-last-resort. Most notable somewhat unconventional measures were the Longer-
Term Refinancing Operations offered to banks in need of liquidity and Covered Bond
Purchase Program. The former were essentially Main Refinancing Operations with longer
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maturities and the latter was a comparably small program where the ECB purchased some
bonds from banks. (Dell’Ariccia et al. 2018.)

It was only with the sovereign debt crisis of 2010–2012 that the ECB started a bond
purchase program to restore liquidity to the financial market and lower the borrowing
costs of the governments of some euro area countries. These measures were initially a
part of a larger joint program of EU and International Monetary Fund to save Greece from
default and to avoid forcing it to abandon euro all together. Later this Securities Market
Program was expanded to include also Spanish, Irish, Italian and Portuguese government
bonds. Regardless, although the euro was preserved, the countries that received help
from Securities Market Program still experienced high borrowing costs and a recession in
2011–2012. (Dell’Ariccia et al. 2018.)

The unconventional monetary policy of the ECB shifted to a higher gear in 2012. First
came the ECB’s president Mario Draghi’s "whatever it takes" speech. In it he stated that
ECB will do whatever it takes to preserve the euro. Second came the Outright Monetary
Transactions (OMT). This was a program offered to euro area countries by ECB where
ECB could purchase a large amount of country’s bonds in exchange for being allowed to
monitor the governments finances. By 2013 the sovereign debt crisis had been averted
even though OMT was not activated even once. Indeed, OMT operated wholly through
the signalling channel. (Dell’Ariccia et al. 2018.)

Up until the end of the sovereign debt crisis in 2012, the ECB had mostly enacted
unconventional monetary policy measures to save euro area countries from default and
the euro area from collapsing. Even though the worst was averted, the economy was still
under-performing, as growth was slow and inflation was well below the target of 2%. To
help the economy, ECB started to engage in FG in 2013 by telling that they expected
interest rates to remain low for an extended period of time. NIRP was first started in June
2014 by cutting the deposit rate to −10bp and further cutting it to −40bp in 2016. The
beginning of NIRP coincides with the fall of the MRO rate to 5bp, which further justifies
the choice of b = 0.05. Targeted longer-term refinancing operations (TLTRO) were also
started where banks could receive cheap loans with long maturities if they offered more
favourable loans to households and firms. The goal of this policy was to transmit NIRP
to actual loan contracts. Nevertheless, most notable policy was perhaps ECB’s own Asset
Purchase Program (APP) that was aimed at boosting the economy as a whole and not to
save specific governments from default. APP reached its peak in late 2016 to early 2017
when the average monthly target for purchases was 80 billion euros. However, by 2019
net purchases had practically reached 0. (Driffill 2016; Dell’Ariccia et al. 2018; Asset
purchase programs.)

In response to the Covid-19 pandemic, the ECB announced Pandemic Emergency
Purchase Program in March 2020. This was a large QE program that was aimed at euro
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area government bonds and private sector securities that essentially restarted APP. This
was soon followed by an update to TLTRO in April, which expanded the amount that
banks could borrow. Also an additional Pandemic Emergency Longer-Term Refinancing
Operations were introduced as a backup if TLTROs proved insufficient. (Hutchinson and
Mee 2020; Asset purchase programs.)

Post-Covid, the ECB has abandoned unconditional FG. This means that any FG that
the ECB exercises is conditional on the economic outlook. For example, the ECB’s com-
mitment to 2% inflation can be seen as a form of FG that the ECB exercises currently.
(Panetta 2023.) Also as interest rates have increased since Covid, this has not meant an
end to unconventional policy measures. Instead, the ECB will complement conventional
interest rate policy with unconventional policies, such as asset purchase programs. (Lane
2022.) Nevertheless, APP effectively ended in 2022 (Asset purchase programs).

All the unconventional monetary policy measures are collected in the table 1 together
with their start date and type.

Compared to other central banks, such as the Bank of England, Federal Reserve and
the Bank of Japan, unconventional monetary policy of the ECB had some notable differ-
ences. Firstly, ECB was slow to engage in unconventional monetary policy. The Bank
of England, for instance, engaged in QE as early as 2009 and the Bank of Japan started
to exercise FG already in 2010. This can partly be attributed to the European treaties
that limited the ability of the ECB to carry out such unconventional policies, but also to
the fact that the ECB did by and large succeed in its goal of 2% inflation without such
measures. Secondly, the ECB did not only face an environment of slow economic devel-
opment in the aftermath of the Great Recession but it also faced a very real possibility that
the currency area may not survive. (Driffill 2016; Dell’Ariccia et al. 2018.)
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Table 1: Notable unconventional monetary policies in the euro area.

Start date Policy Type

July 2012 "What ever it takes"–speech FG

August 2012 Outright Monetary Transactions (OMT) QE

July 2013 Forward Guidance (FG) FG

June 2014 Negative Interest Rate Policy (NIRP) NIRP

September 2014 Asset Purchase Program (APP) QE

March 2016 Targeted Longer-Term Refinancing Operations (TLTRO) Other

March 2020 Pandemic Emergency Purchase Program QE

March 2020 Pandemic Emergency Longer-Term Refinancing Operations Other

Notes: Types are abbreviated; FG for forward guidance, QE for quantitative easing and
NIRP for negative interest rate policies. Types are in italics if the type is somewhat
ambiguous. See text for references.
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5 Kinked structural vector autoregression

5.1 Kinked vector autoregression

Linear models with censored responses are called tobit models:

yi = max{β
′xi + εi,b},

where yi is the response, xi are the covariates, β is a parameter vector, εi ∼ N(0,σ) are
i.i.d. error terms and b censoring is threshold under which the response simply cannot
fall or under which it is unobservable. The same model can be formulated if there exists
a maximum value for the response or both a minimum and a maximum. When fitting
the model, the basic idea is to use the conventional maximum likelihood estimation when
ever the response is observed. However, when the response is censored, the conditional
probability that the response is censored is used instead. (Tobin 1958; Cameron and
Trivedi 2009, 536–544.)

