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Abstract

In this paper, we show that Orlicz—Sobolev spaces W !¢ (£2) can be characterized with the
ACL- and ACC-characterizations. ACL stands for absolutely continuous on lines and ACC
for absolutely continuous on curves. Our results hold under the assumptions that C 1(£2)
functions are dense in W1#(£2), and ¢(x, 8) > 1 for some # > 0 and almost every x € £2.
The results are new even in the special cases of Orlicz and double phase growth.
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1 Introduction

In this paper, we study the ACL- and ACC-characterizations of Orlicz-Sobolev spaces
W1#(£2), where ¢ has generalized Orlicz growth and £2 C R” is an open set. ACL stands for
absolutely continuous on lines and ACC for absolutely continuous on curves. Special cases of
Orlicz growth include the constant exponent case ¢ (x, t) = t¥,the Orliczcase p(x, 1) = ¢ (),
the variable exponent case ¢(x, 1) = t”)_ and the double phase case ¢ (x, 1) = t” +a(x)t9.
Generalized Orlicz and Orlicz—Sobolev spaces on R” have been recently studied for example
in [4,5,13], and in a more general setting in [1,12]. ACC-characterization has been used for
example in [9] to study properties of capacities in the variable exponent case.

The ACL-characterization of the classical constant exponent Sobolev spaces was given
by Nikodym [11]. It states that a function u € L?(§2) belongs to whr(82) if and only if
it has representative i that is absolutely continuous on almost every line segment parallel
to the coordinate axes and the classical partial derivatives of & belong to L”(§2). More-
over the classical partial derivatives are equal to the weak partial derivatives. Fuglede [6]
gave a finer version of this characterization, namely, the ACC-characterization. The ACC-
characterization states that a function u € L?(£2) belongs to W7 (£2) if and only if it has
representative # that is absolutely continuous on every rectifiable curve outside a family of
zero p-modulus and the (classical) partial derivatives i belong to L?(£2).
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In [8], it was shown that variable exponent Sobolev space WLPO) (£2) also has the ACL-
and ACC-characterizations, if the exponent satisfies suitable conditions and C L(£2) functions
are dense. In Section 8 of [12], it was shown that the results hold in the space wle@®my, if
C!(R™)-functions are dense and ¢ satisfies certain conditions. In this paper, we generalize
the results even further. We show that the results hold for the space WLe(£2), and we do so
using fewer assumptions than in [8] or [12]. There are two assumptions we need to make:
First that C'(§2) functions are dense in Wl*‘p(.Q). And second, that ¢(x, 8) > 1 for some
B > 0 and almost every x € £2. To best of our knowledge, the results are new even in the
special cases of Orlicz and double phase growth.

‘We base our approach on [8], but make some modifications to both make the results more
general and simplify some of the results. One difference is that we use a slightly different
definition for the modulus of a curve family. Our definition of is based on the norm, while
the definition in [8] is based on the modular. The reason for defining the modulus differently
has to do with the fact that modular convergence is a weaker concept than norm convergence.
Another difference with [8] is that we do not use the theory of capacities. This has two
advantages: First, the use of capacities would force us to make some extra assumptions on
¢. Second, we can prove our results directly in whe(2), for any £2 C R", whereas in [8]
the results are first proven in the case £2 = R”, and this case is then used to prove the results
for 2 C R".

The structure of this paper is as follows: Sect. 2 covers preliminaries about generalized
Orlicz and Orlicz—Sobolev spaces. In Sect. 3 we define and discuss the modulus of a curve
family. In Sect. 4 we prove two lemmas, which we will need in order to prove our main results.
In Sect. 5 we prove our main results, the ACL- and ACC-characterizations of whe().

Let us say a few words about why one might be interested in studying ACL- or ACC-
characterizations. One reason is that ACL-functions have classical partial derivatives almost
everywhere, and ACC-functions are a subclass of ACL-functions under the assumptions
we use. ACL- and ACC-functions also have some nice closure properties, for example the
product and the maximum of two ACC-funtions is an ACC-function, and the composition of
an ACC-function with a Lipschitz function is an ACC-function, and similar results hold for
ACL. Another reason for studying ACC-characterization in particular is that the theory can
be applied in a more general setting. In a general metric space, the concept of direction does
not really make sense, so the concept of an ACL-functions cannot be used. But the concept
of an ACC-function can still be defined, and has been used in the study of Newtonian spaces
on general metric spaces, see [3,10] for example.

