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1 | INTRODUCTION

The purpose of this work is to propose a measure of depth for data residing in a general met-
ric space (X, d). By depth we refer to a function that assigns to each point y € X a measure
of centrality D(u; P) with respect to a given probability distribution P on X. The larger D(u; P)
is, the more centrally located u is with respect to the probability mass of P. And, vice versa,
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points with small depths can be seen as outlying in the view of P. Our reason for working
in a general metric space & is that many modern applications produce data that are inher-
ently non-Euclidean (functions, compositions, trees, graphs, rotations, positive-definite matrices,
etc.), known also as object data. Hence, devising methodology that works in arbitrary met-
ric spaces allows for capturing all of these data types at once, see, for example, Bhattacharya
and Patrangenaru (2003) and Lyons (2013) and Dubey and Miiller (2019, 2022) and Dai and
Lopez-Pintado (2023) and Virta et al. (2022) for a (highly non-exhaustive) list of works with a sim-
ilar viewpoint. A particularly important aspect of object data analysis is interpretability (since the
data spaces themselves are often quite unusual and exotic) and this plays a key role in the current
work as well.

The study of depths in Euclidean spaces, that is, when X = R? and d is the Euclidean distance,
has a long history. We do not attempt to paraphrase these developments here and refer the inter-
ested reader to Zuo and Serfling (2000) and Serfling (2006) and Mosler and Mozharovskyi (2022)
instead. As a concrete example of a depth function, consider the lens depth (Liu & Modarres, 2011)
Dy (u; P) of a point u in a Euclidean space with respect to a distribution P, defined as

Dr(u; P):=P(|| X1 =X |2 max {|| Xi —p |, | Xo — p ||}, €))

where X;, X, are drawn independently from P. That is, Dy (u; P) gives the probability that the edge
between X; and X; is the longest in the triangle formed by the points X3, X, u. This event can be
understood as the point y being “between” X; and X, and, hence, the greater its probability, the
more central the point u has to be. Other examples of depth functions include the halfspace depth
(Tukey, 1975), Oja depth (Oja, 1983), the simplicial depth (Liu, 1990), g-skeleton depths (Yang
& Modarres, 2018) and the spatial depth (Chaudhuri, 1996; Vardi & Zhang, 2000), which is also
known as the L,-depth and is treated in more detail below.

Inspection of the different depth measures reveals that they are typically heavily motivated by
geometric arguments. As such, it is reasonable to expect that their underlying ideas would apply
also if the data resides in an arbitrary metric space instead of a Euclidean space. This viewpoint for
the lens depth was taken in Kleindessner and Von Luxburg (2017) and Cholaquidis et al. (2023)
and Geenens et al. (2023), where it was shown that the definition (1) leads to a meaningful mea-
sure of depth for data residing in a general metric space (X, d) when the Euclidean distances in
(1) are replaced with d. In Dai and Lopez-Pintado (2023), an equivalent treatment was given to
halfspace depth. As a natural continuation to these works, the contribution of the current paper
is to give a similar treatment to the classical spatial depth,

Dg(u; P) =1 — ||[E{sgn(X — w}|I°, (2)

where X ~ P, sgn(x) := I(x # 0)x/ || x || and || - || denotes the Euclidean norm. Note that, strictly
speaking, definition (2) does not equal the classical definition of L;-depth/spatial depth (Vardi &
Zhang, 2000) which does not take the square of the norm. As such, (2) and the classical spatial
depth are a monotone transformation apart. Our reason for using a definition that slightly differs
from the standard (but still retains exactly the same interpretation) is that this choice will greatly
simplify the resulting expression for the metric space extension of Ds.

To give an idea of the contents of this paper, we next summarize the definition and the most
interesting properties of our proposed metric space extension of (2). Let (X, d) be a complete and
separable metric space and let P be a probability distribution on X. Consider, for the sake of this
demonstration, a simplified scenario where the distribution P has no atoms, thatis, P(X = u) =0
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FIGURE 1 The left panel demonstrates the event L[X7, X, #] and the right panel the event L[X7, p, X;] in
an abstract case. The curved lines can be interpreted either as geodesics or “paths of shortest transformation”
between two objects, depending on the viewpoint one takes.

for all u € X. In such a case, our proposed metric spatial depth of the point u € X with respect to
P takes the form

1 { X1, ) + X, p) — P(X1, X0) } 3)

D(u;P)=1- =-E
(u; P) 2 dXy, p)d(Xz, u)

where X7, X, are drawn independently from P. Although the connection between the two expres-
sions is not obvious, a straightforward computation reveals that (3) reduces to (2) when (X, d) is
a Euclidean space.

While, from definition (3) alone, it is not at all clear what D(u; P) is measuring in the case
of a general metric, it actually turns out that D(u; P) captures the geometric structure of X’ in a
highly natural way. To describe this behavior, we first define some notation. Given three points,
X1,X2,X3 € X, we denote by L[x;, x,, x3] the event that d(x;,x3) = d(x1,x;) + d(x2,x3), that is, that
equality is achieved in the triangle inequality with a specific permutation of the three points. One
intuitive way to think about the event L[x;, x,, x3] is in terms of “object transformations.” Namely,
if we take d(x;,x;) to denote the cost of “transforming” the object x; € X into the object x, € X,
then the triangle inequality says that a direct transformation is always at least as cheap as going
through an intermediate object. Similarly, L[x;, x,, x3] is equivalent to saying that transforming x;
to x, and then to x; is no more costly than directly transforming x; to x;. For this to be possible,
it is clear that x, has to, in some sense, reside in the middle of x; and x;. In case the space (X, d)
admits unique geodesics, then a simpler interpretation is available: L[x;,x;,X3] is equivalent to
X, residing in the geodesic connecting x; and xs, see the visualizations in Figure 1. Regardless of
the space and interpretation, it is thus clear that the event L[x;,x;,X3] corresponds to x, being
centrally located with respect to the other two points. In the sequel, we will use phrases such as
“x, lies in between x; and x3” to refer to the event L[x;, x,, X3].

Using the above terminology, our Theorem 3 in Section 2 says that the quantity D(u; P) defined
in (3) takes values in [0, 2] and that:

D(u;P)=0 if and only if P(L[X1, Xz, u] UL, X1, ul) = 1, (4)

D(u;P)=2 if and only if P(L[Xy, pu,Xz]) =1, (5)
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where X, X; are drawn independently from P. The events L[X;, X;, u] and L[X3, u, X;] have been
visualized in Figure 1. These two extreme cases justify calling D(u; P) a measure of depth: For
a point u to have maximal depth it must by (5) almost surely lie between any two points drawn
from P. It goes without saying that, for this to happen, y has to be a very central/deep point of P.
Moreover, intuition says that such a point 4 might not actually exist in every given metric space.
Indeed, we later show that, when (X, d) is a Euclidean space, no point may have metric spatial
depth equal to 2 and that, in fact, the maximal depth of a point in a Euclidean space is 1.

In a similar vein, for achieving the minimal depth, D(u; P) = 0, by (4) one of the events
L[X7,X5, ul, L[X5, X5, u] must always occur, in the almost sure sense. Intuitively, any point u
satisfying this must be located sufficiently outside of the main probability mass of P, making
it an outlier. The condition is perhaps most easily understood in an extreme case where y is
exceedingly far away from the bulk of the distribution P. Then d(Xi, X3) is negligible compared
to d(X1, p) and d(X3, u) and, by “zooming out,” we see that in this case equality is approximately
achieved in the triangle inequality, roughly satisfying the condition in (4) and implying that p
should have depth close to zero. This is indeed what happens, as is shown asymptotically later in
Theorem 4 in Section 2. Finally, as pointed out earlier, properties such as (4) and (5) are highly
desirable in object data analysis, where standard statistical intuition about Euclidean data no
longer suffices.

