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SINGMASTER’S CONJECTURE IN THE INTERIOR OF PASCAL’S
TRIANGLE

KAISA MATOMAKI, MAKSYM RADZIWILL, XUANCHENG SHAO, TERENCE TAO,
AND JONI TERAVAINEN

ABSTRACT. Singmaster’s conjecture asserts that every natural number greater than one
occurs at most a bounded number of times in Pascal’s triangle; that is, for any natural
number ¢t > 2, the number of solutions to the equation (::L) = t for natural numbers
1 < m < n is bounded. In this paper we establish this result in the interior region
exp(log?/®t¢n) < m < n — exp(log??*<n) for any fixed ¢ > 0. Indeed, when t is
sufficiently large depending on ¢, we show that there are at most four solutions (or at
most two in either half of Pascal’s triangle) in this region. We also establish analogous
results for the equation (n)m, = t, where (n)m = n(n —1)...(n —m + 1) denotes the
falling factorial.

1. INTRODUCTION

In 1971, Singmaster [24] conjectured that any natural number greater than one only
appeared in Pascal’s triangle a bounded number of times. In asymptotic notation', we
can express this conjecture as

Conjecture 1.1 (Singmaster’s conjecture). For any natural number ¢ > 2, the number
of integer solutions 1 < m < n to the factorial Diophantine equation

(1.1) (Z) ¢

is O(1).

Note that we can exclude the edges m = 0, m = n of Pascal’s triangle from consideration
since (Zfb) = 1 in these cases. Currently the largest known number of solutions to (1.1) for
a given t is eight, arising from ¢ = 3003 and

(1.2)  (n,m) = (3003,1),(78,2), (15,5), (14,6), (14,8), (15, 10), (78, 76), (3003, 3002).

For the purposes of attacking this conjecture, we may of course assume t to be larger
than any given absolute constant, which we shall implicitly do in the sequel. In particular
we can assume that the iterated logarithms

logy t :=loglogt; logst :=logloglogt

are well-defined and positive.
In view of the symmetry

= ()= (o)

'Our conventions for asymptotic notation are set out in Section 1.5.
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we may restrict attention to the left half
(1.4) {(m,n) e NxN:1<m<n/2}
of Pascal’s triangle. For solutions to (1.1) in this half (1.4) of the triangle, we have

- (2)2 ()

by Stirling’s approximation (2.4), and thus we have the upper bound

(1.5) m < logt+ O(logy t).

1
log 4
Since n — (Z) is an increasing function of n for fixed m > 1, n is uniquely determined
by m and t. Thus by (1.5) we have at most O(logt) solutions to the equation (') =t, a
fact already observed in the original paper [24] of Singmaster. This bound was improved
to O(logt/logy t) by Abbott, Erdés, and Hansen [1], to O(logtlogs t/log3 t) by Kane [16],
and finally to O(logtlogst/logs t) in a followup work of Kane [17]. This remains the best
known unconditional bound for the total number of solutions, although it was observed
in [1] that the improved bound O, (log?3*¢t) was available for any & > 0 assuming the
conjecture of Cramér [10].

From the elementary inequalities

() o5

m)! m m)!
and some rearranging we see that any solution to (:1) =t obeys the bounds
(tm)Y™ < n < (tm)Y™ 4 m.
Applying Stirling’s approximation (2.4) (and also n > m) we can thus obtain the order of
magnitude of n as a function of m and ¢:
(1.6) n = mtt/™

or equivalently

logt
(17) " exp (g> .
m m

In particular we see that n grows extremely rapidly when the ratio m/logt becomes small.
This makes the difficulty of the problem increase as m/logt approaches zero, and indeed
treating the case of small values of m/logt is the main obstruction to making further
progress on bounding the total number of solutions.

Remark 1.2. In the left half (1.4) of Pascal’s triangle, a finer application of Stirling’s
approximation in [16, (3.1)] gave the more precise estimate

-1
n = (tm)Y/™ + mT + O(mt= ™).
We will not explicitly use this estimate here.

In this paper we study the opposite regime in which m/logt is relatively large, or
equivalently (by (1.7)) n and m are somewhat comparable (in the doubly logarithmic
sense logy 1 < logy m). More precisely, we have the following result:



Theorem 1.3 (Singmaster’s conjecture in the interior of Pascal’s triangle). Let 0 < ¢ < 1,
and assume that t is sufficiently large depending on €. Then there are at most two solutions
to (1.1) in the region exp(log?***n) < m < n/2. By (1.3), we thus have at most four
solutions to (1.1) in the region exp(log?>+¢ n) < m < n—exp(log?3*<n). Furthermore, in
the smaller region exp(log?*ten) < m < n/exp(log' ™= n) there is at most one solution,

whenever 0 < &’ < 2/§+€ and t is sufficiently large depending on both & and €'.

Remark 1.4. The bound of two (or four) solutions is absolutely sharp, in view of the
infinite family of solutions observed in [20], [25], [29] to the equation

n+1Y\ n
m+1) \m+2
given by

(1.8) n=FyoFsj13—1; m=FyF3—1,

where F); denotes the 4% Fibonacci number. See also [15] for further analysis of equations
of this type. Besides this infinite family of collisions, and the “trivial” ones generated
by (1.3), (8) =1, and (:z) = ((Tln) ), the only further known collisions between binomial

coefficients arise from the identities (g) = (;:L/,) for
(n,n',m’) = (16,10,3), (21,2,4), (56,22, 3), (120, 36, 3), (153, 19, 5), (221, 17, 8)
as well as the example in (1.2). It was conjectured by de Weger [13] that these above

examples generate all the non-trivial collisions (T’Z) = (::;/) = t; this would of course imply
Singmaster’s conjecture. This conjecture has been verified for (m,m’) = (2,3) [3], for
(m.m') = (2,4) (23], [12], for (m,m’) = (2,5) [9], for (m,m’) = (3,4) [22], [13], and
(m,m’) = (2,6),(2,8),(3,6), (4,6), (4,8) [28], and for n < 10% or ¢ < 1050 in [5].

Remark 1.5. In view of Theorem 1.3, we now see that to prove Conjecture 1.1, we may

restrict attention without loss of generality to the region 2 < m < exp(log2/ 3Ten) for
any fixed € > 0, or equivalently (by (1.7)) to 2 < m < 1 lf/%fgt for any fixed ¢ > 0. (In
ogy

particular, the infinite family (1.8) of collisions is of no further relevance to Singmaster’s
conjecture, as it does not lie in this region.) It follows from the conjecture of de Weger [13]
mentioned in Remark 1.4 that for ¢ sufficiently large there is only at most one solution in
this region, that is to say all but a finite number of binomial coefficients (::L) for2 <m <
exp(log?/3+e n)

"= (:{,) for fixed 2 < m < m/ has been shown (via Siegel’s theorem on integral points)
to be finite in [4] (see also the earlier result [18] treating the case (m,m’) = (2,p) for an
odd prime p). This implies that there are no collisions in the regime 2 < m < w(n) if w is
a function of n that goes to infinity sufficiently slowly as n — co. Unfortunately, due to
the reliance on Siegel’s theorem, the function w given by these arguments is completely
ineffective.

are distinct. In this direction, the number of solutions to the equation

Remark 1.6. For some previous bounds of this type, in [1] it was shown that the number
of solutions to (1.1) in the range n%6 < m < n/2 was O(log®*t), while the arguments in
[16, §7], after some manipulation, show that the number of solutions to (1.1) in the range
exp(log?/?*t¢n) < m < n®is O.(logt/ log3t). However, to our knowledge Theorem 1.3 is
the first result that establishes a bounded number of solutions to (1.1) even in the region
en <m <n/2.



Remark 1.7. The implied quantitative bounds in the hypothesis “t is sufficiently large
depending on €” are effective; however, we have made no attempt whatsoever to optimize
them in this paper, and will likely be too large to be of use in numerical verification of
Singmaster’s conjecture in their current form.

Remark 1.8. The analogue of Singmaster’s conjecture for multinomial coefficients (m1 " mk)

was studied very recently in [11]. It seems plausible that the methods in this paper may
also be used to obtain some partial results on this multinomial formulation of the conjec-
ture.

1.1. An analog for falling factorials. The methods used to handle the equation (1.1)
can be modified to treat some other factorial Diophantine equations, and in particular the
variant equation

(1.9) (M) =t

for integers 1 < m < n and t > 2, where (n),, denotes the falling factorial

() ::n(n—l)...(n—m+1):m!<::L).

We exclude the cases m = 0,m = n since (n)g = 1 and (n), = (n),—1 = n!. In [1,
Theorem 4] it was shown that for any ¢ > 2 the number of integer solutions (m,n) to (1.9)
with 1 <m <n —11is O(y/logt). We do not directly improve upon this bound here, but
can obtain an analogue of Theorem 1.3:

Theorem 1.9 (Falling factorial multiplicity in the interior). Let 0 < & < 1, and assume
that t is sufficiently large depending on €. Then there are at most two integer solutions to
(1.9) in the region exp(log?3+en) < m < n.

