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Abstract

The modulus metric between two points in a subdomain of R"”, n > 2, is defined in
terms of moduli of curve families joining the boundary of the domain with a continuum
connecting the two points. This metric is one of the conformally invariant hyperbolic-
type metrics that have become a standard tool in geometric function theory. We prove
that the modulus metric is not Holder continuous with respect to the hyperbolic metric.
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1 Introduction

In the geometric function theory, one of the important subjects of study is the modulus
of a curve family in R? introduced in 1950 by L. Ahlfors and A. Beurling. Its definition
was extended to the Euclidean space R” with dimension n > 2 by Fuglede, after which
it was quickly adopted as a standard tool to study mappings during the early 1960s by
Gehring [5] and J. Viiséld [17]. This conformal invariant has numerous applications
in the current research, see [3, 6, 8, 16].

Due to its invariance properties, the conformal modulus of a curve family is often
used to study the distortion of distances between points under quasiconformal map-
pings. At times, it is enough to use crude estimates for simple curve families combined
with majorization or minorization. However, the use of crude estimates has two draw-
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backs: Firstly, it requires experience with the moduli of curve families and, what is
more unfortunate, crude estimates lead to loss of information.

Instead of using crude estimates, it is often useful to reduce the estimation problem
to classical extremal problems and to use these systematically. We now discuss two
classical extremal problems which have been applied in this way. Namely, these two
problems have already been studied by Grotzsch and Teichmiiller, who both were
pioneers of conformal invariant from 1920s and 1930s on.

Let G be a domain in the extended real space R' = R"U {oo} such that
card (En\G) > 2. Our first extremal problem is [6, (10.2), p. 174]

nG(x,y) =icnfM(A(ny,3G;G)), (1.1)

where the infimum is taken over all continua Cy, joining the points x and y in G,
A(E, F; G) is the family of all such curves in G that join E and F, and M(I") denotes
the conformal modulus of a curve family I" in G. The second extremal problem is

Ag(x,y) =Ci_n£ M(A(Cy, Cy; G)), (1.2)

where infimum is taken over all pairs of continua Cy and Cy in G such that x € Cy,
y€Cy,CcNIG # @and Cy NIG # 2.

By Ahlfors [1, p. 72], the extremal problem (1.1) was studied withn = 2and G =
B? by Grotzsch while the problem (1.2) was considered with n = 2 and G = R?\ {0}
by Teichmiiller. For further notes on the literature, see [6, 10.30, p. 186], where the
contributions of I.S. Gdl, T. Kuusalo and J. Lelong-Ferrand are cited. As stated in the
following two theorems [6, 19, 20], the functions p and A of the extremal problems
(1.1) and (1.2) can also be used to define metrics, out of which the first one is called
the modulus metric.

Theorem 1.3 (1) Ifcap (0G) > O, then g is a metric.
(2) Aé is a metric ifand only if p € [—1/(n — 1), 0).

The proof of Theorem 1.3(1) is straightforward, whereas part (2) has an interesting
history. It was proved with p = —1/n by Ferrand [10] and in the special case G = B>
by G.D. Anderson, M.K. Vamanamurthy and M. Vuorinen [2]. As an open problem,
part (2) was formulated in [18, p. 193] and J. Ferrand, J.A. Jenkins, and A.Y. Solynin
found solutions independently; see [6, p. 453].

Theorem 1.3 has numerous applications, based on the next two theorems.

Theorem 1.4 For D € {H", B"} and all distinct points x, y € D,

(1) mp(x,y) = ya(1/th(pp(x, y)/2));
(2) Ap(x,y) =2""yu(ch(pp(x, y)/2)),

where p stands for the hyperbolic metric and vy, is a special function called the
Grotzsch capacity.
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Theorem 1.5 Let f : G — G’ be a K -quasiconformal homeomorphism. Then for all
distinct x, y € G,

ne(x, /K < pg (fx), f(y) < Kugx,y)

and
AG(x, Y)/K <A (f(x), f(¥) < KAig(x, y).

In other words, written as mappings between metric spaces,
1/(1— 1/(1—
Fi(Gopue) > (Gopg), or f:(G ") — (@G 2!

the mapping f is bi-Lipschitz. For the case of g, we assume that cap (3G) > 0 and,
for the case of Ag, let card (Rn\G) > 2.