2 Preliminaries

Throughout this paper, we assume that £2 C R” is an open set. The following definitions are
as in [7], which we use as a general reference to background theory in generalized Orlicz
spaces.

Definition 2.1 We say that ¢ : £ x [0,00) — [0, 00] is a weak @-function, and write
¢ € @,,(£2), if the following conditions hold

— For every measurable f : £2 — [—o00, 0o] the function x +— ¢(x, | f]|) is measurable,
and for every x € £2 the function ¢ — ¢(x, ) is non-decreasing.

— @(x,0) =lim,_, o+ ¢(x,t) = 0 and lim;_, o ¢(x, t) = oo for every x € £2.

— The function ¢ — M is L-almost increasing for # > 0 uniformly in §2. “Uniformly”
means that L is independent of x.
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If ¢ € @,,(£2) is additionally convex and left-continuous, then ¢ is a convex @ -function, and
we write ¢ € O.(£2).

Two functions ¢ and v are equivalent, ¢ =~ 1, if there exists L > 1 such that ¥ (x, %) <
o(x,t) < ¥(x, Lt) for every x € £2 and every ¢t > 0. Equivalent @-functions give rise to
the same space with comparable norms.

We define the left-inverse of ¢ by setting

o 'x, 1) :==1inf{r > 0: o(x,1) > 7).

2.1 Assumptions

We state some assumptions for later reference.

(AO0) There exists g € (0, 1) such that ¢(x, 8) < 1 < ¢(x, 1/8) for almost every x.
(A1) There exists g € (0, 1) such that, for every ball B and a.e. x,y € BN £2,

1
Bot(x,t) <o~ (y,1) when e [1, ﬁ] )

(A2) For every s > 0 there exist 8 € (0, 1] and & € L(£2) N L*°(£2) such that

B 'x,0) <97 (3, 1)

for almost every x, y € §2 and every ¢ € [h(x) + h(y), s].
(alnc), There exist L > 1 such that t — % is L-almost increasing in (0, 00).

(aDec), There exist L > 1 such that f # is L-almost decreasing in (0, 00).

We say that ¢ satisfies (alnc), if it satisfies (alnc), for some p > 1. Similarly, ¢ satisfies
(aDec), if it satisfies (aDec), for some g > 1. We write (Inc) if the ratio is increasing rather
than just almost increasing, similarly for (Dec). See [7, Table 7.1] for an interpretation of the
assumptions in some special cases.

2.2 Generalized Orlicz spaces

We recall some definitions. We denote by L9(£2) the set of measurable functions in £2.
Definition 2.2 Let ¢ € ®,,(£2) and define the modular g, for f € LO(2) by
00f) = [ ot 1fmas.
The generalized Orlicz space, also called Musielak—Orlicz space, is defined as the set
LY(2) :={f e L%R2): lim g,(rf) =0}
A—0T
equipped with the (Luxemburg) norm
s (]
Il flle(2y :==inf §4 > 0: gy T = I 2.1
If the set is clear from the context we abbreviate || f||L¢(2) by | flle-

The following lemma is a direct consequence of the proof of [7, Theorem 3.3.7].
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Lemma 2.3 If (f;) is a Cauchy sequence in L?(§2) such that the pointwise limit f(x) :=
lim;, o fi(x) (£o00 allowed) exists for almost every x € 2, then f is the limit of (f;) in
L?(£2).

Definition 2.4 A function u € L?(£2) belongs to the Orlicz—Sobolev space W'-¢(£2) if its

weak partial derivatives dyu, . . ., 9,u existand belong to the space L¥ (£2).Foru € whe(2),
we define the norm

lullwie @) = llullp + I Vully.

