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Abstract. We discuss symmetric quantum measurements and the associated
covariant observables modelled, respectively, as instruments and positive-operator-
valued measures. The emphasis of this work are the optimality properties
of the measurements, namely, extremality, informational completeness, and the
rank-1 property which contrast the complementary class of (rank-1) projection-
valued measures. The first half of this work concentrates solely on finite-
outcome measurements symmetric w.r.t. finite groups where we derive exhaustive
characterizations for the pointwise Kraus-operators of covariant instruments and
necessary and sufficient extremality conditions using these Kraus-operators. We
motivate the use of covariance methods by showing that observables covariant with
respect to symmetric groups contain a family of representatives from both of the
complementary optimality classes of observables and show that even a slight deviation
from a rank-1 projection-valued measure can yield an extreme informationally complete
rank-1 observable. The latter half of this work derives similar results for continuous
measurements in (possibly) infinite dimensions. As an example we study covariant
phase space instruments, their structure, and extremality properties.

Keywords: quantum measurements, positive-operator-valued measures, quantum
instruments, covariance, optimal measurements, extremality

Submitted to: J. Phys. A: Math. Gen.

1. Introduction

Unlike in the classical theory of measurements, in quantum theory, it is essential to
describe, not only the outcome statistics, but also how the measurement (or, more
precisely, the registering of an outcome) changes the system being measured. The
outcome statistics are described by a quantum observable which is modelled by a
normalized positive-operator-valued measure where the outcome probabilities are given
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by the Born rule. The more complete description of a measurement, also taking into
account the conditional state transformations, is given by an instrument which can be
viewed as a state-transformation-valued measure [4, 11, 12]. To classify observables
and measurements and to assign physical meaning to them, it is common to require
that the observables and instruments reflect the symmetries of the classical outcome
spaces and those of the quantum systems involved. These are commonly described
through symmetry properties; see [11, Chapter 4], [22, Chapters 3 and 4], and [30]. For
example, phase space measurements are covariant under translations of the phase space
and the displacement operators (the Weyl-representation) mediating these shifts in the
Hilbert space. Given the physical relevance of covariant observables and instruments, it
is important to understand their structure. This is one of the key goals of this work.

When carrying out a measurement, one has to consider the cost of the measurement
setting. For this, it is important to characterize the optimal observables [2, 3, 16].
However, there are several optimality criteria which sometimes cannot be simultaneously
satisfied. =~ The measurement may be informative enough to determine the pre-
measurement state or to determine how the system evolves after the measurement. The
measurement may be free from noise caused by classically manipulating the outcome
statistics of a genuinely more informative observable (post-processing cleanness) or from
quantum noise caused by manipulating the pre-measurement state before measuring a
cleaner observable (pre-processing cleanness). These optimality criteria (post-processing
cleanness in particular) often interact in joint measurement settings which manifests as
measurement uncertainty relations [1, 5] and information-disturbance trade-off relations
[17, 18] which place restrictions on how optimal different parts of the measurement can
be. The conflicting optimality properties give rise to mutually exclusive optimality
classes [16] and in this work we exhibit how these classes are represented in covariance
structures. In addition to the above optimality modes, we can impose the condition on
extremality, i.e., require that the measurement be an extreme point of a relevant set of
measurements. A measurement device can be a member of a number of different convex
sets, meaning that there are different extremality properties with different physical
interpretations. In this work, we identify extreme points of entire sets of devices as well
as the extreme points of the restricted sets of covariant devices. As extreme devices
minimize concave optimality measures and maximize convex measures (e.g., mutual
information), these devices are often optimal for specific tasks, e.g., state discrimination
tasks [23, Section 1.2.4, Theorem 2.22|. Extreme devices are also free from classical
randomness arising from mixing different measurement schemes.

In what follows, we formalize the notions discussed above: covariance, optimality,
and extremality. We first make some initial observations on optimal measurements and
the structure of covariant observables and instruments. We also detail the importance of
observables covariant w.r.t. a symmetric group and present a relevant family of optimal
covariant qutrit observables in Example 1. After this, in Section 3, we see that covariant
instruments can be described by pointwise Kraus-operators given by a set of single-point
Kraus operators of very particular form. Earlier studies [6, 8] on covariance structures
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have shown that covariant observables and instruments can be dilated into a canonical
systems of imprimitivity and these results have earlier been used to derive structure
results for covariant measurements [15, 20, 21], but our results are more specific in that
they give clear conditions for the single-point Kraus operators (called in our work as
‘intertwiners’) and also allow very nice necessary and sufficient characterizations for
extremality in the form of linear-independence conditions. After this, we consider the
consequences of these results for covariant POVMs and channels. Motivated by the
importance of the symmetric group, we give generalizations of the results of Example 1
for general symmetric groups and corresponding covariant POVMs in Example 2. We
will see that, in general we can determine a family of observables covariant w.r.t. the
symmetric group in any finite-dimensional system where all the optimality classes are
represented and that representatives from these disjoint classes can be chosen arbitrarily
close one another. After this, we generalize many of these results for measurements with
continuous value spaces and possibly infinite-dimensional input and output systems.

2. Basic definitions and observations

Let us concentrate on a quantum system described by the Hilbert space H. In quantum
mechanical description, observables are represented as normalized positive operator
valued measures and states are density operators, i.e. trace-1 positive operators. In
the complete description of a measurement, we need to specify how the detection of
an outcome x affects the input state p and this is done by an instrument Z, originally
introduced by Davies and Lewis [11, 12], which is a collection of completely positive
linear maps. In the first half of this work, we concentrate on the case of finite value
spaces and finite-dimensional Hilbert spaces.

Definition 1. Let H and K be Hilbert spaces and X be a finite set.

(i) A collection M = (M,),ex of linear operators on H is a positive-operator-valued
measure (POVM) if M, > 0 for all x € X. If M, is an orthogonal projection for all
z € X, we say that M is a projection-valued measure (PVM).

(ii) If a POVM M = (M,) is normalized, i.e., > M, = 1y, we say that M is an

zex Vz
observable. A normalized PVM is also called asea sharp observable.

(iii) A collection Z = (Z,),ex of ‘superoperators’ is a quantum-operation-valued measure
(QOVM) if, for each x € X, Z, is a linear map on (trace-class) operators of H with
values in the set of (trace-class) operators of K which is completely positive, i.e.,
I, ® id,, is positive for all n € N where id,, is the identity map on the algebra of
(n x n)-matrices with complex entries.

(iv) If a QOVM Z = (Z,)sex is normalized, i.e, >
called as an instrument.

sex Lz is trace preserving, then 7 is

(v) If tr[pM,] = tr[Z,(p)] for all states p on H and all z € X, for an instrument
[QOVM] Z and an observable [POVM] M, we say that Z measures M or Z is an
M-instrument M-QOVM].
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For an observable M = (M,),cx, the number tr [pM,] is interpreted as a probability to
get the value x in the measurement of M when the system is prepared in the state p.
For an instrument Z = (Z,.).ex, Z.(p) is a (non-normalized) output state conditioned by
x, and )« 7T,(p) is the unconditioned total state. Note that the output states Z,(p)
may reside in a different Hilbert space K. For more details on quantum measurement
theory, we refer to [4].

As stated in Introduction, observables are charaterized by symmetries. For example,
position observables transform covariantly under the position shifts (translations)
generated by the momentum operator. In addition to the sharp position (i.e. the spectral
measure of the position operator), there are infinitely many unsharp position POVMs
which all are smearings of the sharp one. To define a symmetric or covariant POVM, one
must start by fixing a symmetry of the outcome space. For this, we need an appropriate
(finite) symmetry group G which acts on X, i.e. any ¢ € G ‘transforms’ or ‘shifts’
an outcome x into gr € X. The neutral element e € G does nothing: ex = x (and
ge = g = eg). Moreover, we let X be a G-space, i.e., g(hx) = (gh)z for all g, h € G and
r € X. We can make further definitions on our G-space X:

e Orbits: Let O be the set of the orbits Gz = {gz | g € G} C X. Thus, the outcome
space is the disjoint union of the orbits, X = [ O = [H., 2.

e Representative of an orbit: For any Q € O, we fix zg € Q (i.e. Q@ = Gzq).
From this it follows that, for all z € 2 € O, we can further fix g, € G such that
r = ¢,rq. Note that these choices are not in general unique, but we keep these
elements fixed throughout this work.

e Stability subgroups: We define the stability subgroup G, := {g € G| gz = x} of
any r € X. One easily finds that, whenever x and z" are in the same orbit, G, and
G are isomorphic. Thus, any orbit has an essentially unique stability subgroup
Hq which we can choose to coincide with G, .

Also, G is assumed to act on the operator space of the system (the quantum
input): any operator A in the Heisenberg picture transforms into o, (A) := U(g)AU(g)*
where U(g) is a unitary operator and g — ¢, is a group homomorphism of G into the
automorphism group of the operator algebra. (Note that, in the Schrédinger picture,
any density operator p transforms to U(g)*pU(g) under the action of g € G.) This
means that we may choose g — U(g) to be a projective unitary representation, i.e.,
there is a multiplier or 2-cocycle m : G x G — T such that U(gh) = m(g, h)U(g)U(h)
for all g, h € G. The 2-cocycle conditions read

m(e,g) =m(g,e) =1, m(g, h)m(gh, k) = m(g, hk)m(h, k)

for all g, h, k € G. In this setting, we make the following definition:

Definition 2. We say that an observable (or a POVM) M = (M,,)ex is (X, U)-covariant
if
Mgl“ = U(g)MOCU(g)*7 g€ Gv x € X? (1)
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(X, U)-covariance means that, for any unit vector ¢ € H, the shifted probability
distribution = — (Y|Mg,¢)) is the same as = +— (Py|M,1p,) where ¢, = U(g)*¢ is
the symmetrically transformed input state. Thus, changing the initial state should
only move the probability distribution without deforming its shape. One can see the
condition (1) as a generalization of canonical quantization of the classical variable x
[20], or as the definition of the generalized imprimitivity system [8, 11, 26, 30].

Entire measurement settings can be symmetric in the sense that applying symmetry
transformations on input states is the same as registering transformed values and
obtaining conditional output states which are symmetrically transformed. We keep
the above finite G-space X and the input representation U fixed and introduce output
system symmetries via a projective unitary representation g — V'(g) operating on the
output system Hilbert space K. We may define symmetry in measurements in the
following way:

Definition 3. We say that an instrument (or a QOVM) Z = (Z,)zex is (X, U, V)-

covariant if
Ly (U(9)pU(9)") = V(9)Z:(p)V (g)" (2)
for all x € X, g € GG, and all input states p.

It easily follows that the observable [POVM] measured by an (X, U, V')-covariant
instrument [QOVM] is (X, U)—covariant. Moreover, if M is an (X, U)-covariant POVM
and V' is a projective representation of the same group G in any Hilbert space K there
exists an (X, U, V')—covariant M—QOVM. Namely, for any Q € O, choose a state o, of K
and define the Hq-invariant state oq := (#Ha) ™' Y ,cp, V(R)ogV (h)* and a QOVM

" (p) = tr [pM] V(gz) o0V (92)"

for all z € Q € O; if M is normalized, Z"° is an instrument. Operationally, in the
measurement of M with Z™¢ if z is obtained (with the probability tr [pM,]) then the
output state is 0, = V(g.)0aV (g,)* which does not depend on the input state p. Such
an instrument is called measure-and-prepare or nuclear [10].

In the following theorem, we give an initial simple structure result for covariant
POVMs and observables. Note that this result is well known and the version in transitive
value spaces is given, e.g., in [22, Theorem 4.2.3].

Theorem 1. A POVM M s covariant if and only if M, U(g:)KoU(gz)* for all
x € Q € O where Kq is a positive operator such that KqU (h ) U(h)Kq, h € Hg. Now
M is normalized evactly when K =3 .0 > .coU(9:)KaoU(g.)" = 1.

Proof. For all Q € O, x € Q, and h € Hq, one gets (g:h)xq = g.xq = x € . Using
this, we obtain from (1), for any (X, U)-covariant POVM M = (M,.)ex,

Ml“ = Mngm = U(gﬂf)MxnU(gw)* = M(g - U(gm)U(h)MmQU(h)*U(gx)*

$

so that U(h)M,, = M,,U(h). By denoting K := M, we are done. O
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Note that if the covariant POVM M of Theorem 1 is not normalized (i.e., K # 1)
but K is invertible, one can define a normalized covariant POVM (i.e., an observable)
as the collection of effects K~V/2M,K /2, x € X. Indeed, U(9)KU(g)* = K so that K
and thus K /2 commutes with any U(g). Note that the eigenvalues of K (and K~/2)
are positive. Moreover, we note that, in some situations, there are only trivial solutions
M for (1). For example, if there is only one orbit, @ = {X}, and the subrepresentation
h +— U(h) of Hx is irreducible, then Kx = k1, k > 0 (by Schur’s lemma). Thus,
M, = k1 for all x € X.

We also obtain a similar preliminary characterization for covariant QOVMs and
instruments which we will further refine later in this work.

Theorem 2. A QOVM or an instrument T is (X, U, V) —covariant if and only if

Z.(p) = V(92)Aa(U(g2)*pU (92)) V (92)*

for all x € Q € O where Aqg is a completely positive linear map such that
Ao(U(h)pU(h)*) = V(h)Aa(p)V(R)* for all h € Hq and all input states p.

Clearly, the normalization condition ) tr(Z,(p)] = 1 holds if and only if
Y00 2ven tt [Aa(Ulg:)"pU(g2))] = 1.
One easily sees that we may choose Aq = Z,, for any 2 € O, and the theorem

immediately follows using Equation (2). Furthermore, the normalization condition
above simplifies to Y oo (#Ha) ' D0 e tr [Aa(U(g)*pU(g))] = 1 where #S is the
number of elements in a set S.

Typically there are infinitely many covariant observables so we can ask which are
the optimal ones which satisfy the condition (1). The following six optimality criteria
for an observable M = (M,).ex have been previously studied [2, 3, 16]:

(1) Determination of past: M determines the past of the system or is informationally
complete (IC) if its outcome statistics fully determine the pre-measurement state,
i.e., for any two input states p and o, tr[pM,] = tr[cM,] for all x € X implies
p=o0.

(2) Determination of future: M determines the future of the system if any M-
instrument is nuclear.

(3) Determination of values: M determines its values if, for any x € X and € > 0,
there is an input state p such that tr [pM,] > 1 —e.

(4) Pre-processing cleanness: M is pre-processing clean if it cannot be obtained
from a strictly less noisy observable by first pre-processing the input state, i.e.,
whenever N = (N,),ex is an observable in a possibly different Hilbert space K
and ¢ is a quantum channel (i.e., a completely positive trace-preserving map) with
input K and output H such that M, = ®*(N,) for all x € X then there is a channel
U with input H and output K such that N, = U*(M,) for all z € X.

(5) Post-processing cleanness: M is post-processing clean if it cannot be obtained
by first measuring a strictly more informative observable and then classically
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manipulating the outcome data. This means that, whenever there is an observable
N = (N,)y with a possibly different value set Y but in the same Hilbert space H
and a probability (Markov) matrix (pejy)eex, yey (i€, Py > 0 for all z € X and
y €Y and Y,y payy = 1 for all y € Y) such that M, =3y puyN, for all z € X,
there also exists a probability matrix (g,,) such that N, ="+ q,zM,.

In [16], we showed that properties (2) and (5) are both equivalent with the observable
M being of rank 1 (i.e. M, = |d,)(d.| or M, = 0 for any ). There is also another
source of classical noise, namely, the mixing of POVMs. This corresponds to the sixth
optimality property of being extreme. In the definition below, we also describe the
extreme instruments.

Definition 4. We say that an observable M = (M, ),cx is

(i) extreme if it is an extreme point of the convex set of all observables in H with the
value space X, i.e., if M, = tMF + (1 — )M for all z € X, where M* = (M) ,x
are observables in H and ¢ € (0, 1), then M* = M~ and

(ii) an extreme observable of the (X, U)-covariance structure if it is an extreme point of
the convex set of all (X, U)-covariant observables.

We say that an instrument Z = (Z,),ex (with the input Hilbert space H and output
Hilbert space K) is

(I) extreme if it is an extreme point of the convex set of all instruments with the
input Hilbert space H, output Hilbert space K, and value set X, i.e., if Z,(p) =
tZr(p) + (1 — t)Z; (p) for all z € X and all input states p, where I = (ZF),ex
are instruments (with the input Hilbert space H and output Hilbert space K) and
t €(0,1), then Zt =7~ and

(IT) an extreme instrument of the (X, U, V')-covariance structure if it is an extreme point
of the convex set of all (X, U, V)-covariant instruments.

Extreme observables cannot be presented as convex mixtures of observables (‘coin
tossing between measurements’) and, thus, they are free from this type of noise. Extreme
elements of the covariance structure do not exhibit noise of this type caused by mixing
other covariant observables. Naturally, extreme observables are extreme also within
the covariance structure but a covariance structure might not support a single extreme
observable. Sharp observables are automatically extreme and they are also free from
quantum noise of pre-processing. The third important property of sharp observables is
that they determine their values with probabilistic certainty.

Thus, one essentially ends up to two mutually exclusive classes of optimal POV Ms:

(a) projection valued rank-1 POVMs and
(b) informationally complete extreme (rank-1) POVMs.

We emphasise that a covariance system characterised by (1) might not allow rank-1,
extreme, PVM, or IC solutions. In the worst case, none such optimal solutions exist
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(e.g. a system with only a trivial solution, an example of which was given just after
Theorem 1).

