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We propose a generalisation of the Leggett-Garg conditions for macrorealistic behaviour. Our
proposal relies on relaxing the postulate of non-invasive measurability with that of retrievability of
information. This leads to a strictly broader class of hidden variable theories than those having a
macrorealistic description. Crucially, whereas quantum mechanical tests of macrorealism require
one to optimise over all possible state updates, for retrievability of information it suffices to use
the basic Liiders state update, which is present in every quantum measurement. We show that in
qubit systems the optimal retrieving protocols further relate to the fundamental precision limit of
quantum theory given by Busch-Lahti-Werner error-disturbance uncertainty relations. We implement
an optimal protocol using a photonic setting, and report an experimental violation of the proposed

generalisation of macrorealism.

I. INTRODUCTION

The concept of macrorealism aims at describing tem-
poral correlations based on two classical assumptions:
macrorealism per se, i.e. the existence of macroscopic
states of the system, and non-invasive measurability, i.e.
the possibility of measuring these states without disturb-
ing them or the subsequent dynamics. Famously, the
conjunction of these two assumptions is in contradiction
with quantum theory, as witnessed by violations of the
celebrated Leggett-Garg inequalities [1, 2].

Practical tests of macrorealism suffer from a so-called
clumsiness loophole. In short, the loophole states that
violations of macrorealism may be caused by the lack of
control over one’s measurement apparatuses. In other
words, one might intentionally or unintentionally violate
the non-invasiveness assumption. As an example, take a
sequence of two measurements of the spin of a quantum
particle in a given direction. If the first measurement
disturbs the system by, e.g., introducing a unitary rota-
tion, the outcome of the second measurement may be
affected. In such case, one is in clear contradiction with
the non-invasiveness assumption.

In order to go around the clumsiness loophole, vari-
ous different ways of justifying that one’s measurement
apparatus is not affecting the subsequent measurement
statistics have been introduced. To mention a few, ideal
negative-choice measurements were discussed by Leggett
and Garg [1], adroit measurements (resp. n-term adroit
measurements) and were introduced in Ref. [3] (resp.
Ref. [4]), non-disturbing measurements in Ref. [5], and
auxiliary control measurements were used in Ref. [6]. Re-
cently, there has also been a proposal towards formalising
macrorealism in terms of generalized probability theories
[7], in which violations of macrorealism can be approached
through the process of theory-agnostic tomography [8, 9].

In this work, we take an approach towards temporal cor-
relations using wiring operations. This allows the future
measurement inputs to depend on the past measurement

outputs. We use wirings to replace the problematic non-
invasiveness measurability assumption by what we call
retrievability of information. Our proposed models form a
strict generalisation of macrorealistic ones, which provides
various advantages. First, as we allow disturbance, we
argue that within the quantum formalism one only needs
to consider the very basic Liiders instrument, which is
present in every quantum measurement [10]. Second,
as wiring allows for compensating measurements, the
simplest cases of invasiveness, such as intentional rotation
or translation, do not violate our models, as they can be
compensated for on a later time-step. Third, we show that
within quantum theory our models have a natural con-
nection to joint measurability of quantum measurements
[11, 12]. This allows one to use the Busch-Lahti-Werner
uncertainty relations [13] as a justification for the fact that
one is performing the optimal retrieving measurement.
This further carries a basic property of macrorealistic
models from Hermitian observables to the level of gener-
alised measurements. Namely, macrorealistic models hold
when a Hermitian observable is measured directly after it-
self. This is not the case for generalised measurements [4].
However, as any generalised measurement is jointly meas-
urable with itself, our models do not allow a violation by
simply asking the same question twice. Finally, we show
that a quantum mechanically optimal protocol for testing
our model is within the reach of today’s experimental
techniques, and implement the protocol on a photonic
platform. We report that quantum theory is more general
than the proposed classical retrieving models.

II. HIDDEN VARIABLE MODELS FOR
TEMPORAL CORRELATIONS

The basic hidden variable model for temporal correla-
tions is that of Leggett and Garg. In their seminal paper
[1], the idea of macrorealistic models was introduced.
These models assume the existence of a macroscopic state



) of the system, i.e. a variable that encodes the answer
to possible measurements, and the possibility of meas-
uring this state without disturbing it or its subsequent
dynamics. The first one of these assumptions is called
macrorealism per se (MRps for short) and the second one
is called non-invasive measurability (NIM for short). The
conjunction of these assumptions leads to what is called
macroscopic hidden variable models, which again leads
to the famous Leggett-Garg inequalities.

Let us first concentrate on a setting with two time steps,
on each of which one either performs or does not perform a
measurement. In this case, the MRps assumption implies
that the statistics are given by

Zp

In other words, there exists a distribution p(\) of mac-
rostates A and they give responses a and b to questions
z (on the first time step) and y (on the second time
step) according to the distribution p(a,b|z,y, ). It is
important to note that such model exists for quantum
theory by identifying the macrostates as pure quantum
states. Introducing the NIM assumption, one gets more
structure on the response functions, and a contradiction
with quantum theory. The NIM assumption implies that
pla,blz,y,A) = p(a]z, \)p(bly,A). This is a strong re-
quirement, and it was shown in Refs. [14-16] that in our
scenario the conjunction of MRps and NIM is equivalent
to the fact that the original distribution is non-signalling
in both directions, i.e.

Zp(a’v b|1‘7 y) =
Zp(a’v b|1‘, y) =
b

It is worth noting that the second one of these conditions
is trivially fulfilled, as the choice of a future measurement
y can not affect the statistics of a past measurement zx.
The fact that quantum theory violates the conjunction of
MRps and NIM can be seen through violations of Leggett-
Garg inequalities [2], or by the fact that quantum theory
allows inherently disturbing measurements [4, 17, 18]
violating Eq. (2).