Here [|Vu], is short for |||Vu|||(p. Again, if £2 is clear from the context, we abbreviate
lullwioc2) by llullie-

Many of our results need the assumption that C 1(£2)-functions are dense in W1(£2). A
sufficient condition is given by [7, Theorem 6.4.7], which states that C°°(£2)-functions are
dense in W12 (£2), if g satisfies (A0), (A1), (A2) and (aDec). By [7, Lemma 4.2.3], (A2) can
be omitted, if §2 is bounded.

3 Modulus of a family of curves

By a curve, we mean any continuous function y : I — R”, where I = [a, b] is a closed
interval. If a curve y is rectifiable, we may assume that / = [0, £(y)], where £(y) denotes
the length of . We denote the image of y by Im(y), and by I}..:(§2) we denote the family
of all rectifiable curves y such that Im(y) C 2. Let I C I}.(£2). We say that a Borel
function u : 2 — [0, oo] is I'-admissible, if

/udszl
14

for all y € I', where ds denotes the integral with respect to curve length. We denote the set
of all I"-admissible functions by Fyg,, (I").

Definition 3.1 Let I" C I (£2). Let ¢ € @,,(§2). We define the ¢-modulus of I" by
M,(I") ;== inf - llullp.

u€ Fagm(I)
If Fagm(I") =0, we set My, (I") := oo. A family of curves I" is exceptional, if My, (I") = 0.

The definition above is as in [10]. The following lemma gives some useful properties
of the modulus. Items (a) and (b) are items (a) and (c) of [10, Lemma 4.5], and item (c)
is a consequence of [10, Proposition 4.8]. To use the lemma, we must check that L?(£2)
satisfies conditions (P0), (P1), (P2) and (RF) stated at the beginning of section 2 in [10]. The
conditions (P0O), (P1) and (P2) are easy to check. For (RF) to hold, there must exists ¢ > 1
such that
o
>

i=1

o0
<Y il
i=1

holds for non-negative u; € L¥(£2). This is an easy consequence of [7, Lemma 3.2.5], which
states that there exists ¢ > 1 such that

o0
D u
i=1

14

o0
<c ) luilly.
i=1

¢
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Lemma3.2 Let ¢ € @, (82), then the -modulus has the following properties:

(@) if I\ C Ia. then My (I') < My (D),

(b) ifMy,(I7) =0 foreveryi € N, then M(/,(U?i1 I;)=0.

(c) My(I") = 0 if and only if there exists a non-negative Borel function u € L%(82) such
thatfyuds = oo foreveryy € I.

In [6], the L?-modulus was originally defined by

M,(I") ;= inf / u? dx.
u€ Fagm(I") 2

This differs from Definition 3.1 in that the infimum is taken over the modulars of admissible
functions instead of their norms. A similar approach was taken in the variable exponent case
in [8]. Following the original approach, we could have defined the modulus by

M, () := inf X, dx.
o= it [ oo
In the case ¢(x,t) = t”, where 1 < p < 00, we have M(p(F) = My (I")?. Thus in this
special case My, (I") = 0 if and only if M, (I") = 0. Since we are only interested in whether
a family of curves is exceptional or not, in this case it does not matter whether we use M, or
M,.

In the general case, the situation is somewhat more complicated. Let ¢ € @,,(£2). By [7,
Corollary 3.2.8], if [lull, < 1, then gy (1) < |lull,. Thus My, (17) = 0 implies My, (I") = 0.
The converse implication does not necessarily hold, as the next example shows, which is the
main reason for using norms instead of modulars in Definition 3.1.

Example 3.3 Define ¢ € @, (R?) by

0 ifr <1,

(p(x’t)::{t—l ifr>1.

Fory € [0, 1], let yy : [0, 1] — R%, z > (y,2),and let I' := {y, : y € [0, 1]}. Letu = 1

everywhere. Then
/ u(s)ds =1
Y

for every y € I', and therefore u € Fuq,(I"). Since ¢(x, u(x)) = 0 for every x € R?, we
have g, (1) = 0, and thus I\N/I(p (ry=0.

To show that My,(I") > 0, suppose on the contrary, that My,(I") = 0. Then by
Lemma 3.2(c) there exists some v € L?(R?) such that jy vds = oo for every y € I'.

