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ABSTRACT

In simulations it is often important to decide if a given hierarchical triple star system is stable
over an extended period of time. We introduce a stability criterion, modified from earlier
work, where we use the closest approach ratio Q of the third star to the inner binary centre
of mass in their initial osculating orbits. We study by numerical integration the orbits of
over 1000000 triple systems of the fixed masses and outer eccentricities ey, but varying
inner eccentricities e;, and inclinations i. 12 primary combinations of masses have been tried,
representing the range encountered in stellar systems. The definition of the instability is either
the escape of one of the bodies, or the exchange of the members between the inner and outer
systems. An analytical approximation is derived using the energy change in a single close
encounter between the inner and outer systems, assuming that the orbital phases in subsequent
encounters occur randomly. The theory provides a fairly good description of the typical Qy,
the smallest Q value that allows the system to be stable over N = 10000 revolutions of the
initial outer orbit. The final stability limit formula is Qy = 10'/3A[(fg)?/(1 — eou)]"/®, where
the coefficient A ~ 1 should be used in N-body experiments, and A = 2.4 when the absolute
long-term stability is required. The functions f(ei,, cosi) and g(m;, m,, ms) are derived
in the paper. At the limitof ¢;, =i=m3 =0,fg = 1.
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ated measuring uncertainties. Then the phase space of the unknown

1 INTRODUCTION elements has so many dimensions that its total coverage may be

A hierarchical triple system consists of a binary and a third body
in orbit around the centre of mass of the binary. In order to have a
clear separation of the inner and outer orbits, the pericentre of the
outer orbit should be greater than the major axis of the binary. A
stability criterion of hierarchical triples is required in understanding
many systems arising in the Universe, for example in understand-
ing the longevity of the Earth—-Moon—Sun system (Newton 1687;
Clairaut 1752). The stability of our planetary system falls in the
same category of problems, initially with the question of the mo-
tion of the giant planets Jupiter and Saturn (Euler 1752; Lagrange
1766, 1778; Laplace 1775, 1787). In recent years similar questions
have arisen in connection with multiple exoplanets in other stellar
systems (see e.g. Funk et al. 2009). With enough information of
the initial data, it is always possible to carry out numerical orbit
integrations to determine the degree of stability, at least over some
period of time (Laskar 2013). However, it is often the case that
only some orbital elements are known, and even they have associ-
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prohibitive.

Another case where a clear-cut stability criterion would be
useful is in the computer simulations of star clusters (Aarseth
1973, 2003; Heggie & Hut 2003). In this case all the ele-
ments of a triple subsystem are known, but its integration takes
up many resources and will slow the overall cluster simula-
tion. It is more efficient to leave stable triples aside from the
main calculation until such time that encounters with other stars
or other reasons cause interesting orbital evolution in this sub-
system. In this work, we are mainly concerned with the latter
situation.

Harrington (1972) realized that the key quantity in assessing
the stability of a three-body system is the ratio of the pericentre
distance of the outer orbit over the inner orbit semimajor axis.
He found that its value, which we call Q, has to be at least 3.5
for direct orbits and 2.75 for retrograde orbits, the exact value
depending on the masses of the three bodies. In this paper our
main variable to be determined is the minimum value of Q for
stability, called Q. We start by using a sufficiently large value Q
and determine that the system is stable. Then the value of Q is
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lowered until an unstable system is found. Going to even smaller
0, the system is likely to be unstable, but even if it is not, we use
the Q-value first encountered in the search for the unstable system
to define Q. For example, if we find that the orbit with O = 5.0
is stable and that the next orbit with Q = 4.9 is unstable, we define
Oy = 5.0, even if the system is stable again, say, in the range Q
=4.0428.

The primary orbital elements to be sampled in this paper are
the cosine of the inclination cos i and the eccentricity of the inner
orbit e;,, and to a lesser extent the masses of the three bodies, and
the outer eccentricity e, The finite intervals of sampling lead to
some scatter in Qy, but the scatter is mainly due to the postulate
that the remaining orbital elements arise at random. The scatter in
O« means that our result is not an exact surface but a layer of finite
thickness in Q. Dvorak (1997) and Pilat-Lohinger, Funk & Dvorak
(2003) call this layer mixed region. The upper surface of the layer is
used when we answer the question whether the system is definitely
stable under the chosen revolution number N. The lower surface of
the layer tells us when the system is definitely unstable, while a
surface between them gives a stability criterion that could be useful
e.g. in N-body simulations. In later papers we will discuss how the
boundary of the layer moves with varying N. In this paper we use
N = 10000 revolutions of the outer orbit.

