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Abstract

We study the point pair function in subdomains G of R”. We prove that, for every
domain G C R”, this function is a quasi-metric with the constant less than or equal
to /3 /2. Moreover, we show that it is a metric in the domain G = R"\{0} with
n > 1. We also consider generalized versions of the point pair function, depending on
a parameter « > 0, and show that in some domains these generalizations are metrics
if and only if @ < 12.

Keywords Hyperbolic geometry - Metric - Point pair function - Quasi-metric -
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1 Introduction

During the past few decades, several authors have contributed to the study of various
metrics important for the geometric function theory. In this field of research, intrinsic
metrics are the most useful because they measure distances in a way that takes into
account not only how close the points are to each other but also how the points are
located with respect to the boundary of the domain. These metrics are often used to
estimate the hyperbolic metric and, while they share some but not all of its properties,
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intrinsic metrics are much simpler than the hyperbolic metric and therefore more
applicable.

Let G be a proper subdomain of the real n-dimensional Euclidean space R". Denote
by |x — z| the Euclidean distance in R"” and by d¢ (x) the distance from a point x € G
to the boundary G, i.e. dg(x) := inf{|x — z||z € dG}. One of the most interesting
intrinsic measures of distance in G is the point pair function pg : G x G — [0, 1)
defined as

lx — yl
VIx = yI2 + 4dg (0)de ()

pG(x,y) = x,y€G. (1.1

This function was first introduced in Chen et al. (2015, p. 685), named in Hariri
et al. (2017b, a) and further studied in Hariri et al. (2020), Rainio (2021), Rainio and
Vuorinen (2022a,b,c). In Chen et al. (2015, Rmk 3.1, p. 689) it was noted that the
function pg is not a metric when the domain G coincides with the unit disk B2.

In order to be a metric, a function needs to fulfill certain three properties, the third
of which is called the triangle inequality. The point pair function has all the other
properties of a metric but it only fulfills a relaxed version (2.1) of the original triangle
inequality, as explained in Sect. 2. We call such functions guasi-metrics and study
what is the best constant ¢ such that the generalized inequality (2.1) holds. Namely,
it was proven in Rainio (2021, Lemma 3.1, p. 2877) that the point pair function is a
quasi-metric on every domain G C R” with a constant less than or equal to V2, but
this result is not sharp for any domain G.

For this reason, we continue here the investigations initiated in the paper (Rainio
2021). We give an answer to the question posed in Rainio (2021, Conj. 3.2, p. 2877)
by proving in Theorem 4.14 that, for all domains G C R”", the point pair function is a
quasi-metric with a constant less than or equal to NG /2. For the domain G = R"\{0}
withn > 1, we prove Theorem 4.6 which states that the point pair function pg defines
a metric. In Lemma 4.17, we explain for which domains the constant +/5/2 is sharp.

We also investigate what happens when the constant 4 in (1.1) is replaced by another
constant & > 0 to define a generalized version p¢; of the point pair function p¢ as in
(5.1). In particular, we prove that, for « € (0, 12], this function p% is a metric if G
is the positive real axis R™ (Theorem 5.2), the punctured space R"\{0} with n > 2
(Theorem 5.11), or the upper half-space H" with n > 2 (Theorem 5.13). Furthermore,
we also show in Theorem 5.15 that the function pg; is not a metric for any values of
a > 0 in the unit ball B".

The structure of this article is as follows. In Sect. 2, we give necessary definitions
and notations. First, in Sect. 3, we study the point pair function in the 1-dimensional
case and then consider the general n-dimensional case in Sect. 4. In Sect. 5, we inspect
the generalized version pg; of the point pair function in several domains. At last, in
Sect. 6, we state some open problems.

2 Preliminaries

In this section, we introduce some notation and recall a few necessary definitions
related to metrics.
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We will denote by [x, y] the Euclidean line segment between two distinct points
x,y € R" Forevery x € R" and r > 0, B"(x, r) is the x-centered open ball of
radius r, and "~ (x, r) is its boundary sphere. If x = 0 and r = 1 here, we simply
write B" instead of B"(0, 1). Let H" denote the upper-half space {x = (x1,...,x,) €
R"|x, > 0}. Furthermore, hyperbolic sine, cosine and tangent are denoted as sh, ch
and th, respectively, and their inverse functions are arsh, arch, and arth.

For a non-empty set G, a metric on G is a functiond : G x G — [0, 00) such that
for all x, y, z € G the following three properties hold:

(1) Positivity: d(x,y) > 0,and d(x, y) = 0if and only if x = y,
(2) Symmetry: d(x,y) =d(y, x),
(3) Triangle inequality: d(x, y) < d(x, z) +d(z, y).

If a functiond : G x G — [0, oo) satisfies (1), (2) and the inequality
d(x,y) <c(d(x,z) +d(z,y)) (2.1)

for all x, y, z € G with some constant ¢ > 1 independent of the points x, y, z, then
the function d is a quasi-metric (Paluszyniski and Stempak 2009, p. 4307; Stempak
2015, p. 603; Xia 2009, Def. 2.1, p. 453). Note that this term “quasi-metric” has
slightly different meanings in some works, see for instance (Bachar and Maagli 2009;
Castro-Company et al. 2014; Sarwar et al. 2014).

The point pair function defined in (1.1) is a metric for some domains G C R”" and
a quasi-metric for other domains (Rainio 2021, Lemma 3.1, p. 2877). Note that the
triangular ratio metric

lx — vl
infoeyc(lx —z| + |z — y|),

sG(x,y) =

introduced by Histo (2002), is a metric for all domains G C R" (Hésto 2002, Lemma
6.1, p. 53; Chenetal. 2015, p. 683) and, because of the equality py» (x, y) = spr (x, y)
(Hariri et al. 2020, p. 460), the point pair function is a metric on H". However, the
point pair function is not a metric for either the unit ball (Chen et al. 2015, Rmk 3.1,
p. 689) or a two-dimensional sector with central angle 6 € (0, ) (Rainio 2021, p.
2877).

