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ON THE STABILITY OF ϕ-UNIFORM DOMAINS

R. KLÉN, Y. LI, S.K. SAHOO, AND M. VUORINEN

Abstract. We study two metrics, the quasihyperbolic metric and the distance ratio metric
of a subdomain G ⊂ Rn. In the sequel, we investigate a class of domains, so called ϕ-uniform
domains, defined by the property that these two metrics are comparable with respect to a
homeomorphism ϕ from [0,∞) to itself. Finally, we discuss a number of stability properties
of ϕ-uniform domains. In particular, we show that the class of ϕ-uniform domains is stable
in the sense that removal of a geometric sequence of points from a ϕ-uniform domain yields
a ϕ1-uniform domain.

1. Introduction

For a subdomain G  Rn and x, y ∈ G the distance ratio metric jG is defined by

jG(x, y) = log

(

1 +
|x− y|

min{δG(x), δG(y)}

)

,

where δG(x) denotes the Euclidean distance from x to ∂G. Sometimes we abbreviate δG by
writing just δ . The above form of the jG metric, introduced in [14], is obtained by a slight
modification of a metric that was studied in [3, 4]. The quasihyperbolic metric of G is defined
by the quasihyperbolic length minimizing property

kG(x, y) = inf
γ∈Γ(x,y)

ℓk(γ), ℓk(γ) =

∫

γ

|dz|
δG(z)

,

where Γ(x, y) represents the family of all rectifiable paths joining x and y inG, and ℓk(γ) is the
quasihyperbolic length of γ (cf. [4]). For a given pair of points x, y ∈ G, the infimum is always
attained [3], i.e., there always exists a quasihyperbolic geodesic JG[x, y] which minimizes the
above integral, kG(x, y) = ℓk(JG[x, y]) and furthermore with the property that the distance
is additive on the geodesic: kG(x, y) = kG(x, z) + kG(z, y) for all z ∈ JG[x, y] . If the domain
G is emphasized we call JG[x, y] a kG-geodesic. In this paper, sometimes we also use the
terminology distance for the term metric.

The following well-known properties of the above two metrics are useful in this paper.

(i) For x, y ∈ G  Rn, we have kG(x, y) ≥ jG(x, y) [4];
(ii) Monotonicity property: if G1 and G2 are domains, with G2 ⊂ G1  R

n , then for all
x, y ∈ G2 we have kG1

(x, y) ≤ kG2
(x, y). It is obvious that this property holds for the

distance ratio metric jG as well.

In 1979, Martio and Sarvas introduced the class of uniform domains [10].
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Definition 1.1. A domain D in Rn is said to be c-uniform if there exists a constant c with
the property that each pair of points z1, z2 in D can be joined by a rectifiable arc γ in D
satisfying (cf. [10, 12])

(1) min
j=1,2

ℓ(γ[zj , z]) ≤ c δD(z) for all z ∈ γ, and

(2) ℓ(γ) ≤ c |z1 − z2|,
where ℓ(γ) denotes the arclength of γ, γ[zj , z] the part of γ between zj and z. Also, we say
that γ is a uniform arc. A domain is said to be uniform if it is c-uniform for some constant
c > 0.

In the same year, Gehring and Osgood [3] characterized uniform domains in terms of an
upper bound for the quasihyperbolic metric as follows: a domain G is uniform if and only if
there exists a constant C ≥ 1 such that

(1.2) kG(x, y) ≤ CjG(x, y)

for all x, y ∈ G. As a matter of fact, the above inequality appeared in [3] in a form with
an additive constant on the right hand side: it was shown by Vuorinen [14, 2.50] that the
additive constant can be chosen to be 0. This observation leads to the definition of ϕ-uniform
domains introduced in [14].

Definition 1.3. Let ϕ : [0,∞) → [0,∞) be a homeomorphism. A domain G  Rn is said to
be ϕ-uniform if

kG(x, y) ≤ ϕ(|x− y|/min{δ(x), δ(y)})
for all x, y ∈ G.

In the sequel, Väisälä has also investigated this class of domains [12] (see also [13] and
references therein). He also pointed out that these two classes of domains are same provided
ϕ is a slow function. We make sure that, in this paper, we use the terminology c-uniform for
constants c, and frequently use ψ-uniform, ϑ-uniform and ϕ-uniform for functions ψ, ϑ, ϕ.

In Section 2, we introduce notation and preliminary results that we need in the latter
sections. The structure of the rest of the sections covers mainly on ϕ-uniform domains.

In Section 3, we construct several examples of ϕ-uniform domains and compare with their
complementary domains and with quasiconvex domains. We also prove that the image domain
of a ϕ-uniform domain under bilipschitz mappings of Rn is ψ-uniform, where ψ is depending
on ϕ and the bilipschitz constant.

In Section 4, we present our main results (e.g. see Theorems 4.8 and 4.23) on ϕ-uniform
domains in the following form:

Theorem. Let G be a ϕ-uniform domain in Rn. Let B be a ball with 2B ⊂ G. Suppose that

E is a compact subset of B such that Rn \E is ψ-uniform. Then G \ E is ϑ-uniform, where

ϑ depends only on ϕ and ψ.

Note that one of our proofs involves a control function of a fixed parameter on which ϑ
also depends. Idea behind this is to obtain various other stability properties of ϕ-uniform
domains to use as preparatory results to prove the main theorems in the above type. In
particular, it is shown that the class of ϕ-uniform domains is stable in the sense that removal
of a geometric sequence of points from a ϕ-uniform domain leads to a ϕ1-uniform domain.
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2. Notation and Preliminary results

We shall now specify some necessary notation, definitions and facts that we frequently use
in this paper. The standard unit vectors in the Euclidean n-space Rn (n ≥ 2) are represented
by e1, e2, . . . , en. We write x ∈ Rn as a vector (x1, x2, . . . , xn). The Euclidean line segment
joining points x and y is denoted by [x, y]. For x, y, z ∈ Rn, the smallest angle at y between
the vectors x − y and z − y is denoted by ∡(x, y, z). The one point compactification of Rn

(so-called the Möbius n-space) is defined by R
n
= Rn ∪ {∞}. We denote by Bn(x, r) and

Sn−1(x, r), the Euclidean ball and sphere with radius r centered at x respectively. We set
Bn(r) := Bn(0, r) and Sn−1(r) := Sn−1(0, r). Let G be a domain (open connected non-empty
set) in Rn. The boundary, closure and diameter of G are denoted by ∂G, G and diamG
respectively. In what follows, all paths γ ⊂ G are required to be rectifiable, i.e. ℓ(γ) < ∞
where ℓ(γ) stands for the Euclidean length of γ. Given x, y ∈ G, Γ(x, y) stands for the
collection of all rectifiable paths γ ⊂ G joining x and y .

We now formulate some basic results on quasihyperbolic distances which are indeed used
latter in Section 3. The following lemma is established in [14].

Lemma 2.1. Define

a(θ) = 1 + (2/θ) + π/
(

2 log
2 + 2θ

2 + θ

)

, for θ ∈ (0, 1).

Let G  Rn be a domain. If x, y, z ∈ G with x, y ∈ G \Bn(z, θδG(z)), then

kG\{z}(x, y) ≤ a(θ) kG(x, y) .

It is seen from Lemma 2.1 that a(θ) is well-defined for θ = 1. However, the method of the
proof does not give any guarantee to obtain the same value of a(θ) when θ = 1.

