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ARTICLE INFO ABSTRACT

Keywords: In quantum field theory, sharp momentum states have to be normalized to be in Fock space.
Quantum field theory We investigate two different normalization schemes: box normalization and wave packets. These
Wave packet methods are equivalent in flat spacetimes, but turn out to produce different results in curved

Curved spacetime

Fock spacetimes, specifically in those that break translation invariance. This means that scattering
ock space

processes have to be defined in relation to the normalization scheme used, rather than being
independent of it as is the case in flat spacetime. We prove this and provide an illustrative
example.

1. Introduction

Curved spacetime quantum field theory is by now a mature field with multiple textbooks [1,2] and a research community of
healthy size. Despite many decades of research, there are still foundational questions of interest relating to measurement [3] and
the appropriate mathematical framework in which to place quantum field theory [4-7]. Concepts that are straightforward in flat
spacetime are not always so in curved spacetimes, and it is one of these foundational concepts we wish to investigate in this article.

Our aim is to deal with the normalization of Fock space states in static spacetimes in the conventional QFT framework. As is
well known, sharp momentum states, while heuristically convenient, are not actually in the Fock space. To obtain proper Fock space
states, one should either use wave packets [8] or “put the system in a box” [9], typically with periodic boundary conditions. In
flat spacetime, it does not matter which method one chooses; the end result is entirely equivalent after all the appropriate limits
are taken. No wave packet or box dependence remains. We will show that this is not the case in curved spacetimes for scattering
processes — rather, the end result depends on which method one chooses for normalization.

This matters because it has been shown that wave packet corrections may change the results of scattering calculations even in flat
spacetimes. Ishikawa and collaborators showed that wave packet interference terms change decay rates in flat spacetimes for light
particles [10-16]. In this work, we will show that there are always similar corrections in spacetimes which are not translationally
invariant and in which momentum is thus not conserved.

Scattering calculations have been of recent interest in the literature [17-19], but many of these calculations have been done in
translationally invariant spacetimes, where the issue investigated in this work does not appear — though expanding universes have
other well-known issues of their own [2]. Since S-matrix elements are fundamental components of any quantum field theory, we
believe the corrections in spatially inhomogeneous spacetimes are worth investigating.

It is well-known that one has to make various arbitrary choices when defining a quantum field theory on a curved spacetime,
but much of the discussion has been about differing particle definitions and arbitrariness in the choice of modes. Fock space state
normalization has received much less attention, each author normalizing their states in whichever way seems convenient. Thus, we
wish to close this gap by providing a general and systematic investigation of the issues relating to Fock space state normalization.

We first examine the difference between the normalization methods in static spacetimes. We then provide an explicit example.
Finally, we discuss implications and physical justifications for choosing one method over the other.
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2. Packet and box normalizations

We will now derive the curved spacetime box and wave packet normalization formulae for a single massive scalar particle of
mass M decaying to two scalars of some other — possibly zero — mass m in a static spacetime g in D+1 dimensions, D € N. We have
chosen this particular process since it is the minimal example that illustrates our point, but of course similar reasoning applies to
other processes in static spacetimes. We will perform the calculation at tree level, because the essential point does not change in
higher orders and we wish to avoid dealing with renormalization. Since issues of normalizing the state are usually glossed over in
flat spacetime quantum field theory, the reader may wish to consult Appendix A to see a simple 14+1 dimensional derivation of the
usual decay rate formula in both the box and wave packet normalizations in full detail. Alternatively, those simple cases are found
in less specific detail in Peskin&Schroder [8] for wave packets or Folland [9] for box normalization.

A few notes about decay rates are in order. In both the box and the wave packet normalization, we shall assume that the limit
T — oo makes sense. Unstable particles cannot really, of course, be created in the infinitely distant past. Moreover, the decay rate is
usually defined in the reference frame where the momentum of the decaying particle is 0. Since we do not have a good definition of
momentum in general, we cannot do this. The relation of dI" to flat spacetime decay rate is by analogy: we are really just dealing
with an abstract S-matrix element. We will nevertheless use the term “decay rate” to maintain the analogy with flat spacetimes,
and do not further concern ourselves with these issues, as they are equally present in both the box and wave packet normalizations.
For our purposes, the limit 7 — oo is formal.

