
P❛r❡t♦✲P❛❣❡r❛♥❦ ❛❧❣♦r✐t❤♠

❖❧❧✐ ❚✉❤❦❛♥❡♥

▼❙❝ t❤❡s✐s

❆✉❣✉st ✷✵✷✷

❘❡✈✐❡✇❡rs✿

P❤✳❉✳ ❨✉r② ◆✐❦✉❧✐♥

Pr♦❢✳ ▼❛r❦♦ ▼ä❦❡❧ä

❉❊P❆❘❚▼❊◆❚ ❖❋ ▼❆❚❍❊▼❆❚■❈❙ ❆◆❉ ❙❚❆❚■❙❚■❈❙



❚❤❡ ♦r✐❣✐♥❛❧✐t② ♦❢ t❤✐s t❤❡s✐s ❤❛s ❜❡❡♥ ❝❤❡❝❦❡❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❯♥✐✈❡r✲

s✐t② ♦❢ ❚✉r❦✉ q✉❛❧✐t② ❛ss✉r❛♥❝❡ s②st❡♠ ✉s✐♥❣ t❤❡ ❚✉r♥✐t✐♥ ❖r✐❣✐♥❛❧✐t②❈❤❡❝❦

s❡r✈✐❝❡

✷



❯◆■❱❊❘❙■❚❨ ❖❋ ❚❯❘❑❯

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐st✐❝s

❚❯❍❑❆◆❊◆✱ ❖▲▲■✿ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠

▼❙❝ ❚❤❡s✐s✱ ✺✷ ♣❛❣❡s✱ ✷✶ ❛♣♣❡♥❞✐① ♣❛❣❡s

❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s

❆✉❣✉st ✷✵✷✷

P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ✐s ❛ ♣♦✇❡r❢✉❧❧ ❣r❛♣❤ ❛♥❛❧②s✐s t♦♦❧s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❤❛s

❜❡❡♥ ✉s❡❞ ✐♥ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s t❤❡s✐s ❝♦♠❜✐♥❡s

✇❡✐❣❤t❡❞ P❛❣❡❘❛♥❦ ✇✐t❤ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ♣r♦❞✉❝✐♥❣

❛ t♦♦❧ ❝❛❧❧❡❞ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧

P❛❣❡❘❛♥❦ ❛❧❧♦✇s ✐t t♦ ❜❡ ✉s❡❞ ✐♥ ♠♦r❡ ❞❡♠❛♥❞✐♥❣ ❣r❛♣❤ ✈✉❧♥❡r❛❜✐❧✐t② ❛♥❛❧✲

②s❡s✳

❚❤✐s t❤❡s✐s ❝♦✈❡rs t❤❡ t❤❡♦r② ❜❡❤✐♥❞ P❛❣❡❘❛♥❦ ❛♥❞ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛✲

t✐♦♥✳ ❆❢t❡r t❤❡ t❤❡♦r②✱ t❤❡ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢ ✐s ✐♥tr♦❞✉❝❡❞

❛♥❞ ✐t✬s P②t❤♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s t❡st❡❞ ♦♥ r❡❛❧ ✇♦r❧❞ r♦❛❞ ♥❡t✇♦r❦ ❞❛t❛✳

❑❡②✇♦r❞s✿ P❛❣❡❘❛♥❦✱ ●r❛♣❤ t❤❡♦r②✱ P❛r❡t♦✲❡✣❝✐❡♥❝②✱ ❱✉❧♥❡r❛❜✐❧✐t② ❛♥❛❧②✲

s✐s✳

✸



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✻

✷ ▼❛r❦♦✈ ❝❤❛✐♥s ✽

✷✳✶ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✷ P❛❣❡❘❛♥❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✸ ▼✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ✶✷

✸✳✶ P❛r❡t♦ ❡✣❝✐❡♥❝② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✸✳✷ ▼❡t❤♦❞s ❢♦r ✜♥❞✐♥❣ P❛r❡t♦✲❡✣❝✐❡♥t s♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✹ ❘♦❛❞ ♥❡t✇♦r❦s ✷✸

✹✳✶ ●r❛♣❤ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✹✳✷ ❘❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✺ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ✷✼

✺✳✶ ❖♣❡♥❙tr❡❡t▼❛♣ ❞❛t❛ ♣r❡♣❛r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✺✳✷ ❉❛t❛ ♥♦r♠❛❧✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✺✳✸ Ps❡✉❞♦❝♦❞❡ ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✻ ❚❡st ❝❛s❡s ❛♥❞ r❡s✉❧ts ✸✷

✻✳✶ ❚❡st ❉❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✻✳✷ ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✻✳✸ ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✻✳✹ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✻✳✺ P❡r❢♦r♠❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✼ ❈♦♥❝❧✉s✐♦♥ ✹✽

❘❡❢❡r❡♥❝❡s ✹✾

❆ ❉❛t❛ t❛❜❧❡s ✺✷

❆✳✶ ❉❛t❛ ✲ ❍❡❧s✐♥❦✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

❆✳✷ ❉❛t❛ ✲ ❊s♣♦♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❆✳✸ ❉❛t❛ ✲ ❚❛♠♣❡r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹



❆✳✹ ❉❛t❛ ✲ ❱❛♥t❛❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

❆✳✺ ❉❛t❛ ✲ ❖✉❧✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❆✳✻ ❉❛t❛ ✲ ❚✉r❦✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

❆✳✼ ❉❛t❛ ✲ ❏②✈äs❦②❧ä ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

❆✳✽ ❉❛t❛ ✲ ❑✉♦♣✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

❆✳✾ ❉❛t❛ ✲ ▲❛❤t✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

❆✳✶✵ ❉❛t❛ ✲ P♦r✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

❇ ❘❡s✉❧t t❛❜❧❡s ✻✷

❇✳✶ ❍❡❧s✐♥❦✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

❇✳✷ ❊s♣♦♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

❇✳✸ ❚❛♠♣❡r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

❇✳✹ ❱❛♥t❛❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

❇✳✺ ❖✉❧✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

❇✳✻ ❚✉r❦✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

❇✳✼ ❏②✈äs❦②❧ä ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

❇✳✽ ❑✉♦♣✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

❇✳✾ ▲❛❤t✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

❇✳✶✵ P♦r✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

❇✳✶✶ ❈♦♠❜✐♥❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✺



✶ ■♥tr♦❞✉❝t✐♦♥

❘♦❛❞ ♥❡t✇♦r❦s ❛r❡ ❛ ✈✐t❛❧ ❛s♣❡❝t ♦❢ ♠♦❞❡r♥ s♦❝✐❡t✐❡s✳ P❡♦♣❧❡ ❛♥❞ ❣♦♦❞s ❛r❡

tr❛♥s❢♦r♠❡❞ ❛r♦✉♥❞ ❝✐t✐❡s ❛♥❞ ❝♦✉♥tr✐❡s ✈✐❛ r♦❛❞s✳ ❚❤❡s❡ r♦❛❞s ❝♦♥♥❡❝t ✐♥✲

t❡rs❡❝t✐♦♥s ❛♥❞ ❝✐t✐❡s t♦❣❡t❤❡r✳ ❚❤✐s ❦✐♥❞ ♦❢ ❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦ ✐s ✉s✉❛❧❧②

❝❛❧❧❡❞ ❛ ❣r❛♣❤✳ ❘♦❛❞s ❞♦ ♥♦t ❢♦r♠ t❤❡ ♦♥❧② ✈✐t❛❧ tr❛♥s♣♦rt❛t✐♦♥ ❣r❛♣❤✳ ❊❧❡❝✲

tr✐❝✐t② ❛♥❞ ✇❛t❡r ❣r✐❞s ❛r❡ ❛❧s♦ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ❣r❛♣❤s✳ ▼❛✐♥t❛✐♥✐♥❣ ❛♥❞

✐♠♣r♦✈✐♥❣ t❤❡s❡ ❣r❛♣❤s ✐s ❡①♣❡♥❝✐✈❡ ❛♥❞ s♦♠❡ ❞❡❝✐s✐♦♥s ♠✉st ❜❡ ♠❛❞❡ t♦

❝❤♦♦s❡ ✇❤✐❝❤ ♣❛rts ♦❢ t❤❡ ♥❡t✇♦r❦ ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ ♦t❤❡rs✳ ❚❤✐s

r❛♥❦✐♥❣ ❝❛♥ ❜❡ ❤❛r❞ ❛♥❞ t❤✐s ✐s ✇❤② ✈✉❧♥❡r❛❜✐❧✐t② ❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠s ❤❛✈❡

❜❡❡♥ ✉s❡❞ t♦ r❛♥❦ ✈❡rt✐❝❡s ❛♥❞ ❛r❝s ♦❢ t❤❡ ❣r❛♣❤ ❜② t❤❡✐r ✐♠♣♦rt❛♥❝❡✳

❚❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❛ ❣r❛♣❤ ❛♥❛❧②s❡s t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❣r❛♣❤

❛♥❞ ♣✐♥♣♦✐♥ts t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❡rt✐❝❡s ♦r ❛r❝s ✐♥ ❛ ❣r❛♣❤✳ ❈❧❛ss✐❝❛❧ ✈✉❧✲

♥❡r❛❜✐❧✐t② ❛♥❛❧②s✐s ♠❡t❤♦❞s t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❣r❛♣❤ ❛♥❞

♣♦ss✐❜❧② s♦♠❡ ❛ttr✐❜✉t❡ ❜✉t t❤❡② ❧❛❝❦ t❤❡ ❛❜✐❧✐t② t♦ ✉t✐❧✐③❡ ♠✉❧t✐❜❧❡ ❛ttr✐❜✉t❡s

❛t t❤❡ s❛♠❡ t✐♠❡✳ ■♥ t❤✐s t❤❡s✐s ❣r❛♣❤ ❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠✱ P❛❣❡❘❛♥❦ ✐s ❝♦♠✲

❜✐♥❡❞ ✇✐t❤ ✐❞❡❛s ❢r♦♠ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♣r♦❣r❛♠♠✐♥❣ t♦ ♣r♦❞✉❝❡ ❛ r❛♥❦✐♥❣

❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♠✉❧t✐❜❧❡ ❛✈❛✐❧❛❜❧❡ ❛ttr✐❜✉t❡s✳ ❚❤❡ ❣♦❛❧

✐s t♦ ♣r♦❞✉❝❡ ❛ s❡t ♦❢ s♦❧✉t✐♦♥s t❤❛t ❣✐✈❡ ✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ ❞❡❝✐s✐♦♥

♠❛❦❡r✳ ❚❤❡ ♣r♦✈✐❞❡❞ ❛❧❣♦r✐t❤♠ ✐s ♥❛♠❡❞ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛s ✐t ❝♦♠❜✐♥❡s

❡❧❡♠❡♥ts ♦❢ P❛r❡t♦✲♦♣t✐♠❛❧✐t② ✇✐t❤ ✇❡✐❣❤t❡❞ P❛❣❡❘❛♥❦✳

❉❛t❛ ❛♥❛❧②s✐s ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛r❡ ❝❧♦s❡ ❜✉t st✐❧❧ ❞✐✛❡r❡♥t

✜❡❧❞s ♦❢ st✉❞②✳ ❲❤✐❧❡ ❞❛t❛ ❛♥❛❧②s✐s tr✐❡s t♦ r❡✈❡❛❧ s♦♠❡ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥

❢r♦♠ ❞❛t❛✱ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ tr✐❡s t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ t❤❛t ❢✉❧❧✜❧❧s ❧♦ts

♦❢ r❡str✐❝t✐♦♥s ❛♥❞ ❡①♣❡❝t❛t✐♦♥s ❞❡✜♥❡❞ ❜② t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐ts❡❧❢✳

❚❤❡ r❡s❡❛r❝❤ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❝♦♠❜✐♥❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥

❛♥❞ ❞❛t❛ ❛♥❛❧②s✐s t♦ ♣r♦✈✐❞❡ ❛ ✇♦r❦✐♥❣ t♦♦❧ ❢♦r ♠✉❧t✐♦❜❥❡❝t✐✈❡ ❛♥❛❧②s✐s ♦❢

❣r❛♣❤s ❛♥❞ ❛❧♦♥❣ t❤❡ ✇❛② ❞❡♠♦♥str❛t❡ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ♠✐①t✉r❡ ♦❢ t❡❝❤♥✐q✉❡s

✐s ♣♦ss✐❜❧❡✳

❚❤✐s t❤❡s✐s ❝♦✈❡rs t❤❡ ✐❞❡❛ ❛♥❞ t❤❡♦r② ❜❡❤✐♥❞ t❤❡ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛s

✇❡❧❧ ❛s s♦♠❡ t❡sts ♦♥ r❡❛❧ ✇♦r❧❞ r♦❛❞ ♥❡t✇♦r❦ ❞❛t❛✳ ❆❢t❡r t❤❡ t❤❡♦r② ❜❡✲

❤✐♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❝♦✈❡r❡❞✱ ♣s❡✉❞♦❝♦❞❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ t♦ t❤❡

r❡❛❞❡r✳ ❉✐✛❡r❡♥t s❝❛❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❝♦♠♣❛r❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ❛♥❞ t❤❡

✻



♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛♥❛❧②s❡❞✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ t❡sts ✇❡r❡ ❝❛rr✐❡❞

♦✉t ♦♥ r♦❛❞ ♥❡t✇♦r❦ ❞❛t❛✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢ ❜❡ ✉s❡❞ ✇✐t❤ ❛♥② ❛r❜✐tr❛r②

❛ttr✐❜✉t❡s✳

✼



✷ ▼❛r❦♦✈ ❝❤❛✐♥s

❚❤❡ ❢♦❝✉s ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ t❛❦❡ ❛ ❜r✐❡❢ ❧♦♦❦ ❛t t❤❡ t❤❡♦r② ❜❡❤✐♥❞ P❛❣❡❘❛♥❦

✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❛ st♦❝❤❛st✐❝

♣r♦❝❡ss ❝♦♥t❛✐♥✐♥❣ ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s S ❛♥❞ ❛ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐①

M ✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛❝❤ st❛t❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♣r❡✈✐♦✉s st❛t❡✳ ❋♦r

st♦❝❤❛st✐❝ ♠❛tr✐① t❤❡ ❡❧❡♠❡♥t mij ❞❡s❝r✐❜❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠♦✈✐♥❣ ❢r♦♠

st❛t❡ i t♦ st❛t❡ j✳ ❋r♦♠ ❡❛❝❤ st❛t❡ t❤❡ ♣r♦❜❛❜❧✐t✐❡s ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥

♠✉st s✉♠ ✉♣ t♦ ✶✱ s♦
|S|
∑

j=1

mij = 1 ❢♦r ❛❧❧ i ∈ {1, . . . , |S|}✳

✷✳✶ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ tr❛♥✲

s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐①✳ ◆❡①t ✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡s❡ ♣r♦♣❡rt✐❡s ❛♥❞ ❛♥

❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♥✈❡r❣✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❤♦♠♦❣❡♥♦✉s ✐❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① M

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ✐t❡r❛t✐♦♥ t✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ✐rr❡❞✉❝✐❜❧❡ ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠♦✈❡ ❢r♦♠

❛♥② st❛t❡ t♦ ❛♥② ♦t❤❡r st❛t❡ ✇✐t❤ ❛ ✜♥✐t❡ s❡t ♦❢ tr❛♥s✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❡r❣♦❞✐❝ ✐❢ ✐t ✐s ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ✐ts tr❛♥s✐t✐♦♥

♠❛tr✐① M ✐s st♦❝❤❛st✐❝✳

❚❤❡♦r❡♠ ✷✳✶✳ ▼❛r❦♦✈ ❝❤❛✐♥s t❤❛t ❛r❡ ❤♦♠♦❣❡♥♦✉s ❛♥❞ ❡r❣♦❞✐❝ ✇✐❧❧ ❝♦♥✲

✈❡r❣❡ t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❝❛❧❧❡❞ st❡❛❞②✲st❛t❡ ✇❤❡♥ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐s

❛♣♣❧✐❡❞ r <∞ t✐♠❡s t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ x0 ❬✻❪✳

❊①❛♠♣❧❡ ✷✳✷✳ ❙✉♣♣♦s❡ ❛ s②st❡♠ ♣r❡s❡♥t✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛ ♣❡rs♦♥✳ ■♥

t❤❡ s②st❡♠ t❤❡r❡ ❛r❡ t❤r❡❡ ❧♦❝❛t✐♦♥s ♦r st❛t❡s t❤❡ ♣❡rs♦♥ ❝❛♥ ❜❡ ✐♥✿ ❤♦♠❡✱

✉♥✐✈❡rs✐t② ❛♥❞ r❡st❛✉r❛♥t✳ ❲❡ ❞❡✜♥❡ t❤❡s❡ st❛t❡s t♦ ❤❛✈❡ ✐♥❞❡①❡s ✶✱ ✷ ❛♥❞ ✸

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❞❡✜♥❡ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❛s ❢♦❧❧♦✇s✿

M =







0.7 0.2 0.1

0.4 0.3 0.3

0.4 0.4 0.2






.

✽



❊❛❝❤ r♦✇ ❛♥❞ ❝♦❧✉♠♥ r❡♣r❡s❡♥ts t❤❡ st❛t❡ t❤❡ ♣❡rs♦♥ ❝❛♥ ❜❡ ✐♥✳ ❚❤❡ ❡❧❡♠❡♥t

mij r❡♣r❡s❡♥ts t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠♦✈✐♥❣ ❢r♦♠ st❛t❡ i t♦ st❛t❡ j✳ ❙♦ ✇❡ ❝❛♥

s❡❡ t❤❛t ♣r♦❜❛❜✐❧✐t② ❢r♦♠ ❣♦✐♥❣ ❢r♦♠ ✉♥✐✈❡rs✐t② t♦ ❤♦♠❡ ✐s ✵✳✹ ❛♥❞ ♣r♦❜❛❜✐❧✐t②

♦❢ st❛②✐♥❣ ✐♥ r❡st❛✉r❛♥t ✐s ✵✳✷✳ ❆s ♠❛tr✐① M ✐s ❤♦♠♦❣❡♥♦✉s ❛♥❞ ❡r❣♦❞✐❝✱ t❤❡

st❡❛❞②✲st❛t❡ ♦❢ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♣❡rs♦♥ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❜② ❛♣♣❧②✐♥❣ M t♦

t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✉♥t✐❧ t❤❡ st❛t❡ ❝♦♥✈❡r❣❡s✳

❲✐t❤ ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ st❛t❡ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛❝❤ ♣♦s✲

s✐❜❧❡ st❛t❡ t❤❡ ♣❡rs♦♥ ❝❛♥ ❜❡ ✐♥ ❛❢t❡r t ✐t❡r❛t✐♦♥s✳ ▲❡t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❜❡

x0 = (1, 0, 0) ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♣❡rs♦♥ ✐s ❛t ❤♦♠❡✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❡

♣r♦❜❛❜✐❧✐t② ✈❡❝t♦r ♦❢ t❤❡ ♣❡rs♦♥ ❜❡✐♥❣ ✐♥ ❛♥② ♦❢ t❤❡ ♣♦ss✐❜❧❡ st❛t❡s ✇✐t❤ ❝❤♦✲

s❡♥ ✐♥✐t✐❛❧ st❛t❡✳

■t❡r❛t✐♦♥ ❈❛❧❝✉❧❛t✐♦♥ ❘❡s✉❧t ≈

✵ x0 (1, 0, 0)

✶ x0 ·M (0.7, 0.2, 0.1)

✷ x0 ·M
2 (0.61, 0.24, 0.15)

✸ x0 ·M
3 (0.583, 0.254, 0.163)

✹ x0 ·M
4 (0.5749, 0.258, 0.1671)

✺ x0 ·M
5 (0.57247, 0.25922, 0.16831)

✳✳✳
✳✳✳

✳✳✳

✶✵ x0 ·M
10 (0.571431, 0.259739, 0.16883)

✳✳✳
✳✳✳

✳✳✳

✶✵✵ x0 ·M
100 (0.571429, 0.259740, 0.168831)

❚❛❜❧❡ ✶✿ ■t❡r❛t✐♦♥ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ (1, 0, 0)

◆❡①t ❝♦♥s✐❞❡r t❤❡ s❛♠❡ tr❛♥s✐t✐♦♥s ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ st❛t❡✳ ❚❤✐s

t✐♠❡ ✇❡ ❦♥♦✇ ❢♦r ❝❡rt❛✐♥ t❤❛t t❤❡ ♣❡rs♦♥ ✐s ♥♦t ❛t ❤♦♠❡✳ ❚❤❡r❡ ✐s ✺✵✪

❝❤❛♥❣❡ t❤❛t t❤❡ ♣❡rs♦♥ ✐s ❛t ❯♥✐✈❡rs✐t② ❛♥❞ ✺✵✪ ❝❤❛♥❣❡ t❤❡ ♣❡rs♦♥ ✐s ✐♥ t❤❡

r❡st❛✉r❛♥t✳ ❙♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✈❡❝t♦r ✐s x0 = (0, 0.5, 0.5)✳ ❚❛❜❧❡ ✷ s❤♦✇s t❤❡

r❡s✉❧ts ❢♦r t❤✐s ✐♥✐t✐❛❧ st❛t❡✳

✾



■t❡r❛t✐♦♥ ❈❛❧❝✉❧❛t✐♦♥ ❘❡s✉❧t ≈

✵ x0 (0, 0.5, 0.5)

✶ x0 ·M (0.4, 0.35, 0.25)

✷ x0 ·M
2 (0.52, 0.285, 0.195)

✸ x0 ·M
3 (0.556, 0.2675, 0.1765)

✹ x0 ·M
4 (0.5668, 0.26205, 0.17115)

✺ x0 ·M
5 (0.57004, 0.260435, 0.169525)

✳✳✳
✳✳✳

✳✳✳

✶✵ x0 ·M
10 (0.571425, 0.259742, 0.168833)

✳✳✳
✳✳✳

✳✳✳

✶✵✵ x0 ·M
100 (0.571429, 0.259740, 0.168831)

❚❛❜❧❡ ✷✿ ■t❡r❛t✐♦♥ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ (0, 0.5, 0.5)

■♥ t❤✐s ❡①❛♠♣❧❡ ❜♦t❤ ✐♥✐t✐❛❧ st❛t❡s ❝♦♥✈❡r❣❡ t♦ t❤❡ s❛♠❡ r❡s✉❧t✳ ❈♦♥✈❡r✲

❣❡♥❝❡ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✐s ❛ ♣r♦♣❡rt② ♦❢ t❤❡ ♣r♦❝❡ss✱ ♥♦t t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ■❢

t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ❛ st❛❜❧❡✲st❛t❡ t❤❡♥ ♥♦ ❢✉rt❤❡r ❝♦♥✈❡r❣❡♥❝❡ ❤❛♣♣❡♥s✳ ❇✉t