The metrics pp, up and )LID/(F") in D € {H", B"} are all conformally invariant,
so it is natural to ask whether they are comparable in some other fashion. Theorem
1.5 implies that quasiconformal mappings satisfy a version of the Schwarz lemma,
according to which mappings are Holder continuous with respect to the hyperbolic
and the Euclidean metrics. As well known [6, Thm 16.3, Thm 16.21] for dimensions
n > 3, both the variants of the Theorem 1.5 yield different Holder exponents, while
Theorem 1.5 itself speaks for bi-Lipschitz continuity in the respective two metric
spaces.

The above two theorems show that quasiconformal mappings are bi-Lipschitz in
the respective metric spaces. However, because the local structure of these spaces
depends on the special function y,,, it is desirable to compare metrics to Euclidean
and hyperbolic metrics and this is what we will do here. Surprisingly, it turns out that
the g2 metric is not Holder equivalent to the hyperbolic metric pp2, but nevertheless
we can conclude sharp modulus of continuity estimates from the above theorems. We
also prove various other results for these metrics.

Theorem 1.6 The jup metric, D € {H?, B2}, is not Holder continuous with respect to
PD-

Here, it should be noted that the same result holds for AB] (x, y) metric as proven

in Corollary 3.13. For the Holder non-equivalence of up and, A})/(lfn) see [2, 16.6].

Very recently, ;g isometries were thoroughly studied by D. Betsakos- S. Pouliasis
[3], X. Zhang [21], and S. Pouliasis- A. Solynin [11]. In this case, it turns out that u¢g
isometries are, in fact, conformal mappings. One might expect that a similar result
also holds for the A IG/ (1=n) metric, but this seems to be an open problem. Isometries
of some other metrics were studied by Hésto, Z. Ibragimov, D. Minda, S. Ponnusamy,
and S. Sahoo [7].

The structure of this article is as follows. In Sect.2 we give some necessary def-
initions and notations. In Sect.3 we prove that the modulus metric is not Holder
continuous with respect to the hyperbolic metric.
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2 Preliminaries

Let us first introduce our notations. For all points x € R" and any radius » > 0, we can
define an open Euclidean ball B"(x,r) = {y € R" : |x — y| < r} and its boundary
sphere S"~!(x,r) = {y € R" : |x — y| = r}. For the unit ball and sphere, we
use the simplified notations B” = B"(0, 1) and sn=1 = §7=1(0, 1). Denote also the
(n — 1)-dimensional surface area of §"~! by w,—1 and define the following constant
cn (see Ref. [2, p. 41]):

1—n

2 1 7T/2 2—n
) = — cn =2 "wh_2 / sinn=T tdt) forn > 2.
0

The hyperbolic metric p can be defined in the unit ball with the formula [6, (4.16),
p. 55]

— vl?
Sh2 PB (XJ’) — |x y| , x7y€Bn
2 (1= x[H(@ = |y*)

and, by the conformal invariance of this metric, we can compute its value in any such
domain that can be mapped conformally onto the unit ball. A hyperbolic ball B, (x, M)
defined in the unit ball B" is equal to the Euclidean ball B"(y, r), where [6, (4.20), p.
56]

x(1 =12 (1 — |x?)¢
= B r = .
A R NP 1= X222

t =th(M/2).
The modulus of a curve family T in R" is [6, (7.1), p. 104]

M) = inf / o'dm,
peF () Jrn

where F(I") consists of all non-negative Borel-measurable functions p : R" — R"
such that [ pds > 1 for each locally rectifiable curve y € I' and m stands for
the n-dimensional Lebesgue measure. Denote the family of all curves joining two

non-empty sets E and F in a domain G by A(E, F; G). Now, for the annular ring
D = B"(0,b)\B"(0,a) with 0 < a < b, it holds that [6, (7.4), p. 107]

1—-n
M(A(S" 10, a), S"~1(0, b); D)) = w,_; (log 9) )
a

Any domain G and its compact subset F C G form a condenser (G, F) and the
capacity of this condenser is [6, Thm 9.6, p. 152]

cap (G, F) = M(A(F, 9G; G)).
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A compact set E in R” is said to be of capacity zero, denoted cap(E) = 0, if there
exists a bounded open set A containing E with the capacity of the pair (A, E) is
equal to zero. A compact set E C R'. E #= R" is said to be of capacity zero if E
can be mapped by a Mobius transformation onto a bounded set of capacity zero. If
cap(E) = 0 does not hold, we express it as cap(E) > 0.