We are ready to present our proposal for a generalisation
of the NIM assumption. We allow for the possibility of
choosing the measurement performed on the second time
step depending on the outcome of the first one. We call our
assumption retrievability of information (Rol for short)
and state it on the level of macrostates mathematically

Zp Zp

p(a,blx,y) p(a,blz,y, A). (1)

p(bly) (2)
p(alz). 3)

p(b[0,y, A p(a,blz,ya, A).  (4)

Here (0,y) refers to the sequence with no measurement
on the first time step and measurement y on the final
time step. Respectively, (x,y,) refers to measurement x

taking place on the first time step, whose output a is then
used to choose the input y, of the final measurement. In
other words, the retrievability of information assumption
states that the macrostate’s response (on average) to the
final measurement, when no measurement took place on
the first step, can be retrieved (on average) by treating
the output of the first measurement as an input on the
final time step. This strictly includes scenarios covered
by the NIM assumption. We summarise this section into
a testable criterion as follows.

Observation 1. The conjunction of MRps and Rol leads
to a model for the sequential statistics that fulfills

Zp(a7b|0’y) = Zp(avb‘zaya)' (5)

The proof of this statement is a straight-forward implic-
ation of Eq. (4). We present the details in the Appendix.

III. RETRIEVING IN THE QUANTUM
SCENARIO

In quantum theory, generalised measurements are given
by positive-operator valued measures (POVM for short)
acting on a finite-dimensional Hilbert space, i.e. a collec-
tion of positive-semidefinite matrices (A4, ), where a labels
the outcome, for which ) A, = 1. Such a POVM gives
the measurement outcome probabilities according to the
Born rule, i.e. in a given quantum state g, that is a posit-
ive semi-definite unit-trace operator, one has the probabil-
ity distribution p(a|g) = tr[A,g]. The state update caused
by such a measurements is given by a quantum instru-
ment (Z,)q, i-e. a collection of completely positive maps
with the property that ) Z, is a trace-preserving map
(i.e. a quantum channel) and tr[Z,(o)] = tr[As0]. Here
T.(0) represents the sub-normalised post-measurement
state when the measurement of (A,), in the initial state
o is performed and outcome a is obtained. It is a central
result of quantum measurement theory [10, 17], that every
instrument that describes a given POVM (A4,),, is of the
form

= ga(\/A»aQ\/‘A»a% (6)

i.e. one first performs a minimally disturbing Liiders state
update and then applies a noise channel &, depending on
the obtained outcome a.

A natural division between classical and quantum prop-
erties of measurements is given by joint measurability
[11, 12]. For a pair of POVMs (A,), and (By)s, we ask
whether there exists a third POVM (G 4)q,5 such that
Ay =3, Gay for each a and By = G, for each b. If
such POVM exists, the pair is called jointly measurable.

For our purposes, a central property of jointly meas-
urable pairs of POVMs is that they are exactly the ones
that allow a realisation in a sequence with the second
measurement being a retrieving one [12, 19, 20]. More pre-
cisely, the statistics of any (Bjy)p jointly measurable with a



POVM (A,), can be obtained from properly chosen post-
measurement states Z, (). Instead of measuring (By)s,
this typically requires one to make a different, so-called
retrieving measurement (Bp)p. In general, such retrieving
measurement can act on a larger Hilbert space [21], and
the joint measurement takes the form, cf. Eq. (6)

tr[Ga,po] = tr[Be€a(v/Aaoy/As)] (7)
= (€} (By)v/Aa0\/Ad)- (8)

Here the star represents the Heisenberg picture and the
noise channels &, can possibly map between different
Hilbert spaces.

The above Eq. (8) is important for us for three reasons.
First, we note that the noise channels &, can possibly map
between different Hilbert spaces. However, as the Heis-
enberg picture maps back to the original space, we can
define the POVMs (By),)p with By, := &;(By). These
act on the same space as p. Hence, we do not require any
additional degrees of freedom to implement such scenario.
Second, the data of any POVM that is jointly measurable
with (A4,), is still in the system once one has performed
the basic Liiders state update, cf. [19]. To get this data,
one is simply required to perform a retrieving measure-
ment, whose input can depend on the output of the first
measurement, cf. (By|,), above. Finally, as the process
for finding the retrieving measurement is constructive
[19, 20], we argue that retrieving scenarios without the
noise channels &, are sufficient for the experimental set-
ting considered here (noisy Z and X measurements), cf.
Remark 2 of Appendix. In other words, it is sufficient to
consider only the Liiders state update. In such case, the
retrieving measurements do not need to depend on the
output of the first measurement, i.e. By, = &;(By) = By.

IV. EXPERIMENTAL SETUP

The photon source is a type-I beta-barium borate crys-
tal pumped with a tightly focused continuous wave laser
of the wavelength 405 nm. The crystal produces a pair
of photons (the signal and idler) around the wavelength
of 810 nm through spontaneous down-conversion process.
The idler photon is registered by the single photon de-
tector D1, which triggers the coincidence electronics and
data collection. The initial state for measurements is
prepared by passing the signal photon through a fixed
polarizer P1 and rotated half-wave plate HWP1. Hence,
we prepare the superpositions of the polarization states
|H) and |V). In the beam displacer BDS1 the horizontal
and vertical polarization components are separated and
after HWP2 the polarization information is encoded into
degree of freedom of the optical path, the upper and lower
arm, cf. Ref. [22]. The measurement of the first POVM
(A1, A7) is performed with the help of the half-wave
plates HWP3 (the rotation angle —v/2), HWP4 (+v/2),
HWP5 (47/8) and the polarizing beam splitter PBS. The
transmitted (resp. reflected) beams of PBS correspond

to the outcome +1 (resp. —1). By changing the para-
meter v we obtain different POVMs. In order to simplify
the setup, only the transmission arm of the PBS is used,
and the reflective version of measurement is simulated by
HWP5 with the rotation angle of —7/8. The information
of the system that is encoded in the path basis is recoded
back to the polarization basis by recombining the optical
paths via HWP6, BDS2 and HWP7. The final projective
measurement is performed with the quarter-wave plate
QWP, the polarizer P2 and the detector D2. The de-
tector efficiency is 65 % and the mean photon count is
approximately 2000. The experimental setup is depicted
in Fig. 1.
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Figure 1. Experimental setup.