Thus
/ v(y,z)dz:/ vds = 00
[0,1] Yy

for every y € [0, 1]. Let . > 0. Since ¢(x,?) >t — 1 for every x € R2? and every t > 0,
Fubini’s theorem implies that

/ (p(x,Av(x))de/ / kv(y,z)—ldzdy:oo—/ / ldzdy = o0
R? [0,1] J[0,1] [0,1] J[0,1]

Since A > 0 was arbitrary, it follows by (2.1) that |Jv[|, = oo. But this is impossible, since
v € L?(R?). Thus the assumption that My, (I") = 0 must be wrong and My, (I") > 0.
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Note that if ¢ € @,,(£2) satisfies (aDec), for 1 < g < oo, then, by [7, Lemma 3.2.9]
(since ¢ satisfies (alnc); by definition) we have

1
lully S max{oy(u), 0p(u)?}.
Thus, if ¢ satisfies (aDec), then I\N/L/J (I") = 0if and only if My, (") = 0.

4 Fuglede’s lemma

Lemma 4.1 (Fuglede’s lemma) Let ¢ € @,,(82), and let (u;) be a sequence of non-negative
Borel functions converging to zero in LY (§2). Then there exists a subsequence (u;,) and an
exceptional set I' C yee(§2) such that for all y ¢ I' we have

lim uj, ds = 0.
k— 00 y

Proof Let (vr) := (u;,) be a subsequence of (u;), such that
lelly <275

Let I C I}e:(82) be the family of curves y, such that fy vp ds -+ 0 as k — oo. For every
jeN, let

J
wj = ka.
k=1

Since every vy is a non-negative Borel function, it follows that every w ; is also a non-negative
Borel function. And since the sequence (w;(x)) is increasing for every x € £2, it follows
that the limit w(x) := lim;_, oo w; (x) (possibly co) exists. By [7, Corollary 3.2.5],if j < m,
then

m

m m
—k —7
lwm —willy=| D w| < Y lwly =< Y 27% <27/,

k=j+1 |, k=j+l k=j+1

which implies that (w;) is a Cauchy sequence in L¥(£2). By Lemma 2.3, w is the limit of
(wj) in L¥(£2), which implies that w € L¥(£2), and therefore [|wl|, < oco.
Suppose now that y € I". Then

ee}

/wds:Z/vkds:oo,
Y

k=177

because Y oo fy vi ds < oo would imply that limy_ o fy veds = 0. Thus w/m is I'-
admissible for every m € N. Since lim;—. oo |[w/mlly = limy— oo |wlly/m = 0, we have
M, (I") = 0. 0

Let E C £2. We denote by I'g the set of all curves y € I;(£2), such that the E N Im(y)
is nonempty.

The next lemma is, in a sense, a combination of [8, Lemma 3.1] and [2, Lemma 5.1]. The
former of the aforementioned lemmas states that if C! (R") functions are dense in the variable
exponent Sobolev space W-?O(R") and 1 < p~ < pT < oo, then I'g is exceptional
whenever E C R” is of capacity zero. The latter states that if ¢ € @,,(R") satisfies (alnc)
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and (aDec), then for every Cauchy sequence in C(R*)NW Le (R") there exists a subsequence
which converges pointwise outside a set of zero capacity. The beginning of the proof of our
lemmais similar to [2, Lemma 5.1], but then we use the ideas from [8, Lemma 3.1] and modify
the proof'to replace convergence outside a set of capacity zero by convergence outside a set E,
such that I'g is exceptional. The reason that we do not simply prove a direct generalization of
[8, Lemma 3.1] and then use [2, Lemma 5.1] is, that our proof avoids the use of capacities. This
has two advantages: First, we can drop the assumptions (alnc) and (aDec). And second, our
new result works in W19 (£2) for any £2 C R”, while in [8, Lemma 3.1] and [2, Lemma 5.1]
we have 2 = R".

Lemmad4.2 Let ¢ € @ (£2) and let (u;) be a Cauchy sequence of functions in cl)n
W9 (§2). Then there exists a set E and a subsequence (ui,) such that My,(I'g) = |E| =0
and (u;,) converges pointwise everywhere outside E.