We establish this result in Section 5. Note that the bound of two is best possible, as
can be seen from the infinite family of solutions

(a2 - a)a272a = (CL2 —a- 1)a272a+1
for any integer a > 2, and more generally
((@)v) (a)p—a = ()b = D) (a),—atb-1

whenever 2 < b < a are integers.

1.2. Strategy of proof. Theorem 1.3 is a consequence of two Propositions that we now
describe. The proof of Theorem 1.9 will follow a similar pattern as described here and we
refer the reader to Section 5 for details.

Proposition 1.10 (Distance estimate). Let ¢ > 0. Suppose we have two solutions
(n,m), (n',m’) to (1.1) in the left half (1.4) of Pascal’s triangle. Then one has

m' —m <. exp(log?3*¢(n +n'))
for any € > 0. Furthermore, if
m,m’ > exp(log®**(n + n’))
then we additionally have

n' —n <. exp(log?3*¢(n +n')).



Note how this proposition is consistent with the example in Remark 1.4. We shall
discuss the proof of Proposition 1.10 in Section 1.3. For the application to Theorem 1.3,
Proposition 1.10 localizes all solutions to (1.1) to a region of small diameter. To conclude
Theorem 1.3, we can now proceed by adapting the Taylor expansion arguments of Kane
[16], [17], in which one views n as an analytic function of m (keeping ¢ fixed) and exploits
the non-vanishing of certain derivatives of this function; see Section 2. This is what the
proposition below accomplishes. In fact in our analysis only two derivatives of this function
are needed (i.e., we only need to exploit the convexity properties of n as a function of m).

Proposition 1.11 (Kane-type estimate). Let € > 0, and suppose t is sufficiently large
depending on . Suppose that (n,m) is a solution to (1.1) in the left-half (1.4) of Pascal’s
triangle. There there exists at most one other solution (n’,m’) # (n,m) to (1.1) with
m' <m,n >n and

|m —m/| + |n —n'| < exp((logy t)'°).

With these two Propositions at hand it is easy to deduce Theorem 1.3.

Deduction of Theorem 1.53. Let € > 0, let t be sufficiently large depending on e, and let
(n,m) be the solution to (1.1) in the region

(1.10) {(n,m) : exp(log?**n) < m < n/2}

with the maximal value of m (if there are no such solutions then of course Theorem 1.3 is
trivial). For brevity we allow all implied constants in the following arguments to depend
on €. If (n/,m') is any other solution in this region, then m’ < m and n’ > n. From (1.7)
we have

logt logt logt
m>g> g > g

> >
logn = Jog2737E logzz/ﬁt

thanks to (1.5). From further application of (1.7) we then have

1

n < exp(O(logy*** t)).

Similarly for n’. Applying Proposition 1.10 (with e replaced by a sufficiently small quan-
tity), we conclude that

(1.11) m—m',n' —n < exp(O(log%_El t))
whenever 1 — &’ > 2/25;6, or equivalently ¢’ < 5 /§ +z- The result now follows from Propo-
sition 1.11. n

Remark 1.12. The above arguments showed that for ¢ sufficiently large depending on
e, there were at most four solutions to (1.1) in the region exp(log?3*n) < m < n —
exp(logQ/ 37¢n). A modification of the argument also shows that there cannot be exactly
three such solutions. For if this were the case, we see from (1.3) that there must be a
solution (n,m) with n = 2m, so that m < logt by Stirling’s approximation. For all other
solutions (n/,m’) to (1.1) we have n’ > n + 1, hence

/!
noy _ = S (n +1
n/2 m') — \m
and hence (by Stirling’s approximation)

()= o) ()



By Stirling’s approximation (or the central limit theorem of de Moivre and Laplace) this
forces [m’ — | > \/n, thus |m/ — m| > m!/2. But this contradicts (1.11).

1.3. Proof methods. We now discuss the method of proof of Proposition 1.10, which is
our main new contribution. In contrast to the “Archimedean” arguments of Kane (such
as Proposition 1.11) that use real and complex analysis of the binomial coefficients (:1),
the proof of Proposition 1.10 relies more on “non-Archimedean” arguments, based on
evaluating the p-adic valuations v, ((:1)) for various primes p, defined as the number of
times p divides (:1) From the classical Legendre formula

(1.12) vp(n!) :2 LZJ ,

where |z] is the integer part of z, we obtain Kummer’s theorem

(G -2 (G- -5

(1.13) !
(G B
PN Vo P P
where {z} = z — |x] denotes the fractional part of x. Note that the summands here

vanish whenever p/ > n. From this identity we see that if (n,m), (n’,m’) are two solutions
o (1.1) then we must have

w0 S (- - (G - 6

J=1 J=1

for all primes p. Our strategy will be to apply this equation with p set equal to a random
prime p drawn uniformly amongst all primes in the interval [P, P + Plog~ 100 P] where
the scale P is something like exp(log??T/2(n 4 n')), and inspect the distribution of the
resulting random variables on the left and right-hand sides of (1.14) in order to obtain a
contradiction when m,m’ or n,n’ are sufficiently well separated. In order to do this we
need some information concerning the equidistribution of fractional parts such as {p—”]}
This will be provided by the following estimate, proven in Section 4. There and later the
letter p always denotes a prime.

Proposition 1.13 (Equidistribution estimate). Let € > 0 and P > 2 and let I be an
interval contained in [P,2P). Let M, N be real numbers with M, N = O(exp(log®?~¢ P)),
and let 7 be a natural number.

(i) For all A >0,
N M N M\ dt _A
NoMY To2) & Pl P).
Ze(zo +p]> /1€<t +t]> 10gt+OE’A( o8 )

pel

(ii) Let W: R? — C be a smooth Z2-periodic function. Then, for all A > 0,

N M N M dt
Swis =)= w5 ) = W g PlogA P
<p>pj) /] <t7t]> 10gt+OE7A(|| ||C3 og )a

pel



where
3

IWligs = sup [V/W()].

One can generalize this proposition to control the joint equidistribution of any bounded
number of expressions of the form {z%}’ but for our applications it will suffice to understand

the equidistribution of pairs {%}, {pMJ}

When it comes to the proof of Proposition 1.13, the first step is to use Fourier expansion
|M] .
= is
P7

small (say < logO(A) P) is easily handled using the prime number theorem with classical
error term. In the regime where ‘—11\3[' + % is large, we use Vaughan’s identity to decompose
the sum in (i) into type I and I sums, and assert that these exhibit cancellation; the type
I and II bounds are given in (4.9) and (4.11).

Both type I and type II sums can be handled using Vinogradov’s bound for sums of the
form ) ;e(f(n)) with f smooth, although we need to first cut from I small intervals
around zeros of the first log P derivatives of N/t + M/t/. This way we obtain that the
sum in (i) exhibits cancellation. It is here that the restriction N, M = O(exp(log®?~¢ P))
arises; even under the Riemann hypothesis we do not know how to relax this requirement?.

Once the equidistribution estimate, Proposition 1.13, is established, the analysis of the
distribution of both sides of (1.14) is relatively straightforward, as long as the scale P is
chosen so that the powers P? do not lie close to various integer combinations of m, n, m’, n’.
However, there are some delicate cases when two of the numbers n, m,n—m,n’,m’,n' —m/
are “commensurable” in the sense that one of them is close to a rational multiple of
the other, where the rational multiplier has small height. Commensurable integers are
also known to generate some exceptional examples of integer factorial ratios [6], [7], [27].
Fortunately, we can handle these cases in our context by an analysis of covariances between
various fractional parts {%}, {%}, in particular taking advantage of the fact that these

to reduce part (ii) of the proposition to part (i). For part (i), the case where % +

covariances are non-negative up to small errors, and small unless ni,no are very highly
commensurable.
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2Using standard randomness heuristics one could tentatively conjecture that this restriction N, M =
O(exp(log®?~¢ P)) could be relaxed to N, M = O(exp(P°)) for some constant ¢ > 0; this would improve
the range exp(log?/*¢n) < m < n/2 in Theorem 1.3 to log® n < m < n/2 for some constant C' > 0. In
the opposite direction, if we replaced Vinogradov’s exponential sum estimates with the simpler estimates
of van der Corput or Weyl, one could recover a weaker version of our main theorem in which the range of
m is narrowed to n® < m < n —n®. We leave the details of these variants to the interested reader.



1.5. Notation. Weuse X <Y, X =0O(Y), or Y > X to denote the estimate | X| < CY
for some constant C. If we wish to permit this constant to depend on one or more
parameters we shall indicate this by appropriate subscripts, thus for instance O 4(Y)
denotes a quantity bounded in magnitude by C. oY for some quantity C. 4 depending
only on €, A. We write X <Y for X <« Y <« X.

