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MASS EQUIDISTRIBUTION FOR SAITO-KUROKAWA LIFTS

JESSE JAASAARI, STEPHEN LESTER, AND ABHISHEK SAHA

Abstract. Let F' be a holomorphic cuspidal Hecke eigenform for Sp,(Z) of weight
k that is a Saito-Kurokawa lift. Assuming the Generalized Riemann Hypothesis
(GRH), we prove that the mass of F' equidistributes on the Siegel modular variety
as k — o0o. As a corollary, we show under GRH that the zero divisors of Saito—
Kurokawa lifts equidistribute as their weights tend to infinity.

1 Introduction

1.1 Background. A central problem in quantum chaos is to understand the
distribution of mass of high energy Laplace-Beltrami eigenfunctions on a Riemannian
manifold M. The fundamental Quantum Ergodicity Theorem of Shnirel'man [Shn74],
Colin de Verdiére [Ver85] and Zelditch [Zel87] asserts that if the geodesic flow is
ergodic on the unit cotangent bundle of M, then any sequence of eigenfunctions
with eigenvalues tending to infinity contains a density one subsequence whose mass
equidistributes. In the case that M is negatively curved, Rudnick and Sarnak [RS94]
made the stronger conjecture that the quantum limit is unique, that is, for every
sequence ¢, of eigenfunctions with eigenvalues tending to infinity, the mass |¢y|?
equidistributes with respect to the normalized Liouville measure. This is known as
the Quantum Unique Ergodicity (QUE) conjecture and in full generality is regarded
as extremely difficult, despite some remarkable partial results [Ana08, AN07, DJ18,
DJN22]. However, QUE has been proved for certain special arithmetic manifolds
M which arise as quotients of symmetric spaces by arithmetic groups and have
additional symmetries in the form of a large commuting family of Hecke operators
[Lin06, Soul0, SV07, LR20, SS22].

Since Laplace—Beltrami eigenfunctions on arithmetic manifolds are instances of
automorphic forms, one can consider variants of QUE by replacing the family of
Laplace—Beltrami eigenfunctions with a suitable family of automorphic forms with
certain parameters (e.g., weight, level, etc.) tending to infinity. Perhaps the most
natural variant here is obtained by taking the family of holomorphic cusp forms of
weight k (where we let k — 00) on some fixed complex arithmetic manifold M. In
the simplest rank 1 case that M equals the modular surface SLo(Z)\H, the corre-
sponding mass equidistribution conjecture was first spelled out by Luo and Sarnak
[LS03] and later proved by Holowinsky and Soundararajan [HS10] who combined a
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triple product L-function approach via Watson’s formula [Wat08] with one based on
shifted convolutions sums. This result, known as holomorphic QUE, has the beau-
tiful corollary, proved by Rudnick [Rud05] that the zeros of all such Hecke cusp
forms equidistribute. Holomorphic QUE on quotients of H by congruence subgroups
(and more generally, quotients of H™ by congruence subgroups associated to a to-
tally real number field of degree m) have now been established in various aspects
[Marll, Nelll, Nell2, NPS14, Hul8] by building upon the approach of Holowinsky—
Soundararajan.

In this paper, we are interested in higher rank generalizations of holomorphic
QUE. Precisely, let H, denote the Siegel upper-half space of degree m and let
Sk(Spay,(Z)) be the space of holomorphic Siegel cusp forms of weight k transforming
with respect to the subgroup Sps,,(Z) C Spy,(R). Let du:= (detY) ™ 'dXdY be
the usual Sp,,, (R)-invariant measure on H),,. The pushforward to Y,, := Sp,, (Z)\H,,
of the L?-mass of F' € Sy(Sp,,(Z)) is the finite measure given by

pr(9) !=Yf |F(Z2)2¢(Z) (det Y)* dp

for each bounded measurable function ¢ on Y,,, and let

_hkr(p) 1
Dr(g) =t — Y/ o(2) du.

The quantity Dp(¢) compares the (normalized) measures attached to pp and p
against the test function ¢. The following conjecture is the natural generalization of
holomorphic QUE to higher rank.

CONJECTURE 1.1. Fiz a bounded continuous function ¢ on Spe,(Z)\H,. Let F €
Sk(Spo,(Z)) traverse a sequence of Hecke eigenforms. Then Dp(¢) — 0 whenever
k — oo.

The above conjecture (in a slightly different form) was first spelled out by Cogdell
and Luo [CL11]. When n = 1, Conjecture 1.1 reduces to the holomorphic QUE conjec-
ture mentioned above which was proved by Holowinsky and Soundararajan [HS10].
However, there has been very little progress in the direction of Conjecture 1.1 in
the higher rank setting n > 1. To indicate the key difficulties, we note first that an
analogue of Watson’s formula [Wat08] is not known (nor expected) to exist if n > 1.
Consequently, the direct relation between holomorphic QUE and the subconvexity
problem in the classical case does not carry over to the setting of higher rank holo-
morphic Siegel cusp forms. Secondly, the unconditional techniques of Holowinsky-
Soundararajan [HS10] are not directly applicable since they rely crucially on the
multiplicativity of the coefficients, and the Fourier coefficients of Siegel cusp forms
of higher rank n > 1 are highly non-multiplicative.!