3 The Point Pair Function in the One-Dimensional Case

In this section, we prove that, for every 1-dimensional domain G, the point pair function
pG is either a metric or a quasi-metric with the sharp constant +/5/2, depending on
the number of the boundary points of G (Corollary 3.8).

To do this, we need to establish the following lemma which is also required for the
proof of another important result, Theorem 3.6.
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Lemma 3.1 Let the function f : [—1,0] x [0, 1] — R be defined as

y—x
VO =02 +40 +x)(1 —y)

flx,y) = if x#y, f(x,y)=0 otherwise,

and, the function g : [0, 1] x [0, 1] — R be defined as

S Ak if x#y, gx,y)=0 otherwise.
X =y

8(x,y) = 5=

Then, forall —1 < x <0 < z <y <1, the inequality
2
fx,2)+g(z,y) > —Sf(x,y) (3.2)

holds. Furthermore, the equality in (3.2) takes place if and only if eitherx =y =z =0
orx =—1/3,z=0andy = 1/3.

Proof (1) First we will investigate the function

2
F(X,Z, y) = f(-xsz)+g(z7 y) - _Sf(x’ y)

7

in the domain D = {(x,z,y) e R3 : -1 <x <0<z <y <1}
By differentiation, we obtain

Iy _ 21 —=y)2+x+y)
dx =02 +41+x)(1 - y)3
af(xy) 21+ x)2—x—y)
0y O -2+ +0)(1— )
dgx,y) _ 20—y dg.y) _ 20 -x
dx Q2—x—y? dy Q-x-y*¥

Denote

A=Vz—-x)2+401+x)(1—z), B =\/(y—x)2+4(1 +x)(1 —y).
Then

oF (x,z,y) _ af(x,z2) _ iaf(x,y) _ _2(1 — 22+ x+2)

0x 0x J5 0 ox A3
2 20— )2 +x+y)
NG B ’
OF(x,z,y) 0g(zy) 2 9f(xy) 20—z 2 2(0+x)2—-x—y)
dy Ay V5o0y Q2-z-y?% 5 B3 ’
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0F(x,z,y)  0f(x,2) n 0g(z,y) _20+x)Q2-x—-2 20—y
9z 9z dz A3 Q-z—-y?*

At every critical point of F'(x, y, z), we have VF (x, y, z) = 0 and, therefore,

_20-9Q+x+2) 2 201 -yQ+xty)

A3 NG B3 0
2-2) 2 21+0Q-x-y) _,
Q-z-y? 5 B3 -
204+ x)2 —x —2) 2(1—y) _
Ve Gy =" 3.3)

From the two latter equalities above, we can deduce that

oo UENC—x -2 -z -y

- - ,
g 2 040C-—x-y»C-z-y)’
NG 11—z .

By combining these expressions of A and B with the equality (3.3), we have

A V5e-x-90-2 V5(1-9Q+x+2)
B2 2—x—y»i-y 2 0-nC+x+y

and, consequently, x + y = x + z. This implies that y = z and we see that F'(x, z, y)
has no extrema in the domain D.

(II) Now, let us investigate the case where (x, z, y) is a boundary point of the
aforementioned domain D. If x = —1, x = 0, z = y or y = 1, then evidently
F(x,y,z) > 0. Thus, we only have to consider the case z = 0. Without loss of
generality, we can assume thatx > —land y < 1.

Since

“x y
90 = Oa =
f(x,0) 1 8O =y

the inequality (3.2) in the case z = 0 is equivalent to the inequality

— 2 —
al R S —-1l<x<0<y<l.

24 2=y T V5 -2 H A0 01—y

(34)
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By denoting s = —x/(2+x)andt = y/(2 — y) for 0 < s,t < 1, we have

—2s _ 2t m _l—s ] _l—t
1+s " 141 Tty YT

x_2(s+t+2st)
B TEE N ET

X =

(s+14+250)% 4+ (1 —sH(1 =17

— 2 - =
(=02 +4(1+x)(1—y) =4 A+ 920 +1)2 ’

and (3.2) is equivalent to

s+t + 2st
s+t>— 0<s,t<1.

TV V22 + (1—s2)(1—12)

This can also be written as

4 (s+1t+2st\>
(4142507 + 1 =sH(1 =) = 2 (%) . (3.5)

Now, letu = s + ¢ and v = s¢. Then 0 < 4v < u? < 4, and we can write (3.5) in the
form

5 5 , 4 20\?
u+2v)*+1—u"+2v+v zg I+—) .
u
After simple transformations, we obtain

Sotdut2tr L~ =0 (L,
v " 50— 5 \u  u?)’

Since v/u® < 1/4, we only need to prove that

6 1 161 6 u 16
Sutdu+ -4 — > —— 5 4 + —u+ — > —.
v+u+5+5v_5u < uv+u+5u+5v_5

Because u > 2./v, it is sufficient to establish that

2 16

12
3/2 Y, = 10
10v +l6v+5v +5v1/225'

By denoting v!/? = ¢, we can write the last inequality in the form
12 16 2
h(;)510§4+16{3+?§2—?§+§ > 0.
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It is easy to see that A”(¢) > 0 for ¢ > 0, therefore i is convex for positive ¢.
Consequently,

12 36
h(E) =10 = 1/5)? ((z — 1S+ S - 1/5)+ E) .