We use 1g to denote the indicator of an event F, thus 1z equals 1 when F is true and
0 otherwise.

We let e denote the standard real character e(z) = €27,

2. DERIVATIVE ESTIMATES

We generalize the binomial coeflicient (:I) to real 0 < m < n by the formula
(n) _ '(n+1)
m) " T(m+1)C(n—m+1)
where -
[(x) = e H <1 + E)_l et/n
x n

n—
is the Gamma function (with v the Euler-Mascheroni constant). This is of course con-
sistent with the usual definition of the binomial coefficient. Observe that the digamma

function
/ oo

r 1 1
Y(z) = =(2) = -7+ -
T T;)n—i-l n+x

is a smooth increasing concave function on (0, +00), with

-1
I — } :
(0 (l‘) - ~ (n ¥ .%')2
positive and decreasing, and
Z"O 2
" _
/lzz) (ﬂf) - —~ (n + x)?)

negative. For future reference we also observe the standard asymptotics

(2.1) Y(z) =logz + O <;)
(2:2) W)= +0 <1>
(2.3) (@) = —5 +0 (1)

and the Stirling approximation

1 1
(2.4) logT'(z) = xlogx — x — ilogx—i—log V27 4+ 0O ()
x
for any x > 1; see e.g., [2, §6.1, 6.3, 6.4]. One could also extend these functions meromor-
phically to the entire complex plane, but we will not need to do so here.
From the increasing nature of 1) we see that n — (:Z) is strictly increasing on [m, +00)
for fixed real m > 0, and from Stirling’s approximation (2.4) we see that it goes to infinity



as n — o0o. Thus for given t > 1, we see from the inverse function theorem that there
exists a unique smooth function f;: [0,+00) — [0,400) with fi(m) > m for all m, such
that

(2.5) <ft<m)> =t.

m

In particular, the equation (1.1) holds for given integers 1 < m < n and t > 2 if and only
if n = fy(m). This function f; was analyzed by Kane [16], who among other things was
able to extend f; holomorphically to a certain sector, which then allowed him to estimate
high derivatives of this function. However, for our analysis we will only need to control
the first few derivatives of f;, which can be estimated by hand:

Proposition 2.1 (Estimates on the first few derivatives). Let t,m be sufficiently large
with m < fi(m)/2. Then

(2.6) fe(m) = mt'/™
and
1) 1) = (fu(m) — 2m) 5]
and

2
258) om) = flo) (7).

In particular, f; is convex and decreasing in this regime.

The bound (2.6) can be viewed as a generalization of (1.6) to non-integer values of
n, m,t.

Proof. Taking logarithms in (2.5) we have

(2.9) logI'(fy(m) + 1) —logT'(fi(m) —m+1) —logI'(m + 1) = logt.

Writing n = fi(m) > 2m, we thus see from the mean value theorem that
myp(n —Om+1) —logl'(m + 1) = logt

for some 0 < # < 1 depending on ¢, m. Applying (2.1), we conclude that

1
logt+logT'(m+ 1)) + O(—)

1
log(n — Om) = E( -

which implies that

n=<n—60m < exp(—(logt+log'(m + 1)))

1

m

and the claim (2.6) then follows from Stirling’s approximation (2.4).
If we differentiate (2.9) we obtain

(2.10) fim)d(fe(m) +1) = (fi(m) = DY (fe(m) —m +1) = ¢(m + 1) = 0.
In particular we obtain the first derivative formula

oy YmAD) —¢n—m+1)
(2.11) fe(m) = p(n+1)—Yn—m+1)"
From (2.2) and the mean value theorem we have

(2.12) vn+1)—Ypn—m+1) = %
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while from either the mean-value theorem and (2.2) (if m =< n) or from (2.1) (if say
m < n/4) we see that

We conclude that
n—2m n

—fi(m) <

and the claim (2.7) follows from (2.6).
Differentiating (2.10) again, we conclude

7 (m) (n+1)+(f1(m))*¢ (n+1) = f' (m)p(n—m~+1) = (f;(m) =1)*¢ (n—m~+1) =y (m+1) = 0.
which we can rearrange using (2.11) as
{(m)(W(n+1) =(n—m+1))> = (Y +1) = —m+ 1)) (m+1)
+ @ +1) —yY(m+1)*Y'(n—m+1)
—(p(n —m+1) —P(m+1))% (n + 1).
From (2.12), (2.6) it thus suffices to show that
W(n+1) = (n —m+1))*¢ (m+1)
+(p(n+ 1) —p(m + 1)) (n — m + 1)
—((n —m+ 1) = (m + )% (n + 1) =< = log?(n/m).

The quantity (¥(n+1) —(n —m +1))%¢'(m + 1) is non-negative and is of size O(m/n?)
by (2.12), (2.2). Thus it will suffice to show that
(9 +1) =+ 1) (0 =m0 +1) — (S (n—m+ 1)~ p(m-+ 1) (n-+1) = 73 log?(n/m).
We split the left-hand side as the sum of

(W(m+1) —¢(n+ 1)@ (n—m+1) —¢/(n+1))
and
W (n+ D[ +1) = p(m +1))* = (Y(n —m+1) = (m + 1))
=@Wn+1)—yYm+1)+vn—m+1)—p(m+1)(W(n+1)—pn—m+ 1)) (n+1).

From (2.1), (2.3), and the mean value theorem the first term is positive and comparable to
s log® ; similarly, from (2.1), (2.2), and (2.12) the second term is positive and bounded
above by O(73 log ;-). The claim follows. O

To apply these derivative bounds, we use the following lemma that implicitly appears
n [16], [17] (compare also with the determinant method of Bombieri and Pila [8]):

Lemma 2.2 (Small non-zero derivative implies few integer values). Let k > 1 be a natural
number, and suppose that f : I — R is a smooth function on an interval I of some length
|I| such that one has the derivative bound

1
Hf(k) (z)

for all x € I. Then there are at most k integers m € I for which f(m) is also an integer.

(2.13) 0< < |[I|7RD/2
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Proof. Suppose for contradiction that there are k + 1 distinct integers my,...,mg11 € 1
with f(m1),..., f(mgy1) an integer. By Lagrange interpolation, the function
k+1

(2.14) Pay=> [I ——f0m)

m
i=1 1<j<k—+1:j#i

is a polynomial of degree at most k such that f(x) — P(z) vanishes at my, ..., mgy1.

By many applications of Rolle’s theorem (see [16, Corollary 2.1]), there must then exist

. € I such that f®)(z,) — P%®)(z,) vanishes. From (2.14), % P™® (z) (which is the degree

Ti<.o. [m—m| = Uw_kw+lv2,aﬂdthus
1<i<j<k41 (MM

cither vanishes or has magnitude at least |I|~*(*+1/2 But this contradicts (2.13). O

k coefficient of P(x)) is an integer multiple of

As an application of these bounds, we can locally control the number of solutions (1.1)
in the region n!/?t¢ < m < n/2, thus giving a version of Theorem 1.3 in a small interval:

Corollary 2.3. Let 0 < e < 1, let t be sufficiently large depending on €, and suppose that
(n,m) is a solution to (1.1) in the left half (1.4) of Pascal’s triangle with m > n'/>*¢. Then
e/10

there is at most one other solution (n',m') to (1.1) in the interval m’ € [m —m m].

Proof. From (1.7) and the hypothesis n'/?*¢ < m < n/2 we have

logt
10g2 t

(2.15) < m < logt.

For z in the interval I := [m — m&/*° m], we then have IOTgt = loﬁgt + O(m~2te/101og t) =
loﬁgt + O(1), and so we see from Proposition 2.1 and (2.15) that f;(z) < n and

logt 2 n n
" 2 2
o<l <n () <« Lot Logtm

for all z € I. Since m > n!/?*¢ and ¢ is sufficiently large depending on &, m is also
sufficiently large depending on &, and we have
0 < |ff (@) < |1|7°

for all z € I. Applying Lemma 2.2, there are at most two integers m’ € I with fy(m') an
integer. Since m is already one of these integers, the claim follows. O

The same method, using higher derivative estimates on f;, also gives similar results
(with weaker bounds on the number of solutions) for m < n'/2*¢; see [16], [17]. However,
we will only need to apply this method in the m > n!/2*¢ regime here.

We are now ready to prove Proposition 1.11.

Proof of Proposition 1.11. Let € > 0, let t be sufficiently large depending on e, and let
(n,m) be a solution to (1.1) in the region

(2.16) {(n,m) : exp(log?***n) < m < n/2}

For brevity we allow all implied constants in the following arguments to depend on e¢.
Suppose (n/,m') is another solution in this region with m’ < m, n’ > n and

m—m',n' —n < exp(O(log%_El t)).