Whereas the classical depth literature reviewed earlier targets exclusively Euclidean data,
depth measures have also been developed for data living in specific non-Euclidean metric spaces.
The most common of these is functional data (living in Lp-spaces), see the reviews in Nieto-Reyes
and Battey (2016) and Gijbels and Nagy (2017). De Micheaux et al. (2021) propose depth for spa-
tial curve data. Bachoc et al. (2024) develop spatial depth for density data in Wasserstein space.
Their optimal-transport-based construction is tailored specifically for this space and, as a conse-
quence, differs from our proposal (3) when (X, d) is the 2-Wasserstein space, see the comparison in
(Bachoc et al., 2024, section 7.3). Liu and Singh (1992) and Pandolfo et al. (2018) define depths for
data on the surface of a unit sphere (directional data). Chen et al. (2018) and Paindaveine and Van
Bever (2018) extend the halfspace depth to scatter matrices (positive definite matrices), whereas
Chau et al. (2019) propose several depths for positive definite matrix data using the Riemannian
structure of the space. To summarize, each of these works focuses on one specific metric space (or
family thereof), leading to effective ways of analyzing data in these particular spaces. Whereas,
our approach is more general, and can be applied to any metric space. As with any object data
method, this generality comes at the price of possibly less far-reaching conclusions, our depth
being based on the metric space structure and unable to use any finer geometries of the spaces.

While our work is targeted toward data sets lying in non-Euclidean spaces (as, in an Euclidean
space, the proposed concept reduces to the modified classical spatial depth (2)), it can still pro-
vide novel insights for Euclidean-valued data as well. Namely, as we demonstrate in Section 5, our
proposed metric spatial depth allows combining a non-linear transformation with depth estima-
tion for data in IR? in a natural way. To achieve this, we consider two alternatives, the kernel trick
and graph distances. The first of these leads into a special case of our proposed method, where the
metric space is a reproducing kernel Hilbert space, that was studied already in Chen et al. (2008).
The non-linearization lets us, in particular, achieve depth regions that are non-convex and adapt
to non-standard data shapes, see Figure 5 in Section 5. Similar ideas were used in the context of
outlier detection in Schreurs et al. (2021). In the same vein, our final example in Section 5 shows
how the metric spatial depth can be adapted to produce “L,-versions” of the classical spatial depth
(which is obtained when p = 2).

The main contributions of the current work are:
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» We propose a completely novel extension of the spatial depth to arbitrary metric spaces and
extensively study its robustness, interpretation, continuity and invariance properties. In par-
ticular, our results imply that the metric spatial depth is, in a sense, more natural concept than
its Euclidean counterpart, in the sense that one must go to a general metric space to observe
the full range of its behavior.

« Tomake the concept more accessible, we explicitly compute the metric spatial depth in four dif-
ferent scenarios, shedding further light on its intuitive meaning. The closed-form computations
are made possible by the non-discrete nature of (3).

« We discuss the properties, including root-n-consistency, time complexity and possible compu-
tational shortcuts, of the sample metric spatial depth.

« We apply the metric spatial depth to three different practical scenarios: outlier detection,
non-convex depth region estimation and classification, also comparing it to metric lens depth
and metric halfspace depth in both accuracy and timing.

The manuscript is organized as follows. In Section 2, we formally define the metric spa-
tial depth and study its theoretical properties in the case of an arbitrary metric space. Section 3
explores the metric spatial depth more closely in four particular metric spaces, whereas in
Section 4 we discuss its sample estimation. Data examples are collected to Section 5 and in
Section 6, we finally conclude with some discussion. The proofs of all technical results are
collected to Appendix.

2 | METRIC SPATIAL DEPTH

Let (X,d) be a complete and separable metric space and let P be a probability distribution on
X. Throughout this work, we make the implicit assumption that every space is equipped with
its Borel o-algebra, guaranteeing, in particular, that all continuous functions are measurable. To
define our proposed concept of depth, we first introduce the auxiliary function h : X3 — R,

d*(x1,X3) + d?(x2,x3) — d?(x1,%2)

h(x1,x2,%3) = I(x3 & {x1,%2}) 200,33 d06. ) , (6)

where I(-) denotes the indicator function. Using h, we define the metric spatial depth D(u; P) of
the point 4 € X with respect to P to be

D P) =1 = SB{ACX:, Xa, ), )

where Xj,X; ~ P are independent. The remainder of this section is devoted to studying the
properties of D(u; P) and we divide the treatment to four categories: robustness, interpretation,
continuity and invariance.

2.1 | Robustness of D(u;P)

As with Euclidean statistical methods, also distance-based methodology commonly makes
moment assumptions. In the latter case these are typically expressed as requirements of the form
E{dk(Xl,Xz)} < oo where Xj,X, ~ P are independent and k € N. For example, this condition
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with k = 2 is in some sense equivalent to the requirement of finite variance (to which it reduces
when d is the Euclidean distance in R). The next result shows that the metric spatial depth D(u; P)
makes no such assumptions, making it a robust measure of depth, applicable to any distribution
P. We use P to denote the set of all probability distributions taking values in X.

Theorem 1. D(u;P) is finite forall y € X and P € P.

Another classical requirement for calling a statistic robust is that its influence function should
be bounded (Hampel et al., 1986). The influence function IF : X - R of D(u;P) at z € X is
defined as,

D(u; (1 — €)P + €6;) — D(u; P)

IFz; D, u, P) := lim
el0 &

where (1 — )P + 6, is a mixture of P and §,, a Dirac point mass at z € X. Thus, IF measures
the infinitesimal change in the metric spatial depth when the distribution P is contaminated by
a small probability mass at point z. For D to be considered robust, the influence function must be
bounded in z, that is, there must be an upper limit for the relative effect that any contamination,
no matter how outlying, is able to cause to the depth of the point u. Our next result reveals this
to be the case.

Theorem 2. For fixed 7 € X, we have,
IF(z; D, u, P) = 2 = 2D(u; P) — E{h(X,z, p) }.
Moreover,

sup | IF(z; D, u, P) |< 4.

ZEX

2.2 | Interpretation of D(u;P)
Recall next from Section 1 that L[x;, x,, x3] denotes the event that d(x;,x3) = d(x1,X%) + d(x, X3),
that is, that the three points x;, x;,x3 € X are such that x; lies in the middle of the other two. Note

also that this notation is not “unique” in the sense that, for example, L[x;,X;,x3] = L[X3, X2, X1].
We now have the following characterization about the range of possible values for D(u; P).

Theorem 3. D(u; P) takes values in the interval [0, 2]. Additionally, letting X, X7, X,
denote independent draws from P,

i. D(u;P) =0 ifand only if
PX=u)=0 and P(L[X1,X3, u]UL[X3, X1, u]) =1.
ii. D(u;P) =2 ifand only if

PX=u)=0 and PLX:,uX]) =1
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Part (i) of Theorem 3 says that for a point x4 to have depth equal to zero, a necessary condition
is that the distribution P must be such that L[ X7, X;, u] U L[X;, X3, u] always occurs. The standard
case where this happens is when X = R (meaning that any three points always fall onto a line)
and Pis supported on an interval. Any point u outside of this interval then has depth equal to zero.
Part (ii), on the other hand, says that maximal depth D(u; P) = 2 is achieved by any non-atom
point u such that, given two independent realizations X;, X;, the point u always lies between these
two points. This condition is very strict and can be satisfied only in some specific metric spaces
veering toward pathological, see Section 3.2 for an example. Interestingly, in an Euclidean space,
the maximal achievable depth is D(u; P) = 1, see Section 3.1.