For 0 < vy < m/4, the first POVM A} = 1[1 +
sin (27)o] is a noisy version of the sharp Z measurement
and the implemented state update is given by the Liiders
instrument 7] (o) = 1/ AL o\/A] where g = |Wi,)(¥yy| is
the initial state, cf. Appendix for a detailed derivation.
Note that A} = $1 and Z9 (o) = 30 so the case v = 0 can
be interpreted as if there is no first measurement at all.
The maximally disturbing first measurement (i.e. state di-
agonalization) is obtained when v = 7/4 and Al/ Y=z,
We present below three different scenarios for probing
temporal correlations with our setup.

V. THE MACROREALISTIC CASE

In the simplest case, we have a sharp (or noisy) Z as the
first measurement and a sharp Z as the final measurement.
In this case, the sequence generates a joint POVM G;’, b=
Mme . The second margin of this POVM is Z.
which does not depend on ~. This corresponds to a
macrorealistic scenario, i.e. the Eq. (2) holds with = A
and y = Z. This is demonstrated in Fig. 2

VI. THE RETRIEVING CASE

If the final projective (sharp) measurement is By =
Xy = %(]l + o,) then the sequence generates a joint
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Figure 2. Macrorealistic situation. The final measurement is
sharp Z. On the x-axis, we have the input state |¥in). In the
Figure we have plotted the experimental probabilities of the
plus outcome of the second margin for v = 0 (black), v = 7/8
(light gray), and v = 7/4 (gray). The white bar represents
the theoretical values which equal (U, |Z4 ¥;,) = ’(H|\Ilin> ’2
for all values of . The error bars represent one standard
deviation, as is the case in the following figures.

POVM
G, = 13" (X) = VALX, VAT )
1
=7 [1+asin (2y)o. + beos (27)o,].  (10)

The first margin is naturally the POVM A7) measured
first and the second margin is a noisy X-observable given
by Bl = 3[1 £ cos (27)o,]. According to [23], the min-
imum value 2(2 — v/2) for the Busch-Lahti-Werner uncer-
tainty sum A(A, Z)? + A(B, X)? is reached for A = A™/8
and B = B7/® where A is the worst-case Wasserstein-2
distance for POVMs, cf. Appendix. In this sense, our
measurement setting with v = /8 realizes the optimal
approximate joint measurement of Z and X in a sequence;
in this case

1 1 1 1
AT/® = 5(1{ + \—@az), BY/® = 5(1 + ﬁaw). (11)
When v = % then the minimum % of the uncertainty
sum Var(A™/®, g) + Var(B™/8, p) is reached for all pure
states 0 = |Win) (Wi, | where |U;,) is any real superposition
of the basis vectors. Hence, it is reasonable to prepare
only these kinds of pure states. We further note that
the correlation Corr(G™/8, o) between the margins of the
joint measurement G7/% in the state o satisfies —% <
Corr(G™/8,p) < %, where the bounds :I:% are reached

with pure states ¢ = |UE)(UE | where
|WE) = cos(n/8) |H) F sin(n/8) |V). (12)

see Appendix for detailed calculations. We take the max-
imally anti-correlated state |¥;.) as one of our test states

in addition to the eigenstates of Z and X. We have
presented the realised retrieving scenario in Fig. 3 for the
case where there is no first measurement and the final
one is B™/8, and the first one being A™/® and the final
X. We note that this is in line with Eq. (5), but the
corresponding macrorealistic scenario, where one is forced
to measure noisy X as the final measurement in both
sequences, breaks the condition on macrorealism given by

Eq. (2).
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Figure 3. Retrieving situation. The black bar represents the
experimental data of the plus outcome of noisy X with no first
measurement. The light gray bar is the data of sharp X after
the measurement of noisy Z. The white bar is the theoretical

prediction (\I/in|BI/8\I/in>, which is the same for both cases.

VII. THE NO-RETRIEVING CASE

We have seen above that the least noisy version of X
that can be retrieved after the measurement of A™/® with
the above optimal retrieving scenario, is B™/8. Hence, if
we simply choose a setup, where we require the retrieving
of sharp X, the data violates the retrieving condition of
Eq. (5), cf. Fig. 4. Indeed, if one wants to retrieve sharp
X, this forces the first measurement to be trivial, see
Appendix.

VIII. CONCLUSIONS

We have proposed a generalisation of macrorealistic hid-
den variable models. Our models replace the non-invasive
measurability postulate by a more general retrievability of
information assumption. Within the quantum formalism,
we have demonstrated that this eases the clumsiness loop-
hole associated with macrorealism in the sense, that we
were able to narrow down the required measurement pro-
cedures in general into only the Liiders instrument, which
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Figure 4. No-retrieving situation. The black bar represents
the theoretical prediction for sharp X when there is no first
measurement, i.e. (Uin|X4Pin), and the light gray is its
experimental value. The dark gray bar represents the the-
oretical values for (\Ilin\Bj_/S\Ilin), and the white bar is its
experimental value. As the bars differ for the last three states
(experimentally 4 sigmas), and as the retrieving protocol is
optimal according to quantum theory, one can conclude that
the retrieving is not possible.

is present in every quantum measurement. To complete
the retrieving protocol, we have focused on the qubit
case, where we have connected the problem of finding
the best possible retrieving measurement into the funda-
mental precision limit of quantum theory given by the
Busch-Lahti-Werner uncertainty relation. We have exper-
imentally demonstrated an optimal retrieving protocol,

and reported a violation of the associated hidden variable
models. Hence, any hidden variable model allowing for
retrieving in our scenario would need to go beyond the
fundamental quantum precision limit.