2 ORBIT INTEGRATIONS

For simplicity, we start with fixed mass values of m; = 1.5,m, =0.5,
and ms = 0.5 units (solar mass, for example), where m; and m,
form the inner binary of unit semimajor axis (e.g. 1au) and with
eccentricity e;,, while the body with mass mj3 is in an orbit of
eccentricity e, = 0.5 about the centre of mass of the binary. These
values have no particular significance. In later papers we will study
how the ideas of this paper are extended to other values of masses
and e,y In Section 4 we start a brief exploration to this direction.

Most of the orbit integrations are carried out by a symplectic
integrator that has the property of conserving total energy, using the
Bulirsch—Stoer method (Mikkola 1997). For comparison, we have
integrated a smaller number of cases by a three-body regularization
code (Aarseth & Zare 1974) and found that the overall result is not
integrator dependent.

The Q value, the ratio of the initial pericentre distance of the outer
orbit to the inner semimajor axis, is first set so high that the system is
stable over the N = 10 000 revolutions. Then for the next orbits the
initial parameters are varied, keeping e, constant while the major
axis of the outer orbit becomes smaller in steps of equal intervals.
Therefore also Q gets smaller values in a stepwise manner, even
though the steps are not exactly equal. The typical Q-step is 0.25
units. In later experiments (Figs 5 and 7) it is about 0.1 units. The
integrations are continued down to a value of Q where the systems
are always unstable. Since this value is not known in advance, in
practise the smallest Q is set to about unity. In terms of integration
time, the solutions are found very fast once we are below the mixed
region.

The process is repeated for 50 values (sometimes 100 values that
we call the full resolution) of cos i equally spaced between —1 and
+1, and a diagram of Q versus cosi is generated. In this diagram
the O versus cos i line is identified, and is called the stability line.
It is always wiggly, not only because of the finite step sizes, but
mostly since we sample the mixed region with fixed values of the
‘less-essential’ orbital elements. These are the initial angles of the
pericentres, mean anomalies, and the nodes. Unless otherwise stated
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Figure 1. Stability limit Q calculations displayed with Q (y-axis) as a func-
tion of cos i (x-axis). The asterisk (*) shows the first unstable system when
the Q-value is reduced in steps from high towards low values. Our standard
parameter values are m; = 1.5, my = 0.5, m3 = 0.5, and ¢,y = 0.5. In
this case the inner eccentricity ej, = 0.1. The curves display the model
outlined in the text. The lower curve is the always unstable limit (unsta-
ble below the line), the uppermost curve outlines the always stable region
(higher up). The middle line is a cut of the middle of the mixed region
and corresponds to A = 1.45. Upper and lower curves correspond to A =
1.75 and 1.15.
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Figure 2. As above, but for inner eccentricity ej, = 0.5.

below, their values are set to zero. The asterisk (*) in the plots refer
strictly speaking to these fixed values.

Then anew value of ¢;, is selected and a new diagram is generated.
In the first part of this paper we report the sample of 13 diagrams
that cover the inner eccentricity e;,-axis well. The values we use for
e, are 0, 0.05, 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 0.6, 0.75, 0.9, 0.95, and
0.99 (Figs 1 -3 give examples of these diagrams).

3 ANALYTIC MODEL

Roy & Haddow (2003), Heggie (2006), and Valtonen & Karttunen
(20006) studied the energy change d¢ /¢ of the inner binary in a single
three-body encounter when the outer orbit is parabolic, hyperbolic,
or elliptic, respectively. Here ¢ is the binary energy and §¢ is the
change arising from the encounter. As an illustration, let us take
the parabolic case. From equation (19) of Roy & Haddow (2003)
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Figure 3. As above, but for inner eccentricity ej, = 0.9.

we find

Sisz{Q 325 7(2/21()}

e my+m, 4
x {e; [— sin(Rw + nty) (1 — cos 2i)
— sin(2w + nty) cos 2i cos 22
—3sin(2w + nty) cos 22
— 4 cos(Qw + nty) cosi sin282]
+e(1 — em)[sm(2w + nty)(1 — cos 2i)
— sin(2w + nty) cos 2i cos 22
— 3sin(2w + nty) cos 22
—4cos2w + nty) cosi sin2L2]
+es/(1 — €2)[—2 cos2w + nto) cos 2i sin 282
— 6cos2w + nty) sin 22
— 8sin(2w + nty) cosi cos2L2]} . (@))]

The functions ey, e;, and e4 are defined in terms of the Bessel
functions J_ (ei), Jo(ein) J2(ein), and J3(ein):

ey = J_1(ein) — 2einJo(ein) + 2einJa(ein) — J3(en),
ex = J_i(en) — J3(en),
ey = J_i(ein) — endolen) — enda(en) + Ja(ein).