In the D-dimensional Hilbert space H, any IC extreme observable (is rank-1 and)
has exactly D? non-zero effects M, = |d,)(d,| which form a linearly independent set.
Similarly, any rank-1 sharp observable M, = |d,)(d,| has D (linearly independent) non-
zero projections which form the usual ‘basis measurement.” Indeed, now (d,|d,) = 0, for
non-zero vectors d, and d,. Since our optimality classes (a) and (b) are clearly disjoint
(i.e. the determination of the values and the past are complementary properties) we
cannot force any observable to be optimal in all six ways above. What one can do is to
assume that some optimality criteria hold only approximately and there are ‘continuous’
transformation from one class to the other class of properties. We will exhibit examples
of this kind of transformations which also preserve covariance.

The common criterion in both optimality classes (a) and (b) is the rank-1 property
which we assume from now on. Clearly, a covariant observable M is of rank 1 if and
only if, for any orbit Q € O, its ‘seed’ is of the form Ko = |dg)(dq| where dgq is
a common eigenvector for all unitary operators U(h), h € Hgq, or dg = 0. Indeed,
U(h)|da){da| = |dq){da|U(h) exactly when U(h)dg = cdg, c € T :={c € C||c¢| = 1}.
If Hy 3 h +— U(h) is irreducible then dg = 0 as otherwise Cdg would be a non-trivial
invariant subspace. Hence, we may choose d, = U(g,)dqo, * € Q. If dg = 0 then all
operators M, = |d,)(d,| vanish in the orbit {2 so that the outcomes of that orbit are
never registered in any measurement of M. In this case, one can redefine X to be the
union of all orbits where M is not zero.

If M belongs to class (a) (i.e. is a sharp observable) then it has exactly D non-zero
(mutually orthogonal) unit vectors d,. For example, if there is only one orbit 2 = X
and Hx = {e} then both G and X has exactly D elements (i.e. any = = g,zq where
gz is unique) we may take any orthonormal basis {d,}.ex of a D-dimensional Hilbert
space and define a unitary representation U(g) := Y, .« |dgz)(d:| to get a covariant
rank-1 PVM M, := |d,)(d.|. In this case, we see that (1) cannot have a extreme
IC solution (since we would need D? non-zero effects). However, one can extend the
covariance structure in such a way that it may also admit an extreme IC solution:
We extend the group action G x X 2 (g,z) — gr € X to the Cartesian product
X? ;= X x X into G x X? 3 (g, (z,y)) — g(z,y) := (92,9y) € X* and interpret any
covariant observable M = (M,),ex as a covariant observable G = (G(z,y))(2y)ex2 With
G(s,y) = 02yM,. Note that U remains the same. Clearly, G is supported on the diagonal
{(z,z)|z € X} =2 X and it can be seen as a (trivial) joint measurement of M with
itself; recall that a POVM (G(,,)) is a joint observable for POVMs (A;) and (B,) if
Zy Gy = Az and > G,y = B,. A question is whether there is a covariant extreme
IC solution for this enlarged system. We readdress this problem in Example 1 in the
following subsection
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2.1.

The relevance of covariance structures involving symmetric groups

Next we will see that any covariant rank-1 POVM is a projection (and postprocessing)

of a rank-1 PVM and that this PVM (extension) can be assumed to be covariant w.r.t.

the symmetric group Sym(G) in a particular way to be determined shortly. Indeed, let
M, = U(g.)|da){(dalU(g.)*, x € Q € O, be a covariant rank-1 POVM which need not
be normalized since we can normalize it later (see Remark 1). In order to see that M

can be obtained from a rank-1 PVM through post-processing and projecting we take

the following steps:

(i)

(i)

Define a new (finite) outcome space X' := O x G and a POVM

, 1

Qg = mU(g)‘dQ><dQ’U(g)*, Qe Ov g e Ga

Clearly, Mg , = Mg, ;, = M,/#Hq, x € Q, h € Hg, so that if M is normalized
then M’ is also normalized to 1 and M is a post-processing of M/,

Mo = > Mg ze€Q,

heHq

that is, any measurement of M’ can be viewed as a measurement of M. Note that
M’ is also covariant when X' is equipped with the G-action ¢(£2, ¢’) := (2, g¢’) and
the orbits are {2} x G, Q € O.

Consider then a covariant Naimark dilation of M’ (which is minimal if and only

if dg # 0 for all 2 € O (i.e. M, # 0 for all x € X): The (#O#G)-dimensional
dilation space is spanned by orthonormal vectors €2, g), Q € O, g € G. Now

Ji= 3 e 3 10.0) dall )

Qeo geG

and the canonical (rank-1) PVM Qq, := [, ¢)(€2, g| are such that
M,Q,g = J*QQVQJ.

Clearly, M’ is normalized if and only if J is an isometry (i.e. J*J = 1). Thus,
any measurement of the normalized POVM M’ can be seen as a measurement of Q
when the states are restricted to the range (subspace) of the Naimark projection
JJ*. Note that also Q is covariant. Indeed, if m is the Schur multiplier (2-cocycle)
of the projective unitary representation g — U(g) one can define a multiplier (left
regular) representation

Vig):==>_ > mlg,9)|2 g9 )|
Q€0 ¢
such that V(gg') = m(g,9)V(g)V(s), V(g)J = JU(g9) and Quuay)
V(Q)QQ,Q’V(Q)*'
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(iii)) We can extend the group G and assume that the multiplier m(g,¢’) = 1. Indeed,
as shown in Appendix A, one can suppose that there exists a (minimal) positive
integer p < #G such that m(g,¢ )’ = 1 for all g, ¢ € G and m(e,e) = 1. Define
then the (multiplicative) cyclic group (t) = {1,¢,t%,...,t?"'} where t := exp(27i/p)
so that m(g, ¢') € (t), i.e. m(g,g') = t999) where q(g,¢') € {0,1,...,p—1}. Now a
central extrension group (induced by m) is a finite set G, := G x (t) equipped with
the multiplication (g,t*)(¢’,t*) = (g9¢', m(g, ¢')t*™). Since m(g,e) = m(e,g) =
m(e,e) = 1 one sees that (e, 1) is the identity element of G,, and (g,t*)™1 =
<g*1,m(g,g*1)71t*k). Defining unitary operators U(g,t*) := t*U(g) one gets
the unitary representation of G,,, i.e. U((g,tk)(g’, te)) = U(g',t"U(g,t*) with the
constant cocycle. Futhermore, the action gz extends trivially: (g,t*)x := gz and
we get

Mg.k)e = Mgz = U(gIM,U(9)" = U(g,t*)M,U (g, 1")",

Hence, M can be seen as a covariant POVM with respect to the larger group G,,.
Note that if already m(g,¢’) = 1 one has p = 1, (¢) = {1} and G,, = G via
(9,1) — g. To conclude, one can replace G with G, (and elements g with pairs
(g,t%)) everywhere in items (1) and (2) and put m(g,¢’) = 1.

(iv) If m(g,g") = 1 then V(g9) = > gco D yec |l 99)(2, 9] is just a permutation
w(¢’) = gg acting on the basis vectors |Q,¢') for a fixed Q. Thus, one
can view G as a subgroup of the symmetric group Sym(G) of bijective maps
7 : G — G. Especially, V extends to the unitary representation V(7) :=
Y aco 2gec 1 m(@ )¢, = € Sym(G), which is a direct sum of the
representations 7 — >~ o [$2,7(¢')) (2, ¢'|. Note that the PVM Qq 4 = [©2, g) (€2, g
of item (2) is also covariant with respect to the larger group Sym(G): Qo) =
V(7)Qq,V (m)*.  Finally, we can simply number the elements of G, G =
{91,92, ..., 9%¢}, and identify G (respectively, Sym(G)) with {1,2,...,#G} (resp.
the permutations of the integers in question).

Above, we have a method for constructing optimal observables. Namely, one
can start from item (iv) and go backwards, i.e., start with the rank-1 PVM (sharp
observable) Q = (Q,)2_,, where QY := |n)(n|, n € Xp := {1,..., D}, which is covariant
with respect to the symmetric group Sp = Sym(Xp) which act in an D—dimensional
Hilbert space with an orthonormal basis {|1), |2),...,|D)} via the representation
U(r) = 3P |7(n))(n|]. Note that, in item (iv), D = #G and |n) = |Q,g,). Next,
we can project this PVM onto a subspace and relabel and post-process the resulting
POVM and thus obtain any POVM covariant w.r.t. to any group G such that #G < D.

The steps taken above show that POVMs covariant w.r.t. the symmetric groups
are crucial for understanding covariant finite observables in finite dimensional Hilbert
spaces. However, in this setting, the optimality class (b) is excluded. These optimal
observables are naturally obtained after properly projecting and post-processing the
rank-1 PVMs of item (iv). The question still arises, can we find optimal observables of
class (b) even in the setting of item (iv) above by extending the value space. To get
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an IC extreme POVM we first enlarge the outcome space Xp to the Cartesian product
X% = {(n,m)|1 < n,m < D} where Sp acts via 7(n,m) := (m(n),n(m)). Identify
Xp with the diagonal of X%,. Note that we obtain all finite covariant POVMs through
projections and relabelings from this larger (X%,, U)—covariance structure as well where
U:mw— 25:1 |7(n))(n| as the sharp observables supported by the diagonal are already
sufficient for this. In Example 2, we define a continuous family of covariant rank-1 IC
extreme observables (with outcome space X%)) with the end point Q. We want to stress
that the connective POVMs are also extreme and thus they are not (classical) convex
mixtures. In dimension three (D = 3) this is an easy exercise which we demonstrate
next.

Example 1. Consider the permutation group Ss of a three element set X3 = {1, 2, 3}.
Its generators are permutations (12) and (13). The other permutations are e = (1) =
(12)(12), (123) = (13)(12), (132) = (12)(13), and (23) = (12)(13)(12). By definition,
Sy operates on {1,2,3} by permuting its elements (e.g. (23)1 = 1, (23)2 = 3 and
(23)3 = 2). As before, S3 operates also on the nine element set X2 = {1,2,3} x {1,2,3}
le.g. (23)(1,3) := ((23)1,(23)3) = (1,2)]. Let the Hilbert space be three dimensional,
fix its orthonormal basis {|1),]2),|3)} and define a unitary representation by U(w) =
S22 |w(n))(n|, T € Ss, that is,

U(12) = 2)(A[ + [1){2] + [3)3], U(13) = [3)(1] + [2)(2[ + [1) (3],
U1) = IDA[+ 122+ [3)3], U(123) = [2)(1] + [3)(2[ + [1)(3
U(1l

| ‘7
32) = [3)(1] + 1) (2] + [2) (3], U(23) = [1) (1] + |3) 2] + [2)3].

(i) We have X2 = QW Q' where the orbits are Q = {(1,1),(2,2),(3,3)} & X3 and
0 ={(1,2),(2,1),(1,3),(3,1),(2,3),(3,2)} from where we pick points zq = (1,1)
and ro = (1,2).

(ii) Stability subgroups are Hq = {(1), (23)} and Hqo = {(1)}.
(iii) Since Hg is trivial, its seed K¢ can be an arbitrary positive operator. On the
other hand, the seed K > 0 must commute with

U(23) = [1){A[+13)(2] + 12)(3] = 1+ (11){1] + [N @]) — 1+ [9Z) {02,
where the eigenvectors are of the form ¢ := 27V2(|i) +5)), 4,5 € {1,2, 3}, so that
Ko = al1)(1] + 0100 | + bloP) (1] + cloP) (] + dlo®) (2],

where the complex numbers satisfy the following conditions: a, ¢, d > 0 and
ac > |b|?.

(iv) Choose g(1,1) = (1), gr2,2) = (12) and g(3,3y = (13) for Q and g2y = (1), g2,1) = (12),
g3 = (23), g1y = (132), g23) = (123), and g(39) = (13) for .

(v) Finally, we normalize the following covariant POVM (where a, ¢, d > 0 and
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ac > |bf?)

M@y =Ko = al1) (1] + 1) (%] + b|o?) (1] + cloP) (07| + d|*) (%],
M) =U(12) KoU(12)"

=a|2)(2| + b[2) (3’| + blo?) (2] + el ) (0] + dle) (],
Ms) =U(13) KoU(13)"

=al3) (3] + bI3) (w3 + b[?) (3] + cld) (K] + | ) (*],

M(1,2) = KQ’Z(L M(3,1) = U(132)KQ/U(132)*,
Moy = U(12)KoU(12)*, Mpes = U(123)KqoU(123)%,
Mus = U@23)KoU(23)", Mpa = U(13)KoU(13)".

If the operators M, ) are linearly independent (resp. rank-1) then the normalized
operators K 1/2M, . K12 K = Zimzl Mn,m), are also linearly independent
(resp. rank-1).

Note that the matrices of the first three operators are

a VY 0 0 0
May= |V ¢ Jd|+d |0 1 -1],

v oJd o 0 —1 1

d v d 1 0 —1
M(Qvg): b a UV +d/ 0 0 0 s

d v d -1 0 1

d J v 1 =10
M(373): d d y —|—d/ -1 1 0 5

Vb oa 0 0 0

where b = 271/2b, ¢ = ¢/2, and d' = d/2 (now ac > |V/[?).

e M is rank-1 iff KQ = ‘dQ><dQ| and KQ/ = ‘dQ/><dQ/’ Now KQ = ’dQ><dQ‘ 7é 0 iff
either ac = [b|> # 0 (i.e. ad = |V|?) and d =0,ora=b=c=0 and d > 0.

e Mis arank-1 PVMifa =1and b =c =d = 0and Ko = 0 (i.e. M) =
dnm|n)(n|). Note that we can always choose the basis such that a rank-1 PVM is
the corresponding diagonal ‘basis measurement.’

e Arank-1 MisIC extreme (after normalization) iff the nine effects M, ) are linearly
independent. By direct calculation, this happens if we choose Kq = [1)(1] and
Ko = |do){do| where doy = a(e™™/8|1) + €™/8]2)), a > 0. For the properly
normalized POVM, see Example 2.

To conclude, we have a continuous (a—indexed) family of covariant rank-1 IC extreme
POVMs whose (« = 0) end point is a covariant rank-1 PVM. The POVMs with a > 0
and a = 0 represent the two complementary optimality classes. It is interesting to see
that in the case a =~ 0 we get an IC POVM which is ‘almost’ a PVM. A
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Using similar methods as above, we may extend an (X, U, V')-covariant QOVM
into an instrument whose values are described by O and G and whose symmetries
are simply described by permutations of the elements of G. Let my (resp. my) be
the multiplier associated with U (resp. with V). In particular, through a similar
group extension method, picking a (minimal) positive integer p < #G such that
my(g,h)? =1 = my(g,h)P for all g, h € G, we may essentially assume that U and V'
are ordinary unitary representations, i.e., my(g,h) =1 =my(g,h) for all g, h € G. In
the following section, we will further concentrate on covariant QOVMs and instruments
enabling a more detailed analysis of covariant observables as well.

3. Instruments covariant with respect to a finite group

In this section, we take a closer look at covariant instruments covariant w.r.t. a finite
group, give a thorough description of their structure and associate particular single-point
Kraus operators of these instruments with minimal Stinespring dilations. The results
obtained are then used in the subsequent Subsection 3.1 to characterize the extreme
covariant instruments.

We fix Hilbert spaces ‘H (input system) and I (output system) and a finite set X
(measurement outcomes). We denote by £(#) the set of (bounded) linear operators on
H and by U(H) the group of unitary operators on H. We use the same notations for the
output system Hilbert space K and, moreover, denote by £(H, K) the set of (bounded)
linear operators defined on H and taking values in K. As in this and a couple of the
following sections we concentrate on finite dimensional systems, we can disregard the
notion of boundedness for now. We assume X to be a G-space for a finite group G, and
retain the related notations fixed earlier. Let us fix an orbit {2 € @. We denote by Hq
the representation dual of Hg, i.e., the set of unitary equivalence classes of irreducible
unitary representations of Hg. We pick a representative for every element of Hg and
we denote these representatives typically by n : Ho — U(K,) and the corresponding
equivalence class we denote by [n|. This convention should cause no confusion. We
denote, for any [n] € Hg, the dimension of K, by D, € N:={1,2,3,...} and fix an
orthonormal basis {en,i}fi”l for K. We denote, for any [n] € Hg,

Nii(h) == (enin(h)e, ), i,j=1,....,D,, he€ Hq.

As we identify Q with G/Hq, we pick a section sq : Q — G (i.e., sq(z)Hq corresponds
to x for any = € Q) such that sq(zq) = e.I Using these, we define, for all [] € Hg, the
cocycles (" : G x Q — U(K,)) through

("(g,2) =n(sa(z) 'g " salgr)), geCG, zeq,

I Note that we have used the notation g, for sq(z) for all x € Q in Section 2, but this notation would
be slightly cumbersome in the following discussion. Also recall that we have fixed a reference point
zq = Ho = G, for any orbit Q =2 G/Hg.



Optimal covariant quantum measurements 14

and define the cocycle (™ : G x Q@ — U(H,) in exactly the same way whenever
w1 Ho — U(H,) is a unitary representation in some Hilbert space H,. Note that
the cocycle conditions

("(gh, ) = ¢"(h,2)¢" (g, hx),  (T(e,x) = Ly, (3)

hold for any g, h € G and = € Q. In addition, for any h € Hq, ("(h™!, zq) = w(h).
Finally, we denote by Cl” ; o+ G x Q' — C the matrix element functions of (" in the basis
{eni}i for any [n] € Ho,.

We say that a quadruple (M,P,U,.J) consisting of a Hilbert space M, a sharp
observable P = (P,),cx in M, a unitary representation U : G — U(M), and an linear
map J : H - K ® M is an (X, U, V)-covariant minimal Stinespring dilation for an
(X, U,V )-covariant QOVM (or, more specifically, instrument) Z = (Z,),ex if

(i) Z}(B) = J*(B® P,)J for all x € X and B € L(K), where Z} is the Heisenberg
dual operation for Z, (i.e., tr [Z*(B)p| := tr [BZ,(p)] for all B € L(K) and all input
states p),

(i) JU(g) = (V(9) @ U(g))J for all g € G,
(iii) U(g)P.U(g)* = Py, for all g € G and x € X, and
(iv) vectors (B® P,)Jy, B € L(K), z € X, ¢ € H, span L ® M.