For future research, it will be of interest to investigate
our models in the framework of more measurements and
different time evolutions. We expect the former to find
interesting connections with recent advances on error-
disturbance uncertainty relations [24, 25]. For the latter,
we note that closed system time evolutions are implicitly
present in our protocol by using the Heisenberg picture.
However, the use of open system dynamics will pose an
interesting constraint, as some information can leak to
the environment and, hence, not be retrievable. In this
case, not all jointly measurable pairs can be retrieved. We
believe that this aspect of incompatible measurements in
open quantum systems is of interest on its own and should
be further investigated. Another interesting direction is
to look into scenarios where the retrieving step requires an
adaptive feed-forward mechanism, i.e. when the second
measurement’s input depends on the output of the first
one. We believe that these can find applications in the
context of Busch-Lahti-Werner uncertainty relations, as
well as in recently found applications of sequential joint
measurements in quantum thermodynamics [26]. Finally,
a possible line of research is to investigate further relax-
ations of the retrievability assumption. This could have
intriguing implications on the clumsiness loophole.
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Appendix A: Theoretical details on classical models

In the main text, we claim that the conjunction of
MRps and Rol leads to sequential statistics that fulfill

Zp(avb‘oay) = Zp(avb‘x7ya)' (Al)

To prove this, we note that MRps together with the

Bayes rule and Rol implies

> p(a,b)0,y) = Zp p(a, b0y, \) (A2)
= Zp p(alb,0,y, \)p(b[0,y,A) (A3)

_ Zp p(b]0, 5, ) (A1)

= Zp pla, b, ya, A) (A5)

(46)

= Zp(a,b|x7ya).

We note that this condition forms one type of an analogue
of Eq. (2) to our general setting. Namely, whereas Eq. (2)
and Eq. (3) fully characterise the conjunction of MRps
and NIM, Eq. (A1) fully characterises the correlations
given by the Rol assumption when MRps is assumed. The
last claim is implied by the above chain of equations.

1. Quantum model for classical retrievable
correlations

Assume that a correlation table allows a hidden variable
model satisfying macrorealism per se and Rol. Take a
Hilbert space with an orthonormal basis {|\)} and define
a state 0 := ), p(A)|A)(A] and a (joint) POVM G, :=
Yoap(a, bz, ya, N)|A)(Al. This gives Y tr[oGap] =
Y anPAN)p(a, blz, ya, ) = 37, p(N)p(b]0,y,A) = tr[oBy]
where the effects By, := >, p(b|0,y, A)|A){ A| constitute a
POVM. Since all operators above are diagonal and p is
unknown, the equation ), tr[oG, ] = tr[oBs] holds for
all states ¢ implying >, Gqp = By. Hence, any hidden
variable model satisfying macrorealism per se and Rol has
a quantum realisation using a diagonal state and a joint
measurement. As any joint measurement can be realised
in a sequence with retrieving measurements [19, 20], this
gives a sequential quantum model.

2. Classical model for quantum retrievable
measurements

Suppose that

[Ga bQ —tI‘ Bbg \/ Q\/ 5* Bb \/ Q\/

Let the variables A be the unit vectors of the Hilbert
space. By using the spectral decomposition, one can
write ¢ = Y, p(A)|A)(A| (where only countably many



probabilities p(A) are nonzero) so

2; (M)p(bl0,y. ) (A8)
= > pOVAIB|A) (A9)
ABbQ Ztr a:b0] (A10)
=2 tr[ef;(BbwTa@m] (A11)
= zajp</\)<>\|\/A>a52(Bb)\/A7)\> (A12)
= ZP p(a, 0], Ya; A)- (A13)

Here 2 = A, y, = £(B), and y = B.

Appendix B: Experimental details

We present some details of the experimental setup and
both theoretical and experimental results.

HWP  HWP HWP HWP
W ook /4 /4 Polarizer
BDS v/ 8 as BDS
H N n
L i i
n_n awp Detector
vi-o o L H— H
| HWPTHWP
H P A2 1 o o i
i i i 1 H I L i
(4] (6] E2]

Figure 5. Experimental setup

Let {|H),|V)} be the polarization basis and define the
Pauli matrices o, := [H)(V|+ |V)(H]|, 0y == —i|H)(V| +
i|VY(H|, and o, := |H)(H| — |[V){V]|. We consider all
operators as matrices in the basis {|H),|V)}.
The initial (input) pure state:

Vin = alH) + 5|V) (B1)
where the complex numbers o and 3 satisfy |a|?+|3|* = 1

The beam displacer separates the horizontal and ver-
tical polarization components:
Uy =a|0) ® |H) 4+ 8]1) @ |[V) (B2)

The path states |0) and |1) represent photons flying along
the up arm and down arm.

Vertical state flip:

U3 =al0)®[H) + B|1) ® |[H) (B3)

Phase shift on both parts:
Wy = a|0) ® [cos(v)[H) + sin()[V)] (B4)
+B|1) @ [cos(v)[H) — sin(7)|V)] (B5)

7

Rotation with HWP(¢) (we will use rotation angles
¢ ==m/8):
Vs = al0) @ {cos(y) [cos(20)|H) + sin(2¢)[V)]
+ sin(y) [sin(2¢)|H) — cos(2¢)[V)]} (B6)
+811) @ {cos(7) [cos(20)|H) + sin(2¢)[V)]
) [sin(2¢)|H) — cos(2¢)[V)]}

— sin(y

@ Only the horizontal component is transmitted through
the polarizing beam splitter:

s = al0) @ [cos(y) cos(26) + sin(7) sin(26)] [H)
+B|1) ® [cos(v) cos(2¢) — sin(y) sin(2¢)] | H)
Horizontal state flip:

— a]0) @ [cos(y) cos(2) + sin(y) sin(26)] [V)
+5]1) ® [cos(y) cos(26) — sin(7) sin(26)] | H)

The polarization components are merged in the beam
displacer:

Ug = a[cos(y) cos(2¢) + sin(y) sin(2¢)] |V)
+8 [cos(v) cos(2¢) — sin(y) sin(2¢)] [H)
@ The polarization components are swapped:
Uy = a[cos(7y) cos(2¢) + sin(y) sin(2¢)] | H)
+8 [cos(7) cos(2¢) — sin(v) sin(2¢)] [V)
Especially, for the angles ¢ = +7/8:

(B7)

(B8)

(B9)
(B10)

¥ = Lo feos(a) + sin()] |11

+ gﬂ [cos(y) — sin(y)][V)

¥y = 2afcos(s) = sin(y)] | 1)

(B11)

+ Y25 cosr) +sin()] V)

Actually, we perform the measurement with the angle
¢ = m/8. In order to simplify the experimental setup only
the transmitted path of the polarizing beam splitter is
used. The measuring of the reflective path (the dashed
lines in Fig. 1) can be simulated by setting ¢ = —mn/8.
The corresponding (subnormalized) density matrices are