Theorem 3 provides an interesting connection between the metric spatial depth and the metric
lens depth (Cholaquidis et al., 2023; Geenens et al., 2023), defined as,

Dp(u; P) = P[d(X1,X2) > max {d(X1p), dXap)}], (8)

where X7, X, ~ P are independent. It is obvious that Dy, takes values in the interval [0, 1] and our
next result connects these end points to the extremal behavior of the metric spatial depth. Its proof
is a direct consequence of Theorem 3 and we omit it.

Corollary 1. Let u € X be fixed.

i. If D(u; P) = 0 then Dy(u; P) = 0.
ii. If D(u;P) = 2 then Dr(u; P) = 1.

Corollary 1 essentially says that the range of behaviors that D considers absolutely extremal
is a subset of the behaviors that Dy sees as absolutely extremal. For example, if the former marks
a point u as fully outlying, then so does the latter (but not necessarily vice versa), making met-
ric spatial depth more “fine-grained” than the metric lens depth. We compare these two depths
further later in the simulations of Section 5.

We next turn our attention to an asymptotic version of Theorem 3(i). Let u, be a sequence of
points in X. We say that u,, diverges if d(u,, u) — oo as n — oo for any fixed point y € X (triangle
inequality shows that if this condition holds for one point in X, then it holds for all points). That
is, divergent sequences are such that they eventually get arbitrary far from any fixed point and,
naturally, the existence of such a sequence implies that the space (X, d) is unbounded.

Theorem 4. Let u, be a divergent sequence in X. Then D(u,; P) - 0asn — oo.

The result of Theorem 4 is very unsurprising when one considers it as a “limiting case” of
part (i) of Theorem 3: when the diverging sequence u, gets farther and farther away from the
bulk of the distribution P, the relative distance between X;, X, diminishes (wWhen compared to the
growing d(u,,X1) and d(u,, X3)), yielding an approximate equality in the triangle inequality and
making the depth D(yu,; P) thus approach the minimal value given in Theorem 3.

2.3 | Continuity properties of D(u; P)

As our next two results, we show that the depth D is continuous both with respect to the point u
and the distribution P. As the definition of D involves division by d(X;, #)d(X>, 1), these results
require that P has no mass at the point 4 € X in question. In the following, the notation ~ denotes
the weak convergence of probability distributions.
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Theorem 5. Fix u € X and assume that P(X = u) = 0 for X ~ P. Let P, be a sequence
of probability distributions in X such that P, - P asn — oo. Then, asn — oo, we have

D(u; Pp) — D(u; P).

We demonstrate the use of Theorem 5 in Section 3.4 to compute the depths of points in the
unit circle under the arc length distance through a limiting argument.

Theorem 6. Fix y € X and assume that P(X = u) = 0 for X ~ P. Let u, be a sequence
in X such that pu, — u in the metricd as n — . Then, as n — oo, we have

D(un; P) = D(u; P).

Theorem 6 implies, in particular, that the metric spatial depth is continuous in the whole of
X as long as P has no atoms. We omit the proof of Theorem 6 as the result follows from a direct
application of Lebesgue’s dominated convergence theorem. Later, when discussing the sample
version of D in Section 4, we present still one more continuity result for the metric spatial depth
(root-n consistency).

2.4 | Invariance properties of D(u; P)

We conclude the section by discussing invariance properties of the metric spatial depth. Assume
that the metric d is invariant to a group G of transformations g : X — X. That is, d (gxl, gxz) =
d(x1,x,) for all g € G, x1,x, € X. Then, we clearly have D(gu; Pgx) = D(u; Py) for any g€ G
where Px and Pgx denote the distributions of X and gX, respectively. We give a few concrete
examples: (i) If (X, d) is either the p-dimensional Euclidean space or the p-dimensional unit
sphere equipped with the arc length metric, then the depth D is invariant (in the previous
sense) to orthogonal transformations. (ii) If X = {0,1}? and d is the Hamming distance, then
D is invariant to any bit-flip operations. (iii) If X is the space SP of p X p positive-definite
symmetric matrices and d is the corresponding Riemannian distance (Bhatia, 2009), then
D is invariant to any transformations of the form S+ ASA’ where S € SP and A € RP? is
invertible.

Assume now that the random object X is such that Px = Pgx forallg € G. Then, by the previous
paragraph, we have D(g u, Px) = D(g,u, Px) for all g1, g, € G. That is, the metric spatial depth is
constant on the orbit {gu|g € G} for any point u € X. As an example of this, we continue our
example scenario (i) above: any p-variate random vector X in a Euclidean space satisfying X ~ OX
for all p x p orthogonal matrices O is said to be spherical (Fang et al., 1990). As the orbits of the
group of orthogonal transformations are origin-centered hyperspheres, the contours of the metric
spatial depth D for a spherical distribution are thus sphere-shaped around the origin. For further
discussion on invariance in conjunction with computational complexity, see Section 6.

3 | FOUR EXAMPLE SCENARIOS

In this section, we study the properties of the metric spatial depth D(u;P) in four
specific metric spaces. The purpose of these example scenarios is to (i) give further
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insight about the behavior and interpretation of the metric spatial depth, and (ii) demon-
strate that our proposed concept allows for closed-form solutions in several interesting
cases.

3.1 | Hilbertspace

Let (X, (--)) be a Hilbert space and let || - || and d be the norm and the metric induced by the inner
product, respectively. The sign function sgn : X — X is defined as sgn(x) = I(x # 0)x/ || x ||. Let
X be a random element in X satisfying E || X ||< oo. Then we define the expected value of X in
the usual way through the Riesz representation theorem (Conway, 1990), as the unique element
E(X) € X satisfying E(X, u) = (E(X), u) forall y € X.

Lemma 1. For a Hilbert space (X, (--)), the metric spatial depth takes the form,

D(u;P) =1 - ||[E{sgn(X — w)}|I*.

Lemma 1 carries with it several insights: (i) The expression D(y; P) is based on the same
key quantity as the classical L;-depth (Vardi & Zhang, 2000). That is, the depth of a point y is
determined by the length of the expected value of a unit vector drawn from yu toward a point gen-
erated randomly from P, see Figure 2 for an illustration. The L;-depth is also known as the spatial
depth, see, for example, Serfling (2006), justifying naming our proposed concept the “metric spa-
tial depth.” (ii) For a distribution P on the real line (1-dimensional Euclidean space), the metric
spatial depth is seen to further reduce to

D(u;P) =1~ {P(X > p) = P(X < w)}?,

that is, the depth of a point y is in this case fully determined by its quantile level. As dis-
cussed in Geenens et al. (2023), this is desirable since distributions in R induce a natural
concept of order (through their quantiles) and, hence, any reasonable measure of depth therein
should be based on this order structure. (iii) In a Hilbert space, such as R? equipped with the
Euclidean inner product, the maximal achievable depth is 1. In other words, Hilbert spaces
are “too structured” to allow reaching the upper half of the range of D(y; P). By Lemma 1,
the depth value 1 in Hilbert spaces is obtained if and only if u is the center of the distribu-
tion P in the sense that the average of unit length vectors drawn from u toward random X has
length 0.