After substituting the first few terms of power series of the Bessel
functions we get

5,19, 4l
TOT R T 5 T g i
1 1
—€ = 2em - ﬁein’
3 5 4
€4 = 2 ﬁein’

with the accuracy of better than 1 per cent for all eccentricities up
to e, = 1.
We use the definition

K = Q"\/2(m\ + m2)/(m\ + ma + m3),

and i, w, and €2 are the inclination, the argument of the pericentre,
and the longitude of the ascending node of the third body orbit
relative to the binary centre. The mean motion of the binary is » and
to is the time measured from the third body pericentre passage.
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At the limit of small inner eccentricity (i.e. putting e, = 0) we
get
de _ my T {073 K¥5e @3 0Y ¢,
e my+m, 4
X {6 sinQw + nty + 2)(1 + cos i)’
+ 4sinw + nto)(1 — cos” i)} . 2)

Here we are interested in the absolute value of the energy change
when the sinusoidal factors are essentially random. Their absolute
values average to 2/7, and apart from this factor, the inclination
dependence is of the form

5 2
6(1 + cosi)> + 4(1 — cos’i) ~ 3.6 (f—|—cosi) ) 3)

3
The latter expression agrees with the former at better than 1 per cent
level relative to its maximum value at cos i = 1. Besides being a
slightly simpler function than the ﬁrst one, the latter also makes
more physical sense since using it % goes to a non-zero value at
cosi=—1.

The quantity in the first curly brackets is well approximated by a
factor proportional to

Q/0n77, @)
where
01 =251+ m3/(m; +my)" )

(Valtonen & Karttunen 2006). This results from a numerical eval-
uation of the function in the first curly brackets of equation (1),
and then finding the best power-law fit over a limited range of Q.
Figs 1-3 show what the range of interest of Q is for this particular
combination of masses. Thus the power —7.0 is not exact. For ex-
ample, in our primary study of systems with m3 = 0.5, in the range
Q = 3-3.5 the power-law index is —6.7, while in the range Q =34
it is —7.4. The slope is exactly —7.0 at Q = 3.35. For other mass
values, the slope of —7.0 occurs at somewhat different Q that scales
with Q.

‘We may then calculate the coefficient @ { Q3K CBK )} ein
at the representative value Q = 3.35 and put e;, = 0.05 to represent a
small initial eccentricity. Multiplied by the factor 3.6 from 3.6(% +
cosi)? we get 2 x 1073. The same numerical value is given by
0.0092(Q/Q;)~7 for the masses and Q in question. Considering
various uncertainties during this derivation, we replace 0.0092 by
0.01 and get

se (5 ’

:NOOI (Q/Ql) ( +cosz) . (6)
This result was based on the study of parabolic encounters, but in
fact very similar results arise if the outer orbit elliptic. In particular,
we may confirm the numerical factor 0.01 and the splitting of the
functional dependence into several factors that each depends only on
a smaller number of parameters (Valtonen & Karttunen 2006). Thus
in the following we apply this result to multiple elliptic outer-body
encounters.

The sinusoidal factor in curly brackets is phase dependent. Since
we may assume that the repeated encounters do not keep the phase,
this factor causes a drift in the energy space. We may model the drift
by a random walk, with the step size of the order of the amplitude
of the phase factor. There is also a drift in other orbital elements; in
this work we are not able to calculate this effect, but refer below to
some of the possible consequences of the drift in the e;,—cos i plane.