Recall that any QOVM Z has a [minimal| Stinespring dilation (M, P, J) satisfying item
(i) [and item (iv)] above. We construct the representation U satisfying items (ii) and
(iii) for any covariant instrument in Appendix B for completeness. There we also show
(using Mackey’s theory of imprimitivity) that a (X, U, V')-covariant minimal dilation
(M, P, U, J) for an (X, U, V)-covariant QOVM Z = (Z,).ex can be given the following
form: There is, for each Q € O, a (finite-dimensional) Hilbert space M and H® such
that M? = C*? @ H?, and M = DBoco M. Moreover, for each 2 € O, there is a
unitary representation 7 : Hg — U(H®) such that

—0 _ _

T ()f)(@) =g ) f(g '), geG, feM? zeQ, (4)
where (% := ¢™" is the cocycle associated with 7% Note that we identify M with the
Hilbert space of functions f : Q — H®. Furthermore, for each Q € O, P? := (P,),cq is
a sharp observable in M and

Pg}f:f(:c), reQ, feM? (5)

In total, (U, P) is a direct sum of the canonical systems of imprimitivity (UQ, P<) over
QeO.
To elaborate Theorem 2, we present a useful definition. From now on, the

paradoxical notation m = 1,...,0 means that the set of indices m is empty, and sums
of the form 320 _ (---) vanish.
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Definition 5. Given, for any Q € O and [n] € Hgq, a number M, € {0}UN, we say that
operators Ly, . € L(H,K) constitute a set of (X, U, V) -intertwiners if, for all orbits €,
[ﬁ]GHQ, 1,...,Dn,mzl,...,Mn,anthHQ,

n,z,m Z UA j ,] m* (6)

This set of (X, U, V)—-intertwiners is normalized if

SY Y Y v - 1 M

Q€0 geG el =1 m=1

The (normalized) set {L%, |m = 1,....,M,, i = 1,...,D,, [n] € Hy, Q € O} of

(X, U,V )-intertwiners is minimal if, for any orbit 2 € O, the set

n,4,m

(LY Im=1,...,M,, i=1,...,D,, [ € Ho}

is linearly independent.

Note that, whenever M,, = 0 for some [1f] € Hg, the set of intertwiners Ly, does
not contain operators where 7’ appears as an index. This is to avoid zero operator as an

intertwiner: If L. . would be required to be zero for some [1] and all i = 1,...,D

n'i,m m

by choosing M,, = 0 we can exclude these intertwiners from the set. Avoiding zero
operators is important for the linear independence of a minimal set of intertwiners
which is an important feature as we will see in Lemma 1 shortly. The following theorem
exhaustively determines the (X, U,V )-covariant instruments. It also gives a recipe
for constructing covariant instruments and indicates that covariant instruments have
the structure conjectured in Section IIT [21]; in this reference, the form of covariant
instruments (QOVMs) of the theorem below is conjectured for general type-I groups.
While the conjecture remains to be proven in this generality, in the subsequent Theorem
5 we prove this structure result for a varied class of covariant (continuous) instruments.

Theorem 3. For any (X, U, V)-covariant QOVM [instrument] T = (Z,)zex, there is a
[normalized] minimal set

(LY Im=1,...,M,, i=1,...,D,, [n] € Ha, Q€ O}
of (X, U, V)~intertwiners, where M, € NU {0} for all [n] € Hq and Q € O, such that,
for all 2 € O, g € G, and input states p on H,

D, My

Tona(p) = > DY VI(9)Ly,,.U(9) pU(g) Ly 1,V (9)" (8)

[nelq =1 m= 1

On the other hand, whenever {ngm lm=1,...,M,, i=1,...,D,, [n] € Hq, Qe O},
where M, € NU {0} for any [n] € Hq and Q € O, is a [normalized] set of (X,U, V)~
intertwiners, Equation (8) determines an (X, U, V)—covariant QOVM [instrument] T =
(Ix)mEX-
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Note that, for the QOVM Z of Equation (8), and for any orbit 2 € O, the map Agq
of Theorem 2 is given by Aq(p) = > e, S P Ma Ly Ly
p.

Proof. Let us first fix an (X, U, V)—covariant QOVM Z = (Z,).ex and equip it with
a minimal (X, U, V)-covariant Stinespring’s dilation (M,P,U,.J) so that (U,P) is a
system of imprimitivity. As detailed before the statement of this theorem, we represent

nim 0T any input state

this system of imprimitivity as a direct sum of the canonical systems (UQ, PSY) of
imprimitivity defined in Equations (4) and (5).

Let us fix an orbit 2 € O. According to the Peter-Weyl theorem, for each
)] € Hg, there is a Hilbert space M, such that H® = @[n]eﬁg K, ® M, and
(g) = Dyjen, 1(9) @ L, for all g € G. Denote the dimension of M, by M,
and pick an orthonormal basis { ]”Wn}rj\fl1 C M,,. Let {6,}scq be the natural basis of
C#?. Thus, {0, @ e,; ® fym|z € Q, [n] € Hq, i = 1,....,D,, m=1,...,M,} is an
orthonormal basis of H and the union of these bases over € is an orthonormal basis
for M. Define, for z € Q, [n] € Hg, i = 1,...,D,, and m = 1,..., M,, the isometry
Vamim : K = K& M C K ® M through Vimim¥ =10 ® 0, ®e,; @ frm forall Y € K.

Clearly, Vi imBVy, im = B ® |0: @ €y; @ frm) {0z @ €4 @ fym| for all B € L(K).
Denoting Ky yim =V, im/, we find, for all z € Q and B € L(K),

1;(B) = J"(B®P,)J = Z ZZJ* B® [0, ®eni @ fom) {0z ® €ni @ foml)J

[W]GHQ i=1 m=1

Z ZZ’]* xnszV:nsz— Z ZZKznzm xﬁyi,m' (9)

[n}EHQ 1=1 m=1 [U]GHQ i=1 m=1

Clearly, Uﬂ(g)(éx R € @ fom) =04z @ (g1, g)en; @ frm forall g € G, z € Q,
) € Ho,1=1,...,D,,and m =1,..., M,. Using this and the intertwining properties
of J, we find that, forallp e H, v € K, g€ G,z € Q, [n] € Hyg, i =1,...,D,, and
m=1,..., M,

m

(| K mimU(9)) = Vamim®|JU(9)@) = (Vayam®|(V(9) @ U(g)) Jo)
V()" @U(9)* (0 ® ni @ frm)| @)
=(V(9)*¢ @ 0g-1, @ "(g, 97 x)en: @ foml o)

DU

= Z<V(9)*¢ ® 59_136 & Cn<g7 gilx)en,i & fn,m‘(ﬂlc ® ]I(C#Q & ‘en,j><€777j| ® ]an)J90>
j=1

= Z (9,97 12)(V(9) "V ® 0gm10 ® €03 @ frml )

—Z DNV (9 K y105m9).
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where we have used the fact that ("(g, g~ 'z)* = ("(¢g~!, ) which follows from the cocycle
conditions. This means that

KomimU Z L W(9) Ky 1amim: (10)

As earlier, let xq be a representative for 2 such that Hg = G,, i.e., zq = Hq
in the identification Q2 = G/Hq. For all [n] € Ho, i=1,... Dy, and m =1,...,M,,

define LY, . := Kyq pim- Recall that, for all h € Hg and [y ] € Hg, ("(h1, 2q) = n(h).

Using Equation (10), we now have for all [§] € Hg, i =1,...,D gy m=1,..., M, and
h € Hq,

nzm Z (h)thle,n,j,m ZU1J n]m

Thus, we obtain Equation (6).

Let us check that the operators me are linearly independent. To show
this, let us first note that vectors (B ® P,,)Jy, B € L(K), ¢ € H, span £ ®
P, oM = K® <@[n]€ﬁn K, ® Mn>§ this follows immediately from the minimality

of (M,P,J). Let Bpim € C, [n] € Hg, i = 1,...,D,, m = 1,..., M,, and define
v o= ZU]GHQ Zf)”l Z%Hﬁnimen,i ® fom € @[n]eﬁn Ky, ® M,. Let us assume that
e a S S nimLyim = 0. Fix a non-zero ¢y € K so that, for all ¢ € H and

B e L(K),

0= Z ZZﬁnzm B*¢0|Ln1mgp>

[n}GHQ =1 m=1

Z Zzﬁmm B*w0®5$£2®enl®fnm‘<]90>

[n}EHQ i=1 m=1

= (B0 @ 0ug @ v[Jp) = (0 @ 0[(B @ Pag ) Jip).

According to the observation we made before picking the coefficients /3, ; ,,,, this means
that 1y ® v = 0 and, since 1y # 0, we have v = 0. This is equivalent with the vanishing
of the coefficients f3;m, proving the linear independence of {L}, . |[n] € Hg, i =
1L,...,D,, m=1,..., M,}.

Again identifying Q2 = G/Hg and zq = Hg, from (10) we obtain

D"I Dn
Kgrgmim = Z 79HQ V(9>KHQ,n,jm Z 79HQ V(g )ng wU(9)"
(11)

Indeed, it is easy to see directly that the RHS of Equation (11) is invariant in
substitutions g +— gh where h € Hg. Using the Schrodinger version of Equation
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(9), Equation (11), and the easily proven fact that, for any [n] € Hq, g € G, and
jok=1,...,D, S 1i(g7" gHo)( (97t gHo) = 6; 4, where ;4 is the Kronecker
symbol (i.e., §;, =1 1f ] = k and, othervvlse, d;x = 0), we find, for all input states p
and g € G,

Dy
gHQ E : E :E :KQHQ’f]lmp gHq,m,i,m

[n]EHQ =1 m=1

=2 i ZC}"J L gHo)( (97 gHa)V (9) Ly ;U (9)"pU (9) Ly JV (9)

[n]eanjk 1m=1

= > ZZV 2 WU(@) U9 L5V (9)",

[n]GHQ i=1 m=1

implying Equation (8).

Let us now assume that Z is an instrument and move on to proving Equation (7).
Let us first note that, for any orbit Q, [y] € Ho, m =1,..., M, and h € Hgq, we find,
using the already established Equation (6),

Dy

Y UMLY LU = Y (D mis(B) L V(R)V (R) LY
i= ,7,k=1
Dn D"
- Z 677]|77 ) envk>L2;mL2km = Z Lfyzz*ngzm
jk=1 i=1

Using the above observation and the dual (Heisenberg) version of the already established
Equation (8), we find

Ly =) Ti(le) = > > Tiopm, (1)

rzeX Qe0 zeN

Y Y S U ) 8 £ U ()

Q€0 zeQ e A =1 m=1

33U I 3 SELEIL BN IEEN)

QeO zeQ) heHq [n]GHQ i=1 m=1

YT Y Y VDL LU )

Q€0 geC el =1 m=1

implying Equation (7). The final converse claim follows from Theorem 2 upon noting
that the operation Aq defined just after the statement of this theorem with a (minimal)
set of (X,U,V)-intertwiners L, ;, satisfies the conditions of Theorem 2 by using
Equation (6) [and (7)]. O
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Remark 1. Suppose that, for any orbit Q2 € O and [n] € Ho, M, € {0} UN and
Lyim€LMH,K),i=1,...,Dy, m=1,..., M,, constitute a (minimal) non-normalized
set of (X, U, V)-intertwiners. This means that

55 3 DD DB 9 petmun TN}

Q€0 g€l [pleH, i=1 m=1

does not necessarily coincide with 14. Since, due to its definition, K commutes with
U, ie., U(g)K = KU(g) for all ¢ € G, we may define, for any orbit 2, [n] € Hgq,
i=1,...,D, and m =1,..., M,, the new operator L%,  := L% K~/? (where K~'/2

n,i,m n,i,m
is the square root of the generalized inverse of /') which still satisfy Equation (6) (with
L2 replaced with L

i and which now, additionally, satisfy

nzm)

DW
2.0 2 ZZ#HQ 9L LyimU(9)" = supp K

Q€0 geC [leHy =1 m=1

where supp K is the support projection of K. Thus we obtain an (X, U, V)-covariant
instrument through Equation (8) (w1th L2, replaced with L%

mi,m for a possibly smaller

)
7,%,Mm
input Hilbert space (supp K)(#) =: H which is an invariant subspace for U where the
restriction of U we denote by U. Naturally, if U is irreducible, we have K € Cly so
that # = H or H = {0}; the latter case is possible only in the highly reduced case

where L, all vanish (which is hardly interesting). A

n,i,m

In the proof of Theorem 3, we saw that, from a minimal covariant Stinespring
dilation of a covariant QOVM [instrument] Z, we obtain a minimal [normalized] set of
(X, U,V )-intertwiners defining Z through Equation (8). The following lemma gives the
converse result: a minimal set of intertwiners can be used to define a minimal covariant
Stinespring dilation for a covariant QOVM. This result will be very useful when giving
extremality conditions for covariant instruments.

Lemma 1. Let T be an (X,U,V)-covariant QOVM [instrument] defined through
Equation (8) by a minimal [normalized] set of (X, U,V )-intertwiners consisting of

Lf}zm e LOH,K) for all Q € O, [ € Hy, i = 1,....D,, and m = 1,..., M, where
M, € {0} UN. Defining
Dy
Kgtgmim = Z L gHo)V (g )Lg]mU(Q)* (12)

for all Q € O, g € G, [n]GHQ,z'zl,...,Dn, and m=1,..., M, and setting

M ::@C#Q(@( @ /CW®CM">7

Q€0 [U]Eﬁn

the linear map J : H — K ® M

D"]
B ShID 3D 35 3T SIS YN

QeO zeN [nEHQ i=1 m=1
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where {8, }zex is the natural basis for C** D C*? and {fn,m}%L is some orthonormal
basis of CMn_ the sharp observable P = (P,).ex,

P, = (5‘@ @ ]1)(77@]1@1»1”) reNe,

[M€Hq

and the unitary representation U : G — U(M) through

U(9)(0r ® €ni @ frm) = 0ge @ (g7, 92)eni @ frym

forallge G,z € Qe O, [ € Hq, i = 1,...,Dy, and m = 1,..., M,, the quadruple
(M, P, U, J) is a minimal (X,U,V)-covariant Stinespring dilation for T.

Proof. Let us start by proving that (M,P,.J) is a minimal Stinespring dilation for
Z. The fact that Z;(B) = J*(B ® P,)J for all + € X and B € L(K) is proven
through a simple direct calculation. Let us concentrate on the minimality claim.
Let us first show that, for any = € Q € O, the set {Kynim|[n] € Ho, i =
1,....,D,,m=1,...,M,} =: K, is linearly independent. Let us fix an orbit Q € O,
and g € G and let 3,,., € C, [n] € Ho, i=1,. Dy, m =1,..., M,, be such that
Zn]eHﬂ Z Zm 1 BoimEK gy nim = 0. Using Equatlon (12), we obtain

Dy My Dy
1= 5 Y i = X Y D )V
[neHq =1 m=1 [n]eHg tj=1m=1

Z ii(Z ! gHo 5nzm> L;)]m U(g)" = 0.

[n]EHQJ 1 m=1 =1

Since {L}; . 1[0 € Ho, i = 1,...,D,, m = 1,...,M,} is lincarly independent,
it immediately follows that, for all [ | € Hq, j = 1,...,D,, and m = 1,..., M,,
S P 197", 9Ha)Byim = 0. Thus, we obtain

O_ng] gHQ) (g gHQ ﬁnzm Zézkﬁnzm Bnkm

i,7=1

for any [ € Hq, k = 1,....,D,, and m = 1,...,M,, proving that K, is linearly
independent.

Let us assume that ¥ € K ® M is such that (V|(B®P,)Jyp) =0 for all B € L(K),
r € X, and ¢ € H. Forany x € Q € O, [n] € Hq, i = 1,....,D,,and m = 1,..., M,,
there is ¥y im € K such that

=3y ZZ%W@& ® €ni @ fom.

Q€0 zeQ ple A, =1 m=1
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Thus, we have, for all B € L(K), z € 2 € O, and p € H,

0B P — Y S S

[7]]€HQ i=1 m=1

xnzmS0>

implying, upon substituting B = |¢)(¢'|, that, for ally, ¢/ € K,z € Q € O, and ¢ € H,
e Z?:"l M gm0 W) K g pim@) = 0. Since K, is linearly independent for
any r € Q) € (’), this means that, for all z € Q € O, [§] € Hq, i = 1,...,D,,
m = 1,...,M,, and ¥ € K, ({ynimlt0) = 0. This, of course, means that, for all
r€Qe€O, [y €Hyi=1..,Dy,andm=1,.... My, ppim =0, ie., ¥ = 0,
proving the minimality.

As in the proof of Theorem 3, we can show that Equation (10) holds so that we
have, for all g € G and ¢ € H,

D’I MTI

ZZ Z ZZKxn7z,m @@5 ®€777 ®f77m

Qe0 zeQd [nefq =1 m= 1

D"?
Y Y S Y VK, e 6.8 e

QeO0 zefd [n}EHQZJ 1m=1
Dy

=> 2.2 Z g2V (9) Ky @ 040 @ €45 @ fram

Qe0 zeQd [neHq ti=1m= 1

D’?
_ZZ Z ZZV Ko jm® @ 0ge @ (g™ 79$)6n,j®fnym

QeO0 zefd [T]}EHQ j=1 m=1

=V @U@) > > > Z Z Kopjm® ® 0s @ €93 ® frm

Qe0 zefd [neHq J=1 m=1
=(V(g9) @ U(g)) Je.