Lemma 2.2. If r > 0 and x, y ∈ G = Rn \Bn
(r) with |x| = |y|, then

kG(x, y) ≤
|x|

|x| − r
kRn\{0}(x, y) ≤

|x− y| π
2(|x| − r)

.

Proof. The first inequality follows from [6, Theorem 5.20]. For the second inequality we see
that if θ = ∡(x, 0, y), then we have the identity

|x− y|2 = |x|2 + |y|2 − 2|x| |y| cosθ .
Since |x| = |y| it follows that sin(θ/2) = |x − y|/(2|x|). For 0 ≤ θ ≤ π, the well-known
inequality θ ≤ π sin(θ/2) gives that θ ≤ π|x − y|/(2|x|). Since kRn\{0}(x, y) ≤ θ, when
|x| = |y|, we conclude the second inequality. �

Lemma 2.3. For r ∈ [1
4
, 1), we define a(r) =

(

4
(

r+2
4r−1

)

+ 2
log 2+2r

2+r

)

. Let D be a proper

subdomain of Rn. If x, y, z ∈ D with y, z ∈ D \ Bn(x, rδD(x)), E = {x} ∪ {xk}∞k=1 where

{xk}∞k=1 ∈ Bn(x, δD(x)) is a sequence of points satisfying xk ∈ [x, xk−1) and |x − xk| =
1

2k+2 δD(x), then
kD\E(y, z) ≤ a(r)kD(y, z).

Proof. Let D1 = D \E, and δD denote the Euclidean distance to the boundary of D. Observe
first that if r ∈ (1

4
, 1) and w ∈ D \Bn(x, r

2
δD(x)), then

(2.4) δD(w) ≤ 4
( r + 2

4r − 1

)

δD1
(w),
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where the inequality holds because of the following. If δD(w) = δD1
(w), then (2.4) holds

trivially. If δD(w) > δD1
(w), then there exists some point p ∈ E such that

δD1
(w) = |w − p| ≥ |w − x| − |x− p| ≥

(r

2
− 1

8

)

δD(x) .

Hence

δD(w) ≤ δD(x) + |x− p|+ |p− w| ≤ 4
( r + 2

4r − 1

)

δD1
(w) .

Let γ be a quasihyperbolic geodesic joining z and y in D and let U = γ ∩ Bn
(x, r

2
δD(x)).

We consider two cases.
Case I: U 6= ∅.
Let z′ be the first point in U when we traverse along γ from z to y. The point y′ in U is

the first point when we traverse from y to z. Let T be a 2-dimensional linear subspace of E
containing x,y′ and z′. Then y′ and z′ divide the circle T ∩ Sn−1(x, r

2
δD(x)) into two arcs,

denote the shorter arc (which may be a semicircle) by α. Then (2.4) yields

kD1
(y, y′) ≤

∫

γ[y,y′]

|dw|
δD1

(w)
≤ 4
( r + 2

4r − 1

)

∫

γ[y,y′]

|dw|
δD(w)

= 4
( r + 2

4r − 1

)

kD(y, y
′),

and

kD1
(y′, z′) ≤ π.

Hence, the inequalities

kD1
(y, z) ≤ kD1

(y, y′) + kD1
(y′, z′) + kD1

(z′, z)

≤ 4
( r + 2

4r − 1

)

kD(y, y
′) + π + 4

( r + 2

4r − 1

)

kD(z, z
′)

≤ 4
( r + 2

4r − 1

)

kD(z, y) + 4

together with

kD(y, z) =

∫

γ[y,z]

|dw|
δD(w)

≤ kD(y, y
′) + kD(z

′, z)

≤ log
(

1 +
|y − y′|
δD(y′)

)

+ log
(

1 +
|z − z′|
δD(z′)

)

≤ 2 log
(

1 +
r
2
δD(x)

δD(x) +
r
2
δD(x)

)

≤ 2 log
(1 + r

1 + r
2

)

give

kD1
(y, z) ≤ 4

( r + 2

4r − 1

)

kD(z, y) + 4

≤
(

4
( r + 2

4r − 1

)

+
2

log( 1+r
1+ r

2

)

)

kD(y, z).

Case II: U = ∅.
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By (2.4) we have

kD1
(y, z) ≤ 4

( r + 2

4r − 1

)

kD(y, z).

We finished the proof with a(r) =
(

4
(

r+2
4r−1

)

+ 2
log 2+2r

2+r

)

. �

Lemma 2.5. For α, θ ∈ (0, 1), we define

a(α, θ) =
2 + θ + αθ

θ(1− α2)
+

(1 + α)π

2(1− α) log((2 + 2θ)/(2 + θ + αθ))
.

If x, y, z ∈ G with x, y ∈ G \Bn(z, θδG(z)), then

kG′(x, y) ≤ a(α, θ) kG(x, y) ,

where G′ = G \Bn
(z, αθd(z, ∂G)).

Proof. Denote by δ(z) = d(z, ∂G). Fix β ∈ (0, 1) and w ∈ G \ Bn
(z, βδ(z)). Choose q ∈

Sn−1(z, αβδ(z)) and p ∈ ∂G such that |w − q| = d(w, Sn−1(z, αβδ(z))) and |p − z| = δ(z).
Then we have |w − q| ≥ β(1− α)δ(z) and hence

|p− q| ≤ (1 + αβ)δ(z) ≤ 1 + αβ

β(1− α)
|w − q| .

It follows by the triangle inequality |w − p| ≤ |p− q|+ |w − q| that

(2.6) d(w, ∂G) ≤ |w − p| ≤ 1 + 1/β

1− α
d(w, ∂G ∪ Sn−1(z, αβδ(z))) .

Let J be a geodesic joining x and y in G (i.e. J = JG[x, y]) and U = J∩Bn
(z, (1+α)θδ(z)/2).

If U 6= ∅ then we denote by x′ the first point in U , when we traverse along J from x to y.
We similarly define y′ in U , but traversing from y to x along J . By (2.6) and Lemma 2.2

kG′(x, y) ≤ kG′(x, x′) + kG′(x′, y′) + kG′(y′, y)

≤ 2 + θ + αθ

θ(1− α2)
kG(x, x

′) +
1 + α

1− α
π +

2 + θ + αθ

θ(1− α2)
kG(y

′, y)

≤ 2 + θ + αθ

θ(1− α2)
kG(x, y) +

1 + α

1− α
π .

Since kG ≥ jG we have

kG(x, y) ≥ kG(x, x
′) + kG(y

′, y) ≥ 2 log

(

1 +
θ − (1 + α)θ/2

1 + (1 + α)θ/2

)

= 2 log
2 + 2θ

2 + θ + αθ

and therefore
kG′(x, y) ≤ a(α, θ)kG(x, y)

holds for

a(α, θ) =
2 + θ + αθ

θ(1− α2)
+

(1 + α)π

2(1− α) log((2 + 2θ)/(2 + θ + αθ))
.

If U = ∅, then by (2.6)

kG′(x, y) ≤ 2 + θ + αθ

θ(1− α2)
kG(x, y) ≤ a(α, θ)kG(x, y) .

The assertion follows. �
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Clearly Lemma 2.5 implies Lemma 2.1 as α→ 0.

3. Examples of ϕ-uniform domains

In order to give examples of ϕ-uniform domains, consider domains G satisfying the following
geometric property [14, Examples 2.50 (1)]: there exists a constant C ≥ 1 such that each
pair of points x, y ∈ G can be joined by a rectifiable path γ ∈ G with ℓ(γ) ≤ C |x − y|
and min{δ(x), δ(y)} ≤ C d(γ, ∂G). Then G is ϕ-uniform with ϕ(t) = C2t. In particular,
every convex domain is ϕ-uniform with ϕ(t) = t. However, in general, convex domains need
not be uniform. More complicated nontrivial examples of ϕ-uniform domains can be seen
by considering that of uniform domains which are extensively studied by several researchers.
For instance, it is noted in [8] that complementary components of quasimöbius (and hence
bi-Lipschitz) spheres are uniform.