Define next two decreasing homeomorphisms called the Grotzsch capacity y,, :
(1,00) — (0, 00) and the Teichmiiller capacity 7, : (0,00) — (0, co) with the
following formula [6, (7.17), p. 121]:

Yn(s) = M(A(B", [se1, oo]; R")), s> 1

and
Tn(s) = M(A([_elv 0]9 [S€1, OO], Rn))v § > Ov

where e; = (1,0, ..., 0) is a unit vector in R”. For s > 1, y,,(s) = 2’1_1T,,(S2 —1).
If n = 2, the capacities can be computed with the formula [6, (7.18), p. 122],

27
rnl/ry=—— 0<r<l, 2.1)
wu(r)
where
J1 — 2 1
wy = FXVI=D %o =/ dx .
2 X 0 VI—x)(1 =172
Moreover, for s > 1 [6, (7.20)]
o (220 =T 2.2)
l’L /S l’l’ s +1 - 2 E) .
and for 0 < r < 1 (see, [2, 5.30])
2
arth Vv < ju(r) < m, r=1=r2. 2.3)

For approximation of u(r), see [9]. The Grotzsch capacity has the following well-
known estimates [6, Thm 9.17(2), p. 160]

1 -1 1
2le, log st < yuls) < 2o, I <2 le, log 4i .
s—1 s+1 s—1
(2.4)

where the second inequality holds as an identity for n = 2 by (2.2).
A homeomorphism f : G — G’ between two domains G, G’ C R", n > 2, is
called K -quasiconformal with some constant K > 1, if the two-sided inequality

MT)/K < M(f(T)) = KM(T")
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holds for every curve family I" in G.

Ferrand [10] posed the question whether g bi-Lipschitz homeomorphisms are
quasiconformal. This question was studied in [4] where it was proved that these map-
pings are locally Holder continuous, but they need not be quasiconformal and thus
Ferrand’s question was solved in the negative in [4]. Furthermore, the radial mapping
g : B" — B" defined as

Ix[*~1x, x € B"\{0};

gx) =
0, x =0,

is quasiconformal, as noted in [17, 16.2], and Holder continuous but not Lipschitz
with respect to the Euclidean metric. Thus, the bi-Lipschitz condition of the modulus
metric under K-quasiconformal mappings does not imply the same property for the
Euclidean metric.

3 Upper and Lower Bounds for Modulus Metric
Recently, the modulus metric i has been studied in [16] where a characterization of
its completeness is given. Also in [16], a new lower bound for ;1 was found in terms

of the Mobius invariant metric 8 (also, 8¢ is called the Seittenranta metric [6, p. 75
& p. 199]): If the boundary 9 G is uniformly perfect, then

/-’LG(xvy)ZCSG(xvy)v (31)

where the constant ¢ only depends on the dimension n and the parameters of the
uniform perfectness. The estimates in (2.4) also yield

2" ey pp(x,y) < up(x,y) < 2" e u(1/ePP*Y) < 2" e, (op(x, y) +log4),
(3.2)

where D € {H", B"}. A similar inequality can be also written for A p:

ePPXY)/2 4 ]

Cn _2 . _
cplog(t) < Ap(x,y) < EM (t ) < cplog(2t), with t = G 1"

Because pp» = pn, the lower bound in (3.2) is compatible with (3.1) up to a constant
factor, but it can be still improved for small values of the hyperbolic distance pg2 (x, ¥)

in the two-dimensional case. Note that, for n = 2, it follows from the inequality (3.2)
that

4 4
;pn(x, y) = uplx,y) = ;(pp(x, y) +log4), (3.3)
and consider the following preliminary result:
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Lemma3.4 Forallt > 0 and p > 0, the expression [arth ((th t)l/P)]P is strictly
increasing with respect to p.

Proof Since we are interested in the expression above with respect to p only, we can
substitute # = th¢ and study [arth (u'/?)]” for 0 < u < 1 and p > 0 instead. By
differentiation,

1/
%[aﬂh(w””)]"=[arth<u1/f’)1" (log(arth(ul/P))_ u'/P log(u) >>0

p(1 — u?/P)arth(ul/r)

/p1
& arth(u!/?) log(arth(u/7)) — Z(l_—ougz(/'?) >
1
& arth(y) log(arth(y)) — yl Og(? -0, (3.5)
—y

where 0 < y < 1. Again, by differentiation,

j (arth(y) log(arth(y)) — 2 Og(yz)>
y 1—y

= a5 y¥) log(arth(y)) — (1 + y*) log(y)) > 0

& (1 — y?)log(arth(y)) — (1 + y?)log(y) > 0
log(arth(y))  1+y?
log(y) 1—y?