✇✐t❤ ♦t❤❡r ✐♥✐t✐❛❧ st❛t❡s ❝♦♥✈❡r❣✐♥❣ ❤❛♣♣❡♥s✳ ■❢ ✇❡ ❝❤♦♦s❡ x0 = (0, 0, 0) t❤❡♥

✐t ❞♦❡s ♥♦t ♠❛tt❡r ❤♦✇ ♠❛♥② t✐♠❡s ✇❡ ❛♣♣❧② t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① t♦ t❤✐s

st❛t❡✱ ✇❡ st✐❧❧ ❣❡t t❤❡ s❛♠❡ ✈❡❝t♦r ❛s ❛ r❡s✉❧t✳ ■❢ ✇❡ ❝❤♦♦s❡ x0 = (1, 1, 1) t❤❡♥

x10 ≈ (1.714, 0.779, 0.507)✳ ■♥ t❤✐s ✈❡❝t♦r ✈❛❧✉❡ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ✐s ✸ t✐♠❡s t❤❡

✈❛❧✉❡ ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥t ❛❢t❡r ✶✵ ✐t❡r❛t✐♦♥s ✇❤❡♥ ✉s✐♥❣ ✐♥✐t✐❛❧ ✈❛❧✉❡

x0 = (1, 0, 0)✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ x ❞♦ ♥♦t s✉♠ ✉♣

t♦ ✶ t❤❡♥ x ✐s ♥♦t ❛ st♦❝❤❛st✐❝ ✈❡❝t♦r ❛♥②♠♦r❡ ❛♥❞ s♦ ✐t ❞♦❡s ♥♦t r❡♣r❡s❡♥t

t❤❡ ❧♦❝❛t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❍♦✇❡✈❡r ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ ♥♦♥✲st♦❝❤❛st✐❝ ✐♥✐t✐❛❧

✈❛❧✉❡s ♦♥ ❞✐✛❡r❡♥t ✉s❡ ❝❛s❡s✳

✷✳✷ P❛❣❡❘❛♥❦

P❛❣❡❘❛♥❦ ✐s ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ♣r♦❝❡ss ♦r✐❣✐♥❛❧❧② ✉s❡❞ t♦ r❛♥❦ ✇❡❜ ♣❛❣❡s ♦♥

s❡❛r❝❤ ❡♥❣✐♥❡s✳ P❛❣❡❘❛♥❦ r❛♥❦s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✇❡❜ ♣❛❣❡s ❜② tr②✐♥❣ t♦

♣r❡❞✐❝t ♦♥ ✇❤✐❝❤ ♣❛❣❡ ❛ r❛♥❞♦♠ ✇❡❜ s✉r❢❡r ✇♦✉❧❞ ❜❡ ❛❢t❡r t ✐t❡r❛t✐♦♥s✳ ❚❤❡

♣r♦❝❡ss ❝❛♥ ❜❡ s❡❡♥ ❛s ❢♦❧❧♦✇s✳ ❆ ❣r❛♣❤ G = {V,A} ❝♦♥s✐sts ♦❢ ✈❡rt✐❝❡s V

✇❤✐❝❤ ❛r❡ ✇❡❜ ♣❛❣❡s ❛♥❞ ❛r❝s A ✇❤✐❝❤ ❛r❡ ❧✐♥❦s ♣♦✐♥t✐♥❣ ❢r♦♠ ❛ ✇❡❜s✐t❡ t♦

✶✵



❛♥♦t❤❡r ♦♥❡✳ ❖♥ ❡❛❝❤ ✇❡❜ ♣❛❣❡ t❤❡r❡ ✐s s♦♠❡ ♣r♦❜❛❜✐❧✐t② d ❢♦r t❤❡ s✉r❢❡r t♦

❝❧✐❝❦ ♦♥❡ ♦❢ t❤❡ ❧✐♥❦s t♦ ♠♦✈❡ t♦ ❛♥♦t❤❡r ♣❛❣❡ ❛♥❞ ♣r♦❜❛❜✐❧✐t② 1− d t♦ st❛②

♦♥ t❤❡ ❝✉rr❡♥t ♣❛❣❡✳ ❚❤❡ t❛s❦ ✐s t♦ r❛♥❦ ❛❧❧ t❤❡ ♣❛❣❡s vi ∈ V ♦❢ t❤❡ ❣r❛♣❤

❜❛s❡❞ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✉s❡r ✐s ✐♥ t❤❡ ♣❛❣❡ vi ❛❢t❡r t ✐t❡r❛t✐♦♥s✳

❙✐♠♣❧❡ P❛❣❡❘❛♥❦ ♦❢ ✈❡rt❡① vi ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s✿

PRt+1(vi) = 1− d+ d ·
∑

vj∈M(vi)

PRt(vj)

|L(vj)|
, ✭✶✮

✇❤❡r❡ M(vi) ✐s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s t❤❛t ❤❛✈❡ ❛♥ ❛r❝ ♣♦✐♥t✐♥❣ t♦ vi✱ L(vj) ✐s

t❤❡ s❡t ♦❢ ♦✉t❣♦✐♥❣ ❛r❝s ❢r♦♠ ✈❡rt❡① vj ❛♥❞ d ✐s ❛♥ ❛❞❥✉st❛❜❧❡ ♣❛r❛♠❡t❡r ❛s

❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✳ ■♥ ❬✶✼❪ ❛♥❞ ❬✷✸❪✱ ✐t ✐s r❡❝♦♠♠❡♥❞❡❞ t♦ ✉s❡ ✈❛❧✉❡ d = 0.85✳

❊✈❡♥ t❤♦✉❣❤ P❛❣❡❘❛♥❦ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ t♦ r❛♥❦ ✇❡❜ ♣❛❣❡s ❛s

t❤❡ ♥❛♠❡ s✉❣❣❡sts✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ✐♥ ❢❛❝t ❜❡ ✉s❡❞ ♦♥ ❛❧s♦ ♦t❤❡r t②♣❡s

♦❢ ❣r❛♣❤s✳ ■♥ ❬✶✽❪ P❛❣❡❘❛♥❦ ✐s ✉s❡❞ t♦ r❛♥❦ s❝✐❡♥t✐✜❝ ❛rt✐❝❧❡s ❜❛s❡❞ ♦♥ r❡❢✲

❡r❡♥❝❡s✳ P❛❣❡❘❛♥❦ ✇❛s ❝♦♠♣❛r❡❞ ❛❣❛✐♥st ❛ ❝♦♠♠♦♥ ❤✲✐♥❞❡① ♠❡❛s✉r❡♠❡♥t

❛♥❞ ✐t ✇❛s ♣r♦♣♦s❡❞ t❤❛t P❛❣❡❘❛♥❦ ✇❛s ❛ ✧❢❛✐r❡r✧ ♠❡tr✐❝ t❤❛♥ ❤✲✐♥❞❡①✳ ❑❡②

✉s❡rs ✐♥ ♦♥❧✐♥❡ s♦❝✐❛❧ ♥❡t✇♦r❦ ✇❡r❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ P❛❣❡r❛♥❦ ✐♥ ❬✽❪✳ ■♥ ❬✹❪

❛♥❞ ❬✷✹❪ P❛❣❡❘❛♥❦ ✇❛s ✉s❡❞ ❢♦r t♦♣♦❧♦❣✐❝❛❧ ✐♠♣♦rt❛♥❝❡ ❛♥❛❧②s✐s✳ ❙✐♠✐❧❛r t♦

t❤✐s t❤❡s✐s ❬✹❪ ❢♦❝✉s❡s ♦♥ r♦❛❞ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✱ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♠♦st ✐♠✲

♣♦rt❛♥t ♥♦❞❡s ❢r♦♠ t❤❡ r♦❛❞ ♥❡t✇♦r❦ ♦❢ ▼❛♥✐❧❛✳ ■♥ ❬✷✹❪ t❤❡ ❢♦❝✉s ✐s ♦♥ r✐s❦

❛♥❛❧②s✐s ♦❢ ❡❧❡❝tr✐❝ ♣♦✇❡r✱ ✇❛t❡r s✉♣♣❧②✱ ♥❛t✉r❛❧ ❣❛s ❛♥❞ ♦✐❧✱ tr❛♥s♣♦rt❛t✐♦♥

❛♥❞ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦s ✐♥ ❈❤✐♥❛✳ P❛❣❡❘❛♥❦ ✐s ❡✈❡♥ ✉s❡❞ t♦ r❛♥❦

❯❋❈✲✜❣❤t❡rs ❬✷✷❪✳

❚♦ ❡①t❡♥❞ t❤❡ ✉s❛❣❡ ♦❢ P❛❣❡❘❛♥❦ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣❧❡♠❡♥t ❛ ✇❡✐❣❤t❡❞

✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❬✷✸❪✳ ❲❡✐❣❤t❡❞ P❛❣❡❘❛♥❦ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②

✐♥tr♦❞✉❝✐♥❣ ❛ ✇❡✐❣❤t ❢♦r ❡❛❝❤ ❛r❝✳ ❚❤✐s ✇❛② t❤❡ r❛♥❦ ❞✐str✐❜✉t❡❞ ✐s s✉❜❥❡❝t

t♦ t❤❡ P❛❣❡❘❛♥❦ ♦❢ t❤❡ ✈❡rt❡① ❛♥❞ ✇❡✐❣❤t ♦❢ t❤❡ ❛r❝ ✐♥ t❤❡ ❢♦r♠

PRt+1(vi) = 1− d+ d ·
∑

vj∈M(vi)

PRt(vj) · c(aji)

|L(vj)|
, ✭✷✮

✇❤❡r❡ c(aij) ✐s t❤❡ ❝♦st ❢❛❝t♦r ♦❢ ❛r❝ aij✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✈❛❧✉❡s ♦❢

❢✉♥❝t✐♦♥ c(aij) ❝❛♥ ♥♦t ❜❡ ❝❤♦s❡♥ ❢r♦♠ ❛♥ ❛r❜✐tr❛r② ✐♥t❡r✈❛❧✳ ❋♦r♠✉❧❛t✐♦♥ ✭✷✮

r❡❞✉❝❡s t♦ ✭✶✮ ✐❢ ✇❡ ❝❤♦♦s❡ c(aij) = 1, ❢♦r ❛❧❧ aij ∈ L(vi) ❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ■❢

✶✶



✇❡ ♠♦❞✐❢② t❤✐s ♣❛r❛♠❡t❡r ✇✐t❤♦✉t ❛♥② ♦t❤❡r ❝♦rr❡❝t✐♦♥✱ ♦✉r tr❛♥s✐t✐♦♥ ♠❛tr✐①

M ✇✐❧❧ ♥♦t ❜❡ ❛ st♦❝❤❛st✐❝ ♠❛tr✐① ❛♥②♠♦r❡✳ ❚❤✐s ✐s ✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥

❛rt✐✜❝✐❛❧ ✈❡rt❡① v0✳ ■❢ ✇❡ ❝❤♦♦s❡ c : A → [0, 1] ✇❡ ❝❛♥ ❞✐str✐❜✉t❡ ❛❧❧ ♦❢

t❤❡ ✧✉♥✉s❡❞✧ P❛❣❡❘❛♥❦ t♦ v0✳ ❚❤✐s ✈❡rt❡① t❤❡♥ ❞✐str✐❜✉t❡s ✐ts P❛❣❡❘❛♥❦

✉♥✐❢♦r♠❧② t♦ ❛❧❧ ♦t❤❡r ✈❡rt✐❝❡s✳

❚❤❡ ❛✉❣♠❡♥t❡❞ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐♥ t❤✐s s✐t✉❛t✐♦♥ ✐s

M =



























0 c(a12)
|L(v1)|

· · ·
c(a1|V |)

|L(v1)|
1−

∑

vj∈L(v1)

c(a1j)

|L(v1)|

c(a21)
|L(v2)|

0 · · ·
c(a2|V |)

|L(v2)|
1−

∑

vj∈L(v2)

c(a2j)

|L(v2)|
✳✳✳

✳ ✳ ✳
✳✳✳

c(a|V |1)

|L(v|V |)|

c(a|V |2)

|L(v|V |)|
· · · 0 1−

∑

vj∈L(v|V |)

c(a|V |j)

|L(v|V |)|

1
|V |

1
|V |

· · · 1
|V |

0



























, ✭✸✮

✇❤❡r❡ ✈❡rt❡① v0 ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❧❛st r♦✇ ❛♥❞ ❝♦❧✉♠♥✳ ❙♦ t❤❡ ❝♦rr❡❝t❡❞

✈❡rs✐♦♥ ♦❢ t❤❡ P❛❣❡❘❛♥❦ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s

PRt+1(vi) = 1− d+ d ·













∑

vj∈M(vi)

PRt(vj) · c(aji)

|L(vj)|
+

∑

vi∈V

1−

∑

vk∈V

c(aik)

|L(vi)|

|V |













. ✭✹✮

❋r♦♠ M ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ ❡❛❝❤ r♦✇ ❛❧❧ s✉♠ ✉♣ t♦ ✶

s♦ M ✐s ❛ st♦❝❤❛st✐❝ ♠❛tr✐①✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ♠❡t❤♦❞ ✇❡ ❡♥s✉r❡ t❤❛t ♥♦

r❛♥❦ ✧❧❡❛❦s✧ ❢r♦♠ t❤❡ ♥❡t✇♦r❦ ❛♥❞ t❤❡ t♦t❛❧ r❛♥❦ ♦❢ t❤❡ ♥❡t✇♦r❦ ❞♦❡s ♥♦t

❛♣♣r♦❛❝❤ ✐♥✜♥✐t②✳

✸ ▼✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

■♥ t❤✐s t❤❡s✐s t❤❡ ✉s❛❣❡ ♦❢ P❛❣❡❘❛♥❦ ✐s ❡①t❡♥❞❡❞ t♦ ❛ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ❝❛s❡✳

❚❤❡ t❡❝❤♥✐q✉❡ ❢♦r t❤✐s ♣✉r♣♦s❡ ✐s ❜♦rr♦✇❡❞ ❢r♦♠ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✳

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❝♦♥s❡♣t ♦❢ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ❛s ✇❡❧❧ ❛s s♦♠❡

❝❧❛ss✐❝❛❧ ♠❡t❤♦❞s ♦❢ s♦❧✈✐♥❣ s✉❝❤ ♣r♦❜❧❡♠s ❛r❡ ✐♥tr♦❞✉❝❡❞✳

▼✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❛ ✜❡❧❞ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❝♦♥✲

s✐st✐♥❣ ♦❢ s♦❧✈✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ♠✉❧t✐❜❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳

✶✷



❚❤❡s❡ ♠✉❧t✐❜❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❣❡♥❡r❛❧❧② ❞♦ ♥♦t ❛tt❛✐♥ t❤❡✐r ♦♣t✐♠✉♠

♣♦✐♥t ✇✐t❤ s❛♠❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ ✈❛❧✉❡s✳ ❚❤✐s ✐s ✇❤② t❤❡ ❝♦♥s❡♣t ♦❢ ♦♣t✐✲

♠❛❧✐t② ♠✉st ❜❡ ❡①t❡♥❞❡❞✳ ▼✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ❢♦r♠❛❧❧②

❞❡✜♥❡❞ ❛s

min f1(x), . . . , f|F |(x) ✭✺✮

s✳t✳ x ∈ X, ✭✻✮

✇❤❡r❡ X ✐s t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s ❛♥❞ |F | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝t✐✈❡

❢✉♥❝t✐♦♥s✳

✸✳✶ P❛r❡t♦ ❡✣❝✐❡♥❝②

❆s t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✐♥ ✭✺✮✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ❡❛❝❤ ♦❢

t❤❡s❡ ❤❛✈❡ ❛ ❞✐✛❡r❡♥t ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❆♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r ♦♥❡ ♦❜❥❡❝t✐✈❡

♠✐❣❤t ♥♦t ❜❡ ❛♥ ♦♣t✐♠❛❧ ♦♥❡ ❢♦r ❛♥♦t❤❡r✳ ❚❤✐s ✐s ✇❤❡r❡ P❛r❡t♦ ❡✣❝✐❡♥❝② ✐s

✉s❡❞ t♦ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦♣t✐♠❛❧✐t②✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❆ ♣♦✐♥t x ∈ X ✐s ❝❛❧❧❡❞ P❛r❡t♦ ❡✣❝✐❡♥t ✐❢ t❤❡r❡ ❡①✐sts ♥♦

s♦❧✉t✐♦♥ x∗ ∈ X t❤❛t fi(x
∗) ≤ fi(x) ❢♦r ❛❧❧ i ❛♥❞ fj(x

∗) < fj(x) ❢♦r s♦♠❡

j ∈ {1, . . . , |F |}✳ ❋✉rt❤❡r♠♦r❡ ♣♦✐♥t x ∈ X ✐s ❝❛❧❧❡❞ ✇❡❛❦❧② P❛r❡t♦ ❡✣❝✐❡♥t

✐❢ t❤❡r❡ ❡①✐sts ♥♦ s♦❧✉t✐♦♥ x∗ ∈ X t❤❛t fi(x
∗) < fi(x) ❢♦r ❛❧❧ i ∈ {1, . . . , |F |}✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❆ ♣♦✐♥t x ∈ X ✐s s❛✐❞ t♦ ❞♦♠✐♥❛t❡ ♣♦✐♥t y ∈ X ✐❢ fi(x) ≤

fi(y) ❢♦r ❛❧❧ i ∈ {1, . . . , |F |} ❛♥❞ fj(x) < fj(y) ❢♦r s♦♠❡ j ∈ {1, . . . , |F |}✳

❚❤❡ s❡t ♦❢ P❛r❡t♦ ❡✣❝✐❡♥t ♣♦✐♥ts ✐s ❝❛❧❧❡❞ P❛r❡t♦✲s❡t✱ P❛r❡t♦✲❢r♦♥t ♦r

P❛r❡t♦✲❢r♦♥t✐❡r✳ ❆❧❧ ♦❢ t❤❡ ♣♦✐♥ts ✐♥ P❛r❡t♦✲s❡t ❛r❡ ♦♣t✐♠❛❧ ❜② ❞❡✜♥✐t✐♦♥ ✸✳✶✳

❍♦✇❡✈❡r t❤❡ ♣♦✐♥ts ✐♥ ❞❡❝✐s✐♦♥ s♣❛❝❡ ②✐❡❧❞✐♥❣ t♦ t❤❡s❡ s♦❧✉t✐♦♥s ♠✐❣❤t ❞✐✛❡r

❛ ❧♦t✳ ❚❤✐s ✐s ✇❤② ❧❛r❣❡ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ✉s✉❛❧❧②

s♦❧✈❡❞ ✇✐t❤ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r✳ ❉❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s ♣r❡❢❡r❡♥❝❡s ❛❜♦✉t t❤❡ ❞✐❢✲

❢❡r❡♥t P❛r❡t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❛♥❞ ✐s ♣♦t❡♥t✐❛❧❧② ❛❜❧❡ t♦ ❞✐r❡❝t t❤❡ s♦❧✈❡r

t♦✇❛r❞s ❛ ❞❡s✐r❡❞ s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r t❤❡ ❛ss❡ss♠❡♥ts ♦❢ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r

♠✐❣❤t ❜❡ ✐♠♣❡r❢❡❝t✱ ❧❛❝❦✐♥❣ t❤❡ tr❛♥s✐t✐✈✐t② ♦r ❜❡✐♥❣ ♦♥❧② ♦r❞✐♥❛❧ ❛♥❞ ♥♦t

❝❛r❞✐♥❛❧ ❬✶✻❪✳ ❖r t❤❡r❡ ♠✐❣❤t ♥♦t ❜❡ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❛✈❛✐❧❛❜❧❡ ❛t ❛❧❧ ❛♥❞ ✐♥

✶✸



t❤❡s❡ s✐t✉❛t✐♦♥s ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❛ s❡t ♦❢ s♦❧✉t✐♦♥s ❢r♦♠ ❞✐✛❡r❡♥t

♣❛rts ♦❢ t❤❡ P❛r❡t♦✲s❡t✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ❡✈❡♥ ✐♥ ❛ s✐♥❣❧❡ ♦❜❥❡❝✲

t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♠✐❣❤t ❜❡ ✐♥✜♥✐t❡✳ ■♥ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♣r♦❜❧❡♠s t❤❡

♥✉♠❜❡r ♦❢ P❛r❡t♦✲❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ✐♥✜♥✐t❡ ❡✈❡♥ ✐♥ ❛ ❝❛s❡ ✇❤❡r❡ ❛❧❧

♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ♣♦✐♥t✳ ❋✐♥❞✐♥❣

❛ r❡♣r❡s❡♥t❛t✐✈❡ s❡t ♦❢ s♦❧✉t✐♦♥s ❢r♦♠ P❛r❡t♦✲s❡t ♠✐❣❤t ❜❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧②

❡①❤❛✉st✐♥❣✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❢♦r ❡①♣❧♦r✐♥❣ t❤❡ P❛r❡t♦✲s❡t

❛♥❞ s♦♠❡ ♦❢ t❤❡ ♠♦st ❝❧❛ss✐❝❛❧ ♦♥❡s ❛r❡ ♣r❡s❡♥t❡❞ ♥❡①t✳

✸✳✷ ▼❡t❤♦❞s ❢♦r ✜♥❞✐♥❣ P❛r❡t♦✲❡✣❝✐❡♥t s♦❧✉t✐♦♥s

❖♥❡ ✇❛② t♦ ✜♥❞ ❛ P❛r❡t♦✲❡✣❝✐❡♥t ♣♦✐♥t ✐s t♦ ♦♣t✐♠✐③❡ ❡❛❝❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

♦♥❡ ❜② ♦♥❡ ❛♥❞ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ❛❝❤✐❡✈❡❞ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

✐s ♥♦t ✇♦rs❡♥❡❞✳ ❚❤✐s ✐s ❝❛❧❧❡❞ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦♣t✐♠✐③❛t✐♦♥✳ ❆❢t❡r ❡❛❝❤ ♠✐♥✲

✐♠✐③❛t✐♦♥ ✐t❡r❛t✐♦♥ t❤❡ ❛❝❤✐❡✈❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s s❡t ❛s ❛

❝♦♥str❛✐♥t ❢♦r ♥❡①t ✐t❡r❛t✐♦♥✳ ●❡♥❡r❛❧❧② ❞✐✛❡r❡♥t P❛r❡t♦✲❡✣❝✐❡♥t s♦❧✉t✐♦♥s

♠✐❣❤t ❜❡ ❢♦✉♥❞ ❜② ♦♣t✐♠✐③✐♥❣ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✐♥ ❛ ❞✐✛❡r❡♥t ♦r❞❡r ❬✺❪

❜✉t ✐♥ s♦♠❡ ❝❛s❡s t❤❡ ♦r❞❡r ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❞♦ ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ✜✲

♥❛❧ s♦❧✉t✐♦♥ ❬✶✺❪✳ ❯s✐♥❣ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦♣t✐♠✐③❛t✐♦♥ ❞♦ ♥♦t ✉s✉❛❧❧② ❡①♣❧♦r❡ t❤❡

✇❤♦❧❡ P❛r❡t♦✲❢r♦♥t✳ ❖♣t✐♠✐③✐♥❣ ♦♥❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❡①♣❡♥❝❡ ♦❢ ♦t❤❡r ♦♥❡s ❞♦❡s