The D+1 dimensional Klein-Gordon equation for metric g and mass m (correspondingly M) is given in the minimal coupling by

<\/+_ga,, [\/—_gg"vdv] +m2>¢(x) =0. ¢))

We could also use a more general equation, but this introduces nothing to our analysis. We will call the in-state field ¢ and the
outgoing fields y with associated annihilation (creation) operators bk(b;i), a k(aZ). The mode functions — solutions of (1) — are denoted
f ;"(x)e" Ex(® for the out-state and f kM (x)e’@x! for the in-state. This decomposition can always be found in static spacetimes [2]. The
interaction is given by

Line=—4 [ dP"xy/=g()dp(0y (). @

where —g(x) is the determinant of the metric. We emphasize that in a general static spacetime, the index k of the mode functions
is not a momentum — it is just a variable indexing the states of the field. The full interpretation as momentum is only available in
spatially flat spacetimes, where it is a conserved quantity. We shall also assume that an appropriate set of mode functions solving
the Klein-Gordon equation has been chosen; there is some arbitrariness in this choice, but it is not essential to our argument, since
the general form of our results does not depend on the particular choices of mode functions. Our use of %, p, etc. for indexing is
merely conventional [20]. Our convention for the commutator is [ay, al,] = Q2r)P2E 6P (k - K)).

2.1. Wave packet normalization

Since we do not know the distribution of out-states, we will use wave packets that simulate a detector of finite resolution. We
do this by smoothing the states over a D-dimensional cube of side length e. Hence our out-states are

140 = [ daion. ®
k
D
ip=—21P (4)

\/@mP2E,V,
Here, 4, is the integral over a cube of volume V, centered on k. This state is normalized:
(Ala) = 1. ®)

It also has the following useful Taylor expansion when ¢ < 1:

/ dph(p) = V,h(k), (6)

A
where h(k) is a function smooth almost everywhere.
For the in-state, we will use a more general wave packet such that

159) = [ dpegwiaglo @)
dPp

\/@m)P2E,

dp = ®
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where we understand the integral to go over the whole k-spectrum. The central value of the wave packet is k and ¢ a parameter
controlling its width, such as standard deviation. For normalization we require (g |gy) = 1, which leads to

/ dPplg@)I* = 1. ©
We demand that the wave packet is sharp. Practically, this means that
/dpgf:(p)h(p) ~ h(k) / dpgy, (p), (10)

for a function 4 smooth almost everywhere. This is a standard assumption found in e.g. [8]. One wave packet satisfying the foregoing
properties would be a Gaussian:

ooy 1 (k-p)?
gk(p)—(m2)D/4 eXp( Py > an

With these preliminaries, we define the average decay rate as

P 1 1 . 2
AFkl‘k2 _Tp_{rgo?Kout, AklAk2|gg,1n)| (12)

where T is the total coordinate time of the interaction. We can obtain the tree-level result for the amplitude by using, for example,
the LSZ theorem in curved spacetime [21]:

(out, 4, 4y, |gp.in)
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Ky 1
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with
1
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V-8 ”[

_0&x-y

KGR (x,y) , (15)
i V=5
G (x, ) = (OITwo()wp()10), (16)

where in the last equation O indicates a free field and holds also for ¢ with the appropriate mass. The following analysis applies
similarly to fermions and vectors, for which the formulae can be found in [22]. At tree level, we see after an application of Wick’s
theorem that

qatd [ Gave;,weg, @) [ axa>x

2 e
ATPY = fim A dkdk’
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1
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with AE = E; + Ey —w, and AE' = E,+ E; —w,. We take AF,f ', to be the decay rate over the small k intervals; this will approach

the differential decay rate as the intervals get smaller. We have chosen the spatial parts of the wave functions to be real with no
loss of generality. We now use (6) and (10) to obtain

422V, V, T 2
kplk _ €7 €] lim l / dtel(ElirEszwp)f
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The limit T — oo produces 228(Ey, + Ey, — @), and thus we have

‘ / dx /=g £y ®) £ ®) fpr (%)

2
/ dpdp'gy (P)gp (@) (18)

2
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As V., V., get smaller, we obtain the differential decay rate in terms of dk, and dk,.