3.2 | British rail metric

As our next example, we consider a more pathological case where the theoretical maximum depth
value 2 can be reached. Let X = R* be the plane and take the metric d to be the British rail
metric,

dx1,x2) =10 # )l x1 | + Il x2 1),

where || - || denotes the Euclidean norm. This metric space models the situation where all train
trips in the Southern England have to go through London (located in the origin). Let next P be
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FIGURE 2 Assume that P puts equal mass to all seven circles shown in the plot. The black arrows are unit
length vectors drawn from u (the solid black point) toward these point masses. The red shorter arrow depicts the
average of these vectors and its length (~ 0.843) determines the depth of y, larger values indicating smaller
depths. As u lies outside of the sample, a rather small depth, D(u; P) ~ 0.289, is now obtained.

any distribution in R? having no atoms. Then d(X;, X;) equals almost surely || X || + || Xz || and
the depth of a point 4 € X takes the form

©)

21X I I }

D(u; P) =E
) {(Ile I+ 11w IDATX2 A+ 11 1D

showing that D(0; P) = 2.

The British rail metric appears also as the solution to the following optimality problem:
Assume that P puts equal mass 1/n to each of n distinct points x;,...,x, € X. Then, under
what metric is D(x;; P) maximized? In other words, which combination of distances between n
equiprobable distinct points makes x; as “central” as possible? The following lemma reveals that
the answer is given by the British rail metric.

Lemma 2. Let P put mass 1/n to each of n distinct points x1,...,x, € X. Then,

mainsie (- 3)(0-3)

with equality if and only if d(x;,x;) = d(x;, x1) + d(x1,%;) for all distinct i, jin {2.,..., n}.

The equality condition in Lemma 2 corresponds to a situation where the shortest route
between any two points always goes through x; (“London”). The actual distances between the
points do not play a role in the solution, as long as they are positive. One particular, symmetric
solution achieving the upper bound has been visualized in Figure 3. As is expected, the upper
bound in Lemma 2 approaches the value 2 as n - .
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FIGURE 3 The picture displays a star graph on n = 11 points under which x; (the central point in the
graph) achieves the maximal depth D(x;; P) = 2 — 41/121 = 1.661. The distances in the graph are proportional to
the edges, each of which has the same length.

3.3 | Discrete metric in a finite space

To gain further intuition on the metric spatial depth, we consider one of the simplest possible
spaces, a finite set X := {1,...,n} equipped with the discrete metric d(i,j) = I(i # j). Any proba-
bility distribution P on X is then characterized by the probabilities py,..., p, of the n points. Our
next result gives the values of the metric spatial depth in this scenario.

Lemma 3. Ina finite set X = {1,...,n} equipped with the discrete metric d(i,j) = I(i #
Jj), we have

D(1;P) = %(1 - pr) +p1 €[0,1].
i=1

Furthermore,

i. D(1;P) = 0 if and only if exactly one of p,..., pn equals 1.
ii. D(1;P)=1ifandonlyif p; =1.

Lemma 3 shows that the extremal depth values are obtained only in cases where the prob-
ability mass is concentrated solely at a single point. This is expected as, intuitively, the only
way to make a point more outlying under a discrete metric where all distances are of equal
length, is to reduce its probability mass. Similarly, as the concept of “location” carries no mean-
ing under a discrete metric, the centrality of a point i is measured solely in the size of p; relative
to P1s--+»Di-15Pi+15-+-5 Pn-

Part (ii) of Lemma 3 says that if P gives a probability mass 1 to a point, then the depth of
that point is exactly 1. A straightforward calculation shows that the same actually holds for the
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metric spatial depth (7) in any metric space (X, d). Contrasting this observation with the results
of Section 3.2 might lead one to ask that why should the scenario in Figure 3 lead to signifi-
cantly higher depth values than are obtainable for points having probability mass 1. After all,
it is difficult to imagine a “deeper” scenario than that of putting a Dirac point mass to a single
point. The short answer is that there is no reason why the values D(y; P) and D(u; Q) should be
directly comparable between two distributions P, Q (what is comparable are the values D(u;; P)
and D(u,; P) for two different points p1, 4, under the same distribution P). As a longer answer,
later in Section 6 we propose a modification of the metric spatial depth that better allows such
comparisons.

3.4 | Uniform distribution on the unit circle

Our final example involves the metric space (Sl, d), studied commonly in directional statistics
(Mardia & Jupp, 2000), where S! is the unit circle in R* and d is the arc length distance. That
is, if the points x;,x, € X are expressed as two-dimensional unit vectors, the distance between
them is d(x;,x;) = arccos(xixz). Plugging this in to (6) reveals that the resulting expression for
D(u; P) does not simplify in any meaningful way, making its theoretical analysis cumbersome.
However, its exact values can still be computed in some specific cases and our next result gives a
closed-form solution to the metric spatial depth under the assumption of a uniform distribution
on S'. Its proof relies on constructing a sequence of discrete uniform distributions on the circle
and invoking Theorem 5.

Theorem 7. Let P be the uniform distribution on the unit circle S*. Then, for any point

u €S, we have,

D(u;P) = 7% /6 — 1 = 0.6449.

4 | SAMPLE METRIC SPATIAL DEPTH

Let Xj,..., X, be a random sample from the distribution P. Denote the empirical distribution of
the sample by P,. The sample metric spatial depth D(u; P,,) of the point u € X is given by

n
1
D(y; Pa) =1 — Z—Mi;h(xi,)g,y), (10)

where h is defined as in (6). By isolating the terms with i # j in the double sum, we see that
D(u; Py) is asymptotically equivalent to a second order U-statistic, guaranteeing that D(u; P,) is a
root-n-consistent estimator of the population depth D(u; P).

Theorem 8. For a fixed u € X, we have,

1
D(u; Py) = D(u; P) + (9<—>
\/’

n

asn — oo.
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The U-statistic theory (Lee, 1990) further guarantees that \/E{D(y;Pn) — D(u; P)} admits a
limiting normal distribution. Pursuing such finer asymptotic properties of D(u; P,) would allow,
for example, testing hypotheses of the form Hy : D(y; P) = a, for some point x4 and depth level a« €
[0, 2]. However, such tests are rather impractical in the general situation as the range of D(u, P)
depends on the metric space in question, see Section 3.1 for an example. Thus, to test, for instance,
whether y € X is the deepest point w.r.t. P necessarily requires knowing the maximal value of
the map u — D(u; P). Consequently, in this work, to stay as general as possible, we have chosen
not to study such questions.

In practice, for a realized sample Xj,...,X,, computing D(u;P,) for a single value of u
requires two nested loops over the sample, leading to time complexity of order (9(n2). As there
does not appear to exist a straightforward connection between the terms involved in com-
puting, for example, D(X1, P,) and D(X;, Py), finding the depths of the full sample is thus an
(9(n3)-operation. Such complexities are rather standard for methods based on distance matrices,
see, for example, Cholaquidis et al. (2023) and Dai and Lopez-Pintado (2023). When compared
to standard Euclidean data, object data sets often have comparatively smaller sample sizes, con-
sider, for example, the data examples in Dai and Lopez-Pintado (2023) and Geenens et al. (2023),
meaning that the (9(n3 ) complexity is usually acceptable in practice. However, faster computation
is still possible in specific spaces. For example, for data in a Hilbert space (Section 3.1), comput-
ing the depths of a full sample using Lemma 1 is an @(nz)-operation. Whereas, under a discrete
metric (Section 3.3) the depth of a point is by Lemma 3 essentially determined by its point mass,
making the computation of all depths possible in @(n) time. Similar shortcuts are not possible in
our two remaining examples (Sections 3.2 and 3.4) where computation of the depth of a single
point requires two nested loops, leading to the full complexity of (9(n3), see (9) and the discus-
sion in Section 3.4. Further computational savings could be obtained, at the expense of accuracy,
by considering in the double sum in (10) only a subset of all possible n? pairs, as when using
incomplete U-statistics (Blom, 1976). However, in the current work where our sample sizes are
still manageable enough, we have exclusively used the full formula (10).

