This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2023.3318354

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. ???, NO. 2?7, ???

The Levenshtein’s Sequence Reconstruction
Problem and the Length of the List
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Abstract—In the paper, the Levenshtein’s sequence reconstruc-
tion problem is considered in the case where the transmitted
words are chosen from an e-error-correcting code, at most ¢
substitution errors occur in each of the N channels and the
decoder outputs a list of length L. Previously, when ¢t = e + /¢
and the transmitted word is long enough, the numbers of required
channels were determined for £ = 1,2 and ¢+ 1. Here we deter-
mine the exact number of channels in the cases £ = 3,4,... /4.
This also provides the size of the largest intersection of £ balls of
radius ¢ (with respect to substitutions) centered at the words with
mutual Hamming distances at least 2e + 1. Furthermore, with the
aid of covering codes, we also consider the list sizes in the cases
where the length n is rather small (improving previously known
results). After that we study how much we can decrease the
number of required channels when we use list-decoding codes.
Finally, the majority algorithm is discussed for decoding in a
probabilistic set-up; in particular, we show that the output word
of the decoder can be verified to be the transmitted one with
high probability.

Index Terms—Information Retrieval, Levenshtein’s Sequence
Recontruction, List Decoding, Majority Algorithm, Substitution
Errors.

I. INTRODUCTION

In this paper, the Levenshtein’s sequence reconstruction
problem, which was introduced in [2], is studied when the
errors are substitution errors. For many related sequence re-
construction problems (concerning, for instance, deletion and
insertion errors) consult, for example, [2]-[9]. Originally, the
motivation for the sequence reconstruction problem came from
biology and chemistry where the familiar redundancy method
of error correction is not suitable. The sequence reconstruction
problem has returned to the focus, since it was recently
discovered that this problem is highly relevant to information
retrieval in advanced storage technologies. In these storage
systems the stored information is either a single copy, which is
read many times, or the stored information has several copies
[5], [10]. This problem (see [5]) is especially applicable to
DNA data storage systems (see [11]-[14]) where DNA strands
provide numerous erroneous copies of the information and the
goal is to recover the information using these copies.
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Let us denote the set {1,2,...,n} by [1,n]. Denote by F the
finite field of two elements, and denote the binary Hamming
space by F". The support of the word x = z;...2, € F"
is defined via supp(x) = {i | #; # 0}. Let us denote the
all-zero word 0 = 00...0 € F" and by e; € " a word with
1 in the ith coordinate and zeros elsewhere. The Hamming
weight w(x) of x € F™ is |supp(x)|. The Hamming distance
is defined as d(x,y) = w(x +y) for x,y € F". Let us
denote the Hamming ball of radius t centered at x € F"
by Bi(x) = {y € F" | d(x,y) < t} and its cardinality
by V(n,t) = Z::O (7). The Hamming sphere of radius ¢
centered at x € F" is Si(x) = {y € F" | d(x,y) = t}.
A nonempty subset of " is called a code and its elements
are called codewords. The minimum distance of a code
C C F™ is defined as dpin(C) = ming, c,ec,c, e, (€1, C2).
Consequently, the code C' has the error-correcting capability
e = e(C) = |(dmn(C) — 1)/2]. Let us denote by ¢ ~
2.71828... the Napier’s constant. With O(g(n)) we denote
a set of functions such that f(n) € O(g(n)) if there exist
positive reals k1, ko and ng such that for all n > ny we have
kig(n) < f(n) < kag(n).

Next we consider the sequence reconstruction problem.
For the rest of the paper, let C C F™ be any e-error-
correcting code. A codeword x € C' is transmitted through
N channels where, in each of them, at most ¢ substitution
errors can occur. In the sequence reconstruction problem,
our aim is to reconstruct x based on the N distinct outputs

Y ={y1,...,yn~} from the channels (see Fig. 1).
channel 1 Y
channel 2 TD
X . Y —
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Fig. 1. The Levenshtein’s sequence reconstruction.

It is assumed that ¢ > e(C) (f ¢ < e(C), then only one
channel is enough to reconstruct x). For ¢ > 1, let us denote

t=e(C)+l=e+/

for the rest of paper. The situation where we obtain sometimes
a short list of possibilities for x instead of always recovering
x uniquely, is considered in [15], [16]. Based on the set Y and
the code C, the list decoder (see Fig. 1) D gives an estimation
Tp =Tp(Y) = {x1,...,X|p,} on the sequence x which we
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try to reconstruct. We denote by L£p the maximum cardinality
of the list T (Y") over all possible sets Y of output words. The
decoder is said to be successful if x € T'p for all input words
x and all possible output sets Y. In this paper, we focus on the
smallest possible value of Lp over all successful decoders D,
in other words, on £ = minp is successtut { Lp }- Let us denote

r=1(v)=Cn | BW)

yey
Consequently,

L=max{|T(Y)| | Y is a set of N output words}.

The value of £ depends on e,¢,n and N. Obviously, one
would like to have as small £ as possible. Observe that
we consider the worst case scenario of the output channels
regarding £. In such a situation, the channels are sometimes
called adversarial; for example, see [17]. The problem of
minimizing £ is studied, for example, in [15], [16], [18]-[21].
Also a probabilistic versions of this problem have been studied
(often under the name trace reconstruction) for example in
[22], [23]. In this paper, we mainly consider the relation
between N and L for various n after we fix the parameters
¢ and e (while letting C' be any e-error-correcting code).
The sequence reconstruction problem is also closely related
(see [18]) to information retrieval in associative memory
introduced by Yaakobi and Bruck [15], [16].

The structure of the paper is as follows. In Section II, we
recall some of the known results. In particular, it is pointed out
that if we have at least (resp. less than) V'(n, {—1)+1 channels,
then the list size is constant with respect to n (resp. there
are e-error-correcting codes with list size depending on n). In
Section III, we give the complete correspondence between the
list size and the number of channels when we have more than
V(n,£—1)+1 channels and n is large enough. It is sometimes
enough to increase the number of channels only by a constant
amount in order to decrease the list size (see Corollary 14).
Section IV focuses on improving the bounds on the list size
when n is not restricted and we obtain strictly more channels
than V(n,¢—1)+ 1. Section V is devoted to list size when we
have less than V' (n,¢—1)+1 channels. The final section deals
with the reconstruction with the aid of a majority algorithm
on the coordinates among the output words in Y.

II. KNOWN RESULTS

In this section we present some known results on how the
two values of IV and L are linked. The basic idea on estimating
L is the following: we analyse the maximum number of
output words (/V) we can fit in the intersection of £ ¢-radius
balls centered at codewords. As expected, the length £ of the
outputted list strongly depends on the number of channels.

Previously, in [2] and [15], the problem has been considered
for £ = 1 and £ = 2, respectively. Moreover, in [24], the exact
number of channels N required to have £ constant on n has
been presented, see Theorems 4 and 5. The following theorem
gives an exact number of channels required to have £ = 1.
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Theorem 1 ([2]). We have L < 1 if

-1 t—i
n—2e—1 2e +1
N>E E 1.

k=e+1+i—4
Theorem 2 ([15]).
n=T%Y (147 (T41) (L£]

N =50 (T2 DD () () + 1 for

e 0<ip <t-[4],

e+ 4] —t<ig<t—[9] i,

o 2[4 —t+iy <iz <t— (i1 +144) and

o max{iy — iz —is + [3¢] —t, i1 + i3 +ig + [S] =t} <

ig <t — (i1 +ia+ (%1 —i3),

then L < 2 for any code C with minimum distance d.

The following theorem reformulates a result achieved by
Yaakobi and Bruck [15, Algorithm 18] proven in [24].

Theorem 3. Let n > 20 — 1 and C' be an e-error-correcting
code in F". If N > V(n,f — 1) + 1, then we have

20
L< .
<(4)
The bound in Theorem 3 can be improved to 2¢ which has
been shown to be tight in [24].

Theorem 4 (Theorem 7, [24]). Let n > { and C be an e-
error-correcting code in F". If N > V(n,£ — 1) + 1, then we
have

L <2t

Besides the 2° part, also the value V(n,¢ — 1) + 1 for the
number of channels is tight, that is, if the value of N is smaller,
then list size £ can be linear with respect to n.

Theorem 5 (Theorem 10, [24]). If N < V(n,{—1), then there
exists an e-error-correcting code such that L > |n/(e+1)].

Let us denote for the rest of the paper n(e,£,b) = (£ —
D2 (b—e+(e+1) (b=3e—2e +eb+ (" %)) +0-
2. Although the bound for £ in Theorem 4 cannot be improved
in general, we can improve it, when n is large, to £ + 1.

Theorem 6 (Theorem 20, [24]). Let n > n(e,{,b), b =
max{3t,4e + 4}, Y| = N > V(n,£ — 1) + 1 and C be

an e-error-correcting code. Then we have

L0+ 1.

Moreover, the following theorem shows that the previous
upper bound £ < ¢+ 1 is tight when N =V (n,¢ —1) + 1.

Theorem 7 (Theorem 9, [24]). If n > £ 4+ fe + e and the
number of channels satisfies N <V (n,€ — 1)+ 1, then there
exists an e-error-correcting code C' C F3 such that L > {+1.

As we see, IV is known precisely only for three values
when L is constant on n. In the following section, we give
the missing values of N.
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III. LIST SIZE WITH MORE CHANNELS

In this section, we give exact bounds for the number of
channels N (when n is large) which is required for satisfying
L < h for every constant value of h. As noticed above, N
was previously known only for three values h = 2,3,/ + 2.
To achieve this, we need to introduce two technical lemmas
from [24].

In the following lemma, when n is large, it is shown that
if any three codewords in 7(Y") differ within some subset of
coordinates D of constant size b, then there exists an output
word y which differs from these codewords in at least £ — 1
coordinate positions outside of D. Notice that supp(w + z)
gives the set of coordinates in which w and z differ.

Lemma 8 (Lemma 18, [24]). Let b > 3t be an integer with
t =e+ ¢ and Cy be an e-error-correcting code. Assume that
n > n(e,0,b), Y| =N >V(nt—1)+1, [T(Y) >3
and cy,ca,¢c3 € T(Y). If now D C [1,n] is a set such that
|D| = b and

supp(cy + co) U supp(cy + ¢3) U supp(ca + c3) € D,

then for any word w € F" we have supp(w + c1) \D =
supp(w + c2) \ D = supp(w + c3) \ D and there exists an
output word y € Y such that

lsupp(y +c1) \ D| > ¢ — 1.

The following lemma shows that the distance between any
codewords in 7'(Y") is either 2e + 1 or 2e + 2.

Lemma 9 (Lemma 19, [24]). Let n > n(e,£,3t), |[Y| = N >
V(n,¢—1)+1, C be an e-error-correcting code and |T(Y')| >
3. Then we have d(cq,c3) < 2e+2 for any two c1,¢c2 € T(Y).