Since h(1/5) = h'(1/5) = 0, the convexity of i implies #(¢) > 0 for ¢ > 0.
Thus, the inequality (3.4) is proven. Furthermore, from the arguments above it follows
that the equality in (3.4) holds if and only if ¢ = 1/5, and in this case v = 1/25,
u=2Jv=2/5s=t=1/5orequivalently, x = —1/3 and y = 1/3. m]

Theorem 3.6 The point pair function pg is a quasi-metric on the domain G =
(—1,1) C R with a sharp constant /5/2.

Proof We need to show that the function

lx — yl
pG(x, y) = 3.7
¢ Jir =3P 40— D =D

satisfies the inequality (2.1) for all points x, y, z € (—1, 1) with the constant ¢ = NG /
2.1If x, y and z are all either non-negative or non-positive, then pg (x, y) < pg(x, 2)+
pG(z, y) trivially. In the opposite case, either one of the points is negative and other
two points are non-negative, or we have one positive and two non-positive points.
Because of symmetry, we can just consider the first possibility. If z is negative, then the
inequality pg(x, y) < pg(x, 2) + pc(z, y) holds for all x, y € [0, 1). Consequently,
we can assume that x < 0 < z < y. In this case, our inequality can be simplified to

y—x <«/§< X—z z—y )

<= +
VO=02+40+00 -y~ 2 \Va-2?+40+00-2) 2-2-Y

The inequality above follows from Lemma 3.1. Since, in the case x = —1/3,z =0
and y = 1/3, the equality holds we see that the constant ~/5/2 is the best possible. 0

We note that, for any 1-dimensional domain G C R, the boundary dG consists of
either one or two points. Using this fact, we formulate:

Corollary 3.8 If G C R is a 1-dimensional domain, then the point pair function pg is
ametricifcard(0G) = 1 and a quasi-metric if card(0G) = 2. Moreover; in the second
case the best possible constant c in the inequality pg(x,y) < c(pc(x,2)+ pc(z,y)),
x,y,2 € G, equals «/5/2.

Proof First, we note that the point pair function is invariant under translation and
stretching by a nonzero factor.

If card(0G) = 1, then for some xo we have dG = {xp} and with the help of the
function f : x — a(x — xp), a # 0, we can map the domain G onto the positive real
axis R*. The function f preserves the point pair function, i.e. pgp+(f(x), f(y)) =
pc(x,y) for all x, y € G. Therefore, from the very beginning we can assume that
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G = R*. Since pp+(x, y) = |x —y|/(x +y) coincides with the triangular ratio metric
sp+(x, y) for all x, y € R*, we conclude that in this case the point pair function is a
metric.

If card(0G) = 2, then we have G = (xg, x1) for some xg, x; € R. Now, we apply
the function f : x — (2x — (xo + x1))/(x1 — x9) which maps G onto the interval
(—1,1). We see that, as above, f preserves the point pair function, therefore we can
assume that G = (—1, 1), and the result follows from Theorem 3.6. O

4 The Point Pair Function in the n-Dimensional Case

In this section, we investigate the quasi-metric property of the point pair function
by considering its behaviour in n-dimensional domains, » > 1. Our main results
are Theorems 4.6 and 4.14. First, we will establish Lemma 4.1, which has quite
complicated and technical inequalities but is necessary for the proof of Theorem 4.6.
Note that Mocanu (2021) established results similar to those described in Lemmas 4.1
and 5.8.

Lemma4.1 Let A = sh(x +y),a < sh(u +v), B =shx, C =shy, b = shu,
c=shv,andx, y, u, v >0. Then

arshv/ A2 4 a2 < arsh+/ B2 4 b? 4 arsh/C? + ¢2 4.2)

or, what is equivalent,

VA + a2 < VB2 +02V1+ C2+ 2 +VC? + 21 + B2+ b2,

A2 +a? B2 +b? C? +¢?
< + : 4.3)
1+ A2 +a? 1+ B2 + b2 1+ CZ2+c2

Proof 1t is sufficient to prove that

\/sh2(x +y) +sh2(u +v) < v/sh2x 4+ sh2u,/1 +sh2y +sh2v
+y/sh2y +sh?vy/1+sh2x +sh?u. (4.4)

By squaring both sides of (4.4), we have

Moreover,

sh2(x + y) +sh?(u +v)
< (sh%x +sh2u)(1 + sh?y + sh2v) + (sh?y + sh2v)(1 + sh%x + sh 2u)

+2+/sh2x + sh2u \/1 +sh2y +sh2v \/shzy—i—shzv v/ 1+ sh2x + sh2y
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or

(shxchy+ shychx)2 + (shuchv+shvchu)?
< sh 2)c(chzy + shzv) + sh 2u(chzv + shzy)
+sh?y(ch?x + sh?u) + sh?v(ch >u + shx)

+2+/sh2x + sh2u \/1 + sh2y +sh2y \/shzy—i—shzv v/ 1+ sh2x + sh2u.

After simple transformations, we obtain

2shxchyshychx +2shuchvshvchu
< sh2x sh?v 4 sh?ush?y + sh 2y sh2u 4 sh?v 4 sh %x

+2+/sh2x +sh2u \/1 +sh2y +sh2v \/sh2y+sh2v Vv 1+ sh2x + sh2u.

To establish the inequality above, it is sufficient to prove that

shxchyshychx +shuchvshvchu

< v/'sh2x + sh 2y \/1 +sh2y +sh2vp \/shzy—i—shzv v/ 1+ sh2x + sh2y.