5 | EXAMPLES

We next exemplify the use of metric spatial depth in three tasks: outlier detection, non-convex
depth region estimation and classification. The used methods are implemented in R and their
program codes are available on the author’s webpage, https://users.utu.fi/jomivi/software.

5.1 | Outlier detection

In our outlier detection task, we study how well different methods are able to separate outliers
from the bulk of a distribution. We generate 10-dimensional points as x; ~ N 10(/1110, diag([lo))
and transform them as x; — X;/ || x; ||, meaning that the data lies on the unit sphere in R'. To
capture the geometry of the space, we use the arc length distance as our metric. We create two
groups, the bulk of size (1 — £)n and the outlier group of size en where the value —4 is used for
the location of the outlying group in place of A (i.e., the bulk and the outlier group reside on the
opposite sides of the sphere). We consider three different values of A = 1/4,1/3,1/2, two different
sample sizes, n = 50,100 and a range of different proportions of outliers, € = 0.01,0.02,...,0.30. A
similar setting was used in Heinonen et al. (2025).
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FIGURE 4 Proportions of bulk-outlier crossings C (see the main text for the definition) for the metric
spatial, halfspace and lens depths under different settings over 1000 replications. A lower value indicates a better
separation.

We conduct 1000 replicates of each setting and in each case compute our metric spatial depth
(7), the metric lens depth (8) (Cholaquidis et al., 2020; Geenens et al., 2023) and the metric
halfspace depth (Dai & Lopez-Pintado, 2023), defined as

Dy(u; P) = inf Pld(X,z1) < d(X,22)}.

21,2, €X,d(2.4)<d(2.1

We compute Dy using Algorithm 1 in Dai and Lopez-Pintado (2023) using all sample pairs as
anchor points. All three competitors output the set of depth values for the full sample and, for each
set, we compute the average number C of “bulk-outlier-crossings,” that is, the proportion of pairs
of a bulk observation and an outlying observation such that the former gets a lower depth than
the latter. Thus, the smaller C is, the better the depths identify/separate the outlying observations
from the bulk. The average values of C for each combination of settings and method are shown
in Figure 4.

From Figure 4 we make the following conclusions: (i) The performances of the spatial and
lens depth are in all scenarios very close to each other. Based on Corollary 1 this is somewhat as
expected. Moreover, the spatial depth is systematically the better one out of the two. We believe
that this is connected to the fact that, by Theorem 3, low values of the metric spatial depth charac-
terize a very natural form of outlyingness, something which is not guaranteed for the metric lens
depth. (ii) As is natural, independent of the method, separation gets easier the larger the sample
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TABLE 1 Average computation times of the three methods (in seconds) as a function of n.

Method n =50 n = 100 n =150 n = 200
Spatial 0.022 0.147 0.476 1.106
Half-space 0.015 0.082 0.235 0.533
Lens 0.023 0.194 0.631 1.504

size is, the less we have outliers and the greater the separation between the groups is. (iii) The
best two methods are the spatial depth and the halfspace depth. The spatial depth has an edge
when the bulk and the outliers are sufficiently separated, whereas the halfspace depth dominates
when the groups are close to each other. In both of the extreme cases A = 1/2,1/4, the difference
between the two methods is rather large. Again we believe that this difference can be accounted
for Theorem 3: large values of the metric spatial depth indicate a very specific form of central-
ity, which is likely ill-suited to this particular scenario, meaning that the method encounters
difficulties when the outliers are brought closer to the center of the bulk.

The average computation times of the three methods over 100 replicates are shown in Table 1
as a function of n, when 4 = 1/4 and € = 0.1 (note that the latter two parameters have no effect on
the computation time). The computation of the distance matrix was not included in the times as
this step is identical for all methods. Metric half-space depth is the fastest of the three to compute
but overall there are no large differences between the methods. As claimed, all times are seen to
scale approximately as (9(n3). All methods were implemented in base R and were timed with the
microbenchmark-package (Mersmann, 2024) on a desktop computer with AMD Ryzen 53,600
6-core processor having 16 GB RAM.

5.2 | Depth and non-convex distributions

A common feature of several classical measures of depth in R? is that they produce convex depth
regions (Serfling, 2006). Naturally, this is undesirable as soon as the data exhibits non-convex
shapes. In this section, we show how the proposed metric spatial depth can be adapted to obtain
meaningful measures of depth also in such scenarios.

For illustration purposes, we use a simple bivariate dataset of size n = 150, generated as x; =
2(cos(8)), sin(6;)) + 0.1'/%¢, where 6; are i.i.d. from the uniform distribution on [0, 2z] and € are
i.i.d. from the bivariate standard normal distribution. This yields a sample resembling a circle
around the origin on the plane, see the black points in the panels of Figure 5. To exemplify the
behavior of standard measures of depth under such a non-convex scenario, we divided the plane
into a fine grid and computed the metric spatial depth of each grid point under the Euclidean
metric. As described in Section 3.1, this yields depths equivalent to the classical L;-depth. The
contour plot of the depths, shown in the upper left panel of Figure 5 (yellow color indicates large
values), reveals that the depths indeed fail to capture the natural shape of the sample, assigning
the highest depth around the origin where no sample points lie. To obtain better performance, we
next propose two alternative approaches.

As a first option, we combine metric spatial depth with the idea behind ISOMAP (Tenen-
baum et al., 2000), a classical method of manifold learning. ISOMAP works by using only local
Euclidean distance information and disregarding the longer distances, which usually fail to cap-
ture any curved structure in the data. Namely, for each point i in turn, we “erase” all but the k
smallest distances d(xi,xj), je{l,...,i—1,i+1,...,n}, where k is a user-chosen parameter, and

85UB017 SUOWIWIOD 3AIXEa1D 3|cedl|dde 8y} Aq pausenob 82 sajone O ‘SN Jo S8 1oy Akeiq18UIIUO 8|1 U (SUOIPUOD-PUR-SLLBY IO A8 1M Al1d 1 BUI|UO//SANY) SUORIPUCD PUe SWLB | 83U} 88S *[9202/20/GT] U AlqiTauliuO AB|IM MYINL JO A1SeAIUN Ad £S00L SOK/TTTT OT/I0p/W00"A8| M AR 1 [BUI|UO//SANY oI} PBPEO|UMOa ‘0 ‘697697 T



16 VIRTA
—I—Scandinavian Journal of Statistics

FIGURE 5 The depth contours of a circular data set of size n = 150 (the black points) under four different
choices of distance for the metric spatial depth. The distances correspond, from left to right and from top to
bottom: Euclidean distance, ISOMAP, RKHS with the rational quadratic kernel, RKHS with the Gaussian kernel.
Yellow shades indicate the highest depths and the color scale is not uniform in the four panels.

use the remaining distances to construct a weighted undirected graph ¢ on the n points. Next,
we let d* (xi,xj) denote the graph distance between x;, x; in G (i.e., the length of the shortest path
between X;, X; in the graph). The corresponding distances d*(x;, 4) between the sample and a “test
point” u are computed as graph distances after grafting u to the graph ¢ by its k nearest neighbors.
For small k this results into d* that approximates the geodesic distances (assuming the points lie
roughly on some manifold, as in our example). However, k must also be kept large enough such
that the graph G stays connected. The depth contours obtained with this procedure using k = 8
are shown in the upper right panel of Figure 5. We observe that the contours capture the circu-
lar shape of the data, but assign large depths also close to the origin. This happens because the
origin is roughly equally far away from all sample points, and its k nearest neighbors are likely to
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be roughly uniformly distributed around the circle. Consequently d*(x;, 0) cannot be too large for
any i, giving the origin a large depth.