By energy conservation, the relative energy change of the binary
de/¢e translates into the corresponding change in the outer orbit
SE/E:
de SFE ESE
& 3 ¢ E

m3(m; +my) aipn §E
- mymy a E
_omy (mi+m) 1 —equ $E e
my+my mmyQ, Q/01 E

ms 1 —ey 0E

mi+my;  Q/0 E

where a;, and a,, are the inner and out semimajor axes, respectively,
and

s

7/3
M= 0.4(m; + m») ®)

T (my+my 4+ m3) PBmymy

The functional dependence on the masses is split in two factors
in order to help at the next step. After N encounters we expect
the total energy to change by ~/NSE. When this amounts to E,
we definitely have an unstable situation. We may also use a more
strict definition of the instability, saying that the instability arises
when E = A+/NSE. This defines a strictness factor A such that
it equals to unity when the instability means the total destruction
of the hierarchy of the system (Huang & Innanen 1983), while a
greater value of the strictness factor, e.g. A = 10, is closer to the
definition of Mardling & Aarseth (1999). We use A = 1 throughout
in this paper.

We equate the amplitude of equation (6) to the absolute value of
the right-hand side of equation (7) and solve for Q:

13
0 ~ OWN) /S M1/ (1 + L)

my +my
5 1/3
x (1= equ)™ (5 + cosi) . )]

This is called the stability limit Qy. The quantity M~'/% is set to
unity in the following. It is 0.925 if the binary masses are equal and
the third body mass is zero. For the range of masses considered in
this paper, it is within 24 per cent of this value.

Even in other respects this cannot be considered an exact formula,
as is obvious after several steps of simplifications. Rather it gives
a motivation to search for a particular type of result. In the end
we introduce a scaling coefficient A that is determined purely from
experiments.

Let us now consider arbitrary inner eccentricities e;,. Then the
form in the second curly brackets in equation (2) becomes, taking
terms up to the order ¢}, in the derivation above (Roy & Haddow
2003),

12{ [(1 — 0.444¢% +0.032¢" ) cosi +0.5/1 — €2

x (1= 0.139;,) (1+ cosiz)] cos(2w + nty) sin 2Q

+ {, /1= e2(1 - 0.139¢2) cos i

+0.5(1— 0.444€2 +0.032¢%) (1 + cos i2)]
x sinQ2w + nty) cos 2 + 1/3(1 — 0.12¢%)
x (1 — cosi?) sin(2a)+nt0)}. (10)

Now it is apparent that the parameters e;, and cosi are not sep-
arable, but are contained inside a single factor. In equation (2) the
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two parameters separated because e;, was small and was a common
multiplier in all the terms. In general this is not the case.

There is one more consideration that we must worry about. Dur-
ing the evolution of the triple system it may wonder widely in the
ein—cos i plane due to the eccentric Kozai resonance (Ford, Kozin-
sky & Rasio 2000; Katz, Dong & Malhotra 2011; Lithwick & Naoz
2011) whereby the stability limit tends to be determined by the re-
gion where the limit is highest during this wondering. The process
tends to equalize the stability limit within —0.75 < cosi < 0.75,
the effective classical (i.e. quadrupole) Kozai cycle range (Kozai
1962; Innanen et al. 1997; Valtonen et al. 2008). Fitting the calcu-
lated data points to different functional forms quickly shows that we
need to introduce cos *i terms into our formula that do not appear in
the expression (10). It helps to describe the rather high Qg values
in retrograde orbits in the range of —0.5 < cosi < 0. We do not
find need for order higher than three in cosi in order to describe
the results of our data set. In particular, it is clear that the second-
order expression above is not useful as such. Also the universal
(% + cosi)? term for all ej, is obviously not valid.

Therefore we look for a form that is of third order in cos i and has
coefficients that are polynomials of e;,. The simplest form that could
be used is of the third order in both cos i and e;,. The coefficients of
the polynomials have been determined by fitting our experiments
(the 13 diagrams mentioned above, m; = 1.5) to the polynomials
of this order, and determining the best values for the coefficients.
We used a least-squares fit to all our data points in these diagrams.
Subsequently the coefficients of some high-order terms were found
to be so small as to be negligible. Then these terms were dropped,
and new fits were performed without them. This procedure was con-
tinued until all remaining terms were significant. The coefficients
were then rounded to nearest simple fractions, making sure that this
does not worsen the fit. In this way we find that % + cosi in the
stability limit formula should be replaced by

. 2 1, .
f (e, cosi) = l—gein I—Eein —0.3cosi |1

1 5
— Eein—i—ZCosi (1 — Eefn/z—cosi)} } (11)

In the last bracket the terms containing e;, and eizn have been com-
bined to a term ¢}/ for simplicity, and without loss of accuracy.