We denote by N'(n,¢ e, h) the maximum number of -
error channels such that there exists a set of output words
Y C F™ satisfying |Y| = N'(n,{,e,h) and |T(Y)| > h for
some e-error correcting code C. Observe that N'(n, ¢, e, h)
is a non-increasing function on h. By Theorems 5 and 6,
N'(n,l,e,h) =V(n,L—1)forall {+2<h < |n/(e+1)]
when n is large enough. Hence, when we use notation
N(n,l e, h), we assume that h is the smallest integer among
all b’ for which N'(n,¢,e,h) = N'(n,{,e,h’). When the
exact formulation is not necessary for clarity, we denote
N(n,¢, e, h) = Np. Observe that, if N > Nj, +1, then L < h
for all e-error-correcting codes. In particular, the difference
between N'(n,f, e, h) and N(n,l, e, h) is that N'(n, ¢, e, h)
exists for each value of h but may give the same values for
different choices of h while N(n,¢, e, h) does not exist for
every choice of h but each value it attains is unique. For
example, N(n,¢, e, h) does not exist (when n is large) for
(+3<h<|n/le+1)].

Remark 10. Values N'(n, ¢, e, h) and N(n,¢, e, h) can also
be interpreted as the maximum sizes of intersections of any
h Hamming balls of radius ¢ = e + ¢ centered at words
with pairwise minimum distance of 2e + 1 in the binary
Hamming space of length n. In other words, N'(n, ¢, e, h) =
max | ﬂ?:l By(c;)| where the maximum is taken over h words
such that d(c;,c;) > 2e+1and c; € F” foreach 1 <i,5 <h

with ¢ # j. For a more detailed introduction to this perspective,
the reader is encouraged to see the discussion related to
notation N¢(m,d) in [15].

We need the following two technical notations in the next
theorem. Let us have /,e, h,w € N, then

Ww ={(i1,...,1p) | for each j :
h
w+1—4¢
i; €N 1>4: > —— " and w > .
ij €ENje+1>4; > 5 an w_zzj}
Jj=1
and

w —

l
W[H:{(h,...,ihﬂeachz‘j eNe>i > and for

h
1—7¢
j>2:e+1>ij>“’+2andw>zij}.
j=1

In the following theorem, we give the maximum number of
channels N'(n, ¢, e, h) which gives list size £ > h for some
e-error-correcting code and if N > N'(n,¢,e, h), then £ < h
for all e-error-correcting codes. Later in Theorem 12, we show
that the two sums in the maximum of Equation (1) are equal.
Then, in Theorem 13, we show that the following theorem
actually holds for N}, as well. Theorem 11 is further analysed
in Corollaries 14, 15 and 16.

Theorem 11. Let n > n(e, £,b), b > max{3t,4de+4}, £ > 2,
3<h</{+1 Then

N'(n,t,e,h) =V (n, £ —1)+

n—h(e+1)
WL (31 ,...yip ) EWoy

j=1%

Sox (e )enes)
w>L (iy,....in ) EWY, =351l “ b

Proof. Let us have N = N'(n,f,e,h), n > n(e,{,b), b >
max{3t,4e + 4}, £ > 2 and 3 < h < ¢ + 1. Moreover, let
C be an e-error-correcting code maximizing |ﬂ?=1 By(c;)|
for some h codewords c; and that we have £ = h when
N = N’(n, ¢, e, h). Furthermore, let Y be a set of outputs such
that |T(Y)| = £ = h and let us denote T(Y") = {c1,...,cp}.
Observe that we have |Y| = N'(n,l, e, h) = |(,_; Be(ci)|.

By Theorem 5, we have N > V(n,{—1)+ 1. By Lemma 9
and due to the fact that C' is an e-error-correcting code, we
have d(c;, c;) € {2e+1,2e+2} for each i # j. Since we are
considering binary Hamming space and h > 3, all pairwise
distances cannot be 2e 4+ 1. Let us assume without loss of
generality that d(cq, c2) = 2e+ 2 and let us then translate the
Hamming space so that ¢; = 0. Now w(cy) = 2e + 2 and
w(cg) € {2e + 1, 2e + 2}. Moreover,

Jj=2

[supp(c2) Nsupp(cs)| = e + 1, )
since e4+1 = [d(ce, c3)/2] = [(w(ea)+w(es)—2|supp(ez)N

supp(cs3)|)/2] = 2e + 2 — [supp(ca) N supp(cs)|. Let D be
any subset of [1, n] satisfying supp(cy +c2) Usupp(cy +c¢3)U
supp(ce + ¢3) = supp(cz) U supp(cz) € D and |D| = b.
We can make this choice for D since |supp(ca)Usupp(cs)| <
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3e+3. Observe that supp(c1)\ D = supp(c2)\ D = supp(c3)\
D =0.
By Lemma 8, there exists an output word y € Y such that

supp(y) \ D| = |supp(c; +y)\D|>¢—1. (3

Since d(y,c1) < t, we have w(y) < t. Furthermore, we have
t = d(y,c2) = [supp(y)\ D|+w(cz)— |supp(y)Nsupp(c2)| =
(£ —1)+4 (2e +2) — |supp(y) Nsupp(cz)|. Hence, |supp(y) N
supp(ca)| > e+ 1. Moreover, |supp(y) Nsupp(ca)| < w(y) —
|supp(y) \ D| < e + 1. Therefore,

|supp(y) N supp(c2)| = e+ 1. )
Thus, supp(y) = (supp(y) N supp(cz)) U (supp(y) \ D) and
supp(y) N (supp(cs) \ supp(c2)) = 0. (5)

Hence, supp(y) Nsupp(cs) C supp(cz). Moreover, notice that
if supp(y) 1 (supp(ca) \ supp(cs)) # 0, then |supp(y)
(supp(c2) \ supp(cs))| > 1. Recall that |supp(y)\ D| > ¢—1.
Thus, in this case we have |supp(c3) N supp(y)| < w(y) —
supp(y) \ D| — [supp(y) N (supp(cz) \ supp(cs))| < ¢ — (€ —
1)—1 = e. Hence, |supp(c3)\supp(y)| = w(cs) —[supp(c3)N
supp(y)| > 2e + 1 —e = e + 1. Furthermore, we have
d(y, cs) = [supp(y)\ D[+ [supp(y) N (supp(cz2) \supp(cs))| +
|supp(cs) \supp(y)| > ({—1)+1+(e+1)=t+1>t(a
contradiction). Therefore, we have

supp(y) N (supp(cz2) \ supp(cs)) = 0. (6)

Equations (2), (3), (4), (5) and (6) together with w(y) < ¢
give that supp(y) N D = supp(cz) N supp(cs).

Furthermore, for each i € [4,h], we may choose set D
as set D; in such a way that supp(c;) C D, since we have
defined [D| = b > 4e + 4 and supp(c;) U supp(c; + ¢2) U
supp(c1+c3)Usupp(ca+c3) = supp(c;)Usupp(ca)Usupp(cs).
Indeed, we have d(c;,c;) € {2e + 1,2e + 2} and w(c;) €
{2e + 1,2e + 2} for each i,j € [2,h]. Hence, |supp(c;) \
(supp(ca) Usupp(cs))| < lsupp(e;)\supp(cz)| < e+ 1. Recall
that |supp(cz)Usupp(cs)| < 3e+3. Thus, we have |supp(cz)U
supp(cs) U supp(c;)| < (3e +3) + (e + 1) = 4e + 4. Hence,
by Lemma 8, for each i € [4, h], there exists an output word
y: € Y such that |supp(c; +y’) \ D;| > £ — 1. Therefore, as
above, supp(y’) N D; = supp(c) 1 supp(cs) and supp(y’) 1
D; = supp(cz) N supp(c;) implying supp(cz) N supp(c;) =
supp(ca) N supp(cs). In particular, we have now shown that
supp(cz) Nsupp(c;) (for j € [3,h]) does not depend on our
choice for j.

Finally, translate the Hamming space so that the word z with
supp(z) = supp(cz)Nsupp(c3) becomes z = 0. Then we have
w(c;) € {e,e+1} (for j € [1,A]) and supp(c;)Nsupp(c;) = 0
for each ¢ # j since d(c;, c;) € {2e+1,2e+2}. Moreover, at
most one of c; can have weight e by the minimum distance
of C.

Let us then count the number of words in ﬂ?zl By(c;).
Recall that we have |Y| = |ﬂ?:13t(c,-)|. Clearly, each
word y with w(y) < ¢ — 1 belongs to the intersection
contributing V(n,{ — 1) words to Y. Assume then that
w(y) = w > £ As d(y,c;) < t for all j € [1,h], we
have d(y,c;) = w(y) +w(c;) — 2[supp(y) N supp(c;)| < t.
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Denote i; = [supp(y) N supp(c;)|. Assume first that w(c;) =
e+ 1 for all j. Then y € By(c;) if and only if we have
dly,c;) = w+e+1—2i; <t Hence, e+1 > i; >
(w+ 1 — £)/2. Moreover, Z?:1 i; < w since w(y) = w
and supp(c;,) N supp(c;,) = O for each j; # jo. In other
words, y € ﬂ?zl By(c;) if and only if (i1,...,7,) € W,.
Recall that the supports of the codewords c;,c; are disjoint
and thus, each i; is linked to a unique support. Hence,

: —h(e+1) \ 17/ +1
there exist > \cw. (1Z—E§=1i,-> [1;—; (%) words of

weight w > /¢ in ﬂ?:l Bi(c;).

Let us next consider the case where w(cy) = e for
some k, say k = 1, we have e > 43 > (w — £)/2
(recall that w(c;) = e + 1 for each i # k). Hence, y €
ﬂ?:l By(c;) if and only if (i1,...,9,) € W,,. Thus, there

exist Yo, anews (5 D) () T 2o (1) words of

weight w > /£ in ﬂ?:l By (c;). Together these give the claim.
O

Observe by the proof that the bound given in Theorem 11
is tight. Notice also that, compared to [24] which considered
only the case h = £ + 2, the output sets giving maximal list
size in Theorem 11 are geometrically more complicated than
in [24] where a ball of volume V'(n,¢ — 1) was essential.

If we increase N by one, then £ decreases since we
cannot place the output words within the intersection of ¢-
balls centered at codewords in T'(Y"). Later, in Theorem 13
we see that £ decreases by exactly one (given a suitable e-
error correcting code C). Another observation is that although
the sums do not include an upper bound for w, there is one.
Namely the definition, for W,,, gives that w < 2e+4+ ¢+ 1 and
for W/, that w < 2e + £.

In the following theorem, we improve the previous result
by showing that the two binomial sums within the max are
actually equal.