12

From (2.7) and convexity (and the bounds m < logt and m —m’ > 1) we have
n' —n= fi(m') - fi(m)

> fi(m)(m' —m)

logt ,
> (n—2m)—=-(m —
(n m)mz(m m')
n—2m
m
m

and thus /
n/m < exp(O(logsy ° t))

1—¢’

From (1.7) we have n > log ¢, hence logé_el t < log
m > n/ exp(Clog' =% n) > n%10 (shrinking ¢’ slightly if necessary) if ¢ is sufficiently large
depending on €’. The result now follows from Corollary 2.3.

n, and so for some constant C' > 0,

0

It remains to establish Proposition 1.10. This will be the objective of the next two
sections of the paper.

3. THE DISTANCE BOUND

In this section we assume Proposition 1.13 and use it to establish Proposition 1.10.

Throughout this section 0 < € < 1 will be fixed; we can assume it to be small. We may
assume that ¢ is sufficiently large depending on ¢, as the claim is trivial otherwise. We
may assume that m’ < m, hence also n’ > n. We assume for sake of contradiction that at
least one of the claims

(3.1) m—m' > exp(log?*ten’)
and
(3.2) m,m’,n' —n > exp(log?/ >+ n')

is true, as the claim is trivial otherwise. This allows us to select a “good” scale:
Lemma 3.1 (Selection of scale). With the above assumptions, there exists P > 1 obeying
the following axioms:
(i) (m,m',n,n’ not too large) We have m,m’,n,n’ < exp(log%_l% P). (In particular,
P will be sufficiently large depending on e, since otherwise t = Os(1).)
(i) (Dichotomy) If a,d’,b,b are integers with |al, |d’[,|b],|b'| < log'/1%° P, and j is a
natural number, then either
(3.3) lam + a'm’ + bn + b'n'| < P /10g'%% P
or A
lam + a'm’ + bn + b'n’| > P71og®® P.
(i1i) (Separation) At least one of the statements
m —m' > Plog'® P

and
m,m’,n' —n > Plog!® P
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18 true.

Proof. We restrict P to be a power of two in the range
exp(log?/3+e/2 ') < P < exp(2log?/3+e/2 n/);

such a choice will automatically obey (i) since n’ > n > m > m’ and (iii) since we assumed
that either (3.1) or (3.2) holds. There are > log?/3*%/2n/ choices for P. Some of these
will not obey (ii), but we can control the number of exceptions as follows. Firstly, observe
that the conclusion (3.3) will hold unless j = O(log!/®n’), so we may restrict attention
to this range of j. The number of possible tuples (a,a’,b,V',j) for any such P is then
O(log4/ 100/ 1og!/3 /! ). For each such tuple, we see from the restriction on P that the
number of P with

Pj/ log'% p < lam + a'm’ + bn + b'n/| < Pi1ogl0%0 p

is at most O(logyn') (since am + a'm’ + bn + b'n’ is of size O((n')?), say). Thus we see
that the total number of P which fail to obey (ii) is at most

O(1og* % 1/ log!/3 n’ log, n')

which is negligible compared to the total number of choices, which is > log
Thus we can find a choice of P which obeys all of (i), (ii), and (iii), giving the claim. O

2/3+¢/2 n'.

Henceforth we fix a scale P obeying the properties in Lemma 3.1. We now introduce a
relation ~ on the reals by declaring = ~ y if |z —y| < P/log!®® P. Thus, by Lemma 3.1(ii),
if am+a'm/+bn+0'n’ # 0 for a,d’, b,V as in Lemma 3.1(ii) then |am+a'm’+bn+0'n’| >
Plog!® P. Also, from Lemma 3.1(iii), at least one of the statements

m#%m
and
m,m',n' —n %0
is true.

We introduce a random variable p, which is drawn uniformly from the primes in the
interval I := [P, P4+ Plog % P] (note that there is at least one such prime thanks to the
prime number theorem). From (1.14) we surely have

> m n—m n B > m’ n' —m’ n'
2 U ) 5 e U g )

j=1 j=1

We can restrict attention to those j with j < logl/ 2 P, since the summands vanish other-
wise. For any real number N, we may take covariances of both sides of this identity with
the random variable {%} to conclude that

(3.4)
Z (¢j(N,m) +¢;(N,n—m) —¢j(N,n)) = Z (cj(N,m’)—l—cj(N,n’—m’)—cj(N,n’))
j<log'/? p j<log'/? P

for any real number N, where the covariances c;(N, M) are defined as

oo -n{5} () -2} (]
(DG C-G)e6- 1)
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We now compute these covariances:

Proposition 3.2 (Covariance estimates). Let N, M € {m,n,m —n,m/,n',;n' —m’'}, and
7 be a natural number with 1 < j < logl/2 P.
(i) If j > 2, then c¢;(N, M) < log ™ ** P.
(i) If j =1 and N =~ 0 or M = 0, then c;(N, M) < log™1% P.
(iwi) If j =1, N,M % 0 and there exist coprime natural numbers 1 < a,b < logl/100 P
such that aN =~ bM, then cj(N, M) = 121ab + O(log—l/looo P).
(iv) If j =1 and N, M are not of the form in (i) or (iii), then ¢;(N, M) < log=*/10% p.

Remark 3.3. The term —-; appearing in Proposition 3.2(iii) is also the covariance be-
tween {nx} and {mx} for x drawn randomly from the unit interval whenever n,m are
natural numbers with an = bm for some coprime a, b; see [26, Section 2]. Indeed, both
assertions are proven by the same Fourier-analytic argument, and Proposition 3.2 endows
the linear span of the six functions {%} for N € {m,n,m —n,m’,n’,n' — m’} with an
inner product closely related to the norm N() studied in [26], the structure of which is the
key to obtaining a contradiction from our separation hypotheses on n —n/,m — m’.

Proof of Proposition 3.2 assuming Proposition 1.13. We first dispose of the easy case (ii).
If N ~ 0, then {%} < log71%%9 P and the claim follows from the triangle inequality;

similarly if M ~ 0 or actually if M < P7/1og!"® P. Hence by Lemma 3.1(ii), we may
from now on assume that

N > Plog!®® P and M > P/log!'® Pp.

To handle the remaining cases we use the truncated Fourier expansion

1 e(nz) 1
g lok= > S0 <1 —i—Nodist(m,Z)>

0<|n|<Ng
) (nz) 1
e(nx
= 2 g tO (kﬁst(m,Z)SN et N1/2>
0<‘H‘SNO 0

that holds for any No > 1 (see e.g. [14, Formula (4.18)]).
Our primary tool is Proposition 1.13. Note that, for t € I, logt = log P + O(log™"° P),
so that together with the prime number theorem Proposition 1.13 implies that

(3.6) EW(p pj) II\/ ( ,j> dt + O.(|W]|cs log™ P)

for any smooth Z2-periodic W : R? — C and that, for any M’, N’ = O(exp(log®/>=/? P)),
N M N’ M’
3.7 Ee [ — — ) dt+O.(log™™ P
37 €<p pJ) III/ ( J> FO:dlos 0
Applying (3.6) with W a suitable cutoff localized to the region {(z,y) : dist(z,Z) <

1/2} that equals one on {(z,y) : dist(z,Z) < N, 1/2 } chosen so that |[W]|cs < NS/Q,
we see that, for any Ny € [1,log® P] we have

. (N ~1/2 1 ~1/2
P (dlst <p,Z> <N, > < m 1dist(%, )<2N_1/2 dt + N, .
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Since N > Plog!®? P, the first term on the right-hand side can be computed to be
O(No_l/2). Thus

N _ _
(3.8) P (dist (p,z) < N, 1/2) < Ny V2
and a similar argument gives

M . .
(3.9) P <dist (;,j’Z> < N, 1/2> < N2

To prepare for the proofs of parts (i), (iii) and (iv), let us first show that, for 1 < j <
logl/2 P, we have

(3.10) E (; — {Z}) < log™ 1P,

We use the Fourier expansion (3.5) with Ny = log?® P. Averaging over p € I and apply-
ing (3.9) to handle the first error term, we see that

E (; - {Z}) = > 27r1imEe (wzi{) + O(log™1° P).

0<|m|<log?® P

By the triangle inequality and (3.7), it suffices to show that, for every non-zero integer

m = O(log®® P),
1 M
— — ) dt < log7 1 P.
|f|/fe<mtf> <8

Recalling that M > P71og!% P, this estimate follows from a standard integration by
parts (see e.g. [14, Lemma 8.9]). Similarly

(3.11) E G - {Z}) < log 1P,

Furthermore, using similarly (3.5), (3.8), (3.9) and (3.7), we see that, whenever 1 <
No < log® P,
(3.12)

DG 5 e ont) o).

