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In this work we present the first efficient algorithm for unsupervised training of multiclass regularized

least-squares classifiers. The approach is closely related to the unsupervised extension of the support
vector machine classifier known as maximum margin clustering, which has received recently considerable
attention, though mostly considering the binary classification case. We present a combinatorial search
scheme that combines steepest descent strategies with powerful meta-heuristics for avoiding bad local
optima. The regularized least-squares based formulation of the problem allows us to use matrix algebraic
optimization enabling constant time checks for the intermediate candidate solutions during the search.
Our experimental evaluation indicates the potential of the novel method and demonstrates its superior
clustering performance over a variety of competing methods on real-world data sets. Both time complexity
analysis and experimental comparisons show that the method can scale well to practical sized problems.
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1 Introduction

Unsupervised learning belongs to the most
important tasks at the beginning of each data
mining process: In an early phase, no labeled
data at all are given, and the task consists in
extracting reasonable information based on the
patterns only. Various unsupervised learning
tasks like clustering or dimensionality reduc-
tion have been proposed in the literature over
the years [1].
clustering, which plays a central role in a va-
riety of real-world applications in computer vi-
sion, information retrieval, marketing, context
modeling [2] and many other fields [3]. Roughly
speaking, clustering techniques aim at grouping

In this work we concentrate on

Unsupervised Learning, Multi-Class Regularized Least-Squares Classification, Maximum

objects into clusters, so that objects with sim-
ilar characteristics belong to the same cluster,
and those with different properties to different
ones.

In recent years, the supervised learn-
ing method known as the support vector ma-
chine (SVM) [4,5] as well as other regular-
ized learning schemes have been extended to
unsupervised learning settings, in most cases
under the name of maximum margin cluster-
ing (MMC) [6]. These extensions aim at find-
ing a partition of the unlabeled patterns into
classes, so that a subsequent application of the
underlying supervised model yields the over-
all best result. In general, these unsupervised
extensions induce combinatorial or non-convex
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optimization tasks that are difficult to address.
However, since the obtained models have been
proven to outperform standard clustering tech-
niques in many experimental analyses, they
have received considerable attention over the
last years.

A preliminary version of this paper was
published in the Proceedings of The 12th
IEEE International Conference on Data Mining
(ICDM 2012) [7]. The theory behind the algo-
rithm framework as well as the discussion and
motivation behind the proposed meta-heuristic
have been considerably extended in the current
article, and the performance evaluation now
includes a running time comparison with the
baseline methods.

1.1 Related Work

Xu et al. [6] were among the first ones
who formalized the extension of support vector
machines to unsupervised learning scenarios.
Their optimization approach is based on re-
formulating the original combinatorial task as
semidefinite programming problem [8], which
can then be addressed via standard solvers. An
extension of this framework based on semidef-
inite programming as well is provided by Val-
izadegan and Jin [9]. In contrast to the work
of Xu et al. [6], however, they show how to re-
duce the number of involved optimization vari-
ables, which yields a more efficient optimization
framework. A recent local search approach for
the linear case is given by Zhao et al. [10]. Their
optimization framework is based on a combina-
tion of recently proposed cutting plane schemes
and concave-convex procedures. Similar ideas
have also been presented by Li et al. [11].

An alternative approach for the binary
case is proposed by Zhang et al. [12]. Basi-
cally, their simple but surprisingly effective ap-
proach is based on iteratively applying a sup-
port vector machine model to improve an “ini-
tial guess” that is obtained via an auxiliary
clustering framework. One of the key ingre-
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dients of their framework is the replacement of
the original hinge loss by the e-insensitive or
the square loss. As pointed out by Zhang et
al. [12], the resulting models “can more eas-
ily get out of a poor solution”. These ideas
are extended by Gieseke et al. [13], who pro-
pose matrix-based update strategies that can
be used to significantly speed up stochastic
search frameworks. In line with the approach
of Zhang et al. [12], they resort to the square
loss instead of the hinge loss.

1.2 Contribution

While there exists a significant body of
research on extending supervised regularized
classifiers to clustering under the framework
of maximum margin clustering, almost all of
the work has concentrated on the binary case.
The exception is the cutting plane multi-class
method of Zhao et al. [14]. The method can
be efficiently trained, but is, as demonstrated
in our experiments, prone to getting stuck at
bad local minima leading to inferior clustering
performance. While Xu et al. [15] also formal-
ize a method for the multi-class setting, their
method has a runtime complexity of O(n") for
n patterns, which becomes impractical for real-
world problems.

In this work we extend the concept of
supervised one-vs-all multi-class reqularized
least-squares classification [16] to unsupervised
learning settings. As reported by Zhang et
al. [12] and Gieseke et al. [13], the square loss
depicts a very reasonable choice in the con-
text of such clustering settings and offers desir-
able computational shortcuts for corresponding
optimization strategies. The contribution pro-
vided in this work is twofold:

1. Firstly, we show how to enhance sim-
ple steepest descent strategies by means
of a powerful meta-heuristic that effec-
tively avoids bad local optima. While be-
ing a seemingly simple modification, we



On Unsupervised Training of Multi-Class RLS

demonstrate that this minor adaptation
provides major improvements to the clus-
tering accuracy compared to straightfor-
ward stochastic search and steepest de-
scent implementations.

2. Secondly, in line with our previous
work [13], we provide computational
shortcuts for assessing the quality of the
intermediate clustering candidate solu-
tions. As we show, these shortcuts render
function calls possible to be conducted in
O(1) time, which paves the way for an ex-
haustive search in the large combinatorial
search space.

The meta-heuristic (which we call a shaking
strategy) is an important algorithmic ingredi-
ent for the unsupervised one-vs-all extension
which we address. We experimentally analyze
our approach on various data sets; the results
demonstrate that our approach is capable of
yielding better clustering accuracies than con-
ventional techniques in most cases.

So far, no publicly available implementa-
tion can be found in the literature that takes
care of the interesting multi-class maximum
margin principle, and we consider the approach
presented in this work to be a valuable can-
didate for such difficult multi-class clustering
settings. Our implementation is made avail-
able as part of the RLScore software library at
http://users.utu.fi/aatapa/RLScore/.