Theorem 12. Let n > n(e, f,b), b > max{3t,de+4}, £ > 2,
3<h<{l+1 Then

N'(n,t,e,h) —V(n,£—1)

-y ()

WL (i1,eyin) EWp

-2, 2, (0O

7 )
1 j=2 7

Proof. Observe that the claim follows from Theorem 11 if we
can prove that the two binomial sums in the claim are equal.
For that, we will be considering subsums

{4+2a+1

n—h(e+1)
Sa - Z Z << h . )
w=042a (iy,...,in)EWa w = Zj:l tj

e

1
j=1 J
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and
+2a+1

n+1—h(e+1)
=Y X (( )
w=_L+2a (i1,...,ip)EW), J=1"J

@ne)

j=2

We claim that S, = S/, for each non-negative integer a.
When w = ¢ + 2a we have

Wiy2a = {(41,...,43) | for each j :

h
ijENye+1>i;>a+1and (+2a> ) i
j=1

and

Wii9q ={(i1,...,ip) | each i; € N,e > 4; > a and for

h
j=2ie+1>i;>a+1and (+2a > i
j=1

Moreover, for w = ¢ + 2a + 1 we have

Wit2a+1 = {(i1,...,4n) | for each j :

h
ijENet+1>ij>a+1land (+2a+1>> i;
j=1

and

.,ip) |eachi; € Nye > i3 > a+1 and

h
forj>2:e+1>i;>a+land (+2a+1> i
j=1

Wé+2a+1 = {(ila e

Assume now that the codewords c¢; € T'(Y") are arranged as
in the proof of Theorem 11, that is, each codeword has weight
e or e + 1. Hence, their supports do not intersect. Recall that
we have at most one codeword with weight e and if that word
exists, then we are using set W), in our binomial sum. For
further rearranging of the Hamming space, we assume that if
each word has weight e + 1, then supp(c;) = [(e + 1)(%
1) + 1,(e 4 1)7] and if there exists a word with weight e,
it is denoted by ¢} (replacing c;) and we have supp(c)) =
2,e+1].

Recall that w describes the weight of a word y; €
Neer(y) Bi(c) in the proof of Theorem 11 within the no-
tations W, and W,. When w(y;) = w = 2a + ¢ and we are
considering case Sq, then |supp(y;) Nsupp(c;)| =1i; > a+1.
Let us denote by Y24, Yaa11, Y5, and Y3, ; the sets of output
words contributing to the sums S, and S/, respectively, where
Y., (resp. Y,) contains output words of weight w + /.

We will construct the proof by first showing that Y5, C Y5,
then that Y5, | C Y2441 and finally that [Y5,\Y2q| = [Y2a41\
Y5, 1|- Together, these imply that S, = S;,.

Assume that y € Ys,. Thus, w(y) = £+ 2a and |supp(y) N
supp(c;)| > a + 1 for each ¢ € [1, h]. Hence, e > |supp(y) N
supp(c})| > a since supp(cy) = supp(c)) U {1}. Hence, y €
Y.,

Assume then that y € Y5, ;. Thus, w(y) = ¢+ 2a+1 and
|supp(y)Nsupp(c;)| > a+1 for each i € [2, h] and |supp(y)N
supp(c})| > a + 1. Hence, |supp(y) Nsupp(cy)| > a+ 1 and
y € Yaq41. Therefore, Yo, C Yy, and Y5, | C Yoqq1.

Let us now consider output word y’ € Y3, \ Ya,. We again
have w(y’) = ¢ + 2a, |supp(y’) Nsupp(c;)| =i > a+1
for each j € [2,h]. However, [supp(y’) N supp(ci)| = a =
|supp(y”) Nsupp(c])|. Observe that now especially supp(y’)N
{1} = 0. Thus, y’ + e; € Ya,.1. Consider then output word
Yy € Yaaq1 \ Y5, ;. We again have w(y) = ¢ + 2a + 1,
|supp(y)Nsupp(c;)| = i; > a+1 for each j € [1, h]. However,
|supp(y) Nsupp(c))| = a; in particular, we have 1 € supp(y).
Indeed, if 1 ¢ supp(y), then y & Y,41 and if |supp(y) N
supp(c})| > a + 1, then y € Y5, ;. Thus, y +e; € Yy,.
Therefore, for each output word y’ € Y5, \ Ya,, we have
y'+e1 € You41\ Y5, and for each output word y € Yaq41\
Y5, 1. we have y + e; € Y5, \ Yaq. Thus, [V, \ Ya,| =
|Y2a+1 \ Y2/a+1|-

Now, we have S, = S/ and the claim follows. O

In the following theorem, we show that N, exists and is
unique for each value of h € [3,¢ + 1] when n is large.
Hence, we may replace N'(n, ¢, e, h) in Theorems 11 and 12
by N(n,¢ e, h). As we have seen previously, this does not
hold when h > ¢ + 2.

Theorem 13. Let n > n(e, £,b), b > max{3t,4de+4}, £ > 2,
3 < h<{ then N'(n,l,e,h) > N'(n,l,e,h+1) for each h
and thus, each Ny, exists and attains unique value.

Proof. Since N'(n,¢,e,h + 1) denotes the maximum value
of |ﬂfill By(c;)| over all sets T(Y) = {ci,...,Cns1},
we clearly have N'(n,f,e,h) > N'(n,l,e,h + 1). As we
have seen in the previous theorems, the maximum value of
N'(n,¢,e,h+ 1) is attained when the codewords in T'(Y) =
{c1,...,¢pt1} have supports supp(c;) = [(z — 1)(e + 1) +
1,i(e + 1)]. We show that when we choose h of these code-
words, then we can fit more words in the intersection of their
t-balls. We clearly have (/"' Bi(c;) € NI, Bi(ci). In the
following, we show that there exists a word y € ﬂ?:l Bi(ci)\
M2y Bi(e:) and hence, | (Vi Bi(ci)| > [ (2 Bi(ei)].
Let w(y) = £+ 1, |supp(y) Nsupp(c;)| =1 for i € [1,A],
supp(y) Nsupp(cp41) = 0 and [supp(y) N [(h + 1)(e + 1) +
Ln]|=¢0+1—h. Wehave d(y,c;) =L+14+e+1—-2=1
for i € [1,h] but d(y,cp41) =0+ 1+ e+ 1 =1t+ 2. Thus,
the claim follows. O

Using Theorem 12, we can improve the bound £ < ¢+ 1
of Theorem 6 just by adding a constant number (e + 1)1 of
channels.

Corollary 14. Let n > n(e, £,b), b > max{3t,4e + 4} and
(>3 IFN>V(n,t—1)+ (e+ 1) 41, then L < L.

Proof. Assume that h = £+1. Now the function N’(n, ¢, e, h)
of Theorem 12 may be replaced by N(n,¢ e, h) due to
Theorem 13. In order to calculate Ny, we consider the set
W,, with w > ¢. We get that 4; > 1 for each j € [1,h] and
thus, w > £+ 1. On the other hand, w < £+ 1 when W, # 0.
Indeed, if w > ¢+ 2, then w > Z?zl i; > ng i; >
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+1)(w+1-0)/2=(L-1)(w+1-0)/24+w—({—1) >w
and W,, = 0 in this case. Therefore, as w = ¢+ 1 and i; > 1
for each j, we have W, = {(1, 1, ..., 1) }. Thus, the sum corre-
sponding to W,, in Theorem 12 gives V (n,£—1)+ (e+1)***.
Hence, if N > Noyy +1 =V (n,£—1)+ (e+ 1)1 41, then
L<4. O

In the following corollary, we present the asymptotic be-
haviour of Nj on n. Notice that Corollary 14 considers the
case h = ¢+ 1 and Corollary 15 cases 3 < h < /.

Corollary 15. Let ¢ > h > 3 and e > 0 be fixed, n >
n(e,£,b) and b > max{3t,4e + 4}. If N > Nj, + 1, then
L < h—1, where

Proof. By Theorem 12, we have Nh = V(n,t —1) +

n—h(e+1) e+1 p
D03l 2a(inrennrin) €Wy (o 55 11-_) HJ (e ) When we in-
spect the set W, closer, we notice that ( T h(fﬂ,) ) attains its
i= 1

maximum value when w—z j—11%; is as large as poss1ble since
w < 2e+£+1 (recall that e and ¢ are constants with respect to
n). For the maximum value of W—Z;-Z: 1 %5, leta; € R for each
j=1,...,hbesuchthat a; > 0andi; = (w+1—2¢)/2+a;;
indeed, such a; exists as [(w+1—¢)/2] <i; < e+ 1. This
implies that

NpeV(nt—1)+ (n

w—g 15

j=1

h -1 &
=w (1—2> +h~T—Zaj.
Jj=1
Therefore, for the maximum, we require that the values a; are
as small as possible, i.e., i; = [(w + 1 — ¢)/2]. Furthermore,
as h > 3, the value w — ijl i;j is maximized when w is as
small as possible. In particular, when w € {¢,¢+ 1}, we have
[(w+1—¢)/2] =1 and when w = £+ 1+ a for some integer
a > 1, we have [(w+1—/¢)/2] = 1+ [a/2]. Moreover, when

w = ¢, we have w — E? 145 <€ —h. When w=/(+1, we
have w— Z 1 1; <L+1—hand when w = {+1+a, we have
w— ZF ij < l+1+a—h(14+[a/2]). Since h > 3and a > 1,
we have £+1+a—Nh(1+[a/2]) <L+1—h—[a/2] <L—h.
Thus, we may concentrate on the case with w = ¢ + 1.
Furthermore, as w = £ + 1 and i; = 1 for each j =
1,2,...,h, we have H LG = e+ 1) . Recall that e is
constant on n. Hence, for larjge n, it is enough to consider
the binomial coefficient (";ﬂej})) Indeed, each binomial
coefficient has a multiplier bounded by a constant and the
number of binomial coefficients is also bounded by a constant
since |W,,| is bounded by a constant and W,, # ( only
when w < 2e + ¢ + 1. Moreover, the second largest binomial
coefficient is ("~} and we have ("7M¢TD) € ©(nk),
when n is large and £ € N. Therefore, we have N; €

V(n, £ — 1)+ (" 1A (e + 1P + O (nfh). O
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In Theorem 2, a tight bound for the number of channels to
certainly attain the list size £ < 2 is presented when code C'
has minimum distance d. Observe, that when we choose i = 3
in Theorem 12, we attain the number of channels required to
have £ < 2. The bound of Theorem 2 by Yaakobi and Bruck
looks quite different from the bound in Theorem 12. However,
Theorem 2 can be obtained as a corollary from Theorem 12 as
shown in Corollary 16. The new presentation in Corollary 16
somewhat simplifies the inequalities for the indices compared
to Theorem 2.

Corollary 16. Let n > n(e, ¢,b), b > max{3t,4e + 4} and
2N N =8 (Y D)

11,12,13,14 ( i1 i2 i3

for
e 0Ky <l —1,
00<’L4 E—l—ll,

¢« 0<ig </l —1—1i71 and

el tigt+ig— (0 —1)<ig <l—1—i1 — |ig — i3],
then L < 2 for any e-error-correcting code C. Moreover, the
value of N' is equal to the lower bound obtained in Theorem

2.