Proving that U(g)P,U(g)* = P, for all g € G and z € X is straightforward. O

3.1. Extreme instruments covariant with respect to a finite group

We retain the definitions and assumptions we have made in the beginning of this section
regarding the finite group G, the G-space X, the Hilbert spaces H and K, and the
unitary representations U and V. Using Theorem 3 and Lemma 1, we next determine
extremality conditions for (X,U,V)-covariant instruments using the necessary and
sufficient extremality conditions established in [15]. In this earlier work, the extremality
conditions were described as requirements on the minimal dilations, but next we will
describe extremality conditions using minimal intertwiners. Since the description of
intertwiners is shallower than that of minimal dilations (since no ancillary system is
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involved), conditions in the context of intertwiners are arguably more accessible than the
earlier ones. Indeed, we shall see that extreme covariant instruments are characterized
by a rather simple linear-independence condition. We remind the reader of the modes
of extremality described in Definition 4. The extremality mode relevant in the theorem
below is the one described in item (II) of said Definition.

Theorem 4. Let Z be an (X, U, V)-covariant instrument defined through Equation (8)
by a minimal set of (X, U,V )—intertwiners consisting of LS}, =~ € L(H,K) for all Q € O,

n727m

n] € Ho,i=1,....,D,, andm=1,... , M,, where M, € {0} UN. The instrument T is

.., Dy,
an extreme instrument of the (X, U,V )—covariance structure if and only if the set

Dy
{Z > ULy Ly aUlg)"

geG i=1

m,n=1,...,M,, ] € Hq, QE(’)}

18 linearly independent.

Proof. Let (M,P,U,J) be the minimal (X, U, V)-covariant Stinespring dilation for T
as defined in Lemma 1. Denote, for brevity, for any orbit 2 € O,

H = P K,ec.

[U]Eﬁn

According to the results of [15], Z is an extreme instrument of the (X, U, V')-covariance
structure if and only if, for £ € L(M) the conditions EP, = P,FE for all z € X,
EU(g) = U(g)E for all g € G, and J*(1x ® E)J = 0 imply E = 0; note that for this
extremality characterization it is vital that the dilation is minimal. Let E € L(M)
be such that EP, = P,FE for all z € X and EU(g) = U(g)E for all ¢ € G. The
first condition is equivalent with the existence of E, € L(H?), x € Q € O, such that
B, ®v) = 6, ® E,v for all v € H®. Denoting, for all g € G and z € Q € O,
g, z) = Dyen, ¢"(9, ) ® Lay,, the second condition is easily seen to be equivalent
with

Mgt g2)Ey = B (gt g), reNe, ged. (13)
Identifying Q = G/Hgq, we obtain E,g, = (*(g7', gHqa)Fn,(* (g7, gHg)* for any orbit

Q). Note that, defining, for all orbits Q and h € Hq, (*Y(h™!, Hq) =: m%(h), we determine
a unitary representation 7 : Hq — U(H) such that

() = @ n(h) @ Ly, (14)

(€ He
Using Equation (13), we have n%(h)Ey, = ¢*(h™', Ho)En, = Enu,(t(h71 Hg) =
Ey,m(h) for all Q € O and h € Hq. The decomposition in Equation (14) implies now
that En, = @yen, L, ®F, for all @ € O where E,, € L(CMn) for all [n] € Hg. We now

have Egn, = (%97, 9Ho) Eno(® (97", 9Ha)" = @pyjen, "9~ gHa)("(9~", gHa)" @
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Ey = ®ycn, Lk, ® By = En, for any orbit 2 and g € G. Thus,

E=) Y 16)le | @ ik, ®E, (15)

Qe0 zeN [’W}Gﬁﬂ

In the same way as in the proof of Theorem 3, we see that, for any orbit 2 € O, h €
HQ7 [77] S HQ7 and m,n = 17 N '7M777 ZZD:NI U<h)L§72,ZmL§72,Z,nU(h)* - ZiD:nl Lfyz,z*,ng,z,n

Recall the section sq : @ — G such that sq(xq) = e. Using the above observation and
Equation (15), we have, for any ¢ € H,

(Jol(le @ E)Jo) = > > > (Jel(lk ® [6:)(0:] @ 1ic, ® E,)J o)

Qe ze2 [n]egﬂ
D, M,

= Z Z Z Z Z <Kx,n,i,m@ ® fr],m’Kx,r],i,ngp ® Enfn,n>

Q€0 zeQ [ple A, =1 mn=1
Dy My

:ZZ Z Z Z <fn,m|EnfnJZ><K8sz(x)Hsz,n,i7m90|K5sz(x)Hsz,n7i7n90>

Qe0 zeQ2 [n]egﬂ i=1 m,n=1

S S Grnl B3 (al@) )¢l (s0@) 1)

Qe0 zeQd [n]€Hq ©J,:k=1mn=1

< (L jmU (sa(2)) @l Ly U (sa(2)) @)
D"I Mﬁ

=33 N3 frml By fyal (LU (sa(@)) 0| LE, .U (50(2)) @)

Q€0 z€Q [pleA =1 mn=1

Dy My

XYY T Y S i Ul Bl (LU (sala)h) Gl U (sa()h) )

QeO ze) heHg [n]Gﬁn i=1 m,n=1
Dy My

:ZZ Z Z Z ﬁ<fn,m|Enfn,n><Lrg;2,i,mU(g)*90|L%i,nU(g)*90>

Q€0 geC [nef, =1 mn=1

M, Dy,
=S08NS AN UL UG elL U g) ).
QeO [n]egﬂ m,n=1 geG i=1

where we have denoted Bff’m’n = (#Ha) " foym|Eyfon), for all orbits Q € O, [n] € Hg,
and m, n =1,..., M,. From this observation the claim immediately follows. O

Suppose now that U is irreducible. Let Z be an (X, U, V')-covariant instrument
defined by a minimal normalized set of (X, U, V' )-intertwiners ?glm, Q€ 0, [n € Hy,
i=1,...,D,,m=1,..., M, where M, € {0}UN for all [] € Hq and any orbit Q € O.
It follows that Z is an extreme instrument of the (X, U, V')-covariance structure if and

only if there is only one orbit {2y and only one [n] € ﬁgo such that L% =0 for some

n7Z7m
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i€{l,..., D, }. This follows from the extremality characterization of Theorem 4 since

D
SN ULy Ly U(g)" € Cly

geG =1

where we have used the fact that the operator on the left-hand side above commutes
with the irreducible U. As m,, = 1, the only possibly non-zero minimal (X,U,V)-
intertwiners are Lgoo,i,h
totally on Qy. If we now equip Z with the minimal (X, U, V')—covariant Stinespring

i = 1,...,D,,. In particular, the instrument Z is supported

dilation (M,P,U,J) of Lemma 1, the representation U only consists of the transitive
part T (see Equation (4) and Appendix B). Moreover the multiplicity m,,, of [no] is 1
meaning that U is irreducible. See Proposition 1 for a generalization of this fact in the
single-orbit (transitive) case.

Remark 2. Let us next take a quick look at the extremality mode (I) of Definition
4. This extremality property also depends on the minimal Stinespring dilation of the
instrument and, if the instrument Z is (X, U, V')-covariant, we can use the minimal
dilation presented in Lemma 1. It follows that the condition can be formulated as a
property of the Kraus operators K, ,;, of the instrument obtained through Equation
(12) from the minimal (X, U, V)-intertwiners LS

nim» associated with the instrument Z: it

follows that the instrument Z is extreme if and only if the set of operators K7 | ; . Ky 9 jn,
zeX, [0, € Hoa,i=1,...,Dy, j=1,....,D9,m=1,..., My, n =1,..., My, is
linearly independent. Naturally, an extreme instrument is also an extreme instrument of
the (X, U, V)—covariance structure; in Appendix C we see how this can be seen directly
using the respective extremality characterizations. A

4. Observables and channels covariant with respect to a finite group

In this section, we concentrate on covariant observables and channels (or POVMs and
QOVMs in general) and derive characterizations for them and their extremality using
Theorems 3 and 4. We will also generalize Example 1 to derive a continuous family
of extreme rank-1 observables with representatives from the two mutually exclusive
optimality classes. Let us retain the finite group G and the G-space structure of
the value space X and the representation U : G — U(H) of the preceding section.
We may view an (X, U)-covariant POVM as a particular (X, U, V)-covariant QOVM
with the trivial output space C where V is the trivial representation of G. Using
this observation and Theorems 3 and 4, we obtain the following result characterizing
the (X, U)-covariant POVMs and observables (and thus elaborating on Theorem 1)
and the extreme observables of the (X, U)-covariance structure. As the result is a
direct corollary, we do not give a separate proof for it. Note that extreme points of
sets of covariant observables have also been studied in [9, 14, 15, 24]. Also the non-
covariant results presented in [28] can be seen as corollaries of the following extremality
characterization (in the case where every orbit is a singleton).
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Corollary 1. Let M = (M,),ex be an (X, U)—-covariant POVM. For any orbit Q € O,
there is an operator Kq € L(H) such that, for any g € G,

For any Q € O, the above operator Kq has the following structure: For all [n] € Hq
there is a number M, € {0} UN and a linearly independent set

{d.,, €M| €Ho, i=1,....Dy, m=1,...,M,}
such that, for any [n] € Hg, i=1,...,D ms m=1,...,M,, and h € Hg,

nzm ZUJZ njm (17)

and

Ko=) szzmm 2l (18)

HGHQZ 1 m=1

Furthermore, if M is an observable,

ZZ Z iz #HQ|U nzm>< ( ) nzm|_]l'H (19)

Q€0 g€l [le A =1 m=1

This observable is an extreme observable of the (X, U)—covariance structure if and only
if the set

{ZZ“J nzm ( )dsz,z,n’

geG i=1

m,n=1,..., M, (] € Hq, QE(’)}

is linearly independent. Moreover, when dmm, QO eO, g e Hy i =1,... .D,,
m=1,..., M,, where M, € {0} UN, are vectors satisfying Equations (17) [and (19)],§
Equations (16) and (18) define an (X, U)—covariant POVM [observable].

Remark 3. Let us assume that an (X, U)-covariant POVM [observable] M is as in
Corollary 1, i.e., associated with the linearly independent vectors di}; ., Q € O, [] € Hg,
v=1,...,D,, m = 1,...,M,. Recall the bases {6,,2}[)"1 C K, and fix orthonormal
bases {fnm}m , C CMn for 7] € Hy and Q € O. We define the Hilbert space M,
the sharp observable P = (P,),cx, and the unitary representation U : G — U(M) in
exactly the same way as in Lemma 1. Note that we may identify M with the Hilbert
space of vector fields X > z — F(2) € @ e, Ky ® CMn; recall the definition of the
stability subgroups G, ~ Hg whenever z € 2 € O. We also define the linear operators
0% H — Dyei, Kn @ CM» through

Z ZZ|€Wl®f77m zm|

[n]EHQ i=1 m=1

§ Sometimes the vectors U(g)dS:

mi.m are called generalized coherent states.
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for all Q € O. It is now easy to show that ©%U(h) = 7%(h)O? for all O € O and
h € Hq where 7(h) = D e 1) @ Lear,. As discussed in Appendix B, U is actually
the direct sum of the representations induced from 7

easily checks that, for all 2 € O and ¢ € H,

0% = ZZZI L mlo)? = (ol Kap) < llol*.

[U}EHQ i=1 m=1

over all 2 € O. Moreover, one

Following the construction given in Lemma 1, we may now define the linear map

J : H — M through
(Jo)(gHq) = 7 (sa(gHa) ' 9)0"U(g)*p, peEM, geH QeO, (20

where we use the vector field interpretation of elements of M. It easily follows that
M, = J*P,J for all x € X| the vectors P, Jy, with z € X and ¢ € H span M (see similar
proof in the proof of Lemma 1), and that JU(g) = U(g)J for all ¢ € G. This shows
that the quadruple (M, P, U, J) is a minimal Naimark dilation for M, a concept which
we shall discuss more in the following section. This remark is an important motivator
for the discussion of continuous covariant measurements of the following section and the
assumptions we make therein. A

Example 2. We continue to study the situation introduced in Example 1 and
generalize it to a general finite dimension D > 2. The Hilbert space of our system
is Hp ~ CP, the symmetry group is the permutation group Sp = Sym({l, 2,..., D})
which operates in the value space X%, = {1,...,D}* of our measurements through
SpxX% 3 (7, (m,n)) — w(m,n) = (r(m),r(n)) € X% and in Hp through the unitary
representation U : Sp — U(Hp) defined w.r.t. a fixed orthonormal basis {|n)}?_, of Hp
via U(7)|n) = |m(n)) for all # € Sp and n = 1,...,D. Note that U is not irreducible
as g == D7V2(|1) 4+ -+ + |D)) is invariant under U and thus U can be restricted to
the orthogonal complement {¢)y}*. This restriction is irreducible and is called as the
standard representation of Sp.

The set X% splits into two orbits, the diagonal Q = {(1,1),(2,2),...,(D, D)} and
the off-diagonal ' = X% \ Q. Picking the reference points xg = (1,1) and zo = (1, 2),
the stability subgroup Hy, is easily seen to be the subgroup of those # € Sp such that
m(1) = 1 and the stability subgroup Hgq is easily seen to consist of those 7’ € Sp
such that /(1) = 1 and #/(2) = 2. Hence, Ho ~ Sym({2,3,...,D}) ~ Sp_4
and Hg =~ Sym({3,4,...,D}) ~ Sp o; if D = 2 then Hq is the single-element

group. It follows that, for any (X%, U)-covariant observable M = (M(m,n))(m,n)EXQD ,
there are positive kernels Ko and K such that U(w )KQ = KQ (m) for all 7 € Hg
and U(n')Ko = KoU(n') for all ©" € Hy and M)« U(m)KqU (m)* for all

7 € Sp (defining the diagonal values) and Mzq)x(2)) = U( )KQ/ (m)* for all m € Sp
(defining the off-diagonal values). Furthermore, there are non-negative integers M, and
My, [n] € Hq, [if] € Hgr, and two linearly independent sets {dyim|[n] € Ho, i =
L...,Dy, m=1,..., My} and {d}, , . |[n] € Hor, k=1,....,Dp, r=1,..., My} of

n's
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vectors from Hp such that U(n)d,;m = Z]DZ"I 1j:(7)dy jm for all T € He, [n] € Ho,
i=1,...,Dp andm=1,..., M, and U(r')d,, ;.. = Zfz"i M),y o, for all 7 € Hey,
[’I’]’] € HQ/, k= 17"’7D77/7 and r = 17"‘7M77"

In exactly the same way as in Example 1, we obtain (rank-1) PVMs (or sharp
observables) when concentrating on the diagonal orbit. Let us construct a family of
rank-1 informationally complete extreme (X%, U)-covariant observables. As we are
interested in the rank-1 case, we only concentrate on the characters (1-dimensional
irreducible representations) of the stability subgroups and unit multiplicities in the above
framework. Let us make things simple by just assuming that the characters involved are
just the trivial characters o € Hg and ¢, € Hy, i.e., (m,() = 1 = (', ¢}) for all m € Hg
and 7' € Hg. It follows that we only have single vectors dq := d¢, 1,1 and do = d, 111
which satisty U(m)dq = (m, {o)dq = dq for all m € Hg and U(n')dg = (7', {{)da = do
for all 7" € Hqy.

Note that we do not have to overly worry about the normalization of the vectors
dq and dg for the moment as we can carry out the normalization afterwards according
to Remark 1, i.e., we may freely concentrate on covariant POVMs. Let us make the
ansatz dg = |1) and do = do/(a) = a(e”™/8|1) + €™/8|2)) where a > 0; indeed these
are valid choices as they comply with the above necessary conditions. The case a = 0
corresponds to a rank-1 sharp observable supported by the diagonal 2. For now, let us
assume that a > 0. For any m < D, we obtain |m)(m/| as an operator U(m)|1)(1|U(7)*
for some m € Sp. Let (m,n) € Q" and choose m € Sp such that 7(1) = m and 7(2) = n.
It now follows that

U (m)ldo (e0)) (dey (o)|U ()" = & (Jm) {m| + ™™ *|m) (n] + ™ |n) (m] + [n)(n]).

Through linear combinations with operators from the diagonal, we now obtain the
operators

A= e ™) (n| + ) (ml|, B =™ m)(n] + e n)(m],

where B is obtained by reversing the roles of m and n, and ultimately 273/ 2[(14 +
B) + i(A — B)] = |m){n|]. All in all, the operators U(m)[1)(1|U(w)* and
U(m)|da (a)){de () |U(m)*, where m € Sp, span the whole of L(#Hp). Following Remark
1, we may define

1 .1
- i 2 VM)

= [@D =2 - v2)a® + 1|1 + V3a?Dly) (vl
= |20 2 V2)o® + 1| (1 ~ ) (wnl) + | (2 + VD) (D — 1) + 1 o) ual

K(a) Y Ulm)lder(a))(da (@)U (x)"

TeSp

where the second equality is obtained through direct calculation and the final formula
is the spectral resolution of K («); recall the isotropic vector 1y defined in the beginning
of this example. Note that any operator commuting with U has a spectral resolution
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like this recalling the decomposition of U into the trivial character operating in the
1-dimensional subspace spanned by 1y and to the standard representation operating in
{40 }*+. Hence, we have the normalizer

K(a)™V2 = [(21)—2—\/5)042“}1/2<]1_|¢0><¢0|)+[(2+\/§) (D_1)a2+1}1/2|¢0><¢0|

and we may define the (X%, U)-covariant rank-1 observable M® = (MG ) (mmyexcz, for
all a > 0 through

.y =1 ()72 m) (m| K (o) 7V,
MG =U (1)K () V2| dgr () (dey () | K (@) =20 ()"
=a?K ()2 (jm)(m] + ™™ |m) (n] + ™ |n) (m| + [n) {n]) K () /2

for all m # n where 7 € Sp is such that n(1) = m and 7(2) = n. Whenever
o > 0, using our observations just before introducing K () and the fact that K (a)~!/2
commutes with U, the range of M* spans L(Hp) showing that M® is informationally
complete. Since M® has D? non-zero outcomes when o > 0, this also implies that
the set {M(,, [ (m,n) € X%} is linearly independent. Hence, as a rank-1 observable,
M* is also extreme within the convex set of all observables with a finite outcome
space and operating in Hp [13]. In the case @« = 0, one gets the rank-1 sharp
observable M(()m’n) = Omn|m)(m|. To conclude, both of the mutually exclusive classes of
optimal observables are represented within the (X%, U)—covariance structure and they
are arbitrarily close one another when o ~ 0. It is easy to see that in the limit @ — oo,
the diagonal effects of M® vanish so that the limit rank-1 POVM is not informationally
complete. The limit observable is a sharp observable only if D = 2. We observe that
the marginal observables (A%)P_, and (BY)Y_, (defined by A% : Zn .