The last factor is a wave packet interference contribution which is not present in Minkowski spacetime. We are unable to rid
ourselves of the wave packet dependence due to the lack of symmetries. In particular, it is the lack of translation invariance that
leads to the extra factor. Quantum field theories, and thus Fock space states, are defined on time-slices with equal-time commutators;
the definition of the states themselves loses symmetry when the translation invariance is not present. Physically, the lost symmetry
is momentum conservation, because momentum conservation is generated by translation invariance.

We now turn to box normalization.
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2.2. Box normalization

The idea of normalizing states with a box is to discretize the spectrum of the Klein-Gordon operator on the left hand side of (1).
This is done by choosing some region of the manifold as the “box”, limiting the theory to this box and then setting up boundary
conditions that discretize the spectrum. We assume this is possible for static metrics of the kind we are interested in — though it is not
entirely obvious that every operator of the type (1) can be discretized this way. In this section, we will understand the mode functions
f(x) to satisfy the appropriate boundary conditions. The appropriate commutation relation is now [ak,a;,] =V(Q2r)P2E, 8y with
V the coordinate volume of the box.

Thus a normalized state is

lkbox) = V™21 2E)712a]|0). (20)

Then, with the integral measure for the states being (27)?/2V dPk at the limit of large V, we have
2

» 1 4v2dk,dk,
dl"k‘k = lim —
k2 Tooo T (27)*P8E; Ey, 0, V3
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T
/ dtet(Ekl+Ek2—(upl)t
0

2

2
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In flat spacetimes, our choice of a box of constant V' would make no difference due to the translation invariance of the theory. In
curved spacetimes, though, different regions of the theory are obviously not equivalent. The limit V' — oo is trivially easy to take
in flat spacetime (it is of the same kind as the limit T — o), but hard or impossible to see in general static spacetimes.

In flat spacetimes, wave packet and box normalizations produce the same end result, since the details of both choices vanish
at the appropriate limits [8,9]. Clearly, (19) and (21) have a different form. The integral of mode functions is calculated over a
limited region of the spacetime, and each such region will in general have different solutions. The set of solutions for each region
further depends on the imposed boundary conditions, adding a further ambiguity. The wave packet normalization, on the other
hand, produces a wave-packet dependent interference factor, but the mode functions are defined in the entire spacetime. Both of
these issues fundamentally result from the lack of momentum conservation in the theory.

To complete the argument that the box and wave packet normalizations really produce different results, we would need to show
that the limits ¥V — oo (in the box) and ¢ — 0 in the wave packets really produce different results. This is, of course, impossible in
the general case, since we have a high degree of freedom in both the choice of box and the wave packets.

Momenta can be taken to be normal distributed in flat spacetime, so a Gaussian wave packet is reasonable. The limit ¢ — 0 of
the Gaussian also produces a delta function, which can be used to derive e.g. the decay rate (see Appendix A). In curved spacetimes
where momentum is not conserved, neither of these requirements is reasonable: with no translation symmetry, there is no good
definition of momentum, and no reason why it should be normal distributed around some value. It does not make sense to require
the delta function limit, either, since that requirement also results from conservation laws.

Indeed, with a Gaussian wave packet, the limit ¢ — 0 for the integral in (19) is zero, as will be seen in Section 3. An “infinitely
sharp” limit such as we could reasonably use in flat spacetime therefore produces ill-defined results.

In box normalization, the end result of taking limit V' — o is also sensitive to the global structure of the spacetime in the sense
that to take the limit, the metric (and potential boundary conditions) have to be known in the entire spacetime. In the wave packet
normalization, we define the mode functions in the entire spacetime, and the equivalent limit depends only on details of the wave
packet, where we have considerable freedom. Either way, we are left with what seems to be an arbitrary choice, either about wave
packets or the box. We will illustrate these points presently.