♥♦t ❣❡♥❡r❛❧❧② ♣r♦❞✉❝❡ s✐♠✐❧❛r s♦❧✉t✐♦♥s t♦ ❛ t❡❝❤✐♥q✉❡ ✇❤❡r❡ ❡✈❡r② ❢✉♥❝t✐♦♥

✐s ♦♣t✐♠✐③❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳

❖♥❡ ✇❛② t♦ ❤❛♥❞❧❡ t❤❡ ❧✐♠✐t❡❞ ♥❛t✉r❡ ♦❢ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦♣t✐♠✐③❛t✐♦♥ ✐s

♥♦t t♦ st✐❝❦ t♦ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❜✉t t♦

❝♦♥tr♦❧ t❤❡✐r ❞❡❣r❛❞❛t✐♦♥s✳ ❙✉❝❤ ❛ t❡❝❤♥✐q✉❡ ✐s ❝❛❧❧❡❞ ε✲❝♦♥str❛✐♥t ♦♣t✐♠✐③❛✲

t✐♦♥✱ ✇❤❡r❡ ♦♥❧② ♦♥❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ♦♣t✐♠✐③❡❞ ❛t ❛ t✐♠❡ ❛♥❞ ❛❧❧ t❤❡

♦t❤❡r ❢✉♥❝t✐♦♥s ❛r❡ s❡t ❛s ❝♦♥str❛✐♥ts s✐♠✐❧❛r t♦ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦♣t✐♠✐③❛t✐♦♥✳

❲❤❛t ❞✐✛❡rs ✐s t❤❛t ε✲❝♦♥str❛✐♥t ♦♣t✐♠✐③❛t✐♦♥ ❛❧❧♦✇s t❤❡ ✈❛❧✉❡s ♦❢ ❡❛❝❤ ♥♦♥✲

❝✉rr❡♥t❧②✲♦♣t✐♠✐③❛❜❧❡ ♦❜❥❡❝t✐✈❡ t♦ ❜❡ ✇♦rs❡♥❡❞ ❜② s♦♠❡ ε > 0✳ ❚❤✐s ❛❧❧♦✇s

❢✉rt❤❡r ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t ❞♦❡s

♥♦t ♠❛tt❡r ❛s ε✲❝♦♥str❛✐♥❡❞ ♠❡t❤♦❞ ❝❛♥ ✜♥❞ s♦❧✉t✐♦♥s ❢r♦♠ ❡✐t❤❡r ❝♦♥✈❡① ♦r

♥♦♥✲❝♦♥✈❡① ♣❛rts ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t✳

❇♦t❤ ❧❡①✐❝♦❣r❛♣❤✐❝ ❛♥❞ ε✲❝♦♥str❛✐♥❡❞ ♠❡t❤♦❞ ♦♣t✐♠✐③❡ ♦♥❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝✲

✶✹



t✐♦♥ ❛t ❛ t✐♠❡ ✇❤✐❧❡ ✉s✐♥❣ ♦t❤❡rs ❛s ❝♦♥str❛✐♥ts✳ ▲✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✐s ❛

s✐♠♣❧❡ t❡❝❤♥✐q✉❡ ✇❤❡r❡ ❛❧❧ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♠❜✐♥❡❞ ✉♥❞❡r ❛

s✐♥❣❧❡ ✇❡✐❣❤t❡❞ s✉♠✲❢✉♥❝t✐♦♥✳ ❚❤✐s ✇❛② ♥♦ ❡①tr❛ ❝♦♥str❛✐♥ts ❛r❡ ♥❡❡❞❡❞ ❛♥❞

❛ s✐♥❣❧❡ P❛r❡t♦✲❡✣❝✐❡♥t ♣♦✐♥t ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❲❤✐❧❡ ❧✐♥❡❛r

s❝❛❧❛r✐③❛t✐♦♥ ✐s ❛ s✐♠♣❧❡ ❛♥❞ ❡❛s② t♦ ✐♠♣❧❡♠❡♥t t❡❝❤♥✐q✉❡ ✐t ❧❛❝❦s t❤❡ ♣♦✇❡r

t♦ ✜♥❞ s♦❧✉t✐♦♥s ❢r♦♠ ♥♦♥✲❝♦♥✈❡① ♣❛rt ♦❢ P❛r❡t♦✲❢r♦♥t ❬✶✶❪✳ ❆❧♦♥❣ ✇✐t❤ t❤✐s

r❡str✐❝t✐♦♥ ✐s t❤❡ ❢❛❝t t❤❛t t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡①♣❧♦r✐♥❣ t❤❡ ✇❤♦❧❡ P❛r❡t♦✲

❢r♦♥t✐❡r ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② r❡❣❛r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳

◆❡①t ✇❡ ✇✐❧❧ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥s ✐♥❝♦♠♣❧❡t❡♥❡ss ❛♥❞

❛❢t❡r t❤❛t t❤❡r❡ ❛r❡ t✇♦ s✐♠♣❧❡ ❡①❛♠♣❧❡s ♦♥ ❤♦✇ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✇♦r❦s✳

■♠❛❣❡s ♦❢ t❤❡ ❡①❛♠♣❧❡s ❛r❡ ❝r❡❛t❡❞ ✇✐t❤ ●❡♦❣❡❜r❛ ❈❧❛ss✐❝ ✺✳ ❚❤❡ ✳❣❣❜ ✜❧❡s

♦❢ t❤❡s❡ ❡①❛♠♣❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ ❬✷✶❪✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❚❤❡ ❝♦♥❡ ♦❢ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥s ❛t x ∈ X ✐s

DX(x) := {d ∈ R
n| d = 0 ♦r t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t

f(x+ td) < f(x) ❢♦r ❛❧❧ t ∈ (0, ε]}. [✶]

❉❡✜♥✐t✐♦♥ ✸✳✹✳ ❚❤❡ ❝♦♥❡ ♦❢ ❛s❝❡♥t ❞✐r❡❝t✐♦♥s ❛t x ∈ X ✐s

AX(x) := {d ∈ R
n| d = 0 ♦r t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t

f(x+ td) > f(x) ❢♦r ❛❧❧ t ∈ (0, ε]}. [✶]

❉❡✜♥✐t✐♦♥ ✸✳✺✳ ❚❤❡ s❡t S ✐s ❝♦♥✈❡① ✐❢ ❛❧❧ t❤❡ ♣♦✐♥ts ♦♥ t❤❡ ❧✐♥❡ s❡❣♠❡♥t

❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts xa ∈ S ❛♥❞ xb ∈ S ❛❧s♦ ❜❡❧♦♥❣ t♦ S✳ ❬✶❪

❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❈♦♥✈❡① ❤✉❧❧ ♦❢ s❡t S ✐s t❤❡ t❤❡ s♠❛❧❧❡st ❝♦♥✈❡① s❡t ❝♦♥t❛✐♥✐♥❣

S✳ ❬✶❪

▲❡♠♠❛ ✸✳✶✳ ■❢ ❞✐r❡❝t✐♦♥ d1 ❛t ❛ ♣♦✐♥t x ♦♥ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ f : Rn → R

❝❛♥ ❜❡ ❢♦r♠❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❛s❝❡♥t ❞✐r❡❝t✐♦♥s d2 ❛♥❞ d3

✇✐t❤ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥ts✱ t❤❡♥ ❛❧s♦ d1 ♠✉st ❜❡ ❛♥ ❛s❝❡♥t ❞✐r❡❝t✐♦♥ ♦♥ f ✳

Pr♦♦❢✳ ▲❡t ti > 0 ❢♦r ❛♥② i✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐s s❛♠❡ ❡✈✲

❡r②✇❤❡r❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥ ❛s❝❡♥t ❞✐r❡❝t✐♦♥

d ❛t ♣♦✐♥t x ✐s ❛❧s♦ ❛♥ ❛s❝❡♥t ❞✐r❡❝t✐♦♥ ❛t ♣♦✐♥t x + d✳ ■❢ ✇❡ t❛❦❡ st❡♣ t♦

✶✺



❛♥ ❛s❝❡♥t ❞✐r❡❝t✐♦♥ t1 · d2 ❛t ♣♦✐♥t x ❛♥❞ ❛❢t❡r t❤❛t ❛♥♦t❤❡r ❛s❝❡♥❞✐♥❣ st❡♣

t2 · d3 ✇❡ ❡♥❞ ✉♣ ✐♥ t❤❡ ♣♦✐♥t x+ t1 · d2 + t2 · d3 = x+ d1 ❛♥❞ ❛s d2 ❛♥❞ d3

❛r❡ ❛s❝❡♥❞ ❞✐r❡❝t✐♦♥✱ f(x+ d1) > f(x)✳ ❙♦ d1 ✐s ❛♥ ❛s❝❡♥t ❞✐r❡❝t✐♦♥✳

▲❡♠♠❛ ✸✳✷✳ ❚❤❡ ❝♦♥❡ ♦❢ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❛t x ❢♦r ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐s ❡✐t❤❡r

❛♥ ❡♠♣t② s❡t ♦r ❛♥ ♦♣❡♥ ❤❛❧❢s♣❛❝❡✳

Pr♦♦❢✳ ■❢ t❤❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐s ❛ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✱ t❤❡♥ t❤❡r❡ ❡①✐sts ♥♦ ❞❡✲

s❝❡♥t ❞✐r❡❝t✐♦♥s ❛♥❞ DX(x) = ∅✳

◆♦✇ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐s ♥♦t ❛ ❝♦♥st❛♥t✳ ❚❤✐s ♠❡❛♥s t❤❛t

DX(x) ❛♥❞ AX(x) ❛r❡ ♥♦♥❡♠♣t② s❡ts✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥❡ ♦❢ ❞❡s❝❡♥t

❞✐r❡❝t✐♦♥s ♠✉st ❜❡ ❛t ❧❡❛st ❛♥ ♦♣❡♥ ❤❛❧❢s♣❛❝❡✳

❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ▲❡t✬s s✉♣♣♦s❡ t❤❛t ✈❡❝t♦rs d ❛♥❞ −d

❛r❡ ❜♦t❤ ❛s❝❡♥❞ ❞✐r❡❝t✐♦♥s✳ ❯s✐♥❣ t❤❡ ❛❞❞✐t✐✈✐t② ❛♥❞ ❤♦♠♦❣❡♥❡✐t② ♦❢ ❧✐♥❡❛r

❢✉♥❝t✐♦♥ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s

f(x+ td) > f(x)

⇐⇒ f(x) + f(td) > f(x)

⇐⇒ f(td) > 0

❛♥❞

f(x− td) > f(x)

⇐⇒ f(x)− f(td) > f(x)

⇐⇒ −f(td) > 0

✇❤✐❝❤ ❝❛♥ ♥♦t ❜❡ tr✉❡ s♦ ♦♥❡ ♦❢ d ❛♥❞ −d♠✉st ❜❡ ❛ ❞❡❝❡♥❞✐♥❣ ❞✐r❡❝t✐♦♥✳ ❚❤✐s

♠❡❛♥s t❤❛t ❛s t✇♦ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s ❝❛♥ ♥♦t ❜❡ ❛s❝❡♥❞✐♥❣ ❛♥❞ ❢r♦♠ ❧❡♠♠❛

✸✳✶ ✇❡ ❦♥♦✇ t❤❛t ❛♥② ❞✐r❡❝t✐♦♥ ✧❜❡t✇❡❡♥✧ t✇♦ ❛s❝❡♥❞✐♥❣ ❞✐r❡❝t✐♦♥s ✐s ❛❧s♦

❛s❝❡♥❞✐♥❣✱ t❤❡ ❝♦♥❡ ♦❢ ❞❡s❝❡♥❞✐♥❣ ❞✐r❡❝t✐♦♥s ♠✉st ❜❡ ❛t ❧❡❛st ❛♥ ♦♣❡♥ ❤❛❧❢s✲

♣❛❝❡✳ ❆ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ t♦ s❤♦✇ t❤❛t t❤❡ ❝♦♥❡ ♦❢ ❛s❝❡♥❞✐♥❣

❞✐r❡❝t✐♦♥s ♠✉st ❜❡ ❛t ❧❡❛st ❛♥ ♦♣❡♥ ❤❛❧❢s♣❛❝❡✳

❈♦♥t♦✉r ❧✐♥❡s ♦♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ❛r❡ ❛❧❧ str❛✐❣❤t ❛♥❞ ♠♦✈✐♥❣ ❛❧♦♥❣ t❤✐s ❧✐♥❡

✐s ♥♦t ❛♥ ❛s❝❡♥❞✐♥❣ ♦r ❞❡s❝❡♥❞✐♥❣ ❞✐r❡❝t✐♦♥✳ ❆❧❧ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥

✶✻



❤❛✈❡ ❡q✉❛❧ ✈❛❧✉❡ ♦♥ t❤❡s❡ ❧✐♥❡s✳ ❚❤❡s❡ ❧✐♥❡s ❛r❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❣r❛❞✐❡♥t ♦❢

t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡② s❡♣❛r❛t❡ ❝♦♥❡s DX(x) ❛♥❞ AX(x)✳

❙♦ t❤❡ ❝♦♥❡ ♦❢ ❞❡s❝❡♥❞✐♥❣ ❞✐r❡❝t✐♦♥ ♦♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✐s ❡✐t❤❡r ❛♥ ❡♠♣t②

s❡t ♦r ❛♥ ♦♣❡♥ ❤❛❧❢s♣❛❝❡✳

❚❤❡♦r❡♠ ✸✳✸✳ ❙♦❧✉t✐♦♥s ❢r♦♠ ❛ ♥♦♥✲❝♦♥✈❡① r❡❣✐♦♥ ♦❢ P❛r❡t♦✲❢r♦♥t✐❡r ❝❛♥

♥♦t ❜❡ ❞❡t❡❝t❡❞ ❜② ♠❡❛♥s ♦❢ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✳

Pr♦♦❢✳ ▲❡t x′ ❜❡ ❛ P❛r❡t♦✲❡✣❝✐❡♥t ♣♦✐♥t ❢r♦♠ ❛ ♥♦♥✲❝♦♥✈❡① r❡❣✐♦♥ ♦❢ P❛r❡t♦✲

❢r♦♥t✳ ▲❡t xa ❛♥❞ xb ❜❡ s♦♠❡ ♦t❤❡r ❡✣❝✐❡♥t ♣♦✐♥t ❢r♦♠ t❤✐s s❛♠❡ ♥♦♥✲❝♦♥✈❡①

r❡❣✐♦♥ s✉❝❤ t❤❛t fi(xa) < fi(x
′) < fi(xb) ❢♦r s♦♠❡ i✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

❝♦♥✈❡①✐t② ✇❡ ❦♥♦✇ t❤❛t ✇✐t❤ s♦♠❡ c ∈ (0, 1) t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t xc =

c · xa + (1 − c) · xb t❤❛t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ P❛r❡t♦✲❢r♦♥t✳ ❆s t❤✐s ♣♦✐♥t

✐s ♥♦t ♣❛rt ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t ❜✉t ♣❛rt ♦❢ ✐ts ❝♦♥✈❡① ❤✉❧❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦

❝❤♦♦s❡ t❤❡ ✈❛❧✉❡ ♦❢ c t❤❛t t❤✐s ♣♦✐♥t xc ❞♦♠✐♥❛t❡s x′✳ ■t s❤♦✉❧❞ ❜❡ t❤✉s

♥♦t❡❞ t❤❛t t❤✐s ❛rt✐✜❝✐❛❧ ♣♦✐♥t xc ✐s ♥♦t ❢❡❛s✐❜❧❡✳

❚❤❡ ✇❡✐❣❤t❡❞ s✉♠ ❢✉♥❝t✐♦♥ ❢♦r♠❡❞ ❜② ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝✲

t✐♦♥ ❢r♦♠ R
n t♦ R✳ ❙♦ ❜② ❧❡♠♠❛ ✸✳✷ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❝♦♥❡ ♦❢ ❞❡s❝❡♥❞✐♥❣

❞✐r❡❝t✐♦♥s ✐s ❛♥ ♦♣❡♥ ❤❛❧❢s♣❛❝❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t❤❛t ❜♦t❤

xa ❛♥❞ xb ♠❛♣ t♦ ❛ ❤✐❣❤❡r ✈❛❧✉❡ t❤❛♥ xc✳

❆s xc ❞♦♠✐♥❛t❡s x′ ❛♥❞ ❛t ❡✐t❤❡r xa ♦r xb ♣r♦❞✉❝❡ ❛t ❧❡❛st ❛s ❣♦♦❞

✈❛❧✉❡s ❢♦r ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ s✉♠ ❢✉♥❝t✐♦♥ ❛s xc✱ x
′ ❝❛♥ ♥♦t ❜❡ ❢♦✉♥❞ ❜②

❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞✳

❊①❛♠♣❧❡ ✸✳✹✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s✿

min f1(x) = x

min f2(x) =
1

x

s✳t✳ x > 0.

■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❛♥② ✈❛❧✉❡ ♦❢ x > 0 ✐s ❛ P❛r❡t♦✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ■♥✲

❝r❡❛s✐♥❣ x ✇✐❧❧ ♠❛❦❡ ✈❛❧✉❡ f2 s♠❛❧❧❡r ❜✉t ❛❧s♦ ✐♥❝r❡❛s❡ ✈❛❧✉❡ ♦❢ f1✳ ❙✐♠✐❧❛r❧②

✶✼



❝❤♦s✐♥❣ s♠❛❧❧❡r x ♠❛❦❡s ✈❛❧✉❡ ♦❢ f1 s♠❛❧❧❡r ❜✉t ✐♥❝r❡❛s❡s ✈❛❧✉❡ ♦❢ f2✳ ❈♦♠✲

❜✐♥✐♥❣ t❤❡s❡ t✇♦ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✉♥❞❡r ❛ s✐♥❣❧❡ s✉♠ ❢✉♥❝t✐♦♥ ②❡❛❧❞s t❤❡

❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

min g(x) = λf1(x) + (1− λ)f2(x)

s✳t✳ x > 0.

P❛r❡t♦✲❢r♦♥t s❡❛r❝❤ ❜② ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ ✜❣✉r❡s ✶✱ ✷✱

✸ ❛♥❞ ✹✳ ●r❡❡♥ ❝✉r✈❡ ✐s ❢✉♥❝t✐♦♥ x 7→ 1
x
✱ ❜❧❛❝❦ ❧✐♥❡ ✐s t❤❡ ❝♦♥t♦✉r ❧✐♥❡ ♦❢

✇❡✐❣❤t❡❞ s✉♠ ✐♥ ♦❜❥❡❝t✐✈❡ s♣❛❝❡ ✇✐t❤ ❞✐✛❡r❡♥t λ ✈❛❧✉❡s✳ ❚❤❡ ❛rr♦✇ ♣♦✐♥ts t♦

t❤❡ ❜❡tt❡r ✈❛❧✉❡s✳ ❘❡❞ ❝✉r✈❡ ✐s t❤❡ ✇❡✐❣❤t❡❞ s✉♠ ❢✉♥❝t✐♦♥ g(x) = λf1(x) +

(1− λ)f2(x)✳

✶✽





■♥ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✇♦r❦❡❞ ✜♥❡ ❛s ♦✉r P❛r❡t♦✲❢r♦♥t✐❡r

✇❛s ❝♦♥✈❡①✳ ◆❡①t ✇❡ t❛❦❡ ❛ ❧♦♦❦ ❛t ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❞♦❡s

♥♦t ✇♦r❦ ✐♥ ❛ ❞❡s✐r❛❜❧❡ ✇❛②✳ ▲✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✐s ❛❜❧❡ t♦ ♣r♦❞✉❝❡ s♦♠❡

P❛r❡t♦✲❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❜✉t ♦♥❧② ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ ❛ ♥♦♥✲❝♦♥✈❡① r❡❣✐♦♥✳

❊①❛♠♣❧❡ ✸✳✺✳ ❙✉♣♣♦s❡ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s

min f1(x) = x

min f2(x) = −x
2

s✳t✳ x ∈ [0, 1] .