Proof By [7,Lemma 3.3.6] there exists a subsequence of (u;) that converges pointwise almost
everywhere. Thus we can choose a subsequence (vi) := (u;, ), such that (vi) converges
pointwise almost everywhere, and

—k
lver1 — vkl < 4

for every k € N. For every k € N, let f; := 2k(vk+1 — ) e CH2)N W9(2). For every
j eN,let

Jj J
gj =Y Ifil and hj:=> |Vfi.

k=1 k=1

Since the sequences (g (x)) and (% (x)) are increasing for every x € (2, the limits g(x) :=
lim; o0 gj(x) and h(x) := lim;_, o i (x) (possibly co) exist. Since the functions g; are
continuous, g is a Borel function. If j < m, then by [7, Corollary 3.2.5]

m oo o0
lgm —gille S D Mfily < D Mfilhg < Y. 278 =27,

k=j+1 k=j+1 k=j+1

which implies that (g;) is a Cauchy sequence in L¥(§2). By Lemma 2.3, g is the limit of
(gj) in L¥(£2). Similarly, since

m oo
lhm —hilly S D IVfillp < Y Mfellig <277,

k=j+1 k=j+1

we find that & is the limit of & ; in L¥(£2).
Since f; € CL(2), for any k € N we have

1@ = 1AWI| < 1) = frl))] < / IV filds

14

forevery x, y € £2 and any y € I.(§2) containing x and y. Thus for every j € N we have

J J
187() = ;M = D 1@ = 1/ G| 52/ |ka|ds=fh,~ds, (4.1)
k=1 k=1"Y Y
forevery x, y € £2 and any y € I.(§2) containing x and y.
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Denote by E the set of points x € £2 such that the sequence (vg(x)) does not converge.
Since (v) converges pointwise almost everywhere, we have |E| = 0. It is easy to see that if
x € E, then x € {| fx| > 1} for infinitely many k£ € N, and therefore g(x) = oco. Thus

ECEyx:={xef:g(x)=o00},

and I'g C I'g,,. Next we constructaset I" C Iy(§2) suchthat I'g,, C I" and My, (I") = 0.
It then follows by Lemma 3.2(a) that My, (I'g) = My (I'g,.) = 0.

By Lemma 4.1, considering a subsequence if necessary, we find an exceptional set '] C
Tec1(82) such that

lim [ h—hjds=0

]—00 y

forevery y € Ieet($2)\17. Let
I = {yel",gc,(.Q):/gds:oo} and I3 := {yefrec,(ﬂ):/hds:oo}.
Y Y

For every m € N, the function g/m is I> admissible, hence M, (I2) < [ glly/m. Thus it
follows that My, (I2) = 0. Similarly, we see that M,(I3) = 0. Let I' := I't U 1> U I'3. By
Lemma 3.2(b) M,(I") = 0.

It remains to show that I'g,, C I'. Suppose that y € I.($2)\I". Since y ¢ I, there
must exist some y € Im(y) with g(y) < co. By (4.1), for any x € Im(y) and any j € N we
have

gix) =gi(y) +1gi(x) — g = gj(y)+/hj ds.
14

lim /hjds:/hds,

where the right-hand side is finite because y ¢ I'3. Thus we have

Since y ¢ I7, it follows that

g(x) = lim g;j(x) < lim (gj(y)—l—/hjds) =g(y)+/hds < oo.
j—oo j—oo v v

Since x € Im(y) was arbitrary, it follows that y ¢ I'g_ . And since y ¢ I" was arbitrary, it
follows that I'g,, C I'. O

5 Fuglede’s Theorem

We begin this section by defining some notations. Let k € {1,2,...,n}. If z € R and
y=01,Y2,---sYn-1) € R"~! we define

oDk = (Vs -y Yk=15Zs Yks - - - Yn—1) € R".
Forevery x = (x1, x2, ..., x,) € R", we write X; := (x1,~. ey Xk—1s Xk1s - Xp) € R

With these notations, we have x = (¥, xx)x. We define 2, ¢ R*~! by
Q= :xeR)={y e R (y,2)r € 2 for some z € R}.