Remember that in our original formula of equation (1) the e;, and
cos i factors were not separable; their separation in different factors
happened only at the low eccentricity limit in equation (2). Here
we have returned to a factor containing both variables after making
extensive use of numerical experiments.

Let us denote the mass factor

L) . (12)

glmy, my, m3) = (1+
my + my

In addition to the other factors of equation (9) there may be a coef-
ficient of the order of unity on the right-hand side of this equation;
we call it A. This coefficient has to be obtained by a fit to our data
set because our complete formula was not derived from first prin-
ciples; we used a number of simplifying assumptions. We first find
the function f from theory, and then look for suitable values of A.
Our complete formula is now

1/6
0u=A(AWN/1 =) (f )", (13)

Note that the relative simplicity of this formula is based on equa-
tion (1). Even though it describes energy changes only in parabolic
encounters, the studies for elliptic encounters give qualitatively sim-
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ilar results. One of the main advantages of this approach is the
factorization where each factor depends on rather few parameters.
There is a factor for masses, for the normalized pericentre distance,
and a mixed inner eccentricity/inclination factor. The latter also has
other angular dependences in the form of sinusoidal functions that
we have averaged out. It is this feature of equation (1) that carries
through the different stages of our derivation, and finally leads to a
rather simple end result.

The value of A is determined during the fit of the analytical func-
tions to our data set. In our simulations we start with high values
of O and reduce values in finite steps until we hit the first unstable
system. These points are plotted in our figures. Consequently, the
last stable system is one Q-step higher. So, the stability border lies
in between these two points. The value of A that is determined from
the first unstable points is too low when we are looking to repre-
sent this instability line. From the fit we find A = 1.40. However,
instability is one half-a-step higher or at A = 1.45. The step size
comes from our initial choice for sampling along the Q-axis. The
scatter about the midsurface is roughly Gaussian with standard de-
viation approximately 0.1 units of Q. Most of the data points should
be within the layer of thickness of three standard deviations of the
central surface, which is within a layer defined by A = 1.45 4+ 0.3.
This is true for all except two points.

In N-body simulations one may want to use the smaller limit
of A = 1.15. Then no computer time is wasted in the calculation
of stable subsystems. The drawback of this choice is that many
unstable systems from the mixed region will be treated as stable,
and the integration of these subsystems is halted. A compromise
may be to use the central plane of the mixed region, A = 1.45. One
would need to experiment with actual N-body simulations to decide
the optimum value of A. In other types of problems we may want to
be absolutely sure of the stability of the triple system. Then we will
want to use the upper value, A = 1.75. However, our experiments
so far may be too sparse to determine this absolute upper limit.

In order to make a more careful study of the upper and lower
limits of the mixed region, we increased the number of simulations.
Instead of using just one value of the longitude of the node 2 (2 =0
in practice), we started covering the whole range of its values. We
note from expression (10) that sin 22 and cos 22 are independent
factors that should be varied to get the whole range of possible
outcomes for a given cosi. This contrasts with the longitude of
the pericentre w that appears only in combination with nt, and is
therefore, at least in theory, a random variable.

In order to study the lower limit of the mixed region, the limit for
the absolutely unstable systems, we made simulations ata given cos i
and starting from a low Q-value. By orbit integration we checked
the stability for each 2-value. Initially experiments are unstable for
all Q-values. Then the Q-value is increased by one step. This is
continued until at least one 2-value results in a stable system. At
that point we say that the absolute instability boundary has been
found and that it lies between the last two Q-values.

Similarly, when we study the upper limit of the mixed region,
the limit for absolute stability, we start from a sufficiently high
Q-value so that systems with all Q2 are stable. Then we lower the
Q-value by one step and repeat the process. When we discover first
unstable system, for any value of €2, we have crossed the stability
boundary that lies between the last two Q-values.

In this way we generate two boundary lines, well separated from
each other. Fig. 4 shows an example. Here 50 equally spaced values
of cosi and 10 values of randomly generated 2 were used for
my, = 0.2, m3 = 10, ¢;, = 0.25, and ey, = 0.5. We see that the
line for the upper limit is effectively raised. Typically the A-value is

10 -05 00 05 1.0
cos(i)

IN w A O OO N

Figure 4. Stability limit points for the upper limit (stability, crosses) and
lower limit (instability, stars) for m; = 1.8, mp = 0.2, m3z = 10, ¢, = 0.25,
and ey = 0.5.