TL(1Win ){ Tin]) = |95 ){ U5 | (B12)

:} (aa[cos('y) + sin(y))? a@[cos (v) = SIHQ(V)])
2 \Bafcos?(v) —sin®(y)]  BB[cos(y )ﬂFsm(v)]Q( "

Hence, we have the quantum operations

719 = § () £l il o)

2 \ cos?(7y) —sin?(y) [cos(y) F sin(7)]
1 (1+sin(2y)  cos(2y) B
=3 ( cos(2y) 1F sin(27)> *0=Ki, 0Ky,



where g is any initial state (density matrix),  is the entry-
wise (i.e. Schur) multiplication in the basis {|H),|V)},
and

K., ::\%[cos (V)1 £ sin (y)o,] (B14)
_ 1 <cos(*y) + sin(vy) 0
0 cos(7y) F sin(7)

B15
V2 > (B15)
The sum map ®7 := 7] 4+ Z” is easily seen to be trace
preserving, hence a trace-preserving completely positive
(CPTP) map or a quantum channel which is of the Schur
form. Indeed,

LD+ T 0 = (qoufan) ) #2
(B16)

®7(p)

Hence, I7 := (Z],ZI”) is a (Schrodinger) instrument.
Note that the dual (Heisenberg) instrument Z7* is math-
ematically of the same form as Z7 (the dual is defined via
tr[Z1"(M)o] = tr[MZ](p)] for all operators (matrices)
M and g). As a conclusion, we have an instrument Z7
which measures the POVM AY = (A7, A”) where

A’ﬂyt = Il*(]l) (B17)
_ 1 (1£sin(2y)  cos(2y) ),
2 < cos(2y) 1 :Fsin(2fy)) 1 (B13)
— % []l + sin (27)04 . (B19)

This POVM is a noisy version (mixture with white noise)
of the sharp POVM Z = (Z,,Z_) where Zy = (1/2)(1+
0.). Indeed, AZy + (1 — )31 = AY where X = sin (27).

It is interesting to note that Kiﬂ/ = A] and, in the
region 7 € [0,7/4], K~ are positive semidefinite. Thus,
for this parameter range, ZJ (o) = (A1)'/20(AL)/? for all
input states g, i.e., Z represents the Liiders measurement
of A7 whenever «y € [0, 7/4].

Remark 1. Realised instrument. Our measurement scen-
ario produces the least disturbing implementation of noisy
Z, i.e. the Liiders instrument without the outcome de-
pendent quantum noise channels.

After this particular measurement we perform a full
tomography with rank-1 projections

edtel = (1 5)

where ¢ = c|H) +d|V), ¢, d € C, |¢|?> + |d|?> = 1. Now

(e ) () (B21)
cos(27)

(R ) (5 ) o

(B20)

and the measurement probabilities are

(P11 (0)e) = x[Z1" (9 ) #l)e] (B23)
= (WlZ2" () ol) ) (B24)
= SlloPlel + [8P1d? + (aBed + @hcd) cos(27)
£ (Jaf?lef?  B|d) sin(2y)] (B25)

where the input state ¢ = |Uip ){ Uin|, ¥in = «|HY+5|V).
We get the following tomography table:

Projection [¢) (|| @ |Probability (0|77 (0)¢) = (¥in|Z]" (I ){ ) ¥in)
Xy =3t on) [ >+|V> IT5 + Re(aB) cos(27) £ & (ja - [P sin(27)]
X = 31— a.) | 5(1H) = V) | 4 [} - Re(aB) cos(2y) £ § (Jaf? — |8%) sin(21)]
Yy =311+o0,) f(\H +L|V> 1 [3 —Im(aPB) cos(2y) + 5 (af* — [8]?) sin(27)]
Yo =1(l-o0y) f(\H —i[V))| 5[5+ Im(ef) cos(27) £ £ (|af? — |B]?) sin(2y)]

Zy =31 +0.) |H)
=110, v)

32 [1 £ sin(2)]
1151 [1 % sin(2y)

From this table, one gets the sequential probabilities
of the first A7-measurement followed by a sharp POVM,
say, (X4, X_) (see the first two rows). Next we present
theoretical probabilities (e.g. in the row X;) and the
corresponding experimental values. One sees that the
measured probabilities are quite close to their theoretical
values. The statistical error of the measured probabilities
are + 2%.

1. Casevy=0

Tin = |H) V) | + V)| 5 (H) = [V))]eos B |H) +sin E V)]
9 = + [ -1+ -1+ - + - + -

X, (theory) valajafyalyal2] 12 | o 0 |o427] 0427

X, (experiment) |0.254|0.255(0.248(0.261(0.469| 0.479 |0.017| 0.016 |0.420]  0.423

X_ (theory) 14 [ 1/4|1/4| 174 0 0 |1/2] 1/2 |0.073| 0073

X_ (experiment)|0.246|0.246|0.245|0.246|0.024| 0.028 [0.479| 0.488 [0.082|  0.076
Y, (theory) 1/4 | 1/4 [ 1/4 | 1/4 | 1/4| 1/4 | 1/4| 1/4 | 1/4 1/4

Y, (experiment) |0.252[0.251|0.237]0.254|0.237| 0.254 [0.250| 0.261 [0.261|  0.249
Y_ (theory) 1/4 | 1/4 | 1/4 | 1/4 | 1/4 | 1/4 | 1/4| 1/4 |1/4 1/4
Y_ (experiment) |0.250[0.247|0.248]0.262|0.248| 0.262 [0.247| 0.242 [0.247|  0.243
Z, (theory) 1/21/2] 0 | 0 |1/4| 1/4 |1/4| 1/4 |0427| 0427
Z, (experiment) |0.494(0.497|0.0080.009|0.252| 0.249 [0.246| 0.245 [0.431|  0.423
Z_ (theory) 0| o |1/2]1/2|1/4| 1/4 |1/4| 1/4 |0.073|  0.073
_ (experiment) [0.004|0.0040.480(0.503|0.243| 0.256 {0.246| 0.262 |0.070|  0.076