Complementary domains. In this subsection we understand Rn \D, for the terminology
complementary domain of a domain D ⊂ Rn. When we talk about complement of a domain
is another domain, we mean in the sense of its complementary domain. Because simply
connected uniform domains in plane are quasidisks [10] (see also [2]), it follows that the
complement of such a uniform domain also is uniform. A motivation to this observation of
uniform domains leads to investigate the complementary domains in the case of ϕ-uniform
domains. In fact we see from the following examples that complementary domains of ϕ1-
uniform domains are not always ϕ-uniform for any ϕ. The first example investigates the
matter in the case of half-strips.

Example 3.1. Since the half-strip defined by S = {(x, y) ∈ R2 : x > 0, −1 < y < 1} is
convex, by the above discussion we observe that it is ϕ-uniform with ϕ(t) = t. On the other
hand, by considering the points zn = (n,−2) and wn = (n, 2) we see that G := R2 \ S is not
a ϕ-uniform domain. Indeed, we have jG(zn, wn) = log 5 and for some m ∈ R ∩ JG[zn, wn]

kG(zn, wn) ≥ kG(m,wn) ≥ log

(

1 +
|m− wn|
δ(wn)

)

≥ log(1 + n) → ∞ as n→ ∞.

This shows that G is not ϕ-uniform for any ϕ. △
The above example gives a convex ϕ-uniform domain whose complement is not ψ-uniform

for any ψ. We can construct a number of examples of ϕ1-uniform domains, whose complement
is not a ϕ-uniform for any ϕ, by suitable changes in the shape of the boundaries of the convex
domains of above type. For instance, we have the following example which provides a ϕ-
uniform domain (not convex) whose complement is not ψ-uniform for any ψ.

Example 3.2. Define

Dm =

{

(x, y) ∈ R2 : |x| < 1

1 + logm
, 0 < y <

me

10

}

.

It is clear by [14, 2.50] that the domain D =
⋃∞

m=1Dm is ϕ-uniform with ϕ(t) = 2t. On
the other hand, a similar reasoning explained in Example 3.1 gives that its complement
G′ = R2 \D, is not ψ-uniform for any ψ (see Figure 1). △

We see that the ϕ-uniform domains considered in the above two examples are unbounded,
which generally asks the following problem:
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D

G′ = R
2 \ D

Figure 1. An unbounded ϕ-uniform domain (not convex) D ⊂ R2 whose
complement G′ = R2 \D is not ψ-uniform for any ψ.

Figure 2. A bounded ϕ-uniform domain whose complementary domain is not
ψ-uniform for any ψ.

(The authors thank P. Hästö and one of the referees who have given the idea of this domain.)

Problem 3.3. Are there any bounded ϕ1-uniform domains whose complementary domains
are not ϕ-uniform for any ϕ?

The speciality in dimension 2, for Problem 3.3, is much more delicate. Indeed, one can
handle this matter by considering the domain by pulling thinner and thinner rectangles from
one edge of a rectangle (e.g. see Figure 2). In this setting, one can even similarly find Jordan
domains which are ϕ-uniform but their complements are not ψ-uniform for any ψ. But we are
not studying detail on it in this paper. However, it is sometimes interesting to see examples
in higher dimensional setting.

In three dimensional setting, we now provide solutions to Problem 3.3 as follows:

Example 3.4. Let T be the triangle with vertices (1,−1), (0, 0) and (1, 1). Consider the
domain D bounded by the surface of revolution generated by revolving T about the vertical
axis (see Figure 3).

Then we see that D is ϕ1-uniform for some ϕ1 (in fact, D is uniform !). Indeed, let
x, y ∈ D be arbitrary. Without loss of generality we assume that |x| ≥ |y|. Consider the path
γ = [x, x′]∪C joining x and y, where x′ ∈ S1(|y|) is chosen so that |x′−x| = d(x, S1(|y|)); and
C is the smaller circular arc of S1(|y|) joining x′ to y. For z ∈ D, we write δ(z) := d(z, ∂D).
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Figure 3. A bounded ϕ1-uniform domain in R3 whose complementary domain
is not ϕ-uniform (the right hand side figure shows the revolution).

Then for all x, y ∈ D we have

kD(x, y) ≤
∫

γ

|dz|
δ(z)

=

∫

[x,x′]

|dz|
δ(z)

+

∫

C

|dz|
δ(z)

≤ |x− y|
min{δ(x), δ(y)} +

∫

C

|dz|
δ(z)

≤
(

1 +
π

2

) |x− y|
min{δ(x), δ(y)} ,

where the last inequality follows by the fact that ℓ(C) ≤ π|x − y|/2 (see the proof of
Lemma 2.2).

On the other hand, its complementary domain G = R3 \ D is not ϕ-uniform for any
ϕ. This can be easily seen by the choice zt = te2 ∈ G, 0 < t < 1. Indeed, we have
jG(−zt, zt) = log(1 + 2

√
2); and a similar argument as in Example 3.1 leads

kG(−zt, zt) ≥ log
(

1 +

√
2

t

)

→ ∞ as t→ 0.

The assertion follows. △
Example 3.4 provides a bounded ϕ-uniform domain in R3 which is not simply connected.

In the following, we construct a bounded simply connected domain in R3 which is ϕ-uniform
but its complement is not.

Example 3.5. Fix h = 1/3. For the sake of convenience, we denote the coordinate axes in
R3 by x-, y- and z-axes. Let D be a domain obtained by rotating the triangle with vertices
(0, 0, h), (1, 0, 0) and (0, 0,−h) around the z-axis. For each k ≥ 1, we let

xk = 1− 4−k and hk = (1− xk)/(10h) .

We now modify the boundary of D as follows: let us drill the cavity of D from two
opposite directions of z-axis such that the drilling axis, parallel to z-axis, goes through the
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Figure 4. A double cone domain with two-sided drillings. The right hand
side picture provides a schematic view of the simply connected domain G ⊂ R3

constructed in Example 3.5. The left hand side picture is a cross section of G.
The domain G is uniform but its complement is not ϕ-uniform for any ϕ.

point (xk, 0, 0). From the positive direction we drill until the tip of the drill is at the height
hk and from the opposite direction we drill up to the height −hk . The cross section (see the
left hand side of Figure 4) of the upper conical surface will have its tip at (xk, yk) described
by

y − hk = A(x− xk), A = ±1 .

This intersects the boundary of the cavity represented by z = h(1− x) at

x =
h− hk + Axk

A+ h
.

This gives

uk = x|A=−1 =
h− hk − xk
−1 + h

and vk = x|A=1 =
h− hk + xk

1 + h
.

Obviously, uk ≤ xk ≤ vk. Since vk ≤ uk+1, we see that two successive drilling do not interfere.
Induction on k gives us a new domain G ⊂ R3 which is simply connected and uniform, but

its complement is not ϕ-uniform for any ϕ . Indeed, the choice of points zk = (xk, 0, 2hk) and
wk = (xk, 0,−2hk) in U = R3 \G gives that

d(zk, ∂U) = min{xk − uk, vk − xk} = hkf(h) .