Let fi(yi;θ) and Fi(b;θ) be the conditional density and the conditional probability dis-
tribution function for observation yi ∈ R respectively of any linear model with parameter
vector θ . Furthermore, let there be N observations and S be the group of censored ob-
servations, formally S = {i|yi ≤ b, i = 1,2, ...,N}. Now the log-likelihood can be written
as

l(θ) = ∑
i∈S

log[Fi(b;θ)]+∑
i ̸∈S

log[ fi(yi;θ)].

If correctly specified, ML estimation leads to unbiased and consistent estimator for θ .
(Tobin 1958; Cameron and Trivedi 2009, 536–544.)

In order to construct a VAR model for xt = (πt ,yt , it)′ with censoring, the most obvious
approach is to simply regard it as censored whenever it ≤ b. This leads to so called kinked
VAR model in the terminology of Mavroeidis (2021):

x∗t = ν +A1xt−1 +A2xt−2 + ...+Apxt−p + ε t , (24)

where x∗t = (πt ,yt , i∗t )
′. Note the subtle assumption made here; While the uncensored

and unobservable interest rate or shadow rate i∗t appears on the left-hand side, it does not
appear on the right. This means that the shadow rate itself does not have an effect on the
other variables except immediately through the covariance structure of the error term ε t .

The economic interpretation of the model of Equation (24) is that if the interest rate
hits the lower bound and unconventional monetary policy instruments are not explicitly
included in xt , the central bank becomes limited in its ability to carry out monetary policy.
In other words, the interest rate is the only significant tool available to the central bank
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and if it cannot lower the interest rate any further due to the lower bound, it is out of
options to influence the economy. The exception to this is the immediate effect from the
covariance of reduced form errors ε . However, the structural form of the model specified
in Section 5.2 makes this also irrelevant.

The actual fitting of kinked VAR is based on the same principles as conventional tobit
model. If the response is observed, the conditional density, ft(xt ;θ), can be used. How-
ever, when dealing with a censored response, i.e. the possibly censored variable within
xt is b, the likelihood of that observation is ft(x1t ∧ x∗t ≤ b;θ), where x1t ∈ RK−1 are
the components that cannot be censored and x∗t ∈ R is the component that can be cen-
sored. When constructing the likelihood function, it proves useful to use the relation
P(A∧B) = P(A)P(B|A):

l(θ) = ∑
k∈S

log[ f1k(x1k;θ)F∗
k (b|x1k;θ)]+ ∑

k ̸∈S
log[ fk(xk;θ)], (25)

where f1k(x1k;θ) is the marginal density of x1k, F∗
k (b|x1k;θ) is the cumulative distribution

function of x∗t at b conditional on x1k. (Mavroeidis 2021.)

When ε t ∼ n.i.d.K(0,Σ), the kinked VAR model can be given an analytic likelihood
function. The function f (·) of Equation (25) is identical to the one in Section 2.1 if there
is no censoring. However, in the presence of censoring, likelihood is best split to two, as
is done in Equation (25). The marginal density of non-censored variables is

f1t(x1t ;θ) =
∫

∞

−∞

ft(xt ;θ)dx∗t =
1

(2π)(K−1)/2
det(Σ11)

−1exp
(−1

2
(ε ′1tΣ

−1
11 ε1t)

)
, (26)

where Σ11 is Σ without the row and column corresponding to x∗t and ε1t is the error term of
x1t . ε1t can be written ε1t = x1t −ν1−A1,1xt−1−A1,2xt−2− ...−A1,2xt−p, where A1,i is Ai

with the row corresponding to x∗t removed and ν1 is ν with the component corresponding
to the intercept ν∗ of x∗t removed. (Mavroeidis 2021.) In the case of the three variable
kinked VAR for (πt ,yt , it), x∗t = i∗t and x1t = (πt ,yt)

′. Furthermore, Σ11 is Σ without the
third column and row, ε1t is ε t without the third component, A1,i is Ai without the third
row and ν1 is ν without the third component.

The conditional cumulative distribution function is somewhat more difficult. Fortu-
nately, ε∗t |ε1t , where ε∗t is the error term of x∗t , is normal if ε t is normal. Its expected
value and variance can then be derived from conditional moments of the multivariate nor-
mal distribution. Its expected value or fitted value is

x̂∗t = ν
∗+A2,1xt−1 +A2,2xt−2 + ...+A2,pxt−p +Σ

′
12Σ

−1
11 ε1t , (27)

where A2,i is the row of Ai that corresponds to x∗t and Σ12 is a vector of the covariances of
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ε1t and ε∗t . In the three variable case considered here, A2,i is the bottom row of Ai, Σ12 is
the third column of Σ without the third component and Σ11 is the 2×2 top left corner of
Σ. Likewise the conditional variance is

σ
∗2 = Σ22 −Σ

′
12Σ

−1
11 Σ12. (28)

This leads to cumulative distribution function

Ft(b;x1t ,θ) = Φ

(b− x̂∗t
σ∗

)
. (29)

(Mavroeidis 2021.)

5.2 Shock identification and impulse responses

The structural model – KSVAR in the terminology of Mavroeidis (2021) – can be derived
easily:

x∗t = B−1
0 B1xt−1 +B−1

0 B2xt−2 + ...+B−1
0 Bpxt−p +B−1

0 wt , (30)

where B−1
0 is a lower triangle matrix just as before. Note that since the monetary policy

shock has an immediate impact only on i∗t and i∗t itself has an effect on the other variables
πt and yt only if i∗t > b, the monetary policy shock has no effect if i∗t ≤ b after the shock
has hit. This means that in the KSVAR expansionary monetary policy is ineffective when
the ELB is binding. Unconventional monetary policy cannot change this. This is a con-
sequence of the model structure and not of the parameter values or data. (Iwata and Wu
2006; Mavroeidis 2021.)