As a second alternative, we resort to the well-known “kernel trick” and Moore-Aronszajn
theorem (Aronszajn, 1950) which says that, for every symmetric, positive definite kernel « :
X X X — R, there exists a reproducing kernel Hilbert space (RKHS) (H, (--}), such that k(x1,x;) =
(p(x1), Pp(x2)) for some “feature mapping” ¢ : X — H determined implicitly by the choice of
k. Now, every Hilbert space is a metric space, meaning that the corresponding metric can be
expressed through the kernel as d?(x;, ;) = x (1, X1) — 2x(X1, X2) + k(X2, X,). Consequently, apply-
ing our proposed concept to these distances allows us to compute the metric spatial depths
of the features ¢(x;). As the implicit mapping ¢ is typically non-linear, this allows capturing
non-convexities in the original space X'. This special case of metric spatial depth was considered
already in Chen et al. (2008).

As an example, we have used the rational quadratic kernel x(x;,x;) = (1+ [l %1 —x ||2)_1 (the
bottom left panel of Figure 5) and the Gaussian kernel x(x;,x;) = exp(—0.933 [| % — x2||2) (the
bottom right panel), where || x; —x; || denotes the Euclidean distance. Inspecting the results
shows that both kernels manage to capture the circular shape of the data and produce satisfactory
contours. While the rational quadratic kernel still puts some depth in the origin, the Gaussian ker-
nel, whose tuning parameter value 0.933 has been chosen manually, obtains contours that assign
minimal depth to the origin. If depths were used as a part of some supervised learning technique,
standard cross-validation could also be used to select any tuning parameter values involved in the
distance function, see the next section for an example.

5.3 | Classification

As our third example, we apply the metric spatial depth to a classification problem through
the technique of depth-depth (DD) classification (Li et al., 2012). Let xi,...,x, € X and
Xn,4+15-+-»Xn,4n, € X denote samples from two groups and denote the corresponding empiri-
cal distributions by P,; and P,,. In DD-classification, we compute the depth vectors z; :=
(D(X;Py1), D(x;Py2)), i € {1,...,n; + ny} and fit a classification rule (such as a linear discriminant)
to the two-dimensional sample zi,...,Zn,+n,- A test point x € X is then classified based on the
vector z := (D(xPy1), D(XP,2)). This procedure extends to multiple groups in an obvious way. The
main idea behind the DD-classifier is that depth functions automatically take into account the
geometry of the data, avoiding the need to estimate any distributional parameters and making the
method fully non-parametric.

In this illustration, we use the Fashion MNIST dataset (Xiao et al., 2017) available at
https://www.kaggle.com/datasets/zalando-research/fashionmnist. The data consists of 28 x 28
grayscale images of various clothing items grouped into 10 classes. For simplicity, we consider
only the test part of the full data set and only three classes (dress, shirt, ankle boot). This gives
us a working data set of n = 3000 observations of dimensionality 784. The first 80 images in this
set are shown in Figure 6. We conduct a total of 100 replicates of our study and in each replicate
draw randomly 150 training images and 50 test images from among the 3000 observations. We
use DD-classification with the metric spatial depth to classify the test images and use as our cri-
terion the proportion of correct classifications in the test set. As a classifier we use either LDA
or QDA. The main purpose of this illustration is to further demonstrate that while metric spatial
depth is mainly targeted toward non-standard forms of data, it can still be used to enhance also
the analysis of classical Euclidean data. We achieve this by choosing as our metric the L,-distance
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FIGURE 6 The first 80 images in the used data. The data consists of three classes: dresses, shirts and ankle
boots.
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FIGURE 7 Average proportions of correct classifications as a function of the parameter p of L,-distance.
The two curves correspond to the different classification methods.

with different values of p = 0.5,0.6,..., 5. The choice p = 2 thus corresponds to using the standard
spatial depth (Chaudhuri, 1996; Vardi & Zhang, 2000) in the analysis and the remaining choices
correspond to novel methodology. See also Perlibakas (2004) and Rodrigues (2018) for earlier uses
of Lp-distances in the context of classification.

The lines in Figure 7 depict the average proportions of correct classifications over the repli-
cates as a function of p. We make two observations of interest: (i) The mean curves appear to
be rather smooth functions of p that achieve their maximum somewhere around p ~ 3 for LDA
and p ~ 2.5 for QDA. In particular, for both LDA and QDA the maximum is achieved with
a super-Euclidean geometry (L, with p > 2). As the extreme case p = co corresponds to using
only a single pixel’s worth of information, this probably means that the classification informa-
tion in the original images is to an extent concentrated to a small group of pixels. (ii) While
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FIGURE 8 Paired scatter plots and histograms of the components of z; for one replicate of the study with
the L;-norm. The colors and shapes correspond to the three classes: dress (red dot), shirt (green triangle), ankle
boot (blue square).

the difference between LDA and QDA is minor, the latter appears the superior choice regard-
less of p, implying that the scatter plot of the points z; € R? is not fully linearly separable. This
is confirmed by Figure 8 where we plot the paired scatter plot of the 3-dimensional training
points z; for one replicate of the study with the choice p = 3. It is evident that while the sep-
aration between the groups is rather good, the point clouds still exhibit some curvature that
make LDA suboptimal. Note also that the histograms on the diagonal of Figure 8 reveal that
the largest values (that is, depths) in each component of z; are indeed obtained by images of
the corresponding class, as expected. To conclude, this (and the previous) example go to show
that procedures targeted toward general object data can still benefit also the analysis of regular
Euclidean data.
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6 | DISCUSSION

We begin the discussion by commenting on the seeming discrepancy noted earlier in Section 3.3.
For example, under the star-shaped graph shown in Figure 3, the central point x; has metric
spatial depth D(x;; P) = 1 when P charges its full probability mass to x;, whereas its depth is
much larger, D(x;; P) ~ 1.661, when P is uniform on the nodes of the graph. As stated earlier, this
happens simply because depth values under different distributions P might not be directly com-
parable. However, as such comparisons can sometimes be desired or even unavoidable, we next
propose a modification of our main concept which avoids the previous “paradox.” We define the
modified metric spatial depth D*(u; P) as

D*(u; P) := D(u; P) + P(X = {2 — P(X = w)}.

That is, D*(u; P) is otherwise equal to D(u; P), but points u with positive probability mass
have suitably increased depth. The form of the extra term P(X = u){2 — P(X = u)} is chosen pre-
cisely as it makes the modified metric spatial depth satisfy Theorem 9 below. Its proof is, up to
conditioning, equivalent to the proof of Theorem 3 and, as such, omitted.