! These two difficulties are also present in the case of half-integral weight forms and were over-
come by the second-named author and Radziwilt[LR20] under GRH; in Sect. 1.4 we discuss the
relationship between their work and the present one.
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1.2 Results. Due to the difficulty of Conjecture 1.1 in general, it seems reason-
able to attempt it first for Siegel cusp forms that are lifts of some sort. Indeed, in the
case n = 1, mass equidistribution was initially proved for Eisenstein series [WS95]
and for dihedral/CM forms [Sar01, LY02] (which are both lifts from characters). For
n > 1, the simplest lifts are the Saito—Kurokawa lifts, which exist for n = 2. The
Saito-Kurokawa lifts can be explicitly constructed from classical half-integral weight
forms via the theory of Jacobi forms [EZ85, §6]; they may also be viewed as lifts of
classical integral weight forms thanks to the Shimura correspondence between half
integral weight and integral weight forms. Furthermore, from the representation the-
oretic point of view, the Saito—Kurokawa lifts may be understood as a special case
of Langlands functoriality realized via the theta correspondence [Sch05].

Our main result proves Conjecture 1.1 for Saito-Kurokawa lifts under the Gener-
alized Riemann Hypothesis (GRH).

Theorem 1.2. Assume GRH. Let F € S,(Spy(Z)) traverse a sequence of Hecke eigen-
forms that are Saito—Kurokawa lifts. Then, for each bounded continuous function ¢
on Sp,(Z)\Hsz, we have Dp(¢) — 0 whenever k — oo. In other words,

1

TP / F(2)6(2)(det Y)F 3 dXAY

Spa(2)\Ha
—> 1
vol(Spy(Z)\Hy)

/ #(Z) (det V) 3dXdY

Sp.4(Z)\Hz
as k — oo.

A consequence of the classical holomorphic QUE theorem of Holowinsky and
Soundararajan is that the set of zeros of a sequence of holomorphic Hecke cusp
forms become equidistributed with respect to the hyperbolic measure as the weight
tends to infinity [Rud05]. We are able to prove a similar result in the case n =2 as a
consequence of Theorem 1.2. For F' € S (Sp,(Z)) we let Zr denote the zero divisor
of F, which we view as a current of integration (i.e., a distribution on the space of
smooth compactly supported differential forms) of bidegree (2,2) on Sp,(Z)\H,.

We let

i
W= —%OOIOg(det Y)

be the Kéhler differential form of bidegree (1,1) on Hj associated to the Bergman
metric on Hy. Here 0 and O are the Dolbeault operators and we write Z € Hy as
Z =X +iY. It is easy to see that w descends to a differential form on Sp,(Z)\Ha.
As an application of our theorem, we show that if F' traverses a sequence of Saito—
Kurokawa lifts with weights £k — oo, then the currents %Z # converge to w weakly
in the sense of measures.
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Theorem 1.3. Assume GRH. Fix a smooth compactly supported differential form n
of bidegree (2,2) on Sp,(Z)\Hsy. Let F € Sk(Sps(Z)) traverse a sequence of Hecke
etgenforms that are Saito—Kurokawa lifts. Then

k/n—> / (1.1)

Sp4(Z)\Hz
as k — oo.

REMARK 1. We remark that the only reason we assume GRH in Theorem 1.3 is that
our mass equidistribution result Theorem 1.2 requires it. Note that in the proof of
Theorem 1.3 we appeal to a sup norm result of Blomer, which is conditional under
GRH, but a weaker bound for the sup norm that suffices can be shown uncondition-
ally.

1.3 Overview of the proof. We now sketch the main ideas behind the proof of
Theorem 1.2. The starting point is to introduce a collection of incomplete Poincaré
series on Sp,(Z)\Hz. One can attach such Poincaré series to any parabolic subgroup
of Sp,(R) but the best choice for our purposes is the Siegel parabolic (because its
associated unipotent radical is abelian) which leads to the so-called Siegel-Poincaré
series. More precisely, let As be the set of 2 by 2 semi-integral symmetric matrices,
ie, Ay:= { <:72 T7/12> tm,T,mE Z}. Given a symmetric semi-integral matrix S € As
and a smooth compactly supported function h on GLy(R)T/SO(2) ~ H x R, we
define an incomplete Siegel-Poincaré series P € C>°(Sp,(Z)\Haz) associated to this
data. We show in Sect. 2.3 that the uniform span of the functions P# obtained this
way (as we vary S and h) equals the full space C2°(Sp,(Z)\Hz). Therefore, proving
Theorem 1.2 reduces to showing that for each fixed h and S as above, and a sequence
of Saito—Kurokawa lifts F' € Si(Sp,(Z)) that are Hecke eigenforms,

/ PYHZ)|F(Z)*(det Y)F dpu — / PYZ)dp as k — oo,

HF I3
S, (2)\Ha Sp4 (Z)\Ha

where du = (det Y)™3dX dY. We have two cases depending on whether S equals zero
or not:

e (The off-diagonal Case) For fixed h, S with S # 0, show that as k — oo,

/ PH(Z)|F(Z)P(det Y)* dp —s 0. (1.2)

F
| Hgsp4 s
e (The diagonal case) For fixed h, show that as k — oo,

1
17113

PHZ)|F(Z)*(detY)*du — / PMZ)du. (1.3)

Spa(Z)\Hz2 Spa4(Z)\Hz
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By unfolding the left-hand side of (1.2) or (1.3), we obtain the higher rank shifted
convolution sum

1

;Y a(T)a(T + 8)Wis(T),
1713 2.

where a(7T) are the Fourier coefficients of F' and W, g is a weight function which is
m r/2
r/2

proof of Theorem 1.2 lies in estimating these sums. To the best of our knowledge, such
shifted convolution sums in higher rank where the Fourier coefficients are highly non-
multiplicative have not been previously tackled successfully, even when the length of

roughly supported on those T'= for which m, n, r <g k. The crux of the

the sum does not depend on the spectral parameters.