BY = Z M2

M{,,.) and
) are (Xp, U)—covariant (e.g. U(m)ASU(m)* = Arany) but they are

(m,n)
not of rank 1 except in the case a = (0 when they coincide with the basns measurement
(Jm) <m|) , and M is their only possible joint measurement.
We notlce that, when @ = 0 or a = (2 +V2)"Y?2 = ag, K(a)'/? is

particularly simple. According to the above discussion, M® is an example of a rank-1
extreme informationally complete observable in the (X%, U )—Covariance structure. In
a straightforward manner, we find that, for all m, n =1,...,D, M@ = |dp,n) (dm,nl

A = \/%(e“/ﬂ?m + ez‘w/8|n>) — % (\/1 +1/V2 - 1) Yy.

where

A

In addition to a POVM, a quantum measurement associated with an instrument
T = (Z,)zex with input Hilbert space H and output space K also defines the total
sex Lo from the set S(H) of input states to the
set of output states S(K). This transformation is also known as a channel, a trace-

unconditioned state transformation )

preserving completely positive (affine) map. A channel is a special case of a quantum
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operation, i.e., a completely positive map without the condition of being trace preserving.
We immediately see that any quantum operation [channel] can be viewed as a QOVM
lan instrument| with a single outcome. Let us again assume that G is a finite group and
that U : G — U(H) and V : G — U(K) are unitary representations mediating the input
and output symmetries. We say that a quantum operation or channel ® : S(H) — S(K)
s (U, V)—covariant if, for all g € G and p € S(H),
®(U(9)pU(9)7) = V(9)2(p)V (9)".

Furthermore, we say that a (U, V)-covariant channel ® is an extreme channel of the
(U, V))—covariance structure if ® is an extreme point of the convex set of all (U, V)-
covariant channels. Clearly, a (U, V' )—covariant channel is an example of an (X, U, V)-

covariant instrument where X = {z,} is a singleton where G acts trivially. The following
is again a direct corollary of Theorems 3 and 4 and the above observation.

Corollary 2. Let ® be a (U, V)-covariant quantum operation [channel]. There is, for
any [V] € G, a number My € {0} UN, and a linearly independent set

{Loim € LAH,K) |9 €G, i=1,...,Dg, m=1,..., My}
of operators such that, for any 9] € G, i=1,...,Dg, m=1,..., My, and g € G,

Dy
LoimU(9) =Y _9:15(9)V(9) Ly jim (21)
j=1

and, for any p € S(H),

Z ZZmepLﬁm (22)

G’lel

If ® is a channel, then
Dy My

YD D LiimbLoim=1n, (23)

19]66” 1 m=1

This channel is an extreme channel of the (U, V))—covariance structure if and only if the

Dy
*
E Lﬂ,i,mLﬁyiﬂl

i=1

set

m,n=1,..., My, [19]6@}

is linearly independent. Moreover, given a set of linear operators Lyg;m, [V] € G’,
i =1,...,Dy, m = 1,..., My, where My € {0} UN, satisfying Equation (21) [and
(23)], Equation (22) defines a (U, V')-covariant quantum operation [channel).

Suppose that Ly, : H — K, [J] € G,i=1,....,Dy, m = 1,..., My, where
My € {0} UN;, satisfy the condition of Equation (21). It easily follows that, for any
9] € G and m, n = 1,..., My, the operator 3.2, L i mLoin commutes with U. This
is why we may omit the G-summations in the normalization condition of Equation
(23), the channel characterization of Equation (22), and the operators essential for the
extremality characterization of Corollary 2.
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5. Covariant continuous instruments
associated with a compact stability subgroup

We now concentrate on continuous quantum measurements possibly in infinite-
dimensional systems and their symmetry properties. We will derive results closely
paralleling Theorems 3 and 4 and Lemma 1 in this setting. However, we no longer
can apply similar easy ‘hands-on’ methods of the preceding sections enabled by the
finiteness of value spaces and Hilbert spaces. However, on a deeper level, our proofs
are still, in a way, analogical to the earlier proofs but, in order to facilitate our proofs,
we import some pre-established results from [15]. We now explicitly define £(#) as the
algebra of bounded operators on the Hilbert space H and 7 (H) as the trace class on
‘H. We start by giving a generalization for Definition 1. In the sequel, we say that a
map ¢ : T(H) — T(K) is a quantum operation if it is linear and its Heisenberg dual
o* . L(K) — L(H), defined through tr [p®*(B)] = tr[®(p)B] for all p € T(H) and
B € L(K), is completely positive.

Definition 6. Let (X,X) be a measurable space (i.e., X # () and ¥ is a o-algebra of
subsets of X) and ‘H and K be Hilbert spaces.

(i) Amap M : ¥ — L(H) is a positive-operator-valued measure (POVM) if, for all
X € 3, M(X) >0, M()) = 0, and, for any disjoint sequence X;, Xo,... € X,
M( U2, X;) = 3002, M(X;) where the series converges weakly. This POVM M
is a projection-valued measure (PVM) if M(X) is an orthogonal projection for all
X el

(i) A POVM M : ¥ — L(H) is an observable if is is normalized, i.e., M(X) = 15. A
normalized PVM is called as a sharp observable.

(iii) We say that a map Z : X x T(H) — T(K) is a quantum operation-valued measure
(QOVM) (with the value space (X,X), input space H, and output space K) if,
for any X € ¥, Z(X,-) is a quantum operation, Z({), p) = 0 and, for any disjoint
sequence X1, X,... € ¥ and any p € T(H), Z( U2, X;,p) = > o0y (X, p) where
the sum converges w.r.t. the trace norm topology.

(iv) AQOVM Z : ¥ x T(H) — T(K) is an instrument if it is normalized, i.e., Z(X, -) is
trace preserving.

(v) An instrument Z : ¥ x T(H) — T (K) measures the observable M : ¥ — L(H) or is
an M—instrument if tr [pM(X)] = tr [Z(X, p)] for all p € T(H) and X € X.

For any instrument [QOVM] Z : £ x T(H) — T(K), we also define the Heisenberg
instrument [QOVM] Z* : ¥ x L(K) — L(H) through
WT'(X,B) = 0 [I(X.0)B].  peT(H), BeL(K), Xex,

ie, for all X € ¥, Z*(X,-) is the Heisenberg dual operation of Z(X,-). If X is a
topological space, we denote the corresponding Borel o-algebra by B(X); there is never
any ambiguity about which is the topology concerned, so the topology is not specifically
indicated in this notation.
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Let G be a group. We say that a set X is a [transitive] G-space if there is a map
G xX 3 (g,2) — gr € X such that ex = z for all x € X and (gh)x = g(hz) for all
g, h € G and z € X [and, for any z, y € X, there is g € G such that gz = y|]. Suppose
that (X,X) is a measurable space where X is a G-space and that, for any g € G, the
map x — gz is measurable. Let H and K be Hilbert spaces and U : G — U(H)
and V : G — U(K) be unitary representations. We define the covariance of QOVMs,
POVMs, instruments, and observables analogously to Definitions 2 and 3; in particular,
an instrument [QOVM| Z : ¥ x T(H) — T(K) is (£,U, V) -covariant if, for any X € X,
pET(H),and g € G,

Z(gX,U(g)pU(9)") = V(9)Z(X,p)V (g)".

In the special case KL = C, the set of (3, U, V')—covariant instruments [QOVMs| simplifies
to the set of (X, U)-covariant observables [POVMs| M : X — L(H) for which

U(gM(X)U(g)* = M(gX), ge@G, XeX.

For any (X,U,V)-covariant instrument [QOVM] Z, there is a quadruple
(M,P,U,.J) consisting of a Hilbert space M, a sharp observable P : ¥ — L(M), a
unitary representation U : G — U(M), and a linear map J : H — K ® M so that

(i) Z*(X,B) = J*(B®@P(X))J for all X € ¥ and B € L(K),

(i) JU(g) = (V(g9) @ U(g))J for all g € G,

(iii) U(g)P(X)U(g)* = P(gX) forall g € G and X € ¥, and

(iv) the vectors (B ® P(X))Jy, B € L(K), X € £, ¢ € H, span a dense subspace of
K& M.

The existence of a triple (M, P, J) satisfying items (i) and (iv) above is well known [27],
and the existence of the unitary representation U satisfying items (ii) and (iii) is proven
essentially in the same way as in the finite-outcome and finite-dimensional case which is
studied in Appendix B. The quadruple (M, P, U, J) of items (i), (i), and (iii) is called
as a (X, U, V)-covariant dilation for Z and if item (iv) also holds, then this dilation is
minimal. As a special case, we obtain a (X, U)-covariant dilation (M,P,U,.J) for a
(33, U)-covariant observable M when we set L = C and let V' be trivial.

Let G be a locally compact second-countable group which is Hausdorff. If € is
locally compact, second countable, and Hausdorff and 2 is a transitive G-space such
that the map G x Q 3 (g,w) — gw € 2 is continuous, there is a closed subgroup H < G
such that €2 is homeomorphic with G/H (space of left cosets) and, in this identification,
the G-action is of the form

9(¢'H) = (99" H, g, ¢ € G.

From now on, we assume that H and K are separable Hilbert spaces, G is a locally
compact and second-countable group which is Hausdorff, H < G is a closed subgroup,
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andU : G — U(H) and V : G — U(K) are strongly continuous|| unitary representations.
We will concentrate on (B(G/H),U,V )-covariant instruments and (B(G/H),U,V)-
covariant dilations which we will call, for short, (G/H,U,V)-covariant. In the same
context, we call (B(G/H),U)-covariant observables as (G/H,U)~-covariant. Note that,
we are now restricting to the transitive, i.e., single-orbit case.

We fix a quasi-G-invariant measure u : B(G/H) — [0, 0], a left Haar measure g
for G, and a measurable section s : G/H — G for the factor projection g — gH such that
s(H) = e. As in Section 3, we define, for any unitary representation m : H — U(H),
the cocycle (™ : G x G/H — U(H,) through ("(g,z) = 7(s(z) Lg's(gz)) for all g € G
and © € G/H. The cocycle conditions (3) still hold.

We can give a (G/H,U,V)—covariant instrument [or a QOVM in general] 7
a minimal (G/H, U,V )-covariant dilation (M,P,U,.J) where P and U constitute a
canonical system of imprimitivity [6, 15]. This means the following: There is a strongly
continuous unitary representation m : H — U(H,) in some separable Hilbert space H,
such that M = Li ® H, (which we identify with the Hilbert space of p-equivalence
classes of p-square-integrable functions F : G/H — H,), P = P¢ defined through

(PE(X)F)(z) = xx(2)F(z), X eB(G/H), Fel ®H. xeG/H, (24)
and U = U¢ defined through

(UG ) =+plg7,2)("(g F(g '), g €@, FELi@HW, x € G/H,

(25)
where p: G x G/H — (0,00) is the (ug X p)-measurable function such that u(gX) =
fG/Hp g,x)du(x) for all g € G and X € B(G/H); we will soon impose the assumption
that H is compact, whence p = 1. The representation U¢ is called as the representation
induced from m and (PS,UY) is the canonical system of imprimitivity associated to ;
note that PY is a (G/H,US)-covariant PVM.

In many cases, the (G/H,U)-covariant POVMs (and, in particular, observables)
are well known; these include the situations where G is Abelian, H is compact (and the
measure diagonalizing U is absolutely continuous w.r.t. the Plancherel measure), or U
is square integrable. In these cases, the covariant POVMs can be characterized with
minimal Naimark dilations which have essentially the same structure as that found for
finite covariant POVMs in Remark 3. In what follows, we utilize this general structure to
characterize the covariant instruments. This is why we make the following assumptions
on the (G/H,U)-covariant observables, which hold in all the cases mentioned above, as
this allows us to derive very specific forms for covariant instruments without having to
prove the same results separately for all the special cases:

(a) There is a dense subspace D of ‘H which is U-invariant, i.e., U(g)D C D for all
ge€q.

(b) There is a norm || - ||; : D — [0, 00) so that (D, | - ||1) is a separable normed space.
Moreover, for all g € G and ¢ € D, ||U(9)¢|l1 = ||¢|l1-

|| That is, e.g., g — U(g)¢y is continuous for any ¢ € H.
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(¢) For any (G/H,U)-covariant POVM M, there is a strongly continuous unitary
representation my : H — H,, in a separable Hilbert space H,, and a linear operator
© : D — Hn, such that ||©p| < ||¢l|1 for all ¢ € D and OU (h) = mo(h)O for all h €
H giving rise to a minimal covariant Naimark dilation of a particular form: defining
the linear map J : H — L2 ® Hq, through (Jo)(gH) = mo(s(gH) 'g)OU (g)*¢ for
all o € D and g € G and the canonical system (Pfo, Ug) ) of imprimitivity as earlier,
the quadruple (L2 ® Hn,,PS,US,J) is a minimal (G/H,U)-covariant Naimark
dilation for M.

The assumptions (a) and (b) mean that there is a generalized Garding domain of sorts
for U, and assumption (c) requires that the isometry in the Naimark dilation of any
covariant POVM into a canonical imprimitivity system (see [8]) can be defined in a
particular way on this Garding domain. Remark 3 (in the single-orbit case) tells us that
these requirements are always met in the finite-outcome and finite-dimensional case:
In this case, the domain (D, || - ||;) is simply the whole of H equipped with the usual
Hilbert norm. Also note Equation (20) and its direct connection to assumption (c¢). In
the continuous case, we often have to consider more general domains as we see in the
examples below (in the first one, at least).

Example 3. A simple continuous-outcome example where conditions (a), (b), and
(c) hold is the case where G = T is the torus [0,27) (treated as a cyclic group) and
(T,B(T)) is the value space of the POVMs. The system Hilbert space H has the
orthonormal basis {|n)}%, where we define the number operator N = Y>> n|n)(n|.
The representation U : T — U(H) is now defined through U(d) = ¢V, The system
can be seen as a quantum harmonic oscillator where U mediates the phase shifts. The
(T, U)-covariant POVMs can be viewed as the generalized phase POVMs. The domain
D is characterized as the subspace of those ¢ € H such that ||p||; := >~ [(n]p)| < oo;
recall that T = Z but U is only supported on {0} UN C Z. From the results in [7, 14]
(and the discussion later in Remark 4), it follows that any generalized phase observable
M is characterized by unit vectors ¢, € M, n =0, 1, 2,..., in some infinite-dimensional
separable Hilbert space: Denoting the closure of the linear span of {(,}>, by Moy,
M can be given the minimal covariant Naimark dilation (L*(T) ® Mo, P, A, .J) where
P : B(T) —» L(L*(T) ® My) is the canonical sharp observable, ie., (P(X)f)(¥) =
xx(9)f(¥) for all X € B(T), f € L*(T) ® Mo, and ¢ € T, A : T — U(L*(T) @ Mp) is
the left regular representation, i.e., (A(@)f)(9) = f(¥ — a) for all f € L*(T) ® M, and
a,9 €T, and J: H — L*(T) ® My is given by (Jp)(9) = OU(9)*¢ for all p € D and
¥ € T where © : D — M is determined by the vectors ¢, through ©p = "> (n|¢)(,
for all ¢ € D. Thus,

, dv
(m|IM(X)|n) = <<m|¢n>/ elm=md—" m n=0,1,2,..., X €B(T).
¥ 2m
The canonical phase observable is obtained by setting (, = ( for some fixed unit
vector ( for all n = 0,1, 2,.... Note that, in this simple case when the group is

also the value space (i.e., the stability subgroup is the trivial one-element group), the
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representation in the canonical system of imprimitivity is the left regular representation
as the representation g of assumption (c) is always trivial.

Next we outline how conditions (a), (b), and (c) can be seen to hold for phase space
observables. The system has N degrees of freedom and is associated with the Hilbert
space L?(RY) in the position representation. The position shifts act on the states
through the unitary representation Uy : RN — U (L*(RY)), (Un(q)¢)(F) = (& —q) for
all 7 € RY, p € L*(RY), and a.a. ¥ € RY. The momentum boosts are associated with
the unitary representation Vy : RN — U(L*(RY)), Vy(p) = F*Un(p)F for all p'e RY,
where F is the unitary Fourier transform operator, i.e., for all 7 € RY, ¢ € L*(RY),

ST =

and a.a. T € RY, (Vy(p)p)(Z) = € Pp(Z). By defining

W (T, P) = e PUN@)Va(P), @ FeRY, (26)

we are able to encapsulate position shifts and momentum boosts into phase space
translations giving rise to a projective unitary representation Wy : RN x RY —
U(L*(RY)). Indeed, one easily checks that, upon defining the (2N x 2N)-matrix

U Y
s (50)

in the block form and denoting the phase space points by Z = (¢, p) € R?", we have
Wi (Z+ @) = e2” SNOW (Wi (@), 7,4 € RV, (27)

This projective representation is called as the Weyl representation. In quantum optics
literature, the operators Wy (%), Z € RY, are associated with the displacement operators.

Let us next introduce the Weyl-Heisenberg group Hy which coincides, as a set, with
R2YN x T and whose group law is given by

(Z,a) (W, B) = (Z+ W, + B — 2T Syb), ZweR?™N, a,BeT.
Let us also define the map Dy : Hy — U(L*(RY)) through
Dy(Z,a) = e “Wx(7), 7eR®™N, acT.