It follows that

jU(zk, wk) = log

(

1 +
4hk

hkf(h)

)

<∞ .

On the other hand,

kU(zk, wk) ≥ log

(

1 +

√
1 + h2

d(zk, ∂U)

)

= log

(

1 +

√
1 + h2

hkf(h)

)

→ ∞ as k → ∞ .

This shows that U is not ϕ-uniform for any ϕ. △
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Figure 5. A quasiconvex planar domain G which is not ϕ uniform for any ϕ .

Quasiconvex domains. A domainG ⊂ Rn is said to be quasiconvex if there exists a constant
c > 0 such that every pair of points x, y ∈ G can be joined by a rectifiable path γ ⊂ G
satisfying ℓ(γ) ≤ c |x− y|. We observe that the domains G and G′ respectively in Examples
3.1 and 3.2 are not quasiconvex and are not bounded too. This naturally leads to the following
problems.

Problem 3.6. Is it true that quasiconvex domains are ϕ-uniform and vice versa?

We have a partial solution to Problem 3.6, which is described in the following example.
This shows that there exist quasiconvex domains which are not ϕ-uniform for any ϕ.

Example 3.7. Start out with a construction of a finite point set on the boundary of the unit
square Q = [−1, 1]× [−1, 1]. For a fixed integer m > 2, we put on ∂Q so many evenly spaced
points with distance 2d, their union is E, such that for every point in w ∈ R2 \Q we have

kR2\E(0, w) > m .

Then obviously it is enough to choose d such that

(3.8) kR2\E(0, w) ≥ kR2\E(0, p) ≥ log
( |p|
dist (p, E)

)

≥ log(1/d) > m ,

where p is the point of intersection of ∂Q and the geodesic segment from 0 to w in R2 \ E.
We say that such a set E is of type m.

Now we choose sequence of sets Em, m = 1, 2, 3, . . . such that each set is via a similarity
transformation (i.e. a function f of the form |f(x)− f(y)| = c |x− y|) equivalent to a set of
type m, and that the sets behave as in Figure 5 (i.e. converge to a corner of the square and
are linked with each other at the corner points and that diameter of Em is c

√
22−m, where c

is the constant of similarity transformation). We denote G := Q \ ∪∞
m=1{Em}.

Let wm be the center of the square, on whose boundary, the points of Em are located. Then

|wm − wm+1|
min{δG(wm), δG(wm+1)}

=
c
√
2(2−m + 2−(m+1))

(c 2−m−1)/2
= 6

√
2 ,

while by a similar argument as in (3.8) we get kG(wm, wm+1) ≥ kR2\Em
(wm, wm+1) > m.

Thus, G is not ϕ-uniform for any ϕ but clearly it is quasiconvex. △
Open problem 3.9. Does there exist a simply connected quasiconvex planar domain which
is not ϕ-uniform for any ϕ?
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Bilipschitz Property. It is well-known that uniform domains are preserved under bilips-
chitz mappings (see for instance [15, p. 37]). We now extend this property to the class of
ϕ-uniform domains.

Proposition 3.10. Let f : Rn → Rn be an L-bilipschitz mapping, that is

|x− y|/L ≤ |f(x)− f(y)| ≤ L|x− y|
for all x, y ∈ Rn. If G  Rn is ϕ-uniform, then f(G) is ϕ1-uniform with ϕ1(t) = L2ϕ(L2t).

Proof. We denote δ(z) := d(z, ∂G) and δ′(w) := d(w, ∂f(G)). Since f is L-bilipschitz, it
follows that

δ(z)/L ≤ δ′(f(z)) ≤ L δ(z)

for all z ∈ G. Also, we have the following well-known relation (see for instance [15, p. 37])

kG(x, y)/L
2 ≤ kf(G)(f(x), f(y)) ≤ L2kG(x, y)

for all x, y ∈ G. Hence, ϕ-uniformity of G yields

kf(G)(f(x), f(y)) ≤ L2kG(x, y)

≤ L2ϕ(|x− y|/min{δ(x), δ(y)})
≤ L2ϕ(L2 |f(x)− f(y)|/min{δ′(f(x)), δ′(f(y))}) .

This concludes our claim. �

A mapping h : R
n → R

n
defined by

h(x) = a +
r2(x− a)

|x− a|2 , h(∞) = a, h(a) = ∞

is called an inversion in the sphere Sn−1(a, r) for x, a ∈ Rn and r > 0. We recall the following
well-known identity from [15, (1.5)]

(3.11) |h(x)− h(y)| = r2|x− y|
|x− a| |y − a| , x, y ∈ Rn \ {a} .

We next show that ϕ-uniform domains are preserved under inversion in a sphere.

Corollary 3.12. Let z0 ∈ Rn and R > 0 be arbitrary. Denote by h an inversion in

Sn−1(z0, R). For 0 < m < M , if G ⊂ Bn(z0,M) \ Bn
(z0, m) is a ϕ-uniform domain, then

h(G) is ϕ1-uniform with ϕ1(t) = (M/m)2ϕ(M2t/m2).

Proof. We denote δ(z) := d(z, ∂G) and δ′(w) := d(w, ∂h(G)). Without loss of generality we
can assume that z0 = 0. By the assumption on G we see that m ≤ |z| ≤ M for all z ∈ G.
Hence, by the identity (3.11) we have

R2|x− y|/M2 ≤ |h(x)− h(y)| ≤ R2|x− y|/m2

which implies

R2 min{δ(x), δ(y)}/M2 ≤ min{δ′(h(x), δ′(y))} ≤ R2min{δ(x), δ(y)}/m2.

It follows that
(m/M)2kG(x, y) ≤ kh(G)(h(x), h(y)) ≤ (M/m)2kG(x, y)

for all x, y ∈ G. Since G is ϕ-uniform, by a similar argument as in the proof of Proposition 3.10
we conclude our assertion. �
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4. Stability properties of ϕ-uniform domains

Various classes of domains have been studied in analysis (e.g. see [5]). For some classes,
the removal of a finite number of points from a domain may yield a domain no longer in this
class [5]. Here we will investigate cases when this does not happen, i.e. the removal of a finite
number of points results a domain of the same class.

Theorem 4.1. For a fixed θ ∈ (0, 1), consider the function a(θ) defined as in Lemma 2.1. If
G  Rn is a ϕ1-uniform domain and z0 ∈ G, then G\{z0} is ϕ-uniform for some ϕ depending

on ϕ1 only. Moreover, we have

ϕ(t) = 2max

{

π

log 3
log(1 + 3t), a(θ/4)ϕ1(3t)

}

.

Proof. In this proof we denote by δ1 the Euclidean distance to the boundary of G and δ2 the
Euclidean distance to that of G \ {z0}. Fix θ ∈ (0, 1) and let x, y ∈ G \ {z0} be arbitrary. We
prove the theorem by considering three cases.

Case I: x, y ∈ Bn(z0, θδ1(z0)/2) \ {z0}.
We see that

kG\{z0}(x, y) = kRn\{z0}(x, y)

≤ π

log 3
jRn\{z0}(x, y)

≤ π

log 3
jG\{z0}(x, y) ,

where the equality follows (see [9, page 38]) from the fact that z0 is the closest point
for the geodesics JG[x, y] = JG\z0 [x, y] which are logarithmic spirals (or circular arcs) in
Bn(z0, θδ1(z0)/2) and the second inequality is due to Lindén [7, Theorem 1.6]. It follows that

(4.2) kG\{z0}(x, y) ≤ ϕ2(|x− y|/min{δ2(x), δ2(y)})
for ϕ2(t) =

π
log 3

log(1 + t).