We now briefly describe our treatment of the shifted convolution sum in the off-
diagonal case. Due to the small range of summation over T there are no tools available
that can obtain cancellation among the Fourier coefficients. However, we can exploit
the fact that our form F' is a Saito-Kurokawa lift and therefore its Fourier coefficients
arise from those of a classical half-integral weight eigenform f of weight k — % on
Io(4)\H. We forego obtaining cancellation in the shifted convolution problem and
use Waldspurger’s formula connecting squares of Fourier coeflicients of half-integral
weight forms with central values of L-functions to essentially reduce the problem to
showing that

1 1 1
= Z L <§7f ®Xr2—4mn> L <§7f & X(T+K2)24(m+€1)(n+€3)> —0 (1.4)

m,n,r=<k
as k —» 0o, where f is an integral weight Hecke eigenform (of weight 2k — 2) asso-

ciated to f by the Shimura correspondence, S = b b/ 2) # 0 is fixed, and x4

]2l
denotes the quadratic character associated to the discriminant d.

Proving the limit (1.4) unconditionally currently seems hopeless, as the techniques
developed in [RS15] to obtain bounds for fractional moments of central L-values
require an asymptotic for a first moment that is well out of reach. We assume GRH
and succeed in proving this bound under this assumption by using Soundararajan’s
method for bounding moments. This method involves several delicate and technical
steps (including a rather involved character sum computation) which are performed
in Sect. 4.1.

Next, we outline our treatment of the diagonal case. The left hand side of the
sum (1.3) reduces to a sum in which the range of detT" is too small to be evalu-
ated asymptotically using a contour shifting argument. In previous works such as
[Hol10], [HS10], [LR20] the analogous problem was resolved by introducing an aux-
iliary Eisenstein series to increase the length of the sum. This strategy seems hard
to implement in our situation because of the complexity of the various types of
Eisenstein series of higher rank and their Fourier coefficients.
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Instead we introduce a completely new method for showing (1.3). The first step is
to replace P} by an incomplete Eisenstein series by doing an initial summation over
SL2(Z). By unfolding further and using Waldspurger’s formula we are essentially
reduced to estimating the sum over negative discriminants

Y h(d)L (3, f ® xa) G(d, g; x), (1.5)

where k € C°(R"), g € L?(SLy(Z)\H) are fixed, h(d) is the cardinality of the class
group Cly, and G(d;g,k) is a weight function that (up to some simple factors de-
pending only on k) is equal to

k—3
‘dh‘(d; > g(YV2.9)(det V)3 k(Vdet Y)e ™ (TY) gy
TeCla y e ppgvm )+
(see Sect. 1.6 for clarification on the notation).

Our main term arises from the case where g =1, as G(d, 1;k) acts as a smooth
weight function that localizes the sum to |d| < k?. Since the ratio of the loga-
rithms of the analytic conductor of L(%, f ® xq) and the length of the sum is
log(|d|?k?)/logk* ~ 3, the moment estimate we require does not yield a subcon-
vex estimate for the central L-values and is amenable to the methods developed in
[Sou00, SY10]. To implement this, we prove a twisted first moment asymptotic for
L-functions on GLy assuming GLH? (see Sect. 5.1) and then combine this result
with delicate computations (Sect. 5.2) involving the residue of the Rankin—Selberg
convolution of the Koecher—Maass series. This enables us to obtain the required limit
for (1.5) in the case of g =1.

To estimate (1.5) in the case where g is orthogonal to the constant function, we
develop a new method that morally boils down to appealing to the famous equidis-
tribution of Heegner points as |d| — co. We use Waldspurger’s formula on toric
integrals and the subconvexity bound for L(%,g ® Xxq) to show that the sum (over
the class group elements) that occurs in the definition of G(d, g; k) has a nontrivial
cancellation that saves a power of |d|. More precisely, we prove that for all Hecke
eigenforms g € L?(SLy(Z)\H) orthogonal to the constant function, we have

G(d, g; k) <ge d"T3HG(d,1; 1)) (1.6)

Therefore, the size of |G(d,g; k)| is quite small in comparison to G(d, 1;|x|), which
bounds (1.5) and completes the proof of (1.3) as a consequence of the previously-
proved subcase where g =1.

1.4 Comparison with other work. Not much was previously known in the direc-
tion of Conjecture 1.1 in the higher rank setting n > 1. Liu [Liul7] established the
limit Dp(¢) — 0 when the test function ¢ is a degenerate Klingen Eisenstein series

2 Throughout the article, GLH refers to the Generalized Lindel6f Hypothesis.
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and F traverses a sequence of Ikeda lifts. More recently, Katsurada and Kim [KK22]
proved a similar result when the test function ¢ is a degenerate Siegel Eisenstein
series and F' again traverse a sequence of Ikeda lifts, under the additional assump-
tions that n >4 and a certain Dirichlet series is meromorphic. The techniques used
in those papers are very different from the ones used in this work.

Arguably the work that is closest in spirit to this paper is that of the second named
author and Radziwill [LR20] who proved the mass equidistribution for the family of
classical half-integral weight Hecke eigenforms on I'g(4)\H (both in the weight and
eigenvalue aspects). For the proof, as in the present paper, they considered a family
of incomplete Poincaré series and reduce to a shifted convolution sum. However,
there are key differences between [LR20] and the present work.