0<|m|,|n|<No

Now we are ready to prove (i), (iii), and (iv). Let us start with (i). In light of (3.10), (3.11)
and (3.12) with Ny = log?® P, it suffices to show that

1 N M
m/je(nt—kmt]) dt<<10g_11P.

whenever n, m = O(log? P) are non-zero integers. Applying a change of variables t = P/s,
we reduce to showing that

1
(3.13) / e(as +bs?) ds < log 20 p
1/(1+log™1% P)

(say), where a == nN/P and b := mM/P’. By hypothesis, we have |al, |b] > log'® P.
Since 2 < j < logl/2 P, the derivative a + jbs’~! of the phase as + bs’ is at least log?*" P
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outside of an interval of length at most O(log™2%° P), and (3.13) now follows from a
standard integration by parts (see e.g. [14, Lemma 8.9]). This concludes the proof of (i).
Let us now turn to (iv). In light of (3.10), (3.11) and (3.12) with Ny = log!/°% P, it

suffices to show that
1 N M
1 / e<n+m> dt < log—1/50 p
1] Jr t

whenever n,m = O(logl/ 500 P) are non-zero integers. From the hypothesis (iv) and Lemma
3.1(ii) (after factoring out any common multiple of n and m), we have |[nN + mM| >
Plog'® P. The claim (iv) now follows from integration by parts.

Finally we show (iii). In light of (3.10), (3.11) and (3.12) with Ny = log'/?% P, it
suffices to show that

1 1 nN +mM 1 —1/1000
- — — | dt=——+0(1 /1000 py
Z 4m2mn |1 /Ie ( t > 12ab (log )
0<|nl,|m|<log!/5%° P

Let us first consider those n,m = O(logl/ 500 P) for which nN + mM # 0. By Lemma
3.1(ii) |nN +mM| > Plog'% P and similarly to case (iv), the contribution of such pairs
(n,m) is acceptable.

Consider now the case nN &~ —mM for some non-zero integers n,m = O(log'/** P).
By assumption also aN =~ bM for some co-prime positive integers a,b < logl/ 100 pand
hence by Lemma 3.1(ii) —amM =~ bnM which contradicts the assumption M % 0 unless
(n,m) is a multiple of (a,—b). On the other hand if (n,m) is a multiple of (a,—b), then
nN ~ —mM by Lemma 3.1(ii).

Thus it remains to show that

11 kaN — kbM 1
- = M) dib = log—1/1000 py
2. 2w 1] /Ie ( t ) 12qp T Ollog )

0<| k| < Lo/ P

— max{a,b}

Since aN ~ bM we have, for every k < log1/500 P,

1 kaN — kbM
!I!/ze (H) dt =1 — O(log™1% p)

and so it suffices to show that

1 1
g = + O(logfl/looo P)
21.2
0<|k|<10g1/500P 4m2k2ab  12ab

max{a,b}

This is trivial for ab > logl/1000 P. For ab < logl/1000 P the claim follows from the Basel

identity
=1 2
2 k26
k=1

and the tail bound

1 —1/1000
Z 2 < log P.
k>log!/1000 p



17

Now we can get back to proving Proposition 1.10 assuming Proposition 1.13. From
Proposition 3.2(i) and (3.4) we see that

(3.14) c1(N,m)+ci1(N,n—m)—ci1(N,n) = c1(N,m')+c1(N,n' —m') —c1(N,n") +O(9)
for N € {m,n,n —m,m’,n’,m’ —n'}, where for brevity we introduce the error tolerance

0= log_l/1000 P.

We can now arrive at the desired contradiction by some case analysis (reminiscent of that
in [26, 27]) using the remaining portions of Proposition 3.2, as follows.

Case m' ~ 0. Applying (3.14) with N = m, we conclude from Proposition 3.2(ii) that
(3.15) c1(m,m) +ci(m,n —m) — ci(m,n) = c1(m,n —m') — c1(m,n’) + O(9).

From Lemma 3.1(iii) we have m % 0 (and hence also n — m,n’ — m/,n’ % 0, since these
quantities are greater than or equal to m), hence by Proposition 3.2(iii) we have ¢;(m, m) =
-+ + O(6). Furthermore, since m’ ~ 0, we see from Lemma 3.1(ii) that, for 1 < a,b <

log!/1% P am ~ b(n/ —m') if and only if am ~ bn/. Hence Proposition 3.2(iii) (iv) implies
that
ci(m,n’ —m’) = c1(m,n’) + O(9).
Plugging these facts into (3.15) and rearranging, we obtain
1
3 + ci(m,n —m) = c1(m,n) + O(9).
But by Proposition 3.2(iii), (iv) we know that ¢i(m,n —m) > —0O(J), so that

1
cx(m,n) > 5 +0(9)

But since m % n (because m < n/2 and m # 0), another application of Proposition 3.2(iii),
(iv) gives

1
5 +00),

N

C1 (m7 TL) S

which is a contradiction.

Since m’ was the smallest element of {m,n,n —m,m’,n’,;m' — n’'}, we now thus have
N %0 for all N € {m,n,n—m,m’,n’,m’ —n'}, and case (ii) of Proposition 3.2 no longer
applies.

Case m # m’ and m’ % 0. We apply (3.14) with N = m/ to conclude that
(3.16) c1(m’,m)+ci(m',n—m)—c1(m',n) = c1(m’,m")+c1(m/,n'—m')—c1(m’, n/)+0(6).

Now if there are no co-prime positive integers a,b < logl/ 100 p such that am’ ~ bn’ or
am’ = b(n’ —m'), then by Proposition 3.2(iv) we have

ci(m/;n" —m') —c1(m/,n’) = O(0)
On the other hand, if such co-prime integers exist, then am’ = bn' if and only if (a—b)m’ ~

b(n’ —m') and necessarily a > b, so that by Proposition 3.2(iii) we have in this case

! L _ow) > -ow)

Pl A _ —
(3.17) ca(m’,n' —m') —cy(m',n’) 12(a—b)b _ 12ab >
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Since Proposition 3.2(iii) also gives ¢1(m’,m’) > 1/12+ O(4), combining with (3.16) we
obtain that
1
(3.18) c1(m';m) + ci(m/;n —m) — ¢y (m/,n) > T O(9).
On the other hand, since m’ % m, we also have m’ % n — m since n —m > m > m/. By
Proposition 3.2(iii), (iv), we have

1 1 1 1
!/ /
_ < .4 - .=
ci(m',m) +ci(m',n m)_12 2+12 2—1—0(6),
which can be improved to
1 1 1 1

(3.19) c1(m/,m) +c1(m/;n —m) -+ — =+ 0(0),

< —. .z
—12 3 12 2
unless both m =~ 2m’ and n — m =~ 2m’. Since by Proposition 3.2(iii), (iv) we have
c1(m/,n) > —0(9), the estimate (3.19) contradicts (3.18).

Hence we must have both m ~ 2m’ and n — m ~ 2m’. But then Lemma 3.1(ii) forces
n ~ 4m/, hence by Proposition 3.2(iii)
1 1 1

1 1 1
ci(m’;m) 4+ c1(m';n —m) — c1(m/,n) = T RETIE I E-Z—I—O(é),

and we again contradict (3.18).

Case m ~ m' and m’ % 0. By Lemma 3.1(iii), we must have n % n’. We apply (3.14)
for N = n to obtain

(3.20) ci1(n,m) +ci(n,n —m) —ci(n,n) =ci(n,m’) +c1(n,n’ —m') —c1(n,n') + O(6).

Since m ~ m/, we have by Proposition 3.2(iii), (iv) (using also Lemma 3.1(ii)) that
c1(n,m) = c1(n,m")+0O(0). Proposition 3.2(iii) also gives ¢1(n,n) = 1/124+0(4). Plugging
these into (3.20) and rearranging, we obtain

(3.21) c1(n,n —m) +ci(n,n’) = % +c1(n,n’ —m') + O(9).
Since n % n’ and m % 0, we see from Proposition 3.2(iii), (iv) that
(3.22) cmn—m)+eamn) < — 2+ 1.1 o
12 2 12 2
which can be improved to
(3.23) cl(n,n—m)~|—cl(n,n’)§i-1+i-1+0(5)
12 3 12 2
unless 2(n — m) ~ n and n’ &~ 2n. Now (3.23) contradicts (3.21) since by Proposition

3.2(iii), (iv) e1(n,n’ —m’) > —=0(9).

Hence we can assume that 2(n — m) ~ n and n’ &~ 2n. But using m ~ m’ and
Lemma 3.1(ii) this implies that 2(n’ —m’) ~ 3n, so that by (3.21) and Proposition 3.2(iii)
we obtain

1 1 1 1
ci(n,n —m)+eci(n,n') = 3 +c1(n,n’ —m') + 0(5) = T3 7.3 + O(6).

contradicting (3.22).
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Remark 3.4. Morally speaking, the ability to obtain a contradiction here reflects the fact
that one cannot have an identity of the form

(3.24) {ma} + {(n —m)x} — {nz} = {m'z} + {(n —m )z} — {n'z}

for almost all real numbers = and some integers 1 < m < n/2, 1 < m’ < n'/2 unless one
has both m = m/ and n = n’ (this type of connection goes back to Landau [19, p. 116]).
This latter fact is easily established by inspecting the jump discontinuities of both sides
of (3.24), but it is also possible to establish it by computing the covariances of both sides
of (3.24) with {Nz} for various choices of N, and the arguments above can be viewed as
an adaptation of this latter method.