■♥ t❤✐s ❝❛s❡ t❤❡ P❛r❡t♦✲❢r♦♥t✐❡r ✐s ♥♦t ❝♦♥✈❡① ❛♥❞ s♦ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥

❣❡ts ✐♥t♦ tr♦✉❜❧❡ ✇❤❡♥ s❡❛r❝❤✐♥❣ ❢♦r s♦❧✉t✐♦♥s ❢r♦♠ ♥♦♥✲❝♦♥✈❡① ♣❛rt ♦❢ P❛r❡t♦✲

❢r♦♥t✳ ▲❡t g(x) = λf1(x)+(1−λ)f2(x)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ s❤♦✇s t❤❡ ♦♣t✐♠❛❧

s♦❧✉t✐♦♥ ❢♦r g ✇✐t❤ ✻ ❞✐✛❡r❡♥t λ✲✈❛❧✉❡s✳ ❋✐❣✉r❡s ✺✱ ✻✱ ✼ ❛♥❞ ✽ ✐❧❧✉str❛t❡ t❤❡

P❛r❡t♦✲❢r♦♥t ❛♥❞ s✉♠ ❢✉♥❝t✐♦♥ s✐♠✐❧❛r t♦ ❡①❛♠♣❧❡ ✸✳✹✳

λ g(x) arg min g(x)

0 −x2 1

0.2 0.2x− 0.8x2 1

0.4 0.4x− 0.6x2 1

0.6 0.6x− 0.4x2 1

0.8 0.8x− 0.2x2 0

1 x 0

❚❛❜❧❡ ✸

❋r♦♠ t❤❡ ❛❜♦✈❡ t❛❜❧❡ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❛s t❤❡ P❛r❡t♦✲❢r♦♥t ✐s ♥♦t ❝♦♥✈❡①✱

❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✐s ♦♥❧② ❛❜❧❡ t♦ ✜♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠✐♥✐♠❛s ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡

❢✉♥❝t✐♦♥s✳ ❋♦r t❤❡s❡ ❦✐♥❞ ♦❢ ♥♦♥✲❝♦♥✈❡① ♣r♦❜❧❡♠s s♦♠❡ ♦t❤❡r t❡❝❤♥✐q✉❡ s✉❝❤

❛s ε✲❝♦♥str❛✐♥❡❞ ♠❡t❤♦❞ ♠✐❣❤t ❜❡ ❛ ❜❡tt❡r ❝❤♦✐❝❡ ❬✶✶❪✳

❊✈❡♥ t❤♦✉❣❤ ✐ts s✐♠♣❧✐st✐❝ ♥❛t✉r❡✱ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✉s❡ ❧✐♥❡❛r s❝❛❧❛r✐③❛✲

t✐♦♥s ✇✐t❤♦✉t ❛♥② ❡①tr❛ ❝♦♥str❛✐♥t ✐s t❤❡ ❦❡② ❜❡♥❡✜t ❢♦r ♣✉r♣♦s❡s ♦❢ ❞❛t❛

✷✵





❛♥❛❧②s✐s✳ ❚❤✐s ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❡✈❡♥

✐♥ s♦❧✉t✐♦♥s ✇❤❡r❡ ♥♦ ❝♦♥str❛✐♥s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳ ❚❤❡ ❢♦❝✉s ♦❢

t❤✐s t❤❡s✐s ✐s ♦♥ t❤❡ P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✐s ♥♦t ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦✲

❝❡ss ❜✉t ❛ ❞❛t❛✲❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠✳ ❯s✐♥❣ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✇✐t❤ P❛❣❡❘❛♥❦

♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ♣r♦❞✉❝❡ ❛ P❛r❡t♦✲P❛❣❡❘❛♥❦ ✇✐t❤ ♦♥❧② s❧✐❣❤t ♠♦❞✐✜❝❛✲

t✐♦♥s t♦ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ P❛❣❡❘❛♥❦ ✐s ♥♦t ♦♥❧② t♦ ✜♥❞

t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❡rt❡① ❜✉t ❛❧s♦ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞ nt❤ ♠♦st ✐♠♣♦rt❛♥t

✈❡rt✐❝❡s✳ P❛❣❡❘❛♥❦ ❛❧s♦ r❡✈❡❛❧s t❤❡ ❧❡❛st ✐♠♣♦rt❛♥t ✈❡rt✐❝❡s ❛♥❞ ✐♥ s♦♠❡

s✐t✉❛t✐♦♥ t❤✐s ♠✐❣❤t ❛❧s♦ ❜❡ ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r✳ ❆s t❤❡ ♠❛✐♥

✐❞❡❛ ♦❢ P❛❣❡❘❛♥❦ ✐s t❤❡ r❛♥❦✐♥❣ ♦r ♦r❞❡r✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❡s ✇✐t❤ ✐t❡r❛t✐✈❡

❛❧❣♦r✐t❤♠✱ ❛❞❞✐♥❣ ❝♦♥str❛✐♥ts t♦ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❊①✲

t❡♥❞✐♥❣ P❛❣❡❘❛♥❦ t♦ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ✐s ♣♦ss✐❜❧❡ ❜② ✉s✐♥❣ ❧✐♥❡❛r

s❝❛❧❛r✐③❛t✐♦♥✳

▲✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥s ❧❛❝❦ ♦❢ ❛❜✐❧✐t② t♦ ✜♥❞ s♦❧✉t✐♦♥s ❢r♦♠ ❛ ♥♦♥✲❝♦♥✈❡①

♣❛rt ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t✐❡r ✐s ♥♦t ❛ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ✐♥ P❛❣❡❘❛♥❦ ❡✐t❤❡r✳ ❆s

t❤❡ ♥❛t✉r❡ ♦❢ P❛❣❡❘❛♥❦✬s ✐t❡r❛t✐✈❡ ♣r♦❝❡ss✱ t❤❡ r❡s✉❧t ❝❛❧❝✉❧❛t❡❞ ✐♥ ✭✹✮ ✐s ❛

s✐♥❣❧❡ r❡❛❧ ♥✉♠❜❡r✱ ♥♦t ❛ ❢✉♥❝t✐♦♥ t♦ ❜❡ ♠✐♥✐♠✐③❡❞✳

▲❡t C ❜❡ t❤❡ s❡t ♦❢ ❝♦st ❛ttr✐❜✉t❡s ❢♦r ❛r❝s ❛♥❞ cp(aij) ♠❡❛♥s t❤❡ ✇❡✐❣❤t ♦❢

❛ttr✐❜✉t❡ p ∈ C ♦❢ t❤❡ ❛r❝ aij✳ P❛r❡t♦✲P❛❣❡❘❛♥❦ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞

❛s ✐♥ ✭✹✮ ❜✉t c(aij) ✐s r❡❞❡✜♥❡❞ ❛s

c(aij) =
∑

p∈C

λpcp(aij), ✭✼✮

✇❤❡r❡
∑

p∈C

λp = 1.

❲✐t❤ t❤❡ ❛❜♦✈❡ r❡❞❡✜♥❡❞ ❝♦st✱ P❛r❡t♦✲P❛❣❡❘❛♥❦ ♣♦✐♥ts ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞

✇✐t❤ ❛♥ ❛rt✐✜❝✐❛❧ ♥✉♠❜❡r ♦❢ ❝♦st ❛ttr✐❜✉t❡s✳ ❍♦✇❡✈❡r ❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ t❤❡

❡①♣❧♦r✐♥❣ ♦❢ P❛r❡t♦✲❢r♦♥t✐❡r ❣❡ts ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①❤❛✉st✐♥❣ ❛s |C| ❣r♦✇s✳ ■♥

t❤✐s t❤❡s✐s✱ ♦♥❧② t✇♦ ❞✐♠❡♥s✐♦♥❛❧ r❛♥❦s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞✳

❆♥♦t❤❡r ✇❛② t♦ s❝❛❧❛r✐③❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ✐s t♦ ✉s❡ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✲

✐③❛t✐♦♥ ♠❡t❤♦❞✳ ■♥st❡❛❞ ♦❢ s✉♠✱ t❤✐s s❝❛❧❛r✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ ✉s❡s ✇❡✐❣❤t❡❞

♠❛①✲♥♦r♠ ❛s t❤❡ ❝♦♠❜✐♥❡❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✇❛② t❤❡ r❡s✉❧t✐♥❣ ♦❜❥❡❝✲

t✐✈❡ ❢✉♥❝t✐♦♥ ✐s
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g(x) = max(λ1(f1(x)− I1), λ2(f2(x)− I2), . . . , λn(fn(x)− In)), ✭✽✮

✇❤❡r❡ I ✐s ❛♥ ✐❞❡❛❧ ♣♦✐♥t ✐♥ ♦❜❥❡❝t✐✈❡ s♣❛❝❡✳ ❚❤✐s ✐❞❡❛❧ ♣♦✐♥t ❝♦♥s✐sts ♦❢

✐♥❞✐✈✐❞✉❛❧ ♠✐♥✐♠❛s ♦❢ ❡❛❝❤ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳

❖♥❡ ❜✐❣ ❛❞✈❛♥t❛❣❡ ❈❤❡❜②s❤❡✈ ♠❡t❤♦❞ ❤❛s ♦✈❡r ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✐s ✐ts

❛❜✐❧✐t② t♦ ✜♥❞ s♦❧✉t✐♦♥s ❛❧s♦ ❢r♦♠ ❛ ♥♦♥✲❝♦♥✈❡① ♣❛rt ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t✐❡r

❬✶✸❪✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝❛❧❝✉❧❛t✐♦♥s ♠✉st ❜❡ ❞♦♥❡ t♦ s❡♣❛r❛t❡ ♥♦♥✲

✇❡❛❦ P❛r❡t♦✲❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❢r♦♠ t❤❡ ✇❡❛❦❧② ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❬✶✸❪✳

✹ ❘♦❛❞ ♥❡t✇♦r❦s

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ str✉❝t✉r❡ ♦❢ r♦❛❞ ♥❡t✇♦r❦s ✐s ❞✐s❝✉ss❡❞ ❛s ✇❡❧❧ ❛s t❤❡ ♥❡❡❞

❢♦r ❞❛t❛ ❛♥❛❧②s✐s ❛❧❣♦r✐t❤♠s ❢♦r s✉❝❤ ❣r❛♣❤s✳ ❈❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ t②♣✐❝❛❧ r♦❛❞

♥❡t✇♦r❦ ❛r❡ ❝♦✈❡r❡❞✳ ▼♦r❡ ❞❡t❛✐❧❡❞ ✈✐❡✇ ♦❢ t❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s

♣r♦✈✐❞❡❞ ✐♥ ❝❤❛♣t❡r ✻✳

✹✳✶ ●r❛♣❤ ♠♦❞❡❧

❆s ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✷✳✷✱ ❛ ❣r❛♣❤ G = {V,A} ✐s ❛ s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞

❛r❝s ❝♦♥♥❡❝t✐♥❣ t❤♦s❡ ✈❡rt✐❝❡s t♦ ❡❛❝❤ ♦t❤❡r✳ ❚♦♣♦❧♦❣✐❝❛❧ ♥❡t✇♦r❦s s✉❝❤ ❛s

r♦❛❞ ❛r❡ ✐♥t✉✐t✐✈❡❧② ♠♦❞❡❧❧❡❞ ❛s ❣r❛♣❤s✳ ❊✈❡♥ ❣r❛♣❤ t❤❡♦r② ✐ts❡❧❢ ❝❛♥ ❜❡

❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❜♦r♥ ✐♥ ✶✼✸✻✱ ✇❤❡♥ ❊✉❧❡r ♣✉❜❧✐s❤❡❞ ❤✐s ♣❛♣❡r ❛❜♦✉t t❤❡

❙❡✈❡♥ ❇r✐❞❣❡s ♦❢ ❑ö♥✐❣s❜❡r❣ ❬✷❪✳

❖♥❡ ✇❛② t♦ ♣r♦❞✉❝❡ ❛ ❣r❛♣❤ ❢r♦♠ ❛ r♦❛❞ ♥❡t✇♦r❦ ✐s t♦ ❛ss✐❣♥ ❛❧❧ t❤❡

✐♥t❡rs❡❝t✐♦♥s ❛s ✈❡rt✐❝❡s ❛♥❞ r♦❛❞s ❛s ❛r❝s✳ ❚❤✐s ✇❛② t❤❡ r♦❛❞s✱ ♦r ❛r❝s✱ ❝❛♥

❤❛✈❡ ❧❡♥❣t❤ ❛♥❞ ♦t❤❡r ♥❛t✉r❛❧ ❛ttr✐❜✉t❡s✳ ❚❤✐s t②♣❡ ♦❢ ❣r❛♣❤ ♣r❡s❡♥t❛t✐♦♥

✐s ♣❡r❤❛♣s t❤❡ ♠♦st ❝♦♠♠♦♥ ❢♦r r♦❛❞ ♥❡t✇♦r❦s✳ ■♥ t❤✐s t❤❡s✐s t❤✐s ❦✐♥❞ ♦❢

r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ♣r✐♠❛❧ ❣r❛♣❤✳ ❖t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t♦ ♣r♦❞✉❝❡ ❛ ❞✉❛❧

❣r❛♣❤ ❢r♦♠ t❤✐s ♣r✐♠❛❧ ❣r❛♣❤✱ ✇❤❡r❡ ✈❡rt✐❝❡s r❡♣r❡s❡♥t str❡❡t s❡❣♠❡♥ts ❛♥❞

❛r❝s ❝♦♥♥❡❝t t❤♦s❡ s❡❣♠❡♥ts t♦❣❡t❤❡r✱ ❥✉st ❧✐❦❡ ✐♥t❡rs❡❝t✐♦♥s ❝♦♥♥❡❝t r♦❛❞s

❬✶✹❪✳ ■♥ t❤✐s t❤❡s✐s✱ ♣r✐♠❛❧ ❣r❛♣❤ ♣r❡s❡♥t❛t✐♦♥ ✐s ✉s❡❞ ❜✉t ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞

t❤❛t t❤❡ P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ✐s ♥♦t ❧✐♠✐t❡❞ ♦♥❧② t♦ t❤✐s ❦✐♥❞ ♦❢ ❣r❛♣❤s✳
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❊✈❡♥ t❤♦✉❣❤ t♦♣♦❧♦❣✐❝❛❧ ♥❡t✇♦r❦s ✇❡r❡ t❤❡ ♦♥❡s t❤❛t ❣❛✈❡ ❜✐rt❤ t♦ t❤❡

❣r❛♣❤ t❤❡♦r②✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡s❡ ♥❡t✇♦r❦s ✐s q✉✐t❡ ❞✐✛❡r❡♥t t♦ ♠❛♥② ♠♦r❡

♠♦❞❡r♥ ❛♥❞ ❛❜str❛❝t ♥❡t✇♦r❦s✳ ❚❤❡ ✜rst ✉s❡ ❝❛s❡ ♦❢ t❤❡ P❛❣❡❘❛♥❦✱ ✐♥t❡r♥❡t✱

❤❛s ❝r❡❛t❡❞ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡s❡ ❦✐♥❞ ♦❢ ♥❡t✇♦r❦s t♦ ❡①✐st✳ ❙♦❝✐❛❧ ♠❡❞✐❛ ❛♥❞

❛rt✐❝❧❡ ❝✐t❛t✐♦♥ ♥❡t✇♦r❦s ❛r❡ ❡①❛♠♣❧❡s ♦❢ t❤♦s❡✳ ❲❤✐❧❡ t❤❡ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ♦❢

❝✐t❛t✐♦♥ ♥❡t✇♦r❦ ✐s ❛r♦✉♥❞ ✶✵ (s❡❡ ❡✳❣✳ ❬✼❪ ❛♥❞ ❬✶✵❪)✱ t❤❡ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ♦❢

s♦❝✐❛❧ ♥❡t✇♦r❦ ✐s ♠❡❛s✉r❡❞ ✐♥ ❤✉♥❞r❡❞s ❬✼❪✳ ❋♦r r♦❛❞ ♥❡t✇♦r❦s t❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐♥ ✉r❜❛♥ ❡♥✈✐r♦♥♠❡♥t ✐s ❛r♦✉♥❞ ✸ ❬✸❪✳ ❖♥❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ♦❢ str❡❡t

♥❡t✇♦r❦s ✐s t❤❛t t❤❡② ❛r❡ ❛❧♠♦st ♣❧❛♥❛r✳ ❚❤✐s ♠❛❦❡s ✈❡rt✐❝❡s ✇✐t❤ ❞❡❣r❡❡

❤✐❣❤❡r t❤❛t ✻ q✉✐t❡ ✉♥✉s✉❛❧ ❬✶✾❪✳ ❊✈❡♥ ✇✐t❤ t❤❡ str✉❝t✉r❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥

r♦❛❞ ♥❡t✇♦r❦s ❛♥❞ ✉s✉❛❧ ✉s❡ ❝❛s❡s ♦❢ P❛❣❡❘❛♥❦✱ ✐t ✐s s❤♦✇♥ t❤❛t P❛❣❡❘❛♥❦

❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ✉s❡❞ ❛❧s♦ ❢♦r r♦❛❞ ♥❡t✇♦r❦ ❣r❛♣❤s ❬✹❪✳

✹✳✷ ❘❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ ❣r❛♣❤s

❘♦❛❞ ♥❡t✇♦r❦ r✐s❦ ❛♥❛❧②s✐s ❝♦♥s✐sts ♦❢ ❛♥❛❧②s✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ r♦❛❞ ♥❡t✇♦r❦

t♦ ❞❡❣r❛t✐♦♥s✳ ❚❤❡s❡ ❞❡❣r❛t✐♦♥s ♠❛② ❝♦♥s✐st ♦❢ ✈❡rt❡① ♦r ❛r❝ ❝♦♠♣❧❡t❡ ❢❛✐❧✉r❡s

♦r s♦♠❡ ❞❡❣r❛t✐♦♥ ♦❢ t❤❡✐r ❛ttr✐❜✉t❡s s✉❝❤ ❛s ❝❛♣❛s✐t② ♦r s♣❡❡❞✳ ❚❤❡ ❛♠♦✉♥t

♦❢ ❞✐✛❡r❡♥t ❛ttr✐❜✉t❡s ❛✈❛✐❧❛❜❧❡ ❧✐♠✐ts t❤❡ ✉s❛❣❡ ♦❢ s♦♠❡ ♠❡t❤♦❞s✳ ❈♦♥♥❡❝✲

t✐✈✐t② r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥❛❧ ❛ttr✐❜✉t❡s✳ ■♥

❝♦♥♥❡❝t✐✈✐t② r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s✐s t❤❡ ✐♥t❡r❡st ✐s ✐♥ ✇❤❡t❤❡r t✇♦ ❧✐♥❦s st❛② ❝♦♥✲

♥❡❝t❡❞ ♦r ♥♦t ❛❢t❡r t❤❡ ❞❡❣r❛t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❖t❤❡r ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s

❝❛♥ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ tr❛✈❡❧ t✐♠❡s ❛♥❞ ❝❛♣❛s✐t② ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❲❤✐❧❡

tr❛✈❡❧ t✐♠❡ r❡❧✐❛❜✐❧✐t② ❢♦❝✉s❡s ♦♥ t❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡ ✇❤❡♥ tr❛✈❡❧❧✐♥❣ ❜❡t✇❡❡♥

✈❡rt✐❝❡s ✐♥ ✐♥t❛❝t ❛♥❞ ❞❡❣r❛❞❡❞ ♥❡t✇♦r❦✱ ❝❛♣❛s✐t② r❡❧✐❛❜✐❧✐t② ❛♥❛❧②s❡s ❤♦✇

♠✉❝❤ tr❛✈❡❧❧✐♥❣ ❝❛♣❛s✐t② t❤❡ ♥❡t✇♦r❦ ❝❛♥ ❤❛♥❞❧❡✳ ❚❤✐s ❛♥❛❧②s✐s ❝❛♥ ❜❡ ❞♦♥❡

✐♥ ❡✐t❤❡r ✐♥t❛❝t ♦r ❞❡❣r❡❞❛❞ ♥❡t✇♦r❦✳ ❬✷✵❪

❚❤❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ✐♥ r♦❛❞ ♥❡t✇♦r❦ r✐s❦ ❛♥❛❧②s✐s ✐s t❤❡ ❢❛❝t t❤❛t t❤❡

❛♠♦✉♥t ♦❢ ❛ttr✐❜✉t❡s ✐♥ ♣✉❜❧✐❝ s♦✉r❝❡s ✐s ❧✐♠✐t❡❞ ❬✾❪✳ ❚❤❡ ♠❛✐♥ ❞❛t❛s♦✉r❝❡

✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ♦♣❡♥ s♦✉r❝❡ ❞❛t❛❜❛s❡ ❖♣❡♥❙tr❡❡t▼❛♣ ❬✷✺❪✳ ■♥ ❬✾❪ ✐t

✇❛s s❤♦✇♥ t❤❛t t❤❡ ♦♥❧② t✇♦ ❛ttr✐❜✉t❡s ❛✈❛✐❧❛❜❧❡ ❢♦r ❉❡♥♠❛r❦ r♦❛❞ ♥❡t✇♦r❦

✇❡r❡ r♦❛❞ ❝❛t❡❣♦r② ❛♥❞ s♣❡❡❞❧✐♠✐t✳ ❋r♦♠ t❤❡s❡ t✇♦ t❤❡ ❧❛tt❡r ❛ttr✐❜✉t❡ ✇❛s

❛✈❛✐❧❛❜❧❡ ❢♦r ♦♥❧② ✶✸ ✪ ♦❢ t❤❡ ❛r❝s✳
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❙✐♠✐❧❛r ❞✐✣❝✉❧t✐❡s ✇❡r❡ ❢❛❝❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❆s t❤❡ ❖♣❡♥❙tr❡❡t▼❛♣ ❞❛t❛

✇❛s ♠✐ss✐♥❣ ♠❛♥② ❛ttr✐❜✉t❡s ❛♥❞ t❤❡ ♦♥❧② ❝♦♥s✐st❡♥t ♦♥❡ ✇❛s t❤❡ r♦❛❞ t②♣❡

❛ttr✐❜✉t❡✱ t❤✐s r♦❛❞ t②♣❡ ✇❛s ✉s❡❞ t♦ ❝r❡❛t❡ t✇♦ ❞✐✛❡r❡♥t ♥❡✇ ❛ttr✐❜✉t❡s t❤❛t

❛r❡ ✉s❡❞ ❢♦r r♦❛❞ ♥❡t✇♦r❦ ✐♠♣♦rt❛♥❝❡ ❛♥❛❧②s✐s✳ ❚❤❡s❡ ❛ttr✐❜✉t❡s ✇❡r❡ ❜✐❝②❝❧❡

s❛❢❡t② ❛♥❞ ❜✐❝②❝❧❡ s♣❡❡❞ ✲❛ttr✐❜✉t❡s✳ ❚❤❡ r❡❛s♦♥ t❤❡s❡ t✇♦ ✇❡r❡ ❝❤♦s❡♥ ✇❛s

t❤❡ ❢❛❝t t❤❛t t❤❡② ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ❢r♦♠ t❤❡ ♦♥❧② ❝♦♥s✐st❡♥t ❛ttr✐❜✉t❡ ✐♥

t❤❡ ❞❛t❛✳ ❆❧s♦ s♣❡❡❞ ❛♥❞ s❛❢❡t② ❛r❡ s♦♠❡✇❤❛t ❝♦♥tr❛r② t♦ ❡❛❝❤ ♦t❤❡r s♦

❝♦♠♣❛r✐♥❣ t❤❡s❡ ❛ttr✐❜✉t❡s ✐s ✐♥t❡r❡st✐♥❣✳ ❆ s❛❢❡ r♦❛❞ ✉s✉❛❧❧② ✐s ♥♦t ❢❛st✳

❆❧t♦✉❣❤ ✐t ❛s ✐t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ t❛❜❧❡ ✹ t❤✐s ✐s ♥♦t tr✉❡ ✐♥ ❡✈❡r② ❝❛s❡✳

❙❛❢❡t② ❛♥❞ s♣❡❡❞ ❛ttr✐❜✉t❡s ✇❡r❡ ❣✐✈❡♥ ❛ ✇❡✐❣❤t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r♦❛❞ t②♣❡✳

❚❛❜❧❡ ✹ s❤♦✇s t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡s❡ t✇♦ ❛ttr✐❜✉t❡s ❢♦r ❞✐✛❡r❡♥t ❖♣❡♥❙tr❡❡t▼❛♣

r♦❛❞ t②♣❡s✳
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❘♦❛❞t②♣❡ ❇✐❝②❝❧❡ s♣❡❡❞ ❇✐❝②❝❧❡ s❛❢❡t②

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 1.0 0.1

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 1.0 0.1

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 1.0 0.1

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 1.0 0.2

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 1.0 0.4

✉♥❝❧❛ss✐✜❡❞ 1.0 0.4

r❡s✐❞❡♥t✐❛❧ 1.0 0.6

❧✐✈✐♥❣❴str❡❡t 0.8 0.8

s❡r✈✐❝❡ 0.5 0.8

❝②❝❧❡✇❛② 1.0 1.0

❜✉s st♦♣ 0.2 0.8

s❡r✈✐❝❡s 0.2 0.8

♣❧❛t❢♦r♠ 0.2 1.0

♣❡❞❡str✐❛♥ 0.2 1.0

tr❛❝❦ 0.2 1.0

❢♦♦t✇❛② 0.2 1.0

❜r✐❞❧❡✇❛② 0.2 1.0

st❡♣s 0.2 1.0

❝♦rr✐❞♦r 0.2 1.0

♣❛t❤ 0.2 1.0

❝r♦ss✐♥❣ 0.2 1.0

r❡st❴❛r❡❛ 0.1 1.0

❚❛❜❧❡ ✹✿ ❘♦❛❞ t②♣❡ ❢❛❝t♦rs

❖♥❡ ✐♠♣♦rt❛♥t ♥♦t❡ ❛❜♦✉t t❤❡ r♦❛❞ t②♣❡s ✐s t❤❛t t❤❡ t②♣❡ ✧✉♥❝❧❛ss✐✜❡❞✧ ✐s

❛❝t✉❛❧❧② ❛ ❞❡✜♥❡❞ r♦❛❞t②♣❡ ✐♥ ❖♣❡♥❙tr❡❡t▼❛♣ ❛♥❞ t②♣❡ ✧r♦❛❞✧ ♠❡❛♥s t❤❛t

t❤❡ r♦❛❞ t②♣❡ ❛ttr✐❜✉t❡ ✐s ✉♥❦♥♦✇♥ ♦r ♠✐ss✐♥❣ ❬✷✻❪✳

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡s❡ ❛rt✐✜❝✐❛❧ ❢❛❝t♦rs ✇❛s t❤❛t t❤❡ s♣❡❡❞ ❛♥❞ s❛❢❡t② ♦❢ ❛