First, as mentioned above, the treatment of the diagonal case in [LR20] was com-
pletely different and relied on the tool of auxiliary Eisenstein series which is hard to
implement in our case due to the complexity of symplectic Eisenstein series and the
lack of precise information about their Fourier coefficients. In the present work, we
build upon an adelic version of the equidistribution of Heegner points (Waldspurger’s
period formula for toric integrals and the subconvex bounds for twisted L-functions)
to reduce the diagonal case to a special subcase that is proved ultimately by re-
ducing to a twisted first moment asymptotic for L-functions attached to twists of
holomorphic newforms.

Secondly, in the off-diagonal case, the approach in [LR20] was to reduce to the
problem of showing that

%dzx; L (%7f®Xd)L(%af®Xd+£> —0 (1.7)

as k —> oo, where f is an integral weight Hecke eigenform (of weight 2k), £ #£0 is
fixed, and x4 denotes the quadratic character associated to the discriminant d. The
corresponding reduced problem in our case is given by (1.4). Note that in (1.4), there
is a shift in each of the matrix entries, rather than just a shift of the discriminant and
this leads to a significantly increased complexity in implementing Soundararajan’s
method to prove (1.4) that goes beyond the intricate estimates used to establish (1.7).
An indication of the difference in the difficulties involved can be seen by comparing
[LR20, Prop 3.1] with the proof of Proposition 4.3 of this paper.

1.5 Plan for the paper. Our paper is organized as follows. In Sect. 2, we develop
the theory of Poincaré series associated to the Siegel parabolic of Sp, and reduce
Theorem 1.2 to the case where the test function ¢ is a Poincaré series associated to
factorizable data. In Sect. 3 we reduce further to proving two assertions involving
estimates on higher rank shifted convolution sums. Section 4 is devoted to the proof of
the first of these two assertions, which corresponds to the off-diagonal case. Section 5
is devoted to the proof of the second assertion corresponding to the diagonal case.
Finally, in Sect. 6, we use Theorem 1.2 to deduce Theorem 1.3.
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1.6 Notation.

1.6.1 General. We use the notation A <, . B to signify that there exists a
positive constant C', depending at most upon x, y, z, so that |A| < C|B|. The symbol
¢ will denote a small positive quantity. We write A(x) = O, (B(z)) if there exists a
positive real number M (depending on y) and a real number zg such that |A(z)| <
M|B(x)| for all x > xg.

For a smooth orbifold X, we let Cy(X) denote the space of bounded contin-
uous functions X — C, C.(X) denote the space of compactly supported contin-
uous functions X — C, and C°(X) denote the space of compactly supported
smooth functions X — C. We say a function g : SLy(Z)\H — C is slowly grow-
ing if g(z +iy) <y y¥ +y V.

We let D denotes the set of negative fundamental discriminants. Given an integer
n and prime p we write p®||n if p%|n and p®*!{n. Also, we define Q(n) = > el @
Additionally, for a,b € Z and ¢ € N we write a =b(c) which means a =b (mod c).

We let R denote the reals and let R* denote the positive reals. For k € C°(RY),
we define the Mellin transform (note that our definition is nonstandard)

oo

R(s) = / RO)A 1N

0
so that by the inversion formula we have for all o > 2

1
K(y) = Dy K(s)y*ds.
(o)

Similarly for sufficiently nice h € C*°(R) we define the Fourier transform
M) = [ h(a)e(—2€)da,
which satisfies the Fourier inversion formula

hia)= [ B(©e(at) de.

Throughout the article we write e(r) := e2™2.

1.6.2  Matrixz groups. For a positive integer n and a commutative ring R, we
let M, (R) denote the ring of n x n matrices over R, and GL,(R) the multiplicative
subgroup of invertible matrices in M, (R). We let M5Y™(R) be the additive subgroup
of symmetric matrices in M,,(R). Let I,, denote the n by n identity matrix. Given
A€ MP™(R) and ¢ € R we write A > ¢ (resp. A > c¢) if A — cl, is positive definite
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(resp., positive semidefinite). Denote by J,, the 2n by 2n matrix given by

Define
GSpZn(R) = {g € GLZn(R) : thng = :un(g)Jn, ,un(g) € RX}
Spon(R) := {g € GSpy,(R) : pn(g) =1}
We also set
GL,(R)" := {g € GL,(R) : det(g) >0}
GSpy, (R)™ :={g € GSpy,,(R) : pn(g) > 0}
MIY™(R) = {g € MY™(R) : g is positive deﬁnite}
We denote
G :=8p,(R), T :=Sp,(Z).

I X

For X € My"™(R), let n(X) :=
0 I

(A 0 >€G. Denote

) € G. For A € GLy(R), let m(A) :=

0 ‘A
N(R) :={n(X): X € My"™(R)},
M(R)" :={m(A): A e GLy(R)*}.
Let
T = N(Z) = {n(X): X € My"™(Z)},
P(Z) = {n(X)m(A): X € M3*™(Z), A € SLy(Z)},

and note that I'c C P(Z) CT. Let K be the standard maximal compact subgroup

A B\ . .
gl it can be checked that K, is
the subgroup of G fixing the point il5. We have a natural identification G /K, ~ H,
sending g to g(ils), where Hy and g(Z) are as defined in the next subsection. We

of G consisting of all elements of the form

also have the Iwasawa decomposition

G=NRMR)" K.
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1.6.3 Modular forms. Let
H,, :={Z € M,,(C) : Z="Z,Tm(Z)is positive definite}.
We will often write elements Z € H, as Z = X +iY for X € M»™(R), Y €

M™(R)F. For g = (é g) € GSp,,(R)™ and Z € H,,, define

g(Z):=(AZ+B)(CZ+ D)™, J(g,Z):=CZ+ D.