Theorem 9. D*(u; P) takes values in the interval [0, 2]. Additionally, letting X, X1, X,
denote independent draws from P,

i. D*(u;P) =0ifand only if
PX=p)=0 and P(LIX1, X5, p]UL[X;, Xq, pu]) = 1.
ii. D*(u;P)=2ifandonlyif

P(L[X17 M’XZ]le ?é )u?XZ ;é M) =1

The interesting part of Theorem 9 is (ii) which says that the maximal depth value of 2 is
reached if and only if, conditionally on X; # u, X, # u, the event L[ X7, u, X5] occurs almost surely.
Hence, any probability mass at u directly contributes to its depth and, for the maximal depth
value 2 to occur, the restriction of P outside of { 4} should obey our earlier discussion surrounding
formula (5). Note that in the pathological case where P(X = p) = 1, the conditional expectation
in Theorem 9 is considered to equal 1, meaning that the maximal depth obtained by D* under a
point mass distribution is indeed 2. Examination of the proofs of Theorems 1, 2, 4, 5, 6 reveals
that analogous results can be derived also for D* (trivially in the case of the latter two). However,
despite this, we still kept D as the main concept of this work for the following reasons: (i) the
modification used to obtain D* from D is somewhat artificial and not backed up by anything else
besides performance at large point masses, (ii) the modified version loses the natural connection
to the original spatial depth described in Section 3.1, and (iii) the change has little effect in most
practical situations where no point anyway has mass greater than 1/n.

We close the paper by commenting on possible avenues for further research. As with any
measure of depth, a particularly interesting question regarding the metric spatial depth is finding
the maximizers of the map u — D(u; P) for a given probability distribution P. These maximiz-
ing points are typically called “medians” and, as location estimation plays an important role in
almost all statistical practice, finding a way to carry out the maximization of y — D(u; P) would
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be practically very valuable. For example, the clustering method k-means is based solely on find-
ing centers (location estimates) of would-be clusters and any concept of “robust metric location”
can be used to formulate a robust metric version of k-means.

When (X, d) is an Euclidean space, the points with maximal metric spatial depth are precisely
those y € X which satisfy E{sgn(X — u)} = 0, see Section 3.1. The left-hand side of this condi-
tion is, under suitable regularity conditions for X, the gradient of the function y— E || X — u ||,
showing that in the Euclidean case the spatial median is actually the L;-equivalent of the mean
vector. Based on this connection, it is natural to ask whether the same holds also in some other
metric space. That is, are the minimizers of y — E{d(X, u)} such that they also maximize D(u; P)
for some non-Euclidean (X, d)?

Finding the deepest points in practice, that is, maximizing u — D(u; P,) is in the Euclidean
case typically handled through gradient-based optimization, see Vardi and Zhang (2000). How-
ever, such techniques do not work in a general metric space due to the lack of vector space
structure. In some special cases, alternative structural properties of X can possibly be used instead
(e.g., geodesic convexity in case X admits a representation as a manifold). If the maximizer is
searched only among the sample Xx;,..., X, (instead of over the full space X), then, as described in
Section 4, determining the deepest of these points is a simple enumeration task of order (9(n3).
Given a sample of sufficient size, the deepest sample point can likely be used as a reasonable
approximation to the actual deepest point.

Compared to other Euclidean depths, the classical spatial depth can be thought to offer a
compromise between invariance properties and computational complexity: it is both robust and
fast to compute in practice but lacks affine invariance which is often desired from depths (Zuo
& Serfling, 2000). As such, a natural question is whether the metric spatial depth is subject
to a similar trade-off. The answer to this depends highly on the space in question. Take, for
example, the space (X, d) of p X p positive definite matrices equipped with the Riemannian metric

d(X1,X2) =l Log X, 1 2X2X1_ 1 2) ||r. The most natural class of transformations in X are the sim-

ilarity transformations X +— AXA’, where A € RP? is invertible, and the metric d is well-known
to be invariant to these, that is, d(AXlA’ JAXLA' ) = d(X1,X;) for all A. This means that the metric
spatial depth in (X, d) already attains the “highest” form of invariance in X while still being com-
putationally fast. Consequently, its invariance properties do not come with any kind of trade-off.
Whereas, if d is instead taken to be the log-Euclidean metric d(X1, X;) =|| LogX;) — LogX?) ||F,
which is only invariant to orthogonal similarity transformations, then also the metric spatial
depth achieves only this weaker form of invariance. In this case, an improvement can be obtained
using the idea behind projection depths (Dyckerhoff, 2004): by defining the “projection” of X onto
the direction u € SP~! as X +— u'Xu, we can define the projection depth

D*(/";PX) = u.igtslpf—lD(u/””;P“’X”)’

where the depth D on the right-hand side is the metric spatial depth on the real line equipped with
the metric d(x;,x;) =| logx; —logx, | and P,x, denotes the distribution of u'Xu. The resulting
measure D* is simultaneously robust and invariant to all similarity transforms, implying that the
projecting gave us increased invariance at the cost of computational complexity.
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APPENDIX
PROOFS
Proof of Theorem 1. Simplifying the squared reverse triangle inequality,
(X1, X) 2 |d (X1, 1) = d O I, (A1)
gives
d*Xa. 1) + X, 1) — (X1, X5) < 2dX0. 0d(Xo, ).

Whereas, the squared triangle inequality,

(X1, X) < {d(Xy, 1) + Ao, 1)), (A2)
gives
d*(Xy, p) + (X, ) — (X1, X3) 2 =2d(Xy, )d(Xa, p).
Hence,
| D(u; P) |< 1+ %E{ Idz(Xl’”);;;:’(ﬁc’igglf(xb)@ | } <2,
concluding the proof. [

Proof of Theorem 2. The claimed form for the influence function follows after observ-
ing that
D(u; (1 — €)P + £6;)
= 1- 2[20 - £2{1 - D(s P)} + 26(1 - OB{A(X, 2.1} + 26%(u £ )],
and that | E{h(X, z, #)} |< 2 by the proof of Theorem 1. Furthermore, the same bound

| E{h(X,z, u)} |< 2, when combined with Theorem 3, yields the second part of the
current theorem. =

Proof of Theorem 3. That D(u; P) takes values in [0, 2] follows directly from the proof
of Theorem 1. For part (i), we observe that D(u; P) = 0 precisely when

d* (X, p) + d*(Xs, p) — d*(X1, X5) _

Iy # unXa # p) A0, )dCG. )

2’

almost surely. By the definition of the indicator function and the proof of Theorem 1,
this occurs if and only if P(X = u) = 0 and if equality is achieved in the squared
reverse triangle inequality (A.1) almost surely. The latter of these is equivalent to the
statement that P(L[ X3, X5, u] U L[X,, X3, u]) = 1, proving claim (i).
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Part (ii) is proven similarly, but by invoking the squared triangle inequality (A.2)
instead of (A.1). n

Proof of Theorem 4. We begin by establishing some terminology. A sequence A, of
random variables in R is said to be a D-sequence (D is for “diverging”) if P(|A,| < M) —
0 for every M > 0. Whereas, a random variable B taking values in R is said to be
bounded if, for all € > 0, there exists K > 0 such that P(|B] > K) < &.