Proof. We first show that the formulation of the bound follows
from Theorem 12 when h = 3. This gives the minimum
number of channels N required to have £ < 2. In particular,
we have
Vin.e n—3e—3
=vin _1)+Z, Z <W—i2—i3—i4)
w2 (ig,i3,i4) EWay
e+ 1\ /e+1\/e+1
(L0
We have renamed the indices for convenience (the index ¢; will
be saved for later use in the proof). Moreover, we have W, =
{(ig,i3,i4) | (w+1—€)/2 < ij <e+1l,w > i2+i3+i4}. Ear-
lier, we have used W,, only with the assumption that w > /.
However, we may allow here that w < ¢. Hence, we may have
some binomial coefficients with ¢; < 0 for some j. In these
cases (and when i; > e + 1), we use the common convention
that the binomial coefficient attains ghe yalue 0. Observe that
N3 = Zw>0 Z(lz,’bg,hl)EW (w ni;iez;iu) (52;1) (6;21) (eitl) :
Indeed, since Wy, = {(i2,i3,44) | 0 < i; < e+ 1Lw >
io + i3 + 14} for w < £ — 1, we have
§ Z ( n—3e—3 )<e+1)
w0 (i2,i3,i4)€Ww w — ig — ig — i4 iQ
e+1\/e+1
' ( i3 > ( i >
£—1 e+1 e+1 e+l 3 6+1
1;%122:0132:0242:()( 22—23—24)< 12 )
e+1\/e+1
' ( i3 > ( i >
=V(n,l—1)

due to binomial identity Z o (0” ps) (;) =)

Let us denote by 41 = w — i2 — i3 — i4. We now get that
2ip > 2(w+1-4)/2 =141 + iy +i3+1i4 — £+ 1 and similar
inequalities for ¢3 and i4. Since we do not have to take into
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account the lower bound 7; > 0 (the cases with ¢; < 0 increase
the binomial sum by 0) or the cases with ¢; > e+ 1 for j
{2, 3,4}, we can consider the following system of inequalities:

ig 201 +i3+ia—L+1 9)
i3 >0 +ig+ig—L+1 (10)
ig >0 +ig +iz — £+ 1. (11)

Our goal is to show that this system of inequalities is equiv-
alent to the following system of inequalities:

ig <O —1—14, (12)
i3 <L —1—1, (13)
i g dia— (0= 1) <in < l—1—iy —|ig—ig]. (14)

Let us first show that the second system of inequalities
follows from the first one.
Inequality (12) follows from

g =W—11 — 1o —13 Sw—i1—2(w—€+1)/2:€—1—i1.

We obtain Inequality (13) in a similar manner. Moreover, from
Inequalities (10) and (11) we obtain i5 < ¢ —1 — i1 — iy + i3
and io < ¢ — 1 — i3 — i3 + 44, respectively. Together, these
imply

1o <l —1—1p — |ig — i3]

Finally, the lower bound inequality in (14) follows directly
from (9).

Let us then show that the first system of inequalities follows
from the second one. First of all, Inequality (9) follows imme-
diately from Inequality (14). Assume first that ¢4 > i3. Then
the upper bound of Inequality (14) is io < £ —1—141 —iq +1i3.
This implies Inequality (10) and inequality (11) since

iy =13 >0 +io+ig—L+1>01+i+i3— 0+ 1.

The case with i3 > 74 is similar.

Finally, we may add lower bounds i; > 0 for all j €
{1,2,3,4} due to binomial coefficient context. Similarly we
notice that if ¢; > ¢, then ¢4 < 0. Thus, we may also add
upper bound i; < ¢ — 1. Hence, the first part of the claim
follows.

Let us then derive the bound of Theorem 2 by Yaakobi and
Bruck from this new lower bound. The case with d = 2e 4 1
is included in Appendix A and we consider here only the
case with d = 2e¢ + 2. When we have d = 2¢e + 2,
Theorem 2 can be presented in the following way: If N >
Zhl,h27h/31h4 (n—}?:f—?)) (6’;21) (6};:1) (6};‘;1) + 1 for

e 0 h <l -1,

e hi—(l—=1)<hsg<l—1-hy,

ee+2—FC+hy <hs St—(h1+h4) and

. max{h1 —h3—h4+26+3—£,h1+h3+h4—€+1} <

ho <€ —1—(hi+ ha — h3),
then £ < 2 for any e-error-correcting code C' (with minimum

i1—¢+1 and (ezl) = 0 when i4 < 0. Moreover, we have
0<i3<{—1—iy.Hence, e+1> i} >e+2—{+1i;. Notice
that the upper bound on % can be replaced by t — (i1 + i4)
since t — (i1 +1i4) > e+ 1asi; +ig <¢—1and (ez,'l) =0
when 5 > e + 1. ’

For ig we have i1+i3+7;4—(£—1) < ’ig < 6—1—7;1—|7;4—Z’3|
and hence, {—1—(i14iq4—i5) > i > —l+e+2+i1+]|ig—is| =
e+2—L4i1+ |ig +i5 —e— 1] = max{i; —if —is +2e+
3 —4{,iy +i% +i4 — ¢+ 1}. By comparing these inequalities
with the bounds used in Theorem 2, we notice that they are
identical. The case with d = 2e¢ 4 1 is similar and is included
in Appendix A. Hence, we get the claim. O

IV. NEw BOUNDS WITH THE AID OF COVERING CODES

Notice that although we have the bound £ < ¢+ 1 when
n is rather large (see Theorem 6), for smaller lengths of the
codes our best bound is still £ < 2¢ (see Theorem 4) when the
number of channels satisfies N > V(n,f — 1) 4 1. Although
this bound is attained in some cases (see [24]) and thus cannot
be improved in general, we can try to get a smaller list size £
when we increase the number of channels as we have seen in
Theorem 11. In this section, we utilize covering codes when
we increase the number of channels. A code C' C F™ is an
R-covering code if for every word x € F™ there exists a
codeword ¢ € C such that d(x,c) < R. For an excellent
source on results concerning covering codes, see [25]. Let us
denote by k[n, R] the smallest possible dimension of a linear
R-covering code of length n.

Let us next present the well-known Sauer-Shelah lemma
(see [26], [27]). Let F be a family of subsets of [1,n] (that
is, F is a subset of the power set 2[1*”]), where n is a fixed
positive integer. We say that a subset S of [1,n] is shattered
by F if for any subset £ C S there exists a set F' € F
such that "N S = E. The Sauer-Shelah lemma states that if
Fl > ) (). then F shatters a subset of size (at least)
k. Since the subsets of [1,n] can naturally be interpreted as
words of F”, the Sauer-Shelah lemma can be reformulated as
follows. Notice that %' (") = V(n, k — 1).

Theorem 17 ([26], [27]). If Y C F™ is a set containing at
least V(n,k — 1) + 1 words, then there exists a set S of k
coordinates such that for any word w € F™ with supp(w) C S
there exists a word s € Y satisfying supp(w) = supp(s) N S.
Here we say that the set S of coordinates is shattered by Y.

Observe that if C' is an e-error-correcting code then each
Hamming ball of radius e contains at most one codeword of
C'. Thus, if the intersection of the balls of radius ¢ centered at
the output words of Y can be covered by £ balls of radius e,
then we have |T'(Y')| < k. This approach is formulated in the
following lemma.

Lemma 18 ([24]). Let C C F™ be an e-error-correcting code
and N the number of channels. If for any set of output words

distance d = 2e + 2). Next, we modify the presentation we Y = {y1,---, YN} we have
got for N3 into the formulation above. k
Let us denote by i, = e+ 1 — iy and by i = e+ 1 — 5. T(Y) C U B.(5:)
Observe that (ezfl) = (ezl) for j € {2,3}. We can replace i=1
the lower bound iy > 0 by iy > i3 — (¢ — 1) since iy > 0 >  for some words 5; € F™ (i =1,...,k), then L < k.
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The words (3; can (and often do) depend on the set Y of
the output words, but their number remains the same. Notice
that Lemma 18 also gives a decoding algorithm. Indeed, if the
words ; are known, then there is at most one codeword in
each B.(5;), the decoding algorithm of C' can be used on [;
and the codeword can be added to the list 7.

Theorem 19. Let C be an e-error-correcting code. If the

number of channels satisfies N > V(n, + 2R — 1) —
9l+2R—K[(+2R.R] 4 9 then

[ < okl+2R.R]

Proof. Let x be the input word and Y be a set of output
words such that |Y"'| > V(n,{+2R—1)+1. Due to Theorem
17, we know that there is a subset Y’ (of cardinality Qt+2R)y
of the words in Y such that some £ + 2R coordinates of Y’
contain all the 2727 words of length £+2R. Let us denote this
set of coordinates by S. The words of Y’ in these coordinates
clearly correspond to the words in F*2%,

Let D be a linear R-covering code in F**2% with dim(D) =
k[¢ + 2R, R]. Notice that any coset u + D, u € F/+2E,
of the linear code D is also an R-covering code, and there
are 2¢+2H—dim(D) distinct cosets. Consequently, if we remove
from FH2E at most 26+2R—dim(D) _ 1 words, then at least
one of the cosets remains intact.

Therefore, if the set of output words Y satisfies |Y| >
V(n, € + 2R — 1) + 1 — (2fF2R-kIEH2REl _ 1) then we
can find among the set of output words a subset Y; =
{¥1,-..,¥orier2rr } CY such that the words corresponding
to the coordinates of the set S form an R-covering code.

Now let s € F™ be a word such that supp(s) = S. Denote

s =s—+y; fori = 1,..., 26 42RE] Gince the words in
set Y7 form, among the coordinates corresponding to .S, an
R-covering code of length ¢ 4+ 2R, we know that there exists
v, j € {1,..., 2FI+2RE "guch that the words y; and x +s
differ in at most R places among the coordinates of the set S.
Consequently, as d(x,y;) < t, the words x and §; =y; +s
have distance at most t — (¢ + R) + R = e from one another.
Indeed, notice that y; has, among the coordinates of S, at
most R bits that are same as in x and at least £+ R different
bits than in x and in the word y; + s these bits are changed.
Therefore, by Lemma 18, we get that £ < 2F[¢+2F.5] O

Note thatif £ = 5 and N > V(n,4)+1, then, by Theorem 4,
we have £ < 2° = 32. If we have N > V(n,6) — 6, then
(using as the linear 1-covering code D the Hamming code of
length 7), we obtain by the previous result, that £ < 16.

Notice that we can use in the proof of the previous theorem
also the smallest (with respect to the cardinality) known linear

R-covering code instead of an optimal code D achieving the
exact value of dim(D) = k[¢ + 2R, R].

V. LIST SIZE WITH FEWER CHANNELS

By the following theorem (of [24]), it is clear that if we
have fewer than V(n,¢ — 1) + 1 channels, then the list size
cannot in general be constant for e-error-correcting codes of
length n.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. ???, NO. 2?72, ?7?

Theorem 20. [24] Let V(n,{—p—1)+1 < N < V(n,{—p)
where 0 < p < £ — 1. Moreover, let C C F" be such an
e-error-correcting code that L is maximal. Then we have

L =0(nP).

Due to this result, in order to have a smaller list size, let
us concentrate on e-error-correcting codes with at most M
codewords within any ball of radius e + a, for some a > 0.
An excellent source for these codes is, for example, [28].