We will sometimes shorten g(Z) to g-Z or gZ when the meaning is clear from the
context.

The space Si(I") consists of holomorphic functions F' : Hy — C which satisfy the
relation

F(1{Z)) = det(J (v, 2))*F(Z)

for y €', Z € Hy, and vanish at all the cusps.
Let Ay denote the set of 2 by 2 semi-integral symmetric matrices, i.e.,

A2:{<:72T7{LQ> :m,r,nGZ},

and A be the subset of positive definite matrices in Ay. For S = (;72 T7/1 2) € Ay,

we define its discriminant disc(S) := —4det S =r? — 4mn and its content cont(S) :=
ged(m,r,n). The group SLo(Z) acts on Ay on the right via S — 'ASA and this
action preserves the discriminant and the content. Let D denote the set of negative
fundamental discriminants.

1.6.4 Adeles and L-functions. We let A = ®!Q, denote the ring of adeles over
Q and Ay = ®,Q, the subring of finite adeles. Given a reductive group G such that
the centre of G(A) is isomorphic to A* we let Z(A) denote the centre of G(A)
(the group G involved should be clear from context). For an automorphic repre-
sentation m of GL,(A) we let L(s,7) =[], L(s,7p) denote the finite part of the
L-function (i.e., without the archimedean factors), and normalized so that it sat-
isfies a functional equation under s +— 1 — s. For a positive integer M we denote

LM(s,7r) = | L(s,mp).

2 Siegel-Poincaré series

In this Section we reduce Theorem 1.2 to the case where the test function ¢ is a
Poincaré series associated to the Siegel parabolic subgroup. The key result of this
section which will be used in the rest of the paper is Corollary 2.6.
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2.1 Reduction to smooth compactly supported functions. For F € Si(T") and a
function ¢ € Cy(I'\Hy), define

pe(@)= [ IP(Z)Po(Z)(dety) dp,
['\H,

where dy = (det Y)3dX dY denotes the standard measure on I'\Hj.
Let D be the linear functional on C,(I'\Hy) defined by

Dr(o) =~ vy | o

[\Hy

PROPOSITION 2.1. Let F; be a sequence consisting of elements in Si(I'). Suppose
that for each ¢ in C(I'\Hy) we have D, (¢) — 0. Then for each ¢ in Cy(I'\Hs)
we have D, (¢) — 0.

Proof. Since the space C°(I'\Hy) is dense (in the uniform topology) in the space
C.(I'\Hy), it follows immediately that

for each ¢ € C.(I'\H2) we have Dp, (¢) — 0. (2.1)

Now fix a function ¢ in Cy(I"'\Hz). We need to show that Dpg,(¢) — 0. Let
€ >0 be arbitrary. Let D C Hy be the standard fundamental domain for I'\Hy as
described in [K1i90, page 30]. For T' > 0, let Cr be the compact subset of I'\Hj given
by the image of the set {X + Y € D, Y <TI} in I'\H, and let By be the com-
plement of Cr in I'\Hy. Choose T'=T'(¢) large enough that u(Br)/vol(I'\Hs) < €.
It is clear that we can write ¢ = ¢1 + ¢2, where ¢; € C.(I'\Hz) and ¢, is supported
on Br. By (2.1) |Dg,(¢1)| < € eventually.® Choose a smooth [0, 1]-valued function h
supported on Cr that satisfies [y, R(Z)dp > vol(I'\Hz2)(1 — 2¢). Then (2.1) im-
plies that the positive real number pg, (h)/pr, (1) eventually exceeds 1 — 3e. By
the nonnegativity of ug, (x) for all nonnegative valued functions yx, we deduce that
wr (xByr)/1r (1) < 3¢ eventually, where xp, denotes the characteristic function of
Bry. Let R be the supremum of |¢|. Then |up, (¢2)/pr, (1) < Rur, (X8, )/ 1r (1) < 3Re
eventually and vol(I'\Hy) ™! Jri, #(Z)dp| < Re, so that | D, (¢2)| < 4Re eventually.
Thus |Dr, (¢)| < (14 4R)e eventually. This completes the proof. O

2.2 Definition of Poincaré series. Let
My :=GLy(R)T/SO(2).

Recall that M5Y™(R)" is the set of symmetric positive definite 2 x 2 matrices over
R, which we may view as a smooth manifold. We have a diffeomorphism

L: My =5 MEY™(R)Y,  1(A):=A A

3 Here and in what follows, “eventually” means “provided that ¢ large enough”.
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Note that for each Y € M5 (R)*, .=1(Y) equals the class of Y/2 in M,. The basic
input for our Poincaré series on I'\Hj is a pair (h,.S) where h € C2°(Ms) and S € A,.

For h € C°(Ms) and S € Ay, define the function hg on G via the Iwasawa de-
composition as follows:

hs(n(X)m(A)k) == e(Tr(SX))h(A), A€ GLy(R)F, X € MS¥Y™(R), k € Ka.

It is easy to check this is well-defined. Since hg is right K-invariant, it defines a
function on G/K, ~ Hy which we also denote as hg. Concretely, for Z = X +iY €
H,, we have

hs(Z) = e(Tr(SX))h(t 1 (Y)).
We define the Poincaré series P#(g) on G via

Pig)== > hs(y9). (2.2)

"/EFOO\F

The above sum is in fact finite due to the compact support of i, as shown in Lemma
2.2 below. It is clear that P#(g) is left I-invariant and right K..-invariant, and hence
defines a function on G/K ~Hs and on I'\G/K ~I'\H,. By abuse of notation,
we will also denote these functions as P%.