3. Example

In this section, we treat a simple model that illustrates the results of Section 2. We will use the 14+1 dimensional metric
8uv = (A + Btanh(x))y,, (22)

with A,B€ R, A, B> 0 and A + Btanh(x) > 0 Vx € R. This metric is asymptotically Minkowskian as x — o0, x — —c0.
3.1. Wave packet

First, we need to solve (1) for metric (22). This solution is already known when the metric depends on time instead of space,
and exchanging time and space is trivial in 1+1 dimensional spacetime. Hence we only quote the result [2]:

f’:".M(x)eiwkr

= N e/®!~1&+X~1&~ In(2 cosh(x)), F; <1 +(ig_),ig_; 1 — igefes %(1 + tanh(x))) (23)
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Fig. 1. Schematic comparison of different wave packets, normalized numerically and centered on p = 0. The Gaussian and top hat functions have

their typical definitions; the oscillating Gaussian is 8gr_y(k) e=®K7/20™) cos(ak) with @ = 3 and ¢’ chosen to match the chosen standard deviation;

1

the smooth function of compact support is of the form gy _o(k) o< (1+ %) exp(— 1

function cannot have an arbitrarily large standard deviation.

) in [-1,1] and O elsewhere. Note that the compactly supported

with
Blefe = (@} + m*(B — A)'/2, (24)
Zright = (@ —m*(A+ B))'/?, (25)
82 = 5 (et % i) (26)

and correspondingly with the incoming mass M. N is chosen so as to fulfill the canonical commutation relations, and ,F, is a
hypergeometric function. The solution is chosen so that asymptotically as x — —oo, it reduces to the flat spacetime plane wave
solution. There is another hypergeometric solution with similar parameters that reduces to the plane wave in x - oo, but we will
not explicitly write it here. Note that the energy w, depends on k, the variable which indexes our states, in some complicated way
that does not concern us here; in this case, the variable is continuous.

We are faced with the choice of wave packet. There is really not much reason to choose one over the other; if momentum were
a good variable, we might think that a Gaussian, normal-distributed set of initial momenta is physically reasonable. Alas, the space
has no translation invariance, and so this logic does not straightforwardly work.

We do, however, have an asymptotically flat spacetime, so we might guess that a Gaussian is a reasonable choice anyway, at

least outside of the immediate vicinity of x = 0. In that case, we get from (19)
2
AV Vo S(E, +Ey, - 2

kiky ™ Qr)8E, Ey, o,

, 1 (p-p)? -’ = p?
X/dpdp o) 2 exp<— 7 )exp(T). 27)

We have not written out the hypergeometric functions explicitly, as there is no hope of analytically computing the integral. The
overlap term is

w2 o2
/dpdp’ (Ml)l/z exp<_%> exp<_%> — /7o (28)

Hence, we are left with an explicit wave packet dependence. In other words, we must now define our decay rate with respect to a
particular choice of wave packet. We the shapes of various wavepackets in Fig. 1, along with their overlap integrals as a function
of standard deviation.

w
= ‘ / dx(A + B tanh(:x)) /" (x).f () f ! (x)

3.2. Box normalization

We note immediately that the choice of box makes a crucial difference. Suppose we take the box [x, — %L, Xo + %L] with
xg €R,xg>1, LeR,L > 0. Then

&uv(x) = (A + Btanh(x))n,, ~ (A + B)n,,, (29)

inside the box. Thus, in this box, we have in (21) with periodic boundary conditions

1 m m : 1 i =i, x2
v‘AOXdx\/—g(x)fk](x)sz(x)fPAl/I(x) =V‘/bode(A+B)e(kl+k2 p1). (30)

5
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First excited OBC mode function for different xo Mode functions resulting from different normalization methods
0.6 1
----- OBC eigenmode
0.44 PBC eigenmode
041 —— Scattering plane wave (real)
. 0.3+ === Scattering plane wave (imag.) Y
/
0.2 4 0.2
0.1
X 00 &
& <= 0.04
-0.24 -0.11
-0.24
—0.4
—0.31
—0.6 1
-4 -3 -2 -1 0 1 2 3 4 -100 -75 -50 =25 0.0 2.5 5.0 7.5 10.0
x relative to xo X