<0, (3.6)

provided that0 < y < 1. Sincelog(arth(y))/log(y) is strictly decreasing on (0, 1) and
A+yH)/(1—y2)is strictly increasing on (0, 1), their difference is strictly decreasing
on (0, 1) and the following holds:

log(arth(y)) 1+4y* (log(arth(y)) 1+ y?
— < lim - =1—-1=0.
log(y) 1—y2 " y=0+ \ log(y) 1—y?

Consequently, the derivative (3.6) is positive on (0, 1), the differentiated expression in
(3.6) is therefore strictly increasing on this interval, and we have the following lower
bound:

yl g(y)

arth(y) log(arth(y)) — =0.

> lim (arth(y)log(arth(y)) Y 10g(y)>
y—0+ y

Thus, the derivative (3.5) is positive for 0 < u < 1 and p > 0 and the original
expression [arth(ul/ p )]p is strictly increasing with respect to p > 0, from which our
lemma follows. O

Corollary 3.7 Forall x,y € D € {H?, B?), the inequality

1/4

8
‘x? Z x1
up(x,y) n(‘/EpD( y)

holds.
@ Springer
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Fig. 1 a The graph of up> (x, 0), its lower bound in Corollary 3.7 (dashed), and its lower bound in (3.3)
(dotted) when ppo (x,0) < 2, where 0 < x < 0.75. b The graph of up2 (x, 0), its lower bound in (3.3)
(dotted), and its lower bound in Corollary 3.7 (dashed) when pp2(x,0) > 2, where 0.75 < x < 1

Proof If x = y, the result holds trivially, so let us assume that x # y below. By
Lemma 3.4, the expression [arth ((th nY 1’)]1’ is strictly increasing with respect to p
forall > 0 and p > 0, so

[arth ((tht)1/4)]4 > arth(th(r)) = t < arth(th(r)/4) > /4.

Combining this result to Theorem 1.4, the formula (2.1) and [2, (5.29)], we have

__ 22 8 4y _ 8 1/4
up(x,y) = (oD 7)/2)) > narth((th(,op(x,y)/Z) ) > N(PD(x,y)/z) .

]

Remark 3.8 Corollary 3.7 gives a better lower bound for the modulus metric than the
inequality (3.3) if and only if the hyperbolic distance pg2 (x, y) is less than 2. See Fig. 1
for more details. We note that in Fig. 1(a), pp2(x, 0) < 2 ifand only if 0 < x < 0.75.
Also, in Fig. 1(b), pg2(x,0) > 2 if and only if 0.75 < x < 1.

In article [14], the Euclidean midpoint rotation was introduced as a new way to
find upper and lower bounds for the triangular ratio metric. This metric was originally
introduced in 2002 by P. Histo [8] and recently studied in [12, 13, 15]. In the midpoint
rotation, two distinct points x, y € B2 are rotated around their Euclidean midpoint
(x +y)/2 so that the smaller angle v between lines L (x, y) and L(0, (x 4+ y)/2) varies
on the interval [0, 7 /2]. See Fig.2. Here, we assume that x # —y, because otherwise
the midpoint (x 4 y)/2 is the origin and the hyperbolic distance pp2 (x, ¥) is invariant
under rotations around the origin. As explained in Theorem 3.9, the hyperbolic distance
of the rotated points is decreasing with respect to v and, since v = 0 when the rotated
points are collinear with the origin and v = m/2 when their absolute values are
equivalent, the Euclidean midpoint rotation yields upper and lower bounds for the
hyperbolic metric.

Theorem 3.9 For all distinct points x,y € B? such that x # —y, the hyperbolic
distance pgp (x, y) decreases as x and y are rotated around their Euclidean midpoint
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Fig.2 In the Euclidean midpoint

rotation, two distinct points x, y

in the unit disk B2 are rotated

around their midpoint (x + y)/2

so that the smaller angle v T
between the lines L(x, y) and

L0, (x 4+ y)/2) increases from

Otom/2

0 Y

so that the smaller angle between the lines L(x,y) and L(0, (x + y)/2) increases
from 0O to /2. Furthermore,

2x =yl Sth/)]ﬂﬂ(x,y) < lx =yl ’
VA= 8x -y + (P +1yP)? 2 L=x-y
where equality holds in the first inequality if and only if |x| = |y| and in the

second inequality if and only if x,y are collinear with the origin. Note also that
[x —y|/(1 —x-y) < lifandonly if |x + y| + |x — y| < 2.