Iwata and Wu (2006) consider a slight modification of the model of Equation (30),
where the growth of money supply is included as an additional monetary policy instru-
ment. They define the monetary policy shock as a shock that doesn’t have an immediate
effect on yt or πt . In fact, since the number of shocks has to match the number of vari-
ables, this identification scheme leads to two monetary policy shocks. The first one has
an immediate effect on both the interest rate and money supply and the second has an
immediate effect only on money supply. They call the former money supply shock and
the latter money demand shock. Since they focus on the supply shock, under their scheme
the monetary policy shock is effective even when the interest rate is firmly stuck at the
ELB.

The construction of GIRFs requires predictions. However, predicting with a kinked
VAR is complicated by the nonlinear kinked structure of the model. More specifically,
these difficulties arise from Et [i∗t+1] ̸= Et [it+1] even if it > b and Et [i∗t+1] > b. To derive
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predictions for xt , start by formulating forecasts for x∗t :

Et−1[x∗t ] = ν +A1xt−1 +A2xt−2 + ...+Apxt−p. (31)

Then derive prediction for xt using Et−1[x∗t ]. The x1t are obviously the same for both
Et−1[x∗t ] and Et−1[xt ]. However, Et−1[it ] is more challenging but an analytic solution can
be derived from a truncated normal distribution and the relation E[A] = E[A|B = b]P(B =

b)+E[A|B ̸= b]P(B ̸= b). Let î∗t = Et−1[i∗t ]:

Et−1[it ] =
(

î∗t +
φ(

î∗t −b√
Σ22

)

Φ( î∗t −b√
Σ22

)

√
Σ22

)
Φ

( î∗t −b√
Σ22

)
+bΦ

(b− î∗t√
Σ22

)
=b+(î∗t −b)Φ

( î∗t −b√
Σ22

)
+φ

( î∗t −b√
Σ22

)√
Σ22. (32)

Note that this is exactly the same equation as in the SRTSM of Wu and Xia (2016).
Unfortunately, after deriving Et−1[it ], the Equation (32) cannot be used anymore as i∗t+1

doesn’t have a normal distribution. This is rather common in non-linear time series models
and the solution is to simulate many realizations of ε t ,ε t+1, ...,ε t+h, use these to construct
possible future paths of xt with the reduced form Equation (24) and take the average of
these paths (Iwata and Wu 2006). Nevertheless, these functions can be used recursively
to derive approximate forecasts with less computational power.

Once predictions for the kinked VAR have been laid out, constructing GIRFs becomes
a straight forward exercise. The relevant point here is to apply the shock to x∗t . This is
done the same way for the KSVAR as for regular SVAR:

Et−1[x∗t |wt ] = ν +A1xt−1 +A2xt−2 + ...+Apxt−p +B−1
0 wt . (33)

Since the shock wt is the only stochastic term of the model, this fixes xt |wt =

max{b,x∗t |wt}. Because of this, x∗t+1 is normal and the Equation (32) can be used for
the second step. However, after this simulation has to be used to derive Et−1[xt+h|wt ]

when h > 1. Once the forecasts Et−1[xt+h|wt ] and Et−1[xt+h] are constructed, their dif-
ference forms the GIRF of Equation (8). Confidence intervals can also be derived using
the bootstrap algorithm described in Section 2.2.2. The only difference is that, since the
residuals aren’t observed except when it > b, it is safer to use parametric bootstrap and
to sample εb

t from a centered multivariate normal distribution using the estimate for the
covariance matrix Σ̂ (Mavroeidis 2021). Since both the construction of Et−1[xt+h|wt ] and
Et−1[xt+h] and the bootstrap require simulation, this part of the analysis is rather compu-
tationally intensive.
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5.3 Shadow target rate

Using the KSVAR framework, the shadow rate i∗t can be estimated in a few different
ways. Let î∗t be the shadow rate estimate. The naive approach would be to use the one-
step forecast of i∗t , i.e. î∗t = Et−1[i∗t ]. This can be directly derived from the fitted values of
the model. However, such a definition for î∗t would not be consistent with the censoring
rule of Equation (23), since as a forecast it does not include the error term and can rise
above the ELB even when the observed rate does not. A more logically sound approach
is to use î∗t = Et [i∗t ] as the definition. With this, when the ELB isn’t binding, î∗t = it and
when it is, î∗t is the expected value of a truncated normal distribution with maximum of b.
The expected value of the normal distribution is the same as in Equation (27) and variance
is the same as in Equation (28). This leads to the conditional estimator for shadow rate
when the ELB is binding:

î∗t|it=b = Et−1[i∗t ]+Σ
′
12Σ

−1
11 ε̂1t −

φ

(
b−Et−1[i∗t ]−Σ′

12Σ
−1
11 ε̂1t√

Σ22−Σ′
12Σ

−1
11 Σ12

)
Φ

(
b−Et−1[i∗t ]−Σ′

12Σ
−1
11 ε̂1t√

Σ22−Σ′
12Σ

−1
11 Σ12

)√Σ22 −Σ′
12Σ

−1
11 Σ12 (34)

It is also possible to construct confidence intervals using a bootstrap similar to that of the
GIRFs.