Fig. 2. In this figure, “OBC” means open boundary conditions (zero at the edges of the box), “PBC” means periodic boundary conditions. In
the figure on the left, we have plotted the first excited-state mode functions for boxes centered on different x,. On the right, we compare box
solutions of different boundary conditions to a mode function that becomes a plane wave as x - —oo, i.e. an asymptotic scattering state. We can
see that each of these choices results in vastly different solutions and accordingly different decay rates.

with k;, p; discretized with e.g. k; = nx/L. This is just the flat spacetime result with a scaling factor A + B. On the other hand,
suppose that x;, ~ 0. Then a reasonable approximation is

8 ()~ (A+ Bx), 31

and the solution to (1) (with open boundary conditions where f/"(=L/2) = f]"(L/2) = 0) is

f"(x) = N | Al(y(x, 0,))Bi(»(~ L, @;)) = Bi(y(, @))Ai(W(~L, 0)) (32)

Am? — a)? + Bm*x

(bm2)2/3 (33)

yx, 0) =
Here WV is a normalization factor chosen so that the commutation relations of our QFT are satisfied. Such a NV can always be found
since Eq. (1) with metric (29) is a regular Sturm-Liouville problem, and therefore the solutions form an orthogonal set. There would
then be a corresponding solution for the mass M. Note that w; — the set of allowed energies — is now discrete and has to be chosen
so as to satisfy the boundary conditions.

Thus, different choices of box and associated boundary conditions produce different results. This would not be a problem if
we could just take the solution for the whole space, restrict it to a box and ultimately take the limit once the integrals have been
computed. This procedure works in flat spacetime, but is unfortunately far from trivial in general static spacetime. How would one
go about taking the limit ' — oo for complicated integrals over hypergeometric functions, for instance? In practical terms, the best
one can do is to choose a large box and compute the integrals in it, but the choices of box then define differing decay rates.

In Fig. 2, we show how different the mode solutions of Eq. (1) can be with choices of different boundary conditions and box
locations.

3.3. Preparation devices

One possible method to avoid the problems described in this article is to introduce a preparation device for particles, the states
of which are themselves discrete and thus well-normalized. In this section, we will briefly sketch an example, but will not enter in
to details.

To be concrete, let us take a monopole system with two states: ground state |g) and excited state |e). The monopole moment
operator is

A@) = bt 4 e 4p (34)

with b,b" the monopole annihilation and creation operators and 4 the energy gap. Working in 1+1 dimensions, we couple the
monopole to the incoming field linearly:

Uprep = Texp(—i / dt’H(t’)> (35)

ey = €200 [ dxe(u)5.0, 36)
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where ¢ is the coupling strength, g(x) is a spatial smearing function, y(s) a time smearing function; we could reasonably choose
(1) =1, but let us keep the discussion general. We can write the first order expansion

Uprep % 1 = ie/dtdx;((t)g(x)qﬁ(x, 1. 37)

We now make the following adjustment: rather than starting from a wave packet state |g7,in), we instead start from the excited
state of the detector. Further, supposing Uy, is the particle interaction, we assume that the preparation and the particle interaction
are separate processes, such that we can write the total interactions in the system as Uyyg & UinUprep- The amplitude we are
interested in is then

(8, 86, |UinUprep le) ~ —ie( Ay, Ay, | Usye [ / dtdx y(1)g(x)(x, z)] le) (38)
= —ic [ Ty, 1, 1O} [ [ anaxzoscops, z)] B 39)
= —ic [ T4y, 44,10l [ dxecost coeer-is, (40)

In (39), we used the resolution of the identity on the Fock space. The smearing function g(x) — which might be determined by the
geometry of the preparation device — now provides the wave packet. Note that if the mode function f If” were a plane wave, the
integral over x would just be a Fourier transform, and we would directly get a momentum space wave packet g(p). Even without
this, though, we have in principle constructed a wave packet from the preparation device.

This is, of course, a different theory than directly using a particle in-state. However, if a reasonable model for the particle
production may be constructed, it does provide a robust physical justification for the choice of wave packet.