Case II: x, y ∈ G \Bn(z0, θδ1(z0)/4).
Since G is ϕ1-uniform, using Lemma 2.1 we obtain

kG\{z0}(x, y) ≤ a(θ/4)kG(x, y)

= a(θ/4)ϕ1(|x− y|/min{δ1(x), δ1(y)})
≤ a(θ/4)ϕ1(|x− y|/min{δ2(x), δ2(y)}),

where the last inequality holds because δ1 ≥ δ2. This gives that

(4.3) kG\{z0}(x, y) ≤ ϕ3(|x− y|/min{δ2(x), δ2(y)})
with ϕ3(t) = a(θ/4)ϕ1(t).

Case III: x ∈ Bn(z0, θδ1(z0)/4) \ {z0} and y ∈ G \Bn(z0, θδ1(z0)/2) .
There exists a quasihyperbolic geodesic joining x and y that intersects the boundary of

Bn(z0, θδ1(z0)/4). Let an intersecting point be m. Along this geodesic we have the following
equality

(4.4) kG\{z0}(x, y) = kG\{z0}(x,m) + kG\{z0}(m, y) .
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Now, Case I and Case II respectively give

kG\{z0}(x,m) ≤ ϕ2(|x−m|/min{δ2(x), δ2(m)})
and

kG\{z0}(m, y) ≤ ϕ3(|m− y|/min{δ2(m), δ2(y)}) .
We note that max{|x −m|, |m − y|} ≤ 3|x − y| and δ2(m) ≥ δ2(x). Also, ϕ2 and ϕ3 being
monotone, from (4.4) we obtain

kG\{z0}(x, y) ≤ ϕ2(3|x− y|/min{δ2(x), δ2(y)}) + ϕ3(3|x− y|/min{δ2(x), δ2(y)})
≤ 2max{ϕ2(3|x− y|/min{δ2(x), δ2(y)}), ϕ3(3|x− y|/min{δ2(x), δ2(y)})}
= ϕ4(|x− y|/min{δ2(x), δ2(y)})},

where ϕ4(t) = 2max{ϕ2(3t), ϕ3(3t)}.
We verified all the cases, and hence our conclusion holds with ϕ = ϕ4. �

Corollary 4.5. Suppose that {z1, z2, . . . , zm} is a finite non-empty set of points in a domain

G  Rn. If G is ϕ0-uniform, then G \ {z1, z2, . . . , zm} is ϕ-uniform for some ϕ depending on

ϕ0, m and the distance min{d(zi, ∂G), |zi − zj |} with i 6= j, i, j = 1, 2, . . . , m.

Proof. As a consequence of Theorem 4.1, proof follows by induction on m. Indeed, we obtain

ϕ(t) = 2ma(θ/2)m−1 max{π(1 + 3t)/ log 3, a(θ/2)ϕ0(3t)},
where θ = min{d(zi, ∂G), |zi − zj |} with i 6= j and i, j = 1, 2, . . . , m. �

The following property of uniform domains, first noticed by Väisälä (see [11, Theorem 5.4])
in a different approach, is a straightforward consequence of Theorem 4.1. For convenient
reference we record the following Bernoulli inequality:

(4.6) log(1 + at) ≤ a log(1 + t); a ≥ 1, t ≥ 0 .

Corollary 4.7. Suppose that {z1, z2, . . . , zm} is a finite non-empty set of points in a uniform

domain G  Rn. Then G′ = G\{z1, z2, . . . , zm} also is uniform. More precisely if (1.2) holds
for G with some constant C, then it also holds for G′ with a constant C ′ depending on C and

m.

Proof. It is enough to consider the domain G\{z1} when (1.2) holds for G with some constant
C. We refer to the proof of Theorem 4.1. Our aim is to find a constant C ′ such that

kG\{z1}(x, y) ≤ C ′ jG\{z1}(x, y) .

From Case I, we have C ′ = π/ log 3. Since (1.2) holds for G with the constant C, from Case

II we get C ′ = C a(θ/2).
By Case I and Case II, we see that

kG\{z1}(x, y) = kG\{z1}(x,m) + kG\{z1}(m, y)

≤ max{π/ log 3, Ca(θ/2)} [jG\{z1}(x,m) + jG\{z1}(m, y)]

≤ C ′ jG\{z1}(x, y) ,

where C ′ = 6 max{π/ log 3, C a(θ/2)}. Note that the last inequality follows by similar rea-
soning as in Case III and by the Bernoulli inequality (4.6).

Inductively, we notice that uniformity constant for G′ is

6ma(θ/2)m−1max{π/ log 3, C a(θ/2)} = 6ma(θ/2)mC ,
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where a(θ) is defined as in Lemma 2.1 for θ ∈ (0, 1). �

Theorem 4.8. Let θ ∈ (0, 1) be fixed. Assume that G  Rn is ϕ1-uniform and z0 ∈ G. If

E ⊂ Bn(z0, θd(z0, ∂G)/5) is a non-empty closed set such that Rn \ E is ϕ2-uniform, then

G \ E is ϕ-uniform for ϕ depending on ϕ1 and ϕ2.

Proof. In this proof we denote by δ1, δ2 and δ3 the Euclidean distances to the boundary of
G, G \E and Rn \E respectively. Let θ ∈ (0, 1) and x, y ∈ G \E be arbitrary. We subdivide
the proof into several cases.

Case A: x, y ∈ G \Bn(z0, θδ1(z0)/4).
Denote G′ as in Lemma 2.5 but with α = 1/5. Then ϕ1-uniformity of G gives

kG\E(x, y) ≤ kG′(x, y)

≤ a(1/5, θ/4)kG(x, y)

≤ a(1/5, θ/4)ϕ1(|x− y|/min{δ1(x), δ1(y)})
≤ a(1/5, θ/4)ϕ1(|x− y|/min{δ2(x), δ2(y)}) ,

where the first inequality holds by the monotonicity property, second inequality follows by
Lemma 2.5 and last follows trivially.

Case B: x, y ∈ Bn(z0, θδ1(z0)/2) \ E.
If x, y ∈ Bn(z0, θδ1(z0)/4) \ E, then the quasihyperbolic geodesic J := JG\E [x, y] may

entirely lie in Bn(z0, θδ1(z0)/3) or may intersect the sphere Sn−1(z0, θδ1(z0)/3). This means
that the shape of J will depend on the shape of E. So, we divide the case into two parts.

Case B1: J ∩ Sn−1(z0, θδ1(z0)/3) = ∅.
Note that for all z ∈ J , the closest boundary points to z are in E, and thus, J is also the

quasihyperbolic geodesic JRn\{E}[x, y]. Since R
n \ E is ϕ2-uniform we have

(4.9) kG\E(x, y) = kRn\E(x, y) ≤ ϕ2(|x− y|/min{δ2(x), δ2(y)}) .
Case B2: J ∩ Sn−1(z0, θδ1(z0)/3) 6= ∅.
To get a conclusion like in (4.9) it is enough to show that

(4.10) kG\E(x, y) ≤ C kRn\E(x, y)

for some constant C > 0.
Case B2a: x, y ∈ Bn(z0, θδ1(z0)/4) \ E and kRn\E(x, y) > log 3

2
.