Unlike the series constructed by for example Wu and Xia (2016), the shadow rate
estimates constructed using Equation (34) are best seen as the desired, target or Taylor
rule implied rates that the central bank would have set if it was suddenly allowed to set
the interest rate without being bound by the ELB. They are made with the assumption that
the interest rate in the past periods were at or above the ELB. This means that they do not
reflect the monetary policy stance nor are they counterfactuals reflecting a reality where
interest rates aren’t bound by the ELB.

5.4 Empirical results

Figure 3 reports the generalized impulse responses of a KSVAR model to a monetary
policy shock. The shock is a 25bp shock to shadow rate that impacts in 2020:Q2. The
model has 4 lags, an ELB of 5bp and inflation, output gap and interest rate as endogenous
variables. Figure 3 also reports the 90% confidence intervals constructed by parametric
bootstrap with a bootstrap sample of 500. In order to construct the forecasts necessary for
GIRFs, 50 000 realizations were made of the point estimate and 10 000 of each bootstrap
sample. In addition, the comparative linear SVAR IRFs are shown. These are the same as
in figure 2.

Figure 3 shows that the KSVAR results in considerably different impulse responses to
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Figure 3: Impulse response functions of the monetary policy shock in the KSVAR frame-
work.
Notes: Thick solid lines are the point estimates of the generalized impulse response
functions to a 25bp monetary policy shock to the shadow rate in 2020:Q2 in the KSVAR
model. The shaded areas are their 90% bootstrap confidence intervals with a parametric
bootstrap sample of 500 simulations. Forecasting was done with 50 000 realization of
the point esimate and 10 000 of each bootstrap sample. The dashed lines are the point
estimates of the impulse responses in the linear model. The quarterly horizon is up to 24
quarters (6 years) and the thin horizontal solid line is at 0.

the standard linear SVAR. Firstly, since in 2020:Q2 the interest rate was at the ELB and
thus the shadow rate was below it, the shock is considerably muted. The observed interest
rate would have only experienced a shock of just below 20bp. In other words, a shock of
about 5bp would have been necessary just to get out of the ELB. Secondly, since the effect
of the monetary policy shock is muted, its effects on other variables are also somewhat
muted. Thirdly, the effects of the shock are far less persistent. In fact, the effects of the
monetary policy shock on the interest rate fade to statistical insignificance within a year.
The direction and statistical significance of the impulse responses stay mostly the same.
The prize puzzle is non-existent.

The shock is identified using the same Equation (22) that is used in Section 3.4. This
identification means that the shock impacts i∗t . If, as was the case in 2020:Q2, it = b this
shock can be inconsequential if it doesn’t lift the interest rate out of the ELB. Furthermore,
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as i∗t is unobserved and thus has to be derived using the model and each bootstrap sample
estimates its own model used to estimate i∗t , there is uncertainty as to what the immediate
impact of the shock is. The shock is here chosen to match a 25bp shock to the shadow rate.
Alternatively, one could scale the shock to correspond to a 25bp shock in the observed
rate. This can be done analytically by solving Et−1[it |wt ]−Et−1[it ] = 25bp for wt using
the Equation (32).

Iwata and Wu (2006) examine a very similar model using Japanese data. They find
that the monetary policy shock increases inflation and output gap as one would expect.
However, their analysis suffers from the fact that they do not consider confidence intervals
and thus the significance of their results is unclear.

Figure 4 shows the KSVAR estimates for the shadow rate constructed using Equation
(34), where the censoring threshold is 5bp shown with the thin horizontal line. Note
that prior to 2014:Q3 the shadow rate and observed rate match. The greyed out area is
the 90% confidence interval constructed using a 500 sample parametric bootstrap. From
the figure, it seems that the target rate never ventured particularly far below the ELB.
Of course, here the target rate is that which the central bank would have immediately
adopted. Had the ELB been taken away, over time the rate could have ventured much
further below the ELB. Also, the shadow rate appears to have been at its lowest in 2014,
almost immediately after the MRO rate hit the chosen 5bp censoring threshold. This also
coincides with the beginning of NIRP and APP. Instead in 2016, when NIRP reached its
lowest level and APP peaked, the shadow rate experienced only a very moderate dip.
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Figure 4: The KSVAR shadowrate estimates.
Notes: The thick line prior to 2014:Q3 is the observed MRO rate and the rate afterwards
is the KSVAR estimate for the shadow rate constructed using the Equation (34). The thin
horizontal line is at the censoring threshold of 5bp. The gray area is 90% confidence
interval for the shadow rate constructed from 500 sample parametric bootstrap.
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6 Censored structural vector autoregression

6.1 Censored vector autoregression

In contrast to the model of Equation (24) the unbounded shadow rate i∗t appears on both
sides of the censored vector autoregression model:

x∗t = ν +A1x∗t−1 +A2x∗t−2 + ...+Apx∗t−p + ε t . (35)

In other words, we are dealing with a rather conventional VAR model, like that of Equa-
tion (1) with the only difference that in practice x∗t isn’t always observed. In some sense,
the process is unchanged and the only challenges come about in fitting the model. In the
terminology of Mavroeidis (2021), this is a censored VAR model.

Start with the assumption that every x∗t−1, ...,x
∗
t−p is observed. It is evident that the

likelihood function of such an observation is the same as that of kinked VAR. The dif-
ficulty, however, lies in the observations where at least one x∗t−1, ...,x

∗
t−p isn’t observed.

Ideally, one would derive the likelihood of X using marginal distributions:

L(X;θ) =
∫ b

−∞

...
∫ b

−∞

f (X∗)dx∗,

where X contains all observations xt , f is the joint density function of all observations
given the parameter vector θ , x∗ is all censored and thus unobserved x∗t and X∗ is X with
these unobserved x∗t . Obviously, this integral is far too unwieldy to use as is. Instead,
following Mavroeidis (2021), I use the Sequential Importance Sampling (SIS) algorithm
for dynamic tobit models of Lee (1999) adjusted for multivariate data.