4. Discussion

We have defined the decay rate of an unstable particle in two different ways found in the flat spacetime literature and found that
these methods are not straightforwardly equivalent in curved spacetimes. We have also demonstrated this effect with a concrete
example.

We emphasize that these results are really about the formal properties of scattering matrix elements in a curved spacetime QFT.
Interpreting quantities like our F,fl‘ K, 35 decay rates is tricky in curved spacetimes, because we cannot be sure that the limit 7 — oo
makes sense in an arbitrary spacetime. The states are moreover not labeled by momenta. All of these issues are caused by the lack
of symmetry inherent in curved space QFTs, and each of them has to be investigated on a case-by-case basis once a spacetime has
been chosen. For instance, the metric (29) provides at least asymptotic (x < 1,x > 1) definitions of momentum. Note that even
though we did take the limit 7" — oo, this is not necessary for the ambiguity to appear, as the ambiguity we have discussed relates
to the definition of Fock space states; if T is finite, not even energy would be conserved, but that would not remove the problems
relating to momentum states.

There is one more notable way of normalizing the Fock space states, and that is discretizing the spacetime, i.e. putting it on a
lattice. However, discretizing curved spacetimes inevitably ends up losing geometric information (see [23] and references therein);
curvature cannot be perfectly represented on a grid, and thus the limit of zero lattice spacing does not necessarily recover the
correct continuous manifold. We chose to limit ourselves to theories that can recover the correct metric, but these discrete theories
are certainly interesting in their own right, and have their own ambiguities.

We computed the decay rate to the first order tree-level only. Of course, the same analysis would apply for higher orders with
loops, except the procedure would now be technically complicated. It seems inevitable that in higher orders e.g. trying to take the
limit ¥ — oo would be even more challenging than at tree-level, but this would not fundamentally change the analysis.

Another question we did not address is the validity of the sharp wave packet assumption, Eq. (10). In principle, we are free to
choose any wave packet that satisfies the normalization conditions and possible boundary conditions, and thus one might imagine
we can typically choose a wave packet that satisfies (10). However, in flat spacetime the wave packet would determine the initial
distribution of momenta, so not every wave packet is equally as physically reasonable. A normal-distributed set of states seems
plausible, but a Gaussian might not be a valid choice in every spacetime due to boundary conditions, nor is it a priori an appropriate
initial distribution even in the ones where it is technically allowed. If we cannot assume (10), then the result is instead

ky g,k
A 00 D LI g
g lim ———— Té /dpdp'gzl(l’)gsl(p')/dD“de“x’\/—g(x)\/—g(x’)

kiky 7 TS 00
X | @S R 5D DS (x’)e"“E""“E”’] , (41)

which is considerably more complicated. Note that even the limit T — oo is now not easy to take, since the exponential time parts
have different energy arguments.

We also note that when defining quantum fields formally as operator-valued distributions, one uses classes of test functions;
in the general curved spacetime case, these must be functions of compact support [24,25], thus ruling out e.g. Gaussian packets.
However, in the case of a continuous momentum spectrum and asymptotic scattering states, it is possible to use the more general
Schwartz functions — which include Gaussians - for normalizing the Fock space states. Functions of compact support are only strictly
required for defining local observables, and not asymptotic scattering states.
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We wish to emphasize that while arbitrary choices always have to be made in curved spacetime QFTs, in the case of Fock space
normalization, we really seem to have no unique method to choose one wave packet over the other or even to choose packets over
box normalization. Even in the case of an asymptotically flat spacetime we have seen that the normalizations produce different
results, even though we have an asymptotic definition of momentum.

In what cases might there be a physically well-motivated choice for normalization? First of all, it is possible that the box
normalization for the fields produces spectra incompatible with energy conservation. Because the spectra of both fields of masses
m and M are discrete, it is possible that there are no pairs of energies {E;, E;} in the spectrum of the field of mass m such that
E; + E; = o, where o, is in the spectrum of the field of mass M. In that case, we can rule out box normalization. On the other
hand, if the equation of motion is only solvable in a compact region of the spacetime, then box normalization may be the natural
choice.