Squaring this inequality, we have

sh2x ch2y shzychzx +sh2uch?vsh?vch’u
+2shxchyshychxshuchvshvchu
< (sh%x + sh?u)(1 + sh?y + sh2v)(sh 2y + sh2v)(1 + sh 2x + sh2u)

or

sh2x chzy sh2y ch?x + sh2uch?vsh?vch?u
+2shxchyshychxshuchvshvchu
< [sh?x(1 4 sh?y + sh?v) + sh2u(1 + sh?y + sh?v)]
x[sh2y(1 + sh2x + sh2u) + sh2v(1 4 sh%x + sh 2u)]
= [shzxchzy + sh2x sh?v + sh2uch?v + sh2u shzy]
x[sh 2y ch?x 4 sh?ysh?u + sh?vch2u + sh ?v sh%x]. (4.5)

By the inequality of arithmetic and geometric means, we have

2shxchyshychxshuchvshvchu
< shzxchzyshzvchzu +sh2uch2vsh2ych2x,
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therefore,

sh2x ch2y shzy ch?x +sh2uch?vsh?vch?u
+2shxchyshychxshuchvshvchu
< [sh 2xch 2y + shzuch2v][sh2ych 2y + shzvchzu].

This inequality implies (4.5), therefore, (4.2) is proved. The inequality (4.3) can be
obtained by applying the function th to both sides of (4.2). O

Theorem 4.6 For n > 1, the point pair function is a metric on G = R™"\{0}.

Proof Because the point pair function trivially satisfies the properties (1) and (2) of
a metric, we only need to prove the triangle inequality. Therefore, we will show that
pc(x,y) < pg(x,z) + pg(z,y) for x, y, z € G = R"\{0}. Note that, for all points
X, y in this domain,

lx — yl
VIx = y[2 +4lx] |yl

pG(x,y) =

(1) First we consider the case n = 2. Then we can identify points of R? with
complex numbers.

Because of the homogeneity of pg(x, y), we can assume that z = 1, so that the
triangle inequality becomes

x — yl - lx — 1 11—yl
Vix =y +4lxlyl ~ Vix =12 +4x| V11— y]2+4]y]

A.7)

Letx = Re'?? y =ret?Y R, r > 0, ¢, ¥ € R. We can assume that R > r.

First we will show that if either 0 < < R < lor1 <r < R, then (4.7) holds.
Let us fix some u and v such that x = u2, y = v%. Then (4.7) is equivalent to the
inequality

lu/v—ov/ul - lu — 1/u| lv—1/v] . @.8)
Viujo—v/ul2+4 = Jju—1/u?+4 Jjv—1/v*+4
If0 <r <R <1,then |u|, |v]| < 1and
lu/v—v/ul <lu/v—uv|+ |luv —v/u|
= ul v — 1/vl + ol = Ljul < Ju—ul+v—1/0. (49

Therefore, if we put

- —1 -1
[:arshw’ q:arshu7 S:arshu
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then, by (4.9), we have sht < sh g + shs. But this immediately implies < g + s and
tht < thgq + ths which is equivalent to (4.7).

Since the inequality (4.8) does not change after replacing u and v with x~! and
v~L, we see that for the case | < r < R the inequality (4.9) is also valid.

Thus, we only need to consider the case r < 1 < R. We have

x —y| = \/R2+r2 —2Rrcos[2(¢p — )], |x—1]= \/R2+ 1 — 2R cos2¢,

1 —y| = \/rz—i— 1 —2rcos2y,

consequently, the inequality (4.7) can be written in the form

R2 +7r2 —2Rr cos[2(¢p — V)]
R2 4 r2 +2Rr (2 — cos[2(¢ — ¥)])

_ R%Z+1—2Rcos2¢ 72+ 1 —2Rrcos2yr
“VRZ4+142R(2 —cos2¢) r24+142r2 —cos2y)’

This can be simplified to

(R — )2 +4Rrsin®(¢ — ¥)
(R +71)2 + 4Rrsin®(¢ — ¥)

—_1)2 2 _ 2 L2
- (R—1) +4Rs?n2¢+ 1-=r) —|—4rs.1n2 1//. .10)
(R + 1)2 +4Rsin% ¢ (r + 12 4 4rsin®(¥)
If we denote

a By RN 4.11)

VR YR 2y '

then the inequality (4.10) takes the form

A2 4 sin%(¢p — ) - B2 +sin ¢ C2? +sin® @12)

14+ A2 +5sin’(¢p—v) ~ \ 1+ B2 +sin’¢ 14 C? +sin®y )

Leta = |sin(¢p — ¥)|, b = |sin¢g|, ¢ = |siny|, u = arshb and v = arsh c. Then
a < sh (u + v), since
a = |singcosy —siny cosp| < |sin¢gcos |+ | siny cos@|
=bV1—c2+cV1—b?
<bV1+c2+ev1+0p2.
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If A, B and C are asin (4.11), then we have A = sh (arsh B 4arsh C). By applying
the function th to the inequality (4.2) of Lemma 4.1 and combining this with the
inequality th (¢ 4+ v) < thu + thv for u, v > 0, we obtain (4.12).

(2) Now we consider the case n # 2. If n = 1, then the statement of the theorem
immediately follows from the case (1). Therefore, we will assume thatn > 3. Consider
the subspace E of R” containing the points 0, x, y and z. Since the Euclidean distance
and the function p¢ are invariant under orthogonal transformations of R” and for
n > 2 the triangle inequality is valid, we can assume that E coincides with R>.

Without loss of generality we can put |[z| = 1. Now consider the vectors Ox, Oy,
and Oz from the origin to the points x, y, and z, respectively. Let 2« be the angle
between Ox and Oz, 28 be the angle between Oz and Oy, and 2y be the angle
between Ox and Oy; «, B, y € [0, 7/2). Then, by the law of cosines,

|x — | =\/R2~|—r2—2chos2y, Ix —z| = VR + 1 — 2R cos 2a,

lz —y| = \/r2+ 1 — 2rcos 28,

where R = |x| and r = |y|. Applying the same arguments as above in the case n = 2,
we see that we only need to prove the inequality

A2 + sin® B2 + sin® C? + sin?
R A o SuLL A PRE
14+ A2 +sin?y 1+ B2 +sin’ « 14 C2 +5sin* B

where A, B and C is defined by (4.11).