Start by recalling notation S = {i|xi ≤ b, i = 1,2, ...,N} and rewriting the joint density
function f in terms of individual observations:

f (X∗) =∏
i∈S

P(x1i ∧ x∗i ∧ i ∈ S|X∗
i−1)×∏

i ̸∈S
f (xi|X∗

i−1)

=∏
i∈S

f (x1i|X∗
i−1)F

∗(b|x1i,X∗
i−1,x

∗
i )g(x

∗
i |x1i,X∗

i−1)×∏
i ̸∈S

f (xi|X∗
i−1)

=∏
i∈S

f (x1i|X∗
i−1)F

∗(b|x1i,X∗
i−1)g(x

∗
i |x∗i ≤ b,x1i,X∗

i−1)×∏
i ̸∈S

f (x1i|X∗
i−1), (36)

where X∗
i consists of x∗t , where t = 1,2, ..., i. g(x∗i |x1i,X∗

i−1) is the conditional density of
x∗i given x1i and X∗

i−1. The idea is that g can be used as a kernel to generate x∗i .

The top row of Equation (36) presents a conditional mixed joint density, P(·). It con-
sists of the joint densities of the observed x1i and unobserved x∗i as well as the probability
that the unobserved x∗i is indeed unobserved. This is then broken into pieces two different
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ways. On the second row, x∗i is generated from the non-truncated distribution and the
probability that the generated x∗i is unobserved is then made conditional on that generated
x∗i . However, since the density of x∗i is of course 0 if i ∈ S, the probability that x∗i ≤ b is
also 0 and its complement is 1. In other words, F(·) degenerates into an indicator func-
tion. This leads to a non-smooth density, which may be computationally more intensive.
On the bottom row, this order is flipped. First, the probability that x∗i is unobserved is
constructed and then x∗i is generated from a truncated g(·) that ensures x∗i ≤ b. This way
not only does the density become smooth but the estimator is also more efficient. (Lee
1999.) This is the approach I and Mavroeidis (2021) use.

The idea behind the likelihood simulation executed here, is to generate a sample of x∗,
calculate the likelihood of X∗ with each x∗ and to sum them together. For this purpose,
a method of sampling x∗ must be established. Assuming that the error terms are normal,
g(x∗i |x∗i ≤ b,x1i,X∗

i−1) is the density function of a conditional truncated normal distribu-
tion with a maximum of b. The relevant moments of the untruncated conditional normal
distribution have already been derived in the context of the KSVAR model in Section 5.1.
The mean, however, requires a minor revision to Equation (27):

x̂∗t = ν
∗+A2,1x∗t−1 +A2,2x∗t−2 + ...+A2,px∗t−p +Σ

′
12Σ

−1
11 ε̂1t .

The conditional variance σ∗2 of Equation (28) can be taken as is. Now let u( j)
t , j =

1, ...,M, be independent draws from a uniform distribution U ( j)
t ∼U(0,1). Now the j:th

draw of x j
t from g(x∗t |x∗t ≤ b,x1t ,X∗

t−1) is given by

x∗( j)
t = x̂∗t +σ

∗
Φ

−1
(

u( j)
t Φ

(b− x̂∗t
σ∗

))
. (37)

(Lee 1999; Mavroeidis 2021.)

The SIS algorithm itself can now be introduced. It returns the log-likelihood of pa-
rameters θ (Mavroeidis 2021):

1) Initialize the algorithm by setting W j
0 = 1 and X∗ j

0 = (x j
0, ...,x

j
−p+1)

′ for all j =

1, ...,M.

2) Simulate likelihood by repeating the following for each t = 1, ...,T :

a) For j = 1, ...,M construct incremental weights

w j
t−1|t =P(xt |X∗ j

t−1,θ)

=
[

f (x1t |X∗ j
t−1)F

∗(b|x1t ,X
∗ j
t−1)

]1(t∈S)
f (xt |X∗ j

t−1)
1(t ̸∈S),

where 1(a) is an indicator function that returns 1 if the statement a is true and
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0 otherwise.

b) Create an approximation for the likelihood of the observation t:

St =
1
M

M

∑
j=1

w j
t−1|tW

j
t−1.

c) For j = 1, ...,M set X∗ j
t = (x∗ j

t ,X∗ j′
t−1)

′, where x∗ j
t = xt if t ̸∈ S and otherwise

x∗ j
t = (x′1t ,x

∗ j
t )′, where x∗ j

t is drawn from g(x∗t |x∗t ≤ b,x1t ,X
∗ j
t−1) using Equa-

tion (37).

d) For j = 1, ...,M update the weights:

W j
t =

w j
t−1|tW

j
t−1

St

3) Return the log-likelihood approximation:

l̂(X;θ) =
T

∑
t=1

log(St).

The first step of the SIS algorithm sets the initial x∗t for t ≤ 0 to their observed val-
ues and makes the weight of every simulation equal (W j

0 = 1 for all j). The second step
loops through the data and does the real work. The step a) first constructs the likelihoods
w j

t−1|t of observation t with all the simulated paths j. Then in step b) the observation

itself is given a likelihood St by taking a weighted average of all w j
t−1|t . These weights

W j
t−1 add up to M and are themselves the weighted likelihood of path j of the previous

period t −1: w j
t−2|t−1W j

t−2. This weighing has to be done since SIS doesn’t only simulate
single observations, x∗t , but rather paths of simulations, ...,x∗t−1,x

∗
t ,x

∗
t+1, .... Then in step

c) if necessary x∗t is simulated and in step d) the weights are updated. Finally, the last step
returns the log-likelihood of the whole sample. If u j

t are kept constant all through out opti-
mization process, l̂(θ) is a smooth function, making the computations easier. (Mavroeidis
2021.)