The set §2; is, in a sense, the orthogonal projection of £2 into the space {x € R" : x; = 0},
but strictly speaking this is not true, since a projection is a function P : R" — R”", but
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ﬁk - R”’I.Forevery yE §k, welet Zx(v) C Rbethe setof points z, such that (y, z)x € £2.
Note that 2 = {(y,2)k: y € Qrandz e Zr(y)}.

Since we will be using Lebesgue measures with different dimensions simultaneously, we
will use subscripts to differentiate them, i.e. m-dimensional measure will be denoted by | - | ;,.

Definition 5.1 We say that u : 2 — R is absolutely continuous on lines, u € ACL($2), if it
is absolutely continuous on almost every line segment in §2 parallel to the coordinate axes.
More formally, let k € {1,2,...,n} and let E; C ﬁk be the set of points y such that the
function

fy + Zi(y) = [—00,00], fy(2) = ul(y, 2)r)

is absolugely continuous on every compact interval [a, b] C Zi(y). Then u € ACL(S2) if and
only if |24\ Ex|n,—1 = O for every k.

Let u € ACL($2). Absolute continuity implies that the classical partial derivative dxu of
u € ACL($2) exist for every x € §2 such that Xy € Ej. Since |§k\Ek|,,_1 = 0, it follows
by Fubini’s theorem that dxu exists for almost every x € §2. Another application of Fubini’s
theorem shows that the classical partial derivative is equal to the weak partial derivative,
see [14, Theorem 2.1.4]. Since the partial derivatives exist almost everywhere, it follows
that the gradient Vu exists almost everywhere. A function u € ACL(S2) is said to belong to
ACL?(82),if |Vu| € L¥(£2).

The following lemma follows immediately from the definitions of L¥(£2), ACL?(§2) and
whe ().

Lemma5.2 Ifp € &, (82), then ACLY (2) N LY (2) € W¢(2).

Definition 5.3 Foranyu : £2 — R, wedefine I'yac(ut) C Iecr(§2) as the family of curves y :
[0, £(y)] — $2 suchthatuoy is notabsolutely continuous on [0, £(y)]. If My, (I yac (1)) = 0,
then we say that u is absolutely continuous on curves, u € ACC(52).

In the next lemma, we show that ACC(£2) is a subset of ACL(S2), if ¢ satisfies a suitable
condition.

Lemma5.4 Let ¢ € @,,(82) and assume that ¢ satisfies the following condition:
there exist § > O such that ¢(x, ) > 1 for almost every x € §2. (5.1)
Then
ACC($2) C ACL(£2).

Remark 5.5 Note that (A0) implies (5.1), but not the other way around, since we do not
assume that ¢(x, 1/8) < 1. We also note (5.1) is equivalent to

there exist 8 > 0 and § > 0 such that ¢(x, ) > § for almost every x € 2. 5.2)

It is clear that (5.1) is just a special case of (5.2) with 6 = 1. It is also clear that (5.2) implies
(5.1),if § > 1. Suppose then, that ¢ satisfies (5.2) with 0 < § < 1. Then
§_ex B
B~ B
for almost every x € §2. By (alnc); (which ¢ satisfies by definition of @,,), there exist a
constant @ > 1 such that

(5.3)

e ) _ plr)

5 t (5.4)
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for almost every x € £2 and every t > B. Choosing ¢t := af/§ > B, it follows from (5.3)
and (5.4) that ¢(x, af/8) > 1 for almost every x € §2, and therefore ¢ satisfies (5.1). Thus
the choice § = 1 in (5.1) has no special meaning, except for making notations simpler by
getting rid of §.