2. Case y=m/8

Wiy = |H) V) | SUH) + V)| L5(H) = V)| cosZ|H) +sinZ|V) |
Ii = + -+ -+ - + - + -
(thcor\ 0.427]0.073[0.073[0.427]0.427| 0.427 [0.073] 0.073 1/2 1/4
+ (experiment) [0.417(0.079|0.087|0.414(0.414| 0.426 |0.075| 0.089 | 0.487 0.254
_ (theory)  [0.427(0.073|0.073]0.427|0.073| 0.073 |0.427| 0.427 1/4 0
x, (experiment)|0.414(0.090{0.077|0.422|0.075| 0.085 [0.425| 0.411 0.243 0.016
Yy (theory) 0.427/0.073(0.073(0.427| 1/4 | 1/4 |1/4| 1/4 |3/8 =0.375/1/8 = 0.125
Yy (experiment) |0.426]0.099(0.066(0.423[0.258| 0.247 [0.246| 0.255 | 0.381 0.126
Y_ (theory) 0.427/0.073(0.073(0.427| 1/4 | 1/4 |1/4| 1/4 3/8 1/8
Y. (experiment) |0.415]0.060(0.077(0.434(0.249| 0.245 [0.237| 0.262 | 0.373 0.120
Z, (theory) 0.854/0.146| 0 | 0 |0.427| 0.073 [0.427| 0.073 | 0.729 1/8
Z, (experiment) |0.844|0.143[0.006(0.007|0.414| 0.090 [0.425| 0.070 | 0.710 0.131
Z_ (theory) 0 | 0 |0.146|0.854/0.073| 0.427 [0.073| 0.427 | 0.021 1/8
Z_ (experiment) |0.006]0.006[0.147|0.840(0.063| 0.433 [0.092| 0.413 | 0.031 0.128



3. Casey=n7/4

Uin = |H) V) | Z5UH) + V)| J5(1H) = [V)|eos £ |H) +sin £|V)]
7" = + -1+ -1+ - + - + -
X, (theory) 2] 0 [ o [12]1/4] 14 [1/4] 174 Jod2r| 0073
X (experiment)|0.483|0.0190.025]0.470{0.248| 0.257 [0.245| 0.243 [0.419|  0.082
X_ (theory) 20 0 | 0 |1/2|1/4| 1/4 |1/4| 1/4 |0d27|  0.073
X_ (experiment)|0.476|0.023|0.023|0.481|0.255| 0.241 [0.257| 0.256 |0.417|  0.082
Y, (theory) 120 0 | o |1/2|1/4| 1/4 |1/4| 1/4 |0427] 0.073
Yy (experiment) [0.478]0.026(0.023|0.479(0.235| 0.263 |0.257| 0.252 |0.416|  0.070
Y_ (theory) /2 0 | 0 [1/2|1/4| 1/4 |1/4| 1/4 |0427|  0.073
Y- (experiment) [0.489(0.008(0.0100.488(0.255| 0.247 |0.250| 0.241 |0.425|  0.089
Z (theory) 1o oo |12 o |12 0o |08 0
Z. (experiment) [0.968]0.022(0.004|0.006(0.452| 0.017 |0.492| 0.006 |0.842|  0.020
Z_ (theory) 0 0 0 1 0 1/2 0 1/2 0 0.146
Z_ (experiment) [0.005]0.004]0.027|0.963[0.017| 0.513 |0.012| 0.489 |0.010|  0.127

. | 1 - _
Note that cos§ = 7 1—&—% and sing =

%, /11— i. In the above tables we have used the ap-

pr0x1mat10ns = (1 + f) ~ 0.427, % (1 — %) ~ 0.073,

7<1+7) ~ 0854, 3 (1- J5) ~0146, 3 (3 + v2) ~
0.729, and 1 (3 — v/2) ~ 0.021.
We have the following interesting cases:

1. No first measurement. Here the parameter v = 0.
Now AY = 11 is a trivial (white noise) POVM,
79 (o) = 30, and ®°(p) = ¢ is the identity chan-
nel. This corresponds to the case where there is
no first measurement. Moreover, the measurement
probabilities are

0 * 1 2
(Uin|ZL" (Jp ) (@) Uin) = §’<@|‘I’in>’ .

Especially, if @ and (8 are real numbers, then the

final Y measurement (that is, o = (\H}iz V))/v2)

gives the totally random probablhtles 1+ Moreover,
one can measure the random noise POVM:

(B26)

(Ui |[AL Wi) = (03|22 (1) Wiy ) (B27)
=(Win T2 (Y1) Uin) + (Ui | T35 (V) i) (B28)
:%. (B29)

2. The first measurement is sharp Z. Here we have
v = w/4 and one gets Il“(g) = Zi0Z4+ and
®™/4(9) = Zy0Z + Z_0Z_, i.e., the total chan-
nel of the measurement is the decohering channel in
the basis {|H),|V)} and, indeed, allows the meas-
urement of the sharp POVM A™/4 = Z

3. Macrorealistic case: the final measurement is sharp
Z. Here Z = (Z.,Z_), Zy = |H){(H|, Z_ =
[V ){(V|, which generates the joint POVM G7 =
(G1,,GL_,GT,G7 _) where

1
G b= 7" (Zp) = 5[1 + absin (2v)]Z, (B30)
which is a smearing of Z with the conditional prob-

abilites £[1 4 absin (2v)]. Here a,b = £1. For all

7, the margins are A7 (a noisy Z) and the sharp Z
since ®V*(Z4) =17 (Z+) + 12" (Z4) = Z+. From
items (1) and (2) we see that one can measure sharp
Z (the case v = w/4) or any noisy A” first and then
Z to get the same second margin Z, or ‘one needs
not perform any measurement’ at first (the case

=0). Indeed,
(Uinl|Z1(Z4) i) + (Ui 227 (Z1)Win)  (B31)
—|[(H| W) = |of? (B32)

and experimental results of these cases (when vy =
0, /8, m/4) with theoretical predictions for the
probabilities |(H |\Ilin)|2 are shown in the Fig. 2 of
the main text.