A more intriguing possibility is knowledge of the mechanism for particle production. In recent literature, discrete quantum systems
— especially Unruh-deWitt detectors — have been used to define a measurement scheme for quantum field theory [26]. As we showed
in Section 3, Unruh-deWitt systems can equally well be used to emit particles, and then the coupling of the Unruh—-deWitt monopole
to the field determines the wave packet. If the preparation method for the particles is known, it provides a physically well-justified
construction for a wave packet. It would also be conceptually harmonious with a detector-based measurement theory.

These results have implications for any scattering calculation done in spacetimes in which momentum is not conserved and
the spectrum is uncountably infinite (labeled by a continuous variable). Clearly, the foregoing reasoning applies just as well to
e.g. the scattering of two particles or other multi-particle processes. The result is, then, of general formal importance: if we wish
to be careful in defining our Fock states, we must inevitably make a choice of how to normalize them, and these choices are not
straightforwardly equivalent. Hence, scattering elements are only defined with respect to a particular normalization scheme. The
work of Ishikawa et al. [10,11,15] and Edery [16] shows that wave packets cause extra terms to appear even in flat spacetimes under
certain conditions; we have showed that extra factors of a similar type in fact appear always when momentum is not conserved. We
have also provided a general form for the scattering elements of the differing normalization schemes and given a general recipe for
investigating such differences.
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Appendix A. Flat spacetime formulae

We present here 1+1 dimensional derivations for flat spacetime decay rate formulae. This is for the reader’s convenience, as all
the details are usually not spelled out in textbooks, since in flat spacetimes it does not matter which way you normalize your states.

A.1. Wave packets

Using the conventions of Section 2 explicitly with a Gaussian, we get

.2 ~ o~ ~ e~ —~—
r’ = lim = dkdk’/ dqdq / dpdp'g° (p)g° (p)
kiky Tooo T Akl Ak2 P1 P1
x [4 / A2 xd?x! "X —iExt ik x—iEyrt piqx—iEyt ,ig' x=1Ey1 —ipx-+tiwyt ,=ip'x+iwy 1 42)
ki1 ko
4V€ ! Ve - : /12 1,0 o () 2 /
~ m Tlglgo T / dpdp'g, (g, (p)27m) 6k + ky = p)o(ky + ky — p')
1 2
T
X [/ drdt’ "ty 7”’P)t7i(Ek1+Ek27wp’)’], 43)
0
In the second line we used (6) and integrated over the spatial coordinate. Assuming now (10) we find
ki1 k
4V YR a2
M =—="< lim & dl)dP’g;1 (P)g,'f1 0)6(ky + ky — p)S(ky + ky — p') (44)

kika 218 Ey, Ey,w, T— T

T 2
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0
Performing the integrals over p, p’ and taking the limit, we find
ky
N PR N
n = mw}; (ky + ky)[8(Ey, + Ey, —,). (46)
1 2 1
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As we approach the limit of sharp in and out states with ¢ — 0 and ¢ — 0, we find

dkidkyA?

P 1 2 2)
=—"="_§ —k -k 47
kyky 2E; Ep, 0, 1 ! 2) (47)

where we have used the fact that the limit of a Gaussian as its width approaches 0 is a Dirac delta function. This is the standard
result to tree level in the interaction we used.

A.2. Box normalization

We use the same conventions as in Section 2.2. Specializing to 1+1, we have
[ dkydkyd(Ey, + Ey, — oy,
kyky (27)2E, E, 0, V

Vv 2
/0 dxfit )/ () fp! (%) (48)

We have chosen the box to go from 0 to V; this choice is arbitrary as the mode functions are translation invariant. Since we are
now in flat spacetime, we know the spatial part of these functions explicitly; they are of course

IIM(x) = exp(ikx) with k = % nez. (49)
The limit of sharp momentum states is equivalent to taking V' — co. Hence, we compute:
| 14 v
: = m m — _
Jim v /0 dxfil O fig ) fp X)) =226k + ky = py) (50)

Thus we end up with the result
dk dk, 2%
o 17 5D, —ky — k
-l A 0 ), (51)
ke 2B, Ey,0p, : b
which is the also the wave packet result, as expected.
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