Note that Im((n(X)m(A)k) -ily) = o(A) for all A€ GLy(R)*, X € MP™(R), and
k € K. From this and the definitions, it follows that for Z € H, we have the formula

PiZ)= Y hs(1Z)= Y. e(Te(SRe(vZ)h(: " (Im(y2))).  (2.3)
€T \I' €T oo \T'

LEMMA 2.2. For each h € C2®(M3) and S € Az, we have PE(Z) € C>°(T'\Hy). Fur-
thermore, if h is supported on some compact set C, then there exists a compact subset
D¢ of T\Hz and a positive integer N¢, with both Do and N¢o depending only on C,
such that Pg is supported on D¢, and the sum (2.3) defining Pg has at most N¢
nonzero terms.

Proof. Since ((C) is compact, there exist positive constants ac, be such that
0<bc <Y <ac (2.4)

for all Y € «(C). Let D C Hy be the standard fundamental domain for I'\H, as
described in [K1i90, page 30], and recall that Im(Z) > 1 for all Z € D. We will
consider Pg as a function on Hy and consider the support of P§| D- So, suppose
P! (Zy) #0 for Zy = X +1iYy € D. The expression (2.3) shows that there exists some
v €T such that Im(vZy) € +(C). Set vZy = Z = X +iY so that Zyg=~"1Z. Put

yl= <; g) Now the formula (see [K1i90, page 8])

Yo'=(RX +9)(Y HYRX +S)+RY 'R
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shows that Y; ' > SY 'S+ RY 'R. Since R, S are both integral and not both equal
to 0, it follows from (2.4) that Yy ! > min(ag', bc), and hence that Yy < max(ac,bg').
Thus we have shown Zj is contained in a compact set C' C D depending on C. Now
take D¢ to the image of C” in I'\Hy; then D¢ is compact and P%(Zy) = 0 for Zy ¢ Dc.

Finally, we show that the sum (2.3) defining P% has at most N¢ nonzero terms.
Let Rc C Hy be the compact set consisting of all Z = X + Y such that Y € +(C),
—% <X;,; < % Because the action of I' on H is properly discontinuous and because
C’" and R¢ are compact, it follows that the cardinality of the set

Sc:={yel:7vC'NRc #0}

is finite. We let N¢o denote the cardinality of S¢; the proof follows from the obser-
vation that any v € [',o\I' that contributes nontrivially to (2.3) must have a repre-
sentative in S¢. O

2.3 Uniform approximation by Poincaré series.

PROPOSITION 2.3. The set of finite linear combinations of Poincaré series Pl with
h e C*(Ms) and S € Ay is dense in the space C°(I'\Hz) equipped with the uniform
topology, i.e., for ¢ € CX(I'\Ha) and € > 0, there exists a function

r

hi

PO = Z aiPSl-
i=1

with h; € C°(Ma), S; € Ay and a; € R that satisfies
lp(Z) — Py(Z)| < e, for all Z € T\H,. (2.5)

Proof. Let By be a compact subset of Hy whose image in I"'\H; contains the support
of ¢.

Let I := {£1}\T'. For each Z € B, that is not fixed by any nontrivial element of T,
pick a fundamental domain Dz C Hs for the action of I'; and an open neighbourhood
By of Z satisfying Z € By C Dz C Hy. Let Cz be the image of Bz in I'\H, so that
the natural map By — Cy is a diffeomorphism.

For each point Z € By that is fixed! by a nontrivial element of T, let T'; be the
stabilizer of Z in T’ and pick a fundamental domain Dy C H for the action of I’
that contains Z and pick also an open neighbourhood Bz 3 Z intersecting D, and
having the property that Bz = Uwefz’Y(Bz N Dyz). We let C be the image of By
in I'\H, and the note that the natural map Bz — C induces a diffeomorphism
fz\BZ i) Cz.

Now, by the compactness of By, there exist a finite set of points Z;, 1 <i <,
with Z; € By and By C |J;_ Bz,. For brevity, write B; := By,, C; :=Cy,, D; == Dg,.
By choosing a partition of unity subordinate to the open cover C;, we may write

4 There are only finitely many such points.
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¢ =Y i_; ¢i with the function ¢; € C°(I"\Hy) supported on C;. It is sufficient to
show that each ¢; can be uniformly approximated by a finite linear combination of
Poincaré series. So for the rest of the proof, we can and will assume that

= ¢, for some fized 1 <j<r.

Case I: Z; is not fized by any nontrivial element of T. Let ¢ € C*(Hs) be the
function that coincides with ¢; on D; and is equal to 0 outside D; (the smoothness
of ¢¢ uses the fact that the support C; of ¢; is diffeomorphic to the open set B;
contained in the interior of D;). We define

$0(Z):= > o(v2).

Y€l

Then ¢ is a smooth I's-invariant function on Hy, and there exists a compact set
Co € M5Y™ (R)* with the property that ¢o(X +iY) =0 for all Y ¢ Cyy (we may take
Co = Byj). .