Proofof Lemma 5.4 Let u € ACC(£2), and letk € {l,...,n} and let Ex C R"! be as in
Definition 5.1. By Lemma 3.2, there exists a non-negative Borel function v € L?(§2) such
that fV vds = oo for every y € I'yac(u). Forevery y € §k\Ek, let I(y) C Zi(y) be some
compact interval such that v is not absolutely continuous on I (y), and let yy : [0, [I(y)[1] —
£2 be a parametrization of /(y). Since y, € I'nac(u), it follows that fl(y) v((y,2)k)dz =

fyy v(s)ds = oo.
From (5.3) (with § = 1) and (5.4) we get

WLQZE%

for almost every x € £2 and every ¢t > B. Since ¢(x, t) > 0, it follows that

ro1
MLUZEE—; (5.5)

for almost every x € £2 and every t > 0. Let A > ||v]ly. By (2.1) and Fubini’s theorem we

have
lzfmw(mygg>dX=i[,/ W(OU@bEﬁ&E&z)dUW
2 A S iy A

> /~ / ® ((y,z)k, M) dzdy.
S\Er J1(y)

By (5.5) we have

v((y, Z)k)) / v((y, 2i) / 1
s Dk, —— | dz > —— " dz — —dz.
ﬂww(@zn A = 1(y) apr - Mwaz

Since f () v((y, 2)k) dz = oo, the first integral on the right-hand side is infinite, and since
I(y) is compact, the second integral is finite. Thus

/ p ((y, Dk 7”(%1)’”) dz = oo
I(y)

Inserting this into (5.6), we get

1> /~ / ® ((y,z)k, M) dzdy
S\Er J1(y)

= /N ocody.
Sk\Eg

This is possible only if |§k\Ek|n,1 = 0. Thus u € ACL(S2). O

(5.6)

The next example shows that the assumption (5.1) in the preceding lemma is not redundant.

Example 5.6 Let 2 = R%. Forx = (y, z) € R2, let

t ify=0,
ex,0):=40 ify#£0ands < |y},
t ify#£0andr > |y~
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It easily follows from [7, Theorem 2.5.4] that ¢ € &, (R?). Define u : R> — R by

0 ify<0,
u(y,z):==41 ify=0,
2 ify>0.

It is trivial that u ¢ ACL(R?). It is however the case that u € ACC(R?).

It is easy to see, that I'yac(u) = ['g, where E := {(y,2) € R? : y = 0}. Define
v: R? — [0, 0o] by
00 ify=0,

o= 50

Since the set

() eR* 1v(y,2) >r)={(r,2) e Rt |yl <r 7!}

is open for every r € R, it follows that v is a Borel function. Fix y € Ig. For every
a € [0, £(y)], we write (Y4, z4) := ¥ (a). Now, there exists some b € [0, £(y)] with y;, = 0.
Since y is parametrized by arc-length, we have

[Yal = 1ya — bl < ly(@) —y ()| < |a — D]

for every a € [0,£4(y)]. If a # b, then v(y(a)) > |a — b|~Y, since if va = 0, then
v(y(a)) = 00, and if y, # 0, then v(y (@) = |v4|~" = |a — b|~". Thus

b £y) b ) 1
/vds:/ v(y(a))da+/ v(y(a))daz/ 7da+/ da = .
y 0 b o la—bl » la—0b|

Since this holds for all y € I'g, by Lemma 3.2(c), to show that M, (I'g) = 0, it suffices to
show that v € L?(R?). If x = (y,2) and y # 0, then ¢(x, v(x)) = @(x, |y|~!") = 0. Thus
@(x, v(x)) = 0 almost everywhere, and g,(v) = 0. By (2.1), it follows that |v|l, < 1, and
therefore v € L? (R?).

We know that Vu exists for every u € ACL(S2). Thus, if ¢ satisfies (5.1), then Lemma 5.4
implies that Vu exists for every u € ACC(£2). We say that u € ACC¥(82), if u € ACC($2)
and Vu € LY(£2).

Theorem 5.7 (Fuglede’s theorem) Let ¢ € @,,($2) satisfy (5.1). If CY(2)-functions are
dense in W9 (§2), then u € W9 (£2) if and only if u € L?(§2) and it has a representative
that belongs to ACC?(82). In short

ACCY(2) N LY (2) = W9 ().
Proof By Lemmas 5.2 and 5.4 , we have
ACC?(2) N LY(2) C ACLY(2) N LY(R2) ¢ Wh2(2).