2 Mathematical Background

In this section we provide the mathe-
matical notations and the mathematical back-
ground related to the general concept of reg-
ularized kernel methods [4, 5], which encom-
passes the regularized least-squares classifica-
tion framework and support vector machines as
a special case. We start from the standard su-
pervised setting and proceed to re-formalize the
central concepts for the unsupervised learning
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setting. To simplify the notation, we denote
the set of all n x m matrices with real coef-
ficients by R™*™. Given a particular matrix
M € R™™_ we denote its element in the i-th
row and j-th column by M, ;, and we use y; to
denote the i-th coordinate of a vector y € R".

2.1 Binary Classification Scenarios

We start by depicting the binary cases, for
both supervised and unsupervised learning set-
tings. The multi-class scenarios that are central
for the work at hand are described afterwards.

2.1.1 Supervised Regularized Kernel Methods

Regularized least-squares and support vec-
tor machines can be seen as a special case of
so-called reqularized kernel methods [4,5]. We
briefly define these settings and then show how
to extend the corresponding supervised models
to unsupervised (multi-class) learning settings.

Let X be an arbitrary set and let k
X x X — R be a kernel function that can be
seen as a similarity measure for the elements in
this space. For a given labeled training set

{(x1,11), ..., (@0, yn)} CX XY

with Y = {—1,+1} the regularized risk mini-
mization problem is defined as

argmin {Z Uy f()) + A||f||?,qk} (D)

A ]

where f is the prediction function (also called
model) that maps a given data pattern to a
real-valued prediction and || - ||3, is a norm in
a reproducing kernel Hilbert space Hjy induced
by the kernel function k. The disagreement
between the predictions and the true labels is
measured via a loss function [ : Y xR — [0, 00)
that gives rise to the empirical risk, which, in
turn, measures how well the prediction function
fits to all training patterns. The regularization
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parameter A € R, determines the trade-off be-
tween the first term of the task (1) and the
complexity of the prediction function f [4,5].

Two prominent representatives of this
family of regularization methods are support
vector machines and the concept of requ-
larized least-squares classification [17]. The
first one stems from the use of the hinge
loss (y, f(x)) = max(0,1 — yf(x)), whereas
the latter one is based on the square loss
l(y,f(m)) = (y — f(w))2. By the represen-
ter theorem [18], any solution f* € H; of the
task (1) has the form

f() = Zaik(wia') (2)

with coefficients @ = (ai,...,a,)" € R™
Hence, by plugging in the square loss into the
objective and by using ||f*||§[k = a"Ka [5]
with kernel matrix K € R"*" consisting of en-
tries K;; = k(x;, x;), we can rewrite the task
at hand as

argmin J(a) (3)

acR”

with

J(a)=(y—Ka)' (y— Ka)+ ) a"Ka. (4)

The objective J(a) of the above optimization
task is convex and differentiable with respect
to @ € R". Thus a global minimizer can ana-
Iytically be obtained by enforcing & J(a) = 0,
that is, a minimizer of the objective is given by

a" =Gy (5)

with
G=(K+ )",

where I € R™" is the identity matrix [17]. Al-
though the resulting models are, in general, not
sparse (as it is often the case for standard sup-
port vector machines), the above closed-form
solution is a desirable property [5,17]. As we
will see below, this is especially the case in the
context of the considered clustering scenarios.
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By substituting the minimizer (5) into (2),
it becomes rewritten as the following linear
combination of the training labels

n

16 =Y (Gy)k(e:.)

i=1

= Z G, ;y;k(zi, ")

ij=1
=Y yibi(), (6)
j=1
where the n basis functions b;(-) are defined as
bi() = Gijk(m:,-) .
i=1

Note that the basis functions are completely in-
dependent on the labels as they only depend of
the input data points and of the regularization
parameter. This observation is central with re-
gard to this work, since several of the compu-
tational shortcuts we take advantage of in the
algorithms arise from this property.

In the literature, the representation (6) is
sometimes called the dual form of (2) and the
basis functions are called the equivalent ker-
nels, because (6) resembles the kernel smooth-
ing technique. For more in depth discussion
about these issues, we refer to Girosi et al. [19]
and the references therein.

Accordingly, we obtain the minimum of
the objective function (3) as the following
closed form expression:

a7

=(y— KG’y)T(y - KGy) + M 'GKGy.

Inspired by this, we define a new objective func-
tion in which the above closed form expression
is written as a function of the label vector y:

F(y)=(y - KGy)"(y - KGy)

7
+ W 'GKGy . (7)
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This provides a powerful and easy to use ap-
proach for testing different labelings for the
given data. Below, we will use this function as
a basic tool when considering the least-squares-
based clustering algorithms.

2.1.2  Unsupervised Least-Squares FExtension

As pointed out by Zhang et al. [12], the
square loss depicts an ideal candidate for the
maximum margin principle from a practical
point of view. Further, the above closed-form
solution can also be used to greatly speed up
the computations induced by a variety of search
strategies [13]. The direct extension of the su-
pervised regularized kernel methods (1) to the
unsupervised case for a given unlabeled train-
ing set {x1,...,x,} C X has the form [6]:

argmin {Z Wy, f2:)) + )\||f||ik}
ye{-1+1}" feHr | ;=1

Hence, the difficult part is the additional inte-
ger optimization variable y € {—1,+1}" that
encodes the partition of the given unlabeled
patterns. To avoid trivial solutions, some form
of a balancing constraint is usually added for
such clustering settings, which is of the form

1 n

with a user-defined parameter b. € [0,1]. By
again considering the square loss, we can take
advantage of the tools established in the pre-
vious section and can rewrite the above opti-
mization problem in terms of the label vector
only:

< b,

argmin F(y). (8)
ye{—1,+1}"

with F'(y) being the closed form given in (7).

2.2  Multi-Class Classification Scenarios

We can now address the multi-class learn-
ing settings that are the basis of the optimiza-
tion schemes derived in this work. Like above,
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we start by outlining the supervised models fol-
lowed by their unsupervised extensions.

2.2.1 Supervised Multi-Class FExtension

In the literature, several ways to extend
the concept of support vector machines and
their variants to multi-class settings have been
proposed. As reported by Rifkin and Klau-
tau [16] the so-called one-versus-all multi-class
classification setting depicts a valuable candi-
date for such learning scenarios, and we follow
this line of research for the unsupervised case.

