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ABSTRACT Reaction systems (RSs) are a computational framework inspired by the interplay between
biochemical interactions. Similarly to regulatory networks, reaction products can dynamically activate
or inhibit other reactions. This provides a framework for discrete-time, interactive computation, where
each state is determined by those reactions enabled in the immediately preceding state and by additional
environmental interventions, if any. Since their introduction, RSs have been extended to study many aspects
of complex systems: multi-agent collaborations, cause-effect relationships, model checking, and many
others. The gap in the literature addressed in this paper is the lack of software tools for simulating and
analysing distributed reaction systems (DRSs). We introduce a process algebraic approach to describing,
simulating, and analysing DRSs. This allows designing complex models by re-using modular components
in a well-structured and compositional way, and analysing them with the BioReSolve modelling software.
We demonstrate our approach by experimenting with distributed Lotka-Volterra models, where multiple
agents evolve according to their own periodic dynamics, but can also synchronise their cycles through diverse
communication topologies.

INDEX TERMS BioReSolve, distributed reaction systems, Lotka-Volterra models, process algebras,
reaction systems.

I. INTRODUCTION is defined by three sets: the set of reactants R (resources

Reaction systems (RSs) are a computational modelling
framework inspired by biochemical reactions in living cells.
Introduced by Ehrenfeucht and Rozenberg [1], they provide a
way to model interactions in biological, chemical, or abstract
systems where the behaviour is governed by principles
of enabling and inhibiting, depending on the presence or
absence of specific resources. A reaction system consists
of a finite background set of elements (often called entities
or resources) and a finite set of reactions. Each reaction
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that must be present for the reaction to be enabled), the set
of inhibitors I (resources that must not be present for the
reaction to be enabled), and the set of products P (entities
produced if the reaction is enabled). Reaction systems evolve
in discrete steps, interpreted as state transitions. The current
state is defined by the set of entities present at a given
moment, possibly supplemented by some external entities
provided by the environment (also called context). A reaction
is enabled in the current state if all entities in R are present
and no entities in / are present. At each step, all and only
the enabled reactions occur simultaneously, and the union of
their product sets are made available in the next state. Entities
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from the previous state that are not produced by any enabled
reaction decay and disappear in the next state. This abstract
model captures key biological phenomena, for example,
gene expression and inhibition depending on the presence
of transcription factors, enzymatic activity depending on
the molecular environment, and regulatory mechanisms that
allow cells to respond to external signals.

The reaction systems framework has been widely inves-
tigated for its mathematical properties [2] and has been
employed in a variety of application areas. In systems and
synthetic biology, it has been used for modelling regulatory
networks [3], [4], [5], controlling signalling networks [6],
and for exploring treatment strategies [7]. In molecular
chemistry, it supports abstract modelling of chemical reaction
networks [8]. In computer science, it has been applied to
formal verification [3], [9], [10], [11], concurrency [12], [13],
[14], and membrane computing [15], [16].

Compared to other computational models, the key advan-
tages brought by reaction systems as a modelling framework
are its simple and intuitive computational mechanisms—
facilitation and inhibition, no counting—making it imme-
diately understandable and widely applicable across all
natural sciences. Existing approaches, such as chemical
reaction networks [17], reaction-diffusion systems [18],
Boolean networks [19], Petri nets [20], and stochastic
process algebras [21], typically focus on capturing the
emergent dynamical properties of systems, driven by con-
current resource access, quantitative configurations, and
stochasticity. In contrast, reaction systems adopt a first-
principles approach, where reactions can inhibit one another
through their products, which explicitly function as reactants
or inhibitors for other reactions. This provides a novel
framework for tracing complex, multi-step cause-effect
bindings in dynamical systems.

Distributed reaction systems (DRSs) build upon standard
reaction systems by introducing the idea of several agents
placed in multiple locations (or components), each with their
own local context and local reactions, but also capable of
communicating or influencing each other. Several variants of
distributed (or networks of) reaction systems were introduced
in [22] (full version in [11]) and further investigated in [23],
[24], [25], [26], [27], [28], [29], and [30]. They link
reaction systems to the rich computer science literature on
distributed and concurrent systems, bringing them closer
to modelling multicellular systems, tissue-level interactions,
and compartmentalized systems in biology and ecology.
A distributed reaction system consists of several components,
with each component having its own local set of reactions and
local state. Various communication mechanisms have been
proposed, allowing products and even reactions to be moved
across components. The context can also be local to each
component, or global to the entire system.

The standard mathematical formalism for expressing,
analysing, and simulating concurrent communication proto-
cols in distributed systems is process algebra and the many
process calculi built on it [31], [32]. They are very effective
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FIGURE 1. The figure illustrates the typical BioReSolve usage workflow:
1) BioReSolve.pl is the main Prolog module that contains all rules and
predicates necessary for computing behavioural properties of reaction
systems. After being loaded by the Prolog engine, it provides all
functionalities of our framework. 2) RS spec.pl is the user-defined file
that includes the reaction system specification. It encodes the specific
biological model to be analysed (e.g., entities, reactions, contexts, etc.)
and must be loaded together with BioReSolve. 3) The user interacts with
the system by invoking the main predicate main_do ((option)) in the
SWI-Prolog environment. 4) The result is saved to the file system, in a
new, plain text, file. For LTS, the output is in DOT format, which can then
be visualized using popular tools such as Graphviz (standard graph
rendering and layout) or Cytoscape (particularly suited for large networks
visualization).

in modelling communication and concurrency features and
have been widely applied to modelling distributed systems,
including biological compartments [33]. Process algebra has
been used to describe standard reaction systems in [7], [13],
[14], [34], [35], [36], [37], and [38].

In this paper, we introduce a process algebraic seman-
tics for handling communication patterns within reaction
systems, extending its applicability to distributed reaction
systems. We define a notion of located reaction system,
which can be executed on a single node of a network and
is allowed to send and receive entities to and from its
neighbours. The network is represented as a directed graph,
where the direction of each arc constrains the direction of
communication. Each node’s local environment consists of
its set of neighbours and its own context set. Following [35],
we adopt an expressive notion of contexts: processes can be
with guards, non-deterministic and recursive, allowing for
infinite interactive computations over a finite state space.
We extend the definition of our processes by adding a
user-friendly syntax that supports direct communication
between processes, the assignment of names to processes, and
the use of a communication operator to send entities to other
processes by referring to their names.

To support this framework, we developed a new prototype
interpreter implemented in SWI-Prolog, and set it up as part
of the BioReSolve tool, freely available at [39] both as an
online interface and as downloadable code for stand-alone
installation. This addresses an important gap in the blos-
soming research on distributed reaction systems: the lack of
computational tools to support their simulation and analysis
under various communication policies and interactions with
the environment. BioReSolve is a rapid prototyping tool for
the simulation, analysis, and verification of reaction system
models, first introduced in [36] and later extended in [40].
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BioReSolve implements fully non-deterministic simulation
of a reaction systems model, as well as the whole state
space generation. Figure 1 shows the way to interact with
BioResolve. The SWI-Prolog interpreter takes as input the
tool source code (BioResolve.pl) and the system model
(RS spec.pl). Then the user can use one of the option
for the command main_do(...). Different options, each
consisting of a Prolog atom, can be used depending on
the type of analysis or operation to be performed (e.g.,
simulation, reachability, trace generation, causal analysis,
LTS generation). For example, the query main_do(digraph)
generates the entire labelled transition system (LTS). The
appearance of nodes, arcs and labels is fully customizable
by the user, e.g., to automatically colour the nodes depending
on their content, or to select which entities to display or hide
inside node and arc labels. The output is in DOT format that
can be visualized with Graphviz or Cytoscape tool. Besides
LTS generation, BioReSolve offers several capabilities,
ranging from sanity checks (presence of irrelevant entities,
dead reactions, etc.) and state-space exploration of reaction
systems to allow for behavioural property verification,
such as reachability, cyclicity, and stability analysis. Since
the tool has been designed in close connection with the
syntax and operational semantics of the process algebraic
version of reaction systems, it inherited some important
modularity and compositionality features of the process
algebraic approach that made it possible to progressively
introduce novel features, such as the support for guarded
contexts and several model transformations. It is intended
for researchers in computational systems biology and formal
methods, facilitating reproducible and symbolic analysis of
RS-based models. A key usability feature of BioReSolve
is its ability to represent multiple biological experiments
within a single model, enabled by the rich information
encoded in transition labels. It addresses an important
gap in the software support for modelling with reaction
systems. Despite theoretical connections to other modelling
frameworks such as membrane systems [15], Petri nets [20],
temporal logic [41], [42], there are only very few tools
available for experimenting with reaction systems. They
include HERESY [43] (https://github.com/aresio/HERESY,
GPU-based simulator, no longer maintained), WebRSim [44]
(https://github.com/scolobb/brsim, basic simulator, no longer
maintained), ReactICS [41] (https://reactics.org, model
checking tool for temporal logic properties), and an FPGA-
based implementation [45]. None of them specifically
supports distributed reaction systems.