Denote a = siny, b = sina, ¢ = sin 8. Consider the three vectors Ox, Oy and
Oz. While they are not necessarily coplanar, the three pairs of vectors Ox, Oy, and
Oy, Oz and Oz,0x are coplanar and form planar angles 2«, 28 and 2y . Since each
plane angle of a triangular angle is less than the sum of its other two plane angles, we
obtain 2y < 2« + 28, therefore, y < o + .

Now, we will show that this implies the inequality sin y < sin« + sin 8. Actually,
ifa+pB < 7, thensiny <sin(a+p) <sina+sinp.Ilfa+p > 7,then g > 5 —«a
andsina +sin g > sina+sin(% —o) =sina+cosa = ﬁsin(a—i— %) > 1> siny,
since 7 <o+ 7 < 37”.

Thus, we have a < b + ¢ and this implies that a < b+/1 4 ¢2 + c+/1 + b2, and we
can continue the proof just as in the Case (1) to show that (4.13) is valid. O

Theorem 4.14 On every domain G C R", n > 1, the point pair function pg is a
quasi-metric with a constant less than or equal to /5 /2.

Proof To prove that the point pair function p¢ is a quasi-metric, we only need to find
such a constant ¢ > 1 that

pc(x,y) < c(pg(x,2) + pc(z, y))
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for all points x, y, z € G. Let

pG(x,y)
pc(x,2) + pg(z,y)’

c(x,y,2;,G) =

where x, y, and z are distinct points from G. Define

= sup c(x,y,zG), (4.15)
x,v,2,G

where the supremum is taken over all domains G C R” and triples of distinct points.
We will call such domains and triples admissible. We need to prove that ¢* = NG /2.

Let us fix a domain G C R" and two distinct points x, y € G. Since G # R", the
boundary dG # @, therefore, there exist points u, v € dG such that dg(x) = |x — u|
and dg(y) = |y — v|. In the general case, the points # and v might not be unique
because there can be several boundary points on the spheres $”~!(x, dg(x)) and
SNy, dg ().

We note that the value p decreases as G grows, i.e.if G C G, then pg, X,y <
pc(x,y) forall X,y € G.

Consider the following two cases.

(1) If u = v, then we can set G| = R"\{u}.Itisclearthat G C G| and pg(x, y) =
PG, (x, y). Taking into account the invariance of pg under the shifts of R”, we can
assume thatu = 0. Then, by Theorem 4.6, we have pg, (x, y) < pg,(x, 2)+pc,(z, y)
for all z € G1. From the monotonicity of pg with respect to G, we obtain

pc(x,y) = pG,(x,y) < pG,(x,2) + p;,(z,y) < pc(x,2) + pc(z, y).

Therefore, c(x,y,z; G) < 1.

(2) Let now u # v. We put G| = G|’ = R"\{u, v}. Then G C G. Moreover,
pc(x,y) = pg,(x,y) and pg,(x,2) + pG,(z,¥) < pc(x,z) + pc(z, y). Conse-
quently, c(x, y,z; G) < c(x,y,z; G1) and the supremum in (4.15) is attained on
domains of the type G{"".

Denotea = |x —z|,b=1|z—yl,c=|x —y|,p = |x —ul,r = |y —v|. By the
triangle inequality, we have

c<a+b, p=lx—ul<|x—vl<c+r<a+b+r,

r=ly—vl<ly—ul<ct+p=<a+b+p.

Now consider the segment A on R! with endpoints & := —a — p, ¥ := b + r. Let
7=0,X=-a,y=b.Theni <X <7 <y < Vand
X—ul=p=lx—ul, y-v=r=|y-v, X=Y=a+b=>c=I|x—yl

X—-Z=a=|x—z|, =Y|=b=l|z—yl
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With the help of the triangle inequality, we also have

X—vVl=a+b+r>|x—ul=|Xx—1ul

y—il=a+b+p=ly—vl=1[y—7

Therefore, da (X) = p, da(Y) =r.
At last,

—tl=a+p=lz—ul, T-0=b+r=>|z—vl,
and this implies da () > dg, (z). Using the obtained inequalities and the fact that the

function ¢ +> t/+/t2 + y? is increasing on R, when y is a real nonzero constant, we
have

F.5) = X — 5] - lx — ¥l . . y)
PAX, Y _\/~_~2 7 —\/ — 3 7 = pG,\x,Yy),
|[x — Y= +4pr |x — y|= +4pr
- Ix —7Z] |x — z|

PAX,?) = ————= =
VIEF=Z2 +4pdp@  VIx —zI> +4pda@)
|x — z|
< = pG,(x,2)

~ Vlx =212 + 4pdg, (2)

and, similarly, pA(Z,¥) < pg,(z, y). From this, we deduce that c¢(x, y, z; G|) <
c(X,5, 7 A).

Since the point pair function is invariant under shifts and stretchings, we can assume
that A = [—1, 1]. But, by Theorem 3.6, the point pair function fulfills the inequality

~ 5 ~
pPax,y) < % (Pa(X, D) + pa@y) (4.16)

for all points X, ¥, Z € (—1, 1) with the constant ~/5/2. Therefore, we have ¢* < v/5/
2.