❝②❝❧✐st ❛r❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r♦❛❞ t②♣❡✳ ❚❤❡ s♣❡❡❞ ♦❢ t❤❡ ❝②❝❧✐st ✐s ♥♦t ❧✐♠✐t❡❞

❜② tr❛❞✐t✐♦♥❛❧ s♣❡❡❞ ❧✐♠✐t ❜✉t ✐s ❞❡♣❡♥❞❛♥t ♦❢ t❤❡ r♦❛❞ t②♣❡✳ ❚❛r♠❛❝ r♦❛❞s

✇✐t❤ ❣♦♦❞ ❝♦♥❞✐t✐♦♥s ②✐❡❧❞ ❤✐❣❤❡r s♣❡❡❞s ✇❤✐❧❡ s♠❛❧❧❡r ❞✐rt r♦❛❞s r❡❞✉❝❡ t❤❡
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s♣❡❡❞✳ ❚❤❡ s❛❢❡t② ♦❢ t❤❡ ❝②❝❧✐st ✐s t❤♦✉❣❤t t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ♦t❤❡r tr❛✜❝

♦♥ t❤❡ r♦✉t❡✳ ❋♦♦t✇❛②s ❧✐♠✐t t❤❡ s♣❡❡❞ ♦❢ ❛ ❝②❝❧✐st ❤❡❛✈✐❧② ❜✉t t❤❡② ❛r❡

r❡❧❛t✐✈❡❧② s❛❢❡✳ ❲❤✐❧❡ ♣r✐♠❛r② r♦❛❞s ❞♦ ♥♦t ❧✐♠✐t t❤❡ s♣❡❡❞✱ t❤❡r❡ ❛r❡ ♠♦r❡

❝❛rs ❛♥❞ tr✉❝❦s tr❛✈❡❧❧✐♥❣ ♦♥ t❤❛t r♦❛❞ ✇❤✐❝❤ ❝r❡❛t❡s ❛ s❛❢❡t② ❤❛③❛r❞ ❢♦r t❤❡

❝②❝❧✐st✳ ❚❤❡ ❧❡❣✐s❧❛t✐♦♥ ❛s♣❡❝ts ✇❡r❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤✐❧❡ ❝r❡❛t✐♥❣

t❤❡s❡ ❢❛❝t♦rs✳ ❋♦r ❡①❛♠♣❧❡ ✐t ✐s ❢♦r❜✐❞❞❡♥ t♦ ❝②❝❧❡ ♦♥ ♠♦t♦r✇❛② ✐♥ ❋✐♥❧❛♥❞

❜✉t t❤❡ ♠♦t♦r✇❛②s ❛♥❞ tr✉♥❦s ✇❡r❡ st✐❧❧ ❣✐✈❡♥ ❛ s♣❡❡❞❢❛❝t♦r ♦❢ ✶✳✵✳ ❆❧❧ t❤❡

❢❛❝t♦rs ✇❡r❡ ❝r❡❛t❡❞ ❜② t❤❡ ❛✉t❤♦r ♦❢ t❤✐s t❤❡s✐s ❛♥❞ t❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s

❞❡❝✐s✐♦♥ ✇❛s t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ♦♣❡♥ s♦✉r❝❡ ❞❛t❛ r❡s♦✉r❝❡s✳

✺ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠

■♥ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs t❤❡ t❤❡♦r② ❜❡❤✐♥❞ t❤❡ P❛❣❡❘❛♥❦ ❛♥❞ ♠✉❧t✐♦❜❥❡❝t✐✈❡

♦♣t✐♠✐③❛t✐♦♥ ✇❛s ❝♦✈❡r❡❞ ❛s ✇❡❧❧ ❛s t❤❡ str✉❝t✉r❡ ♦❢ ❞❛t❛ ❛♥❞ ♣r♦❜❧❡♠ ❛t

❤❛♥❞✳ ❚❤✐s ❝❤❛♣t❡r t❛❦❡s t❤❡s❡ ❡❧❡♠❡♥ts ❛♥❞ ❝♦♠❜✐♥❡s t❤❡♠ ✐♥t♦ ❛ ♣s❡✉✲

❞♦❝♦❞❡ ❛❧❣♦r✐t❤♠✳ ❇❡s✐❞❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢✱ s♦♠❡ ❞❛t❛ ♣r❡♣❛r❛t✐♦♥ ❛♥❞

✈✐s✉❛❧✐③❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❝♦✈❡r❡❞✳

✺✳✶ ❖♣❡♥❙tr❡❡t▼❛♣ ❞❛t❛ ♣r❡♣❛r❛t✐♦♥

❚❤❡ ❞❛t❛ ♦❢ r♦❛❞ ♥❡t✇♦r❦ ✐♥ ❖♣❡♥❙tr❡❡t▼❛♣ ❞❛t❛❜❛s❡ ❝❛♥ ❜❡ ❞♦✇♥❧♦❛❞❡❞

❛s ❛♥ ♦s♠✲✜❧❡✳ ❚❤✐s ✐s ❛ t②♣❡ ♦❢ ①♠❧✲✜❧❡❢♦r♠❛t ✉s❡❞ ❜② ❖♣❡♥❙tr❡❡t▼❛♣✳

❚❤❡s❡ ✜❧❡s ❝♦♥t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ ❣✐✈❡♥ ❛r❡❛ ♦♥ t❤❡ ❣❧♦❜❡ ❛♥❞ ❝❛♥ ❜❡

❞♦✇♥❧♦❛❞❡❞ ❢r♦♠ ❤tt♣s✿✴✴✇✇✇✳♦♣❡♥str❡❡t♠❛♣✳♦r❣✳ ❚❤❡s❡ ✜❧❡s ❝♦♥t❛✐♥ ✐♥❢♦r✲

♠❛t✐♦♥ ❛❜♦✉t r♦❛❞ ♥❡t✇♦r❦ ❛s ✇❡❧❧ ❛s ❜✉✐❧❞✐♥❣s✱ r❛✐❧✇❛②s✱ ✇❛t❡r✇❛②s✱ ♣♦✐♥ts

♦❢ ✐♥t❡r❡st✱ ♣❛r❦s✱ ❡t❝✳ ❆♥ ♦s♠✲✜❧❡ ❝♦♥s✐sts ♠❛✐♥❧② ♦♥ t✇♦ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢

①♠❧✲❡❧❡♠❡♥ts✿ ♥♦❞❡s ❛♥❞ ✇❛②s✳ ◆♦❞❡s ❛r❡ ✜①❡❞ ♣♦✐♥ts t❤❛t ❤❛✈❡ ❝♦♦r❞✐♥❛t❡s

❛♥❞ s♦♠❡t✐♠❡s s♦♠❡ ❛ttr✐❜✉t❡s✱ ✐❢ t❤❡ ♥♦❞❡ ✐s ❛ ♣♦✐♥t ♦❢ ✐♥t❡r❡st s✉❝❤ ❛s

❛ ❜❛♥❦ ♦r ❛ s❤♦♣ ❢♦r ❡①❛♠♣❧❡✳ ❲❛②s ❝♦♠❜✐♥❡ ♠✉❧t✐❜❧❡ ♥♦❞❡s ✐♥t♦ ❛ ❧❛r❣❡r

❡♥t✐t② ✇✐t❤ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡s❡ ✇❛②s ❝❛♥ ❜❡ ❛♥ ♦✉t❧✐♥❡ ♦❢ ❛ ❜✉✐❧❞✐♥❣✱ ❛

r♦❛❞✱ ❛ ♣♦✇❡r❧✐♥❡✱ ❜♦✉♥❞❛r✐❡s ♦❢ ❝✐t✐❡s✱ ❡t❝✳

❆s t❤✐s t❤❡s✐s ❢♦❝✉s❡s ♦♥ t❤❡ r♦❛❞ ♥❡t✇♦r❦✱ ❛❧❧ t❤❡ ✉♥♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥

✐s r❡♠♦✈❡❞ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ r♦❛❞ ♥❡t✇♦r❦ ✐s ❝❧❡❛♥❡❞ ❛♥❞ s❛✈❡❞ ❛s ❛ ❝s✈✲✜❧❡
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❢♦r t❤❡ ♠❛✐♥ ❛♥❛❧②s✐s✳ ❚❤✐s ❝❧❡❛♥✐♥❣ ♦❢ r♦❛❞ ♥❡t✇♦r❦ ✐s ❞♦♥❡ ❜② r❡♠♦✈✐♥❣ ❛❧❧

♦❢ t❤❡ ❣♦✲t❤r♦✉❣❤ ✈❡rt✐❝❡s ❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ ❛r❝s ❝♦♥♥❡❝t✐♥❣ ✐♥t♦ t❤✐s ✈❡rt❡①

✐♥t♦ ❛ s✐♥❣❧❡ ♥❡✇ ❛r❝✳ ❚❤❡s❡ ❣♦✲t❤r♦✉❣❤ ✈❡rt✐❝❡s ❛r❡ ❞❡✜♥❡❞ ❛s ✈❡rt✐❝❡s ✇✐t❤

❞❡❣r❡❡ ♦❢ t✇♦ ❛♥❞ t❤❛t t❤❡ ❝♦♥♥❡❝t✐♥❣ ❛r❝s ❛r❡ ♦❢ t❤❡ s❛♠❡ r♦❛❞ t②♣❡✳

❆❢t❡r t❤✐s ❝❧❡❛♥✐♥❣ ♦♥❧② t❤❡ ♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ❛♥❛❧②s✐s ✐s ❧❡❢t

❛♥❞ s❛✈❡❞ ✐♥t♦ t✇♦ ❝s✈✲✜❧❡s✳ ❖♥❡ ❝♦♥t❛✐♥✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈❡rt✐❝❡s

❛♥❞ ♦♥❡ ❛❜♦✉t ❡❞❣❡s✳ ❋r♦♠ ✈❡rt✐❝❡s ♦♥❧② ✐❞✱ ❧♦♥❣✐t✉❞❡ ❛♥❞ ❧❛t✐t✉❞❡ ❛ttr✐❜✉t❡s

❛r❡ s❛✈❡❞✳ ❋r♦♠ ❛r❝s s❛✈❡❞ ❛ttr✐❜✉t❡s ❛r❡✿ ✐❞✱ st❛rt ✈❡rt❡① ✐❞✱ ❡♥❞ ✈❡rt❡① ✐❞✱

❜♦♦❧❡❛♥ ✈❛❧✉❡ ✇❤❡t❤❡r t❤❡ ❛r❝ ✐s t✇♦ ❞✐r❡❝t✐♦♥❛❧ ♦r ♥♦t✱ ❛♥❞ r♦❛❞ t②♣❡ ♦❢ t❤❡

✇❛②✳ ❋✐❧❡s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ ❬✷✶❪✳

✺✳✷ ❉❛t❛ ♥♦r♠❛❧✐③❛t✐♦♥

❉❛t❛ ♥♦r♠❛❧✐③❛t✐♦♥ ✐s ❛♥ ✐♠♣♦rt❛♥t ❡❧❡♠❡♥t ✐♥ ♠❛♥② ❞❛t❛ ❛♥❛❧②s✐s ♠❡t❤♦❞s✳

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤✐s ♣r♦❝❡ss ✐s t♦ s❝❛❧❡ t❤❡ ✈❛❧✉❡s ♦❢ ❞✐✛❡r❡♥t ❛ttr✐❜✉t❡s ✐♥t♦

❛ ❝♦♠♠♦♥ ✐♥t❡r✈❛❧✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ t❤✐s ♠❡❛♥s t❤❛t t❤❡

❝❤❛♥❣❡s ♦♥ λ✲✈❛❧✉❡ ❤❛✈❡ ❡✛❡❝t ♦♥ t❤❡ ✇❤♦❧❡ [0, 1] ✐♥t❡r✈❛❧ ❛♥❞ ♥♦t ♦♥❧② ♥❡❛r

♦♥❡ ❡♥❞✳ ❆s ❛❧❧ t❤❡ ✇❡✐❣❤ts ♦❢ ❛r❝s ✐♥ P❛❣❡❘❛♥❦ ❝❛❧❝✉❧❛t✐♦♥ ✭✹✮ ♥❡❡❞ t♦

❜❡ ♣♦s✐t✐✈❡✱ ♠✐♥✲♠❛① ♥♦r♠❛❧✐③❛t✐♦♥ ✇❛s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❲✐t❤ ♠✐♥✲♠❛①

♥♦r♠❛❧✐③❛t✐♦♥ t❤❡ ✈❛❧✉❡s ♦❢ ❞✐✛❡r❡♥t ❛ttr✐❜✉t❡s ❝❛♥ ❜❡ ❜r♦✉❣❤t ✐♥t♦ ❛♥② [a, b]

✐♥t❡r✈❛❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞✿

xnew = a+ (b− a) ·
xorig −min(X)

max(X)−min(X)
, ✭✾✮

✇❤❡r❡ xnew ❛♥❞ xorig ❛r❡ t❤❡ ♥❡✇ ❛♥❞ ♦r✐❣✐♥❛❧ ✈❛❧✉❡ ❢♦r ❛ttr✐❜✉t❡ x ❛♥❞

min(X) ❛♥❞ max(X) ❛r❡ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧

❛ttr✐❜✉t❡ s❡t X✳

❆s t❤❡ c ❢✉♥❝t✐♦♥ ♦❢ ✭✹✮ ✇❛s ❞❡✜♥❡❞ t♦ ❤❛✈❡ ✈❛❧✉❡s ❢r♦♠ ✐♥t❡r✈❛❧ [0, 1]✱

t❤❡ a ❛♥❞ b ♦❢ ✭✾✮ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣❧②✳ ❈❤♦♦s✐♥❣ a = 0 ♠❡❛♥s

t❤❛t s♦♠❡ ❛r❝s ✇✐❧❧ ♥♦t ❞✐str✐❜✉t❡ t❤❡✐r r❛♥❦ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♣✉r❡❧② t❤❛t

❛ttr✐❜✉t❡✳ ❚❤✐s ✐s ✇❤② ✐t ✐s ❛❞✈✐s✐❜❧❡ t♦ ❝❤♦♦s❡ a, b ∈ (0, 1]✳ ■♥ t❤✐s t❤❡s✐s

✈❛❧✉❡s a = 0.1 ❛♥❞ b = 1 ✇❡r❡ ❝❤♦s❡♥✳
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✺✳✸ Ps❡✉❞♦❝♦❞❡ ❛❧❣♦r✐t❤♠

❖♥❝❡ t❤❡ ❞❛t❛ ❤❛s ❜❡❡♥ ♣r❡♣❛r❡❞ ❢r♦♠ ♦s♠✲✜❧❡ ❛s ✐♥ ❝❤❛♣t❡r ✺✳✶ t❤❡ ❞❛t❛

♥♦r♠❛❧✐③❛t✐♦♥ ❛♥❞ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡①❝❡❝✉t❡❞✳ ❚❤❡ ♣s❡✉✲

❞♦❝♦❞❡ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♣r❡s❡♥t❡❞ ♥❡①t✳ P②t❤♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥ ❜❡

❢♦✉♥❞ ❢r♦♠ ❬✷✶❪✳

❆❧❣♦r✐t❤♠ ✶ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ❢♦r ❜✐♦❜❥❡❝t✐✈❡ ❛ttr✐❜✉t❡s

G← (V,A)

P ← s❡t ♦❢ ❛ttr✐❜✉t❡s

Λ← s❡t ♦❢ ♣r❡s❡t ✈❛❧✉❡s ❢♦r λ

❢♦r ❛❧❧ a ∈ A ❞♦

❢♦r ❛❧❧ p ∈ P ❞♦

♥♦r♠❛❧✐③❡ cp(aij) ❛s ✐♥ ✭✾✮

❡♥❞ ❢♦r

❡♥❞ ❢♦r

❢♦r ❛❧❧ λ ∈ Λ ❞♦

λ1 ← λ

λ2 ← 1− λ

t← 0

❢♦r ❛❧❧ v ∈ V ❞♦

✐♥✐t✐❛❧✐③❡ PR0(v)

❡♥❞ ❢♦r

r❡♣❡❛t

❢♦r ❛❧❧ v ∈ V ❞♦

❝❛❧❝✉❧❛t❡ PRt+1(v) ❛s ❞❡✜♥❡❞ ✐♥ ✭✹✮ ❛♥❞ ✭✼✮✳

❡♥❞ ❢♦r

t← t+ 1

✉♥t✐❧ ❝♦♥✈❡r❣❡s

s❛✈❡ t❤❡ ❝✉rr❡♥t P❛❣❡❘❛♥❦s

❡♥❞ ❢♦r

❖♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ P❛❣❡❘❛♥❦ ❝❛❧❝✉❧❛t✐♦♥✱ t❤❡ r❛♥❦ ♦❢ ❡❛❝❤ ✈❡rt❡①

✐s ❝❛❧❝✉❧❛t❡❞✳ ❋♦r t❤✐s t♦ ❜❡ ❞♦♥❡✱ ❛❧❧ t❤❡ r❛♥❦ ♦❢ ❡❛❝❤ ❛❞❥❛❝❡♥t ✈❡rt❡① ♠✉st

✷✾



❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥s ❛♥❞ t❤✉s t❤❡ ♥✉♠❜❡r

♦❢ ❞✐✛❡r❡♥t λ✬s ❛❧s♦ ❛✛❡❝ts t❤❡ ♦✈❡r❛❧ t✐♠❡ ❝♦♠♣❧❡①✐t②✳ ▲❡t L ❜❡ t❤❡ s❡t

♦❢ ✉s❛❜❧❡ ❛ttr✐❜✉t❡s✳ ❚❤✐s ❧❡❛❞s t♦ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ O((|V |2)|L|−1) ❢♦r

P❛r❡t♦✲P❛❣❡❘❛♥❦✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐s ❤❡❛✈✐❧② ❞❡♣❡♥❞❛♥t

♦♥ t❤❡ ✉s❡❞ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ✐s ♦♥❡ r❡❛s♦♥ ✇❤② ♦♥❧② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ P❛r❡t♦✲

P❛❣❡❘❛♥❦ ✐s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❚❤❡♦r❡♠ ✺✳✶✳ ❆❧❣♦r✐t❤♠ ✶ ✇✐❧❧ ❝♦♥✈❡r❣❡ ❛♥❞ ♣r♦❞✉❝❡ ❛ s❡t ♦❢ P❛r❡t♦✲

❡✣❝✐❡♥t P❛❣❡❘❛♥❦s✳

Pr♦♦❢✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ P❛❣❡❘❛♥❦ ✐s ❜❛s❡❞ ♦♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①

M ❞❡✜♥❡❞ ✐♥ ✭✸✮✳ ❇❡❝❛✉s❡ M ❤♦♠♦❣❡♥♦✉s ❛♥❞ ❡r❣♦❞✐❝✱ ❜② t❤❡♦r❡♠ ✷✳✶ ✇❡

❦♥♦✇ t❤❛t t❤❡ P❛❣❡❘❛♥❦ ❝❛❧❝✉❧❛t✐♦♥ ❝♦♥✈❡r❣❡s✳

❆❧s♦ t❤❡♦r❡♠ ✸✳✸ st❛t❡s t❤❛t P❛r❡t♦ ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❜②

t❤❡ ♠❡❛♥s ♦❢ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✳

❆❢t❡r t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ❡①❡❝✉t❡❞ ❛ s❡t ♦❢ P❛r❡t♦ ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ✐s

♣r♦❞✉❝❡❞✳ ❚❤❡s❡ s♦❧✉t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ ❛♥❛❧②s❡❞ ❢♦r ❡①❛♠♣❧❡ ♦♥ s♣r❡❛❞s❤❡❡t

❝❛❧❝✉❧❛t♦r ♦r ✐♥ t❤❡ ❝❛s❡ ♦❢ r♦❛❞ ♥❡t✇♦r❦✱ ✈✐s✉❛❧✐③✐♥❣ t❤❡ s♦❧✉t✐♦♥s t♦ ❛ ♠❛♣✳

❊✈❡♥ t❤♦✉❣❤ P❛❣❡❘❛♥❦ ✐s ❛♥ ❛ttr✐❜✉t❡ ♦❢ t❤❡ ✈❡rt✐❝❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦❞✉❝❡

P❛❣❡❘❛♥❦ ♦❢ ❛r❝s ❜② ❞❡✜♥✐♥❣ t❤❡ P❛❣❡❘❛♥❦ ♦❢ ❛r❝ aij t♦ ❜❡ ❛s

PR(aij) =
PR(vi) + PR(vj)

2
. ✭✶✵✮

❯s✐♥❣ t❤❡ r❛♥❦ ♦❢ ❛r❝s r❛t❤❡r t❤❛♥ ✈❡rt✐❝❡s ♠❛❦❡s ✐t ❡❛s✐❡r t♦ ✈✐s✉❛❧✐③❡ t❤❡

s♦❧✉t✐♦♥ t♦ ❛ ♠❛♣✳

❋♦r ✈✐s✉❛❧✐③❛t✐♦♥ ♣✉r♣♦s❡s ♦♥ ♠❛♣✱ ✇❡❜♣❛❣❡ ❤tt♣s✿✴✴❣❡♦❥s♦♥✳✐♦ ✇❛s

✉s❡❞✳ ❙♦❧✉t✐♦♥s ✇❡r❡ s❛✈❡❞ ✐♥ ❛ ❣❡♦❥s♦♥✲✜❧❡❢♦r♠❛t ❛♥❞ ❛r❝s ✇❡r❡ ❝♦❧♦r❡❞

r❡❧❡✈❛♥t t♦ t❤❡✐r P❛❣❡❘❛♥❦ ✈❛❧✉❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡ t❤❡ ✜♥❛❧ r❛♥❦s ✇❡r❡