Theorem 21. Let N > V(n,f—a—1)+1 where 0 < a < {—1.
Let C be an e-error-correcting code such that | Bey,(u)NC| <
M for every u € F". Consequently,

L <279\,

Proof. Assume that we received the set Y of output words
from the channels where |Y'| > V(n,¢ —a — 1) + 1. Due to
Theorem 17, we know that there exists a subset Y/ C Y of
size |Y'| = 2/=% such that these words have in some ¢ — a
coordinates all possible words of length ¢ — a. Denote this set
of coordinates by S. Suppose x is the input word and denote
Y' ={y1,...,yoe-a}. Let B = yi+s,i=1,...,27% where
supp(s) = S. It is easy to check that x has distance at most
e + a from one of the 3;’s. Since there are at most 2% f3;’s
and there are at most M codewords within distance e+ a from
each of them, we obtain the bound £ < 26— M. ]

The previous result is useful when our e-error-correcting
code is a code for traditional list-decoding, see [28]. Here we
allow e and ¢ to depend on n. For the number of channels
being smaller than V(n,¢ — 1) + 1, it also gives, for every
e-error-correcting code with suitable a, a small exponent for
n compared to Theorem 20 (see Corollary 23(ii) below), or
even constant bounds (see Corollary 23(i)) on L.

Let us denote

r(n,e,M)-Z(l 1M12(26+1))

M n

and

r(n,e);L(l 12(26+1)>.

n

Notice that 1/2 < r(n,e) —e < e+ 1. In the following
theorem, we reformulate the result of [28, Theorem 3.2] using
our notations.

Theorem 22. ( [28, Theorem 3.2]) Let n, M and e be positive
integers where 2¢ + 1 < n/2. Moreover, let C be an e-
error-correcting code and r be an integer with v > 1. If
r < r(n,e, M), then |B.(x) N C| < M for every x € F™.
If r <r(n,e), then |B,(x) N C| < n for every x € F™.

Corollary 23. Let C be an e-error-correcting code, t = e+ ¥,
an integer M > 1 and 2e +1 < n/2 (n > 8). We have

(i) Let N > V(n,l —r(n,e,M)+e— 1)+ 1 where 0 <

r(n,e, M)—e < {—1andr(n,e, M) > 1. Consequently,

L< 2t7r(n,e,M)M.
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(ii) Let N > V(n,l—r(n,e)+e)+1 where 1 < r(n,e)—e <
{ and e > 1. Consequently,

L< 2t77‘(n,e)+1n'

Proof. The claim follows straightforwardly from applying the
results in Theorem 22 to Theorem 21. Indeed, in Theorem 21
for the case (i) choose a = r(n,e, M) —e (0 < a < {—1)
and for the case (ii) a = r(n,e) — e — 1. Notice also in (ii)
that the condition r(n,e) > 2 follows from e > 1. O

We remark that the result £ < 2¢ in Theorem 4 requires at
least V'(n,¢ — 1) + 1 channels. In what follows, we continue
our study of the list size for codes with |B.i,(u)NC| < M
for every u € F". Here we consider ¢ and ¢ to be again
constants with respect to n. First, we introduce two technical
lemmas. Lemma 24 can be seen as an easy extension of [24,
Lemma 13] for smaller number of channels and Lemma 25 as
an extension of Lemma 9.

Lemma 24, Let N >V(n,—a—1)+1,{—1>a>1and
n > (l—a—1)?2"+0—a—2. Then for any codeword ¢ € T(Y))
and any set D C [1,n] with cardinality |D| = b there exists
an output word y € Y such that |supp(y +¢)\D| > {—a—1.

Proof. Let us assume without loss of generality that ¢ = 0.
Thus, w(y) <t for each y € Y. Let us count the number of
binary words of weight at most ¢ which have |supp(y) \ D| <
¢ —a — 1. There are at most

T
§(€a1)2b(€_2_2>

l—a—1 n
=(l-a—-1)20—0or———
(f-a-1) n—f—i—a—l—?(f—a—l)

s(g_;‘_l)

such words, which is strictly less than N and hence, the claim
holds. 0

Lemma 25. Let N > V(n,l—a—-1)+1,¢—-1>a>1,
b=2t,n>{—a—1)22"+¢—a—2and L > 2. Then for
any two codewords ¢1 and co in T(Y) it holds that

2¢ +1<d(cy,c0) <2e+2a+2.

Proof. Let us assume without loss of generality that ¢; =
0. Notice that w(cy) < 2t. Choose D = supp(cz). Now,
by Lemma 24, there exists an output word y € Y such that
|supp(y) \ D| > ¢ —a — 1. Since d(cy,y) <t and w(y) < t,
we have t > —a— 14 (w(ca) — (t— (¢ —a—1))) =
¢ —2a — 2 — e+ w(ce) and hence, w(ce) < 2e + 2a + 2.
Therefore, d(ci,c2) < 2e 4+ 2a + 2. Since we consider an
e-error-correcting code, the lower bound follows. O

Together with the two previous lemmas, we can now prove
an upper bound for £, depending on the maximum number M
of codewords in an (e + a)-radius ball. The result requires a
large n and it would be interesting to know whether a similar

result holds for smaller values of n as well. Recall that ¢
denotes the Napier’s constant.

Theorem 26. Let N >V(n,{—a—1)+1,¢—-1>a>1,
b=[(2e+2a+2)=tatD n > ((—a—1)220+0—a—2.
Moreover, let C' be such an e-error-correcting code that there
are at most M codewords in any (e + a)-radius ball. Then

L <max{(t+1)M,b/(2e + 2a + 2)}.

Proof. Let us denote T(Y) = {ci,co,...,cc}. If L <
b/(2e 4+ 2a + 2), then the claim follows. Assume now that
L > b/(2e+2a+2). Assume then, without loss of generality,
that ¢; = 0. By Lemma 25, we have w(c;) < 2e+ 2a + 2 for
each ¢ € [1, L].

Let Z be a subset of F”. We say that w € F" is a central
word with respect to Z if d(w,z) < e+ a+ 1 for all z €
Z. Moreover, the set of all central words with respect to Z
is denoted by Wy . In what follows, we first show a useful
observation stating that if a subset C's C T'(Y') is such that
0 € Cs and |Cs| < b/(2e + 2a + 2), then there exists a word
w € F” such that w(w) < e+4a+1 and d(w,c) <e4+a+1
for any ¢ € Cg, i.e., w € W, # (). Since w(c) < 2e+2a+2
for any ¢ € Cg, we have

b

L supp(c)

ceCy

Therefore, by Lemma 24, there exists an output word y € Y
such that

lsupp(y) \ | supp(c)| > ¢—1—a.
ceCy

Let then w € F™ be such that

supp(w) = supp(y) N | J supp(c).
ceCyg
Now, as d(y,c) < t = e + ¢ for any ¢ € Cg, we have
d(w,c) < e+ a+ 1. Moreover, w(w) < e+ a + 1 since
0eCs.

In what follows, we show using an iterative approach that
there exists a central word w € F™ with respect to T(Y).
We begin the iterative process by considering a subset Cy =
{c1,c2} CT(Y) such that ¢; = 0 and w(cs) = e+a+1+p;
with 1 < p; < e+ a+ 1. Indeed, we may assume that such a
codeword cy exists since otherwise we are immediately done
due to w = 0 being the searched central word. Observe that
the weight of a central word w € W, satisfies p; < w(w) <
e + a + 1. In particular, there are exactly (e+a+11+p 1) central
words w € W, of weight p;. For each such central word
w, we may assume that there exists a codeword ¢ € T'(Y)
such that d(w,c) > e+ a + 1 as otherwise w € Wp(y and
we are done. Now we form a new code C; by adding such a
codeword c for each w € W¢,, with w(w) = p;. The number
of added codewords is at most

<e+a+1+p1
b1

Therefore, we have |C1| < (2e + 2a + 2)P* + 1. Notice that
there are no central words in W, of weight at most p;.

)§(2e+2a+2)p11.
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Furthermore, by the previous observation for W¢,, W, is
nonempty as |C| < (2e 4 2a + 2)P* +1 < b/(2e + 2a + 2).
Assume that po > p; is now the smallest weight of a central
word in W, . Let w be a central word with respect to Cy of
weight po. The support of w is a subset of (J ..., supp(c)
since otherwise there exists a central word w' € W, with
w(w’) < w(w) (a contradiction). Therefore, as (¢c; = 0 € C4
implies) |Ueec, supp(c)| < (2e42a+2)(2e +2a+2)P", the
number of central words of weight py in W, is at most

(2e + 2a + 2)(2e + 2a + 2)P
( P2 )
_ ((2e+2a+2)rHt
( P2 >
(26 + 2a + 2)P1P2+;D2
2

Again, for each central word w € W, of weight po, there
exists a codeword ¢ € T(Y) such that d(w,c) > e+ a+ 1.
Now we form a new code C5 by adding such a codeword c
for each w € W¢, with w(w) = py. Thus, we have |Ca| <
(2e + 2a + 2)P* + 1+ (2e + 2a + 2)P1P21P2 /2 < (2e + 2a +
2)1!71112+p2 /2+(26+2a+2)p1p2+p2/2 — (2€+2a+2)111p2+1)2.

The process can be iteratively continued by forming a new
code C; based on the previous code C;_1, until we have
reached p; = e+a+1 or we have already found a central word
with respect to 7'(Y"). In what follows, the iterative process is
explained in more detail:

<

o Assume that p; > p;_1 is the smallest weight of a central
word in W¢, .

o Assume that |C;_q| < (26-‘1-2@-1—2)2;;11 [T.Z5.Pe By the
observation above for W¢, this implies that W¢, | is
nonempty as |C;_1| < b/(2e + 2a + 2) (see also Equa-
tion (16)). Furthermore, we have |J.c, , supp(c)| <
(2e +2a + 2)|Ci—1] = (2e + 2a + 2)(22;11 ITizh po)+1,

e Let w € Wg, , be of weight p;. As previously, the
support of w is a subset of (J.co, , supp(c) since
otherwise there exists a central word w' € Wg, |
with w(w’) < w(w) (a contradiction). Therefore,
as |Uc€Ci71 supp(c)] < (2¢ + 2a + 2)|Ci—1| =
(2¢ + 2a + 2)CiS T2k PO+ the number of cen-
tral words in Wg, , of weight p; is at most

((2e+2a+2)(2§;:11 25, e+t
pi :
« Again, for each central word w € W¢,_, of weight p;,

there exists a codeword ¢ € T(Y") such that d(w,c) >
e+a+1. Now we form a new code C; by adding such a
codeword c for each w € W¢,_, with w(w) = p;. Thus,
we have

|C;| <(2e + 2a + 2)22;11 ITii o
(2¢ + 2a + 2)HSID T o)
" ( Di >
<(2e + 2a + 2)22:1 ITien Pk /2
+ (2e + 2a + 2)Xh=1 ien 2 /2
=(2e + 2a + 2)Zh=1 imn Pi

15)
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Notice that since 1 < p; < ps < - <p; <e+a-+1,
we reach p; = e + a + 1 at some point (or the central word
w with respect to T(Y") has already been found in an earlier
step). By (15), we have

Sohe1 e Pe

eta+1
k=h Kk

|Gl < (2e 4+ 2a+2

< Ee+a+l

h=1

2e +2a+ 2
St (eda+t1)!/A! a6)
e-(eta+1)!-1

— — ~— ~—

(
(2e+2a+2
(

2e +2a+ 2
b
2e +2a + 2

since S25T0T /0! < S23° (1/h! = &. Therefore, by the
previous observation, W, is nonempty. Thus, in conclusion,
there exists a central word w € F” with respect to T'(Y).