In such multi-class supervised settings, we
are given a training set

{(x1,¢1), ...y (Xpycn)} C X xC

with C = {1,...,|C|} as set of all possible class
labels. In a nutshell, one aims at deriving mod-
els fi,..., fic| such that a new pattern * € X
is assigned to the class whose associated model
is the most confident. Formally, given the |C|
models, the class label for a data point x is
obtained as:

f(x) = argmax f.(x) , (9)

ceC

that is, the model with the largest real-valued
prediction determines the class label.

It is easy to see that the above multi-class
classification rule can also be written as

flx) = aringinL (¢, fi@), ..., fie(=)) , (10)

where L is the following type of a one-versus-all
multi-class loss function:

Ic|

L(c, fi®), ..., fie(@)) = 1(pn(c), fu(@)),

h=1

pawz{ N (80

and

—1 otherwise

Here, the one-versus-all multi-class loss is de-
composed to a sum of ordinary type of binary
loss functions.



Let ¢ € C™ be the vector containing the
class labels of the training examples. Further,
in order to support the forthcoming consider-
ations below, we overload the notation p;, by
defining it also for vectors of class labels, which
leads to the following mapping from the class
label vector to {—1,+1} -valued vectors, one
per each class h € C:

—1
pn(c) =

+2) e’ (12)
j=1

—1

where ¢ is the Kronecker delta (i.e., we have
de;n = 1if ¢; = h and 6., = 0 otherwise),
and e’ is the j-th standard basis vector of
R™. Hence, the i-th component of vector py(c)
equals +1 in case the i-th training pattern be-
longs to the class h, and equals —1 otherwise
(see Figure 1 for an example).

A variety of different objectives (and loss
functions) have been proposed in the litera-
ture [16]. In the following, we consider exten-
sions of the supervised models (1) to the multi-
class case having the form

argmin M (f1, . 7f|C\aC) ’
fl,...,f‘c|€fHk
where
M(fl,.--,f|(,’\;c)
€] n
=33 (Uonlen). ful@)) + Al fall3,)
h=1 i=1

for some vector of class labels ¢. Hence, the
goal of the learning process is the search of
binary-valued prediction functions fi,..., fi
that minimize the above risk. Given that the
one-versus-all loss is decomposed into a sum
of binary ones, the process can be considered
as training |C| binary models independently.
As pointed out above, such frameworks have
been shown to work as well as other sophisti-
cated multi-class schemes for such supervised
settings, see Rifkin and Klautau [16].
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Finally, let us consider the one-versus-all
classification with the squared loss. Using anal-
ogous arguments as in the binary classification
case, the minimizer of the above objective func-
tion has a closed form, which can be written
simply as

pomin, M(fi,. fiene) = Q(e)
where
C]
Q(c) =) Fpa(e)), (13)
h=1

and F' is defined via (7).

2.2.2  Unsupervised Least-Squares Fxtension

Exactly as for the binary case, one can ex-
tend the multi-class framework depicted above
to unsupervised settings by considering the
class membership vector ¢ € C™ as additional
optimization variable. For the square loss, this
leads to the following optimization problem:

argmin  M(fi,..., fic, ¢)
ceC”
J1,flc €M
= argmin Q(c).

ceCn

Hence, one is again given a mixed-integer pro-
gramming problem; the key problem is to find
an appropriate assignment for the integer vari-
able ¢ such that the induced |C| supervised bi-
nary classification tasks yield the overall best
results. Note that, while the objectives seem
to be independent from each other, they inter-
act via the vector ¢, since changing the class
membership of a single training instance leads
to the modification of two of the induced clas-
sification models fi,..., fi-

Note that additional constraints can (and
should) be used to enforce appropriate ratios
of the cluster sizes. In the next section, we
propose an efficient algorithm for finding accu-
rate clustering solutions that aim at minimiz-
ing the above objective subject to such cluster
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+1
-1
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pa(c) =

-1 —1 —1
+1 —1 —1
—1 —1 —1
—1 | ps(e)=| +1 |pale)=| —1
+1 1 1
1 . +1
+1 . 1

Fig. 1. A vector of class labels (left) and the corresponding mappings (right).

constraints, along with computational short-
cuts for assessing the quality of intermediate
candidate solutions.

3 Algorithmic Framework

In this section we describe the basic ideas
behind the proposed algorithm without getting
into the computational details. Due to the dis-
crete nature of the clustering problem, we em-
ploy direct optimization methods for searching
appropriate labels for the data points. In the
literature, this type of methods are often re-
ferred to as hill climbing algorithms (see e.g.
Russel and Norvig [20]).

There are different variants of hill climb-
ing, such as stochastic and steepest hill climb-
ing. In addition, there are so-called meta-
algorithms that are built on top of the hill
climbing algorithms, such as climbing with ran-
dom restarts, etc. Here, we focus mainly on
the idea of the steepest descent hill climbing,
in which all closest neighbors of the current so-
lution are compared, and the current solution
is replaced with the neighbor having the low-
est value of the objective function. In our case,
the set of closest neighbors consists of label vec-
tors that differ from the current solution only
by one entry. In addition, we propose a meta-
algorithm we call shaking that uses the idea

of steepest descent so that it is less likely to
get stuck to local minima with inferior cluster-
ing performance than the basic steepest descent
search.

For convenience, we use S(e, j,d), where
ceC", je{l,....,n}, and d € C, to denote
the value of the objective function () defined in
equation (13) for a cluster label vector, whose
entries are equal to those of ¢ except that the
label of the jth data point has been switched
from ¢; to d. This allows us to denote the search
directions in the space of cluster label vectors
so that each direction corresponds to switching
the cluster label of a single data point. Armed
with the above notation, and a vector of initial
cluster assignments ¢ € C" for n data points,
we next consider the search algorithms for solv-
ing the clustering problems.

3.1 Basic Descent Strategies

One of the most straightforward ap-
proaches is the so-called stochastic hill climb-
ing, in which the algorithm simply goes trough
the data points one at a time and switches its
current class label to another one if it decreases
the objective value, and stops when a local op-
timum is found. This type of algorithms were
proposed for binary clustering in our previous
work [13]. In our experiments, we use a sim-
ilar algorithm modified for multi-class cluster-
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ing as a baseline method. The modification can
take advantage of the computational short-cuts
presented in the appendix, and it is therefore
computationally as efficient as the other meth-
ods proposed in this paper.