As another important contribution, we have defined,
implemented, and analysed the first (Distributed) RS model
of a distributed Lotka-Volterra system. The model consists
of multiple Lotka-Volterra models, each expressed as a
reaction system, communicating with each other using
custom communication graphs (defining who communicates
to whom) and communication policies (defining what can be
communicated). We demonstrate the expressiveness of our
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implementation by showing that a wide range of commu-
nication topologies and policies can be easily specified and
explored. This flexibility allows for a deeper understanding
of how different configurations may influence the emergent
behaviours of the overall distributed system.

The paper is structured as follows. In Section II we recall
the standard formulation of RSs, while in Section III we
overview its process algebraic version and start introducing
the distributed Lotka-Volterra model in Reaction Systems.
In Section IV we introduce the principles that govern our
novel process algebra for DRSs and we show how to
encode them in standard RSs. In Section V we present some
examples of computations between communicating agents in
the context of a Lotka-Volterra prey-predator system. Related
work concerning extensions of RSs with communication
capabilities is discussed in Section VI. Some concluding
remarks are in Section VII.

Il. REACTION SYSTEMS
In the following, we use X#Y to denote the disjointness
requirement between two sets X and Y: X#Y £ (XNY) = .

Let S be a finite set of entities called the background set.
A reactionin S is atriplea = (R, I, P), where R, I, P C § are
the sets of reactants, inhibitors, and products, respectively,
with R, I, P # & and R#l.

A state of the reaction system is a subset of entities W C §
currently available to the system. Reaction a = (R, I, P) is
enabled in state W if R € W and I#W , written en,(W). Then,
the result of applying reaction a in state W is defined as

P, ifeny,(W),
@  otherwise.

resqa(W) £ [

A reaction system is a pair A = (S, A) where S is the
set of entities, and A is a finite set of reactions over S. For
a state W C S, the result of the reactions A in W, denoted
res4 (W), is the union of all products of enabled reactions, i.e.,
resa(W) £ Ugearesa(W).

The dynamic behaviour of a RS A = (S, A) is formalized
as an interactive process. An n-step interactive process in A,
with n > 0, is a pair & = (y, 8):

e ¥ = {Ci}igo,n is called the context sequence, where

C; C Sforanyi € [0, n];
e & = {D;}ic[0.n) 18 called the result sequence, where D; C
S for any i € [0, n], with Dg = @ and D;11 = resa(D; U
Cy)foranyie [0,n—1].
We let W; £ C; U D; for any { € [0,n] and we call t e
Wo, ..., W, the state sequence.

A. RUNNING EXAMPLE: A REACTION SYSTEM-BASED
LOTKA-VOLTERRA MODEL

The celebrated Lotka-Volterra (LV) model originated from
chemistry [46], [47] and ecology [48], and it found
applications in competitive dynamical systems of many
types, especially in economics [49]. The model describes
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the evolution of two species whose dynamics depend on
each other’s level. It is usually described in terms of a
predator-prey population model. Throughout this paper we
will use ‘foxes’ to refer to the predator population and
‘rabbits’ to refer to the prey population. In the basic variant
of the model that we follow in this paper, the prey/rabbit
population p is assumed to have access to an unlimited
amount of food, and their multiplication is unhindered.
On the other hand, the multiplication of the predator/fox
population ¢ is assumed to depend on the availability of the
prey population. The model is typically described using the
following chemical reaction network:

(Prey multiplies) P N, I 05

(Prey being hunted) p+¢ i) R
(Predator multiplies) p +¢ = p+ 2% ¢;
(Predator dies) ) i) o,

where a, b, c,d are the kinetic rate constants of each
reaction and p, ¢ are the variables for the prey and predator
populations, resp.

We introduce a discrete version of the Lotka-Volterra
model based on reaction systems. This example will be used
throughout this paper.

Example 1 (A Simple RS for Lotka-Volterra): We dis-
cretize the rabbit and the fox populations into only two levels,
one denoting a “low” level (entities r and f, resp.) and the
other denoting a “‘high” level (entities R and F, resp.) The
model consists of the following four inhibitor-free reactions
over the background set § = {r, f, R, F}:

(Prey multiplies) ar = r, f}, @, {R, f});
(Prey being hunted)  a» = ({R, F}, @, {r, F});
(Predator multiplies) a3z = ({R, f}, @, {R, F});
(Predator dies) as = (r,F}, @, {r,f).

The model indeed exhibits the expected Lotka-Volterra
periodic behaviour, as seen in its context-free state-transition
graph Figure 2(a): starting from any combination of low/high
levels of rabbits and foxes, the model cycles through 4 states
in which the two variables switch between low and high.

Ill. A PROCESS ALGEBRA OF REACTION SYSTEMS
In this section we briefly recall the algebraic syntax and
the formal semantics for RSs based on SOS inference rules,
as introduced in [36]. We adopt the algebraic variant of
reaction systems that supports the use of guarded contexts
[50]. We provide only an intuitive overview, as a detailed
presentation of the SOS rules and their induced semantics is
not essential for the purposes of this work. A comprehensive
account is in [36].

Definition I (RS Processes): Let S be a finite background
set. An RS process P is any term defined by the following
grammar:

P :=[M]
M:= R,I,P)| D | K| MM
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K:=0|RI,COKIK+K|A

where R, I, P, D, C C S, R#I and A are identifiers belonging
to a predefined family A = {A; £ K}ics, called the
environment, of recursive context definitions.

Without loss of generality, we allow the sets R, I, P to be
empty in Definition 1, as auxiliary symbols can always be
introduced to represent entities that are permanently present
or absent, if required.

An RS process P encloses a mixture process M composed
of the parallel composition of some reactions (R, I, P), some
sets of entities D (possibly empty), and some context K.
We write [ [, M; for the parallel composition of all M; with
jelJ.

A context process K is a non-deterministic and recursive
system. The nil context 0 stops the computation. Given the
current set of entities D, a guarded prefix (R, I, C).Kis used to
check if R € D and I#D, in other words, whether all entities
in R are present and none from I are present in D. In this case,
the process contributes the entity set C and the continuation
K will represent the context at the next step. Otherwise,
it behaves as the nil context. The syntax of the guarded prefix
is intentionally similar to that of reactions, as it checks for
the presence of reactants R and absence of inhibitors / with
respect to the current entities D, in order to provide the entities
in C. When both R and I are empty, we use the shorthand
C .K. The non-deterministic choice K; 4K, allows the context
to behave as either K; or Kj. Finally, the constant process A
behaves as determined by K if its definition A £ K is present
in the environment A.

We say that P and P’ are structurally equivalent, written
P = P/, when they denote the same term up to the laws of
commutative monoids (unit, associativity and commutativity)
for parallel composition - |-, with & as the unit, and the laws of
idempotent and commutative monoids for choice - + -, with
0 as the unit. We also assume D{|Dy = D; U D, for any
Dy, D; C S. Under these assumptions, any process M can
always be written in a standard form

DI(JT Ko I R 1, P
kekK jeJ
for some suitable sets of reactions {(R;, 1;, P;) | j € J} and
contexts {Ky | k € K}.