Thus it suffices to show that W#(§2) ¢ ACC?(£2). Since |Vu| € L?(£2) whenever u €
W19 (£2), we only have to show that W (£2) ¢ ACC(£2).

Suppose that u € whe(2). Let (u;) be a sequence of functions in cl )y nwhe2)
converging to u in W1 (£2). By Lemma 4.2, passing to a subsequence if necessary, we may
assume that (u;) converges pointwise everywhere, exceptin a set £ with M, (I'g) = |E|, =
0. Let u(x) := liminf;_, o u; (x) for every x € £2. Since the functions u; are continuous, it
follows that u is a Borel function. Since u; (x) converges for every x € §2\ E, it follows that
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u(x) = lim; oo u; (x) forx € 2\E. By Lemma 2.3, u; — u in L?(£2), and it follows that
i = u almost everywhere.
Since u; — u in W'¥(£2) we may assume, considering a subsequence if necessary, that

IVuiri = Vuilly <27
for every i € N. Since
i—1

wi=ui+ Y (ujpr —u)),

Jj=1
we have |Vu;| < g; forevery i € N, where

i—1

g = Vui| + Z|V”j+l — Vujl.

Jj=i
Since the sequence (g;(x)) is increasing for every x € §2, the limit g(x) := lim;_, o g; (x)
(possibly co) exists. Since the functions g; are continuous, g is a Borel function. For every
m > n we have

m—1 [e'e) 00

—i —n+1

lgm = gnlly = | D IVutjn = Vuyl | S Y IVujpr = Vujlly < Y 270 <274,
Jj=n j=n j=n

12

i.e. (g;) is a Cauchy sequence in L?(£2). Lemma 2.3 implies that g; — g in L¥(£2).
Let

I .= {y € et (82) - f gds = oo}.
Y

Since g/j is I'j-admissible for every j € N, we find that M,(/7) = 0. By Lemma 4.1,
passing to a subsequence if necessary, we find an exceptional set I> C [.::(§2), such that
lim | g—gids=0
i—00 y
for every y € [ec:(§2)\I». The set I> has the following property: if y € Ie;(§2)\ 1% and
0 <a <b<{Ly)then ylap € Irect(§2)\I. The reason is that, since g — g; > 0, we

have
/g—gidsz/ g—8&ds >0,
y Y la.b)

and since the first term tends to zero, the middle term must also tend to zero. Let I” :=
I't U U T'g. By Lemma 3.2(b) M, (I7) = 0.

We complete the proof by showing that iz o y is absolutely continuous for every y €
Freer(§2)\I'. Let k € N and for j € {1,2,...,k}, let (aj,b;) C [0, £(y)] be disjoint
intervals. Since Im(y) does not intersect E, and u; € C 1(£2) for every i, we have

k k
D ity b)) =ity @)l = tim 3 ui(y (b)) = ui(y (@)
j=1 =1

IA

k
lim supZ/)-/l[ . |Vu;|ds.
ajPj

i—00 =1
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Using first the fact that [Vu;| < g;, and then the fact that y |(a;,5;] € 12, we get

k k k
limsupZ/ |Vuilds < limsupZ/ gids = 2/ gds.
i=00 1Y 7lajb)) i—>00 1 V7lajb)) =177l b))
Thus
k k
Sl i@ =Y. [ eds
j=1 j=1 V|[uj.h]]

Since y ¢ I't, wehave goy € L'[0, £(y)], which together with the inequality above implies
that & o y is absolutely continuous on [0, £(y)]. ]

We can combine Theorem 5.7 with Lemmas 5.2 and 5.4 to get the following corollary:

Corollary 5.8 Let ¢ € @,,(£2) satisfy (5.1). If C1(2)-functions are dense in W% (£2), then
ACC?(2) N LY(2) = ACLY(2) N LY (2) = Wh*(2).

As was noted at the end of Sect. 2, C°(£2) functions are dense in W !¢ (£2) if ¢ satisfies
(A0), (A1), (A2) and (aDec). By Remark 5.5, (A0O) implies (5.1). Thus Corollary 5.8 also
holds with assumptions (A0), (A1), (A2) and (aDec), instead of (5.1) and density of C L(§2)-
functions.
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