55 :
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Figure 5. The upper (stability) border for the inner eccentricity ej, = 0.6
and masses m; = 1.5, my = 0.5, m3 = 0.5, and e,y = 0.5. The three lines
are drawn for A = 1.15,1.45, and 1.75.

increased by 0.15 units higher by using this method than by using
points for single values of 2.

10 similar diagrams were generated by varying m, (either 0.2,
0.5, or 1.0) and ¢;, (either 0.1, 0.25, 0.5, 0.75, 0.9, or 0.99) for
fixed values of m3 = ey = 0.5. In all cases the upper boundary
points follow the A = 1.45 line rather well, with the highest point
at A = 2.3. The inner boundary line is of the same general shape as
the upper boundary but typically 0.6 units lower in A.

In this paper we are primarily concerned with the upper envelope
of the mixed region. The study of the lower boundary is left for
future work since it could be very sensitive to islands of stability
(Dvorak 1997).

In Fig. 5 we give an example of the upper boundary using 100
equally spaced cos i values and 20 randomly picked €2 values. Ex-
cept for aresonance at i = 140°, the points are well confined between
A =1.45 and 1.75, i.e. the average A value for the upper boundary
isA~1.6.

The limit A = 1.75 is good everywhere except at the resonance
around i = 140°. No similar feature is seen at i = 40°. A rather
safe upper boundary of the instability layer (mixed region) in ex-
periments reported so far is therefore

0 =24 (WN/(1 —ew) " (£ )"
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Figure 6. Distribution of A-values (stability limit points) for all 5445 points
in the experiments with varying masses and eccentricities.

The coefficient 2.4 (rather than 2.3) covers also the more extensive
set of experiments reported in the next section, and illustrated in
Appendix A.

4 UNIVERSALITY

In order to test the validity of our function f, we have carried out
a set of simulations to cover the range of masses at several inner
eccentricities and longitudes of the ascending node with the constant
value of the outer eccentricity of 0.5. We used a grid composed of
five equally spaced values of ¢;, (uniform from 0 to 0.99), 11 equally
spaced values of both €2 and cos i (the latter uniform from —1 to +1),
three values of m, (0.1, 0.5, and 1.0), and three values of m3 (0.1,
1.0, and 10). Since m; = 2 — my, this creates a grid of nine specific
combinations of mass. We generate 45 diagrams similar to Fig. 1,
and for each point in these diagrams (5445 in all) we calculate the
A-value using equation (13). The distribution of A-values is shown
in Fig. 6. The distribution is well described by a Gaussian with the
mean of A = 1.6 and the standard deviation o = 0.26. Therefore
all points are below A = 2.4 at the 30 level. We may use this as
the limit of absolute stability, with the exception of resonances that
occur in a few diagrams, similar to the i = 140° resonance in our
previous Fig. 5. The exceptionally high values of A arise only at a
relatively narrow range of €2 usually close to 0° and 180°; a further
study of these regions will appear in Paper II.

At this point we went back to equation (11) to find out if the
third-order dependence on e;, and cosi is visible in the 45 new
diagrams (Appendix A). In particular, we checked if another choice
of coefficients 2/3,1/2, ..., etc. would improve the fit to this larger
data set, by reducing the standard deviation. The lowest value found
was practically equal to 0.26; thus in this way we confirm the validity
of the coefficients in equation (11) at the level of £4 per cent.

In addition to this grid, we have studied some individual cases,
for instance m; = my = 1, m3 = 0.1, and ¢;, = e, = 0, that are
quite different from our standard case. The result of the study with
the full resolution, using 3 x 10° three-body solutions, is displayed
in Fig. 7. Another case has the same initial values, except eq, = 0.3
and the inclination resolution is lower (Fig. 8). These cases show
that the general formula is applicable even though the outer orbit
starts by being circular or at a small value. In an earlier paper
(Valtonen et al. 2008) we have covered a wider range of eq,. We
also checked the dependence on the mass of the external body over
a wider range in our initial system, i.e. when m; = 1.5, m, = 0.5,

Stability of hierarchical triples I. 835

4.0
3.5
3.0
© 2.5
2.0
1.5

-1.0 -0.5 0.0 0.5 1.0
cos(/)

Figure7. AsinFig.5, but the 20 € simulations form; =my =1,m3 =0.1,
and ej, = eoyt = 0.
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Figure 8. As above, but for the eccentricity ey = 0.3.

m3

Figure 9. Upper (stability) limit Q (y-axis) as a function of m3 (mass of
the external body) when m; = 1.5, my = 0.5, ej, = 0.6, and ey = 0.5.
Curves for cosi = 0.8 (higher) and —0.8 (lower) are shown. The curves are
displayed for A = 2.

ein = 0.6, and e, = 0.5. The results at two definite values of the
inclination cos i = 0.8 are shown in Fig. 9.