From the fact that N(R) is abelian and the fact that ¢ is a smooth function
determined by its values on the compact set {X +7Y : |X;| < 3,Y € Co}, we obtain
a Fourier expansion converging absolutely and uniformly on H:

$o(Z) = ao(S,Y)e(Tr(SX)), (2.6)
SeA2

where for each S € Ay, the function Y +— ao(S,Y") is given by
a0(S,Y) = / Go(X +iY)e(—Tr(SX))dX.
M”™ (Z)\M3>™ (R)

It is clear that Y — ao(S,Y) is smooth and supported on Cy; moreover (using partial
integration) we see that it is rapidly decaying in S. Precisely, given any p > 0, we
have

sup [ao(S,Y)| g, (1+[S))7, (2.7)
YeCy
m r/2
where for S = we denote |S|:= |m|+ |r| + |n|.
r/2 n

On the other hand, using (2.6), the definition (2.3) of Poincaré series, and the
fact that any element in Hy is contained in v - D; for exactly 2 elements v € I', we
obtain the absolutely convergent expression

6(2)=3 3 (), (28)

S€eAs

where the function ¢g on My is defined via

bs(A) :=ag(S,L(A)) = ap(S, A 'A).
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A priori, the expression (2.8) converges pointwise for each Z, but we need to
show that the convergence is uniform. For this, first observe that the functions ¢g
are all supported on the compact set ¢~1(Cp). Then Lemma 2.2 implies that for each
SVGZ\%

|P§*(Z)| < Noy  sup  |¢s(A)| = Ny sup [ao(S,Y)],

Aep=1(Co) Y€Cy
so that
1 1
5 > \P§S(Z)\§§NCO > sup ag(S,Y)]- (2.9)
SEAs Sen, Y€ECo
|S|>M |S|>M

Let € > 0. Using (2.7), we pick M. such that

1
—Ne, Z sup |ap(S,Y)| <e. (2.10)
2 SeA, YECo

[S|>M-.

It follows from (2.8), (2.9) and (2.10) that

1
6(2) -5 3 PE(Z)| <=
Sels
|S|<M.
This completes the proof of (2.5) in this case.

Case 1I: Z; is fized by some nontrivial element of I'. The proof is essentially
the same, so we indicate the main changes below. In this case we let ¢y € C2°(Hs,)
be the function that coincides with ¢; on U, vD; and is equal to 0 outside it

J
(the smoothness of ¢y uses the fact that ¢y is supported on the open set B; =
Uvgfzjfy(Bj N D;) contained in the interior of Userz, vDj). We again define

$o(Z2)= > do(vZ).

v€l

Then gZ;O is a smooth I'y-invariant function on Hy, and there exists a compact set
Co C MP™(R)" with the property that ¢o(X +iY) =0 for all Y ¢ C;. As in the
previous case we obtain a Fourier expansion converging absolutely and uniformly on
Eb:

$o(Z)= ) ao(S,Y)e(Tr(SX)), (2.11)
Se2

and the absolutely convergent expression

1
2|Tz,|

S Pis(2). (2.12)

Sela

¢i(2)

The rest of the proof is identical to the previous case. O
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As an immediate corollary, we see that it is sufficient to prove Theorem 1.2 for
test functions ¢ that are equal to P% for some h, S.

COROLLARY 2.4. Let F; be a sequence consisting of elements in Sk(I"). Suppose that
for each h € C>°(Ms) and S € As, we have Dy, (P}) — 0 as i — oo. Then for each
¢ in Cp(I'\Hz) we have Dg,(¢) — 0 as i — co.

Proof. This is immediate from Propositions 2.1 and 2.3. U

2.4 Reduction of the proof to test functions coming from Poincaré series. We
now refine Corollary 2.4 by restricting h to certain factorizable functions. To
make this precise, we note below two convenient ways to parameterize functions
h € C°(My). The first parameterization relies on the isomorphism My ~ H x R*
given by A (A-i,det(A)).

e Given a function 9 on H x R*, we obtain a function h = h¥ on M, via
h(A)=1(A-i,det(A)).

Every function on My arises this way and h¥ € C2°(Msy) iff ¢ € C°(H x RT).
e Given a function ¢ on Rt x Rt x R, we obtain a function A = h® on My via

IRTAW RV
() )

for k € SO(2). Every function on My arises this way and h® € C°(My) iff
€ CP(RT x R x R).

It is easy to go between the two parameterizations. In fact, the two param-
eterizations are linked via the isomorphism H x RT ~ RT x Rt x R given by
(u+1iy,\) = (Ay, A/y,u). So given ¢y € C(RT x R x R), we have that hy, = hy,,
where the function ¥ € C2°(H x R*) is defined by

QZJO(U + Zya )\) = ¢0()‘ya )‘/ya U)

Let ¢ € CX(H), ¢y € C°(RT). We define ¢; X ¢y € C°(H x RY) to be the
product function given by 1(z, \) = 11 (2)12()) so that h¥1*¥2 € C°(Ms,). Similarly,
let ¢ € C(RT), o € CX(R*), ¢h3 € C2(R), We define ¢y X s X 3 € C2(RF x R* x
R) be the product function given by (¢1 X ¢o X ¢3)(t1,t2,u) = ¢1(t1)P2(t2)ps(u) so
that h?1*?2%% € C®(M,). We say that h € O°(My) is factorizable if it is of the
form h¥1X¥2 or hé1Xd2Xes3

We define
o R := {hwlxwz ”;Z)l € CSO(H)> 1;[)2 € CSO(R+)}7
o Ry:={hP1X92X%s ;¢ € CX(RY), ¢ € CX(RT), ¢3 € CX(R)}.