4. Retrieving scenario: the final measurement is sharp
X. Here X = (X4, X_) with the joint POVM
G" = (G1,,G}_,GY,GY_) where

1
G, =10 (Xp) = 1 [1 + asin (2y)o. + beos (27)0,].

(B33)

The first margin of G7 is naturally the POVM A”
measured first and the second margin is immediately
found to be a noisy X-POVM B” = (B, B ) where
Bl = ®7*(X4) = 3[1 + cos (2y)o,]. When v =0
we get B = X. Note that if we measure Y instead
of X we get similar joint POVM G7 where o, is
replaced by o.

5. Retrieved scenario: final measurement is noisy X.
Now we measure X* = (X2, X*) where

X2 =AX:+(1— /\)%11 (14 \oy) (B34)

[\.'J\H

with A € [0,1] and there is no first measurement.
This can be measured by mixing the measurement
(marginal) probabilities of the sharp X and the
trivial POVM A° in the case v = 0 [items (1), (4)]:

(Win| X3 i)

= MUin| X2 Tin) + (1= A) (T3 | AL T3

= A[(Uin|Z9* (X £) Win) + (Ui [ T2 (X 1) Uin)]
(1= A) [(Win| T8 (V4) Uim) + (Ui | T2 (Y2)

(B35)
(B36)
(B37)

Tin (B38)

This should give the same results for B? of item (4)
when X is chosen to be cos (27).

Appendix C: Optimal measurements and states

From here on, we consider item (4) and the POVM G7
which is a joint measurement for the noisy Z-POVM A”



and the noisy X-POVM B7” since

1
3 [1+sin(2)o.] =GL , +GL _ (C1)

%[]l + cos (27)01.] = Gl)i + Gﬂi,i (C2)
Next we show that the choice v = 7/8 (where sin (2) =
cos (27) = 1/4/2) gives the optimal approximate joint
measurement G™/3 for Z and X.

For any binary probability distribution {+1} — p,
{=1} = 1 — p, which we denote by p = (p,1 — p), the
mean value p is p — (1 — p) = 2p — 1 and the variance
Var(p) is (+1)%p+ (~1)(1 - p)
In our case, o = %(]l + 104 +1y0y +7,0;) is a state, ie.,
the real numbers r... satisfy ch + T?/ + r§ <1, and we get
the following probabilities:

o = tr[0 G| = 60Ty (X)) (C3)
= i [1 + asin (2y)r. + beos (27)r,] (C4)

1 .
pi=pps + g = tr[Al o] = S[1+ . sin(29){C5)

1
q =iyt + p_y =tr[Blo| = 5[1 + 75 cos(2v)|C6)

pe=trlZod = L(1+72) ()
7= ulX 0 = 50+ 1) (c8)

Recall from page 333 of Ref. [17] that the square of the
Wasserstein-2 distance Ag(q,q) for 2-valued probability
distributions q and q is A2(d,q)? = 4|§ — q| = 2[1 —
c0s(27)]|rz| whose maximum A(B7, X)? = 2[1 — cos(27)]
is attained when r, = 41. Similarly, Asx(p,p)? = 4[p —

pl = 2[1 —sin(2y)]|r2| < 2[1 - sin(27)] = A(47, Z)?
A(AY,2)* + A(BY, X)? (C9)
=2[2 — sin(2y) — cos(27)] (C10)
>2(2 - v2) (C11)

where the minimum is at the point v = 7/8. Actually,
according to Ref. [23], the minimum value 2(2 — v/2) for
the uncertainty sum A(A4, Z)? + A(B, X)? is reached for
A = A™/% and B = B™/® where A is the (above) worst-
case Wasserstein-2 distance for POVMs (and A and B
are any jointly measurable binary POVMs).

Remark 2. Optimal measurements. The measurement
setting for v = /8 realizes the optimal approximate joint
measurement of Z and X. We note that this is reached
by measuring the Liiders instrument of noisy Z (without
noise channels).

Note that, when v = 7/8,

As(@,9)% + Az(p,p)? = (2 — V2)(|ra| +|72])

<2(vV2 —1) ~ 0.828

(C12)
(C13)

—p?=1-p> =4p(1—p).
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where the maximum is obtained when |r,| = |r.| = 1/V/2,
e.g. VUi, = cos § |H) +sin g [V). The minimum of the
uncertainty sum is 0 when r, = £1, i.e. ¥, = %OH} +
i|V)) (In the worst case scenario, the corresponding max-
imum sum is sup, Az(§, ) +sup, Az (p,p)? = 2(2—V2).)
In theory, we have

Wi = | 1) | V) |J50H) + V)| S (H) = [V))|cos £ |H) +sin Z |V)
A2(3,9)2 + As(p.p)® =|0.586]0.586] 0586 |  0.586 | 0.828

and the experimental values are

‘cos T|H) +sin §|V)
0. :60 | 0.904

Uiy = |15 | V) [ J5(H) + V)| J (1
A2(8,9)> + As(p,p)® =[0.692]0.620] 0480 |
Next we study the uncertainty sum S} of the vari-
ances of A7 and B” in a state ¢ and find the minimum
uncertainty states (which minimize this sum):

Var(A?, o) = 4p(1 —p) = 1 — r2sin?(2y), (C14)
Var(B?,0) = 4q(1 — q) = 1 — 72 cos?(2), (C15)
Sy = Var(A”, 0) + Var(B7, o) (C16)

= 2—7r2cos?(2y) —rZsin?(2y)  (C17)

> 2—r COSQ(Q’}/) (1 —r2)sin?(2418)

= 2 —sin?(2y) — r2[1 — 2sin?(27)] (C19)

= 2 —sin?(2y) — r2 cos(47) (C20)

2—cos*(2y), 0<~y<Z,
= {2—sin2(27), 5 S’y_%, (©21)

where the lower bounds are reached in the cases r, = £1,
ie. Uy, =27Y2(|H) £|V)) (when 7y < g) and r, = £1,
i.e. Wy, is either |[H) or |[V) (when v > Z).

Remark 3. Minimum uncertainty states. When v = ¢
then the minimum uncertainty % is reached for all pure
states with ry, = 0, i.e. ¥;, is any real superposition of
the basis vectors. Hence, it is reasonable to prepare only
these kinds of pure states.