A possible challenge with SIS is that the sample may degenerate. This means that
weights W j

t become such that few of them are large and most are very close to 0. This
is obviously undesirable as it would be equivalent to using very few simulations in the
likelihood simulation. This is explored briefly in Appendix C.
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6.2 Shock identification and impulse responses

Once the censored VAR model has been estimated, it is possible to do inference on the
model by turning it into a CSVAR model. Note that since the dynamics of a censored VAR
are completely captured by the Equation (35), which is linear, the methods for analyzing
i∗t are the same as for standard linear SVAR. This means that unlike for the KSVAR the
impulse responses are global and linear for i∗t .

Few problems do, however, arise when the point of interest is the observed rate it .
One only has to construct the forecasts for i∗t with and without the shock of interest,
use the Equation (32) to move from i∗t to it piece-wise at each horizon and then take
the difference between the two. This is made even simpler by the linear structure of
the underlying model, which means that, unlike for the KSVAR, simulation of forecast
errors is unnecessary. In practice, however, the i∗t−i for i = 1, ..., p may not be observed.
Mavroeidis (2021) avoids this issue by constructing the GIRFs at a period when the US
interest rates were sufficiently high for him to consider them observed. In the euro area
there is no such luck since 2014 or 2015 as the interest rates have only very recently and
after the sample period surpassed 5bp. The easy solution would be to use observed rates
and accept that the GIRFs are only approximations. A somewhat better approach is to
use the generated shadow rate series i∗t . Of course, when deriving bootstrap confidence
intervals, one has to choose whether to keep these shadow rates constant or also bootstrap
them. I opt for the latter.

6.3 Shadow rates

For the CSVAR, the shadow rate i∗t is somewhat more difficult than for the KSVAR as
Et−1[i∗t ] relies on covariates that are unobservable, namely lagged i∗t itself. A naive ap-
proach that may result in decent approximations would be to use the Equation (34) recur-
sively; Start from t = 1, estimate î∗1+1 and move on to the next period. Whenever it ≤ b set
i∗t = î∗t|it=b. The problem with this approach is that once an ELB spell has lasted for more
than one period, the distribution of i∗t is no longer normal since it depends on î∗t−1|it−1=b

which follows a truncated normal distribution. Fortunately however, the SIS algorithm al-
ready returns many shadow rate estimates, x∗ j

t . An inefficient approach would be to take a
simple unweighted average of these. However, a more efficient approach is to use the SIS
algorithm and weigh these by W j

t : i∗t =
1
M ∑

M
j=1W j

t i∗ j
t . After all, W j

t is an approximation
for the relative probability density of the j:th simulated path of ε up to period t. This
does, however, mean that if the sample degenerates these estimates can rely on just a few
realizations. This increases the variance of this estimator. Again bootstrap confidence
intervals can be derived just as they are derived for GIRFs.

Unlike for the KSVAR, the CSVAR shadow rates are more similar to those of Wu and
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Xia (2016) and others since it does reflect the monetary policy stance. However, unlike in
studies that start by estimating shadow rate and only then construct SVAR models, here
the shadow rate series is only a side product of the analysis even though the shadow rate
is relevant for the model structure.

6.4 Empirical results

Figure 5 reports the generalized impulse responses of a CSVAR model to a monetary
policy shock together with the impulse responses of other models considered. I consider
a shock of 25bp to shadow rate that impacts in 2020:Q2. The model has 4 lags, an ELB
of 0.05 and inflation, the output gap and the shadow interest rate as endogenous variables.
Figure 5 also reports the 90% confidence intervals constructed by parametric bootstrap
with a bootstrap sample of 500. For estimation purposes, SIS used M = 100 for the point
estimate and M = 60 for the bootstrap. Since interest rates were at the ELB in 2020:Q2,
the true shadow rate must be estimated as well. These were simulated using a sample of
50 replications.

Figure 5 shows that the CSVAR results in considerably different impulse responses
to the KSVAR model. Compared with it, the CSVAR’s impulse responses are not muted
by the ELB as only the unbounded shadow rate is relevant to the responses. In fact, a
monetary policy shock leads to a strong, somewhat persistent and definitely significant
increase in both inflation and output gap, whereas in the KSVAR the shock was mostly
irrelevant. On the other hand the impulse responses aren’t particularly far from those of
the linear SVAR except in regards to statistical significance. Indeed, the monetary policy
shock of 25bp increases inflation by about 0.12% at most, with this effect still remaining
significant after 20 quarters at the 90% confidence level. This implies the presence of the
price puzzle. Output gap too is increased by 0.4% at its peak, however the effect is no
longer significant after 10 quarters at 90% confidence level. Note that since the underlying
model of x∗t is linear, the impulse responses of inflation, the output gap and the shadow
rate are not state dependent. Only those of the observed rate in the bottom right corner
are.

Figure 5 reports both the impulse responses to the observed rate and to the shadow
rate. For convenience’s sake, the interest rate responses in other models are reported in
the same panel as the shadow rate impulse responses of the CSVAR model. The shadow
rate experiences a very persistent increase, which seems almost permanently stuck at
around 25bp. This is very similiar to the linear SVAR. Meanwhile, the responses of the
observed rates are quite a bit different. Since at the time of impact in 2020:Q2 the shadow
interest rate was well below the ELB, as can be seen in figure 6 below, the shock would
have had to be exceptionally strong to lift the observed rate off the ELB. Indeed, a 25bp
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Figure 5: Impulse response functions of the monetary policy shock in the CSVAR frame-
work.
Notes: Thick solid lines are the point estimates of the generalized impulse response
functions to a 25bp monetary policy shock to the shadow rate in 2020:Q2 in the CSVAR
model with an ELB at 5bp, p = 4 and M = 100. The shaded areas are their 90% bootstrap
confidence intervals with a parametric bootstrap sample of 500 simulations, using
M = 60 in SIS. The shadow rate is estimated using 50 simulations. The dashed lines are
the point estimates of the impulse responses in the linear model and dotted lines are the
point estimates of the generalised impulse responses in the KSVAR model. These are the
same as in figures 2 and 2 respectively. For convenience, the interest rate responses of
these models are in the same panel as the shadow rate responses of the CSVAR. The
quarterly horizon is up to 24 quarters (6 years) and the horizontal thin black line is at 0.