Let us now translate the Hamming space so that w = 0 and
thus, T(Y) C Beyq+1(0). In other words, we have w(c;) <
e+a+1 for each 7. Recall that we have N > V (n,f—a—1)+1.
Thus, there exists a word y € Y such that w(y) > ¢ — a.
Moreover, since d(c;,y) < t for each i, we have w(y) <
t 4+ e+ a+ 1. The proof now divides into the following three
cases depending on the weight of w(y).

(1) Assume first that £ —a < w(y) < t. Now the support of
each ¢; € T(Y) of weight e + a + 1 intersects with supp(y)
since otherwise d(y,c;) > (e+a+ 1)+l —a)=t+1 (a
contradiction). Hence,

T(Y)C Bera(O)U | J
i€supp(y

(ii) Assume then that t < w(y) < t+ e+ a. Let ys be a
word such that supp(ys) C supp(y) and w(ys) = t. Now the
support of each ¢, € T(Y") of weight e+ a+ 1 intersects with
supp(ys) since otherwise d(y,c;) > t + 1 (a contradiction).
Hence,

<

IN

Be+a(ei)'
)

T(Y)C Bera(0)U )  Betaler).

i€supp(ys)

(iil) Assume finally that w(y) = t+e+a-+1. Then we have
w(c;) =e+a+1forany c; € T(Y) as d(y,c;) < t. Let y;
be a word such that supp(ys) C supp(y) and w(ys) = ¢+ 1.
Again the support of each ¢; € T(Y) of weight ¢ + a + 1
intersects with supp(y,). Observing that w(c;) = e +a+ 1
for any ¢; € T(Y) as d(y, c;) < t, we have

U  Betale.

i€supp(ys)

Based on the cases (i)-(iii), the set of codewords T'(Y) is
always contained in a union of ¢ + 1 balls of radius e + a.
Thus, as each ball of radius e + a has at most M codewords,
we obtain that £ < (¢t + 1)M. O

TY) <

VI. DECODING WITH MAJORITY ALGORITHM

In this section, we focus on decoding the transmitted word
x = (21,%a,...,2,) € C based on the set Y of the output
words using a majority algorithm. For the rest of the section,
we assume that n, ¢ and e are constants (compared to /N) and
that each word of B;(x) is outputted from a channel with equal
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probability. Here we actually allow — unlike elsewhere in the
paper — some of the output words y; to be equal. Probabilistic
set-up has been studied for different error types, for example,
in [22], [23]. Our approach differs from these articles in that
we have given an upper limit for the possible number of errors
in any single channel. This allows us to have a verifiability
property in Theorem 30 unlike, for example, in [22], [23]. With
the verifiability property we mean that although we cannot be
certain whether we can deduce the transmitted word correctly
before looking at the output words, we can sometimes deduce
the transmitted word with complete certainty after seeing the
output words. In other words, some output word sets have
properties which allow us to know the transmitted word with
certainty.

First we describe the (well-known) majority algorithm using
similar terminology and notation as in [15]. The coordi-
nates of the output words y; € Y are denoted by y; =
(Yj,1,Y5,25 - - -»Yjn). Furthermore, the number of zeros and
ones in the ith coordinates of the output words are respectively
denoted by

mio={j €{1,2,...,N} | y;i = 0}

and m; 1 = N — m;o. Based on Y, the majority algorithm
outputs the word zy =z = (21, 22, ..., 2,) € F", where

0 if m; o > My 1
Z; = ? if mio = M4,1
1 if m;o < MmM;1.

In other words, for each coordinate of z, we choose 7, 0 or
1 based on whether the numbers of 0’s and 1’s are equal or
which one occurs more frequently. Observe that the coordinate
z; outputted by the majority algorithm is equal to z; if and
only if at most [N/2] — 1 errors occur in the ith coordinates
of Y. Observe that the complexity of the majority algorithm is
O(Nn) and since reading all the output words takes ©(Nn)
time, majority algorithm has optimal time complexity.

In [15, Example 1], it is shown that the majority algorithm
does not always output the correct transmitted word x when
the number of channels NV is equal to the value in Theorem
1 even though we take the e-error-correction capability of C'
into account. In [7], a modification of the majority algorithm
is presented for decoding and it is shown that if the number
of channels satisfies the bound of Theorem 1, then there
exists among the output words of the modified algorithm one
belonging to B.(x) and this word can be uniquely decoded to
x. In what follows, we demonstrate that with high probability
the word z is within distance e from x with significantly
smaller number of channels (than in [7]). For example, the
Monte Carlo simulations for the values ¢ = 5 and n = 28 are
illustrated in Table I.

For this purpose, we first consider a variant of the so called
multiple birthday problem; the multiple birthday problem has
been studied, for example, in [29] and [30]. Here we assume
that s, ¢, n and t are integers satisfying 2 < s < ¢ and
0 <t < n. A throw consists of placing ¢ balls randomly into
n buckets in such a way that each ball lands in a different
bucket and each subset of the buckets of size ¢ for a throw

has an equal probability. Denote then by C}(n, ¢, s) the event
that after ¢ throws, at least one bucket contains at least s balls.
Observe that if ¢ = 1, then we are actually considering the
multiple birthday problem; furthermore, if (ft =1 and) s = 2,
then the case is the (regular) birthday problem. Furthermore,
by Pr[C¢(n,q,s)] we denote the probability that there exist
at least s balls in a bucket. Notice that an output word of
Y with exactly t errors can be interpreted in terms of the
described variant of the multiple birthday problem as follows:
an output y; € Y with exactly ¢ errors can be considered as
a throw of ¢ balls into n buckets. In the following theorem,
we present (based on this interpretations and the probability
PriC¢(n,q,s)]) a lower bound on the probability that the
output z of the majority algorithm is equal to x.

Theorem 27. Let x be the transmitted codeword of C C F"
and N the number of channels. The probability that the output
z of the majority algorithm is equal to x is at least

1 — Pr[C¢(n, N,[N/2])].

Proof. Let P; denote the probability that some coordinate of
the outputs Y contains at least [N/2] errors when at most
t errors (chosen uniformly and randomly from B;(0)) occur
in each channel and P, the probability that a coordinate of
the outputs Y contains at least [ N/2] errors when exactly t
errors (chosen uniformly and randomly from S;(0)) occur in
each channel. As there occur in a channel exactly ¢ errors
in the case of P> and at most ¢ errors in the case of P, it is
immediate that P; < P». Based on the previous interpretation,
each output word of Y with exactly t errors can be represented
as a throw of ¢ balls into n buckets, and there are obviously
N throws in total. Therefore, P, = Pr[C(n, N, [N/2])] and
the claim follows. O

In order to obtain a lower bound on the probability
1 — Pr[C¢(n,N,[N/2])], we require an upper bound on
PriC¢(n,N,[N/2])]. In the following lemma, we present
such an upper bound loosely based on a recursive idea
introduced in [29] for computing the exact probability of the
multiple birthday problem.

Lemma 28. Let s, q, n and t be integers satisfying 2 < s < q
and 0 < t < n. (i) Now the probability Pr|Ci(n,q,s)| is at
most

£l

FrE (D () 0o i),

where Pr(Co(n,q,s)] =0 and Pr(Cy(n,q,s)] =0if ¢ < s.
(ii) Furthermore, we obtain that
t° [q
ns—1\s)’

Proof. (i) Observe first that we clearly have Pr[Cy(n,q,s)] =
0. Let then ¢ be an integer such that s < ¢ < ¢. Denote by
C¢(n,q,s,i) the event that the ith throw is the first throw of
t balls such that there exists at least one bucket with s balls;
notice that after the ith throw it is possible that s balls appear
in multiple buckets. Using this notation, we have

PriCi(n,q,5)] <

Pr(Ci(n,q,5)] = Y PrCi(n,q,s,)]. (a7

i=s
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The probability Pr[Ci(n,q, s,%)] can be calculated based on
the following facts:

(i) Let B be one of the buckets that first attains s balls.
Clearly, the bucket B can be chosen in n ways.

(i) The s—1 throws placing balls into B before the ith throw
can be chosen from the previous i — 1 throws in (*~})
ways.

(iii) As the probability that a ball of a single throw lands into
Bis (77])/(}). the probability of the event that the s
selected throws put balls into B is equal to

n—1 S S
((H)> _ (t)
(?) n
(iv) As the probability that no ball of a single throw lands
into B is (”_1) /(7). the probability of the event that no

t
other throw (than the s selected ones) puts a ball into B
n—1
(")

is equal to
(5) ()
(?) n

(v) Finally, let B’ denote the set of n — 1 buckets other than
B and P; denote the probability that no bucket in B’
contains at least s balls after the first ¢ — 1 throws with
the conditional assumption that the events of (iii) and
(iv) occur. Observe that if a ball of a throw lands into B,
then the throw puts ¢ — 1 balls into the buckets of B’,
and otherwise ¢ balls land into B’.

Thus, in conclusion, we have

PriCi(n,q,5,i)] <n- <;_i> . <;>9 (nnt>i—5.g_

Therefore, by (17), we obtain that Pr[C:(n, g, s)] is at most

LS ()

Finally, notice that P; is equal to the probability that no bucket
in B’ contains at least s balls after s — 1 throws with ¢ — 1
balls and ¢ — s throws with ¢ balls have been performed in the
buckets of B’ (corresponding to the events of (iii) and (iv),
respectively). Therefore, we obtain that P; < 1—Pr[C;_1(n—
1,i—1, s)] since at least t — 1 balls are thrown ¢ — 1 times into
the n — 1 buckets of B’ (by the observation in (v)). Hence,
the claim immediately follows.

(i1) For the second upper bound, we first notice that by the
so called hockey stick identity for the binomial coefficients, we

have
20

1=s

Therefore, as (n —t)/n < 1 and the probability P; < 1, the
second claim immediately follows. O

In the following theorem, the upper bound (ii) of the
previous lemma is applied to estimate the probability in
Theorem 27. Observe that according to the second claim of the
theorem, the probability that the majority algorithm outputs the

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. ???, NO. 2?72, ?7?

TABLE I
THE LOWER BOUND OF THEOREM 27 TOGETHER WITH LEMMA 28 AND
THEOREM 29 AS WELL AS THE MONTE CARLO APPROXIMATIONS WITH
100000 SAMPLES OF THE PROBABILITY THAT z = X WHENn = 28,t =5
AND N = 11,21, 31,41, 101.

N Theorem 27 and Lemma 28 | Theorem 29 | Simulation
11 0.8199 0.5806 0.8615
21 0.9901 0.9419 0.9929
31 0.9994 0.9910 0.9997
41 0.9997 0.9985 1.000
101 1.000 1.000 1.000

transmitted word is as close to one as required when the rather
weak condition n > 4t is satisfied and IV is large enough.

Theorem 29. Let C' be an e-error-correcting code and x the
transmitted word of C. The probability that the output z of
the majority algorithm is equal to the transmitted word x is

at least
tIN/2] N
- e ()

Furthermore, if n > 4t, then

lim (1— Pr[Cy(n,N,[N/2])]) = L.