We next show that for any bounded random variable B and any D-sequence A,
the quotient B/A,, converges to zero in probability. To see this, fix A, e > 0 and pick
K > Osuchthat P(|B| > K) < ¢, and ng such that, for n > ny, we have P(|A,| < K/A) <
€. Then,

P(|An| < |BI/A)
= P(|An| < |Bl/A]|B| < K)P(|B| < K)
+ P(|An| < |B|/Al|B| > K)P(|B| > K).

Now, P(|A,| < |B|/A||B| £ K) < P(JA,| < K/A||B| £ K), allowing us to write

P(|A4] < IBI/A) < P(|A,] < K/A)
+ {P(|A4| < |BI/A|IB| > K) - P(1A4| < K/A||B| > K)}P(IB| > K)
< P(|As] <K/A)+2P(1B| > K)

< 3,

showing that B/A, = op(1).

Fix now an arbitrary point yy € X. It is clear that d(Xi, yo) is bounded. We next
show that d(Xj, uy,) is a D-sequence. Let € > 0, M > 0 be arbitrary and let K > 0 be
such that P{d(Xi, uo) > K} < €. Pick ny such that, for all n > ng, we have d(uq, ) >
M +K.

Then, for n > ny, we have, by the reverse triangle inequality, that

P{d(Xy, pn) < M} < P{d(Xy, o) > d(po, n) — M}
< P{d(Xy, no) 2 K}

<e,
showing that d(Xi, u,) is a D-sequence. Finally, it is obvious that d(X;, X,) is bounded.
Consider now the quantity Rp4 :== —d*(X1, X2)/{d(Xa, un)d(Xs, py)}. A straightfor-
ward computation reveals that the product of D-sequences is a D-sequence and,
hence, we have that R4 = 0,(1). Next, by the triangle inequality, the quantity Ry, :=
d(Xy, un)/d(Xz, uy) satisfies

d(Xla XZ)

d(Xl s X2)
1+ —L 2
{ d(XZa /’ln)

-1
_— <Rp<1+
d(X1. i) } "

showing that R, = 1 + 0,(1). We can similarly show that R,z := d(X1, pn)/d(Xs, pn) =
14 0,(1). Finally, it is straightforwardly proven that Ry = I(Xq # pn N Xy # ) =
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Proof of Lemma 2. The depth D(x;; P) equals

2 206, x1) + d?(x5,x1) — d? (%, %)

- ﬁzz d(x;, x1)d (x;, 1 )

i=2 j=2
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1 + 0p(1). Consequently, denoting Ry, := Ry1(Rnz + Ru3 + Rus) = 2 + 0p(1), we have
1
D(u;P)=1- EE(Rn)-
As | R, | is uniformly bounded in n, we obtain the desired claim that D(y; P) - 0. =
Proof of Theorem 5. Let X, X, ~ P, be independent and let X;, X, ~ P be indepen-
dent. Then (X1, X2,,) » (X1, X3). Now, since the map g : X? — R defined as
d?(xy, ) + d?(x, p) — d* (1, X2)
N = H n b
80a,x2) =10x1 # pNxy # p) 200 0dCer )
is P-a.s. continuous, the continuous mapping theorem guarantees that
8(Xin, X2n) ~ 8(X1,X3),
as n — oo (note that g is measurable since it is P-a.s. equal to a continuous function).
The function g is bounded by the proof of Theorem 1, implying that
E{g(Xin, Xon)} = E{g(X1,X2)},

and concluding the proof. [
Proof of Lemma 1. Plugging in the inner products, d?(a,b) = (a — b,a — b), to the
definition of D(u; P), we obtain

D(u;P) = 1 —E{<H(X1 £, 2 )—”>} (A3)

I X —pll’ Xz —pll
Now, for two independent random elements Y7, Y, in X whose expected values exist,
we have
E(Y1,Y2)) = E{E((Y1Y2)|Y2)}
= E{(E(Y1), Y2)}
= (E(Y1), E(Y2)).
Consequently, (A.3) takes the desired form
D(u;P) = 1 — ||[E{sgn(X — m)}II*.
n
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Now, each index pair with i = j is easily checked to contribute 2 to the sum, whereas
each pair of distinct indices contributes the summand,

d?(x;, x1) + d* (%, x1) — d?(x;,x;)
d(xi, x1)d (x;,x1)

(A4)

By the proof of Theorem 3, the quantity (A.4) is lower bounded by —2 and this bound
is reached precisely if d(x;, ;) = d(x;,x1) + d(x1,%;). The claim now follows. n

Proof of Lemma 3. The closed form for D(1; P) is straightforwardly derived. For the
lower bound, we observe that s, := Y | pl.2 < 1 with equality if and only if all but one
of the p; equal zero. Consequently, (1/2)(1 — s;) + p1 > 0 with equality if and only if
exactly one of p,,...,p, equals 1. For the upper bound, we first write D(1;P) =1 —
(1/2)A - p1)* = (1/2)(s2 — p?) from which it follows that D(1; P) < 1 with equality if
and only if p; = 1. [

Proof of Theorem 7. We first compute the depth of an arbitrary point for a discrete,
equispaced uniform distribution on n = 2k points on the unit circle. We denote this
distribution by P,,.

We label the 2k points such that our point of interest is 0 and the cyclical ordering
of the points is —(k — 1), —(k — 2),...,—1,0,1,..., (k — 1), k. That is, the point opposite
of 0 on the cycle is k. Now, the expectation in the definition of D(0; P,,) equals

1 d2(i,0) + d*(j, 0) — d*(i. )
MZ ; d(i, 0)d(j, 0) ’ (A3

where the summations range over all points on the cycle but 0. To evaluate this sum,
we first fix i = 1,...,k — 1 and observe that j can be chosen to lay in four different
regions of the cycle, depending on whether the distances d(j, 0) and d(i, j) are realized
clockwise or counterclockwise. Going individually through all four cases we observe
that, for a fixed value of i = 1,..., k — 1, summing over j contributes the quantity

2 4ki + 4k(k — j) — 2i(k — j) — 4k>
4k2 itk —j)

=0

to the expectation. By symmetry, each i = —1,..., —(k — 1) contributes the same quan-
tity as | i | and, for i = k, the contribution is, using similar technique, seen to be
2k-1)/ (2k2). Consequently, (A.5) takes (after simplification) the form

where H, denotes the Zth harmonic number. After observing that the double sum
above equals Hy_; /k + Z 1 (Hk 1 — Hy_ 1_1)/], the expression simplifies to

k-2
4—- - — — —2(H, 2 H;. A.
p (k1)+2klj, (A.6)

27
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As an intermediate result, we next show that, for alln > 1,
n n+1 1
;n T = )’ ;J—Z (A7)

Jj=1 Jj=1¢=1
_iiL 1__ 1
SAj+1\7 jr1-¢
o1
=2) —H;
Hij+1
n+1 I’l+11
BT
j=1 j=1

The relation (A.7) now follows after observing that

n+l n+l

22 Z + (Hps1),

by the example on page 850 in Spiess (1990). Plugging (A.7) into (A.6) now yields

k
1 1 1
DO;P)=—-14+=——+ Y —.
(0: Pn) k 4k2 " &
Jj=1

By the classical Basel problem, as n — oo, the depth D(0; P,,) approaches the value
7% /6 — 1. Hence, the proof is concluded as soon as we show that P, - P and invoke
Theorem 5.

To see this, note that the weak convergence of distributions on S! is equivalent
to the pointwise convergence of the corresponding characteristic functions. That the
characteristic function of P, converges pointwise to that of P now follows by equations
3.5.14 and 3.5.16 in Mardia and Jupp (2000). [
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