shock seems to have been inadequate to do this and thus the observed interest rate would
have stayed at the ELB regardless. Since both the forecast conditional on the shock and
the unconditional forecast are the same, the GIRF is 0. Nevertheless, since the shock is
very persistent, it does increase the probability of a lift off later on. This is why the upper
bound of 90% confidence interval does raise above 0.

The results shown in figure 5 are quite different from those of Mavroeidis (2021). He
considers both the CSVAR and the CKSVAR model with US data. With the CSVAR,
while he does find that the monetary policy shock increases inflation in the short term this
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effect dissipates quickly. Similarly, unemployment increases in response to the monetary
policy shock although with great delay, which would be equivalent to output gap decreas-
ing. He broadly speaking repeats the same results with the CKSVAR(4) model. The only
difference is that inflation does not increase at any horizon. Similar results have been
achieved by others using models similar to the CKSVAR (see, for example, Hayashi and
Koeda 2019; Aruoba et al. 2022; Ikeda et al. 2022).

Figure 6 shows the CSVAR estimates for the shadow rate, where the censoring thresh-
old is 5bp shown with the thin horizontal line. The SIS algorithm used M = 100. Note
that prior to 2014:Q3 the shadow rate and observed rate match. The greyed out area is
the 90% confidence interval constructed using a 500 sample parametric bootstrap with
M = 60. Also shown in the figure are the KSVAR shadow rate estimate of figure 4 in
dashed line and Wu’s and Xia’s (2016) estimate for the shadow rate in dotted line2. The
latter only starts in 2004:Q4 and the original monthly data is converted to quarterly by
averaging. Vertical lines show the dates when various unconventional monetary policies
were started. Note that this generally differs from the date when these policies reached
their zenith.

From figure 6 it is clear that the CSVAR shadow rate, unlike the KSVAR shadow rate,
has fallen well below the ELB. However, the shadow rate estimate of Wu and Xia (2016)
isn’t even included in the 90% confidence interval. It is clear that the CSVAR shadow
rates have been significantly higher than those of Wu and Xia (2016). Indeed, whereas
Wu and Xia (2016) shadow rate steadily fell from 2013 until 2019, the CSVAR shadow
rate lacks a clear trend. This is of course partly due to the fact that the CSVAR assumes
the series to be stationary.

In the figure 6, there is a similar and in fact larger dip in the CSVAR than in KSVAR
shadow rate right after the MRO rate hit the censoring threshold in 2014. However, this
dip is much smaller than the dip in 2015 and 2016 when the NIRP hit its lowest level
and the APP started to peak. This is dip is almost non-existent in KSVAR. In general it
appears that the launching of an unconventional monetary policy was followed by a fall in
the shadow rate. There is also a large dip in 2020:Q2. Based on figure 1, this is probably
due to the fall in output. Interestingly, there is no similar drop in either of the two other
shadow rates.

2The series is available for the whole ELB period and is available at
https://sites.google.com/view/jingcynthiawu/shadow-rates. Since the end of the ELB Wu recommends
using conventional interest rates.
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Figure 6: The CSVAR shadowrate estimates.
Notes: Thick line prior to 2014:Q3 is the observed MRO rate and the rate afterwards is
the CSVAR estimate for the shadow rate constructed using SIS algorithm with M = 100.
Thin horizontal line is at the censoring threshold of 5bp, the thick dashed line is the
KSVAR shadow rate shown in figure 4 and the thick dotted line is the shadow rate
estimate of Wu and Xia (2016). The gray area is 90% confidence interval for the shadow
rate constructed from 500 sample parametric bootstrap using M = 60. Thin vertical lines
indicate the starting dates of notable unconventional monetary policy measures (see table
1).
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7 Conclusions

This thesis provided a general overview of structural vector autoregressive (SVAR) mod-
els and the identification and analysis of the monetary policy shock in the conventional
framework that was popular prior to the low interest rate era that followed the Great Re-
cession of 2007–2009. This analysis of the monetary policy shock is important since it
means in essence the analysis of discretionary monetary policy. The modelling choices
were motivated by a simple three-equation NK model. It was, however, found that the
emergence of the ELB and unconventional monetary policy made this framework gener-
ally insufficient.

Two solutions developed by Mavroeidis (2021) were offered in this thesis: the KSVAR
and CSVAR. The KSVAR is built on the assumption that interest rate simply cannot fall
under the ELB. This introduces non-linearity to the model. Since no unconventional mon-
etary policy instruments were included in the model, this means in practise that unconven-
tional monetary policy is ineffective. Meanwhile, the CSVAR is built on the assumption
that while the interest rate is unobservable below the ELB, it can effectively still go below
it because of unconventional monetary policy measures. In practise, this means that the
unconventional monetary policy is as effective as conventional and that the model is still
linear. The differences of the three models are summarized in the table 2.

When it comes to the actual evaluation of the monetary policy shock in euro area,
the choice of model matters substantially for the conclusions. The standard SVAR model
leads one to believe that, while the point estimates for the impulse responses are large, the
monetary policy shock is not a statistically significant driver of economic activity. The
KSVAR leads to very similar conclusions but would suggest that even the point estimates
are small and transitory. Meanwhile, the CSVAR leads to strikingly different conclusions;
while the point estimates are very similar to the standard model, the impulse responses
are very clearly statistically significant. Furthermore, the shocks appear very persistent.