Algorithm 1 STOCHASTIC DESCENT
1: Initialize ¢ € C" randomly
2: loop
3+ b<<True
4. for j=1,...,ndo
5: d < argmin,.. S(c, j, d)
6: if ¢; # d then
7.
8
9

Cj —d
b < False
: end if
10:  end for
11:  if b then > Stop if local optimum found
12: break
13:  end if
14: end loop

Algorithm 2 STEEPEST DESCENT

1: Initialize ¢ € C" randomly

2: loop

3 J,d <« argminje e S(e, j,d)
4:  if ¢; = d then
5 break
6: else
7
8
9

Cj —d
end if
: end loop

Another framework is the basic steepest
descent search (see Algorithm 2) for the multi-
class clustering problem. The idea is that dur-
ing each iteration the algorithm finds a pair
(7,d), where j is the index of the data point,
for which switching the cluster label would de-
crease the value of the objective function the
most and d is the corresponding new cluster
label. The algorithm stops when a local min-
imum is found, that is, switching the cluster
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assignment of a single data point will not de-
crease the objective value.

3.2 Avoiding Local Minima via Shaking

Both the stochastic and steepest descent
methods can easily get stuck in local min-
ima corresponding to inferior clusterings of the
data; the existence and severity of this prob-
lem is confirmed in our experiments. For this
reason, we propose to improve the steepest de-
scent algorithm with a simple, but surprisingly
effective trick (see Algorithm 3).

Instead of traversing the search space ex-
actly towards the steepest descent direction,
the algorithm iterates through the clusters and
each cluster at a time claims a number of points
from the other clusters. The point the cluster
d claims next is determined by the steepest de-
scent direction. That is, the point for which
switching the cluster label to d would decrease
the objective value the most (or increase the
least), is assigned to the cluster d.

The number of points claimed by the clus-
ters is determined by the following formula:

n n

— +
2iel e

—Hhlen=di. (14

Firstly, it depends on the round i of the outer
loop, which is encoded in the first term of (14)
via the exponential factor in the nominator.
During the first iterations, all clusters claim a
large number of points, but the value of the
first term decreases exponentially with respect
to the iteration index of the loop.

To prevent the smaller clusters from dis-
appearing completely, the number of points
claimed by a cluster also depends on the num-
ber of points already assigned to the cluster
in question, that is, the small clusters claim
more points than the large ones. This behav-
ior is ensured by the sum of the second and
third terms of (14), which is positive for smaller
than average sized clusters and negative for the
larger ones. Note that this definition of « is
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just an ad hoc heuristic and better ones may
be designed, for example, if we have a prior
knowledge about the cluster sizes. Neverthe-
less, as we show in the experiments, even this
simple approach performs considerably better
than the stochastic hill climbing and the basic
steepest descent, since it avoids many of the
inferior local minima into which the basic ap-
proaches get stuck.

Algorithm 3 STEEPEST DESCENT WITH

SHAKING
1: Initialize ¢ € C™ randomly

2: forv=0,...,sdo

3: fordeCdo

i 0 gt = (o= a)

5 for j=1,...,ado

6: J < argminje{l,...,n},dyécj- S(C,j, d)
7

8

Cj —d
end for
9: end for
10: end for

Intuitively, the idea of this approach can
be considered as “shaking” the solution so that
the local minima can be avoided. In the be-
ginning, the solution is shaken profusely, but
the intensity quickly decreases with the rounds
of the outer loop. Because of the exponential
decrease, the number s of shakings can be set
to a small constant. In our experiments, we al-
ways use the value s = 20. This turned out to
be a comparatively robust parameter choice in
preliminary experiments.

The behavior of the proposed method is
demonstrated in Figure 2 with a toy example
consisting of three Gaussian clusters. First,
the patterns are labeled randomly. Then, each
cluster claims points from other clusters at a
time and the number of points claimed de-
creases during each iteration.

The shaking heuristic is a powerful opti-
mization approach due to its dynamic mech-
anism that controls the magnitude of changes

9

according to a cooling scheme depending on the
iteration number. In this regard, the shaking
heuristic is similar to dynamic mutation rate
control employing an external cooling scheme
like simulated annealing (SA) [21] does. SA
adapts the probability to accept a solution de-
terioration according to an exponential cooling
scheme. A change of solution ¢ that increases
the fitness value by AS' is accepted with a de-
creasing probability

p(AS,T) = e 25T

depending on the fitness change AS and tem-
perature 7' that must be increased in the course
of the optimization run (e.g., depending on the
iteration number). Our shaking heuristic dif-
fers from SA, as each solution change is ac-
cepted, but the magnitude of change is con-
trolled dynamically. The dynamic scheme that
is employed depends on the iteration number
in an exponential kind of way. Linear decrease
of the probably turned out to be less successful.
It is possible to introduce a further parameter
that controls the speed of the decrease of a.
Extensions with this regards will be subject to
future work.

A further characteristic of the shaking
heuristic is that not a random part of the solu-
tion is optimized, but the search concentrates
on particular solution parts, i.e., one cluster in
each iteration employing greedily the steepest
descent approach. A greedy cluster assignment
is a recommendable optimization strategy, in
particular in case of large solution spaces. An-
other important part of the shaking heuris-
tic are the second and the third summands of
equation (14). They give small clusters the
chance to develop, discouraging the the op-
timization process from losing found clusters.
Equipped with this knowledge, the algorithm
has an advantage over pure direct search.