Proof Fix distinct points x,y € B? such that x # —y. Denote d = |x — | /2 and
k = |x + y|/2, and note that k,d € (0, 1). Let v € [0, /2] be the magnitude of the
smaller angle between the lines L(x, y) and L(0, (x + y)/2). Now, we have,

th(psx, /) =
. 2d
- [1 — (k + d(cos(v) + sin(v)i))(k + d(— cos(v) + sin(v)i)|
2d 2d

1+ d? =k = 2kdsin(v)i| /(1 +d? — k2)2 + 4k2d2 sind(v)

Trivially, the quotient above is decreasing with respect to v and it attains its minimum
2d/\/(1 +d? — k2)2 + 4k2d? at v = 7/2 and its maximum 2d /(1 + d* — k?) with
respect to v at v = 0. Given |x — y|? = |x|? + |y|*> — 2x - y, we can easily show that

2d 41x — y|

JU+@ =2+ 4287 @+ 1x =y =[x+ 322+ dlx + 3Pl — 5P
2lx —yl

VA8 v+ (kP PP
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and
2d 4lx — y| =yl

14+d2—k2 4+|x—yP2—|x+yP? 1—-x-y

Note that the points always stay in B if the rotation is done so that v increases on the
interval [0, 77 /2] whereas a rotation decreasing v might move one of the points outside
of BZifk +d > 1. o

By [2, 7.64(26-27), p. 1561,

|x =yl < thPB2%: )

i — — 2 — 2 - 2

min{jx — y| + /1 I|x| ¢|1 2 1+ iyl (3.10)
r=y

= max{|x — y| + (1 = [x)(1 = [yD, I = [x[|y[]}"

Compared to these bounds, the bounds of Theorem 3.9 are better in some cases but
not always. For instance, if x = 0.6 + 0.3i and y = 0.1 + 0.17, both the upper and
lower bound of Theorem 3.9 are better than those of inequality (3.10), but the bounds
of Theorem 3.9 are worse for x = —0.7 + 0.7i and y = 0.65 — 0.6/. We summarize
our observations in the following table.

X y L.H.S Thm 3.9 L.H.S (3.10) R.H.S Thm 3.9 R.H.S (3.10)
0.6 +0.3i 0.140.1i 0.575624 0.491855 0.591776 0.594959
—-0.7+0.7i 0.65 — 0.61 0.997999 0.999183 0.999555 0.999381

Corollary 3.11 For all distinct points x,y € B? such that x # —vy, the distance
up2(x, y) decreases as x and y are rotated around their Euclidean midpoint so that
the smaller angle between lines L(x, y) and L(0, (x 4+ y)/2) increases from 0 to /2.
Furthermore, if |x + y| + |x — y| < 2,

4—8x-y+ (x> +[y>? l—x-y
V2 v Swup@xy) <pl——".
2|x = y| |x — yl

where equality holds in the first inequality if and only if |x| = |y| and in the second
inequality if and only if x, y are collinear with the origin. If |x + y| + |[x — y| > 2,
only the first inequality above holds.

Lemma 3.12 The modulus metric defined in the unit disk is not Holder continuous
with respect to the Euclidean metric.

Proof First, fix w > 0and x € (0,1) C B2. By Theorem 1.4, the formula (2.1), and
the inequality [6, (7.21), p. 122],

(. 0) _ ya(/th(op (x,00/2) _ pp(1/lx) _ 2w 2

> 9
x| |x[* |x[* e[ u(lxl) = [x U (|x])
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where U (r) = log(2(1 + +/1 — r2)/r). Since lim, o, U(r) = = lim, o7~
and (3/0r)r—* = —wr~*~! > 0 forall r > 0, it follows from L’Hopltal s rule that

lim rUG) = fim 20 = fim 2O

r—0+ r—0+ r—% r—0+ %r—w
. =1/ =712 . r
= lim ————— = lim

r>0+ —wr—w-l r—0+ wa/1 — 12 a
Consequently,

up2(x, O) 2 2w

im - =
x>0+ x| _x—>0+|X|wU(|x|)  limyop [x[PU ()

Thus, the quotient g2 (x, 0)/|x|" approaches infinity as x — 0+ for all w > 0, from
which our result follows.

Proof of Theorem 1.6. The proof follows from Lemma 3.12. O

Corollary 3.13 The metric kﬁzl (x, y) defined in the unit disk is not Holder continuous
with respect to the hyperbolic metric.

Proof The result follows from Lemma 3.12 and the identity ppe (x, y)Ag2(x, y) =4,
see [2, 16.7(1)]. O
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