Definition 2 (RS Processes): Let A = (S§,A) be a RS,
and 7 = (y,§) an n-step interactive process in .4, with
v = {Ci}ie[o,n) and 8§ = {D;}ie[0,n]. For any step i € [0, n],
the corresponding RS process [ A, ]; is defined as follows:

[A, 7] £ |:Dl' | Kyi | Ha:|
acA
where Kyi e Ci.Ciy1.- - .C,.0 is the serialization of the
entities offered by y' (the shifting of y at the i-th step).
We write [ A, 7] as a shorthand for [ A, 7.
The operational semantics of RS processes is compo-
sitionally defined by SOS inference rules in Table 6 in
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the Appendix. This semantics induces a labelled transition
system, whose nodes are RS processes P and whose transition
labels £ carry some information about the conditions under
which the transition, from the source state to the target states,
is possible. Each rule defines the behaviour of a single syntax
operator: the premises in the upper part of the inference
rule describe the conditions to be verified inductively for the
operator to act, while the lower part describes the transition
that can occur if the premises are satisfied. As an example, the
rule (Par) is applied when two sub-processes are executed
concurrently and verifies that their transition labels are
compatible (written £; —~ £). Axioms, like rules (Ent) and
(Pro), have no premises to be verified in the upper part and are
thus always applicable. Rule (Sys) is responsible for verifying
that all the rules associated with each operator that is present
in the current state configuration have been executed and that
all reactants that were required by subprocesses were indeed
available. Roughly, a transition label £ records all information
related to the underlying step, like the sets D of entities
currently in the system and the overall set of entities C that
are provided by context processes. For the purposes of this
paper, it is not relevant to know the details of the label syntax,
thus we skip their description and in the following examples
we report just their underlying set of entities provided by the
context or just omit them. Moreover, when the whole LTS of
a RS process is shown, we further simplify the notation: by
noticing that reactions are persistent we omit them from node
names.

From [36, Theorem 19] it is known that the SOS semantics
of an RS process matches the set-theoretic dynamics of
its underlying Reaction System. More precisely, for any
Reaction System A = (S,A) and any interactive process
m = (y,8) in A, with y = {Ci}icjo,n] and § = {Di}ic[0.n],
any outgoing transition from [A, 7]; leads to [A, w]iti.
According to the above simplifications about transition labels
and node naming, the corresponding transitions are written

[Di 1K,:] =5 [Dist 1 Kyin].

The following example illustrates how the LTS semantics
works exploiting the already mentioned Lotka-Volterra (LV)
model for describing the evolution of two species whose
dynamics depend on the number of each other.

Example 2: Following our running Example 1, the back-
ground set S = {f, F,r, R} contains the four entities for
describing the evolution of a system populated by foxes and
rabbits, where f and r denote a low level of foxes and rabbits,
respectively, and F and R denote a high level of foxes and
rabbits, respectively. Here the context gives no entities: K =
@K, thus the dynamics is only regulated by the reactions.
In the following we let Rct = a; | a2 | asz | a4 denote
the parallel composition of the four reaction of the model in
Example 1. Assuming our initial state contains a few foxes
and rabbits, then its configuration is: Pg £ [{f, r} | K| Rct].
The execution of Py generates a four-state cycle:

z 2] 9] %) z
Pop—>P =P, =>P3=>Py—---
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where P; = [{f, R}|K|Rct], P, £ [{F, R}|K|Rct], and
Ps; £ [{F, r}|K|Rct]. Starting in Py, where there is a low
number foxes (i.e., the predators), the population of rabbits
can grow in P; while the population of foxes remains small.
Then, in P; there is plenty of food for foxes, i.e., a high
number of rabbits, their population grows in P;, while the
population of rabbits remains large. In P53 the abundance of
the predators will decrease the population of rabbits. This
is the cause of the decrement of the fox population that
brings the system back to Py, and from now on the dynamics
will be cyclic. Since the recursive context K and the set of
reactions Rct do not change over time we further abbreviate
the notation and write (see Figure 2(a), for a graphical view):

In the next example, we show what happens when a
different context recursively provides a small number of
rabbits at each step.

Example 3: Consider the RS of the Example 2. We model
the context that recursively introduces some extra number of
rabbits at each step: K £ {xr}.K, where we introduce a new
element xr to be distinguished from the reaction product r.
Introducing additional rabbits induces the configuration of
the system to change to a high level of rabbits, regardless
of what their level was to start with. In other words, having
{r, xr} in the current state is considered equivalent to having
{R}. To account for this conceptual equivalence, the reactions
are extended as follows:

(Prey multiplies) ar = ({r, f}, {xr}, (R, f});
(Prey being hunted)  a; = ({R, F}, @, {r, F});
dy = ({r,xr, F}, @, {r, F});
(Predator multiplies) a3z £ ({R,f}, @, (R, F});
dy = ({r,xr, f}, @, (R, F});
(Predator dies) as 2 ({r, F}, {xr}, {r, ).

Now, let Ret’ = ay | a» | d5 | a3 | d5 | as and
Po £ [{r,f}|K|Rct']. Due to the activity of the context,
in Po only reaction aj is enabled as the combination of r
and Xr amounts to the presence of a large number of rabbits.
The following evolution of the system is characterised by the
constant presence of a large number of rabbits, either as a
direct product of the reaction execution or as an effect of the
provision by context (see Figure 2(a) for a graphical view of
the system evolution):

(U T ) R () R [ B

Our context can also behave non-deterministically, and in
the next example we exploit this possibility letting the context
non-deterministically provide the set {Xr} or the empty set.

Example 4: Consider the RS of the Example 3 where
we change the context behaviour such that at each
step it can either provide some extra rabbits or none:
K’ £ {xr}.K' + @.K'. Given the non-deterministic behaviour
of the context, from Py £ [{r, f}|K'| Rct'] there will now
be two possible branches, depending on what the context
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FIGURE 2. The dynamics of a single-agent reaction system-based Lotka-Volterra model indicated through its state-transition graph. Each node in the
graph represents a model state, defined by the levels of foxes (‘f’ for low, ‘F’ for high) and rabbits (‘'r’ for low, ‘R’ for high). Each edge represents a state
transition. In yellow we indicate the nodes corresponding to cycles in the graph. (a) Under a context-free evolution, i.e., with no contribution from the
environment, the model cycles through its four states, switching between low/high levels of rabbits and foxes. This is the expected Lotka-Volterra
periodic model behaviour. (b) When the environment offers a constant surplus of rabbits (Example 3), indicated by xr on the state transitions, the
model converges into a state where the surplus of rabbits is turned into a high level of foxes and a low level of rabbits. This is in accordance with the
model rule ‘Predator multiplies’: from a state with high levels of both rabbits and foxes, the system transitions into a state with high levels of foxes
and low levels of rabbits. The surplus of rabbits is not visible in the state because the model rules transforms it immediately into a high level of foxes
and a low level of rabbits. (c) The non-deterministic dynamic of the model under an environment that may occasionally introduce a surplus of rabbits
(Example 4). For example, from state “fr’ the model will transition to state ‘fR” with an empty environment and to state ‘FR’ if the environment

introduces a surplus of rabbits ‘xr".

will provide: the set {xr} or the empty set. In the first case,
the system will evolve in the state [{R, F}|K’|Rct] by
firing reaction aj; in the second case the context introduces
the empty set, and the system will evolve in the state
[{R,f} |K'| Rct'] by firing reaction a;. The subsequent
evolution is depicted graphically in Figure 2(b), where we
label the edges with {xr} or with & depending on what the
context provides and where the always present components K’
and Rct’ are omitted from node names. Please note that in the
graph in Figure 2(b), the transitions labelled with the symbol
& draw a graph that corresponds to the graph in Figure 2(a).

To show how guarded contexts can be exploited, in the next
example, at each step, the context will introduce Xr only when
the current state has a low level of rabbits {r}.

Example 5: Consider the RS of the Example 3, where
we replace the purely non-deterministic context K’ by the
guarded context K" £ ({r}, @, {xr).K" + (@, {r}, @}).K".
The new context behaves in a slightly different way: it
recursively checks at each step if in the system there are few
rabbits, and only in that case it provides the set {Xr}. Letting
Po £ [{f, r}|K” | Rct'], we get the (deterministic) transition
system

{xr}
—

{xr}

[{f, r}] [F. Ry 2 ((F. 1 25 F )

Notice that, when we omit the transition labels, the LTS is the
same as the one in Figure 2(a), Example 3.

IV. A PROCESS ALGEBRA OF DISTRIBUTED RS

The distributed version of reaction systems we intend to
model consists of a static network where each node hosts a
single, local RS process whose reactions can send products
to neighbour nodes. Communication is asynchronous and
transmitted products will be available at the next time instant.
At the level of syntax, we assume each node of the network
is uniquely identified by its location name n, drawn from a
given set . Location names can be seen as some sort of
networking address and are attached to RS processes: the
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term n[M] represents a located process identified by n € N.
Location names are also used to specify the destination of
some products of reactions: the notation n[e] denotes the
product e assigned for delivery to location n. As a shorthand,
we write n[P] for the located set of entities {n[e] | € € P}.