Let x1 be the first intersection point of J with Sn−1(z0, δ1(z0)/3) when we traverse along
J from x to y. Similarly, we define x2 when we traverse from y to x (see Figure 6). In
a similar fashion, let us denote y1 and y2 the first intersection points of JRn\E [x, y] with
Sn−1(z0, δ1(z0)/3) along both the directions respectively. We observe that δ2(z) = δ3(z) for
all z ∈ J [x, x1], where J [x, x1] denotes part of J from x to x1. Hence, along the geodesic J
we have

(4.11) kG\E(x, y) = kRn\E(x, x1) + kG\E(x1, x2) + kRn\E(x2, y) .

Now, by the triangle inequality we see that

(4.12) kRn\E(x, x1) ≤ kRn\E(x, y1) + kRn\E(y1, x1) .

By comparing the quasihyperbolic distance along the circular path joining y1 and x1, we
obtain

(4.13) kRn\E(y1, x1) ≤ 4π .
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E

•

•
y

Sn−1(z0, d/4)

•
x

z0

Sn−1(z0, d/5)

Sn−1(z0, d/3)

•x1

• x2

J

Figure 6. The geodesic J intersects Sn−1(z0, d/3) at x1 and x2, d = θδ1(z0).

On the other hand, we see that

(4.14) kRn\E(x, y1) ≥ jRn\E(x, y1) ≥ log
8

7
,

because |x − y1| ≥ θδ1(z0)/12 and δ3(y1) ≤ 7θδ1(z0)/12. Combining (4.13) and (4.14), from
(4.12) we obtain

kRn\E(x, x1) ≤
(

1 +
4π

log 8
7

)

kRn\E(x, y1) .

Similarly we get

kRn\E(x2, y) ≤
(

1 +
4π

log 8
7

)

kRn\E(y2, y) .

A similar argument as in (4.13) and the last two inequalities together with (4.11) give

kG\E(x, y) ≤ 4π +

(

1 +
4π

log 8
7

)

kRn\E(x, y) .

So, by the assumption in this case, the inequality (4.10) follows from the last inequality with
the constant C = 1 + (4π/ log 8

7
) + (4π/ log 3

2
).

Case B2b: x, y ∈ Bn(z0, θδ1(z0)/4) \ E and kRn\E(x, y) ≤ log 3
2
.

The well-known inequality jRn\E(x, y) ≤ kRn\E(x, y) reduces to

(4.15) R :=
1

2
min{δ3(x), δ3(y)} ≥ |x− y| .

Without loss of generality we assume that min{δ3(x), δ3(y)} = δ3(x). Then there exists a
point x0 ∈ Sn−1(x, 2R) ∩ ∂E such that δ3(x) = |x − x0| = 2R. For the proof of (4.10), we
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proceed as follows

kG\E(x, y) ≤ kBn(x,2R)(x, y)

≤ 2jBn(x,2R)(x, y)

= 2 log

(

1 +
|x− y|

δ3(x)− |x− y|

)

≤ 2 log

(

1 +
2|x− y|
δ3(x)

)

≤ 4 log

(

1 +
|x− y|
δ3(x)

)

= 4jRn\{x0}(x, y)

≤ 4jRn\E(x, y) ,

where the second, third and fourth inequalities follow from [1, Lemma 7.56], (4.15) and (4.6)
respectively. Hence we proved Case B when x, y ∈ Bn(z0, θδ1(z0)/4) \ E.

If x ∈ Bn(z0, θδ1(z0)/4) \E and y ∈ Bn(z0, θδ1(z0)/3) \Bn
(z0, θδ1(z0)/4), by considering a

sphere Sn−1(z0, θδ1(z0)r) with r ∈ (1/4, 1/3) we proceed like before.
If x ∈ Bn(z0, θδ1(z0)/4)\E and y ∈ Bn(z0, θδ1(z0)/2)\B

n
(z0, θδ1(z0)/3), then the geodesic

JG\E [x, y] will intersect S
n−1(z0, θδ1(z0)/3). Let m be the first intersection point when we

traverse along the geodesic from x to y. Then along the geodesic we have

kG\E(x, y) = kG\E(x,m) + kG\E(m, y)

≤ kRn\E(x,m) + a(1/4, θ/3)ϕ1(|m− y|/min{δ2(m), δ2(y)})
≤ ϕ2(|x−m|/min{δ3(x), δ3(m)}) + a(1/4, θ/3)ϕ1(|m− y|/min{δ2(m), δ2(y)})
≤ ϕ2(4|x− y|/min{δ2(x), δ2(y)}) + a(1/4, θ/3)ϕ1(10|x− y|/min{δ2(x), δ2(y)}) ,

where the first and second inequalities follow by Case A and the assumption on E respectively.
Thus, we conclude that if x, y ∈ Bn(z0, θδ1(z0)/2) \ E, then

kG\E(x, y) ≤ 2a(1/4, θ/3)ϕ3(|x− y|/min{δ2(x), δ2(y)}) ,

with ϕ3(t) = max{ϕ2(10t), ϕ1(10t)}.
Case C: x ∈ Bn(z0, θδ1(z0)/4) \ E and y ∈ G \Bn(z0, θδ1(z0)/2).
Let p ∈ JG\E [x, y] ∩ Sn−1(z0, θδ1(z0)/4). Then we see that

kG\E(x, y) = kG\E(x, p) + kG\E(p, y)

≤ 2a(1/4, θ/3)ϕ3(|x− p|/min{δ2(x), δ2(p)})
+a(1/5, θ/4)ϕ1(|p− y|/min{δ2(p), δ2(y)})

≤ 2a(1/4, θ/3)ϕ3(|x− p|/min{δ2(x), δ2(y)})
+a(1/5, θ/4)ϕ1(|p− y|/min{δ2(x), δ2(y)}) ,

where the first inequality holds by Case B and Case A, and last holds by a similar argument
as above (or as in the proof of Case III in Theorem 4.1). It is easy to see that

max{|x− p|, |p− y|} ≤ 3|x− y| .
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In the same way, as in Theorem 4.1, the monotonicity property of ϕ3 and ϕ1 gives

kG\E(x, y) ≤ 4 a(1/4, θ/3)max{ϕ2(30|x− y|/min{δ2(x), δ2(y)}),
ϕ1(30|x− y|/min{δ2(x), δ2(y)})}.

By combining all the above cases, a simple computation concludes that the domain G\E is
ϕ-uniform for ϕ(t) = 4 a(1/4, θ/3)max{ϕ1(30t), ϕ2(30t)}, where a(1/4, θ/3) is obtained from
Lemma 2.5. �

Corollary 4.16. Fix θ ∈ (0, 1). Assume that G  Rn is ϕ0-uniform and (zi)
m
i=1 are non-

empty finite set of points in G such that δ(z1) = min{δ(zi)}mi=1. Denote

d := min
i 6=j

{|zi − zj |/2} and δ := min{δ(z1), d} .

If all Ei, i = 1, 2, . . . , m, are non-empty closed sets in Bn(zi, θδ/5) such that Rn \⋃m
i=1Ei is

ϕ1-uniform for some ϕ1, then the domain G \⋃m
i=1Ei is ϕ-uniform for some ϕ.

Proof. As a consequence of Theorem 4.8 the proof follows by induction. �

What we consider above are removing finite number of points or sets from a domain in a
class yields a domain in the same class. In the following, we would like to consider the case
of removing infinite number of points or sets from a domain, but in the geometric sequence.
We first introduce a lemma (see [13, Theorem 2.23]) which is used latter in this section.

Lemma 4.17. Suppose that γ is a c-uniform arc in D with end points a, b. Then

kD(a, b) ≤ 7c3 log
(

1 +
|a− b|

δD(a) ∧ δD(b)
)

.