It remains to establish Proposition 1.13. This will be established in the next section.

4. EQUIDISTRIBUTION

In this section we prove Proposition 1.13. Fix ¢, A. We may assume that P is sufficiently
large depending on ¢, A, as the claim is trivial otherwise. If we have P > M logA P then
we can replace in both parts of the proposition % by 0 with negligible error, so we may

assume that either M = 0 or P/ < Mlog® P. In either event we may thus assume that
J < logl/ 2 P. Next, by partitioning I into at most log!® P intervals of length at most
Plog~'% P and using the triangle inequality, it suffices (after suitable adjustment of P,
A) to assume that I C [P, P + Plog~'% P]. In particular we have

(4.1) Piml <=t <opi-t

forall t € 1.
Let us first reduce Proposition 1.13(ii) to Proposition 1.13(i). We perform a Fourier
expansion

W(z,y) = Z cnme(nz + my)
n,mez
where by integration by parts the Fourier coefficients
Cnym = W(z,y)e(—nz — my) drdy
R2/72

obey the bounds

lenm| < [1Wlles(1+ [n] + m])~>.
By the triangle inequality, the contributions of those frequencies n,m with |n|+ |m| >

long P is then acceptable. By a further application of the triangle inequality, Proposi-
tion 1.13(ii) follows from showing that

N M\ N M\ dt Cod

pel

whenever n,m are integers with |n| 4 |m| < log?! P. But this follows from Proposition
1.13(i) by adjusting the values of €, A, M, N suitably.

The proof of part (i) will use the standard tools of Vaughan’s identity and Vinogradov’s
exponential sum estimates. We state a suitable form of the latter tool here:
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Lemma 4.1 (Vinogradov’s exponential sum estimate). Let X > 2, F > X* and o > 1.
Let I C [X,2X] be an interval. Let f(x) be a smooth function on I satisfying for allt € 1

(4.2) o F < LIf0(0) < o F
7!

for all integers 1 < r < 10[log F'//(log X )| 4+ 1. Assume further that
(log F)? -3

(4.3) (log av) (log X)? <10

Then we have

(4.4 S e(f(n)) < aX exp(—215(log X)*/(log F)?),

nel

where the implied constant is absolute.

Proof. This is essentially [14, Theorem 8.25] with minor modifications (the modification
needed is that we only assume (4.2) for r in a certain range, not all integers r > 1.).
Let R := 10[log F'/(log X )], and as in [14, p. 217], let

Fo(q) = Z ar(n)q", ar(n) =

0<r<R

Let S¢(I) denote the sum in (4.4). By Taylor’s formula, for any ¢ > 1 we have

maxyeg | fEHD)
(1) = S e(Fila) +0 <q+qu+1 ol <t>\> |

Let Q:={zy:1 <2 <V,1<y<V}NN, where Q is interpreted as a multiset. Also let
Q = |Q| = V2. Then

— rnaxE (RJFl) t
50 =31l lqezge(Fn@)no(mmRﬂ e “‘).

We take V' = X/* in which case by (4.2) the error term is
< XV2 4 X . X(BAD/20(R+1)° p) xRt

4.5 .
(4.5) < X124 x—(BR+1)/4,(R+1)% (Fle(R+1)/4)'

The term in the parenthesis is < FX34F~10/4 < 1. Using also (4.3) we see that (4.5)
is <« X'/2 which is in particular smaller than the right-hand side of (4.4). The sum
>_qeo €(Fn(q)) is precisely the one estimated in [14, pp. 217-225]. The only assumption
needed of f in that argument is (4.2), and the only restriction on F' and X there is F' > X*.
Hence, we conclude that the lemma holds by following the analysis there verbatim. O

We now apply this estimate to obtain an estimate for an exponential sum over integers.

Proposition 4.2 (Exponential sums over integers). Lete >0, A>1, X >2,2<j <
log'/?2 X, and let N, M be real numbers with N, M < exp(O(log3/2_5 X)). Let I be an
interval in [X, X + X log7 ' X]. Then

N M
(4.6) e ( + ) e X(1+ F)ClogP™ X + Xlog™ X
n

nd
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for some absolute constant ¢ > 0, where

_ INT M
F = 5d + X7
Proof. We may assume without loss of generality that A is sufficiently large, and X is
sufficiently large depending on ¢, A. By hypothesis we have F <« exp(O(log?’/Q_E X)). We
may assume that F' > logCA X for a large absolute constant C, since the claim is trivial
otherwise.

Let f: I — R denote the phase function

N M
t = — .
ft)=—++
Then for any » > 1 and t € I we have
t" N M, ,
(4.7) SIFO@] = | > + 25 < XN + M6
7! t I
where
j— 1
M, = <r—ijj )M
j—1
Since

1< (r jiz 1) < (r+7)" = exp(rlog(r + j)) = exp(O(r*logy X))

we conclude that
M, = exp(O(r?logy X)) M

and
NI, (M|
e X—; = exp(O(r% logy X)) F.

If |[M,| < |N|X7~1/4 then from the triangle inequality and (4.1) we have
X7YN + M, /77t < XL N| = exp(O (1 logy X)) F.
Consider then the case |M,| > |N|X7~!/4. We have the upper bound

- M,
X7YUN + M0 < ‘X;‘ < exp(O(r?logy X)) F
for all ¢ € I from the triangle inequality. Furthermore, since the function ¢ — —1 Jt—1
has derivative < j/X7 on I, we also have, for all ¢ outside of an interval of length
O(X log~24 X), the lower bound

XN+ M/ > ’ggg‘ log 34 X > exp(O(r?logy X)) Flog 34 X.
If we set a = log? X and A is sufficiently large, then we conclude from (4.7) and the
bounds above that the estimate (4.2) holds for all 1 < r <log X and all ¢t € I outside the
union of O(log X) intervals of length O(X log~24 X). The contribution of these exceptional
intervals to (4.6) is negligible, and removing them splits I up into at most O(log X)
subintervals, so by the triangle inequality it suffices to show that

N M
Z e < + ) <e A Xlog_QA X
n nJ

nel’
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for any subinterval I’ with the property that (4.2) holds for all ¢t € I’ and 1 < r < log X.
If F > X* we may apply Lemma 4.1 to conclude that

N M
Z e < + j> < X log*! X exp(—clog¥ X)
nel’ n "
for some absolute constant ¢ > 0, and the claim follows. If instead F < X*, we can apply
the Weyl inequality [14, Theorem 8.4] with k = 5 to conclude that

N M
D e < - j) < oV (F/X5 +1/F)°X log X
nel’ " m
for some absolute constant ¢ > 0; since F' > logCAX , we obtain the claim by taking C'
large enough. O

Now we prove Proposition 1.13(i). We may assume without loss of generality that j > 2,
since for j = 1 we can absorb the M terms into the N term (and add a dummy term with
M =0 and j = 2, say). By summation by parts (see e.g. [21, Lemma 2.2]), and adjusting
A as necessary, it suffices to show that

N M B N M oA
Ze(p—i—pj)logp_/le(t—ktj)dt+OE,A(Plog P)

pel

for all intervals I C [P, P 4+ Plog™ % P]. This is equivalent to

N M N M

D e < + ) A(n) = /e < + ) dt + O. 4(Plog=t%4 p),
n n I t tI ’

nel

where A is the von Mangoldt function, since the contribution of the prime powers is

negligible. We introduce the quantity
IN|  |M]|
F="——+4—.
P Pi

If F < logf P for some large absolute constant C' > 0, then the total variation of the
phase t — % + tMJ is O(log®” P), and the claim readily follows from a further summation
by parts (see e.g. [21, Lemma 2.2]) and the prime number theorem (with classical error
term). Thus we may assume that

(4.8) F > logt P.