10 J. Comput. Sci. & Technol., Mon.. Year, |,

30 30

u .%
-. Hy
&
.g."'
2]
B *
|
'S
%
> »x
,»» e
O
oh
B *
"
%
8
> .‘
oo
B
g
r4
o
(4
%

®e . Aa p LY . e p &
f.x A : 4e Ak, : Ae 4 Y A : ] %
21 ' # 'A Ag 21| “ Al *# 'A Ae 21 “ ! fe e
A a
R TR N o It T Cudiaite g S eh
= u o, LN zu A asy LN 2 A Aty ° .
A 2 &
ne AA AA
1 L] 1 m 1 o
= = °
1 20 21 30 31 1 20 21 30 31 1 20 21 30 31
) e e
° 0{. 3 F ) 'fo & F ) ‘fo &
. oo L] . . oo ] . w0 oo . .
A @ n g g gum A LA A, g mmg uu e @ . e Ty gmu
L 5" - i - 4 A a - A 5,° . L -
2 A, s "5 ? 21 ak, A ' ;. ? 21 o8, o ?
NS | .'*' " R AL AAAA‘. = NS | .;.0‘. -
R [ B -:‘...l R ‘éﬂ 1“‘ A:%l [} . ‘4 OAO...' ool =
20| A 'n 5 20| A ’AA A 20| K ’A‘A e
u = A a A °
- A &
mm A A A A
1 L] 1 A 1 A
u A A
1 20 21 30 31 1 20 21 30 31 1 20 21 30 31
o o ®
° ‘f. -3 £ 0{. & & o2 g
. oo L] “ oo ] l oo .
° 0. m " .; ! -.l ° ). :A‘ .; ! -.I e 0. e .. = -.I
L I [ o= A, ., ol o ® e ° o
21 bl | L] ! - o 21 A% A 4 o o 21] °%e L] e o oy
ug ¥ e Ay A &g ay B
A‘Aq; 'b;_—| e A‘Agf “;‘P‘t R A‘Aqf ‘A:Am, Compl, "
20| K .I. B 20| R AAA A 20| R AAA A
L] m A m A m
F F F
AA aa A A
1 A 1 A 1 A
A A A
] 1 20 21 30 31 0 1 20 21 30 31 o 1 20 21 30 31

P T P Vi r.'&'{?{'-
o 5 o f‘ll‘-lé o oo e, T L o o° ®e .':‘ -

Em gl =
F = N “}A“‘ 2 a ’A“A 2 .b L.
20 & " 20 A 20 Aa "
A"m m A A% m A% m
A A
A A A A A A
1 A 1 A 1 A
a a a
0 1 20 21 30 31 0 1 20 21 30 31 0 1 20 21 30 3

Fig. 2. Demonstration of the shaking meta-algorithm on three Gaussian clusters. The first image contains
the initial random assignments of the cluster labels. The next three images correspond to the first round
of the outermost loop during which each class claims a large number of data points at a time. During
the following rounds, the classes keep claiming data points but the number of points claimed decreases
exponentially with the index of the outermost loop.
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3.3 Efficient Optimization via Matrix-
Based Updates

As observed above, all considered search
algorithms can be formulated in terms of the
operation S(c,j,d) that computes the objec-
tive value for a certain neighbor of the label
vector c¢. In particular, we note that the shak-
ing heuristic requires roughly O(s|C|n?) calls of
S(e,j,d).

A naive approach for computing it would
require retraining the classifiers from scratch
each time the operation is used, which would
clearly be computationally infeasible except for
very small data sets. For example, the com-
putational complexity of training support vec-
tor machine classifiers with non-linear kernels is
O(n?) in the worst case, and hence the overall
complexity of running the shaking heuristic to-
gether with those would be of order O(s|C|n?).

The next theorem characterizes one of the
main contributions of this paper. This offers
massive runtime savings compared to the naive
implementation mentioned above.

Theorem 1. The computational complex-
ity of Algorithm 3 is

O((s[C] +r)n?),

where r is the rank of the kernel matriz.
Proof. For the sake of exposition, we defer
the lengthy proof to the appendix. The gen-
eral idea is that given a certain amount of time
spent in the preprocessing phase, one can test
each possible flip of a coordinate in O(1) time,
which is far less compared to a naive imple-
mentation that would take O(n?) time per flip.
Algorithm 3 performs O(s|C|n?) calls for the
function S(e, j,d), each with O(1) cost, and
the initialization of the caches requires O(n?r)
time. H

As we show in the experimental evalua-
tion, both the shaking framework as well as
the computational shortcuts are important al-
gorithmic ingredients to address the challeng-
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ing combinatorial task induced by the unsu-
pervised multi-class extension of the maximum
margin principle considered in this work.

4 Experiments

In the experiments we evaluate the accu-
racy of the proposed unsupervised multi-class
regularized least-squares algorithm (UMC-
RLS) on several real-world and synthetic data
sets with various baseline methods.

4.1 Methods

As baseline methods we employ the cut-
ting plane multi-class MMC method (CP-
MMC) [14], K-means clustering (more specif-
ically, k-means++ [22]), Gaussian mixture
models fitted using expectation maximization
with full covariance structure (GMM) [23],
and spectral clustering using a 10-nearest
neighbors-graph as similarity graph (SC) [24].
Additionally, to demonstrate the importance of
the shaking heuristic, we also provide results
for simpler variants of the proposed method,
where the combinatorial search over the cluster
assignments is based either on pure stochas-
tic search (Stoc-RLS) or on the direction of
steepest descent without the shaking heuristic
(Steep-RLS). As discussed above, the stochas-
tic variant extends our previous implementa-
tion for the binary case [13] to the multi-class
setting.

UMC-RLS, Steep-RLS, Stoc-RLS, and
CPMMC are based on Python and the Numpy
and Scipy libraries. Further, the CPMMC im-
plementation uses the CVXOPT optimization li-
brary for solving the quadratic programs aris-
ing during training the method. The method
was originally formulated only for the linear
case, but as suggested by Zhao et al. [14], the
method can be straightforwardly kernelized by
running it on a feature representation gener-
ated by eigen decomposing the kernel matrix
(see, e.g., [25] for a detailed discussion). The
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Table 1. Comparison of the clustering methods. Mean ARI and the one standard deviation based on

ten repetitions are provided.