5 DISCUSSION

The inner eccentricity—inclination term has not been published pre-
viously. Considering only the e;, dependence, and taking Qy to be
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a constant as a function of cos i, Eggleton & Kiseleva (1995) and
Mardling & Aarseth (1999) give

Qst X (1 + ein)1

while Bailyn (private communication) suggests

0 1+12
o X —e- .
t o in

Our data for cosi = 1 agree with an approximate formula (simpler
than equation 11 with cosi = 1)

2
Qg[ X (1 — gein + 12612“) .

Therefore the formulae given by earlier studies are not very satis-
factory. Moreover, we note that the cosi dependence is clearly a
function of e;, in the experimental data set (Figs 1-3). The cosi
dependence given in Valtonen & Karttunen (2006),

f(cosi) = {% +[(1 4+ cosi)(1.97 — cosi)]o's} ,

is a fair representation of the f{cos i) function at low eccentricity but
not applicable to mid-range or high eccentricities. The same is true
for the simpler form by Valtonen et al. (2008):

. 7 1 ) 5

f(cosi) = {1 + Ecosz — cosi } .

Mardling (2008) and Mardling (private communication; a com-
puter code distributed privately) suggested a practically flat func-
tion at high eccentricity and a function that varies from flat at
positive cosi to gently sloping (towards cosi = —1) at negative
cos i for mid-range and low eccentricity. It is an improvement over
the flat function of Mardling & Aarseth (1999), but not a good
description of the experimental data. Mardling & Aarseth (2001)
keep QO constant with ej,, but assume f(cosi) = {1+ 0.3i/7t}.
This is also a rough approximation to the numerically calculated
data.

These expressions and our current formula and computer simula-
tions show that retrograde orbits are more stable than direct orbits at
the same Q-distance. The amount of difference in stability depends
on the eccentricity of the inner orbit. The main exception to this
rule occurs at the i = 140° resonance (Fig. 5). In a future paper we
will also discuss the apparent resonance feature at i = 140°. At this
resonance the general formula fails, even though in a very small
volume of the phase space.

The end result of this investigation is an analytical formula for
determining the stability of a triple system, equation (13). The sta-
bility limit depends on the orbital parameters of the inner and outer
binary and on the number of outer revolutions N required for stabil-
ity. Since the latter depends on the problem at hand, its uncertainty
may be absorbed in the coefficient A. Thus putting A ~ 1 in N-body
simulations, and A = 2.4 in tests for absolute stability, together with
A =1, may constitute a practical stability formula:

0y = 10PA[(f 2%/ — equ)]'",

where the functions f and g are given by equations (11) and (12),
respectively. At the limit of ¢;, = i = m3 = 0, fg = 1. The fac-
tor 10'/3 corresponds to N = 10*, the standard value used in this
study.
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APPENDIX A: SAMPLE ILLUSTRATIONS FOR
THE RANGE OF MASSES