Using Equation (27), one easily sees that Dy is an ordinary strongly continuous unitary
representation.

We may interpret R*¥ = Hy/H where the stability subgroup is H = {0} x T
and pick the section s : R* — Hpy defined by s(z) = (Z,0) for all z € RV,
We call (R?", Dy)-covariant POVMs [observables] as covariant phase space POVMs
[observables|. They have been fully characterized [25]: Covariant phase space POVMs
[observables] M : B(R?Y) — L£(L?*(R")) are in one-to-one correspondence with positive
trace-class operators S € T (L*(R")) [of trace one] set up by

M(X) = Mg(X) := %N/ Wy (2)SWy(2)* dz, X € B(R*M). (28)
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Pick a covariant phase space POVM [observable] Mg. Define H, as the closure of
the range of SY2 and 7y : H — U(Hy), m0(0,a) = e *14,. By defining the map
J: L2(RY) — L*(R?M) ® H, through

1

(J0)(3) = —mo(s(2)(2.0) 2 Dn(E, )" = =iz VAW (2
it is easily seen that (L*(R*") ® Ho, P1¥, ULV, J) is a minimal Naimark dilation for

Mg. This means that conditions (a) and (b) hold where D is the entire L*(RY) and
| - |l1 is the usual Hilbert norm and, in item (c), we have © = 7=/28%/2_ Note that
(U~ (2,0)F) () = e~ {0+ SvD P(4 — 2) for all (2,a) € Hy, F € LA(R*) @ H,, and
@ € RN and (P~ (X)F) (@) = xx (@) F (@) for all X € BR™), F € L*(R*) @ H,,
and @ € R*Y, JAN

Remark 4. The above examples can be generalized, and we next summarize how the
conditions (a), (b), and (c) can be seen to hold in these generalizations. This remark
can be considered as extra information connecting this work to pre-existing results and,
as such, can be omitted.

We first generalize the phase observable example above where the symmetry group
was the Abelian T. Suppose that G is Abelian and fix a closed subgroup H < G and
a strongly continuous unitary representation U : G — U(H) where H is separable.
We denote by H [G] the dual group of H [G] and by H* the annihilator of H, i.e.,
the subgroup of those n € G such that (h,n) = 1 for all h € H. The decomposing
measure iy : B(G) — [0,00] for U is the measure such that there is a measurable
field v — H(v) of Hilbert spaces allowing us to identify H with the direct-integral
Hilbert space fG ) dp () and to decompose U through (U(g)¢)(v) = {(g,7)¢(7)
for all g € G, ¢ E 7—[, and 7 € G. In this setting, there are (G/H,U)-covariant
POVMs (and, consequently, (G/H,U,V)-covariant QOVMs) if and only if there is
a standard measure v : B(G/HY) — [0,00] such that py is given by Jo fdur =
fG‘/HJ- Jore fOy + m) dpge(n) dv(y + H*Y) for all f € L) where py. is a fixed Haar
measure for the group H* [7, Theorem 4.2]. In the following we fix such a measure v.

We define D C H and the norm || - [|; on D in the same way as in [14]: The domain
D C H is the subspace of those ¢ € H such that

2
el = \// Hso v+ dum) dv(y+ Ht) < o0

It is easily seen that conditions (a) and (b) hold. We next fix an infinite-dimensional
separable Hilbert space M. For any measurable field W : v — W(y) of isometries
W(vy) : H(y) = M, we define Oy : D — L2 @ M through

(Ow)(y+ H*) = . Wy +n)e(y +n)dugr(n),  ¢€D, v,

where we identify L2 ® M with the space of (equivalence classes of ) v-square-integrable
functions f : G/H* — M. Condition (c) is now the content of Theorem 3.1 of [14] and
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the proof thereof, namely, for any (G/H, U)-covariant observable there is a measurable
field W of isometries such that condition (c) is satisfied with © = ©y,. The same holds
in a straightforward manner for covariant POV Ms.

Let us consider another setting where (a), (b), and (c) hold. Let G be unimodular
and H be compact and assume that (i) the decomposing measure py; for U is absolutely
continuous with respect to the Plancherel measure p1 or (ii) U is square integrable; the
latter case generalizes the covariant phase observable discussion in Example 3. We first
treat case (i). Denoting, for all [y] € G, the Hilbert space of the selected representative
v by K(v) (ie., v: G = U(K(7))), there is a measurable field v — M(v) of Hilbert
spaces such that H can be identified with the direct integral ff; K(v) @ M(v) duv([v])
where U is decomposed: (U(g)¢)(v) = (v(g9) @ Lyey) () for all g € G, ¢ € H, and
[v] € G. We define the subspace D C H and the norm || - ||; in the same way as in [15]:
For measurable fields G 3 v — ((v) € K(7) and G 3 v — £(7) € M(y), we denote by
¢ * & the field v — ((y) ® £(v). We define D as the linear hull of product form fields
( x & € H such that

IC*¢& ]l :=/GIIC(V)HHfE(v)IIduc(V) <00

where p : B(G) — [0, 00] is the Placherel measure associated to a fixed Haar measure
over G. The norm D 3 ¢ — |||y = [z le(M)]l due(y) € [0,00) is now well defined.
These choices are easily seen to satisfy conditions (a) and (b) and in Theorem 3 of
[15] and the proof thereof we see that the operator © of condition (c) can be found
for any (G/H, U)-covariant POVM. However, since the construction of this operator is
somewhat complicated, we do not go into this in more detail here.

In the case (ii), we see that conditions (a), (b), and (c) hold by consulting [25] and
Section 6.1 of [15]. We shall not go into details here, but we should emphasize that, in
this case, D = H and || - ||; coincides with the usual Hilbert norm; in fact, the operators
© of item (c) above are, in this case Hilbert-Schmidt operators; see Theorem 5 of [15].

A

Using conditions (a), (b), and (c), one can prove a counterpart of Theorem 4 of
[15] using same methods as we will employ shortly. However, in order to obtain more
interesting results, we have to assume that

(d) H < G is compact.

It hence follows that the dual H is countable. As earlier, we pick, for any [n] € Ha
representative n : H — U(K,)) and denote by D, the dimension of I, (which is finite).
For any [] € H, we also fix an orthonormal basis {e,;}~" C K, and denote

Mij(h) = (eniln(h)en ), i,j=1,....Dy, heH

Moreover, for any [n] € H, we define the functions ;i1 G xG/H — C through

the matrix elements of (" in the basis {677,1'}?:”1. Since H is compact, G/H allows an
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essentially unique regular G-invariant measure p : B(G/H) — [0,00], i.e., pu(gX) =
wu(X) for all X € B(G/H). We keep this measure fixed in the sequel implying that we
may assume p = 1 in the definition (25) of the induced representation.

Let us make a useful definition. Below, we say that, given a set A, a set {L,}aca
of linear operators L, : D — K is (K, D)-weakly independent if, for (8,)aca € €%, the
condition ) ., B.(¥|Lap) = 0 for any ¢ € K and any ¢ € D implies 3, = 0 for all
a € A. Moreover, the notation m = 1,..., M is to be taken as usual when M € N; if
M = 0, this means that the set of indices m discussed is empty; and if M = oo, the set
of indices m is the entire N.

Definition 7. We say that, given M, € NU {0, 00} for any [n] € H, a set
{Lyim|[€H, i=1,....Dy,, m=1,... M}

of linear operators L, ;,, : D — K is a set of (G/H,U,V)-intertwiners if

LpimU an Ly jm (29)

for all [77]Efl,izl,...,Dn,mzl,...,Mn,andhEH,

Z ZZ |Lnimel? < llell}, €D, (30)

Hzlml

and there is a number M > 0 such that

ZZZHLW Vol du(gH) < Mllel®,  ¢eD.  (31)

]EHZ 1 m=1

This set of (G/H,U,V)-covariant intertwiners is minimal if it is (K, D)-weakly
independent. A set of (G/H, U,V )-intertwiners L, : D — K (g € H,i=1,...,D,),
m=1,..., M, where M, € NU{0, 00} for all [n] € H) is normalized if

/G/HZZZHLW VolPdu(gH) = llel?,  ¢eD. (32)

[n]ed ? 1 m=1

Note that, using Equation (29), the integrand in Equations (31) and (32) is found
to be invariant in the replacement g — gh whenever h € H in exactly the same way as
earlier in Section 3; this allows us to interpret the integrand as a function on G/H. Note
also that Equation (32) (whenever it holds) already implies the weaker Equation (31).
The following theorem is a generalized version of Theorem 3 (albeit in the single-orbit
case).
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Theorem 5. Let Z : B(G/H) x T(H) — T(K) be a (G/H,U,V)—covariant QOVM
[instrument]. There are, for any [n] € H, M, € NU{0,00} and a minimal [normalized]
set {Lpyim : D — K|lm =1,...,M,, i = 1,....D,, [n] € H} of (G/H,U,V)-
intertwiners such that, for all X € B( /H), B e LK), and ¢ € D,

T B0 = [ 33 Y 0Lyl 0 BV ()L a) 0 ).
pled =1 m=1
(33)
On the other hand, given M, € NU {0,00} for any [7] € H and a [normalized] set
of (G/H,U,V)~intertwiners consisting of Ly;m : D — K, [n] € H, i= 1,...,D,,
m=1,...,M,, Equation (33) defines a (G/H,U,V)-covariant QOVM [instrument].

Proof. Let T : B(G/H) x T(H) — T(K) be an (X,U,V)-covariant QOVM
[instrument] and equip it with a (G/H, U,V )-covariant minimal Stinespring dilation
(LZ@HW, P¢ UY, J) where 7w : H — U(H,) is strongly continuous unitary representation
in a separable Hilbert space H,. Let M : B(G/H) — L(H) be the (possibly continuous)
POVM [observable] measured by Z, i.e., tr [pM(X)] = tr [Z(X, p)] for all p € T(H) and
X € B(G/H). According to item (c) (see also [8] and [15]), there is a strongly continuous
unitary representation my : H — U(H,,) in a separable Hilbert space Hr,, and a linear
map © : D — H,, (with ||O¢]| < ||¢||; for all ¢ € D and OU (h) = 7o(h)© for all h € H)
such that we may define the minimal (G/H,U)-covariant minimal Naimark dilation
(L2, @ Hay, PEUS Jo) where (Jop)(gH) = mo(s(gH) g)OU (g)*¢ for all € D and
gH € G/H.

According to Proposition 6 of [15], there is an isometry A : H,, - K ® H, with the
property Amo(h) = (V (k) @ w(h))A for all h € H such that, defining the decomposable
isometry W : L2 @Hr, — KRL2@H, through (W f)(z) = W(z) f(z) forall f € L2@H,
and x € G/H, where

W(gH) = (V(9) @ ¢"(g7 " gH))AC™ (9", gH)*,  g€G, (34)

we have J = W.Jy. Through simple calculation, we find that this means (Jp)(gH) =
J(gH)p for all ¢ € D and gH € G/H where

J(gH) = W(gH)¢™ (g™, gH)OU (9)" = (V(9) ® ("(9~ ', gH)ABU (9)*, g€,

where we have used Equation (34).

According to the Peter-Weyl theorem, for each [n] € H, there is a separable Hilbert
space My, so that Hr = P,y Ky @ My, and 7(h) = D jcpn(h) ® L, for all h € H.
Denote, for each [n] € H, M, := dimM, € {0,00} UN, and let {fn,m}f\f"l be an
orthonormal basis for M, for all [5] € H. Defining, for all [5] € H,i=1,...,D,, and
m =1,..., M,, the isometry V, ;,, : K = K ® H, through V,; ,t) =¥ ®e€,; ® fym fo
all ¥ € K, we denote Ly ;,, ==V, AO.

n,4,m
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Proving that the set consisting of the operators L, ; », is (K, D)-weakly independent
is carried out in exactly the same way as the corresponding proof in Section 3. Pick
meH,i=1,....,D,,m=1,...,M,, and h € H. We have

LyimU(h) = V' AOU(h) = Vi, Ao () = V', (V(h) @ w(h)) A©

n,4,m n,4,m n,4,m

IV (L A)AG — S sV () L

where we have used (Ix @ m(h))Vyim = Zf"l n;.i(h)Vy jm (which is easily proven)
in the final equality, thus proving Equation (29). Using the Pythagorean theorem
and the fact that A is an isometry, we find .. 5 S S N Lyimel? =
Yienr it ot Vi mAORIP = [[AO¢]2 = |0¢] < [lg]f? for all p € D, implying
Inequality (30). Usmg the fact that, for all p € D and g € G, (Jp)(gH) = J(gH)p, we
find, for all p € D, X € B(G/H), and B € L(K),

(IT*(X. B = (Jo| (B ® P(X))Jp) = /X (J(gH)|(B ® L. ) I (gH)0) du(gH)
_ /X (V(g) ® (g™, gH))AOU (9)* | (BV (9) ® C"(g™" g H)) AOU (g)" p) dyu(g H)

~ [ A8V ¢l(V(9) BV () © 10, AOU()'¢) du(gH)

Y Y A V(0 BY 61V AU 6 )
[ned =1 m=1
D, M,

/ S D V(9 LyimU(9) @I BV (9) LimU (9)" ) du(gH),

[]EHZ 1 m=1

proving Equation (33). The proof of the converse claim is straight-forward and is left
for the reader; note that Equation (32) corresponds to the normalization condition
I*(G/H,1x) = 14 for an instrument and Equation (31) corresponds to the boundedness
of 7*(G/H, 1x) for a QOVM. O

We again have the following elaboration for the final claim of Theorem 5 stating
that we may construct minimal covariant dilations from minimal sets of intertwiners.

Lemma 2. Let {L,;, : D= K|m=1,....M,, i=1,...,D,, [n] € H} be a minimal
[normalized] set of (G/H,U,V)~intertwiners where M, € {0,00} UN for each [n] € H
and define, for all [n] € H, i= L,...,D,,m=1,...,M,, and g € G,

Ky im(gH) : ZCZZ L gH)V (9) Ly ymU(9)* (35)

For each [n] € H, let M,, be an M,-dimensional Hilbert space with the orthonormal basis
{fnm} 7, and define the strongly continuous unitary representation m : H — U(H,)
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where Hy = @pyep Ky @ My and 7(h) = Dppepn(h) @ La, for all h € H and the
linear map J : H — K ® L2 ® Hr such that, for all ¢ € D and g € G,

D,

(Jo)(gH) = ) ZZKmm 9H)p @ €4 @ fym:

[W]GH’L 1 m=1

the quadruple (Li ® H.,PE UC J) is a minimal (G/H,U,V)-covariant Stinespring
dilation for the (G/H, U,V )—covariant QOVM [instrument] T defined through Equation
(33).

Proof. Let M, € {0, 00}UN for each [] € H and suppose that operators Ly, : D — K,
n] € H, i= 1,....,D,, m = 1,...,M,, constitute a [normalized| minimal set of
(G/H,U,V)—intertwiners and define the representation m and the linear map J as
in the claim. Direct calculation utilizing Equation (32) shows that ||Jo|| < v M||y|
for all ¢ € D where M > 0 is the number in the condition for a set of intertwiners
given around Equation (31). Since D is a dense subspace of H, this means that J
indeed can be extended into a linear map J : H —» K ® Li ® Hr. Thus, equation
I*(X,B) = J*(B®P(X))J for all X € B(G/H) and B € L(K) defines a QOVM
instrument] Z : B(G/H) x T(H) — T(K). Checking JU(g) = (V(g) @ US(g))J for all
g € Gand X € B(G/H) is straight-forward and is left for the reader. Let us concentrate
on showing that the vectors (B ® P¢(X))Jy, B € L(K), X € B(G/H), ¢ € H, span a
dense subspace of K @ L2 @ H.. )

Proving that the set {K, ;n(z)|m=1,...,M,, i=1,...,D,, [n] € H} is (K, D)-
weakly independent for any x € G/H is carried out in essentially the same way as in
the proof of Lemma 1. Let ¥ € K ® L2 ® M, be such that (¥|(B ® P¢(X))Jp) = 0
for all B € L(K), X € B(G/H), and ¢ € H. We may assume that, for any [n] € H,
i=1,...,D,, and m =1,...,M,, there is a field G/H > & — t,; () € K such that
U(z) = Z GHZ Zm L nzm( )®e,: R fnm for all z € G/H, so that we may assume
that >, GHZ S Ny ()P = W (2)]|? < oo for all 2 € G/H. Essentially in
the same way as in the proof of Lemma 1, we find that, for any B € L(K), X € B(G/H),
and p € D,

0= <\Il|(B®PG( / Z iz (n,im (@) | BKp im(2) ) dpa().