data set size classes SC GMM K-means CPMMC  Stoc-RLS  Steep-RLS  UMC-RLS
Coil 1440 20 0.74+0.01 0.554+0.01 0.58£0.02 - 0.31+0.10 0.43+£0.07 0.84 +0.06
Coil 1-4 288 4 0.70£0.00 0.50+0.00 0.49+£0.00 0.47=+0.08 0.29+0.11 0.0.09 1.00 £0.00
Coil 5-8 288 4 0.74+0.06 0.61+0.03 0.60£0.04 0.62+0.05 0.354+0.06 0.37+0.10 0.97+0.09
Iris 150 3 0.43+0.00 0.96+0.00 0.70£0.09 0.69=+0.08 0.45+0.25 0.56=+0.13 0.96 £0.00
Letter 500 4 0.38+0.00 045+0.00 043£0.00 039£0.10 0.19+0.12 0.20+£0.12 0.46 =0.09
Moons 500 2 0.99+0.00 0.78+0.00 0.65£0.00 0.69+0.45 0.214+0.35 0.07+0.05 1.00=+0.00
USPS 1-4 500 4 0.66 £0.00 0.48+0.00 0.61+£0.01 0.59+0.19 0.38+0.12 0.38+0.08 0.85+0.02
USPS 5-8 500 4 093+0.00 0.64+0.00 0.67+0.00 0.57+0.11 0.26+0.12 0.34 £0.14 0.914+0.02

implementation, which is based on the primal
formulation of the optimization problem, does
not scale to large problem sizes, in effect re-
stricting our comparison to problems with few
hundred training examples, and few clusters at
most. Zhao et al. [14] note that one can derive
a dual version of the method with much bet-
ter scalability, but neither technical details nor
a corresponding implementation are provided.
The K-means, GMM and SC implementations
are from the scikit-learn library available at
http://scikit-learn.org.

4.2 Data Sets

We perform experiments on eight tasks
that represent a wide variety of application
domains (see Table 1). The Iris, Letter, and
USPS data sets are standard benchmarks from
the UCI repository. From Letter, we choose
the first 4 classes in the data. We split the
USPS into two tasks, USPS 1-4 and USPS 5-8,
which both contain four classes from the origi-
nal data. We use the full COIL image recogni-
tion data set [26], as well as two subsets, COIL
1-4 and COIL 5-8. Moons is a well-known ar-
tificial benchmark data set with a non-linear
structure. The Letter and USPS data sets are
sub-sampled so that they have at most 500 ex-

amples, in order to allow for running the exper-
iments with CPMMC. For the full COIL data
set we do not present results for CPMMC, as
the implementation does not scale to the con-
sidered number of patterns and clusters.

4.3 Clustering Performance

We estimate the clustering performance of
the compared methods using the adjusted rand
indez (ARI) [27]. After parameter selection,
each method is run 10 times, with mean ARI
of the repetitions being used to represent the
final performance. All kernel methods employ
a Gaussian kernel in our experiments.

Similarly to the setups of [14, 28], we
choose the regularization parameter A and
kernel width o for the RLS-based methods
an CPMMC using grid search. In prelimi-
nary experiments we noticed that the meth-
ods tended to favor small regularization pa-
rameter values, therefore A is chosen from grid
{2710.279 271}, Kernel width o is chosen
from the grid {0.10¢,0.20, . .., 00}, where oy is
the maximum distance between two data points
in the data set. For each tested parameter, the
performance is computed as the mean over 10
repetitions of clustering with different random
initializations. Following [14,28], we set the er-
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ror tolerance parameters o and e for CPMMC
both to 0.01. The parameter [ of CPMMC was

set to 10, based on preliminary experiments.

Table 2. Comparison of the clustering methods.
The maximum ARI out of 10 repetitions is pro-
vided.

data set SC  GMM K-means CPMMC Stoc-RLS Steep-RLS UMC-RLS

Coil 0.75  0.57 0.62 - 0.43 0.58 1.00
Coil 1-4  0.70  0.50 0.49 0.56 0.50 0.43 1.00
Coil 5-8  0.79  0.65 0.65 0.67 0.42 0.51 1.00
Iris 0.43 0.96 0.62 0.76 0.85 0.92 0.96
Letter 0.38 045 0.43 0.49 0.37 0.36 0.57
Moons 099 0.78 0.65 0.99 0.95 0.14 1.0
USPS 1-4 0.66 0.48 0.62 0.92 0.51 0.52 0.88
USPS 5-8 0.93 0.65 0.68 0.68 0.51 0.57 0.93

Table 1 presents the mean ARI with stan-
dard deviations for the considered methods and
data, with the results for best performing meth-
ods highlighted in each row. On seven of the
eight considered data sets, UMC-RLS either
outperforms all the other methods, or shares
the place of best performing method with one
other baseline method. On the USPS 5-8
data, UMC-RLS is the second best performing
method. SC and GMM are the most competi-
tive baselines. SC outperforms the other meth-
ods on USPS 5-8 data, and is the only baseline
method also able to solve the Moons problem.
GMM performs as well as UMC-RLS on Iris,
and almost as well on Letter. K-means and
CPMMC are not competitive with UMC-RLS,
but can still on some of the data sets outper-
form either SC or GMM. The mean clustering
performances of Stoc-RLS and Steep-RLS are
very poor. On most runs CPMMC, Stoc-RLS
and Steep-RLS seem to get stuck in bad lo-
cal minima. Thus, the shaking heuristic imple-
mented by UMC-RLS proves to be crucial in
order achieving stable and good performance.

Next, we compare the methods based on
the maximum ARI achieved out of the final
ten runs. The experiment allows us to esti-
mate whether the performance of some of the
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considered methods could be significantly im-
proved by using random restarts based meta-
heuristics. The results are presented in Ta-
ble 2. In this setting, CPMMC becomes com-
petitive with the SC and GMM methods, even
outperforming all the methods on USPS1 data
sets. Stoc-RLS and Steep-RLS results are also
greatly improved compared to mean results.
Still, even if we compare the maximum ARI
out of 10 repetitions for the other methods (Ta-
ble 2) to the mean ARI out of 10 repetitions for
UMC-RLS (Table 1) UMC-RLS still appears to
be the overall best performing method.

To conclude, the experimental results sug-
gest that the proposed UMC-RLS method of-
ten achieves high clustering performance on
real-world problems, and seems to represent
currently the state-of-the art among multi-class
MMC type of methods. Further, the results
highlight the importance of the shaking heuris-
tic, as otherwise the combinatorial search will
typically not lead to a good clustering solution.

4.4 Runtime

Finally, we explore also experimentally the
scalability of the proposed method. All the
runtime experiments were performed on a com-
puter with Intel i7-3770 3.40GHz processor, 16
GB of memory and 64-bit Ubuntu 13.04 oper-
ating system. The CPMMUC is not considered
in the comparison, since its implementation is
highly suboptimal in terms of running time.
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Fig. 3. Number of steepest descent steps required
by UMC-RLS as a function of the data set size.