Definition 3 (DRS Processes): Let S be a finite back-
ground set and NV be a finite set of location names. We let
NIS] £ {nle] | n € N,e € S} be the corresponding set
of located entities and § 2 S U N [S] the set of admissible
products. A DRS process P is any term defined by the
following grammar:

P :=n[M]| P|P
M:=(R,I,P)| D |K|MM
Ki=0|R,I,OOK|K+K|A

whereR,I,C C S,D,P C S and A is an identifier belonging
to a predefined family A = {A; £ K;};¢; of recursive context
definitions.

A located RS process P is defined as a parallel composition
of located RSs, n[M], each one composed by the parallel
composition of some local reactions, some local sets of
entities D (possibly empty), and some local context K.
There are three key differences w.r.t Definition 1: first, each
local process M is executed within a separate container
n[-]; second, the products of reactions can contain both
ordinary entities € and their located versions n[€e] for some
destination »; third, located entities are also allowed to
appear in the local state, because D C S. The third
extension is just a technical convenience for allowing the
local production of a located element n[€] within the current
container m[-] even if it is targeted to a different destination
n # m. In fact, DRS processes are subject to the following
congruences:

n[MIM'] = n[M]|n[M'],n[m[D]] = m[D],
withn, m e N.
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We remark that both reactions (R,I,P) and guarded
context prefixes (R, I, C).K can only inspect local states,
because R,/ < § cannot involve located entities, contrary
toP C §. Similarly, local contexts can only produce local
entities, because C C S'in (R, I, C).K.

As usual, any process M can always be written in a standard
form

DI(JT Ko I [®. 15, P)

kek jeJ

and we call M a plain process when D C S. Correspondingly,
any DRS process P can always be written in a standard form
[T,.epr nIM,], where each process M, is plain.

The semantics is defined by the inference rules in Table 6
together with the inference rules in Table 7, where rule
(Sys) in Table 6 is replaced by rule (Loc) in Table 7. The
inference rules induce a labelled transition system; as before
we leave the full technical details about transition labels to
the appendix, as they are not relevant for the discussion of
our main case study in Section V.

A. COMMUNICATION TOPOLOGY IN DRS

Given a DRS process P = [],can[M,] where each M, is
plain, we denote by msg(M,) the set of possible outgoing
messages of M,,. Formally:

msg((R, I, P)) = PNNS]
msg(K) £ @
msg(D) Ly
msg(MIM") £ msg(M) U msg(M’)

Then, the network of P is the labelled directed graph
(N, —) whose set of nodes is A and whose transition relation
—C N x S x N is such that:

e

n—m iff mle] € msg(M,,)

To some extent, the presence of the arc n s m means
that the location n can act as a context for location m by
producing some additional entities for m through reactions
in n and thus n can influence the behaviour of m. When n
and m are connected in both directions it means that a mutual
influence is possible. In the next example, we deploy two
copies of the same reaction system in two different nodes that
can communicate each other. As a matter of notation, in the
following we denote by P[m/n] the DRS process obtained by
replacing with m all the occurrences of name n that are in P.

Example 6: Let us consider the reactions introduced in
Example 3. We extend them in such a way that whenever a
large number of rabbits is produced, some extra rabbits will
reach a neighbour location n. Correspondingly, the reactions
can be rewritten as follows:
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(Prey multiplies) ap 2 (r, 1}, {xr}, {R, f, n[xr]}):
(Prey being hunted)  a» =& ({R, F}, @, {r, F});
dy = ({r,xr, F}, @, {r, F});
(Predator multiplies) a3z = ({R, f}, @, {R, F, n[xr]});
dy & ({r,xr, f}, @, (R, F, n[xr]});
(Predator dies) as = ({r, FY, {xr}, {r, ).

The above reactions can be used to define a local process
M £ {r,f} | Rct’, where let Ret' = a; | ay | d) | a3 | dy | as.
Since the context has not a role in this example, we just
omit it. In order to deploy two copies of M in two different
locations 1 and 2, let us define Rct; £ Rct'[i/n] and M; £
M[i/n] = {r,f}|Rct; for i € {1,2}. Then, we let the DRS
process

Po £ 1[M2]12[M1] = 1[{r, f} | Rety] | 2[{r, f} | Ret)].

At the beginning, only reaction a; is enabled in both
locations, and therefore we have the transition

1, 1120 5] 2 1R £, 20xr1} [ 20R. 1, 1[xr]}]

where, as usual, we omit to mention Rct] and Rct) because
they are always present and unchanged. Exploiting structural
congruence, the target process can be rewritten in the form

IR, £, 2[xr} 1 2[{R, f, 1[xr1}]
LR, S L2011 20R, $111 2[{1[xr1}]

= 1[{R, f}] | {2[xrT}1 [ 2({R, f}1 | {1[xr]}]
= 1[{R, f, xr}]1| 2[{R, f, xr}]

At the next step, only reaction a3 is enabled in both
locations. Thus:

1[{R, f, xr}1| 2[{R, f, xr}] 2, 1[{R, F, xr}1|1 2[{R, F, xr}]

where in the target configuration we have already exploited
structural congruence to embed directly the extra rabbits
produced in one location to their destination.

At the next step, only reaction ap is enabled in both
locations:

LR, F.xr}] | 2[{R. F, xr}] 2 1[{r, F}] | 2[{r. F}]

This time, no extra rabbits are supplied to neighbour
locations, so that only reaction a4 is now enabled, leading to
the transition

L{r. FY1 1204, FY 2 1 £ 1204 1))

that brings the system back to its original configuration
Po. The behaviour is summarised by the central loop in
Figure 3(a), where it is also shown what does it happen
if any possible combination of initial configurations are
chosen for the two systems. Notably, no matter which
initial configuration is considered, after a few transitions
the populations of preys and predators in both locations
will “synchronise”, reaching the central loop we have just
described.
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B. FLATTENING

Although DRSs provide a suitable framework for composing
communicating RSs along different patterns, and to study
their emergent behaviours, it can be shown that they are as
much expressive as ordinary RSs. More precisely, for every
DRS process P over the set of names N and entities S, we can
define an RS process F(P) over the background set S that
exhibits an isomorphic LTS. Vice versa, the behaviour of any
RS process P = [M] is isomorphic to the behaviour of the
DRS process n[P] (up to the obvious renaming of entities that
sends e to n[e]). These correspondences are formalized by
Theorem 8 in the Appendix.

Showing that a distributed reaction system can be mapped
to an equivalent reaction systems process is important to
show that interactions between agents may be embedded
in a reaction systems process. However, it also shows two
practical remarks: (1) distributed reaction systems allow for
more compact model specifications and are more readable
for communication than reaction systems processes, and (2)
flattening can be useful for implementing distributed reaction
systems on top of an existing implementation of reaction
systems processes.

The mapping F(-), from DRS processes to RS processes,
is called the flattening and it is defined as follows:

F(T aMa) £ [ [T 7. Mn)]

neN neN

The auxiliary function F(-, -) is in turn defined as follows:

F(n,Mi|My) £ F(n, M})| F(n, My)
F(n, D) £ n[D]
F(n, (R, 1, P)) £ (n[R], nlI], n[P])
F@n, 0020
F(n, (R, 1,C).K) £ (n[R], n[I], n[C]).F(n, K)
Fn, K+K) = Fn, K)+ Fn,K)
Fn,A) £ A,

FAA 2 Kidien) 2 | 1A & Fn, Kier
neN

where, as usual, we assume that m[n[e]] = n[e] and that
for each definition A £ K in the environment A, there is a
corresponding definition A, £ F(n, K) in the environment
F(A).

Roughly, the flattening transforms a generic DRS process
[1,, n[M,] to the RS process [Hn F(n, Mn)], where all located
processes M,, can be executed together within the same group
[-] because the names of their locations are now embedded in
the names of the entities.

Example 7: Let us consider the DRS Py from Exam-
ple 6. The flattened process F(Pg) is the RS process
[{1[r1, L[f1, 2[r1, 2[f]} | Rcty 2], where Rct; > is the parallel
composition of all the following reactions.
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(Preymult.) — ay 1 = ({11r], 1f), {11xrT}, {1[R], 1[f1, 2[xr1});
ar2 = ({2[r], 21}, {20xr1}, (2[R, 21f], 1xr1;
(Prey hunt.) — ap1 = ({1[R], 1[F]}, &, {1[r], 1[F1});

dy | 2 ({1Ir. 10xr, 1F1 2, (1], 1T

a2 2 ((2[R1, 2[F1), @, {2[r], 2[F1));

dy 5 2 ((2[r]. 2[xr], 2[F1), @, {211, 2[F]}):
(Pred. mult.) a3 £ (1R, 1[f1}, @, {1[R], 1[F1, 2[xr1});

dy £ (1], 1[xr], 11f1), @, {1[R]. 1[F], 2[xr]);

a2 ((2[R1, 21f1), 2. (2[R], 2[F], 1[xr1]);

dy 5 2 ((21r], 2[xr], 2[f1), @, {2(R], 2[F]. 1[xr]});
(Pred. dies)  as,1 2 ({1[r], 1[F1}, (1[xr]}, {1[r], 1[f1));

a2 ({2011, 2[F1), 20x11), (211, 20f1)).

lI> f1>

> >

The above example witnesses the conceptual advantages
offered by the concept of DRS in terms of modularity,
conciseness, re-usability, understandability and flexibility
w.r.t. a direct modeling of complex scenarios in terms of
ordinary RSs.