[n]GHZ 1 m=1

Substituting above B = [¢)(¢’| where 9, ¢/ € K and varying X € B(G/H), we find
that, for any ¢ € D and ¢, ¢ € K, there is a p-measurable set N, C G/H such
that (N gy ) = 0 and

ZZZ Ui (@) (K i.m () 0) = O (36)

[n]EHl 1 m=1

for all € (G/H) \ Nyy,. Let Cp C D be a countable set which is dense in D

w.r.t. the 1-norm (recall the assumption (b) we made in the beginning of this section)
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and Cx C K be a countable set dense in K w.r.t. the usual Hilbert space topology.
Define N = (H{Npyw |¢ € Cp, ¥, ¢ € Cx}. Clearly, u(N) = 0. Pick ¢ € D,
Y, € K and let ()02, C Cp, (¥,.)2, C Ck, and (¢))2, C Ck be sequences
such that lim, o || — @1 = lim,o0 || — ¥ || = lim, o [ — ¢|| = 0. Using the
Pythagorean theorem, the Cauchy-Schwarz inequality and Equation (30), we may easily
evaluate, for any = € G/H,

Z Z Z 77Z)772m z)[1) <¢ |anm( T)p) — W)mm($)|¢r><¢;~|Kn,z,m(x)90r>)

]GHZ 1 m=1

<@l = el Mol + 1 @) = drllllell + @Ml = erlh
<[ @)Y = el el + 1e @1 = el + 181D 1" = 2rilllelh
@ (1 = el + 121D (1" = el + 19 1D e = el =70,

From this, it immediately follows that, Equation (36) holds for all ¢ € D, ¢, ¢’ € K, and
z € (G/H)\ N. Since, for any z € G/H and ¢ € K, the sequence ((¢[thyim(z)) |i =
L,....,D,, m =1,...,M,, [n] € ﬁ) is square summable, and the set of operators
Kyim(z), ml € H, i =1,...,D,, m = 1,...,M,, is (K, D)-weakly independent, it
follows that (Y|t m(z)) = 0 for all ] € H i=1,..,D sm=1,..., M, ¢ €K,
and z € (G/H)\ N. This means that ¢, ;,(z) = 0 for all [n] € H, i=1,...,D,,
m=1,...,M,,and x € (G/H)\ N. Hence, ¥(x) =0 for p-a.a. v € G/H, ie., ¥ =0
finalizing the proof. m

5.1. Extreme continuous covariant instruments
associated with a compact stability subgroup

We next derive necessary and sufficient conditions for a covariant instrument to be
extreme within the covariance structure. We also briefly discuss extremality of such
instruments in the set of all instruments. The results are analogous to Theorem 4 where
we have to replace linear independence with a suitable generalization. Throughout
this section, we keep the notations introduced in the beginning of this section fixed and
continue to assume that G is locally compact, second countable, and Hausdroff. We also
assume that the conditions (a), (b), (c), and (d) stated in the beginning of this section
still hold. Extreme instruments of the (G/H, U, V')—covariance structure are still defined
as the extreme points of the convex set of all (G/H, U,V )-covariant instruments and an
instrument Z : B(G/H)xT(H) — T(K) is extreme (with no specifier) if it is an extreme
point of the convex set of all instruments with value space (G/H ,B(G/H )), input
Hilbert space H and output Hilbert space K. Initially (in the following theorem) we are
mainly interested in the extreme points of the covariance structure. Note that we define
the convex combination Z = tZ* + (1 — t)Z~ of instruments 7% : B(G/H) x T(H) —
T(K) with 0 <t < 1 through Z(X, p) = tZT(X, p)+(1—t)Z~ (X, p) for all X € B(G/H)
and p € T(H).
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Using Theorem 5 and Lemma 2 and earlier extremality characterizations from [15],
we may describe all the extreme instruments of the (G/H, U,V )—covariance structure.
For this, we make a couple of technical definitions. Pick, for all [] € H, M, € {0, cc}UN,
and let L, ;. : D — K, [n] € H i=1,... .D,, m =1,..., M,, constitute a minimal
normalized set of (G/H, U,V )-intertwiners. Using the Cauchy-Schwarz inequality (in its
different forms) and Equation (32), we have, for any ¢ € D, [n] € Hm,n=1,..., M,

/G/HZ ni;mU (9)" 0| LninU ()*g0>d,u(gH)'

</ Zume ellILasal o)l dulat)
G/H *

LyinU gp L, i, U <p2dugH
/G/H Zun HZH - 12 du(gH)

=1

/ Zubmm rolduar) [ ZHLW el duot)
> 5 s Ulo) ol duta) = Il

[]GHZ 1 r=1

meaning that D? 3 (p,v) — fG/H S (LyimU(9) 0| LyinU(9)* ) du(gH) € C is a
bounded sesquilinear form for all [] € H and m,n=1,..., M, (and, thus, extends to
H?); we denote the corresponding bounded linear operator as

D,]

/G ULl 0) ) € (K

Moreover, given sets A # () and B, # 0 for any a € A, we say that a set consisting
of Bype € L(H), b, c € By, a € A, is strongly independent if, for any decomposable

bounded operator @, 4(Babec)becB. € Baca L(0%,) C L (Bucal®,), the condition
Zae A2 cCB, Bap.cBape =0 (where the series is required to converge strongly) implies

Bape=0forall a € Aand b, c € B,.

Theorem 6. Let 7 be a (G/H,U,V)—covariant instrument defined through Equation
(33) by a minimal normalized set of (G/H,U, V) ~intertwiners consisting of Ly ;m : D —
K, [n] € H i=1,....D w, m=1,..., M, where M, € {0,00} UN. This instrument is
an extreme instrument of the (G/H, U, V')—covariance structure if and only if the set

Dy,
{// 7]1,7mL7777,,7’LU(g)* dlL(gH) m7 n = ]" AR 7M777 [77] E H}
G/H

1s strongly independent.
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Proof. Let (L2 ® M., PS,UZ,J) be the minimal (G/H,U,V)—covariant Stinespring
dilation for Z defined by L, ;m, ] € H,i=1,...,D,, m=1,..., M, as in Lemma 2.
According to [15], Z is an extreme instrument of the (G JH,U,V)- Covariance structure if
and only if, for E € L(L%®H,), the conditions EPY(X) = PY(X)E forall X € B(G/H),
EU%(g) = US(g)E for all g € G, and J*(1x ® E)J = 0 imply E = 0. This is why we
next focus on characterizing the intersection of the commutant of the range of PS¢ and
that of the range of US.

Suppose that £ € L(L2 ® H) commutes with PS and US. The former condition
implies that there is a (weakly) py-measurable field G/H > x — E(x) € L(H,) such
that (EF)(z) = E(z)F(x) for all F € L2 ® H, and = € G/H. Fix a left Haar measure
ua for G. Requiring that EUS(g) = US(g)E for all g € G easily yields that, for all
g € G, there is N, € B(G/H) such that p(N,) = 0 and

E(z)(" (g9, %) = (" (g9, ) E(gz) (37)

for all z € (G/H) \ N,.

Denote by N the set of those (g,z) € G x G/H such that Equation (37) does not
hold. Since H, is separable, this is easily seen to be a Borel set. Using the Fubini
theorem, we get

(4 X W) (N) = /N A x ) = / /G 8 (02) () dlg) =0

J/

-0
implying that Equation (37) holds for (ug x p)-a.a. (g,2) € G x G/H. Using the
Fubini theorem for a second time, we find 0 = (ug x p)(N) = [yd(pe x p) =
Joyu Joxn(g,2) duc(g) du(x) and, since [, xn(g,2) duc(g) > 0 for all z € G/H, this
means that [, xn(g, ) duc(g) = 0 for p-a.a. x € G/H. Thus, we may pick zo € G/H
with the property xn(g,zo) = 0 for pug-a.a. g € G, implying that, for ug-a.a. g € G,

E(20)¢" (g, 20) = (" (g, 20) E(gz0)- (38)

Since G is locally compact and second countable, we may assume that the set Y € B(G)
of those g € G such that Equation (38) holds (and whose complement is pg-null) is a
countable union of compact sets, implying that X := {gH | g € Y'} is a Borel-measurable
subset of G/H. The pre-image of (G/H) \ X under the factor projection g — gH is
contained within the ug-null G \ Y. Since, according to Corollary V.5.16 of [30], a set
Z € B(G/H) is p-null if and only if its pre-image under the factor projection is pug-null,
we have that 1((G/H)\ X) = 0. It now follows from the above and Equation (38), for
all g € G such that gs(zg)~! €Y, ie., for ug-a.a. g € G,

E(gH) = E(gs(z0) "w0) = (" (gs(z0) ™", m0) E(x0)¢™ (gs(x0) ", 20)
= (¢ (s(a0) ™ 20) (9. 1)) E(%W (20)7, ) ”( H)
= ("(9, H) Eyr(g, H) = (9" 's(gH)) Eor (g 's(gH)) (39)
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where we have denoted Ey := (™ (s(xo)_l,xo)*E(xo)C” (s(xo)fl,aco).

Denote by N; the ug-measurable subset of those g € G such that Equation (38) does
not hold. Since we have, for every f € L'(G), [, f due = fG/H S [(gh) dpp(h) du(gH),
where py is the essentially unique left Haar measure on H, we have

0= pc(Ny) :/GXM dpc = /G/H/HXNI(gh) dpr (h) du(gH),

-~

>0

implying that, for ug-a.a. g € G (i.e., for p-a.a. gH € G/H) [, xn.(gh) dug(h) = 0.
It follows that there is gy € G such that xn,(goh) = 0 for puy-a.a. h € H. Since
i (N7) = 0, we may assume that go € G \ Ny. Thus, we find that, for puy-a.a. h € H,
m(h)Eom(h)* = (g5 " s(g0H))m(h 7 gy s(goH)) Eom (h g ' s(goH)) (g0 's(goH))" =
(g0 's(90H)) E(goH)m (g5 " s(90H))" = Ey where we have used the fact that go € G\ Ny
in the final equality. Using the strong continuity of 7, this means that Fom(h) = 7w(h)Ej
for all h € H. Using Equation (39), this means that E(x) = E, for p-a.a. v € G/H.
Thus the intersection of the commutant of the range of P¢ and that of the range of U¢ is
included within the set of those operators £ € L(L?, @ H) defined by some Ey € L(H)
commuting with the range of 7 through (EF)(z) = EoF(z) for all F € L2 ® H, and
x € G/H. The converse inclusion is immediate. Thus the intersection we are studying
corresponds to the commutant of the range of .

Let E € £(L? ® H,) commute with P¢ and US and let E, be the corresponding
operator in the commutant of 7. Using the definition 7(h) = @, czn(h) ® Lu, for
all h € H, we find that there is a bounded sequence H > [] — E, € £(M,) such
that E(z) = Ey = @yeir lx, ® By for pra.a. v € G/H. Define, for all [n] € H,
i =1,...,D,, and m = 1,...,M,, the isometry V,;,, : K = K ® H, as earlier.
Denoting By m.n := (fom|Eyfon) for all ] € Handm,n=1,..., M, we find that, for
any ¢ € D,

(Jol(lx ® E)Jp) = /G/H<(J90)(x)\(]lzc ® Eo)(J)(x)) dp(x)

Dy Dy My My

:/G/H Z ZZZZ nzm )| nzm(:”"C®EO)Vﬂ,j7nV79*7j’n<JQ0)(ﬂf)>du(ﬂf)
(1],

Y¥)jeH =1 j=1 m=1n=1
[ € (an|Enfnn> ], [19]

zjszwnn/ Z Koy (2)0 K i (2)) dp()

[n]eH ™Msn= 1
—ZENMJ'ZWW Y ol LninlU (9)0) du(gH)
[n]eH M= 1

where the final equality follows in a straight-forward way from the definition of the
operators K, ; () as they appear in Lemma 2 and S Dig7Y g )¢ (g7 gH) = 65
for all [n] € H, jk = 1,...,D,, and g € G. Noting that the set of decomposable



Optimal covariant quantum measurements 45

bounded operators in @[n]eﬁ £2Bn’ where B, is the set of indices m = 1,..., M, for

any [n] € H, coincides with the set of Dpjen ({fom| By fn,n>)i\:’;:1, where H 5 [] —
E, € L(M,) is a bounded sequence, the claim now follows from the extremality

characterization stated at the beginning of this proof. O

Remark 5. Recall the stricter conditions for an instrument to being extreme (i.e.,
an extreme point within the set of all instruments with the same value space and
input and output Hilbert spaces) made in the beginning of this subsection. Let Z be
a (G/H,U,V )—covariant instrument defined through Equation (33) by a minimal set of
(G/H,U,V)-intertwiners L, ; ., 1] € Hi=1,..., D,, m =1,...,M,. For brevity, let
us denote the set of indices (1,7, m), where [ € H, i =1, ... ,Dy,and m=1,..., M,
by B. Using the minimal Stinespring dilation of Lemma 2 and an earlier extremality
characterization given in [29] and recalling the section s : G/H — G, we find that the
above Z is an extreme instrument if and only if, for a family {f7}3.,es C L3 such that

G/H 3z~ (f(x)) € L(%) is p-essentially bounded, the condition

BEB

/G Y @) Lp(U o s)(@) ol Ly (U o s)(2)"¢) du(x) = 0

/H BrEB

for all ¢ € D implies ff(x) =0 for all 5,y € B and p-a.a. z € G/H. This fact is
proven in Appendix D. A

Let us give an extremality condition which is particularly convenient when the input
representation U is irreducible. We formulate this result, not using minimal intertwiners,
but using a minimal covariant dilation of a (G/H, U,V )-covariant instrument into a
canonical system of imprimitivity. Note that we do not have assume that H is compact.

Proposition 1. Let Z be a (G/H,U,V )-covariant instrument and let m: H — U(H.r)
be a strongly continuous unitary representation, where H, 1s separable, and J : H —
K ® L2 @ Hy be an isometry such that (L, @ Hx,Pr, Ux, J) is a minimal (G/H,U,V )~
covariant Stinespring dilation for . If m is irreducible, then I is an extreme instrument

of the (G/H, U,V )—covariance structure. If U is irreducible, also the converse claim
holds.

Proof. For the duration of this proof, define the map £L(#,) > E — E* € L(L} ® )
through (E*f)(z) = Ef(x) forall E € L(H,), f € L, @M, and x € G/H. Suppose first
that 7 is irreducible. This means that the commutant (ran )" of the range of 7 is Cly,, .
The commutant (ran Uy )" of the range of U, is, according to the proof of Theorem 6, the
image of (ran )’ under the map £ — E*. Clearly, this means that (ranUy)" = Cl 24, -
(This just means that, when 7 is irreducible, then also U, is irreducible which is well
known.) Obviously, the map (ranU,) > D — J*(1x ® D)J € L(H) is now injective,
meaning that Z is an extreme instrument of the (G/H, U, V' )—covariance structure.
Suppose then that U is irreducible and Z is an extreme instrument of the
(G/H,U,V)-covariance structure. Using the intertwining property JU(g) = (V(9) ®
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Ur(g))J for all g € G and the fact that (ran Uy)’ is the image of (ran 7)’ under E +— E*, it
easily follows that U(g) J*(1x®@E®)J = J*(1x@E*)JU(g) forall g € G and E € (ran7)’,
implying that, for all £ € (ran7)’, there is z(F) € C such that J*(1x Q@ E*®)J = z(E)14,
ie,0=J1c®(E —Z(E)]IL%@HW)J = J*1x® (E—2(E)1y,)"J. Since T is an extreme
instrument of the (G/H, U,V )-covariance structure, the extremality condition given in
[15] (which has also appeared in the proof of Theorem 6) implies that E = z(E)15,, for
all E € (ran7)’, i.e., (ranm) = Cly, meaning that 7 is irreducible. O

Remark 6. Let, for each [n] € H, M, € {0,00} UN, and let L, : D — K, [1] € H,
i=1,...,D,, m =1,..., M, constitute a minimal set of (G/H, U,V )-intertwiners.
Define, for all [n] € Handi=1,... , D), the isometry V,; : K — K, ® n through
Vo, = ey @ for all ¢p € K. This allows us to define the operators B, ,,, : D — K, ® K
for all [§] € H and m = 1,..., M, through

D"]
Bn’m = : :VWﬂLWﬂ,m
=1

Thus, Lyim = Vi Bym for all [n] € Hi=1,..., D,,and m =1,..., M, and one easily
finds that

BynU(h) = (n(h) @ V(h)) Bym, meH, m=1,...,M, heH  (40)

This intertwining property can often be easier to verify that the property of Equation
(29) using Clebsch-Gordan methods.

The instrument defined by the intertwiners Ly, ., [n] € H i=1,..., D,,
m = 1,...,M,, (whenever this set is normalized) is an extreme instrument of the
(G/H,U,V)—covariance structure if and only if the set

{/GU@)B:IMB%"U(Q)*CZNG(Q) ’m, n=1,....M, [ e H}

is strongly independent. The operators
[ V@B B o) dista) = [ U(6)5;,,B,00 0 ot
H

are defined in the same way as the integrated operators in the claim of Theorem 6.
The above equality follows from Equation (40) upon choosing p so that the associated
left Haar measure pug of H (i.e., the left Haar measure of H such that fG fdug =
Jayu Ju F(gh) dpn(h) dp(gH) for all f € LY(G)) is normalized, ie., uy(H) = 1.
Similarly, we have

Dy, D
/G o Ui LsaU0) ) = / S U(9) L s iU (9)" dpic(g)
H i=1

for all [n] € Handm,n=1,..., M,, which can be substituted in the claim of Theorem
6. In particular, these operators commute with the representation U. JAN
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Example 4. We finally study the case of covariant phase space measurements and the
corresponding instruments. The pre-measurement system has N degrees of freedom and
is associated with the Hilbert space L?(R"™) and the post-measurement system has N’
degrees of freedom and is associated with the Hilbert space L*(RY') in the position
representation. The phase space shifts are mediated by the Weyl representation Wy
of (26) on the input system and we let U = Dy be the representation on the input
system; see the definition of Dy and the Weyl-Heisenberg group Hy in the latter half
of Example 3. For the output representation, let Y be a real (2N x 2N')-matrix such
that YT Sn'Y = Sy (recall the special symplectic matrix Sy of Example 3). We define
Vi Hy — U(L*RY")) through V (i, s) := Dy/(Y, s) for all @ € R* and s € T. One
may easily check that V' is an ordinary unitary representation as well.