In Figure 3 we have plotted the number of
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steepest descent steps executed while running
UMC-RLS for varying sized random subsets of
the COIL data set with 20 clusters. From the
plot it can be seen that the number of steps
required grows linearly in the size of the data
set, as can be expected from the complexity
considerations. Thus the experiment further
verifies that the steepest descent search can be
executed efficiently for the proposed method.
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Fig. 4. CPU runtimes for the COIL data set.

In Figure 4 we have the CPU running
times for the different methods on varying sized
random subsets of the COIL data set. It can be
observed that when dealing with such a moder-
ately sized data set the UMC-RLS implemen-
tation actually outperforms the baseline meth-
ods in terms of computational speed. To eval-
uate the behaviour of the methods on larger
data sets we further performed a scaling ex-
periment on the MNIST handwritten charac-
ter recognition data set. The dimensionality
of the data is 784, and it contains 10 clusters
representing different digits. As can be seen in
Figure 5, once the sample size becomes several
thousands, the higher computational complex-
ity of UMC-RLS begins to dominate the run-
ning time of the method, the K-means and SC
have better scalability. Still, even with 8000
data points UMC-RLS clustering can be run in
a bit over five minutes on a modern desktop
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Fig. 5. CPU runtimes on MNIST data set.

The computational bottleneck for UMC-
RLS remains the computation of the eigen de-
composition of the kernel matrix needed dur-
ing initialization. Here, kernel matrix approx-
imation techniques could be of great benefit,
in case one needs to scale the method to very
large data sets.

5 Discussion and Future work

As shown by the experimental results, the
proposed shaking heuristic provides consider-
ably better results than the simple greedy ap-
proach relying on the steepest descent direc-
tions only. Still, the heuristic was the first
non-trivial one we tested, and hence it is of
very ad-hoc nature. We expect that far bet-
ter heuristics can be produced if we can en-
code prior knowledge about the classification
problem into it, as is often possible in practi-
cal problems. Heuristics could also be designed
for other variations of unsupervised classifica-
tion, such as learning with partial class mem-
berships, for example [29].

The main computational bottleneck of the
proposed algorithm is computing the eigen de-
composition of the kernel matrix, whose time
complexity is cubic with respect to data set
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size in the worst case. For large data sets,
a standard practise in kernel-based learning
is to employ sparse kernel matrix approxima-
tion techniques, such as the well know Nystrom
method [30], which will decrease the complexity
of performing the decomposition to linear time,
usually without considerably harming the clas-
sification performance. Another bottleneck is
due to the linear cost of a single steepest de-
scent step, which causes the overall time com-
plexity to become quadratic if the amount of
steps also grows linearly with respect to data
set size, as is usually the case with the shak-
ing heuristic. To remedy this, we intend to de-
velop such variations of the method and the
heuristic that, instead of doing global steepest
descent steps with linear cost, would employ
the steps on small local subsets of the data at
the time so that the step costs would scale with
the subset sizes rather than the overall data set
size. This would also reduce the memory size
of the cache matrices required by the method
(see Appendix), since the caches would have to
be constructed for the subsets only and recon-
structed when the subset would be changed. If
the size of the subsets can be fixed to a small
constant, the overall computational and mem-
ory complexities of the method will be linear in
the overall data set size. This requires consid-
erably more sophisticated heuristics that also
take care of changing the local subsets when
needed.

The performance of kernel-based learning
methods depends considerably on the hyper-
parameters values, such as those of the reg-
ularization and kernel parameters.
tuning the values properly is very challenging
in unsupervised learning. There exists sev-
eral methods for measuring the cluster valid-
ity that do not depend on the class-labels of
the data points but work in completely un-
supervised fashion [31,32]. In the future, we
also intend to investigate the potential of these
methods for setting the hyper-parameter val-

However,
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ues. The problem is not as severe in tasks like
image segmentation, where the method is used
in an interactive fashion so that the user can
tune the parameter values by hand in order to
get results that are satisfactory enough.

Yet another research direction not yet cov-
ered in this paper is the semi-supervised exten-
sion of the proposed method. Given a small
set of data points with known class labels and
a large set with unknown labels, the proposed
ideas can be easily modified so that the known
class labels are kept fixed, while the labels of
the other points are switched with the meta-
heuristic just like in the fully unsupervised
The problem, of course, becomes con-
siderably easier, since the classes can in most
practical cases be assumed to be concentrated
around the points with known labels and the
method does not have to be initialized with a
completely random labeling or with a simpler
clustering algorithm. Moreover, instead of the
shaking proposed here for the completely unsu-
pervised learning, new meta-heuristics can be
specially tailored for the semi-supervised case,
for example, such that keep claiming unlabeled
points to the classes one by one from the vicin-
ity of the labeled points until all points have
been labeled. With the help of the efficient
computational short-cuts proposed in this pa-
per for searching the steepest label switching
directions, it becomes possible to develop and
test several different types of new heuristics
also for the semi-supervised problems.

case.

6 Conclusion

In this work we proposed a multi-class ex-
tension of the binary maximum margin prin-
ciple. Our framework is based on the least-
squares variant of the original problem formu-
lation, which has been experimentally proven
to be a valuable candidate for such clustering
settings, see, e.g., Zhang et al. [12] or Gieseke et
al. [13]. So far, only little work has been done
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related to the interesting extension of these
schemes to the multi-class case though. This
is the focus of the work at hand dealing with
the unsupervised extension of the correspond-
ing one-vs-all multi-class setting.

The key contributions provided in this
work are (1) a carefully designed steepest de-
scent strategy, and (2) its extremely efficient
implementation. The former contribution is
based on a new shaking strategy that effec-
tively avoids getting trapped in bad local op-
tima during early stages of the optimization
process. The latter contribution is based on a
series of non-trivial matrix-based update steps
that take care of the intermediate optimization
tasks induced by the global shaking steepest
descent framework. The experimental evalua-
tion takes into account a variety of real-world
data sets, and the clustering accuracy of our
approach is compared to the ones of state-of-
the-art methods.
superior performance of the proposed frame-
work and, hence, indicates that the unsuper-
vised regularized least-squares approach is a
promising clustering variant, given that one ad-
dresses the induced combinatorial optimization
task appropriately.