V. CASE-STUDY: THE LOTKA-VOLTERRA MODEL

In this section we investigate the applicability of DRS
to the modelling of multi-agent systems of increasing
complexity. To this aim we build on the running example
of Lotka-Volterra models for predator-prey systems, by con-
sidering a variety of node distributions and communication
patterns among neighbours. More concretely, we consider
a distributed, multi-agent Lotka-Volterra model, where each
agent evolves according to its own LV model, and whose
state may be influenced by contributions from neighbouring
agents. We investigate whether through communication the
agents get to synchronize their LV cycle regardless of
their initial states. We demonstrate that, depending on the
communication topology and each agent’s communication
policy, the different agents may or may not eventually
synchronize their cycles. The predator-prey metaphor that we
follow is that where rabbits and/or foxes can escape from one
forest to a neighbouring forest if their level is high. The details
of the model depend on the topology of the communication
(defining who may send to whom) and on the policy of
the communication (defining what may be sent). Getting an
influx of either rabbits or foxes will set the corresponding
variable on ‘high’, even if its local status without the influx
would have been ‘low’. In this section we discuss the process
algebraic formulation of the model. The reaction system
formulation of the model is in the Appendix.

Our model consists of a family of k > 2 agents, numbered
from 1 to k. Each agent is modelled through its own reaction
system, but all reaction systems rely on the same background
set and their reactions differ only with the aspects related
to communications of entities to neighbouring nodes. As a
preliminary step towards the final model, let us remind the
entities considered so far:

o we use r and R to represent low/high levels of rabbits,
respectively;

o we use f and F to represent low/high levels of foxes,
respectively;
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o we use Xr and xf to represent extra levels of rabbits/foxes
coming from surrounding contexts, respectively.

Since we want to study the behaviour of the network
according to any initial configuration of each agent, the initial
ingredient is a non-deterministic context that provides the
initial levels of rabbits and foxes.

K.z £ {r}.Emp + {R}.Emp
K £ {f}.Emp + {F}.Emp
Emp £ @.Emp

The use of the recursive vacuous process Emp is needed
as a continuation because the use of 0 in its place would stop
the computation immediately.

In our full formulation of the distributed LV model,
we must account for the idea that having Xr in the current
state contributes in the same way in determining the next state
as having R, and that xf has the same influence as having
F. In the previous sections, we have addressed this issue by
increasing the number of reactions to handle the possible
combinations of r/xr and f/xf. For example, when both r and
Xr are present, the behaviour of the agent should correspond
to the situation where a large number of rabbits is available,
but when r is present and Xr is absent, it means that only a
low number of rabbits is available. When R is present, then
the presence/absence of Xr is not essential because there is
already a large number of rabbits. Similarly for the population
of foxes. Of course, we tacitly assume the invariant that
guarantees r and R are never both present at the same time,
and similarly for f and F.

(Prey multiplies) ar = ({r f}, {xr, xf}, {R, f});
(Prey being hunted)  a; = ({R, F}, @, {r, F});
dy = ({r,xr, F}, @, {r, F});
dy = (R, 1, xf}, @, {r, F});

dy & ({r, xr, f,xf}, @, {r, F});
(Predator multiplies) a3z = ({R,f}, @, (R, F});
dy = ({r,xr, f}, @, {R, F});
ag = ({r, F}, {xr}, {r, f});
a, = ({r,f, xf}, {xr}, {r, f}.

To mitigate the case explosion, we adopt here a different
approach based on local contexts, which can be used to
determine the overall level of rabbits and foxes before the
application of reactions. The idea is to acknowledge that the
products of reactions do not necessarily determine themselves
the overall numbers of preys and predators, because external
interventions are possible. This leads us to introduce some
auxiliary versions of the background set and leave the task
to determine the introduction of r/R and f/F to suitable
guarded contexts. Consequently, we consider the following
background sets, where primed entities will only appear in
product sets of reactions and in guarded prefixes of context
processes:

(Predator dies)

o we use r and R to represent low/high levels of rabbits,
respectively;
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o we use I’ and R’ to represent that low/high levels of
rabbits are at least produced, respectively;

o we use f and F to represent low/high levels of foxes,
respectively;

« weuse f'and F’ to represent that low/high levels of foxes
are at least produced, respectively;

e« we use X and xf to represent extra levels of
rabbits/foxes coming from surrounding contexts, respec-
tively.

Given primed entities, the following guarded contexts

compute the right level of preys and predators:

K, 2 {r,xr'}, @, R).K. + (R}, 2, (R) K,
+{r'}, xr'} rh K, + (@, {r', xr', R}, @).K,
Kr £ (. xf'}, @, (FH.Kr + ({F'}. 2. {F).K;
+ ('L XF)LATH.Kr + (@, {f, x', F'}, 2).Kp

The last option handles the initial configuration of the agent,
where none of the entities {r’, xr’, R’, f, xf', F'} are present,
because the initial level of rabbits and foxes has not yet been
determined by K,z and Kg. If these options were omitted,
no choice would be possible and the computation would stop
immediately.

In turn, this tweak allows to reuse a much simpler version
of reactions, where extra levels of preys and predators need
not be taken into account as reactants and inhibitors.

(Prey multiplies) a 2 (r,f}, @, (R, );
(Prey being hunted) — a» = ({R,F}, @, {r', F'});
(Predator multiplies) az = ({R, f}, @, {R’, F'}):
(Predator dies) as 2 (r, F}, @, {r, ).

Depending on the communication topology, when large
populations of rabbits and foxes are produced, a provision of
extra rabbits and foxes must be communicated to neighbour
nodes. Therefore, the above reactions must be specialized for
each agent, depending on whether the network is designed to
allow migration of preys and predators to neighbour nodes.
This is accomplished by defining the following sets of located
entities for each node n:

xr’ . .
XR, £ {m[xr'] | n — mis a communication edge},

XF, 2 m[xf1|n X, m is a communication edge},
Xy £ XRyUXF,.

To make this scheme concrete, consider a 2-agent LV
model where the first agent can send out rabbits to the second,
but not foxes, while the second cannot send out anything
to the first. This variant of the model corresponds to the
following communication sets: X; = XR; = {2[xr']},
XFI=2=XAR,=XF, =02.

The reactions of the agent n are thus specialised by adding
the product sets XR,, and X' F,, whenever a large number of
preys/predators is produced.
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an, 1 £ {r, f}, a, {R/, f/} UAXR,);
an2 £ ({R, F}’ a, {r’, F/} UXF);
an3 £ ({R, f}, a, {R/, F/} U A);
an4 = (1, F}, @, {r', D).

(Prey mult.)
(Prey hunted)
(Pred. mult.)
(Pred. dies)

We let React, £ an.1 | an2 | an3 | an 4 denote the parallel
composition of the above reactions.

The whole network is described by the DRS process
[1, Pn. where each agent n € [1, k] is modelled as P, £
n[Kig | KfF | K, | Kf | React,].

We investigated the behaviour of the model with 2 and with
3 agents in many different variants of the communication
topology and of the communication policy. We explored
the context-free interactive processes of the models starting
from all initial states where each agent Ay is in any of
the four possible initial states k[fr], k[fR], k[Fr], or k[FR],
V1l < k < n. This leads to 16 initial states for the 2-
agent model and to 64 initial states for the 3-agent model.
It is obvious from the model formulation that starting from
these states, in all subsequent states each agent contains
either I’ or R’, and either f or F'. However, the states may
also include a combination of xr' and xf, depending on
the communication policy/topology of the model and on the
states of the other agents. We reduce the number of states in
the figures (but not in the BioReSolve simulations) so that
the extra rabbits and the rabbits variables are combined into
a single rabbits variable, and similarly for the fox variables.
For example, to display the state transition graphs, we noticed
the equivalence between the sets {r’, xr'}, {R’, xr'} and {R’}
(all denoting a large number of rabbits) and between the
sets {f', xf'}, {F/, xf'} and {F’} (all denoting a large number
of foxes). Based on this observation, we merged in the
figures all equivalent states, leading to the graphs in Figure 3
with 64 nodes. The full set of reaction systems models that
we analysed and the summary of the results are available
at [51]. The idea of exploring transition graphs to explore the
equivalence of reaction systems was discussed in a different
setup in [52].