To prove that ¢* = /5/2, consider A = [—1, 1] Cc R as apart of R". Letu = —1
and ¥ = 1 be the endpoints of A. Consider the domain G| = G|"*. Forall X,y € A
we have pg, (X, ) = pa(X, y). Since in (4.16) the constant V/5/2 is sharp if we take
X,y and 7 from (—1, 1), we obtain that it is sharp for G| and, therefore, for the class
of proper subdomains on R". The theorem is proved. O

Now, we will investigate the sharpness of the constant NG /2, if a proper subdomain
G of R" is fixed.

Lemma4.17 Ifa domain G C R", n > 1, contains some ball B" (zo, r) and there are
two points u, v € 9G such that the segment [u, v] is a diameter of B"(zo, 1), then
¢ = +/5/2 is the best possible constant for which the inequality

pG(x,y) =clpc(x,2) + pc(z,¥), x,y,z€G,
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Fig.1 A domain G and points
x, v,z € G for which the
equality (4.18) holds

is valid.

Proof By Theorem 4.14, the point pair function is a quasi-metric with the constant
V/5/2. The sharpness of this constant follows from the fact that the equality

p6(x,y) = (V5/2)(pG (x, 2) + p6(z. ¥)) (4.18)

holds for the points x = zo+ (u —z0)/3,z = zoand y = z0+ (v —z9)/3 (see Fig. 1).
O

It follows from Lemma 4.17 that the point pair function pg is a quasi-metric with
the best possible constant ﬁ /2 if the domain G is, for instance, a ball, a hypercube,
a hyperrectangle, a multipunctured real space of any dimension n > 1, or a two-
dimensional, regular and convex polygon with an even number of vertices.

5 The Generalized Point Pair Function

In this section, we will consider the generalized version of the point pair function.
Namely, note that, by replacing the constant 4 with some @ > 0, we obtain the
function

lx — y
VIx = yI2 + adg (x)dg (y)

pg(x,y) = (5.1

Let us first consider the case where the domain G is the positive real axis.

Theorem 5.2 For a constant o > 0, the function

lx — ¥l

pa+(xv }’) = ’
B V= )2+ axy

is a metric if and only if a < 12.

x,y >0,

@ Springer



D. Dautova et al.

Proof To prove that for every fixed 0 < « < 12, the function pﬂ‘é+ (x, y) is a metric on
the positive real axis, it is sufficient to establish the triangle inequality pg, (x, y) <
Pr+ (X, 2)+ pR (z, y). Fix first two points x, y > 0. By symmetry, we can assume that
x < y.Next, we fix z such that the sum pg , (x, z) + pg (z, y) is at minimum. Without
loss of generality, we can assume that 0 < x < z < y because, for all z € (0, x),

PRt (X, 2x — 2) + ppi 2x — 2, y) < PRy (x, 2) + ppe (2, ¥),

and, if y < z, then the triangle inequality pg, (x, y) < pp(x,2) + pg. (z, y) holds
trivially. Because the function pp . is invariant under any stretching by any factor
r > 0, we can assume that z = 1.

Our aim is to prove pﬁ'é+ (x,y) < pﬁ‘éJr (x, 1)+ pﬁ‘@(l, y) or, equivalently,

1 —x n y—1 B y—x
Va=x24ax  JO-DZ+ay & —yr+axy

F(x,z) = >0,

(5.3)

for0 < x <1 <y.Bydenotingu = 1//x,v = /¥, we can write (5.3) as

Glu.v) = u—u! . v—v! _ uv — (uv)~! >0,
Vu—uH24+a Jo—-vH2+a  J@w— @) H? +a
5.4)
u, v > 1. Now, we will find the critical points of G (u, v). We have
G (u, v) 14+u? 1+ (uv)~2
= — v 5
du V(@ —u1? +a)? V(@ — @)= + a)?
G (u, v) 1+v2 1+ (uv)~2
=« —au .
dv V(w—v12 +a) V(v — @v) H2 + )3
If
0G(u, v) . 0G (u, v) —0
ou v
then it is easy to show that
u+u! B v4v7!
Viw—u2+aP (v +a)
consequently,
u+ u-! v+ vl
(5.5

Jutu P ra—4 Jwrv Pra-a
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The function # — #(t> + o — 4)~3/2 is monotonic on [2, 00). Since u +u~' > 2 and
v+v-! >2foru,v> 1, from (5.5) we deduce that u + u!' = v+ vl From the
monotonicity of the function u + u—lon[1, 00), it follows that u = v. Consequently,
all the critical points of G (u, v) are on the line u = v.

If u — up or v — vp and either ug or vy equals 1, then G (u, v) tends to a non-
negative value. Similarly, this condition holds if ug or vy equals +oo. Therefore, to
prove that the inequality (5.4) holds we only need to show that G(u, u) > 0, u > 1
or, equivalently,

u—ut u2 —u_z

2 — >0
Vu—u24+a Ju:-—u2)+a

This inequality can be written as

2V —u224+a>u+u HVu—u"2 4+«

or
4t +ut e —2) = WP Hu T+ 2w Fur a - 2). (5.6)

By denoting r = u® 4+ u~2, we will have > 2, and the inequality (5.6) takes the form
4P 4+a—4)> T+ +a—2)
or, equivalently,
32 —at+20—12=(t —2)3t — (@ —6)) >0, 1>2. 5.7
The inequality (5.7) is valid for @ > 12 and ¢ > 2 because for such « and ¢ we have
3t—(@—6)>6—(@e—6)=12—a >0.

Consequently, the inequality (5.3) holds and, for 0 < a < 12, the function pg, is a
metric. It also follows that the constant 12 here is sharp because, for « > 12, we have

32—t 4+20—12<0, 2<1t < (a—6)/3,

and, therefore, the inequality (5.7) is not valid at every point of [2, +00). O

In Theorem 5.11, we prove a result about the function pg similar to Theorem 5.2
but for the case where G = R"\{0}. See Fig. 2 for the disks of the function p¢
in Rz\{O}. However, in order to prove Theorem 5.11, we first need to consider the
following lemma.