As a consequence of [11, Theorem 5.4], one can prove that

Theorem 4.18. Let {xk}∞k=1 be a sequence of points in Bn(x0, r) satisfying: xk ∈ [x0, xk−1)
and |x0 − xk| = 1

2k+2 r. Denote E = {x0} ∪ {xk}∞k=1 . Then there exists some constant c such

that Bn(x0, r) \ E is c-uniform.

We now provide a similar result in the case of ϕ-uniform domains.

Theorem 4.19. Suppose that D  Rn is a ϕ-uniform domain and x0 ∈ D. let x0 ∈ D, and

{xk}∞k=1 be a sequence of points in Bn(x0, δD(x0)) satisfying: xk ∈ [x0, xk−1) and |x0 − xk| =
1

2k+2 δD(x0). Denote E = {x0} ∪ {xk}∞k=1. Then D \ E is ψ-uniform with ψ depending on ϕ.

Proof. We note that E ⊆ B
n
(x0,

1
8
δD(x0)). Let x, y ∈ D \ E be arbitrary. We subdivide the

proof into several cases.
Case I: x, y ∈ Bn(x0,

1
2
δD(x0)) \ E.

By Theorem 4.18 we know that Bn(x0,
1
2
δD(x0)) \ E is c-uniform with some constant c.

Then we can join x, y by a uniform arc γ in Bn(x0,
1
2
δD(x0)) \E, hence γ is uniform in D \E

also. Lemma 4.17 shows that D \ E is ϕ2-uniform with ϕ1(t) = c log(1 + t).
Case II: x, y ∈ D \Bn(x0,

1
4
δD(x0)).
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Since D is ϕ-uniform, using Lemma 2.3 we get

kD\E(x, y) ≤ a
(1

4

)

kD(x, y)

≤ a
(1

4

)

ϕ
( |x− y|
min{δD(x), δD(y}

)

≤ a
(1

4

)

ϕ
( |x− y|
min{δD\E(x), δD\E(y)}

)

.

This gives that

kD\E(x, y) ≤ ϕ2

( |x− y|
min{δD\E(x), δD\E(y)}

)

with ϕ2(t) = a(1
4
)ϕ(t).

Case III: x ∈ Bn(x0,
1
4
δD(x0)) \ E, y ∈ D \Bn(x0,

1
2
δD(x0)).

Let w ∈ Sn−1(x0,
1
2
δD(x0)). Then we have

δD\E(w) ≥
1

4
δD(x0) ≥ δD\E(x),

and

max{|x− w|, |y − w|} ≤ 5|x− y|.
Hence

kD\E(x, y) ≤ kD\E(x, w) + kD\E(w, y)

≤ ϕ1

( |x− w|
min{δD\E(x), δD\E(w)}

)

+ ϕ2

( |y − w|
min{δD\E(y), δD\E(w)}

)

≤ 2max{ϕ1

( 5|x− y|
min{δD\E(x), δD\E(y)}

)

, ϕ2

( 5|x− y|
min{δD\E(x), δD\E(y)}

)

}

≤ ϕ3

( |x− y|
min{δD\E(x), δD\E(y)}

)

,

where ϕ3(t) = 2max{ϕ1(5t), ϕ2(5t)}. Hence we complete the proof with ψ = ϕ3. �

Although the following is a consequence of [11, Theorem 5.4], it follows directly from
Theorems 4.18 and 4.19.

Corollary 4.20. Suppose that D ⊂ Rn is a c-uniform domain and x0 ∈ D. Then D \ E is

c1-uniform with c1 depending on c, where E is defined as in Theorem 4.19.

Theorem 4.21. Let {xi}∞i=1 be a sequence of points in Bn(x0, r) satisfying xi ∈ [x0, xi−1) and
|x0 − xi| = 1

2i+2 r. Assume that Bi, i = 1, 2, . . ., are disjoint balls with centers xi and radii ri.
For c ∈ (0, 1), let Ei ⊂ Bn(xi, cri) be the closed sets whose complements with respect to Rn

are ϕ-uniform and satisfy xi ∈ Ei. Denote F = ∪Ei ∪{x0}. Then Bn(x0, r) \F is ψ-uniform
with ψ depending on ϕ.

Proof. Without loss of generality, we may assume that x0 = 0, r = 1 and c = 1
4
.

Let G = Bn \ F , and x, y ∈ G be arbitrary. We prove the theorem by considering three
cases.

Case A: x, y ∈ G \Bn
( 3
16
).
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By the choice of F , we have F ⊂ Bn( 3
16
). Then G \ Bn

( 3
16
) is a c-uniform domain with

some constant c. Hence we can join x and y by an arc γ in G\Bn
( 3
16
) such that γ is a uniform

arc in G. By Lemma 4.17, we see that for every x, y ∈ G \Bn
( 3
16
),

kG(x, y) ≤ ϕ1

( |x− y|
min{δG(x), δG(y)}

)

with ϕ1(t) = c log(1 + t).
Case B: x, y ∈ Bn(1

4
) \ F .

If |x− y| ≤ 1
2
min{δG(x), δG(y)}, then

kG(x, y) ≤
∫

[x,y]

|dw|
δG(w)

≤ 2|x− y|
min{δG(x), δG(y)}

.

If |x− y| ≥ 1
2
min{δG(x), δG(y)}, then we assume that |x| ≤ |y|, and we divide the discussion

of the proof into three subcases.
Case B1: x, y /∈ ∪∞

i=1B
n(xi,

1
2
ri).

In this case, there exist some non-negative integers s and t with s ≥ t such that x ∈
Bn( 3

2s+2 ) \ Bn( 3
2s+3 ) and y ∈ Bn( 3

2t+2 ) \ Bn( 3
2t+3 ). If |x − y| ≤ 3

2t+8 , then we have s = t or

s = t + 1. By corollary 4.16 we get G1 = [Bn( 3
2t+1 ) \ B

n
( 3
2t+5 )] \ F is ϕ0-uniform, where ϕ0

depends on ϕ. Hence

kG(x, y) ≤ kG1
(x, y) ≤ ϕ0

( |x− y|
min{δG1

(x), δG1
(y)}

)

≤ ϕ0

( |x− y|
min{δG(x), δG(y)}

)

,

the last equality holds because δG1
(w) ≥ δG(w) for every w ∈ Bn( 3

2t+2 ) \Bn( 3
2t+4 ).

In the following, we consider the case |x− y| ≥ 3
2t+8 . Let Tx, Ty be 2-dimensional subspaces

determined by x and [0, x1], y and [0, x1], respectively. Let l denote the line determined
by 0 and x1, then 0 divides l into two rays: l1 and l2 with x1 ∈ l2. Denote the points of
intersection of l1 with Tx∩Sn−1(|x|) and with Ty ∩Sn−1(|y|) by px and py, respectively. Then
x and px determine a shorter arc (or semicircle) in circle Tx ∩ Sn(|x|) which is denoted by
α, similarly, y and py determine a shorter arc (or semicircle) in circle Ty ∩ Sn−1(|y|) denoted
by β. Let γ = α ∪ [px, py] ∪ β (see Figure 7), and let m, n be positive integers such that
δG(x) = δRn\Em

(x), δG(y) = δRn\En
(y) and denote G2 = R

n \ (Em ∪ En).
We now prove

(4.22) δG(w) ≥
1

2
min{δG2

(x), δG2
(y)} for every w ∈ γ.