Here we present results of simulations described in the beginning
of Section 4 for different masses and uniformly sampled 2. Every-
where in what follows e, = 0.50. In addition to the three curves
corresponding to A = 1.15,1.45, and 1.75, one more curve for
A = 2.0 was added.
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Figure A1l. m; = 1.00, mp = 1.00, m3 = 0.10, and e;, = 0.00.
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Figure A2. m; = 1.00, my = 1.00, m3 = 1.00, and e;, = 0.00.
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Figure A3. m; = 1.00, my = 1.00, m3 = 10.00, and e;, = 0.00.
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Figure A4. m; = 1.50, mp = 0.50, m3 = 0.10, and e;;, = 0.00.
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Figure AS. m; = 1.50, mpy = 0.50, m3 = 1.00, and e;, = 0.00.
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Figure A6. m; = 1.50, my = 0.50, m3 = 10.00, and e;, = 0.00.
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Figure A7. m; = 1.90, my = 0.10, m3 = 1.00, and e;, = 0.00.
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Figure A8. m; =1.90, my = 0.10, m3 = 10.00, and e;, = 0.00.
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Figure A9. m; = 1.90, my = 0.10, m3 = 0.10, and ¢;, = 0.00.
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Figure A10. m; = 1.00, my = 1.00, m3 = 0.10, and e;, = 0.25.
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Figure A11. m; = 1.00, mp = 1.00, m3 = 1.00, and ej, = 0.25.
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Figure A12. m; = 1.00, my = 1.00, m3 = 10.00, and e;, = 0.25.
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Figure A13. m; = 1.50, my = 0.50, m3 = 0.10, and ¢;, = 0.25.
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Figure A14. m| = 1.50, my = 0.50, m3 = 1.00, and ¢;, = 0.25.
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Figure A15. m; = 1.50, my = 0.50, m3 = 10.00, and e;, = 0.25.
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Figure A16. m; = 1.90, my = 0.10, m3 = 0.10, and ¢;, = 0.25.
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Figure A17. m; = 1.90, my = 0.10, m3 = 1.00, and ¢;, = 0.25.
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Figure A18. m; = 1.90, my = 0.10, m3 = 10.00, and e;, = 0.25.
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Figure A19. m; = 1.00, my = 1.00, m3 = 0.10, and ¢;, = 0.50.
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Figure A20. m; = 1.00, my = 1.00, m3 = 1.00, and e;, = 0.50.
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Figure A21. m; = 1.00, my = 1.00, m3 = 10.00, and ¢;, = 0.50.
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Figure A22. m; = 1.50, my = 0.50, m3 = 0.10, and e;, = 0.50.
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Figure A23. m; = 1.50, my = 0.50, m3 = 1.00, and ej, = 0.50.
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Figure A24. m; = 1.50, my = 0.50, m3 = 10.00, and e;, = 0.50.
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Figure A25. m; = 1.90, my = 0.10, m3 = 0.10, and ¢;, = 0.50.
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Figure A26.
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my = 1.90, my = 0.10, m3 = 1.00, and ¢;, = 0.50.
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Figure A27. m; = 1.90, my = 0.10, m3 = 10.00, and e;, = 0.50.
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m; = 1.00, my = 1.00, m3 = 0.10, and e;, = 0.75.
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my = 1.00, my = 1.00, m3 = 1.00, and e;, = 0.75.
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Figure A30. m; = 1.00, my = 1.00, m3 = 10.00, and ¢;, = 0.75.
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Figure A31. m; = 1.50, my = 0.50, m3 = 0.10, and ¢;, = 0.75.
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Figure A32. m; = 1.50, my = 0.50, m3 = 1.00, and e;, = 0.75.
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Figure A33. m; = 1.50, my = 0.50, m3 = 10.00, and ¢;, = 0.75.
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Figure A34. m; = 1.90, mp = 0.10, m3 = 0.10, and e, = 0.75.
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Figure A35. m; = 1.90, my = 0.10, m3 = 1.00, and e;, = 0.75.
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Figure A36. m; = 1.90, my = 0.10, m3 = 10.00, and e;, = 0.75.
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Figure A37. m; = 1.00, my = 1.00, m3 = 0.10, and e;, = 0.99.
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Figure A38. m; = 1.00, my = 1.00, m3 = 1.00, and e;, = 0.99.
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Figure A39. m; = 1.00, my = 1.00, m3 = 10.00, and e;, = 0.00.
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Figure A40. m; = 1.50, my = 0.50, m3 = 0.10, and ej, = 0.99.



Downl oaded from https://academ c. oup. com rmras/articl e-abstract/ 476/ 1/830/ 4830128

7
6
o5
4 H
3
-1.0 -05 0.0 0.5 1.0
cos(iin)

Figure A41. m; = 1.50, my = 0.50, m3 = 1.00, and ¢;, = 0.99.
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Figure A42. m; = 1.50, my = 0.50, m3 = 10.00, and ¢;, = 0.99.
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Figure A43. m; = 1.90, my = 0.10, m3 = 0.10, and ej, = 0.99.
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Figure Ad4. m; = 1.90, my = 0.10, m3 = 1.00, and e;, = 0.99.
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Figure A45. m; = 1.90, my = 0.10, m3 = 10.00, and ¢;, = 0.99.
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