♠✐♥✲♠❛① ♥♦r♠❛❧✐③❡❞ ❛♥❞ ❝♦❧♦rs ✇❡r❡ ❝❤♦s❡♥ ❢r♦♠ ♣r❡❞❡✜♥❡❞ ♣❡r❝❡♣t✉❛❧❧②

✉♥✐❢♦r♠ ♣❛❧❡tt❡s ❢r♦♠ ❙❡❛❜♦r♥ ❧✐❜r❛r② ❬✷✽❪✳ ❋✐❣✉r❡s ✾ ❛♥❞ ✶✵ ❛r❡ ❡①❛♠♣❧❡s

♦❢ ♣❡r❝❡♣t✉❛❧❧② ✉♥✐❢♦r♠ ♣❛❧❡tt❡s✳

✸✵



❋✐❣✉r❡ ✾✿ ▼❛❣♠❛ ♣❛❧❡tt❡

❋✐❣✉r❡ ✶✵✿ ❱✐r✐❞✐s ♣❛❧❡tt❡

✸✶



✻ ❚❡st ❝❛s❡s ❛♥❞ r❡s✉❧ts

❚❤✐s ❝❤❛♣t❡r ❢♦❝✉s❡s ♦♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥ t❡st ❝❛s❡s✳ ❚❤❡ str✉❝✲

t✉r❡ ♦❢ t❤❡ t❡st ❞❛t❛s❡ts ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ❝♦✈❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❆❧❧ ♦❢ t❤❡

t❡st ❛r❡ ❡①❡❝✉t❡❞ ♦♥ P②t❤♦♥ ✸✳✽✳✶✵ r✉♥♥✐♥❣ ♦♥ ▲✐♥✉① ▼✐♥t ✷✵✳✸ ①✽✻❴✻✹✳ ❆s

❛ ❤❛r❞✇❛r❡✱ ❚❤✐♥❦P❛❞ ❚✹✹✵❙ ❧❛♣t♦♣ ✇✐t❤ ■♥t❡❧ ✐✼✲✹✻✵✵❯ ♣r♦❝❡ss♦r ✇❛s ✉s❡❞✳

❚❤❡ ①♠❧✲❢♦r♠❛t ❞❛t❛ ✇❛s ❞♦✇♥❧♦❛❞❡❞ ❢r♦♠ ✇✇✇✳♦♣❡♥str❡❡t♠❛♣✳♦r❣✳ ❇❡❢♦r❡

t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠✱ t❤❡ ❞❛t❛ ✇❛s ♣r❡♣r♦s❡ss❡❞

❛s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✺✳✶✳

❚❤❡ r❡s✉❧ts ❛r❡ ❝♦✈❡r❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ❛s ✇❡❧❧✳ ❚❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ ❧✐♥✲

❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❜✉t ❛❧s♦ s♦♠❡ ❝♦♠♣❛r✐s✐♦♥ ❜❡t✇❡❡♥ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❛♥❞

❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥ ✐s ❞♦♥❡✳

✻✳✶ ❚❡st ❉❛t❛

❚❤❡ t❡st ❞❛t❛ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❝♦♥s✐st ♦❢ ❖♣❡♥❙tr❡❡t▼❛♣ ❞❛t❛ ❛r♦✉♥❞ ✶✵

❧❛r❣❡st ❝✐t✐❡s ✐♥ ❋✐♥❧❛♥❞✿ ❍❡❧s✐♥❦✐✱ ❊s♣♦♦✱ ❚❛♠♣❡r❡✱ ❱❛♥t❛❛✱ ❖✉❧✉✱ ❚✉r❦✉✱

❏②✈äs❦②❧ä✱ ❑✉♦♣✐♦✱ ▲❛❤t✐ ❛♥❞ P♦r✐ ❬✷✾❪✳ ❚❤❡ ❞❛t❛ ❛r❡❛s ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s ❛r❡

♠❛r❦❡❞ ♦♥ t❤❡ ✜❣✉r❡ ✶✶✳ ❚❤❡ s✉r❢❛❝❡ ❛r❡❛ ♦❢ ❡❛❝❤ ❞❛t❛s❡t ✐s ❞✐✛❡r❡♥t ❜✉t t❤❡

♥✉♠❜❡r ♦❢ ❛r❝s ❛♥❞ ✈❡rt✐❝❡s ✐s ♥♦t ♦♥❧② ❞❡♣❡♥❞❛♥t ♦♥ t❤❡ s✉r❢❛❝❡ ❛r❡❛ ❜✉t

❛❧s♦ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ r♦❛❞ ♥❡t✇♦r❦✳ ❉❡♥s✐❧② ♣♦♣✉❧❛t❡❞ ❝✐t✐❡s ♥❡❛r ❍❡❧s✐♥❦✐

♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛ ❤❛✈❡ ♠♦r❡ ✈❡rt✐❝❡s ♣❡r sq✉❛r❡ ❦✐❧♦♠❡t❡r ❝♦♠♣❛r❡❞ t♦ ❧❡ss

♣♦♣✉❧❛t❡❞ ❛r❡❛s ❢♦r ❡①❛♠♣❧❡ ❛r♦✉♥❞ ❖✉❧✉ ❛♥❞ ❏②✈äs❦②❧ä✳

❚❤❡ str✉❝t✉r❡ ♦❢ ❡❛❝❤ ❞❛t❛s❡t ✐s t❛❜✉❧❛t❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳ ❚❤❡ ❛✈❡r✲

❛❣❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ❞❛t❛s❡t ✇❛s q✉✐t❡ ❝♦♥s✐st❛♥t✱ r❛♥❣❡✐♥❣ ❢r♦♠ ❊s♣♦♦✬s ❛♥❞

❏②✈äs❦②❧ä✬s ✷✳✻✷ t♦ ▲❛❤t✐✬s ✷✳✽✷✳ ❋r♦♠ t❤❡ t❛❜❧❡s ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❧❛r❣❡

♣❛rt ♦❢ t❤❡ ❛r❝s ♦♥ ❣r❛♣❤ ❛r❡ r❡s✐❞❡♥t✐❛❧ r♦❛❞✱ s❡r✈✐❝❡ r♦❛❞s✱ ❝②❝❧❡✇❛②s✱ ❢♦♦t✲

✇❛②s ❛♥❞ ♣❛t❤s✳ ❚❤❡s❡ t②♣❡s ♦❢ r♦❛❞s ✉s✉❛❧❧② ❝♦♥s✐st ♦❢ s❤♦rt❡r s❡❣♠❡♥ts

t❤❛♥ ❧♦♥❣❡r ♣r✐♠❛r② r♦❛❞s ❛♥❞ ♠♦t♦r✇❛②s✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛r❝s ✐s ♥♦t ✉s❡❞ ✐♥

t❤❡ ❛♥❛❧②s✐s✳

✸✷





✻✳✷ ❘❡s✉❧ts

P❛r❡t♦✲P❛❣❡❘❛♥❦ ✇❛s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ λ ✈❛❧✉❡s 0, 1
10
, . . . , 9

10
, 1✳ ❚❤❡ ❝❛❧❝✉❧❛✲

t✐♦♥s ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❛♥❞ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✳ ❇♦t❤

r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ ❛♣♣❡♥❞✐① ❇✳ ❚❤❡ t❛❜❧❡s s❤♦✇ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r✲

❡♥t r♦❛❞t②♣❡s ❛♠♦♥❣ t❤❡ t♦♣ ✶✵✵ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s ♦♥ ❡❛❝❤ ❝✐t② ❝❛❧❝✉❧❛t❡❞

✇✐t❤ ❞✐✛❡r❡♥t λ ✈❛❧✉❡s✳

❆❧♦♥❣s✐❞❡ t❤❡ t❛❜❧❡✱ t❤❡ r❡s✉❧ts ❢♦r P♦r✐ ❛r❡ ✈✐s✉❛❧✐③❡❞ ♦♥ ❛ ♠❛♣✳ ❋✐❣✉r❡s

✶✷✱ ✶✸ ❛♥❞ ✶✹ s❤♦✇ t❤❡ ✶✵ ♠♦st ✐♠♣♦rt❛♥t ✈❡rt✐❝❡s ✇❤✐❧❡ ✜❣✉r❡s ✶✺✱ ✶✻ ❛♥❞

✶✼ ✈✐s✉❛❧✐③❡ t❤❡ r❛♥❦s ♦❢ ❛❧❧ ♦❢ t❤❡ ❛r❝s ✇✐t❤ ▼❛❣♠❛ ♣❛❧❡tt❡ ✇✐t❤ λ✲✈❛❧✉❡s 0✱
1
2
❛♥❞ 1✳

✸✹









✻✳✸ ❆♥❛❧②s✐s

❘❡s✉❧ts ❢r♦♠ ❛❧❧ ❞❛t❛s❡ts s❤♦✇ t❤❛t ✇✐t❤ ❧♦✇ λ✲✈❛❧✉❡s✱ t❤❡r❡ ❛r❡ ♠❛♥② tr❛❝❦s✱

♣❛t❤s ❛♥❞ ❢♦♦t✇❛②s ❛♠♦♥❣ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s✳ ❚❤❡s❡ t②♣❡s ❛❧❧ ❤❛✈❡

t❤❡ ❤✐❣❤❡st s❛❢❡t② ❢❛❝t♦r ✐♥ t❤❡ ❞❛t❛✿ 1.0✳ ❲✐t❤ ♠♦❞❡r❛t❡ λ✲✈❛❧✉❡s✱ ❝②❝❧❡✇❛②s

❞♦♠✐♥❛t❡ t❤❡ s❡t ♦❢ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s✳ ❚❤✐s ❝♦rr❡❧❛t❡s ✇✐t❤ t❤❡ ❢❛❝t t❤❛t

t❤❡s❡ t②♣❡s ♦❢ r♦❛❞s ❤❛✈❡ t❤❡ ❤✐❣❤❡st ❢❛❝t♦r ✐♥ ❜♦t❤ s❛❢❡t② ❛♥❞ s♣❡❡❞✳ ❲❤❡♥

❢♦❝✉s✐♥❣ ♠♦r❡ ♦♥ s♣❡❡❞✱ s♦♠❡ ❝②❝❧❡✇❛②s ❛r❡ st✐❧❧ ✐♠♣♦rt❛♥t ❜✉t ❛❧s♦ ♦t❤❡r

t②♣❡s ♦❢ r♦❛❞s ❛r❡ ♣r❡s❡♥t ❛♠♦♥❣ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s✱ ♠♦st ♥♦t❛❜❧② r❡s✐✲

❞❡♥t✐❛❧ r♦❛❞s✳ ❲❤❡♥ t❤❡ ❢♦❝✉s ✐s ♣✉r❡❧② ♦♥ s♣❡❡❞✱ s♦♠❡ r♦❛❞s ✇✐t❤ ✈❡r② ♣♦♦r

s❛❢❡t② ❢❛❝t♦r ❛r❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ s✉❝❤ ❛s s❡❝♦♥❞❛r②✱ t❡rt✐❛r② ❛♥❞ ✉♥❝❧❛ss✐✜❡❞

r♦❛❞s✱ ❜✉t ❛❧s♦ ♣r✐♠❛r② r♦❛❞s✱ ♠♦t♦r✇❛②s ❛♥❞ tr✉♥❦s✳

■♥s♣❡❝t✐♥❣ ✜❣✉r❡s s❤♦✇s t❤❛t t❤❡ ❞♦✇♥t♦✇♥ ♦❢ P♦r✐ s❡❡♠s t♦ ❤❛✈❡ ♣❛rts

t❤❛t ❤❛✈❡ ❤✐❣❤ ✐♠♣♦rt❛♥❝❡ ✇✐t❤ ❛❧❧ λ✲✈❛❧✉❡s ❛❧t♦✉❣❤ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡s❡

❛r❡❛s s❡❡♠ t♦ r✐s❡ ✇❤❡♥ ❢♦❝✉s✐♥❣ ♠♦r❡ ♦♥ s♣❡❡❞✳ ❲❤❡♥ λ = 0 ✐t s❡❡♠s

t❤❛t t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❡rt✐❝❡s ❛r❡ s♣r❡❛❞ ♦✉t ♠♦r❡ ✇✐❞❡❧② ❝♦♠♣❛r❡❞ t♦

❤✐❣❤❡r λ✲✈❛❧✉❡s✳ ❲✐t❤ ❧♦✇ λ✲✈❛❧✉❡s t❤❡r❡ ❛r❡ s♦♠❡ ✐♠♣♦rt❛♥t ✈❡rt✐❝❡s ♥❡❛r

t❤❡ ❞♦✇♥t♦✇♥✱ ♠❛✐♥❧② ✐♥ t❤❡ ■s♦♠ä❦✐ ♦✉t❞♦♦r ❛❝t✐✈✐t✐❡s ❛r❡❛✱ ❜✉t t❤❡ t♦♣

✶✵ ✈❡rt✐❝❡s ❛r❡ st✐❧❧ s♣r❡❛❞ ♦✉t q✉✐t❡ ❡✈❡♥❧②✳ ❲✐t❤ ❤✐❣❤❡r λ✲✈❛❧✉❡s t❤❡ r♦❛❞s

♦❢ t❤❡ ❞♦✇♥t♦✇♥ s❡❡♠ t♦ ❣❛✐♥ ✐♠♣♦rt❛♥❝❡ ❛♥❞ ❞♦♠✐♥❛t❡ t❤❡ s❡t ♦❢ ♠♦st

✐♠♣♦rt❛♥t ✈❡rt✐❝❡s✳

❋r♦♠ t❤❡ r❡s✉❧ts ✐t ❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠

✇✐t❤ ❜✐❝②❝❧❡ s♣❡❡❞ ❛♥❞ ❜✐❝②❝❧❡ s❛❢❡t② ❛ttr✐❜✉t❡s ♣r♦❞✉❝❡s ❛ s❡t ♦❢ ❞✐✛❡r❡♥t

s♦❧✉t✐♦♥s ❜✉t ✇✐t❤ s♦♠❡ ❝♦♥s✐st❡♥❝② ❛♠♦♥❣ t❤❡♠✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❡r✲

t✐❝❡s ❛♥❞ ❛r❝s s❡❡♠ t♦ ❤❡❛✈✐❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✉s❡❞ λ✲✈❛❧✉❡ ❜✉t ✐♥ t❤❡

❧❛r❣❡ ♣❛rt ♦❢ t❤❡ P❛r❡t♦✲s❡t✱ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s ❛r❡ ❝②❝❧❡✇❛②s✱ ❛r❝s t❤❛t

❤❛✈❡ ❣♦♦❞ ❢❛❝t♦r ♦♥ ❜♦t❤ ❛ttr✐❜✉t❡s✳ ❱✐s✉❛❧❧② t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s s❡❡♠

t♦ ❧♦❝❛t❡ ✐♥t♦ ❤✐❣❤❡r ❞❡❣r❡❡ ❛r❡❛s✱ s✉❝❤ ❛s ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ♥♦♥✲✇❡✐❣❤t❡❞

P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠✳ ❊✈❡r② s♦❧✉t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t λ✲✈❛❧✉❡ ✐s ❡q✉❛❧❧② ✐♠♣♦r✲

t❛♥t ❜✉t t❤❡s❡ ❦✐♥❞ ♦❢ s✐♠✐❧❛r✐t✐❡s ✐♥ ♠♦st ♦❢ t❤❡ s♦❧✉t✐♦♥s ❝❛♥ ❣✐✈❡ ✈❛❧✉❛❜❧❡

✐♥❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r✳

✸✽



✻✳✹ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥

❚❤❡ ♠❛✐♥ s❝❛❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✳

❍♦✇❡✈❡r ❛❧s♦ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥ ✇❛s ✉s❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥✳ ❚❤❡ r❛♥❦s

❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥ ❛r❡ ❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ♦♥❧② ✇❡❛❦❧②

P❛r❡t♦ ❡✣❝✐❡♥t✳ ❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ✉s❡❞ ❢♦r t❤❡ ❞✐✛❡r❡♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ t✇♦

✉s❡❞ s❝❛❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞s✳ ❚❤❡ t②♣❡s ♦❢ t♦♣ ✶✵✵ ❛r❝s ❛r❡ t❛❜✉❧❛t❡❞ ❛♥❞ ❝❛♥

❜❡ ❢♦✉♥❞ ❢r♦♠ ❛♣♣❡♥❞✐① ❇✳ ❙✐♠✐❧❛r❧② t♦ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✱ t❤❡ r❡s✉❧ts ❢♦r

❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥ ❛r❡ ✈✐s✉❛❧✐s❡❞ ✐♥ ✜❣✉r❡s ✶✽ ✲ ✷✸✳

❋✐❣✉r❡ ✶✽✿ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✿ λ = 0

✸✾



❋✐❣✉r❡ ✶✾✿ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✿ λ = 0.5

❋✐❣✉r❡ ✷✵✿ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✿ λ = 1

✹✵



❋✐❣✉r❡ ✷✶✿ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✿ λ = 0

❋✐❣✉r❡ ✷✷✿ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✿ λ = 0.5

✹✶



❋✐❣✉r❡ ✷✸✿ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥✿ λ = 1

❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❛♥❞ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥

✇❡r❡ ✐♥s♣❡❝t❡❞ ✇✐t❤ st❛t✐st✐❝❛❧ t❡sts✳ ❋♦r t❤❡s❡ t❡st t❤❡ str✉❝t✉r❡ ♦❢ t♦♣ ✶✵✵

♠♦st ✐♠♣♦rt❛♥t ❛r❝s ✇❛s ✉s❡❞ t♦ ❛♥❛❧②s❡ ✇❤❡t❤❡r t❤❡ t②♣❡ ♦❢ s❝❛❧❛r✐③❛t✐♦♥

✉s❡❞ ❤❛s st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥❣❡ ✐♠♣❛❝t ♦♥ t❤❡ r❡s✉❧ts✳ ❚♦ ♠❡❛s✉r❡ t❤❡

❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ❞✐str✐❜✉t✐♦♥ ♦♥❡ ❝❛♥ ✉s❡ ❡✐t❤❡r ❙t✉❞❡♥t✬s t✲t❡st ♦r ❲✐❧❝♦①♦♥

s✐❣♥❡❞✲r❛♥❦ t❡st✳ ❙t✉❞❡♥t✬s t✲t❡st ♥❡❡❞s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ❞❛t❛ t♦ ❜❡ ✉s❡❞✳

❆s t❤❡ ✉s❡❞ ❞❛t❛ ❝♦♥s✐sts ♦❢ ♦♥❧② ✶✵✵✵ ❛r❝s ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❛ss✉♠❡ t❤❛t

t❤❡ ❞❛t❛ ✇❛s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✳ ❚❤✐s ✐s ✇❤② ❲✐❧❝♦①♦♥ t❡st ✇❛s s❡❧❡❝t❡❞

❛s t❤❡ st❛t✐st✐❝❛❧ t❡st ✉s❡❞✳ ❚❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐♥ ❲✐❧❝♦①♦♥ t❡st ❛ss✉♠❡s

t❤❛t t❤❡ ♠❡❞✐❛♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ❞❛t❛♣♦✐♥ts ✐s ③❡r♦✳ ❬✶✷❪✳ ❚❤❡

t❡sts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❘ st❛t✐st✐❝❛❧ s♦❢t✇❛r❡✳

❚❤❡ t❡st ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❜② ❢♦r♠✐♥❣ t❛❜❧❡s ✸✼ ❛♥❞ ✸✽ t❤❛t s✉♠♠❡❞ ✉♣ t❤❡

♦❝❝✉rr❡♥❝❡ ♦❢ ❡❛❝❤ r♦❛❞t②♣❡ ✇✐t❤ ❡❛❝❤ λ ✈❛❧✉❡✳ ❲✐❧❝♦①♦♥ t❡st ✇❛s ❡①❡❝✉t❡❞

❢♦r ❡❛❝❤ λ t♦ ❝❤❡❝❦ ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t r♦❛❞ t②♣❡s ✐s

st❛t✐t✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ♦r ♥♦t✳ ❚❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ α ✐s ✵✳✵✺✳ ❚❛❜❧❡ ✺ s❤♦✇s

t❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ t❡sts✳

❱❛r✐❛♥❝❡ ❛♥❞ ♠❡❛♥ ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❘✬s ❜✉✐❧❞ ✐♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡

s❛♠♣❧❡ ✈❛r✐❛♥❝❡ s2 ✐s ❝❛❧❝✉❧❛t❡❞ ❛s

✹✷



s2 =

n
∑

i=1

(xi − x)2

n− 1
✱ ✇❤❡r❡ x ✐s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❞❛t❛♣♦✐♥ts✳ ✭✶✶✮

❚❤❡ ♠❡❛♥ x ✐s ❝❛❧❝✉❧❛t❡❞ ❛s

x =

n
∑

i=1

xi

n
. ✭✶✷✮

λ
❙❛♠♣❧❡ ▼❡❛♥

❧✐♥❡❛r

❙❛♠♣❧❡ ❱❛r✐❛♥❝❡

❧✐♥❡❛r

❙❛♠♣❧❡ ▼❡❛♥

❈❤❡❜②s❤❡✈

❙❛♠♣❧❡ ❱❛r✐❛♥❝❡

❈❤❡❜②s❤❡✈

❲✐❧❝♦①♦♥✲t❡st

♣✲✈❛❧✉❡

✵✳✵ ✺✵ ✶✹✹✸✵✳✼✹ ✺✵ ✶✹✹✸✵✳✼✹ ◆❛◆

✵✳✶ ✺✵ ✶✾✼✾✻✳✾✺ ✺✵ ✶✹✽✷✸✳✶✻ ✵✳✶✾✵✻

✵✳✷ ✺✵ ✹✺✷✵✹✳✶✶ ✺✵ ✶✹✾✷✽✳✶✶ ✵✳✶✵✾

✵✳✸ ✺✵ ✹✽✵✷✸✳✽✾ ✺✵ ✶✹✼✶✵✳✷✶ ✵✳✶✷✺✽

✵✳✹ ✺✵ ✹✽✸✸✺✳✶✻ ✺✵ ✶✹✸✵✻✳✷✶ ✵✳✶✻✼✶

✵✳✺ ✺✵ ✹✽✸✸✼✳✷✻ ✺✵ ✼✺✻✷✳✹✷✶ ✵✳✵✶✶✹✷

✵✳✻ ✺✵ ✹✻✺✷✾✳✻✽ ✺✵ ✶✻✺✺✷✳✹✷ ✵✳✶✷✸✷

✵✳✼ ✺✵ ✹✵✶✷✽✳✹✷ ✺✵ ✶✺✹✻✷✳✷✶ ✵✳✶✷✸✷

✵✳✽ ✺✵ ✷✻✹✼✷✳✽✹ ✺✵ ✶✹✹✷✺✳✻✽ ✵✳✶✷✸✺

✵✳✾ ✺✵ ✶✾✽✷✷✳✽✹ ✺✵ ✶✹✷✹✺✳✶✻ ✵✳✶✷✸✷

✶✳✵ ✺✵ ✶✺✵✺✶✳✷✻ ✺✵ ✶✺✵✺✶✳✷✻ ◆❛◆

❚❛❜❧❡ ✺✿ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s

❲✐t❤ λ = 0 ❛♥❞ λ = 1 ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ❛♥❞ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥

♣r♦❞✉❝❡ ✐❞❡♥t✐❝❛❧ ❛r❝ ✇❡✐❣❤ts ❛♥❞ t❤✉s t❤❡ s❡t ♦❢ t♦♣ ✶✵✵ ❛r❝s ❛r❡ ✐❞❡♥t✐❝❛❧✳

❋r♦♠ ♦t❤❡r ✈❛❧✉❡ ♦♥❧② ✇✐t❤ λ = 0.5 t❤❡ ❞✐✛❡r❡♥❝❡ ✐s st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✳