Our analyses of the distributed Lotka-Volterra model with
reaction systems show a surprisingly diverse behaviour,
that may be worthy of further investigation. For example,
characterizing the conditions under which the agents even-
tually synchronize their cycles regardless of the initial states
(equivalently, the reduced state transition graph collapses
into a single cycle) seems to be quite complex, as it
depends both on the communication topology as well as on
the communication policy for each agent. Interestingly, the
synchronised cycles appear as an emergent behaviour in all
networks of Figure 3, even if in some of the cases additional
stable cycles are also possible.

To further explore the scalability of the BioReSolve
environment, we tested distributed Lotka-Volterra models
with up to 7 agents with a circular communication topology,
where agent i communicates to agent i + 1 (agent n sends
to agent 1) both rabbits and foxes. As before, we considered
all initial states where each agent Aj is in any of the four
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possible initial states k[fr], k[fR], k[Fr], or kK[FR], V1 <k <
n. Each agent in the distributed Lotka-Volterra model has
24 possible states, because each of the variables for foxes,
rabbits, extra foxes and extra rabbits can have 2 possible
values. This means that the n-agent model has 2% possible
states. However, depending on the communication topology
of the model, not all possible states are necessarily reachable
from the initial states. With 7 agents, the state-transition
graph has 32.769 reachable states out of (24)’ = 2% =
268.435.456 admissible states and it was produced by
BioReSolve in about 10 minutes on a standard laptop.

VI. RELATED WORK

The literature on distributed, multi-agent reaction systems is
very rich. They were introduced in [22] (full version in [11])
and consisted of several reaction systems working in parallel,
with a context automaton providing a conditional generation
of contexts based on the current state of each reaction system
agent, but with the agents unable to communicate directly
with each other. In addition, the authors introduced rsCTLK,
a logic for reaction systems, allowing for model checking of
temporal logic properties.

A related notion of a network of reaction systems was
introduced in [23]. The network is specified through a graph,
with the reaction system agents placed in its nodes, and with
the edges specifying the communication channels between
them. Each reaction system in this model contributes all
products of all its enabled reactions to the context of its
neighbours. The authors show that it is possible to define a
transformation from a network to a standard RS in order to
simulate the behaviour of the network. Our system is slightly
more flexible, as a RS can send just a subset of products to
each target RSs, while the whole set of products is dispatched
in [23].

A more targeted mode of communication is defined in [24],
where the networks of reaction systems are extended with
the ability of individual agents to communicate products
or reactions to each other. The system is more flexible
than in [23], as one RS can communicate a subset of
products to any RSs in the network. There is also a variant
in which agents will send all of its enabled reactions to
its neighbours, while losing all of the disabled reactions,
thus offering a dynamic, continuously evolving structure of
the system. The model was further extended in [29] with
communication by request: individual agents are equipped
in this version with the ability to request the state of other
components. Our definitions are similar to those in [24]
for the communication of products; however, [24] does
not consider an explicit notion of context, while we work
with extended contexts, which can be non-deterministic
and recursive. We also provide an algebraic compositional
semantics, which facilitates the definition of extensions of
our framework. Moreover, we have an implementation which
allows us to perform in-silico experiments with graphical
representations of the computations, which results useful also
for studying the attractors of the modelled system. Another

VOLUME 13, 2025



L. Brodo et al.: Simulation and Analysis of Distributed Reaction Systems

IEEE Access

FR e Rl

r,xf rxf rxf
(@1%2%3%1.

(C)]. xr,xf 9 xr,xf 3.

CFRFRsf —» ( FrFRR O

M1 28 3.

FIGURE 3. Several variants of reaction system, multi-agent Lotka-Volterra models exhibit diverse behaviour: depending on the topology of the
system and on the communication policy, the agents may eventually synchronize their cycles or not. The node labels indicate the state of each of
the agents (separated with semi-colon), while the edges indicate the state transitions. Each node in the graph represents a model state, and
present its configurations as a list of agents, separated by semicolon. For each agent, the configuration is defined by the levels of foxes (‘f' for low,
‘F’ for high) and rabbits (‘r' for low, ‘R’ for high). Each edge represents a state transition. The synchronized cycles are in yellow. The state-transition
graphs were obtained with BioResolve [12], [39] and the visualization with Cytoscape [53]. (a) A two-agent model where the agents send out
rabbits to each other when they transition to a state with a high level of rabbits. (b) Similar as in (a), but the communication is only from agent
one to agent two. (c) A three-agent model with the communication cyclic from agent one to agent two to agent three to agent one. Each agent
sends out rabbits (foxes, resp.) when they transition to a state with a high level of rabbits (foxes, resp.) (d) Same topology as in (c), but only
rabbits are being sent out from one agent to the next. (e) A three-agent model with bi-directional communication between agents one and two
and between agents two and three. Both rabbits and foxes are being sent out. (g) Same topology as in (f), but only rabbits are being sent out.

important novel contribution of our system is that contexts
themselves are processes and hence they can also exchange
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information directly between them, and this improves much
the expressivity and flexibility of our framework.
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The concepts of networks of RS and communicating
(distributed) RS were compared in [25] and [28]. The work on
distributed reaction systems was continued in [26] and [27]
where languages were assigned to the computations of
distributed reaction systems and their place in the Chomsky
hierarchy was investigated. In a recent study, a generalized
distributed reaction system model was introduced in [30]
where reactions can check in all agents for the presence
and absence of various resources, and the products may be
communicated to other agents. The authors prove that all
these variants of generalized distributed reaction systems can
be transferred into a standard reaction system.

VIi. CONCLUSION

We introduced in this paper a process algebra approach to
distributed reaction systems. Our main objective for doing
so was to gain access to a rich literature on analysis and
simulation tools for concurrent systems, making them appli-
cable to distributed reaction systems. We also implemented
this method in the software tool BioResolve [39], making
it possible to describe, analyse and simulate distributed
reaction systems. This may be significant to modellers
and theoreticians in reaction systems, allowing for easy
prototyping of various models and concepts.

We introduced the reaction systems description of a
distributed model of Lotka-Volterra as a standard model of
co-dependent species. This adds to the library of models
available for reaction systems, which will be of independent
interest as a prototype of a complex interactive behaviour
described through simple regulation via inhibition. We high-
lighted how the communication policy adds a considerable
amount of complexity to the behaviour of this classical
model, to the extent that it seems a difficult problem
to characterize under which conditions the Lotka-Volterra
agents may synchronize their cycles.

The bridge to process algebras that we established in
this paper may be significant to exploring a wider range of
topics of research in reaction systems: quantitative reaction
systems [13], [35], [54], [55], causality analysis, model
checking [11] and different notions of equivalence [38], [52],
[56], [57], [58]. Over the past two decades, reaction systems
have been extensively studied as a non-quantitative, set-
based mathematical formalism. While quantitative extensions
were proposed in [10], [13], [54], and [59], such approaches
received limited attention, possibly due to their inherent
mathematical intricacies. Our work builds a bridge to
process algebra, providing an alternative framework that is
well suited to quantitative analysis. This enables the study
of resource competition, concurrency, stochastic dynamics,
numerical convergence, and other key concepts. These are
well-established topics in mathematical modelling and are
highly relevant to the study of biological systems. Addressing
them within the reaction systems framework, particularly
with its focus on cause-effect relationships, is both promising
and exciting.
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TABLE 1. List of acronyms.

Acronym  Meaning

RS Reaction System

DRS Distributed Reaction System
LV Lotka-Volterra model

TABLE 2. General symbols for reaction systems.

7
)
3
=1
3

Description

Background set of entities in a reaction system
Generic entity

Current set of entities in a reaction system
Contextual set of entities in a reaction system
State in which reactions are applied

R Set of reactants in a reaction
I Set of inhibitors in a reaction
P Set of products in a reaction
R#I Disjoint sets
a

(

A

gqgo%

Generic reaction

A reaction tuple: reactants, inhibitors, products
Set of reactions

Enabling condition of reaction a in state W
resq(W)  Result of reaction a in state W

Result of all reactions in set A in state W

TABLE 3. General symbols for RS processes.