Let p be a positive integer such that δG(w) = δRn\Ep
(w). Then for all w ∈ α we have

δG(w) ≥
1

2
|w − xk| ≥

1

2
|xk − x| ≥ 1

2
δG(x) =

1

2
δG2

(x).

Similarly, for all w ∈ β, δG(w) ≥ 1
2
δG2

(y) holds.

If w ∈ [px, py], then we get δG(w) ≥ δG(px) ≥ 1
2
δG2

(x). The proof of (4.22) follows.
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Α

Β

0

x

px

y

py

Figure 7. Picture for Case B1 : The radii of the circles are 3/2s+3, 3/2s+2,
3/2t+3 and 3/2t+2 respectively, and the small balls contained in the rings are
balls centered at xi and with radii ri/4. We note that the removed sets E ′

is are
contained in such balls.

By (4.22) and Corollary 4.16, we get

kG(x, y) ≤
∫

γ

|dw|
δG(w)

≤ 2

∫

γ

|dw|
min{δG2

(x), δG2
(y)}

≤ 26(2π + 1)
|x− y|

min{δG2
(x), δG2

(y)} ≤ 26(2π + 1)
(

ekG2
(x,y) − 1

)

≤ 26(2π + 1)
(

eH1 − 1
)

= 26(2π + 1)
(

eH2 − 1
)

,

with H1 = ϕ0

(

|x−y|
min{δG2

(x),δG2
(y)}

)

and H2 = ϕ0

(

|x−y|
min{δG(x),δG(y)}

)

, which shows that the theorem

in this subcase holds with ψ(t) = 26(2π + 1)
(

eϕ0(t) − 1
)

=: ϑ(t).

Case B2: There exists some positive integer p such that x, y ∈ Bn(xp,
5
8
rp) \ Ep.

Let G3 = Bn(xp, rp) \ Ep. Then by Theorem 4.8, we know that G3 is ϕ0-uniform. Hence

kG(x, y) ≤ kG3
(x, y) ≤ ϕ0

( |x− y|
min{δG3

(x) ∧ δG3
(y)}

)

≤ ϕ0

( 5|x− y|
3min{δG(x), δG(y)}

)

.

Case B3: There exists some positive integer p such that x ∈ Bn(xp,
1
2
rp) \ Ep and

y ∈ [Bn \Bn(xp,
5
8
xp)] \ F .
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Choose w ∈ Sn−1(xp,
1
2
rp) such that dG(w) ≥ dG(x). Then

|x− w| ≤ rp ≤ 8|x− y|
and

|y − w| ≤ |x− w|+ |x− y| ≤ 9|x− y|.
Hence, Case B1 and Case B2 together yield

kG(x, y) ≤ kG(x, w) + kG(w, y)

≤ ϕ0

( |x− w|
min{δG(x), δG(w)}

)

+ ϑ(
|w − y|

min{δG(y), δG(w)}
)

≤ ϕ0

( 8|x− y|
min{δG(x), δG(y)}

)

+ ϑ(
9|x− y|

min{δG(y), δG(x)}
)

≤ 2max
{

ϕ0

( 8|x− y|
min{δG(x), δG(y)}

)

, ϑ
( 9|x− y|
min{δG(y), δG(x)}

)}

,

which shows that in this subcase the theorem holds with

ψ(t) = 2max{ϕ0(8t), ϑ(9t)} =: ϕ3(t) .

Case C: x ∈ Bn \Bn(1
4
), y ∈ Bn( 3

16
) \ F .

Choose w ∈ Sn−1(1
4
) such that dG(w) ≥ dG(y). Then

max{|x− w|, |y − w|} ≤ 9|x− y|,
which shows

kG(x, y) ≤ kG(x, w) + kG(w, y)

≤ ϕ3

( |x− w|
min{δG(x), δG(w)}

)

+ ϕ2

( |w − y|
min{δG(y), δG(w)}

)

≤ ϕ3

( 9|x− y|
min{δG(x), δG(y)}

)

+ ϕ2

( 9|x− y|
min{δG(y), δG(x)}

)

≤ 2max
{

ϕ3

( 9|x− y|
min{δG(x), δG(y)}

)

, ϕ2

( 9|x− y|
min{δG(y), δG(x)}

)}

= ϕ4

( |x− y|
min{δG(y), δG(x)}

)

,

where ϕ4(t) = 2max{ϕ3(9t), ϕ2(9t)}.
We verified all the cases and our conclusion holds with ψ = ϕ4. �

We now extend Theorem 4.21 to arbitrary domains.

Theorem 4.23. Suppose that D ( Rn is a ϕ-uniform domain and x0 ∈ D. Let {xi}∞i=1 be a

sequence of points in Bn(x0, δD(x0)) satisfying xi ∈ [x0, xi−1) and |x0 − xi| = 1
2i+2 δD(x0). Let

Bi’s be disjoint balls with centers xi and radii ri and for c ∈ (0, 1), let Ei ⊂ Bn(xi, cri) be the

closed sets whose complements with respect to Rn are ψ-uniform and satisfy xi ∈ Ei. Denote

F = ∪Ei ∪ {x0}. Then D \ F is ϕ3-uniform with ϕ3 depending on ϕ and ψ.

Proof. We note that F ⊆ Bn(x0,
3
16
δD(x0)). Let x, y ∈ D \ F be arbitrary. We prove the

theorem by considering three cases.
Case I: x, y ∈ Bn(x0,

1
2
δD(x0)) \ F.
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By Theorem 4.21 we know that D1 = Bn(x0,
1
2
δD(x0))\F is ϕ1-uniform with ϕ1 depending

only on ϕ and ψ. Then

kD\F (x, y) ≤ kD1
(x, y)

≤ ϕ1

( |x− y|
min{δD1

(x), δD1
(y)}

)

= ϕ1

( |x− y|
min{δD\F (x), δD\F (y)}

)

.

Case II: x, y ∈ D2 = D \Bn(x0,
1
4
δD(x0)).

Since D is ϕ-uniform, using Lemma 2.5 with α = 1
4
and θ = 3

4
we get

kD\F (x, y) ≤ kD2
(x, y)

≤ a
(1

4
,
3

4

)

kD(x, y)

≤ a
(1

4
,
3

4

)

ϕ
( |x− y|
min{δD(x), δD(y)}

)

≤ a
(1

4
,
3

4

)

ϕ
( |x− y|
min{δD\F (x), δD\F (y)}

)

.

This gives that

kD\F (x, y) ≤ ϕ2

( |x− y|
min{δD\F (x), δD\F (y)}

)

with ϕ2(t) = a(1
4
, 3
4
)ϕ(t).

Case III: x ∈ Bn(x0,
1
4
δD(x0)) \ F, y ∈ D \Bn(x0,

1
2
δD(x0)).

Let w ∈ Sn−1(x0,
1
2
δD(x0)). Then we have

δD\F (w) ≥
1

4
δD(x0) ≥ δD\F (x),

and
max{|x− w|, |y − w|} ≤ 5|x− y|.

Hence

kD\F (x, y) ≤ kD\F (x, w) + kD\F (w, y)

≤ ϕ1

( |x− w|
min{δD\F (x), δD\F (w)}

)

≤ 2max
{

ϕ1

( 5|x− y|
min{δD\F (x), δD\F (y)}

)

, ϕ2

( 5|x− y|
min{δD\F (x), δD\E(y)}

)}

≤ ϕ3

( |x− y|
min{δD\E(x), δD\E(y)}

)

,

where ϕ3(t) = 2max{ϕ1(5t), ϕ2(5t)}. Hence we complete the proof of the theorem. �
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