❲✐t❤ ❡✈❡r② ♦t❤❡r λ ✈❛❧✉❡ t❤❡ ♣✲✈❛❧✉❡ ✐s ❧❡ss t❤❛♥ ✵✳✷ t❤✐s ✐s st✐❧❧ ❤✐❣❤❡r t❤❛♥

t❤❡ ✉s❡❞ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧✳

❚❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ❛♥❞ ❲✐❧❝♦①♦♥ t❡sts s✉❣❣❡st t❤❛t t❤❡ s❝❛❧❛r✐③❛t✐♦♥

♠❡t❤♦❞ ❞♦❡s ♥♦t ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ r❡s✉❧ts✳ ❍♦✇❡✈❡r t❤❡r❡

✇❡r❡ ❧❡ss ❝②❝❧❡✇❛②s ❛♠♦♥❣ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛r❝s ✇❤❡♥ ✉s✐♥❣ ❈❤❡❜②s❤❡✈

s❝❛❧❛r✐③❛t✐♦♥✳ ❖♥❡ r❡❛s♦♥ ❢♦r t❤✐s ♠✐❣❤t ❜❡ t❤❡ ❢❛❝t t❤❛t ✐♥ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✲

✐③❛t✐♦♥ t❤❡ ❧❡ss❡r ♦❢ t❤❡ t✇♦ ❛ttr✐❜✉t❡s ❞♦❡s ♥♦t ❤❛✈❡ ❛s ❜✐❣ ✐♠♣❛❝t ♦♥ t❤❡

✹✸



t♦t❛❧ ❝♦st ❛s ✐♥ t❤❡ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✳ ❚❤❡ ❛r❝ ❢❛❝t♦rs ✇✐t❤ λ ∈ [0, 1] ❛r❡ ✈✐✲

s✉❛❧✐③❡❞ ✐♥ ✜❣✉r❡s ✷✹ ❛♥❞ ✷✺✳ ❚❤❡ r❡❞ ❝✉r✈❡ ✐s t❤❡ ❢❛❝t♦r ♦❢ ❝②❝❧❡✇❛②s ❛♥❞ ❛❧❧

t❤❡ ♦t❤❡r r♦❛❞t②♣❡s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❣r❛②✳ ❋r♦♠ t❤❡s❡ ✜❣✉r❡s ✐t ❝❛♥ ❜❡ s❡❡♥

t❤❛t ✇❤❡♥ ✉s✐♥❣ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✱ ❝②❝❧❡✇❛②s ❤❛✈❡ t❤❡ ❤✐❣❤❡st ❛r❝ ❢❛❝t♦r

✇✐t❤ ❛❧❧ t❤❡ λ ∈ (0, 1)✳ ❍♦✇❡✈❡r ✇✐t❤ ❈❤❡❜②s❤❡✈ s❝❛❧❛r✐③❛t✐♦♥ ♠✉❧t✐❜❧❡ r♦❛❞

t②♣❡s s❤❛r❡ t❤❡ s❛♠❡ ❛r❝ ❢❛❝t♦r ②✐❡❧❞✐♥❣ t♦ s✐t✉❛t✐♦♥ ✇❤❡r❡ ♥♦ r♦❛❞ t②♣❡ ❤❛s

s✉♣❡r✐♦r ❛r❝ ❢❛❝t♦r ✇✐t❤ ❛♥② λ ✈❛❧✉❡✳

✹✹





✻✳✺ P❡r❢♦r♠❛♥❝❡

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s

♦♥ ❡❛❝❤ ❞❛t❛s❡t ✇❤❡♥ ✉s✐♥❣ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s

❛♥❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r ❡❛❝❤ λ✲✈❛❧✉❡ ✇❛s s❛✈❡❞✳ ❚❛❜❧❡ ✻ s❤♦✇s t❤❡ ❛✈❡r❛❣❡

♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ ❛✈❡r❛❣❡ t✐♠❡ ♦✈❡r ❛❧❧ λ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ❞❛t❛s❡t✳

❉❛t❛ ❆✈❡r❛❣❡ ✐t❡r❛t✐♦♥s ❆✈❡r❛❣❡ t✐♠❡ ✭s✮

❍❡❧s✐♥❦✐ ✶✹✼ ✽✶✳✺

❊s♣♦♦ ✶✸✷ ✺✶✳✷

❚❛♠♣❡r❡ ✶✹✾ ✻✷✳✾

❱❛♥t❛❛ ✶✸✻ ✶✵✵✳✸

❖✉❧✉ ✶✹✻ ✻✵✳✷

❚✉r❦✉ ✶✹✾ ✻✵✳✻

❏②✈äs❦②❧ä ✶✸✸ ✸✻✳✻

❑✉♦♣✐♦ ✶✸✶ ✷✵✳✼

▲❛❤t✐ ✶✸✶ ✷✶✳✸

P♦r✐ ✶✹✹ ✶✹✳✷

❚❛❜❧❡ ✻✿ P❡r❢♦r♠❛♥❝❡ ✇✐t❤ ❞❛t❛s❡t

❆s ❛ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ P❛❣❡❘❛♥❦ ❞✐✛❡r❡♥❝❡ ❜❡✲

t✇❡❡♥ ✐t❡r❛t✐♦♥s ✇❛s ✉s❡❞✳ ❚❤✐s ✇❛s ❞♦♥❡ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♥❡✇ r❛♥❦ t♦

t❤❡ ♦♥❡ ❝❛❧❝✉❧❛t❡❞ ♦♥ ♣r❡✈✐♦✉s r♦✉♥❞✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✇❛s s✉♠♠❡❞ ♦✈❡r ❛❧❧

✈❡rt✐❝❡s ❛♥❞ s❛✈❡❞ ❛s ❛ s✐♥❣❧❡ ✢♦❛t✐♥❣ ♥✉♠❜❡r✳ ■❢ t❤✐s t♦t❛❧ s✉♠ ✐s s♠❛❧❧❡r

t❤❛♥ ε✱ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ t❡r♠✐♥❛t❡✳ ■♥ t❤✐s t❤❡s✐s ✈❛❧✉❡ ε = 10−10 ✇❛s

✉s❡❞✳

❆♥❛❧②s✐♥❣ t❤❡ ♣❡r❢♦♠❛♥❝❡ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢✉rt❤❡r r❡✈❡❛❧s t❤❛t t❤❡

♣❡r❢♦r♠❛♥❝❡ s❡❡♠s t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ✉s❡❞ λ ✈❛❧✉❡✳ ❋✐❣✉r❡s ✷✻ ❛♥❞ ✷✼ ✈✐s✉❛❧✐③❡

t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❞✐✛❡r❡♥t λ ✈❛❧✉❡s✳ ❚❤❡ t❤✐❝❦ ❧✐♥❡ s❤♦✇s

t❤❡ ♠❡❞✐❛♥ ♦❢ t❤❡ ❞❛t❛✳ ❇♦r❞❡rs ♦❢ t❤❡ ❜♦① s❤♦✇ ✜rst ❛♥❞ t❤✐r❞ q✉❛rt✐❧❡ ❛♥❞

❤♦r✐③♦♥t❛❧ ❧✐♥❡s ♠❛r❦ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ❞❛t❛ ❡①❧✉❞✐♥❣

♦✉t❧✐❡rs✳ ❖✉t❧✐❡rs ❛r❡ ✈✐s✉❛❧✐s❡❞ ✇✐t❤ ❛ ❝✐r❝❧❡✳ ■t s❡❡♠s t❤❛t ✇✐t❤ λ ❝❧♦s❡ t♦

♦♥❡ ♦❢ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ✈❛❧✉❡ r❛♥❣❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❛♥❞ t❤✉s

t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ❣❡ts ❤✐❣❤❡r✳

✹✻



❋✐❣✉r❡ ✷✻✿ P❡r❢♦r♠❛♥❝❡ ✲ ✐t❡r❛t✐♦♥s

❋✐❣✉r❡ ✷✼✿ P❡r❢♦r♠❛♥❝❡ ✲ r✉♥♥✐♥❣ t✐♠❡

✹✼



✼ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s t❤❡s✐s t❤❡ t❤❡♦r② ❜❡❤✐♥❞ ▼❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ❞❡❝✐✲

s✐♦♥ ♠❛❦✐♥❣ ✇❛s ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❝♦♠❜✐♥❡❞ ✐♥t♦ ❛♥ ✐♠♣❧❡♠❡♥t❛❜❧❡ P❛r❡t♦✲

P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ♠♦❞✐✜❡❞ ✇❡✐❣❤t❡❞ P❛❣❡❘❛♥❦ ❛❧✲

❣♦r✐t❤♠ ✇❛s ❝♦✈❡r❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ❡❧❡♠❡♥ts t♦ t❤❡ tr❛❞✐t✐♦♥❛❧ P❛❣❡❘✲

❛♥❦ ♦♥❡ ❜② ♦♥❡✳ ❆s ❛ r❡s✉❧ts✱ ❛ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ t♦♦❧ ✇❛s

✐♥tr♦❞✉❝❡❞ ❛s ❛ ♣s❡✉❞♦❝♦❞❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❡①❡❝✉t❛❜❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❛s

❝r❡❛t❡❞ ✇✐t❤ P②t❤♦♥ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✇❛s t❡st❡❞ ♦♥ r❡❛❧ ✇♦r❧❞ ❞❛t❛✳ ❊✈❡♥

t❤♦✉❣❤ t❤❡ ❛♠♦✉♥t ♦❢ ♦♣❡♥❧② ❛✈❛✐❧❛❜❧❡ ❛♥❞ s✉✐t❛❜❧❡ r❡❛❧ ✇♦r❧❞ ❞❛t❛ ✇❛s ❧✐♠✲

✐t❡❞✱ t❤❡ t❡sts ❞❡♠♦♥str❛t❡❞ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥ ❛ ❜✐❞✐♠❡♥s✐♦♥❛❧

❝❛s❡✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ t❡sts ✇❡r❡ q✉✐t❡ ✐♥t✉✐t✐✈❡✳ ❆r❝s ✇✐t❤ ❤✐❣❤ ✈❛❧✉❡ ♦♥ ❜♦t❤

✉s❡❞ ❛ttr✐❜✉t❡s s❡❡♠❡❞ t♦ ❜❡ ✐♠♣♦rt❛♥t ♦♥ ❧❛r❣❡ ♣❛rt ♦❢ t❤❡ P❛r❡t♦✲❢r♦♥t✐❡r

✇❤✐❧❡ t❤❡✐r ♣♦s✐t✐♦♥ ♦♥ ❣r❛♣❤ ❛❧s♦ ❛✛❡❝t❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ t❤r♦✉❣❤ t❤❡ ♥❛t✉r❡

♦❢ tr❛❞✐t✐♦♥❛❧ P❛❣❡❘❛♥❦✳ ❖♥ t❤❡ t❡st ❝❛s❡s t❤❡ P❛r❡t♦✲P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠

❞✐❞ ♥♦t s❡❡♠ t♦ r❡✈❡❛❧ ❛♥②t❤✐♥❣ ❡①tr❛♦r❞✐♥❛❧② ✐♥❢♦r♠❛t✐♦♥✱ r❡❣❛r❞❧❡ss ♦❢ t❤❛t

P❛r❡t♦✲P❛❣❡❘❛♥❦ ✐s ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ❤❛s ❛ ❣♦♦❞ ❡♥♦✉❣❤ ♣❡r❢♦r♠❛♥❝❡

✇✐t❤ ❧♦✇ ♥✉♠❜❡r ♦❢ ❛ttr✐❜✉t❡s✳ ❆❧♦♥❣s✐❞❡ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥✱ ❈❤❡❜②s❤❡✈

s❝❛❧❛r✐③❛t✐♦♥ ✇❛s ✉s❡❞ ❛s ❛ ❝♦♠♣❛r✐s✐♦♥✳ ❚❤❡ r❡s✉❧ts s❤♦✇❡❞ s♦♠❡ ❞✐✛❡r❡♥❝❡s

❜✉t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ ♥♦ ♣♦✐♥t ♦✉t ❛ s✉♣❡r✐♦r ♠❡t❤♦❞✳ ■t ✇❛s s❤♦✇♥ t❤❛t ❜♦t❤

♠❡t❤♦❞s ❛r❡ ✈❛❧✐❞ ♦♣t✐♦♥s ❛♥❞ t❤✉s t❤❡ ✉s❡❞ ♠❡t❤♦❞ ❝❛♥ ✈❛r② ✐♥ ❞✐✛❡r❡♥t

✉s❡ ❝❛s❡s✳

❋♦r ❛❧❣♦r✐t❤♠ t♦ ❜❡ ✉s❛❜❧❡ ♦♥ r❡❛❧ ✇♦r❧❞ s❝❡♥❛r✐♦s t❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t②

♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♠✉st ❜❡ ❣♦♦❞ ❡♥♦✉❣❤✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✺ t❤❡ t✐♠❡

❝♦♠♣❧❡①✐t② ♦❢ t❤❡ P❛r❡t♦✲P❛❣❡❘❛♥❦ ✐s O((|V |2)|L|−1)✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡

r❡❛❧ ❡①❡❝✉t✐♦♥ ❞❡♣❡♥❞s ♥♦t ♦♥❧② ♦♥ t❤❡ ❛❧❣♦r✐t❤♠ ❜✉t ❛❧s♦ ♦♥ t❤❡ ✐♠♣❧❡♠❡♥✲

t❛t✐♦♥✳ ❚❤❡ ❛✉t❤♦r ♦❢ t❤✐s t❤❡s✐s ❤❛s s♦♠❡ ❡①♣❡r✐❡♥❝❡ ♦♥ ❝♦❞✐♥❣ ❜✉t t❤❡ ♠❛✐♥

✜❡❧❞ ♦❢ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✳ ❆ ♠♦r❡ ♦♣t✐♠✐③❡❞ ❝♦❞❡ ❝♦✉❧❞

❧❡❛❞ t♦ ❢❛st❡r ❡①❡❝✉t✐♦♥ ❜✉t t❤❡ ❛❧❣♦r✐t❤♠ ✐s s✐♠♣❧❡ ❡♥♦✉❣❤t t❤❛t ❡✈❡♥ ✇✐t❤

♠♦❞❡r❛t❡ ❡①♣❡r✐❡♥❝❡ ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ ✐♠♣❧❡♠❡♥t ❛ ✇♦r❦✐♥❣ s♦❧✉t✐♦♥ ✇✐t❤

❞❡❝❡♥t ♣❡r❢♦r♠❛♥❝❡✳

✹✽



❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❇❛❣✐r♦✈✱ ◆✳ ❑❛r♠✐ts❛✱ ▼✳ ▼ä❦❡❧ä✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ◆♦♥s♠♦♦t❤ ❖♣t✐✲

♠✐③❛t✐♦♥✿ ❚❤❡♦r②✱ Pr❛❝t✐❝❡ ❛♥❞ ❙♦❢t✇❛r❡✳ ❙♣r✐♥❣❡r✳ ✷✵✶✹✳

❬✷❪ ◆✳ ❇✐❣❣s✱ ❊✳ ▲❧♦②❞✱ ❘✳ ❲✐❧s♦♥✿ ●r❛♣❤ ❚❤❡♦r② ✶✼✸✻✲✶✾✸✻✳ ❖①❢♦r❞ ❯♥✐✲

✈❡rs✐t② Pr❡ss✳ ✶✾✼✻✳

❬✸❪ ❆✳ ❈❛r❞✐❧❧♦✱ ❙✳ ❙❝❡❧❧❛t♦✱ ❱✳ ▲❛t♦r❛✱ ❙✳ P♦rt❛✿ ❙tr✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢

♣❧❛♥❛r ❣r❛♣❤s ♦❢ ✉r❜❛♥ str❡❡t ♣❛tt❡r♥s✳ P❤②s✐❝❛❧ ❘❡✈✐❡s ❊ ✼✸✱ ✵✻✻✶✵✼✳

✷✵✵✻✳

❬✹❪ ❏✳ ❈❤❛♥✱ ❑✳ ❚❡❦♥♦♠♦✿ ❍✉❜ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ▼❡tr♦ ▼❛♥✐❧❛ ❘♦❛❞

◆❡t✇♦r❦ ❯s✐♥❣ P❛❣❡❘❛♥❦✳ ❆❨❘❋✶✺✲✵✶✺✱ ✷✵✶✺✳

❬✺❪ ❨✳ ❈♦❧❧❡tt❡✱ P✳ ❙✐❛rr②✿ ▼✉❧t✐♦❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥✿ Pr✐♥❝✐♣❧❡s ❛♥❞ ❈❛s❡

❙t✉❞✐❡s✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫ ❇✉s✐♥❡ss ▼❡❞✐❛✳ ✷✵✶✸✳

❬✻❪ P✳ ●❛❣♥✐✉❝✿ ▼❛r❦♦✈ ❈❤❛✐♥s✿ ❋r♦♠ ❚❤❡♦r② t♦ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①✲

♣❡r✐♠❡♥t❛t✐♦♥✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝♦r♣♦r❛t❡❞✳ ✷✵✶✼✳

❬✼❪ ❲✳ ❍❛♠✐❧t♦♥✱ ❘✳ ❨✐♥❣✱ ❏✳ ▲❡s❦♦✈❡❝✿ ■♥❞✉❝t✐✈❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ▲❡❛r♥✐♥❣

♦♥ ▲❛r❣❡ ●r❛♣❤s✳ ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t②✳

✷✵✶✽✳

❬✽❪ ❏✳ ❍❡✐❞❡♠❛♥♥✱ ▼✳ ❑❧✐❡r✱ ❋✳ Pr♦❜st✿ ■❞❡♥t✐❢②✐♥❣ ❑❡② ❯s❡rs ✐♥ ❖♥❧✐♥❡

❙♦❝✐❛❧ ◆❡t✇♦r❦s✿ ❆ P❛❣❡❘❛♥❦ ❇❛s❡❞ ❆♣♣r♦❛❝❤✳ ■❈■❙ ✷✵✶✵ Pr♦❝❡❡❞✐♥❣s✱

✼✾✳ ✷✵✶✵✳

❬✾❪ ❚✳ ❏❡♣s❡♥✱ ❈✳ ❏❡♥s❡♥✱ ❚✳ ❉②❤r❡✱ ❑✳ ❚♦r♣✿ ❖♥ ◆❡t✇♦r❦ ❊♠❜❡❞❞✐♥❣ ❢♦r

▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ♦♥ ❘♦❛❞ ◆❡t✇♦r❦s✿ ❆ ❈❛s❡ ❙t✉❞② ♦♥ t❤❡ ❉❛♥✐s❤ ❘♦❛❞

◆❡t✇♦r❦✳ ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❆❛❧❜♦r❣ ❯♥✐✈❡rs✐t②✳ ✷✵✶✾✳

❬✶✵❪ ▼✳ ❑❛s✿ ❙tr✉❝t✉r❡s ❛♥❞ ❙t❛t✐st✐❝s ♦❢ ❈✐t❛t✐♦♥ ◆❡t✇♦r❦s✱ ❙✉❜♠✐tt❡❞ ✐♥

♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ ▼❛st❡r ♦❢ ❙❝✐❡♥❝❡

✐♥ ❊❧❡❝tr✐❝❛❧ ❛♥❞ ❈♦♠♣✉t❡r ❊♥❣✐♥❡❡r✐♥❣✳ ✷✵✶✶✳

✹✾



❬✶✶❪ ❏✳ ❑♦s❦✐✿ ❉❡❢❡❝t✐✈❡♥❡ss ♦❢ ✇❡✐❣❤t✐♥❣ ♠❡t❤♦❞ ✐♥ ♠✉❧t✐❝r✐t❡r✐♦♥ ♦♣t✐♠✐③❛✲

t✐♦♥ ♦❢ str✉❝t✉r❡s✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❆♣♣❧✐❡❞ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s✱ ❱♦❧✳

✶✱ ♣♣✳ ✸✸✸✲✸✸✼✳ ✶✾✽✺✳

❬✶✷❪ ❏✳ ❍✳ ▼❝❉♦♥❛❧❞✿ ❍❛♥❞❜♦♦❦ ♦❢ ❇✐♦❧♦❣✐❝❛❧ ❙t❛t✐st✐❝s ✭✸r❞ ❡❞✳✮✳ ❙♣❡r❦②

❍♦✉s❡ P✉❜❧✐s❤✐♥❣✳ ✷✵✶✹✳

❬✶✸❪ ❑✳ ▼✐❡tt✐♥❡♥✿ ◆♦♥❧✐♥❡❛r ▼✉❧t✐♦❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥✳ ❙♣r✐♥❣❡r✳ ✶✾✾✽✳

❬✶✹❪ ❙✳ P♦rt❛✱ P✳ ❈r✉❝✐tt✐✱ ❱✳ ▲❛t♦r❛✿ ❚❤❡ ◆❡t✇♦r❦ ❆♥❛❧②s✐s ♦❢ ❯r❜❛♥ ❙tr❡❡ts✿

❆ ❉✉❛❧ ❆♣♣r♦❛❝❤ P❤②s✐❝❛ ❆✳ ❙t❛t✐st✐❝❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✳✱

❱♦❧✳ ✸✻✾✱ ■ss✳ ✷✱ ♣♣✳ ✽✺✸✲✽✻✻✳ ✷✵✵✻✳

❬✶✺❪ ❳✳ Pr❛ts✱ ❱✳ P✉✐❣✱ ❏✳ ◗✉✐✈❡❞♦✱ ❋✳ ◆❡❥❥❛r✐✿ ▲❡①✐❝♦❣r❛♣❤✐❝ ♦♣t✐♠✐③❛t✐♦♥

❢♦r ♦♣t✐♠❛❧ ❞❡♣❛rt✉r❡ ❛✐r❝r❛❢t tr❛❥❡❝t♦r✐❡s✳ ❆❡r♦s♣❛❝❡ ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤✲

♥♦❧♦❣② ❱♦❧✳ ✶✹✱ ♣♣✳ ✷✻✲✸✼✳ ✷✵✶✵✳

❬✶✻❪ ❆✳ P✉♥❦❦❛✿ ▼❙✲❊✷✶✸✹✲ ❉❡❝✐s✐♦♥ ▼❛❦✐♥❣ ❛♥❞ Pr♦❜❧❡♠ ❙♦❧✈✐♥❣ ❉✳ ▲❡❝✲

t✉r❡ s❧✐❞❡s✳ ❆❛❧t♦ ❯♥✐✈❡rs✐t②✳ ✷✵✷✶✳

❬✶✼❪ ❋✳ ❘✐♠❜❛❝❤✱ ▼✳ ❉❛♥♥❡♥❜❡r❣✱ ❯✳ ❇❧❡✐♠❛♥♥✿ P❛❣❡ r❛♥❦✐♥❣ ❛♥❞ t♦♣✐❝✲

s❡♥s✐t✐✈❡ ♣❛❣❡ r❛♥❦✐♥❣✿ ♠✐❝r♦✲❝❤❛♥❣❡s ❛♥❞ ♠❛❝r♦✲✐♥♣❛❝t✳ ■♥t❡r♥❡t ❘❡✲

s❡❛r❝❤ ❱♦❧✳ ✶✼ ◆♦✳ ✶✳ ✷✵✵✼✳

❬✶✽❪ ❯✳ ❙❡♥❛♥❛②❛❦❡✱ ▼✳ P✐r❛✈❡❡♥❛♥✱ ❆✳ ❩♦♠❛②❛✿ ❚❤❡ P❛❣❡r❛♥❦✲■♥❞❡①✿ ●♦✐♥❣

❜❡②♦♥❞ ❈✐t❛t✐♦♥ ❈♦✉♥ts ✐♥ ◗✉❛♥t✐❢②✐♥❣ ❙❝✐❡♥t✐✜❝ ■♠♣❛❝t ♦❢ ❘❡s❡❛r❝❤❡rs✱

P▲♦❙ ❖◆❊ ✶✵✭✽✮✿ ❡✵✶✸✹✼✾✹✳ ✷✵✶✺✳

❬✶✾❪ P✳ ❙♦❤♦✉❡♥♦✉✱ P✳ ❈❤r✐st✐❞✐s✱ ❆✳ ❈❤r✐st♦❞♦✉❧♦✉✱ ▲✳ ◆❡✈❡s✱ ❉✳ Pr❡st✐✿ ❯s✲

✐♥❣ ❛ r❛♥❣♦♠ r♦❛❞ ❣r❛♣❤ ♠♦❞❡❧ t♦ ✉♥❞❡rst❛♥❞ r♦❛❞ ♥❡t✇♦r❦s r♦❜✉st♥❡ss

t♦ ❧✐♥❦ ❢❛✐❧✉r❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈r✐t✐❝❛❧ ■♥❢r❛str✉❝t✉r❡ Pr♦t❡❝✲

t✐♦♥✱ ❱♦❧✳ ✷✾✳ ✷✵✷✵✳

❬✷✵❪ ▼✳ ❚❛②❧♦r✱ ❙✳ ❙❡❦❤❛r✱ ●✳ ❉✬❊st❡✿ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❆❝❝❡ss✐❜✐❧✐t② ❇❛s❡❞

▼❡t❤♦❞s ❢♦r ❱✉❧♥❡r❛❜✐❧✐t② ❆♥❛❧②s✐s ♦❢ ❙tr❛t❡❣✐❝ ❘♦❛❞ ◆❡t✇♦r❦s✳ ❙♣r✐♥❣❡r

❙❝✐❡♥❝❡✳ ✷✵✵✻✳

✺✵



❬✷✶❪ ❖✳ ❚✉❤❦❛♥❡♥✿ P❛r❡t♦✲P❛❣❡❘❛♥❦ t❤❡s✐s✿ ✜❧❡s ❛♥❞ ❝♦❞❡s ♦♥ ●✐t▲❛❜✳

❤tt♣s✿✴✴❣✐t❧❛❜✳✉t✉✳✜✴♦❡t✉❤❦✴❣r❛❞✉✳✶

❬✷✷❪ ❙✳ ❲❛♥❣✿ ❘❛♥❦✐♥❣ ❚❤❡ ❇❡st ❯❋❈ ❋✐❣❤t❡rs ❯s✐♥❣ P❛❣❡❘❛♥❦ ❛♥❞ ◆❡♦✹❥✳

❤tt♣s✿✴✴t♦✇❛r❞s❞❛t❛s❝✐❡♥❝❡✳❝♦♠✴r❛♥❦✐♥❣✲t❤❡✲❜❡st✲✉❢❝✲✜❣❤t❡rs✲✉s✐♥❣✲

♣❛❣❡r❛♥❦✲❛♥❞✲♥❡♦✹❥✲✺✸✽✺✽✵✺❜✹✺✶✺✳✶

❬✷✸❪ ❲✳ ❳✐♥❣✱ ❆✳ ●❤♦r❜❛♥✐✿ ❲❡✐❣❤t❡❞ P❛❣❡❘❛♥❦ ❆❧❣♦r✐t❤♠✳ ❙❡❝♦♥❞ ❆♥♥✉❛❧

❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s ❛♥❞ ❙❡r✈✐❝❡s ❘❡s❡❛r❝❤✳ ♣♣✳ ✸✵✺✲

✸✶✹✳ ✷✵✵✹✳

❬✷✹❪ ❈✳ ❩❤❛♦✱ ◆✳ ▲✐✱ ❉✳ ❋❛♥❣✿ ❈r✐t✐❝❛❧✐t② ❛ss❡ss♠❡♥t ♦❢ ✉r❜❛♥ ✐♥t❡r❞❡♣❡♥✲

❞❡♥t ❧✐❢❡❧✐♥❡ s②st❡♠s ✉s✐♥❣ ❜✐❛s❡❞ P❛❣❡❘❛♥❦ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛ ♠✉❧t✐❧❛②❡r

✇❡✐❣❤t❡❞ ❞✐r❡❝t❡❞ ♥❡t✇♦r❦ ♠♦❞❡❧✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈r✐t✐❝❛❧ ■♥❢r❛s✲

tr✉❝t✉r❡ Pr♦t❡❝t✐♦♥✱ ❱♦❧✳ ✷✷✱ ♣♣✳ ✶✵✵✲✶✶✷✳ ✷✵✶✽✳

❬✷✺❪ ❤tt♣s✿✴✴✇✇✇✳♦♣❡♥str❡❡t♠❛♣✳♦r❣✳✶

❬✷✻❪ ❤tt♣s✿✴✴✇✐❦✐✳♦♣❡♥str❡❡t♠❛♣✳♦r❣✴✇✐❦✐✴❑❡②✿❤✐❣❤✇❛②✳✶

❬✷✼❪ ❤tt♣s✿✴✴❣❡♦❥s♦♥✳✐♦✳✶

❬✷✽❪ ❤tt♣s✿✴✴s❡❛❜♦r♥✳♣②❞❛t❛✳♦r❣✴t✉t♦r✐❛❧✴❝♦❧♦r❴♣❛❧❡tt❡s✳❤t♠❧✳✶

❬✷✾❪ ❤tt♣s✿✴✴✇✇✇✳❦✉♥t❛❧✐✐tt♦✳✜✴t✐❡t♦t✉♦tt❡❡t✲❥❛✲♣❛❧✈❡❧✉t✴❦❛✉♣✉♥❦✐❡♥✲❥❛✲

❦✉♥t✐❡♥✲❧✉❦✉♠❛❛r❛t✲❥❛✲✈❛❡st♦t✐❡❞♦t✳✶

✶❱✐s✐t❡❞ ✶✸✳✼✳✷✵✷✷

✺✶



❆ ❉❛t❛ t❛❜❧❡s

❆✳✶ ❉❛t❛ ✲ ❍❡❧s✐♥❦✐

❚❤❡r❡ ❛r❡ ✾✶✺✹✷ ✈❡rt✐❝❡s ❛♥❞ ✷✹✽✷✶✶ ❛r❝s ✐♥ t❤❡ ❍❡❧s✐♥❦✐ ✲t❡st ❞❛t❛✳ ❚❤❡

❛✈❡r❛❣❡ ❞❡❣r❡❡ ♦❢ ❛ ✈❡rt❡① ✐s ✷✳✼✶✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 139

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 179

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 1799

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 3001

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 5049

✉♥❝❧❛ss✐✜❡❞ 4300

r❡s✐❞❡♥t✐❛❧ 18855

❧✐✈✐♥❣❴str❡❡t 761

s❡r✈✐❝❡ 35814

s❡r✈✐❝❡s 6

❝②❝❧❡✇❛② 28091

♣❡❞❡str✐❛♥ 7517

tr❛❝❦ 1186

❢♦♦t✇❛② 117035

❜r✐❞❧❡✇❛② 162

st❡♣s 9605

❝♦rr✐❞♦r 252

♣❛t❤ 12882

♣❧❛t❢♦r♠ 1578

❚❛❜❧❡ ✼✿ ❉❛t❛ ✲ ❍❡❧s✐♥❦✐

✺✷



❆✳✷ ❉❛t❛ ✲ ❊s♣♦♦

❚❤❡r❡ ❛r❡ ✻✹✸✷✸ ✈❡rt✐❝❡s ❛♥❞ ✶✻✽✹✻✶ ❛r❝s ✐♥ t❤❡ ❊s♣♦♦ ✲t❡st ❞❛t❛✳ ❚❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐s ✷✳✻✷✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 212

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 162

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 68

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 3243

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 3861

✉♥❝❧❛ss✐✜❡❞ 1456

r❡s✐❞❡♥t✐❛❧ 25134

❧✐✈✐♥❣❴str❡❡t 356

s❡r✈✐❝❡ 49737

s❡r✈✐❝❡s 8

❝②❝❧❡✇❛② 33242

♣❡❞❡str✐❛♥ 836

tr❛❝❦ 1856

❢♦♦t✇❛② 31239

❜r✐❞❧❡✇❛② 132

st❡♣s 2155

❝♦rr✐❞♦r 126

♣❛t❤ 13900

♣❧❛t❢♦r♠ 724

❜✉s st♦♣ 14

❚❛❜❧❡ ✽✿ ❉❛t❛ ✲ ❊s♣♦♦

✺✸



❆✳✸ ❉❛t❛ ✲ ❚❛♠♣❡r❡

❚❤❡r❡ ❛r❡ ✻✻✵✻✹ ✈❡rt✐❝❡s ❛♥❞ ✶✽✸✾✺✼ ❛r❝s ✐♥ t❤❡ ❚❛♠♣❡r❡ ✲t❡st ❞❛t❛✳ ❚❤❡

❛✈❡r❛❣❡ ❞❡❣r❡❡ ✐s ✷✳✼✽✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 272

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 464

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 597

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 2649

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 6020

✉♥❝❧❛ss✐✜❡❞ 3425

r❡s✐❞❡♥t✐❛❧ 28595

❧✐✈✐♥❣❴str❡❡t 454

s❡r✈✐❝❡ 32804

s❡r✈✐❝❡s 4

❝②❝❧❡✇❛② 34517

♣❡❞❡str✐❛♥ 792

tr❛❝❦ 6046

❢♦♦t✇❛② 23495

❜r✐❞❧❡✇❛② 20

st❡♣s 1018

❝♦rr✐❞♦r 246

♣❛t❤ 42487

♣❧❛t❢♦r♠ 44

❜✉s st♦♣ 6

r❡st ❛r❡❛ 2

❚❛❜❧❡ ✾✿ ❉❛t❛ ✲ ❚❛♠♣❡r❡

✺✹



❆✳✹ ❉❛t❛ ✲ ❱❛♥t❛❛

❚❤❡r❡ ❛r❡ ✶✶✽✵✼✽ ✈❡rt✐❝❡s ❛♥❞ ✸✶✸✸✷✻ ❛r❝s ✐♥ t❤❡ ❱❛♥t❛❛ ✲t❡st ❞❛t❛✳ ❚❤❡

❛✈❡r❛❣❡ ❞❡❣r❡❡ ✐s ✷✳✻✺✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 403

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 527

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 70

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 8523

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 9582

✉♥❝❧❛ss✐✜❡❞ 7821

r❡s✐❞❡♥t✐❛❧ 44513

❧✐✈✐♥❣❴str❡❡t 536

s❡r✈✐❝❡ 75933

s❡r✈✐❝❡s 4

❝②❝❧❡✇❛② 63684

♣❡❞❡str✐❛♥ 1960

tr❛❝❦ 5624

❢♦♦t✇❛② 60542

❜r✐❞❧❡✇❛② 426

st❡♣s 2023

❝♦rr✐❞♦r 2

♣❛t❤ 29245

♣❧❛t❢♦r♠ 1888

❜✉s st♦♣ 0

r❡st ❛r❡❛ 20

❚❛❜❧❡ ✶✵✿ ❉❛t❛ ✲ ❱❛♥t❛❛

✺✺



❆✳✺ ❉❛t❛ ✲ ❖✉❧✉

❚❤❡r❡ ❛r❡ ✻✻✽✽✾ ✈❡rt✐❝❡s ❛♥❞ ✶✼✾✼✺✵ ❛r❝s ✐♥ t❤❡ ❖✉❧✉ ✲t❡st ❞❛t❛✳ ❚❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐s ✷✳✻✾✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 219

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 288

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 0

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 2864

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 6135

✉♥❝❧❛ss✐✜❡❞ 2714

r❡s✐❞❡♥t✐❛❧ 29902

❧✐✈✐♥❣❴str❡❡t 716

s❡r✈✐❝❡ 36068

s❡r✈✐❝❡s 2

❝②❝❧❡✇❛② 35807

♣❡❞❡str✐❛♥ 736

tr❛❝❦ 12950

❢♦♦t✇❛② 30767

❜r✐❞❧❡✇❛② 316

st❡♣s 608

❝♦rr✐❞♦r 180

♣❛t❤ 19236

♣❧❛t❢♦r♠ 222

❜✉s st♦♣ 14

r❡st ❛r❡❛ 6

❚❛❜❧❡ ✶✶✿ ❉❛t❛ ✲ ❖✉❧✉

✺✻



❆✳✻ ❉❛t❛ ✲ ❚✉r❦✉

❚❤❡r❡ ❛r❡ ✻✹✸✾✷ ✈❡rt✐❝❡s ❛♥❞ ✶✼✹✶✽✵ ❛r❝s ✐♥ t❤❡ ❚✉r❦✉ ✲t❡st ❞❛t❛✳ ❚❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐s ✷✳✼✵✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 195

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 530

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 750

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 2563

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 8421

✉♥❝❧❛ss✐✜❡❞ 5173

r❡s✐❞❡♥t✐❛❧ 31386

❧✐✈✐♥❣❴str❡❡t 1000

s❡r✈✐❝❡ 40520

s❡r✈✐❝❡s 24

❝②❝❧❡✇❛② 26113

♣❡❞❡str✐❛♥ 774

tr❛❝❦ 2862

❢♦♦t✇❛② 36422

❜r✐❞❧❡✇❛② 48

st❡♣s 1690

❝♦rr✐❞♦r 232

♣❛t❤ 14719

♣❧❛t❢♦r♠ 748

❜✉s st♦♣ 0

r❡st ❛r❡❛ 10

❚❛❜❧❡ ✶✷✿ ❉❛t❛ ✲ ❚✉r❦✉

✺✼



❆✳✼ ❉❛t❛ ✲ ❏②✈äs❦②❧ä

❚❤❡r❡ ❛r❡ ✹✻✼✶✶ ✈❡rt✐❝❡s ❛♥❞ ✶✷✷✸✻✸ ❛r❝s ✐♥ t❤❡ ❏②✈äs❦②❧ä ✲t❡st ❞❛t❛✳ ❚❤❡

❛✈❡r❛❣❡ ❞❡❣r❡❡ ✐s ✷✳✻✷✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 95

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 657

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 0

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 3665

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 6160

✉♥❝❧❛ss✐✜❡❞ 7263

r❡s✐❞❡♥t✐❛❧ 20310

❧✐✈✐♥❣❴str❡❡t 500

s❡r✈✐❝❡ 23609

s❡r✈✐❝❡s 4

❝②❝❧❡✇❛② 18238

♣❡❞❡str✐❛♥ 1050

tr❛❝❦ 8934

❢♦♦t✇❛② 13314

❜r✐❞❧❡✇❛② 0

st❡♣s 650

❝♦rr✐❞♦r 46

♣❛t❤ 17774

♣❧❛t❢♦r♠ 8

❜✉s st♦♣ 0

r❡st ❛r❡❛ 86

❚❛❜❧❡ ✶✸✿ ❉❛t❛ ✲ ❏②✈äs❦②❧ä

✺✽



❆✳✽ ❉❛t❛ ✲ ❑✉♦♣✐♦

❚❤❡r❡ ❛r❡ ✷✼✶✹✺ ✈❡rt✐❝❡s ❛♥❞ ✼✹✶✷✼ ❛r❝s ✐♥ t❤❡ ❑✉♦♣✐♦ ✲t❡st ❞❛t❛✳ ❚❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐s ✷✳✼✸✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 171

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 88

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 0

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 1283

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 3738

✉♥❝❧❛ss✐✜❡❞ 4121

r❡s✐❞❡♥t✐❛❧ 12021

❧✐✈✐♥❣❴str❡❡t 198

s❡r✈✐❝❡ 13054

s❡r✈✐❝❡s 6

❝②❝❧❡✇❛② 12015

♣❡❞❡str✐❛♥ 246

tr❛❝❦ 4346

❢♦♦t✇❛② 12376

❜r✐❞❧❡✇❛② 2

st❡♣s 384

❝♦rr✐❞♦r 228

♣❛t❤ 9850

♣❧❛t❢♦r♠ 0

❜✉s st♦♣ 0

r❡st ❛r❡❛ 0

❚❛❜❧❡ ✶✹✿ ❉❛t❛ ✲ ❑✉♦♣✐♦

✺✾



❆✳✾ ❉❛t❛ ✲ ▲❛❤t✐

❚❤❡r❡ ❛r❡ ✷✵✺✸✻ ✈❡rt✐❝❡s ❛♥❞ ✺✼✽✼✵ ❛r❝s ✐♥ t❤❡ ▲❛❤t✐ ✲t❡st ❞❛t❛✳ ❚❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐s ✷✳✽✷✳

❘♦❛❞t②♣❡ ❆r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 117

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 116

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 0

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 1138

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 2719

✉♥❝❧❛ss✐✜❡❞ 1173

r❡s✐❞❡♥t✐❛❧ 10350

❧✐✈✐♥❣❴str❡❡t 50

s❡r✈✐❝❡ 8847

s❡r✈✐❝❡s 0

❝②❝❧❡✇❛② 14374

♣❡❞❡str✐❛♥ 334

tr❛❝❦ 982

❢♦♦t✇❛② 7734

❜r✐❞❧❡✇❛② 0

st❡♣s 154

❝♦rr✐❞♦r 0

♣❛t❤ 9722

♣❧❛t❢♦r♠ 60

❜✉s st♦♣ 0

r❡st ❛r❡❛ 0

❚❛❜❧❡ ✶✺✿ ❉❛t❛ ✲ ▲❛❤t✐

✻✵



❆✳✶✵ ❉❛t❛ ✲ P♦r✐

❚❤❡r❡ ❛r❡ ✶✼✵✵✺ ✈❡rt✐❝❡s ❛♥❞ ✹✻✻✷✷ ❛r❝s ✐♥ t❤❡ P♦r✐ ✲t❡st ❞❛t❛✳ ❚❤❡ ❛✈❡r❛❣❡

❞❡❣r❡❡ ✐s ✷✳✼✹✳

❘♦❛❞t②♣❡ ◆✉♠❜❡r ♦❢ ❛r❝s ✐♥ ❣r❛♣❤

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ 0

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ 466

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ 43

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ 2056

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ 3332

✉♥❝❧❛ss✐✜❡❞ 1915

r❡s✐❞❡♥t✐❛❧ 11100

❧✐✈✐♥❣❴str❡❡t 94

s❡r✈✐❝❡ 7460

s❡r✈✐❝❡s 8

❝②❝❧❡✇❛② 10226

♣❡❞❡str✐❛♥ 36

tr❛❝❦ 2992

❢♦♦t✇❛② 2550

❜r✐❞❧❡✇❛② 54

st❡♣s 36

❝♦rr✐❞♦r 0

♣❛t❤ 4218

♣❧❛t❢♦r♠ 0

❜✉s st♦♣ 0

r❡st ❛r❡❛ 0

❚❛❜❧❡ ✶✻✿ ❉❛t❛ ✲ P♦r✐

✻✶



❇ ❘❡s✉❧t t❛❜❧❡s

❇✳✶ ❍❡❧s✐♥❦✐

✵ ✵✳✶ ✵✳✷ ✵✳✸ ✵✳✹ ✵✳✺ ✵✳✻ ✵✳✼ ✵✳✽ ✵✳✾ ✶

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ ✷

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ ✷ ✻

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ ✶ ✷

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ ✷ ✶✹ ✷✶

✉♥❝❧❛ss✐✜❡❞ ✼

r❡s✐❞❡♥t✐❛❧ ✹ ✽ ✶✵ ✶✸

❧✐✈✐♥❣❴str❡❡t

s❡r✈✐❝❡ ✷

❝②❝❧❡✇❛② ✻ ✹✽ ✾✷ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✾✻ ✾✵ ✼✸ ✹✼

♣❡❞❡str✐❛♥ ✷ ✷

tr❛❝❦ ✹ ✷

❢♦♦t✇❛② ✹✷ ✸✵ ✹

❜r✐❞❧❡✇❛②

st❡♣s ✷

❝♦rr✐❞♦r ✷

♣❛t❤ ✹✷ ✶✽ ✹

❝r♦ss✐♥❣

❚❛❜❧❡ ✶✼✿ ❘❡s✉❧ts ✇✐t❤ ❧✐♥❡❛r s❝❛❧❛r✐③❛t✐♦♥ ✲ ❍❡❧s✐♥❦✐

✵ ✵✳✶ ✵✳✷ ✵✳✸ ✵✳✹ ✵✳✺ ✵✳✻ ✵✳✼ ✵✳✽ ✵✳✾ ✶

♠♦t♦r✇❛② ✴ ♠♦t♦r✇❛②❴❧✐♥❦ ✶ ✶ ✶ ✶

tr✉♥❦ ✴ tr✉♥❦❴❧✐♥❦ ✺ ✹ ✹ ✺ ✷

♣r✐♠❛r② ✴ ♣r✐♠❛r②❴❧✐♥❦ ✹ ✹ ✻ ✻ ✻

s❡❝♦♥❞❛r② ✴ s❡❝♦♥❞❛r②❴❧✐♥❦ ✸ ✸ ✸ ✸ ✷

t❡rt✐❛r② ✴ t❡rt✐❛r②❴❧✐♥❦ ✹ ✽ ✶✷ ✶✺ ✷✶

✉♥❝❧❛ss✐✜❡❞ ✻ ✼ ✺ ✺ ✼

r❡s✐❞❡♥t✐❛❧ ✷✵ ✶✼ ✶✻ ✶✻ ✶✸

❧✐✈✐♥❣❴str❡❡t

s❡r✈✐❝❡ ✷ ✷ ✻ ✻ ✹ ✷ ✷ ✷ ✷

❝②❝❧❡✇❛② ✻ ✻ ✻ ✻ ✻ ✻ ✺✸ ✺✹ ✺✶ ✹✼ ✹✼

♣❡❞❡str✐❛♥ ✷ ✷ ✷ ✷ ✷ ✷

tr❛❝❦ ✹ ✻ ✻ ✻ ✻ ✹

❢♦♦t✇❛② ✹✷ ✹✵ ✹✷ ✹✷ ✹✷ ✹✷

❜r✐❞❧❡✇❛②

st❡♣s ✷ ✷ ✷ ✷ ✷ ✷

❝♦rr✐❞♦r ✷ ✷

♣❛t❤ ✹✷ ✹✵ ✹✷ ✹✷ ✹✷ ✹✷

♣❧❛t❢♦r♠ ✷ ✷ ✷ ✷ ✷

❝r♦ss✐♥❣
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