Symbol Description

K Generic context process

0 Termination

A Identifier

(R,1,C).K Guarded prefix

C.K Prefix (shorthand for (&, &, C).K)
K1 + Ka Nondeterministic choice

A2K Identifier def. (possibly recursive)
A Environment: set of identifier defs
M Generic mixture process

a A generic single-reaction process
(R,1,P) A single-reaction process

M1|Ma Binary parallel composition

I s M; Generic parallel composition

P Generic RS process

M] RS process

P1 =Py Structural equivalence
D] (H Ki) | (H aj)] RS process in standard form
keK jel
APPENDIX

GLOSSARY AND NOTATION

Tables 1-5 provide the key references for acronyms and sym-
bols used throughout the main text. To facilitate readability
and contextual clarity, different tables have been employed
depending on the specific context in which the terms appear.

APPENDIX

SOS SEMANTICS OF RS PROCESSES

The SOS semantics of RS processes is defined by the SOS
rules in Table 6 (see [7]). A transition label £, written ((D >
R.,I'C) > R,I,P) orjust ((D > d) 1> a) for short,
records: the set D of entities currently in the system; the set
C of entities provided by the context given the presence of all
entities in R’ and the absence of all entities in I’; and the set P
of reaction products given the presence of all entities in R and
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TABLE 4. General symbols for DRS processes.

Symbol Description

N Set of location names

n Generic location name

NIS] Set of located entities

n[] Container

nle] Located entity

n[M] located RS process

[L.cnr 7[My] Located process in standard form
msg(My) Outgoing messages

F(-) and F(-,-)  Flattening functions

TABLE 5. Entities in Lotka-Volterra models.

Symbol  Description

r Low population of rabbits

R High population of rabbits

Xr Extra population of rabbits

f Low population of foxes

F High population of foxes

xf Extra population of foxes
r',f’,...  Auxiliary (temporary) versions

the absence of all entities in /. The SOS rules guarantee that

D>R',I',C)>R,I,P .
whenever P ke i ) P’ it holds that eng 1, ¢)(D)
and eng 1, p)(D U C) or, equivalently but more synthetically,

that whenever P M P’ it holds that en, (D) and
eng(D U res,(D)). Since the various components of the label
are computed inductively while traversing each component
of P (i.e., any set of entities, any reactions, and any context
in P, independently of the order in which they appear) we
must make sure that the provisions of separate components
are always coherent. This amounts to requiring any label

L= (DR, I C)r>R,I,P) to satisfy the invariant

iw(€) = I'#DUR) A I#(DUR UC UR).

To this aim, anytime we conjoin two parallel computations
¢ ¢
M = M) and M, = M, we need to guarantee that such

an invariant is preserved by M;|M; Il N M} M5, where
£1 U €5 is the label obtained by the component-wise union of
its constituents, Formally, we denote this property by writing
¢ —~ £y £ inv(l; U £). The exact definitions of both
£1 U £y and €1 —~ €, are spelled out in Table 6.

We now give a brief account of each rule. The rule (Ent)
records the set of current entities D.

By rule (Cxf), a prefixed context process (R,I,C).K
records in the label that the entities R must be present, /
must be absent and C are made available and then reduces
to K. Rules (Suml) and (Sumr) select a move of either the
left or the right context, resp., discarding the other process.
By rule (Const), a context identifier A defined as A £ Kin the
environment A can behave according to its defining process
K.

The rule (Pro) assumes the reaction (R, I, P) is enabled: it
records its reactants, inhibitors, and products in the label, and
leaves the reaction available at the next step, together with
its products P. The rule (Inh) records in the label the reasons
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why the reaction (R, I, P) should not be executed: possibly
some inhibiting entities (J C I) are present or some reactants
(Q € R) are missing, with J U Q # &, as at least one cause
is needed. The rule (Par) puts two processes in parallel by
pooling their labels and joining all labels components. The
sanity check £; —~ €5 is required to guarantee that labels of
reactants and inhibitors are consistent.

Finally, the rule (Sys) checks that all the needed reactants
are available in the system, for both applied guarded contexts
(i.e., R € D) and reactions (i.e., R € D U C). Checking the
absence of inhibitors (I’#D and I#(D U C)) is not necessary,
thanks to the sanity check £; —~ £; in rule (Par).

APPENDIX

SOS SEMANTICS OF DRS PROCESSES AND THE
FLATTENING THEOREM

The extension to DRSs requires just three minor tweaks of
the SOS rules:

« first, the background set of labels is now § U S , l.e.,

located entities can appear in the labels;

« second, the rule (Sys) is replaced by the new rule (Loc),

introduced to handle located reaction systems;

o third, the rule (Par) should now be applicable to DRS

processes P and not just mixture processes M. To avoid
any misunderstanding we have preferred to introduce a
corresponding rule called (DPar).

The new inference rules (Loc) and (DPar) are defined in
Table 6. The next Theorem 8 formalises the correspondence
between DRSs and RSs.

Theorem 8: For any RS process P it holds that P L Pt
FP) S FP).

Proof: Actually, we prove a stronger statement, namely
that all the following properties are valid:

1) for any RS process P, if P L P’ then F(P) £ F(P);
2) forany RS process P, if F(P) L P’ thenP 5 P’ with
P" = F(P);
3) for any mixture process M, if M 4
F(n, M) ey F(n, M,
4) for any mixture process M, if F(n, M) K—; M” then
M 5 M with ¢ = n[¢] and M” = F(n, ).
where, given £ = ((D > R',I', C) > R'I, P) we let n[{] =
{((n[D] > n[R'], n[I'], n[C]) > n[R], nlI], n[P]).
Similarly to what has been done for the statement of

Theorem 8, properties 3 and 4 subsume the following (much
more intuitive) correspondence:

o M5 M itf Fo, M) 2L F o, W),

The proof follows from a straightforward structural
induction on the syntax of processes. Some cases are
illustrated below. Whenever possible we illustrate directly the
double implication, instead of discussing the two implications
separately.

Base case M = D and thus F(n, M) = n[D]. It is
obvious that, in both cases, the only applicable axiom is

M’ then
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TABLE 6. SOS semantics of RS processes with guarded contexts (cf. [7]).

D>o,2,2)>3,9,2 (Ent) D>R,I,C)>D, 5,2 (Pfx)
p (pre.2,0)>0,0,2) (R.1,C).K (ZERIO22.2.2)
4 4
K1—>K/ KQ—)K/
7[1 (Suml) 7{}2 (Sumr)
Ki+Kz =Ky K1+ Kz 5 K
2 2
Mp =5 My M2 =2 M, £y~ £ ALKeA K5HK
Y (Par) S (Const)
My | Mo =25 M) | M}, ASK
JCI QCR JUQ#o
o>9,0,9)>R,I,P (PTO) — ZQE_ZIZ J g;é ([nh)
(R.1,P) (EELLRRID) gy p (R.1,P) (EE2LRRI0R) b1 py

M ((D>R’ 1" ,C)>R,I,P)
%

M R CD RCDUC

(M]

((D>R’,1I' ,C)>R,I,P)
A AL LN

(Sys)
(M’]

{1 U’y S

by —~ Ly

Where, in the above, given 1 = ((D1 > R}, I{,C1) > R1,I1,P1) and £3 = ({D2 t> R}, I}, C2) > Ra, 12, P2) we let:
<(D1 UDs > R/1 UR/Q,I{ Ulé,cl @] C2> >Ry UR2, 11 Uly, P UP2>

(I{ UIL)#(D1 UD2 UR] URL) A (11 Ul2)#(D1 UD2 UR] UR, UC1 UC2 URy UR2)

TABLE 7. The new inference rules of DRS processes.

((D>R',I',C)>R,1,P)
%

M M R CD RCDUC

((n[DI>n[R'],nll"),n[C])>n[R],n(1],n[P])

(Loc)

n[M] n[M’]

Py L P Py 2P 4y iy

e, (DPar)
P1|Py =2 P[P}

(Ent) and therefore £ = ((D > 9,0, Q) > @, d, D) and

nll] = ((n[D] > 2, @, @) > @, @, @). In fact: D 5> & iff
n[e]

n[D] — @

Base case M = 0 and thus F(n, 0) = 0. It is obvious that,
in both cases, there are no outgoing transitions and thus the
property trivially holds.