Of the three models, CSVAR appears the most attractive as it accounts for both the
ELB and unconventional monetary policy measures. However, the existence of the price
puzzle, which is an anomaly, creates an aura of uncertainty around the exact effects of a

Table 2: Summary of the structural autoregressive models of this thesis.

Model
Is Accounts for... Produces a shadow

linear? the ELB? unconventional monetary policy? rate series?

SVAR Yes No No No

KSVAR No Yes No Yes

CSVAR Yes Yes Yes Yes
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discretionary monetary policy decision. Overall, these results strongly suggest that further
research into the effects of the monetary policy shock in the euro area is warranted.

Both the KSVAR and the CSVAR can be also be used to derive a shadow rate time
series together with confidence intervals. These two are clearly different as the CSVAR
shadow rate is consistently below the KSVAR one. Furthermore, both are clearly different
from the shadow rate time series by Wu and Xia (2016). This would suggest that Wu and
Xia’s (2016) estimates may overestimate the expansionary effects of the unconventional
monetary policy. Also the negative interest rate policy (NIRP) and the Asset purchase
program (APP) seem to appear in the CSVAR shadow rate, which would suggest that
these policies were indeed successful in easing the monetary policy.

This thesis did not consider the CKSVAR model of Mavroeidis (2021) that combines
the two approaches largely because it relies on an identification strategy that is different
from the one used in this thesis, and is thus not directly comparable. Future research could
expand this study to include the CKSVAR. Additionally more variables could be added
to the three model or the model could be built with non-Gaussian errors and regime-
switching type dynamics, which could perhaps allow the investigation of the pandemic
period. It is also possible that other macroeconomic shocks may have different effects in
the ELB regime than outside it (see, for example, Bonam et al. 2022).
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Appendices

Appendix A Proof of Equation (22)

The goal is to prove that C −DB0A = 0. The proof presented here is from Ikeda et al.
(2022). Knowing the C and D matrices the condition is equivalent to

B0A =


bii/bim 0 0

0 φu 0

0 0 φρ

 .

Furthermore knowing the matrices B0 and A, the condition becomes byi = bym
bii
bim

and
bπi = bπm

bii
bim

. Substituting the Equation (19) into Equations (11) and (12) and focusing
solely on the terms including it−1 or mt and containing the terms that include only ut or
ρt into fπ(ut ,ρt) and fy(ut ,ρt) yields

πt =(βbπi +κbyi)it−1 +(βbπibim +κbym)mt + fπ(ut ,ρt),

yt =(byi −σ +σbπm)biiit−1 +(byi −σ +σbπi)bimmt + fy(ut ,ρt).

Since these expressions must match those of Equations (17) and (18), the conditions hold:

bπi = βbπi +κbyi,

bπm = βbπibim +κbym,

byi = (byi −σ +σbπm)bii,

bym = (byi −σ +σbπi)bim.

The last two imply that byi = bym
bii
bim

, and substituting this in to upper two yields bπi =

bπm
bii
bim

.

Appendix B Modified Hamilton filter of Quast and Wolters (2022)

The modified Hamilton filter of Quast and Wolters (2022) is

ŷt =
1
9

12

∑
i=4

v̂t,i,

v̂t,i = Yt − β̂0,i − β̂1,iYt−i − β̂2,iYt−i−1 − β̂3,iYt−i−2 − β̂4,iYt−i−3,
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where ŷt is the estimate for output gap or the cyclical component of any other time series,
and Yt is logarithmic GDP or any other I(1) time series that has a cyclical component. A
time series is I(1) if ∆Yt = Yt −Yt−1 is stationary. The variable v̂t,i is the forecast error of
Yt when it was predicted i periods ago with a simple AR(4) model.

The idea behind the standard Hamilton filter of Hamilton (2018) is that the logarithmic
GDP is being forecasted i quarters ahead with a simple AR(p) model and the forecast
errors are estimates for the output gap. For quarterly data, Hamilton (2018) suggests i = 8
and p = 4. The prior is based on the idea that forecast errors at this horizon forecast
errors can mostly be attributed to cyclical variations, and it is a multiple of 4 to deal with
any seasonality. The latter too is a natural choice for quarterly data to avoid problems
associated with seasonality, but it also ensures a parsimonious model that can be fitted
to small samples. Hamilton (2018) also provides a modification of the base model that
can be used for any I(d) times series, where d ≥ 1. This means time series where ∆dYt

is stationary. In the modified Hamilton filter of Quast and Wolters (2022), the output
gap is the average of forecast errors over different forecast horizons. This makes it more
robust to business cycles of different frequencies, whilst retaining the main benefits of the
original filter over its alternatives.

Appendix C Sample degeneracy in the CSVAR

Mavroeidis (2021) suggests using effective sample size (ESS) of Herbst and Schorfheide
(2015) to gauge at the possibility of sample degeneracy. This is defined as:

ESSt =
M

1
M ∑

M
j=1(W

j
t )

2
.

This equal to the inverted sum of squared relative weights (W j
t /M)2. Note that this results

in a time series.
Figure 7 shows the effective sample size of Herbst and Schorfheide (2015) for the

CSVAR with M = 100. This corresponds to the one used in section 6 to derive the point
estimates. ESS was at its lowest in 2020:Q1 when it was about 5.43. Whilst this is low, it
should be noted that this is the effective sample size only for 2020:Q1. The average ESS
is about 80.20.
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Figure 7: Effective sample size of Herbst and Schorfheide (2015) for the CSVAR with
M = 100.
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