Lemma5.8 If A, B,C > 0anda, b, c > 0 are chosen so that the inequalities

A - B N C
V14+A2 7 J1+B2 V142

(5.9)
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and a < b + ¢ hold, then

A’+a> | B2+b? N C?+c?
1+A%24+a> ~ \ 14+ B2+D? 14+ C2+ %

Proof Since the functions ¢ +— t/+/1+1t2 and t — 4/t/(1 + 1) are increasing on
[0, 00), we can assume that the equality takes place in (5.9).
Consider the function

32+x2 C2+y2 A2+(x+y)2
F(x,y):= + — .
1+ B2+ x2 14+ C?+y? 14+ A% 4 (x + y)?

We need to prove that F'(x, y) > 0, x, y > 0. We have F (0, 0) = 0. Assume that for
some x, y > 0, not equal to zero at the same time, F(x, y) < 0. Consider now the
function g(¢) = F(tx,ty), t € [0, 1]. It is continuous and g(0) = 0, g(1) < 0. We
will show that for small positive ¢, the inequality g(z) > 0 holds. Actually,

g/t = i + Y
V(B2 +12x2) (14 B2 +12x2)3  /(C?+12y2)(1 + C2 +12y?)3
B (x+y)*
VA + 2G4 )0+ A2+ 2+ )2
x? y (x +)?

— as t — 0.

- + :
BJ/(+B23 CJO+CHF A/ + A3

Now, we will show that

x? y? (x +)?

_"_ i
BJU1B)  CJU1 P AJUrAD

(5.10)

Denote

A B C
G =—— b=—— =——.
14 A2 1+ B2 V1 +C?

Thena; = by +¢; < 1 and

b
A= p__ 2 c-_4

ap
J1—a} J1-0b3 1—ct
1 1 1
VIHAZ= —— VI+B=—x, JI4+(C?=——.
J1-a J1— b} 1—c}
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In this notation, the inequality (5.10) can be written in the form

(A= y-e)? 4y —ap?
bl Cl aj

> 0.

It is easy to prove that

2 2 2 2
+y” Gty <L
al b1+ 1 by Ccl

and it is therefore sufficient to show that
(I—ap)? <A =bD* (I=aD? <1 -cD?
which follows from the fact that a; > b; and a; > ¢j.
Since for small positive 7, we have g(¢) > 0, and g(1) < 0, we conclude that there

existsty € (0, 1) and ¢ > Osuchthat g(#p) = Oand g(¢) < O on (¢, fo+¢). Therefore,
g'(tp) < 0. Denote x¢ = f9x, yp = t9y. Then

A2+ (xo+y0)? | BX+xj N C2+y2
14+ A2+ (xo+y0)%> | 1+ B2+xZ 1+C2 4y

By denoting

A] = A2+(X0+y0)2’ By Zm’ Cl ZM’

we have

A By C
\/1+Af \/l—i—Blz \/1+c12
2 2 2

X+
n y e+

X
g (10) /10 = )
BiJ(+ B} 1A+ A+ AD3

Reasoning as above but by replacing A, B and C with A, B; and C1, we show that
g’ (to) > 0. The contradiction proves the theorem. O

Theorem 5.11 For a constant a > 0, the function

lx — vl

. x,y € RM\{0},
VIx —y2 +alx| |yl

Pinjo) (X, ¥) =
n>2,

is a metric if and only if « < 12.
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Fig.2 Disks

{x e GIp%(x,O.S) < r} with

center 0.5 and radii 3

r =0.5,0.6,0.7,0.75 for the

metric p‘(’;, o = 3.5, in the I

domain G = R2\{0} 2
il
ol
1
-2
-3

5 = 0 1 2 3 4

Proof We will only outline the proof because it is similar to that of Theorem 4.6 but,
instead of (4.11), we use the following values:

_IR=rl g IR=1 (1]

By Theorem 5.2, such values satisfy (5.9). We also note that the parameters a, b and
¢, considered in both the first and second parts of the proof of Theorem 4.6, satisfy the
inequality 0 < a < b + c. Therefore, we can apply Lemma 5.8 instead of Lemma 4.1,
to prove (4.12) and (4.13) and establish the triangle inequality. ]

A

(5.12)

Now, we will study a generalization of the point pair function in the upper half-space
H".

Theorem 5.13 For a constant a > 0, the function

P (X, y) = x ; i .
VIx = yI7 + axpyn
x:(-xls--~’xn)’y=(y17*~-ayn)eHn’nzzv (514)

is a metric if and only if o < 12.

Proof It is evident that this function fulfills the first two properties of a metric if @ > 0
and, therefore, we only need to investigate the fulfillment of the triangle inequality.
If we consider some points x = (0,0,...,0,x,) and y = (0,0, ...,0, y,) with x,,
yn > 0, then pg, (x,y) = pg. (xn, y») and, from Theorem 5.2, it follows that the
function pi, is not a metric for o > 12, since pp, is not a metric for such a.
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Now, we will consider the case « € (0, 12] and prove that, in this case, p]‘})‘ﬂn isa
metric. Let us fix some distinct points x, y € H". Consider a two-dimensional plane IT
inR”, which is orthogonal to the hyperplane {x,, = 0} and contains the points x and y. If
x and y donot lie on the same line, orthogonal to {x,, = 0}, then IT is defined in a unique
way; in the opposite case, we fix any of the possible planes. Now, we take any point
z € H" and find its orthogonal projectionZ to I1. Since [Z—x| < |z—x|,[Z—y| < |z—Y|
and 7, = z,, we obtain pf, (x, 2) + pf. (2. ¥) = P (x,2) + pf @, y). Therefore,
we only need to prove that pf, (x,%) + pfi. (T, ¥) = pfi (x, y) for every three points
x, y and 7 lying in a two-dimensional plane IT.