Base case M = (R,I,P) and thus F(n,M) =
(n[R], n[I], n[P]). By applying the axiom (Pro) to M we
derive the transition M > M|P with £ = ((& > &, &, &) >
R,I,P) and, by applying the same axiom to F(n, M) we
derive the transition F(n, M) M Min[P] = F(n, M|P),
since n[¢{] = (@ > @,9,9) > n[R], n[l],n[P]).
Alternatively, we can apply the axiom (/nh) by taking suitable
setsJ C I and Q C RsuchthatJ UQ # @, in which case we

can still derive both transitions M <> M and F (n, M) LY
Fn,M), where £ = (¥ > @,2,9) > J,0,d) and
nll] = (2 > @, 3, @) > n[J], n[0], D).

Inductive case K = K; + K; and thus F(n,K) =

F(n, Ky) + F(n, Ky). By inductive hypotheses, we assume
that K; 5 K iff Fon.K) 25 F(n,K)) for any i e

[1, 2]. Therefore, the rule (Suml) is either applicable to both
K and F(n, K) or to none of them. If the rule (Suml) is

applicable, then trivially K LN K iff F(n, K) e F(n, K)),

because K; LN K\ iff F(n, Ky) kLN F(n, K}). Analogous
considerations apply to rule (Suml).
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Inductive case P = [],.o-n[M,] and thus F(P) =
[ Hne N F(n, M,) ] By inductive hypothesis, we assume that,
forany n € N, M, Ly M), iff F(n, M,,) il F(n, M).
Here we prove the two implications of the thesis separately.

Now, suppose that P £> P’. Then, by rule (DPar), it must

¢
be the case that, for any n € N, n[M,] — n[M]]
with P* = [],ca n[M;], all labels in the family {£;,},cnr
pairwise compatible (i.e., £, —~ ¢, for any n # m)
and £ = |J,cn £, Moreover, by rule (Loc), it must be

Ly .
the case that, for any n € N, M, = M, with ¢, =
n[€,] and where each label ¢, = ((D, > R,,I,,C,) >
R,, I, P,) satisfies the applicability conditions of rule (Loc),
ie, R, < D, and R, < D, U C, By inductive
hypotheses, it follows that F(n, M,) 2l F(n, M)).
Therefore, by repeated applications of rule (Par), we derive
the transition [ [, F(n, M,) £ [L.cn F(n, M;). We note
that the applicability conditions of rule (Sys) are satisfied,
because ¢ = UneN n[¢,] and each ¢, satisfies the
analogous applicability conditions of rule (Loc) separately.
This allows us to conclude that, by rule (Sys), F(P) £>
[Hne/\/ F(n, M;l)] = F(P’). Vice versa, let us suppose that

FP) 5 P’ Since F(P) = [[T,epr (1. My) ], by rules

¢
(Sys) and (Par), it must be the case that, F(n, M,)) = M for
any n € N, with P” = [[],cn My, ], all labels in the family
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TABLE 8. The multi-agent Lotka-Volterra reaction systems model. The model c

Ay shown in the table.

of n independent agents, 1 < k < n, with the reaction set for agent

Label Reactant set Inhibitor set Product set
(Prey multiplies) {re, i } {xre, xfi } {Ri, fi } U ARy
{Rk,Fk} %) {rk,Fk}UX]:k
o Tre, <t Fi b 2] {ri, FeJU X T
(Prey being hunted) TR, fo, X T 7] {re, Fe } U X Fy
I, Xrg, T, xf } 9 {ri, Fl} U X T
— Rk?ﬂ(} {ka} {Rk,Fk}UX'RkUX]'—k
(Predator multiplies) TR I Re, Fr } U XR, U X Fi
. {re, Fi } {xr} re, fx
(Predator dies) {re, o e T Ixret i, T}

TABLE 9. The simplified multi-agent Lotka-Volterra reaction systems model using guarded context to obtain the equivalence-reduced interactive

processes and state transition graph.

Label Reactant set Inhibitor set Product set

(Prey multiplies) {re, T} Xri, Xfx } {R, f } UXR

(Prey being hunted) {Ri, Fr} {r'c, Fi } U X Fy
(Predator multiplies) {R, fr } {R't, F{} UXR UXFi
(Predator dies) {re,Fr} {rk, i}

{€}hens are pairwise compatible (i.e., £, —~ ¢, for any
n # m)and £ = J,c s £,- Moreover, by rule (Sys), it must
be the case that the label £ = ((D > R, I',C) > R,I1,P)
satisfies the applicability conditions R” € Dand R C DUC.
By inductive hypotheses, it must be the case that, for any n €

N, there exist a transition M, LY M), such that £), = n[¢,]
and M = F(n,M)). Letting £, = {((D, > R, I, C,) >
Ry, I, Py), this means that |J,n[R,] < |J,n[D,] and
U, nlR.1 € U, n[D, U C,]. Since, by construction, all the
sets Dy, R),, I, Cy, Ry, and I, can only contain entities in
S (not in S , contrary to P,), this guarantees that, for any
n € N, we have R, € D, and R, € D, U C,. Therefore,

for any n € N, we can apply the rule (Loc) to derive
n[M,] LN n[M;,]. We conclude by repeatedly applying the
rule (DPar) to derive the transition P LN [1,enr nIM},] such
that F([T,epr nIM, D) = [TT, Fo, M | = [T, M), ] = P".
Note that the applicability conditions for (DPar) are satisfied
because we know that all labels in the family {€)},ens =
{nl€, 1}, are pairwise compatible.

APPENDIX

A REACTION SYSTEM IMPLEMENTATION OF THE
DISTRIBUTED LOTKA-VOLTERRA MODEL

The main text describes the first reaction system-based
model of a distributed, multi-agent Lotka-Volterra model. In
addition to the process algebraic presentation throughout the
paper, we describe the model here using the standard reaction
systems notation, as this may be of independent interest
to researchers in this field. In this model, we have several
communicating, independent agents evolving according to
their own Lotka-Volterra model, and whose state may
be influenced by contributions from neighbouring agents.
We assume the model to have a fixed communication
topology in the form of a directed graph, describing which
agent can communicate to whom. We also assume a fixed
communication policy in the form of labels on the edges
of the communication graph, describing whether rabbits or
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foxes (or both) may be sent along that edge. The predator-prey
metaphor that we follow is that where rabbits and/or foxes can
escape from one forest to a neighbouring forest if their level is
high. In other words, the models we investigate here are such
that rabbits (and foxes) can only be communicated along an
edge from agent A to agent B in the states where A includes
entity R, i.e., a high level of rabbits (F for a high level of
foxes, respectively).

Our model consists of agents A1, As,...,Ap, n > 2,
each modelled through its own reaction system, each using
a distinct set of variables. We use variables {r;, R, fr, F¢} to
denote the (main) variables of agent A;, 1 < k < n, standing
for low/high levels of rabbits/foxes. We construct its reaction
set starting from the following generic form:

(Prey multiplies) (re, T}, {3, {Rk, T} U ARy,

(Prey being hunted)  ({Rg, Fr}, {}, {re, Fr} U X Fp),
(Predator multiplies) ({Rg, fc}, {}, {Ri, Fx} U X Ry U X Fy),
(Predator dies) (re, Fe}, O, {re, T D).

where sets X'R; and X F, as defined in Section IV, include
the information about the topology and the communication
policy.

In the first reaction (‘prey multiplies’), Ay will get in
its next state a high level of rabbits (denoted as Ry) and,
as such, it may also send out a surplus of rabbits to its
neighbours, depending on the model’s communication policy
(e.g., whether rabbits are allowed to escape from A; and
where to). Similarly, in the second reaction (‘prey being
hunted’), Ay will get in its next state a high level of foxes,
and it may send out a surplus of foxes. In the third reaction
(‘predator multiplies’) both rabbits and foxes get to a high
level in the next state, and a surplus of both may be sent out.
Nothing is being sent out in the fourth reaction because both
rabbits and foxes get to a low level in the next state.

To make this scheme concrete, consider a 2-agent LV
model where A; can send out rabbits to A, but not foxes,
while A, cannot send out anything to Aj. This variant of
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the model corresponds to the following communication sets:
AR ={Xn}, ¥XF1 = ARy =XF, =0.

In our full formulation of the distributed LV model,
we must account for the idea that having Xr in the current
state contributes in the same way in determining the next state
as having Ry, and that xf; has the same influence as having
Fi. This leads to the full formulation of our multi-agent LV
model in Table 8. The same model can be given the simplified
presentation in Table 9 using guarded contexts.
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