N—o00

Proof. The first claim follows immediately by applying The-
orem 27 and Lemma 28(ii). Since ([ NA/IQ]) < 2N we obtain
that

JAN21 N

Pr[C¢(n,N,[N/2])] < N1 ((N/2]>
tIN/2]

nIN/2T-1°

[N/2]-1
< 4t <4t) —0
n

<

as N — oo since n > 4t. Thus, the second claim follows. [

In Table I, we illustrate the various approaches to approxi-
mate the probability that the output z of the majority algorithm
is equal to the transmitted word x when ¢ = 5 and n = 28
(satisfying the condition of Theorem 29): the lower bound
on the probabilities of Theorem 27 together with the recursive
formula of Lemma 28(i) and Theorem 29 as well as the Monte
Carlo simulations with 100000 samples. For the simulations,
notice that the probabilities do not depend on the choice of
x due to the fact that any word of B;(x) is outputted from
a channel with equal probability. Hence, for simplicity, the
simulations are performed using the word x = 0. By Table I,
we may observe that the majority algorithm outputs z = x
with high probability for significantly smaller number N of
channels compared to Theorem 1, for which the required
number of channels is 41709 when e = 0, t = 5 and n = 28.
For explaining the choice of e = 0, recall that in Theorem 1
if a certain number of channels is given, then based on them a
unique word in B.(x) can be determined and the transmitted
word x can be obtained due to the e-error-correction capability
of the underlying code C. Hence, we chose e = 0 in applying
the theorem in order to ensure that x (= z) is outputted from
the algorithm (rather than just a word of B.(x)).
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Above, we saw that it is highly probable that the majority
algorithm works correctly with significantly smaller number of
channels compared to the one given in Theorem 1, which was
required in the algorithm presented in [7]. In what follows, we
take another approach on the majority algorithm and show that
if a certain criteria (see Theorem 30) is met for the outputs Y,
then we can verify that the output z of the majority algorithm
belongs to B.(x). For this purpose, notice first that the total
number of errors occurring in the ¢th coordinates of the outputs
Y is at least m; = min{m, ¢, m; 1}. On the other hand, there
happens at most ¢ errors in each channel and, hence, the total
number of errors in the channels is at most t/N. Thus, we

obtain that N
Z m; < tN.
i=1

Furthermore, if x = z, then the number of errors is exactly
>, m;. In addition, if x # z, then for each coordinate i
in which the words differ, max{m; o, m;1} = N —m; is
contributed to the sum of errors (instead of m;). The following
theorem is based on the idea that even the modified sum (in
the left hand side of (19)) has to satisfy Inequality (18).

(18)

Theorem 30. Letr x be the transmitted word, m/ be the
integers m; ordered in such a way that m)y > mf4 > --- > m/,
and z be the output word of the majority algorithm. We have
d(x,z) <k if k is a nonnegative integer such that

k+1 n
SN =—mj)+ > mj>tN. (19)
=1 i=k+2

Proof. Let k be a positive integer satisfying (19). Suppose to
the contrary that d(x,z) > k+ 1. This implies that for at least
k+1 coordinates ¢, the number of errors is max{m; g, m; 1} =
N —m;. Therefore, by the ordering of m; the number of errors
is at least

k+1 n
Z(N —m;) + Z m; (> tN).
i=1 i=k+2

Thus, due to (19), we have a contradiction with the maximum
number of errors being ¢tV and the claim follows. [

Observe that (19) allows us to estimate the accuracy of z.
In particular, if there exists a nonnegative integer k& (for given
x and z) such that k < e, then d(x,z) < k < e and the word
z can be decoded to x as C' is an e-error-correcting code.
Furthermore, if k > e, then x € C'N By (z) and the decoding
algorithm outputs a list of words containing x. Moreover, the
size of the list is at most maxyuepn |C' N Bi(u)|, which is
closely related to the traditional list decoding (see [28]). In
conclusion, the theorem gives us a condition guaranteeing that
the transmitted word can be decoded uniquely or with certain
accuracy. Moreover, it should be noted that the theorem is
rather efficient to use. Indeed, we only need to order the inte-
gers my, to perform approximately n+k additions/subtractions
and decode z to the closest codeword (or to a list of codewords
if k> e).

The probability that a given k satisfies the property (19)
of Theorem 30 can be analysed analytically as shown below,

TABLE I
THE MONTE CARLO APPROXIMATIONS WITH 100000 SAMPLES OF THE
PROBABILITY FOR e SATISFYING THE CONDITION OF THEOREM 30 WHEN
n=24t="7e=234AND N = 11,21, 31, 41.

Ne | 2 3 1
11 | 0.068 | 0.260 | 0.587
21 | 0.369 | 0.790 | 0.972
31 | 0.701 | 0.971 | 0.999
41 | 0.887 | 0.997 | 0.999

but first we approximate it using Monte Carlo simulations. In
Table II, the probability is approximated using 100000 samples
forn = 24, t = 7, e = 2,3,4 and varying numbers of
channels NV; here we choose k = e and we strive for the
exact transmitted word x. From the table, we can notice that
as the number of channels increases it becomes very likely
that Inequality (19) is satisfied and that the majority algorithm
together with the e-error-correction capability of C' verifiably
outputs the transmitted word x.

In what follows, we further study analytically the probability
that for a given integer k there exists a set Y of output words
satisfying the conditions of Theorem 30. For this purpose, let
C}(n,q,s) denote the event that after ¢ random throws of ¢
balls, each of the n buckets contains at most s balls. Observe
that C{(n, g, s) is the complement of the event Cy(n,q,s+1),
and hence, for the probabilities, we have Pr[C}(n,q,s)] =
1— Pr[C¢(n,q, s+ 1)]. Furthermore, regarding the number of
errors occurring in the channels (in total), let Er(r, ¢) denote
the event that in total at least r balls are placed into buckets
after ¢ throws when each throw consists of at most ¢ balls.
Moreover, let p(N) denote the parity of N, i.e., p(IN) = 1
if N is odd, and otherwise p(N) = 0. Now we are ready to
formulate the following theorem.

Theorem 31. Let « be a positive integer smaller than [ N/2].
The probability that a positive integer k satisfies (19) is at
least

Pr[Ci{(n,N,[N/2] — «)
AEr(EN — (k + 1)(2a — p(N)) + 1, N)].

Proof. Assume that (i) at most [N/2] — « balls are placed
into each of the n buckets and that (ii) in total at least ¢t /N —
(k+1)(2a— p(N)) + 1 balls are placed into buckets after NV
throws (when each throw consists of at most ¢ balls). By the
interpretation stated above Theorem 27, the assumptions (i)
and (ii) can be reformulated as follows: (i) at most [N/2] —«
errors occur in each coordinate of the outputs Y and (ii) in
total at least tN — (k + 1)(2ac — p(IN)) + 1 errors occur in
channels (when at most ¢ errors occur in each channel). Now
the difference (N — m;) — m; = N — 2m,; gives the number
of additional errors occurring in a coordinate in the case that
max{m; o, m;1} = N —m; errors happen instead of m; =
min{m, g, m;1} errors. The difference (N — m;) —m; can
be estimated based on the parity of N as follows:
o If N is even, then N —2m; > N — 2([N/2] — a) =
20 =20 — p(N).
e If N is odd, then N — 2m; >
200 — 1 =2a — p(N).

N - 2(IN/2] —a) =
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In conclusion, we have N — 2m; > 2a — p(NN). Therefore,
using the notation of Theorem 30, we have

k+1 n
D (N=—m)+ > m]
i=1 i=k+2

> " mj+ (k+1)(2a — p(N)) > tN
i=1

since Y., m; > tN — (k + 1)(2a — 2p(N)) + 1 by the
assumption (ii). Thus, the integer k£ meets the condition of
Theorem 30 when the assumptions (i) and (ii) are satisfied.

In order to estimate the probability of the events of the
assumptions (i) and (ii) occurring simultaneously, we denote
by A the event that at most [N/2] — « errors occur in each
coordinate of the outputs Y when at most ¢ errors happen
in each channel. Clearly, since the event Cj(n, N, [N/2] —
«)) can be interpreted as the outputs Y of the channels as
explained earlier, we have C}(n, N, [N/2] — «) C A. Hence,
the probability of the events of the assumptions (i) and (ii)
occurring simultaneously is at least Pr[A N Ery(tN — (k +
1)(2a—p(N))+1,N)] > Pr[C{(n,N,[N/2]|—a)NEri(tN—
(k+1)(2a— p(N)) + 1, N)] and the claim follows. O

Observe that if A and B are events (independent or depen-

dent), then the probability of the event AN B can be estimated
as follows by the inclusion-exclusion principle:

Pr[ANB] = Pr[A]+Pr|B]—Pr[AUB] > Pr[A]+Pr[B]-1.

By applying this lower bound to Theorem 31, the following
corollary is immediately obtained.

Corollary 32. Let o be a positive integer. The proba-
bility that a positive integer k satisfies (19) is at least
Pr[Cj(n,N,[N/2]—a)|4+Pr[Eri(tN —(k+1)(2a—p(N))+
1,N)| -1

In the following, we discuss how to choose « in the
corollary so that the lower bound is as close to 1 as desired.
Consider first the estimation of the probability Pr[Er;(tN —
(k4 1)(2a — p(N)) + 1,N)]. Let X be a random variable
representing the number of errors occurring in a channel.
Hence, for » = 0,1, ..., the probability

O
NG

The expected value of the distribution corresponding to X is
t
n= E(X) = Z TPr
r=0
and the variance is
t
0? =Var(X) = B(X?) —pu? = Zrzpr — U2
r=0

Let
Syn=X1+Xo+ -+ Xn

be the sum of independent random variables X; each equally
distributed to X. Clearly, we have Pr[Er:(tN — (k+1)(2a—

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. ???, NO. 2?72, ?7?

p(N)) +1,N)] = Pr[Sy > tN — (k +1)(2a — p(N)) + 1].
The expected value and the standard deviation of Sy are
respectively equal to uN and ov/N. A usual approach to
estimate distributions such as Sy is to use the concept of
confidence intervals. There are numerous results designed
to estimate the probabilities using confidence intervals. One
of the most fundamental of such results is the well-known
Chebyshev’s inequality, according to which Pr[|Sy — uN| >
h-ov/N] < 1/h?. Therefore, we have

PT[MN—h'U\/NSSNSHN—Fh-G\/N]
=1— Pr[|Sy — uN| > h-oVN|

1

>1 - 72

Thus, the lower bound approaches 1 as h increases (as well as

the probability on the left hand side); for example, the lower

bound is equal to 0.9975 when h = 20. By straightforward

calculations, we obtain that tN — (k + 1)(2a —p(IV)) +1 <
uN — h-o+/N if and only if

> (t — )N +h-oVN +1+pN)(k+ 1)(> 0).
2(k+1)

For any « satisfying the lower bound, we have Pr[Sy >
tN —(k+1)2a—p(N))+1] > Pr[uN —h-ov/N < Sy <
uN +h-ov/N| > 1—1/h?. The final lower bound 1 — 1/h>
based on Chebyshev’s inequality is rather rough but enough
for our purposes. Instead of the previous lower bound, a rather
good approximation could be obtained using the Central Limit
Theorem (for example, see [31, Section 5.4]), by which the
sum Sy could be approximated by the normal distribution
N (uN,o+/N) (for large enough values of N). Denoting by Z
the random variable distributed according to N (uN,ov/N),
we have PT’[/LN—h'O'\/N < Sy < /,LN-I—h'O'\/N] R
PrluN —h-oVN < Z < uN + h-ov/N] = 0.9999376 ...
by the properties of the normal distribution when h = 4.
For h = 4, compare the approximation 0.9999376... to
the corresponding lower bound 0.9375 based on Chebyshev’s
inequality.