Thus, without loss of generality we can assume that n = 2 and the points x, y and
z € H? are complex numbers.

Consider the two following cases.

(1) If Rex = Rey, then we denote by L the line, orthogonal to the real axis and
containing x and y, and replace z with its orthogonal projection 7z’ to L. Reasoning as
above, we have pp, (x, 2) + pjpp (2, ¥) = pip(x, 2) + pip (2’ ¥), and, therefore, we
can reduce the problem to the one-dimensional case. From Theorem 5.2, it follows that
Pip(x, 2) + pn (@, y) = pgy (Imx, Imz’) + pi, (Imz’, Imy) > pg, (Imx, Imy) =
p%p (x, y) and the triangle inequality is valid.

(2) If Rex # Rey, then we consider the circle C containing the points x and y
and orthogonal to the real axis. Let C* be the upper half of C. There exists a Mobius
transformation 7' that maps C ™ onto the positive part of the imaginary axis. Consider
the points x; = T(x), y1 = T(y) and z1 = T (z). For every u, v € H2, u # v, We
have p%lz (u,v) = (1 +at)™1/? where t = (Imulmv)/(Ju — v|?). According to the
well-known property of Mobius automorphisms of H?,

Imulmv  ImT7 (u)ImT (v)

lu—vl2 T —TWw)?’

and we can conclude that 7 preserves the value p%ﬁ (u, v), i.e. pﬁ‘_‘ﬂz(T(u), T(v)) =
pﬁ)‘ﬂz (u, v). Making use of this fact, we can replace x, y and z with x1, y; and z;; but
for such points Rex; = Rey; and the triangle inequality, therefore, follows from Case
1). O

It is interesting to study whether the point pair function defined as in (3.7) becomes
a metric, if we replace the constant 4 with a smaller positive constant. The answer is
negative, as proven below.

Theorem 5.15 The function

|x — ¥l

= , x,yeB", n>1,
VIx =y +ad —xD(1 -1y

p%”('xi )’) =

is not a metric for any constant « > 0.

@ Springer



D. Dautova et al.

Proof Fix points x = kej, y = —key, and z = 0, where 0 < k < 1 and ¢ is the first
unit vector. Then we have

Pgn (X, Y)
Pgn (X, 2) + pga (2, y)

K2 +a(l —k)
S A |
4k2 4+ a(1 — k)2
S k2 4+ a(l —k) > 4%+ a(l —k)?
& 3k4+a(l—k) >0 k<a/B+a).

PR (X, y) > ppa(x,2) + ppa(2,y) &

Consequently, if we put x = key, y = —kej, k = a/(4 + «) and z = 0, then the
triangle inequality does not hold. O

6 Open Questions

On the base of numerical tests, we propose the following conjectures.
Conjecture 6.1 For a constant « > 0, the function

|x — ¥l

, x,yeR"\B", n>2, (6.2
VIx =y +a(x] — D(yl - 1)

o —
pRn\@" ()C, y) -

is a metric if and only if ¢ < 12.

Remark 6.3 Since the function x — x /|x|2 maps R" \En, n > 2, onto the domain
G = B"\{0} and vice versa, it follows that if Conjecture 6.1 holds, then the quasimetric

X oy
056 = e (7 )
_ lxy|
VIx =y +alx] [y[(1 = [xD( —[y)

x,y€aq, (6.4)

is a metric on G if and only if @ € (0, 12]. See Fig. 3 for the ‘disks’ of this function
VG-

Conjecture 6.5 The point pair function pg is a metric on the domain G = R3\Z,
where Z is the z-axis.

Remark 6.6 From the proof of Theorem 5.15 it follows that, for « > 0, the generalized
version pg, of the point pair function can only be a quasi-metric in the unit ball with
a constant c(«) that has the following lower bound:

@) > k2+a(l—k) ©6.7)
cla Su _—. .
= ooV 42+ a1 — k)2
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Fig.3 Disks

{x € G| ¢ (x,0.5) < r}with
center 0.5 and radii
r=0.3,0.5,0.7,0.8,0.865,0.9
for the function wg, o =4, and
G = B2\ {0}, in the unit disk
EZ

-1.0 -0.5 0.0 0.5 1.0
By differentiation, we have

0 < k* +a(l —k) )_a((oz+2)k2—2(a+3)k+oz) _0

ak \ 4k2 + a(1 — k)2 (4k% + a(l — k)2)2
& @+ 2k =2 +3)k+a=0
ek a+3im_
o+2

It can be shown that the square-root expression on the right hand side of the inequality
(6.7) obtains its maximum with respect to k € (0, 1) at the point

3— VA +9
=T *T2 0.,
o+2

Consequently, the inequality (6.7) can be simplified to c(«) > ¢4 (o) where

C(a)_\/(a+3—«/4a+9)2+a(a+2)(«/4a+9—1)
TV 4@ +3-VAa+ 92 4ol — VEa +9)2

Conjecture 6.8 For a > 0, the function

lx — yl
Vix =y +a —xpA = [y)’

Pin(x,y) = eB", n>1,
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is a quasi-metric with the sharp constant c,(«) or, equivalently, c,(«) defined as above
is the best of constants c(«) depending only on the value of « such that the inequality

A

Pin(x, ) < c(a)(pga (x, 2) + pga (2, )

holds for all x, y, z € B" andn > 1.
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