In this case, a change of variables t = P/s gives

N M N M .\ ds
Je(Ge) umr e (G me) G

The derivative of the phase here is N/P + js/~1M/P7 which, once C is large enough, is
> 1log!% P for all s € P/I apart from an interval of length at most O(log~1%4 P). Hence
by partial integration we get that

N M

/e —+ ) dt< Plog7%4p
o\t W

if C is large enough, so it remains to establish the bound

N M
Z e ( + ) A(n) < Plog™104 p
n nJ
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under the hypothesis (4.8).
By Vaughan’s identity in the form of [14, Proposition 13.4] (withy = z = P'/3), followed
by a shorter-than-dyadic decomposition, we can write

A(n) =Y (or +1(n) + o} xlog(n) + B * v(n))
r<R

for n € [P,2P], where % denotes Dirichlet convolution, and

R« logo(l) P,
|ar(n)|, | (n)],1Br ()], |y (n)| < log P,
supp(a; ), supp(a;.) C [My, (1 +log™'% P)M,],
supp(B,) C [Kr, (1 +1log™'" P)K,],
supp(yr) C [Ny, (1 +log™ ' P)N,],
1< M, < P¥3,
P3 < K, N, < p/3

(the bound for the coefficients arising from Vaughan’s identiy is < log P since 1xA = log).
By the triangle inequality, it thus suffices to establish the Type I estimates

N M _
(4.9) Ze (n + nj) (o % 1)(n) ca Plog 14 P
nel
and
N M -
(4.10) ze;e (n + m) (al. xlog)(n) <c.a Plog 114+t p

as well as the Type II estimates

N M —11A
(4.11) nZEIe <n + nj> (Br *vr)(n) <e 4 Plog P
forall 1 <7 < Rand I C [P, P+ Plog~'% P]. The second Type I estimate (4.10) follows
from the first Type I estimate (4.9) (replacing «, with o/.) and a summation by parts (see
e.g. [21, Lemma 2.2]), so it suffices to establish (4.9) and (4.11).

We begin with (4.9). By the triangle inequality, the left-hand side is bounded by

< log P Z Z e(n]ib—i_m];{zj) .

me[M,,(1+log= 1% P)M,] |ne L .1

Applying Proposition 4.2 with X = P/m and N/m and M/m/ in place of N and M, we
can bound this by

<<57A PlOgP ((]_ + F)ClogO(A) P + 1Og—20A P)

for some constant ¢ > 0, and the claim now follows from (4.8).
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Now we establish (4.11). We can assume that KN, =< P, as the sum vanishes otherwise.
By the triangle inequality, the left-hand side is bounded by

N M
log P - = — ).
<log )3 > e (50

me[Kr,(1+log 1% P) K, ] ne#-]

By Cauchy—Schwarz it suffices to show that
2

N M
> O e | I s
mn  mJnt
me[Kr,(1+1log 1% P)K,] |ne L1

(say). Rearranging, it suffices to show that
(4'12) Z ’Yr(n)’Yr(n/)Xn,n’ < K’I’NE 10g730A P
n,n' €[Ny,(1+log 1% P)N, ]

where

X > (M), MY ),

nn'm nd(n')imJi
mée[K,,(14+log ™1 P)K,JnL.InL-1

By Proposition 4.2, we have

r —c
Xn,n’ <<a,A Kr <<1 + |nN nF) logO(A) P + log—40A P)

T

for some absolute constant 0 < ¢ < 1. Bounding 7,(n)y.(n’) < log® P and noting that
T <1 "
n€[Nr,(1+log™1%° P)N,]

for all n’ € [N, (1+1log™'% P)N,], we obtain the claim (4.12) from (4.8). This completes
the proof of Proposition 1.13.

!/

[n" —nl

T

—c
F) < N F~¢

5. MULTIPLICITY OF THE FALLING FACTORIAL

In this section we establish Theorem 1.9. We first observe that if 1 < m < n solves
(1.9) for some sufficiently large ¢, then

t=n)m > M)y =m!> (m/e)™
by Stirling’s formula. Hence we have an analogue of (1.5):

logt

5.1
(5.1) m <K Tog, 1

Next, since

(n—m)™ < () <™

we have

(5.2) tm < <tV 4m
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and we obtain an analogue

1
(5.3) n =t = exp <0gt>
m

of (1.6), (1.7).
Next, we obtain the following analogue of Proposition 1.10.

Proposition 5.1 (Distance estimate). Suppose we have two solutions (n,m), (n',m’) to
(1.9) in region {(m,n) € N®>: 1 <m < n}. Then one has

(5.4) m' —m < log(n +n’).
Furthermore, if
(5.5) exp(log??e(n +n")) < m,m’ < (n+n')?/3
for some € > 0, then we additionally have

m + m/
(5.6) n' —n <, W
for any A > 0.

Proof. We begin with (5.4). We follow the arguments from [1, Proof of Theorem 4]. Taking
2-valuations vy of both sides of (1.9) and using (1.12) we have

> n n—m it n’ n' —m/

> (Il 1%) -2 (3] -1=))

j=1 j=1
The summands here vanish unless j < log(n + n’). Writing |z| = x + O(1), we conclude
that

m m’
E o + O(log(n +n')) = E o + O(log(n +n'))
1<j<log(n+n’) 1<j<log(n+n’)

and (5.4) follows.

Now we prove (5.6). Fix A,e > 0. We may assume without loss of generality that
m’ < m, so that n’ > n by (1.9). We may also assume ¢ is sufficiently large depending
on A, e, as the claim is trivial otherwise; from (5.5) this also implies that m,m’,n,n’ are
sufficiently large depending on A,e. Henceforth all implied constants are permitted to
depend on A,e. By (5.5) we have

2/3+¢

log n <logm

while from (5.3) we have logn =< lomit. From this and (5.1) we have

logt
(5.7) m= —8
logy t
and then
1
logn < logy "™ t.

Similarly for m’,n’. From (5.4) we conclude that

_1
2/3+¢

1
(5.8) m—m' < logy*"" t < log?/3% m.
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In particular m = m/ and, combining (5.3) with (5.8) and (5.7), also n = n/t/™=1/"™" =< n’.

Hence from (5.5) we see that
(5.9) n,n' > m3/?.

Also we have

1
logt logt log tlog2/3+e m logt
g/ _ o8 ~|—O< g g2 >: g +O(m—l/z)
m m m m

(say), hence on exponentiating and using (5.2), (5.9)

/

logt
(5.10) n' = exp ( o8 > +0(m) =n+O0(m™Y2n).
m
Suppose that we could find a prime p > m obeying the inequalities

! _ _ ! _
(5.11) max<1—{” ”},1—m><{” m}<1; {” ”}<1—m.
p p p p p

These inequalities imply in particular that
p— [R— , [e—
{” m}—1+m€[0,1)and {M}+{” ”}—1+me[0,1),
p p p p p

so that these quantities respectively equal {7} and {%} Consequently, if (5.11) hold,
then we would have

(5.12) {”}:{”_m}_1+m<m
p p p p
and (since m’ < m)
/ _ I ’
) ey
p p p p p p

Now (5.12) implies that p divides (n),,, while (5.13) implies that p does not divide (n’),,.
This contradicts the assumption (n),, = ¢ = (n’),y. Thus there cannot be any prime
p > 2m obeying (5.11).
Let wy: R — [0, 1] be a suitable smooth Z-periodic function supported on the region
{reR:{z} el —log"*m,1)}

chosen so that fol wy > log™24m and |Jw || cs < log® m, and let wq: R — [0, 1] similarly
be a smooth Z-periodic function supported on the region

{y eR:{y} € (log~**m,1/2)}

chosen so that wy(y) = 1 when {y} € [2log™24m,1/4] and ||ws|cs < log® m. Let p be
a prime drawn uniformly from all the primes in [2m,100m]|. As p does not obey (5.11),

we have
— /_
Ew1 (n ’I?’L> w9 (n 7’L> = 0
p p

and hence by Proposition 1.13 (and dyadic decomposition)

100 /
n—m n' —n
/ w1 < ) wWa < > dt < log_loo‘4 m,
9 tm tm
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or on changing variables t = 1/s
1/2 o r
(5.14) / wq <n ms> wa (n ns) ds < log™1904 .
1/100 m m
On the other hand, by (5.10), (5.9) we have

n—m

/
—-n 1/2

(5.15) A L,
m m

We perform a Fourier expansion

wy(z) = Z cee(lx),

LeZ
where by integration by parts the Fourier coefficients obey the bounds

leo| < (14 [€))~3 1og® m.
Thus (5.14) can then be rewritten as

1/2 r_ _
(5.16) ZCg/l wo (n ns) e <n mm€5> ds < log™1004

ez /100 m

By (5.15) and integration by parts, one readily establishes the bound

1/2 ’r _ 1 6A
/ wy (n ns) e <n m€s> ds < o8 17;
1/100 m m |¢|m

for ¢ # 0. Thus the total contribution to the left-hand side of (5.16) from the terms with
£ # 0 is negligible, and hence

1/2 n —n
co/ wWa < s) ds < log71004 .
1/100 m

Since ¢y = fol w1 > log™24m and wy equals 1 on [2log™24 m, 1/4], we have

/_
(5.17) f (n - n) < log™%®4m

where

1/2
0 Z:/ 1 —2 dS.
f(0) /100 2log 24 m<{6s}<1/4

However, direct calculation shows that when 6 > 3, we have

f(0) > Z /}Rln+1/1ooges§n+1/4 ds>0-071 =1,

o_
=2

=

0
E_n

when 1/2 < 0 < 3, we have

and, when 8log™4m < 0 < 1/2, we have

1/2
f(0) > / ds < 1.
1/4



28

Hence (5.17) can only hold if

n —n
< log*A m,

giving the claim (5.6). O

Now we adapt the analysis from Section 2. We extend the falling factorial (n),, to real
n > m > 0 by the formula ( )
I'n+1

() = o 1)

From the increasing nature of the digamma function ¢ we see that for fixed m, (n)m,
increases from I'(m +2) when n goes from m +1 to infinity. Applying the inverse function
theorem, we conclude that for any sufficiently large t there is a unique smooth function
gt {m >0 :T(m+2) <t} — R such that for any m > 0 with I'(m + 2) < ¢, one has
gt(m) > m and

(5.18) (g¢(m))m = 1.