In order to estimate the lower bound of Corollary 32 for
some fixed n, e and ¢, we first choose a suitable positive integer
h such that the previous lower bound of Pr[Sy > tN — (k+
1)(2a—p(INV))+1] is as large as desired. Then, according to the
following lemma, we have a lower bound on the probability
Pr{C{(n,tN,[N/2] — )], which approaches 1 as the number
N of channels tends to infinity (assuming a minor restriction
on n). Hence, for carefully chosen h, « and N, the probability
discussed in Corollary 32 gets as close to 1 as desired.

Lemma 33. Let h and k be (fixed) positive integers and o =
[((t = N + - oVN + 1+ p(N)(k + 1))/ 20k + )],
where 1 and o are respectively the expected value and the
standard deviation of the random variable X. Assume further
that n > 2t +t—1and N > max{(k+2)? (h-o+1)%,8}.
Then we have the following results:

(i) Now the expected value i > t—1/2. This further implies
that « < [N/2].
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(ii) The probability Pr[Ci(n,N,[N/2] — «)] is at least

X +IN/2]—at1 N
plN/2]l-a <[N/21 —a+ 1)'
(iii) Finally, if n > 8t - ¢, then
lim Pr[Cj(n,N,[N/2] —a)] = 1.
N —oco

Proof. (1) For the lower bound on the expected value p, we
first observe that for any a € [1,¢] we have

() =) = ()

Thus, we obtain
t
(v) )
"= TS my
]

> t
Z'LIO (?)
t
Zi:() (n—t+1)?
t
21
> i=0 T
! o1
L S
im0 Gy 2

where the assumption n > 2t2 +¢ — 1 is used in the third
inequality. In order to provide an upper bound on «, we first
notice that due to the assumption N > max{(k +2)2, (h-o +
1)2,8} and the previous lower bound on p we have

(t— )N +h-oVN+1+p(N)(k+1)
<%N+h-o\/ﬁ+\/ﬁ

1
=N+ (h-o+DVN

3
2

Therefore, by straightforward calculations, we obtain

_ 3N/2
=01

where the third inequality follows from the fact that N > 8.

(ii) The lower bound on Pr[Ci(n,N,[N/2] — )] =
1 — Pr[Cy(n,N,[N/2] — o + 1)] immediately follows by
Lemma 28(ii) and hence, the second claim follows.

(iii) First assume that n > 8t -e. As o < 3N/8 + 1 by
Inequality (20), we obtain
2(a—1) >1_2((3N/8+1)—1) _1_§_1

N = N 44
In order to estimate the binomial coefficient appearing in the
lower bound (ii), we recall the following well-known upper
bound on the binomial coefficient: if m and r are integers
such that 1 < r < m, then

+1<3N/8+1< g <[N/2],  (20)

1—

These two inequalities together imply that
Pr(Ci(n, N, [N/2] = a)]

(IN/2]—a+1 N.e
nIN/2-a (N/2 —a+1

N/2]—a+1
g (2 1 e
I | _ 2D

[N/2]—a
>1— 2t <2t€> 4IN/2]—a+1
n

[N/2]-a
—1— 8t (8“) .
n

By Inequality (20), the probability

>1-—

) [N/2]—a+1

Pr(Ci(n, N, [N/2] — a)]

[N/2]—a
8t

>1— 8te <€>
n

N/2—(3N/8+1)
t
>1 — 8te <8€>
n
N/8—1
8t
>1— 8te <5>
n

and the lower bound approaches one as N tends to infinity
since n > 8t -e and N/8 — 1 — oc. Thus, the third claim
follows. O

Observe that Lemma 33 is usually applied for £ = e as
then the output z of the majority algorithm can be uniquely
decoded to the transmitted word x according to Theorem 30.
Notice also that the conditions n > 2t> +¢ — 1 and N >
max{(k + 2)%,(h - 0 + 1)2,8} of the previous lemma are
rather undemanding. In addition, the estimations of the proof
are quite crude and smaller choices for n and N would be
possible; in particular, this is true for n concerning the limit
of the case (iii).

As explained before the previous lemma, we can get the
lower bound of Corollary 32 as close to 1 as desired for
carefully chosen h, o and N by combining Lemma 33 with
the discussions on the probability Pr[Er.(tN — (k+1)(2a —
p(N))+1,N)] = Pr[Sy > tN—(k+1)(2a—p(N))+1]. For
example, if n =153, t =7, k=e =2, h=20 and N = 31,
then we have p ~ 6.951, 0 ~ 0.226 and o = 6 implying the
conditions of Lemma 33 are satisfied. By Lemma 33(ii), we
obtain the lower bound Pr[C{(n, N, [N/2] —«)] > 0.99997.
Furthermore, by the lower bound based on Chebyshev’s in-
equality, we have Pr[Er,(tN —(k+1)(2a—p(N))+1,N)]| >
1 — 1/20% = 0.9975. Combining these two lower bounds
and Corollary 32, the probability for k¥ = 2 satisfying (19)
can be bounded from below by Pr[C{(n,N,[N/2] — a)] +
PriEri(tN — (k+1)(2a —p(N)) +1,N)] — 1 > 0.99747.
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APPENDIX

Proof of Corollary 16. Let us now consider the proof of
Corollary 16 in the case where d = 2e 4+ 1. The proof is
quite similar to the case with d = 2e + 2. Although the first
half of the proof in Corollary 16 works for d = 2e + 1, we
start from the beginning since using set W, instead of W, is
better suited for our goal.

First we study the second binomial sum in the claim of
Theorem 12 when h = 3. Then we show that it gives
equivalent result with Corollary 16 when d = 2e+1. Since the
binomial sum in Equation (8) is equivalent with the binomial
sum in Equation (7), the claim follows.

Let us now consider the value we get for N3 in the second
binomial sum of Theorem 12 when h = 3. We have

n—3e—2
Ny =V(n,t—1)+> > <w—z‘2—z’3—i4)

w>L (ig,iz,i4) EW/,
e+1\/e+1 e

( i2 )( i3 ><Z4>
In what follows, we have renamed the indices for convenience
in such a way that ¢4 corresponds to ¢; of Theorem 12
(the index i; will be saved for later use in the proof).

Moreover, we have W, = {(iz,i3,i4) | forj € [2,3]

(w+1-4)/2 < i; < e+land(w—¥)/2 < iy <
e,w > ig + i3 + ig}. Again, if we have some binomial
coefficients with 4; < 0 for some j, then we use the
common convention that the binomial coefficient attains the
value 0. Then, as in the case d = 2e + 2, we obtain that

N3 = szo Z(ig,is,u)em (wf;ievzzu) (6:21) (521) (164)
Let us denote by i1 = w — i — 13 — i4. We again get that
2i9 > i1 4+ 42 + i3 +i4 — £ 4+ 1 and similar inequality for is.
Moreover, for iy, we have 2i4 > i1 + io + i3 + i4 — £. Since
we do not have to take into account the lower bound ¢; > 0
(the cases with 7; < 0 increase the binomial sum by 0) or

the cases with i; > e + 1 for j € {2,3,4}, we can consider
following system of inequalities:

iog 201 +iz+is— L +1 21
i3 i1 +ig +ig — L+ 1 (22)
i4 >0 + 12 + i3 — L. (23)
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Our goal is to show that this system of inequalities is
equivalent with the following system of inequalities:

iy <O —1—1i, (24)

i3 <L —1—1, (25)

i Higtis—(0—1) <iy <l—1/2—iy —|ig —is+1/2|.
(26)

Let us first show that the second system of inequalities
follows from the first one.
Inequality (24) follows from

i4 :w—il—iQ—ig S w—zl—Q(w—£+1)/2 :é—l—ll
We obtain Inequality (25) in similar manner. Indeed,

igzw—il—ig—i4
<w—i—(w—0+1)/2—(w—1{)/2
=0—1/2 -4,

and the upper bound follows from the fact that i3 is an integer.
Moreover, from Inequalities (22) and (23) we obtain is <
671/2721 7i471/2+i3 and iQ S 671/272.171'34’2'44’1/2,
respectively. Together, these imply

Qg <0—1/2—iy —|ig+1/2 —is].

Finally, the lower bound inequality in (26) follows directly
from (21).

Let us then show that the first system of inequalities
follows from the second one. First of all, Inequality (21)
follows immediately from Inequality (26). Assume first that
is + 1/2 > i3. Then the upper bound of Inequality (26) is
ig < £ —1—14d; —i4 + i3. This implies Inequality (22) and
inequality (23) since

ta >3 >0 +io+ s —L+12>40 +io+i3— L+ 1

Notice that we cannot attain the lower bound in Inequality
(23) in this case.

When i3 > iq + 1/2, then the upper bound of Inequality
(26) is ig < £ — i1 — i3 +1i4. In this case 14 > 41 + 19 +1i3 — ¥
and since i3 > 44, both lower bounds, (22) and (23), follow.

Finally, we may add lower bounds i; > 0 for all j €
{1,2,3,4} due to binomial coefficient context. Similarly we
notice that if i; > ¢, then i3 < 0. Thus, we may also add
upper bound i; < ¢ — 1. Now, we are ready to compare this
bound with the bound of Theorem 2 by Yaakobi and Bruck.

When we have d = 2e + 1, Theorem 2 can be presented in
the following way: Let
N> Zhhhz,hs,hzx (n }i’f 2) (e}j;l) (6;31) (he4) +1 for

e 0<h <0 —1,

o hi —0<hy<{l{—1-—hy,

ee+2—FC+hy <hs St—(h1+h4) and

° max{h1 7h37h4+26+27£,h1+h3+h47€+1} S

ho <€—1—(hy + hy — h3),
then £ < 2 for any e-error-correcting code C'. Next, we modify
the presentation we got for /N3 into the formulation above.

Let us denote by i, = e+ 1 — iy and by i, = e + 1 — 5.
Observe that (6;21) = (eltl) for j € {2,3}. Notice that we

have i4 > 0 > i; — £ and (GTH) = 0 when i4 < 0. Hence,

iy

we may just replace this lower bound by i; — ¢. Moreover, we
have 0 < i3 <¢—1—4i;. Hence,e+ 1>} >i;+e+2— 4.
Notice that ¢ — (i1 +i4) > e+ 1 since i1y +i4 < £ —1 by
Inequality (24), and (/') = 0 when i% > e + 1.

i
For iy we have iy + i3 + s — (( — 1) < iy < £ — 1/2 —
i1 — |ia +1/2 — i3] and hence, £ — 1 — (i1 + 44 — 35) > 05 >
—l+e+3/2+i1+]is+1/2—i3] = e+3/2—L+i1+]|ig+is—
e—1/2| =max{i; —if—ig+2e+2—0, iy +if+is—(+1}.
Hence, we get the claim. O
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