Let us first consider the extreme cases v = w/4 or 0.
Now A™/* = Z and B7r/4 = 11 whereas A = 11 and
BY = X. In both cases, the minimum sum of variances is
1 since the variance of the trivial POVM is 4- % (1 — %) =1
(in any state) and the variance of a sharp POVM is 0 in
its eigenstate. In the case v = /8, we have listed the
variances in the following table for the states that we have
used in the experiment:

Uy, = |H) | V) | J5(1H) + V)| J5(1H) = V) |cos § [H) +sin § V)
p theory 0.854(0.146 1/2 1/2 3/4
p experiment 0.831(0.164 0.489 0.500 0.730
q theory 1/2 1 1/2 0.854 0.146 3/4
q experiment 0.496|0.501 0.840 0.164 0.741
Var(A™/8, u) th. | 1/2 ] 1/2 1 1 3/4
Var(A™/8, o) exp. |0.562|0.548 1.000 1.000 0.788
Var(B™/% ) th. | 1 1 1/2 1/2 3/4
Var(B™/3, p) exp.|1.000|1.000 0.538 0.548 0.768
S7/% experiment |1.562|1.548 1.538 1.548 1.556




Finally, we study correlation in POVM G7. For two
probability distributions p = (p,1 —p) and q = (¢,1 — q)
(with values £1) with a joint probability distribution

po= (g oy — iy i) (L. pyy + pg— = p and
Ui+ + p—+ = q) the correlation coefficient is

> ab=t1 @b fab —PT

Var(p)+/Var(q)

In our case, fiqp = 3 [14asin (2y)r.+bcos (2y)r,| whence
Za,b:il ab pgp = 0 and

Corr(u) = e[-1,1]. (C22)

r, sin(27y) r,, cos(2y)

V1= 7r2sin?(2y)y/T - r2cos?(27)
(C23)

Corr(G7,0) = —

Note that in the cases v = 0 and v = 7/4 the correlation
coefficient is not defined for all states (e.g. when v =0
and r, = £1 the second variance vanishes). We find that

sin(4)

sin(4+)
>N« v <
2+ sin(4y) Corr(G7, o)

< sremy (€

as long as v € [0, w/4].

Remark 4. Mazimally (anti-)correlated states. In the
case v = 7/8, the above limits Corr(G™%, 9) = +3 are
reached with pure states o = | Uiy }{ ¥in| where

Ui, = COS% |H) F sin% [V) (C25)

with r, = F1/v/2, ry =0andr, = 1/v2.

Next we calculate from experimental data the correla-
tion of the joint probability measure of observable G™/8
in state cos g |[H) +sin g [V)). Theory gives the maximal
anticorrelation —1/3 and the experimental value is

Corr(G™/8, o) (C26)
_ M4+ + e — o — g — (2p - 1)(2q - 1)C27)
Va7, g)Vax (B7/%, g

AN

~ —0.28. (C28)

1. The retrieving case

Now we continue to study item (5) in the case A =
1/v/2 ~ 0.707. We compare the probabilities of a direct
measurement of the noisy X-POVM

1 1
XVl (14 —q,

and B7/® obtained from a sequential measurement of
A™/® and sharp X. Theoretically, since XUV2 = B™/8,
the probabilities are equal. We use the formula (the case

(C29)

11

7 =0)
(Wi X2 V20, (C30)
- (W3] Z9F (X4 ) Win) + (Ui |72 (X 1) in)] - (C31)

V2

#(1 5 ) 100l () + (22°(1 )

and present the experimental results in the next table:

i = [H) | V) | J5(H) + V)| Z5(1H) = [V))|cos § |H) +sin g |V)
(0| X V2w,) =[0507)0.502]  0.812 0.169 0.745
(0| B*0y,) = 0.496/0.501]  0.840 0.164 0.741
Theoretical values| 1/2 | 1/2 0.854 0.146 3/4

Recall that (Up,|BY*W;,) = (W, [T/ (X, )W) +

(U3 |T™/8*(X ;)W) These values are plotted in Fig.
3 of the main text.

2. The no-retrieving case

Suppose one wants to retrieve the sharp X. The
possible measurement probabilities are of the form
(p|P7(0)p) whereas we want to have, say, tr[pX ] =
%(1 + 7). If we choose ¢ to be |¥y, ){ Uiy,|, where ¥y, =
%(|H> +1]V)) is an eigenstate of the projection X (r, =
1), we have tr[pX ;] = 1. But (o|®7(|¥in )(Tin|)p) =1
holds exactly when ¢ = ¥y, (i.e. |p){(p] = X;) and
cos(2y) = 1, that is, AL = 11, ®(0) = o (no first
measurement), and B] = X .

In the case v = 0 the first measurement is trivial,
A% = %]17 and the total channel is the identity channel
(no measurement) so the related v = 0 data can be used
to obtain the ‘sharp’ probabilities § = (Uin| X4 ¥yy,) =
%(1 + 7). This can be compared to the probabilites ¢ =
(\I'in\Bi/g\I'in> = 1[1 4 27Y/2p,] of the smeared B8 =
1(1 £27Y20,) in the same states. The square of the
Wasserstein-2 distance is As(d,q)? = 4/§ — ¢| = (2 —
V2)|rz| <2 — /2~ 0.586 (where the maximum is given
by states 271/2(|H) 4+ |V))). Theoretical values are:

i = HH)|IV)| J5([H) + V)| J5(|H) = [V))|cos § |H) +sin § |V)
G= (Ul X Ty = [1/2]1/2 1 0 0.854
g = (Ui|BYPw,) = [1/2]1/2]  o0.854 0.146 3/4
44— gl = As(Ga)2=| 0 | 0 0.586 0.586 0.414

Measured values are (+0.02 based on standard deviation):

Vi, = [H) | V) | Z5(H) + V)| Z5(1H) = [V))|cos § |H) +sin § [V)
G= (VX4 Ws) = [0.509(0.509]  0.948 0.033 0.843
q = (V| BY* W) = 0.496]0.501 0.840 0.164 0.741
4G — q| = As(d,q)? =|0.052[0.032]  0.432 0.524 0.408

These results are presented in Fig. 4 in the main text.
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