The results demonstrate the

Appendix

In Section 3 we gave an intuitive descrip-
tion of the proposed search algorithm, and pre-
tended a claim about its overall computational
complexity. Here, we show in detail how the
claimed complexity can be achieved. The con-
sideration can be divided into the following
three fundamental parts:

A. Initialization of cache memories: Before
starting the actual search, certain cache
memories have to be initialized that the
subsequent parts will take advantage of.

B. Computation of the steepest descent di-
rections: The proposed search algorithm
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computes these directions before decid-
ing, for which data point the cluster label
should be switched next.

C. Update of the caches:
ter label of a data point is switched, the
cache memories have to be updated in or-
der to maintain the ability to compute
the steepest descent directions efficiently.

whenever a clus-

We go through these phases one by one before
summarizing them in the proof of Theorem 1.

6.1 Initialization of Cache Memories

First, we reformulate the objective func-
tion of the regularized least-squares framework.
Let K = VAVT be the eigen decomposition
of the kernel matrix, let A = (A + A\I)~!, and
let F(y) be defined as in (7). We can prove the
following:

Lemma 1.

Fly)=1-y"VAAVTy

Proof. Using standard linear algebra tech-
niques, we obtain the following decomposition

F(y)
=(y— KGy)"(y — KGy) + \y"GKGy
— 4TV (I 244+ 2?4 + >\A712> VTy
= 4TV (I +(—2T + AA + AA)AA) VTy
— 4TV (I +(—2 + A(A + )\I))AA) VTy
—yTV ( oI+ I)AA) Viy

e 13) v
—1—y"'VAAV Ty (15)

O
Given the kernel matrix containing all pair-

wise kernel evaluations between the training
data points, the computation of the compact
decomposition, in which only the eigen vectors
corresponding to the nonzero eigenvalues are
computed, requires O(r?n) time, where r is the
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rank of the kernel matrix. In the compact de-
composition, the matrix V' € R™*" contains the
r eigenvectors and A € R™" is a diagonal ma-
trix containing the r nonzero eigenvalues. It is
also worth pointing out that the eigen decom-
position of the kernel matrix is often used to
turn the kernel-based clustering setting into a
linear one (as is done in the multi-class MMC
experiments by, e.g., Zhao et al. [14]); it there-
fore forms a common computational bottleneck
for the kernel based competitors considered in
our experimental evaluation.

Assumption 1. Assume that we are given
the compact eigen decomposition of the ker-
nel matriv K = VAVY, where V. € R™",
A € R™" and r is the rank of the kernel ma-
trixz, as well as an initial vector of class labels
c € C". In the initialization phase, we prepare
the following cache memories which are updated
whenever the vector of class labels is changed:

e The n X n-matriz

R=VAAVT, (16)
e the vectors Rp.(c),Vc € C,
e as well as the walues Q(c) and

F(pa(c)),¥h € C.

The computational complexity of the initializa-
tion phase is dominated by the computation of
R, which can be done in O(rn?) time given the
compact decomposition of the kernel matrix of
rank r.

6.2 Computation of the Steepest De-
scent Directions

The next lemma concerns the efficient
computation of S(e, j,d), given that certain in-
termediate results have already been computed
and cached. Its proof also encompasses imple-
mentation details of the search algorithms that
take advantage of the computational short-
cuts.
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Lemma 2. Assume that we have cache
memories given in Assumption 1 available.
Then, the value of S(e,j,d) can be computed
m a constant time.

Proof. Let y € {—1,1}" and let us denote
y =y — 2y;€’, that is, y and g are two +1-
valued vectors differing from each other only
by the jth entry. Moreover, we denote t = Ry.
Then, continuing from (15), if we already know
F(y), R, and t, the value of F for g can be
computed from

F(g)=n—9 Ry
=n— (y — 2yjej)TR (y — 2yjej)
=n—y Ry + 4yijRej — 4yj2»ejTRej
= F(y)+ 4yjejTRy — 4e’ Re’
= F(y) +4y;t; — 4R, ;.

Moreover, we observe that we can define a sim-
ple formula for calculating the difference in the
objective values if a single entry of the +1-
valued vector is flipped as follows:

D(y,j) = F(9) — Fy) = 4y;t; — 4R;;. (17)
Putting together (12), (13), and (17),
S(e, j,d) can be formally written as

S(e,j,d) = Q(c) + D(pe, (c), j) + D(pa(c), j)-

The formula contains the objective value ad-
justments of both the old cluster ¢;, and the
new one d of the aggregate objective function
(13) that allows the cluster assignments of a
single data point to have only one positive en-
try. Thus, given the assumptions about cached
intermediate results, we can calculate the ob-
jective value change caused by switching a sin-
gle entry of the cluster label vector ¢ in O(1)
time. 0

6.3 Updates of the Caches

After the steepest descent direction is
found, and the cluster label of the correspond-
ing patterns is switched, part of the cache mem-
ories given in Assumption 1 have to be updated
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accordingly in order to maintain the ability to
perform fast searches. As shown in the follow-
ing lemma, the update operation does now slow
down the computation of the steepest descent
directions.

Lemma 3. The cache memories given in
Assumption 1 can be updated in O(n) time after
the cluster label of a single pattern is switched.

Proof. Given that Rp.(c) is stored in
memory, the vector R(p.,(c) —2€e’) can be ob-
tained from

R(p,(c) —2€’) = Rp,(c) — 2(R;)"

in O(n) time. The vector R(p4(c) + 2€’) can
be computed analogously. The values Q(c),
F(p;(c)), and F(py(c)) are obtained in a con-
stant time as implied by the proof of Theo-
rem 2. The matrix R does not depend on ¢
and, thus, does not have to be updated. 0

6.4 Runtime Proof

Putting everything together, we arrive to
the proof of Theorem 1.

Proof. [Proof of Theorem 1] As shown in
Lemma 2, the evaluation of S(c,j,d) can be
performed in constant time by taking advan-
tage of the cache memories defined in Assump-
tion 1. Since there are |C| clusters and n data
points, finding the steepest descent direction
requires O(|C|n) time. Lemma 3 in turn shows
that the cache memories can be updated ac-
cording to the steepest descent direction in
O(n), but this is dominated by the time re-
quired for finding the next steepest descent
direction. Altogether, Algorithm 3 performs
O(s|C|n?) calls for the function S(c, j,d), each
with a constant time complexity, and the ini-
tialization of the caches requires O(n?r) time.
The proof follows. 0
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