Indeed, one could simply set g:(m) = f;/r(m+1)(m), where f; is the function studied in
Section 2.
We have an analogue of Proposition 2.1:

Proposition 5.2 (Estimates on the first few derivatives). Let C' > 1, and let t,m be
sufficiently large depending on C with I'(m + 2) < t. Then

(5.19) gi(m) =< t/m.
In the range m < g;(m)/2, we have

logt
(5.20) —gi(m) =< gt(m)m
and in the range m < g;(m) — C'log® g;(m), one has
logt?
(5.21) 0 < gy (m) < gt(m) (2?2) + C tog ™3 m.

Proof. Write n = g¢(m) > m. First note that (5.19) is simply (5.3). Taking logarithms in
(5.18) we have

(5.22) logT'(g/(m) + 1) —log'(gi(m) — m + 1) = logt.
If we differentiate (5.22) we obtain
(5.23) gi(m)¥(ge(m) + 1) — (g;(m) — 1)tb(ge(m) —m+1) = 0.
In particular we obtain the first derivative formula
—p(n—m+1
(5.24) ghlm) = vl

P(n+1) —dp(n—m+1)
In the regime m < n/2 we can then obtain (5.20) from (2.12), (2.1), (5.19).
Differentiating (5.23) again, we conclude
gi (m)(n +1) + (g (m))*¢ (n+ 1) — g (m)ip(n — m +1) = (gj(m) = 1)*¢'(n —m +1) =0
which we can rearrange using (5.24) as
g/ (m)((n+1) = (n —m+1))° = p(n+ 1)*'(n —m + 1)

(5:25) —p(n—m+ 1% (n+1).



29

Suppose first that m < n/2. Then (2.12) applies, and it suffices to show that

m\3  (logt)?
b+ 1% (n—m+1) —d(n—m+ 1% (n+1) = (E) n (é) .
By (5.19) the right-hand side is =< %%2". On the other hand, from the mean value
theorem and (2.1), (2.2), (2.3) we have
1 2
0 <Y+ D (n—m+1)—¢(n+1) < o=
and
mlogn

0<(@(n+1?—vn-—m+1)*)(n+1) <

giving the claim.
Now suppose that n/2 < m < n — Clog?n. From (2.1), (2.2) we have

Yn+1)—Yp(n—m+1) <log

n—m

9, , log2n
Yn+1)*W'n—m+1)—¢'(n+1)) <

n—m
2
0 < ((n+ 1) —(n—m+ 12 (n+1) < 2B "

and hence by (5.25)
log?n

"(m) < )

Since % >n—m > C’log2 n, we have

(n —m)log? > C'log®n

n—m
(as can be seen by checking the cases n — m < y/n and n — m > /n separately), and the
claim follows. OJ

Now we can establish Theorem 1.9. Let C' > 0 be a large absolute constant, let € > 0,
and suppose that ¢ is sufficiently large depending on €, C'. Let (n, m) be the integer solution
to (1.9) in the region exp(log2/3+£ n) < m < n —1 with a maximal value of m; we may
assume that such a solution exists, since we are done otherwise. If (n’,m’) is any other
solution in this region, then m’ < m and n < n/. Note that n,n’,m,m’ are sufficiently
large depending on ¢, C'. From Proposition 5.1 and (5.3) we have

logt
m—m' <logn < o8

m/
and from (5.3) and (5.1)
o = logt > logt S logt
log n/

1 1
log2/3+s m/ 1Og22/3+s +
and thus m’ < m and k’Wgt = % + O(1). Hence n < n’ and

(5.26) m —m' < logn.
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First suppose that m < n'/21og'®n. Here we will exploit the fact that n grows rapidly
as m decreases. From Proposition 5.1 we have
m m

/
n —n<< < .
“ 1087 " log Py

On the other hand, from (5.20) and the mean value theorem we have

nlogt
n' —n=g(m') - g(m) > ng (m—m') >

n
m
thanks to (5.1) and the trivial bound m —m’ > 1. Thus we have

n < m
m log!®

but this contradicts the hypothesis m < n'/2log'®n.
Now suppose we are in the regime

n1/210g10n<m§n—010g2n.

Here we will take advantage of the convexity properties of g;. From (5.26), m/ lies in the
interval [m — O(logn), m|. By (5.19), for all x in this interval, we have

gi(x) < tYT =< ¢tm =<

and by (5.21), we have

< Cl1log™3n
since m > n'/21og'®n. Applying Lemma 2.2 with k = 2, we see (for C' large enough) that
there are at most two integers m’ in this interval with g;(m’) an integer, giving Theorem
1.9 follows in this case.
It remains to handle the case

(5.27) n—Clog’n <m<mn—1.

Recall from (5.26) that m’ lies in the interval [m — O(logn), m]. From (5.3), (5.27) we
have

logt
m=nx
10g2 t
som’ =m — O(logy t). From (5.3) again we thus also have
= = logt
log, t
From (1.9) we have
n' n —1 n+1
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The right-hand side is at most exp(O(logy tlogst)). This implies that n’ — n < logst,
since otherwise the left hand side would be, for any C' > 1,

Clogst C
> o > exp | — logs tlogst
n—m'+1+Clogst 2 3 2

which contradicts the bound for the right hand side when C is sufficiently large.
In particular we have from the triangle inequality that

n—m,n —m' < Clogst.

Making the change of variables ¢ := n — m, it now suffices to show that there are at most
two integer solutions to the equation

(5.28) (N)p—e =1
in the regime 1 < ¢ < C'logst. We write this equation (5.28) as
n! = t/!

or equivalently
where hy(z) =T (t'(z+1))—1,and T71: [1, +00) — [2, +00) is the inverse of the gamma
function. Here we will exploit the very slowly varying nature of h;. From Stirling’s formula

we have low ¢
0
ha(z) = o

" logy t
whenever 1 < z < C'log3t. Taking the logarithmic derivative of the equation

[(hy(z) +1) =tl'(x+1)
we have

hy(2)(he(@) +1) = P(x + 1).
Hence by (2.1)
log logs t

/ ~

@) = log h¢(x) < log, t
in the regime 1 < 2 < C'log3t. In particular, for two solutions (n,£), (n/,£') to (5.28) in
this regime we have

(5.29) n—n' < 8ty g
log, t
For fixed n there is at most one ¢ > 1 solving (5.28). We conclude that for two distinct
solutions (n,¢), (n/,¢') to (5.28) in this regime, we have |n — n’| > 1, and hence the
separation
logy t
logs t
Now suppose we have three solutions (ni, ¢1), (na,¢2), (ns,¢3) to (5.28) in this regime.
We can order ¢1 < fo < {3, so that n; < ns < nsg. From the preceding discussion we have

=) >

log, t

K by — 1,03 — Uy < Clogst
logs t

and
1 <ng —nji,ng —ng K< Clogy tlogst.
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If 27 is a power of 2 that divides an integer in (n1, ns] as well as an integer in (ng, n3), then
we must therefore have 2/ < C'log,tlogst, so that j < loggt. Thus, there must exist
i = 1,2 such that the interval (n;,n;;1] only contains multiples of 2 when j < logst. Fix
this 7. Taking 2-adic valuations of (5.28) using (1.12) we have

> [5] =m0+ 2[5

j=1

and - -

3 L";TJ = ua(t) + V’QJJ’J

Jj=1 j=1
and thus
(5-30) E:IQ QJJFIJ_{QJD:Z;({QJ;J_{QJJ)

j= j=

Since
(5.31) liv1 — 4 > iija

we certainly have £; 11 — ¢; > 2, and the right-hand side of (5.30) is at least

l; l;
] (4] .

By construction, the terms on the left-hand side of (5.30) vanish unless j < logst, in
which case they are equal to “5=* + O(1). Thus the left-hand side of (5.30) is at most
O(niy1 —n; +logzt). Thus

liv1 — 4 < ngy1 —n; + logg t.

But from (5.29) one has n;11 — n; < }ggzi(&ﬂ — ;). Hence ¢;11 — ¢; < logst. But this

contradicts (5.31). This concludes the proof of Theorem 1.9.
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