As in the the latter half of Example 3, the value space of the measurements
we are interested in is R?M, so that the stability subgroup is still H = {0} x T.
Since the restrictions U|g and Vg coincide and have values in the respective centres
of L(L*(RY)) and L£(L*(RY')), the intertwining property of Equation (6) becomes
irrelevant. Moreover, there is only one 7 € H ((0,a) — e ™) appearing in this
scenario. This means that the relevant (minimal) sets of (R?Y, U, V' )-intertwiners are
(weakly independent) sets {L,,}M_, C E(LQ(RN) L*(RM)), with M € NU {oo}, of
Hilbert-Schmidt operators such that S>> tr[L* L,,] < co. This set of intertwiners is
normalized if and only if Y2 tr[L*,L,,] = 7~V. Recall that we may choose (D, || - ||1)
to coincide with L?(RY) equlpped with the Hilbert norm in the assumptions (a) and (b)
in the beginning of Section 5. The Hilbert-Schmidt property follows from the square-
integrability of U, i.e., for all unit vectors ¢, 1 € L2(R"Y),

o 2 - do ANIN2Z g7 N
{olU(Z )" dzo— = | [plWn(2))["dZ =
R2N 2m R2N

which, in turn, implies, according to Lemma 2 of [25] that, for positive A € £L(L*(R"Y))
and T € T(L*(RY)), the function R* 3 Z — tr[Wy(2)TWy(2)*A4] is Lebesgue-
integrable if and only if A € T(L*(R")) in which case [pon tr [Wn(2)TWy(2)*A] dZ =
Vtr [T] tr [A].

We say that an instrument [or a QOVM, in general] Z : B(R*) x T (L*(R")) —
T (L*(RN")) is a covariant phase space instrument [QOVM] if it is (R*, U, V)-covariant,
ie, forall 7€ R*M, X € B(R*), and p € S(L*(RY)),

Z(X + 2, Wn(2)pWh(2)*) = W (Y2)Z(X, p) Wi (Y 2)*.

For any covariant phase space QOVM [instrument] Z there is M € N U {oo} and a
minimal [normalized] set {L,,}_; of (R?*",U,V)-intertwiners like those above such
that

(X, p) / ZWN, (YZ) LW (2)* pWi (Z) L, W (Y 2)* dZ

for all X € B(R*") and p € S(L*(R")). The POVM [observable] measured by Z is
casily seen to coincide with Mg of (28) defined by S =¥ M L* L, € T (L*(RY)).
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Moreover, in the normalized case, this covariant phase space instrument Z is an extreme
point of the (R?N U, V)—covariance structure if and only if M = 1. Indeed, if M = 1,
extremality follows immediately from Theorem 6. If, on the other hand, M > 1, then,
using Lemma 2 of [25], we have that [p.n Wi (Z)L: L, Wy (Z)dZ is a multiple of the
identity for 1 < m, n < M. According to Theorem 6, Z cannot be an extreme instrument
of the (R?V, U, V)—covariance structure.

According to Remark 5, a covariant phase space instrument Z associated with the
normalized set intertwiners L,,, m = 1,..., M € NU {oco} is an extreme instrument if

and only if, for {frn}2,_; C L®(R?V) such that R*N 3 Z+ (fmn(2)). _ € L(Z)

m,n=1

(where Ny is the set of indices m = 1,..., M) is an essentially bounded field, the

condition
M
[ 3 fna WL LW () 47 =0
R2N m,n=1
implies f,,,, = 0 for all m, n = 1,..., M. However, this extremality characterization

is greatly simplified recalling that an extreme instrument is also an extreme instrument
of the convex subset of covariant phase space instruments and thus only has one
intertwiner, i.e., M = 1. This can also be proven directly: Assume that the covariant
phase space instrument associated with the minimal set {L,,}M_, of intertwiners is an
extreme instrument. We make the counter assumption that M > 2, so that L; and Lo
are non-zero, implying that ||Li||gs # 0 # ||La||ms where [|[K||gs = y/tr [K*K] is the
Hilbert-Schmidt norm of the Hilbert-Schmidt operator K. Let us define the constant
functions fi1 = || Li]| 5% foe = —||L2ll5%, and fu.. = 0 otherwise for m, n=1,..., M.
Using Lemma 2 of [25], it easily follows that

M
/ S FnAWN (AL L W (2 A7 =0 = (fun)™ =0,
R2N

m,n=1

where the final implication following from the extremality characterization clearly does
not hold. Thus, M = 1. It finally follows that a covariant phase space instrument Z is
an extreme instrument if and only if (any) minimal set of intertwiners associated with
7 is a singleton {L} and, for any f € L>®°(R?Y),

FEOWNE L LWy (2 dE=0 = f=0.

R2N

We note that a covariant phase space instrument is an extreme instrument if and only if

its pointwise Kraus rank [29] is 1 and the covariant phase space observable it measures
is an extreme POVM [16]. A

6. Conclusions

In this work we have presented a comprehensive study of covariant quantum
measurements studied in the form of POVMs and instruments. We have given exhaustive



Optimal covariant quantum measurements 49

characterizations for these covariant measurement devices and for their extremality
properties. In particular, in Examples 1 and 2, we have introduced a parametrized
family {M“*},>0 of POVMs covariant w.r.t. the symmetric group Sp in dimension D
where MY is a rank-1 PVM and, whenever @ > 0, M? is extreme (within the set of
all POVMSs) rank-1 informationally complete POVM. Since being a rank-1 PVM and
a rank-1 extreme informationally complete POVM are complementary properties for
optimal quantum observables according to [16], we observe the remarkable fact that
these complementary classes are just a ‘small deviation” away from each other in the
sense that even a small positive value of o produces a POVM in the second optimality
class whereas M is firmly in the first class.

There are several questions that remain to be studied in the field of symmetric
quantum measurements. Recall the definitions of modes of optimality made in
Section 2. The post-processing-clean observables have been identified in [16] as
the rank-1 observables. Since it might happen that there is no rank-1 covariant
POVM, it is reasonable to study the maximality w.r.t. the post-processing pre-order
restricted to the class of (X, U)-covariant observables where the G-space X may
vary. Without restricting generality, we may assume that the probability matrices
involved are G-equivariant. Indeed, suppose that X and Y are G-spaces and M
[resp. N] is a (X,U)—covariant [resp. (Y,U)-covariant] observable such that M, =
Zer pfp| ,Ny for some probability matrix (p;| y). Define the probability matrix p,, :=
(#G)™! 2 9eG Plyejgy Which s equivariant: pyjgy = py-14),. Since My = U(g)* Mg, U(g) =
Zerp;wa(g)*NyU(g) = Zy’EYplgx|gy’U(g)*N9le(g) = Zy’EYp;x\gy/Ny/ one gets
> yer PelyNy = (#G) 1 3 o 2w Phalgy Ny = Mz Another important problem arises
in the case where there are no rank-1 covariant POVMs: Might it happen that the only
covariant instruments measuring a covariant observable M are nuclear (i.e. determine
the future) although M is not of rank 1?7 Without the requirement of covariance, an
observable determines the future if and only if it is of rank 1, implying that post-
processing maximality and determination of the future are identical properties. Whether
this result also holds for the respective optimality properties restricted to covariance
structures is still an open problem.

Determination of the past, i.e. informational completeness, is often closely tied
to covariance. Indeed, most of the relevant informationally complete observables, e.g.
the covariant phase space observable generated by the vacuum, arise from covariance
structures. However, it remains to be determined under which conditions does a
covariance structure contain informationally complete observables. Similarly, whether a
covariance structure allows a sharp observable is an interesting question which, however,
has been solved in the case of an Abelian symmetry group [14, 19].

Recall that an observable M determines its values if ||[M,|| = 1 for all outcomes z;
this is called as the norm-1 property and follows easily from the definition of value
determination. Value determination within covariance structures is a further valid
avenue of research. In [16], it was shown that value determination is related to (although
not exactly the same as) pre-processing purity: an observable M = (M,), is pre-
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processing pure if and only if, M, = P, @ E, where (P,).,ex is a sharp observable in a
subspace Ho C H and (E,).ex is some other observable in the orthogonal complement of
Ho [16]. Within a covariance structure, we can restrict the quantum noise arising from
pre-processing into covariant channels: If M, = ®*(N,) where M [resp. N] is (X, U)-
covariant [resp. (X, V)-covariant] then M, = ®*(N,) where the covariant channel ® is
defined by ®(p) = (#G)* > g V(g)*®(U(g)pU(9)*)V(g). How to characterize the
pre-processing-clean observables in this restricted form of covariant pre-processing is
left as a future research problem.
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Appendix A. 2-cocycles for finite groups

Fix a finite group G and let m : G x G — T be a 2-cocycle, i.e. it satisfies the cocycle
condition m(g, hk)m(h, k) = m(gh, k)m(g,h). Define a function

:Hm(g,h eT

heG

so that, for all g, h € G,

H g’hl;h k)h 2 = mig
eG

Hence, we have the least positive integer p < #G such that m(g, h)? = t'(g)t'(h)/t'(gh)
for some function ¢’ : G — T. Write #/(g) = e#\9) where ¢ is real valued and define a
new 2-cocycle m/ via m/(g, h) := e~ e="(h)m (g, h). Hence, m'(g,h)? = 1. By
defining a 2-cocycle m” (g, h) := m/(g,h)/m/(e,e) we also have m”(g,h)? = 1 and, in
addition, m”(e,e) = 1.

One can replace the projective unitary representation g — U(g) with the new
projective unitary representation U’(g) := m'(e,e)e®9U(g). Indeed, U(gh) =
m(g,h)U(g)U(h) implies U'(gh) = m"(g,h)U'(g)U’(h). Furthermore, the covariance
condition My, = U(g)M,U(g)* equals with My, = U'(g)M,U’(g)* so that, without
restricting generality, we may assume that the multiplier m of U satisfies m(e,e) = 1
and m(g, h)? = 1 for some (minimal) integer p > 0.

Appendix B. Covariant Stinespring dilations

Let us make the same assumptions as in Section 3 and fix an (XU, V)-covariant
instrument [or a QOVM, in general] Z = (Z,),ex and a minimal Stinespring dilation
(M, P, J) for T. We first show that there is a unitary representation U : G — U(M)
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such that JU(g) = (V(g)®U(g))J for all g € G. In the sequel, we denote, for all Y C X,
Ty =) ey Lo Letuspickn € N, By,..., B, € LK), z1,...,2, € X,and ¢1,...,p, €
H and define £ := Y"1 (B; @ Py,)Jp; and & := Y1 [ (B;V(9)* ® Py.)JU(g)ep; for all
g € G. Using the (X, U, V)—covariance, we have

n

16112 = > (TU(9) il (V(9)Bf B}V (9)" © Py Py, ) JU (9)5)

ij=1
ij=1

= Z<%|Ifxi}m{xj}(BfBj)80j> = l&?
ij=1

for all g € G. The minimality of (M, P, J) implies that we may define, for each g € G,
a unique isometry U(g) € L(K ® M) such that U(g)(B®P,)J = (BV(9)*®Py)JU(9)
for all B € L(K) and x € X. It is easily checked (using again the minimality) that
U(gh) = U(g)U(h) for all g, h € G from whence it easily follows that U : G — U(KQM)
is a unitary representation.

Let £ € K ® M be as above and pick g € G and B € L(K). Using covariance, we
get

n

ElU(9)(B@Im)E) = D> (B @ P,)Jpil(BB;V(9)" @ Py, ) JU(9) ;)

i,j=1

=Y (@ilT{ni0e) (B BBV (9)) U(9)¢;)

1,j=1
n

= @il Ty 1entgen (V(9V(9)" B BBV (9)")U(g) ;)

1,j=1
n

= Z ({U9) il T 100000,y (V(9) Bi BB;) ;)

ij=1

=Y {(B'BiV(9) ® Py1,,) JU(9)" il (B; ® Pa) Jip;)

i,j=1
= (U(9)(B*B; ® P,,)Jgil(B; @ Py Jp;)

ij=1

= (€|(B® Lm)U(g)€)

which, together with the minimality, implies that U(g)(B ® 1) = (B ® 1)U(g) for
all g € G and B € L£(K). This means that there is a unique unitary representation
U : G — U(M) such that U(g) = 1x @ U(g) for all g € G. Furthermore, for any g € G,
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r € X, and £ as above,

(Le @ U(g)PU(9))€ = > U(g)(Lx @ Po)U(9)" (B @ P,) T

= U(9)(BV(9) ® Payng1ay) U (9) 01

=1
n

= Z<BZ X P{gx}ﬁ{:ci})JSDi = (]l}c X Pgw)f

=1

Minimality again implies that U(g)P,U(g)* = P, for all g € G and = € X.

It follows that the pair (U,P) is an example of an imprimitivity system. Let
us define, for each orbit Q € O, the Hilbert space M := (ZIGQ Px)/\/l the map

76— UMD, UQ(g) = > ,cqPU(9)|me for all g € G, and the PVM P9 =
(P)seq == (Pu)req in ML Tt easily follows that T" is still a unitary representation
and UQ(Q)P;)U (9)* = Py, for all g € G and 2 € Q. This means that, for any orbit
Q, (UQ, P} is a transitive system of imprimitivity as G acts transitively in any orbit.
Mackey’s imprimitivity theorem tells us that, for any orbit €2, we may assume (possibly
by tweaking the isometry J) that there is a (finite-dimensional) Hilbert space H* and
a unitary representation 7% : Hq — U(H*) such that M® = C*? @ H® and Equations
(4) and (5) hold.

Appendix C. Extremality within the set of all instruments

Let us now directly see how the extremality characterization within the set of all
instruments presented in Remark 2 implies the extremality within the set of (X, U, V)—
covariant instruments. We continue to use the notations fixed in Section 3. Let us
assume that an (X, U, V)—covariant instrument Z = (Z,),ex is an extreme instrument.
Let

(LY Im=1,...,M,, i=1,...,D,, [n] € Ho, Q€ O}

be a minimal set of (X, U,V )-intertwiners, where M, € {0} UN for all Q € O and
[7] € Hq. Let 57?7,”7” €eC,NeO, [neHy,mn=1,.. ., M, be such that

D, M,

Qe0 gel [TI}EI:IQ i=1 m,;n=1

Denote vyn.9ijmn = (#Hes) gfn,n for all z € X whenever [n] = [J] € ]f[Gx,

i=j€{l,...,D,}, and m, n =1,..., M,. Otherwise, V9 mn = 0. Using similar
tricks as earlier (and denoting by 0, the Kronecker symbol, i.e., §;, = 1 if j = k and,
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otherwise, d, = 0), we find

Dy Dy My My

2.0 D 220D VemvidmaklyimKaoin

QEOIEQ[W][ﬁeHQz 1 j=1 m=1n=1

_ZZ Z Z Z #HQ nmn mnmeaz,n,i,n

Q€0 z€Q e =1 mn=1

LYY Y ) z ool T 0) Gl (s0(e) ™ 2) x

QeO zeQ [n]€Hq Jk=1m,n=1

NV
=0j,k

X Brimnl (s0(x ))L?;‘mL?an(SQ( )
Dy

=22 > > Z (#Ho) B U (50(2)) Lt s nU (s0(2)”

QeO zeQd [nefg =1 mn= 1

=> > > > Z Z By mnl (sa(2)h) L7 LS, U (sa(2)h)|

QeO xeQ2 heHg [n]GHQ i=1 m,n=1
D”I MU
Q Q% Q *
=22 2 2 2 BumaU@ L U9) = 0.

Q€0 geC el =1 mn=1
Using the extremality of Z, we now find that v, 9 imn» = 0 for all orbits Q@ € O,
reQ, [, W eHg,i=1...,D)j=1,...,Dy,m=1,...,M,, andn=1,..., My,
implying that Bgmm =0forallQ e O, [n] € Hy, and m, n=1,..., M,. Thus, Z is also
an extreme instrument of the (X, U, V' )—covariance structure.

Appendix D. Extremality within the set of all instruments:
the continuous case

We now prove the extremality characterization of Remark 5. We fix the (G/H,U,V)-
covariant instrument Z of said Remark and retain the notation and definitions therein.
Let (L2 ® H,,P¢,US,J) be the minimal (G/H,U,V)-covariant Stinespring dilation
for Z constructed in Lemma 2. According to [29], Z is extreme if and only if,
for E € L(L2 ® Hy) such that PY(X)E = EPS(X) for all X € B(G/H), the
condition J*(1x ® E)J = 0 implies £ = 0. Let us fix E € L(L, ® H,) such that
PY(X)E = EPY(X) for all X € B(G/H). It follows that there is a y-measurable field
G/H 3> z — E(x) € L(M,) such that (DF)(z) = D(z)F(x) for all F € L> ® H, and
x € G/H. We define f7 € L® through fg;gl( z) = {€p; @ fom|E(x)(es; @ fon)) for all
x € G/H and (n,i,m), (9,j,n) € B. Using Equation (29), we have, for all (n,i,m) € B
and g € G,

Dy

ZCZ% L gH)V(9) LykmU(9)" = (V 0 5)(gH) Lyim(U © 5)(gH)".
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Using this and the definitions of Lemma 2, we get, for all ¢ € D,

(Jol(Le ® E)Jp) = /G (@] (18 ) (o)) o)

Dy My My

n),[9)eH ©k=1jl=1m= 1n=1

(g)Lmk,m (9)"2lV(9)LoinU(9) ) eni ® fomlE(gH)(es; @ fon)) du(gH)
:/G/H D @) (LU o s)(2) 0| Ly (U 0 8)(x)*¢) du(x).

BYEB

Noticing that G/H > = (ff(a:))ﬁweB € L(/%) is p-essentially bounded and that

any family { ff}ﬁﬁe p C LY with this property can be reached with a p-essentially
bounded p-measurable field G/H > x +— E(x) € L(H,) through f7"(z) = (e,; ®

4,5,n

fom|E(z)(ey; & fon)) for all x € G/H and (n,i,m), (¥,j,n) € B and using the
fact that such bounded fields of operators exactly correspond to bounded operators
commuting with PS¢, we obtain the desired extremality characterization. Also note that,
using familiar countability arguments, F(z) = 0 for p-a.a. x € G/H for a p-essentially
bounded p-measurable field G/H > x — E(x) € L(H,) is equivalent with f/(z) = 0
for p-a.a. x € G/H and all 8, v € B where {fg}gﬂeg C LYY is defined as above and the
p-null set of those z € G/H for which ff () # 0 does not have to depend on 3, v € B.
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