PROPOSITION 2.5. For each S € Ao, pick r(S) € {1,2}. Then the set of finite linear
combinations of Poincaré series P} with S € Ay and h € R,(s) is dense in the space
C>*(I'\Hs) equipped with the uniform topology.
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Proof. For m =1,2, let R,, C C2°(M,) be the set of finite linear combinations of
elements of R,,. In view of Proposition 2.3, it suffices to show given hy € C°(My),
S € Ao, and m € {1,2}, there exists hy € R,;, such that

|Pi(Z) — Pl2(Z)| < ¢, for all Z € T'\H,. (2.13)

To show (2.13), we let C' be a compact set containing the support of hy and we
choose C’ to be a compact set whose interior contains C. By enlarging C' and C” if
needed, we can and will assume that they are both products of compact sets:

e If m=1, then C=C} xCy, C' =C] x Cy where C;, C C{ CHand Cy, C C) CR*
are compact.

o If m=2, then C=Cy x Cy x C5, C"=C x Cy x C4 where C; C €7 C R and
Cy C C5 CRT and C3 C C} C R are all compact.

Let N¢/ be as in Lemma 2.2. By applying the Stone—Weierstrass theorem on the
algebra of smooth factorizable functions on C', we see that the uniform span of such
functions contain h;. By noting that any smooth factorizable function on C' can be
smoothly extended to an element of R,, with support in C’, it follows that there
exists hy € R,, such that hy is supported on C” and sup |hy — hy| < NLC,

Now, using (2.3) and Lemma 2.2, it follows that |P§*(2) — Pg*(Z)| < Nev - 5, =
e, which completes the proof of (2.13). O

COROLLARY 2.6. Let F; be a sequence consisting of elements in Si(I'). For each
S € Ay, let 7(S) € {1,2}. Suppose that for each S € Ay and h € R,.(s), we have
D, (P}) — 0 as i — oo. Then for each ¢ in Cy(T'\Ha) we have Dp,(¢) — 0
as i — 00.

Proof. This is immediate from Propositions 2.1 and 2.5. 0

REMARK 2. In the next section, we will end up choosing 7(S) =1 if S =0, and
r(S)=2if S #0.

3 Reduction of the proof to estimates of shifted convolution sums

The goal of this section is to reduce the proof of Theorem 1.2 to two key results,
Proposition 3.1 and Proposition 3.2, which will be proved in Sects. 4 and 5, respec-
tively.

3.1 Preliminary reduction. Let F € Sk(T') be a Saito-Kurokawa lift that is a
Hecke eigenform. We note first that Theorem 1.2 will follow once we know the fol-
lowing two statements.
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i) (The off-diagonal case). For fixed ¢1 € C°(R™T), ¢ € C(RT), ¢35 € CF(R),

L= <€£}2 €2€/2> e A2 with (61,52’£3) ;é (0’070) and h = h/¢1><¢2><(]§37 we have
2 3

1
TFT / \F(Z)2PH(Z)(det Y)F du — 0, ask—so0.  (3.1)
\Hz

ii) (The diagonal case). For fixed 1) € C°(H), ¢y € C°(RT) and h = h¥1*¥2 we
have

7 [ F@PR @) ey au (3:2)
['\Hs

1
e PMZ k — o0.
VO](F\HQ) / O( )d/ua as o0
T\Ha

Proof of Theorem 1.2 assuming (3.1) and (3.2). This is an immediate consequence

of Corollary 2.6 together with the observation that whenever L = < ;}2 62/2> #0
2 3

we have

/ PIZ)du = / e(Tr(LRe(Z)))h(c~ (Im(Z))) dpu = 0. 0
I"\Hs o \Ha2

3.2 Some properties of Saito-Kurokawa lifts. Let F € S(T"). It has a Fourier
expansion

F(Z)= " a(8)e(Tx(S2)),

S€eA2
where a(S) =0 unless S € A. We have the relation
a(T) = (det A)*a(*AT A)

for A € GLy(Z). In particular, the Fourier coefficient a(7T) depends only on the
SLa(Z)-equivalence class of T'. We define the Petersson norm || F||2 via
IFI3= [ IP(2)F(ety) d
I'\Hz

For each T € Ay, we let
R(T) := |disc(T)|~*/?+3/4a(T)

denote the normalized Fourier coefficient.
Now, suppose that F' € Si(T") is a Saito-Kurokawa lift and a Hecke eigenform.
Then k is even and there exists f €5, 1 (To(4)) which is a classical half-integral
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weight form that F' is lifted from [EZ85, §6]. It is known that f is a newform and
lies in the Kohnen plus space. Precisely, if f has the Fourier expansion

f(z)= Z c(n)nk*=3e(nz)

n=0,3 (4)

then the normalized Fourier coefficients of F' and f are related by

RT)= \/30(“*]&) (3.3)

jlcont(T)

We let f € Sar_o(SLy(Z)) be the normalized Hecke eigenform associated to f via
the Shimura correspondence. Define (f, f) = [q1,znm \f(z)|2y2k_2%. We let IT be
the automorphic representation of GSp,(A) attached to F and we let my be the
automorphic representation of GLy(A) attached to f. From the characterization of
Saito-Kurokawa lifts as CAP representations, one has the relation (which we will

not need to use)
L(s, 1) = L(s, m)C(s + 1/2)(s — 1/2),

where L(s,II) is the (finite part of the) degree 4 L-function attached to IT and L(s, )
is the finite part of the degree 2 L-function attached to .

We have the following key relation between the Petersson norms of F' and f (see,
e.g., [Bro07])

1713 _ 24t )
IFI3  T(k)L(3,m0) '
where
~ 1 _1dxdy
f 2:_ / f > ka 5
112 =& | f(2)] )2

On the other hand, by Waldspurger’s formula [KZ81|, we have for each negative
fundamental discriminant d that
lc(|d])|? - L(%,ﬂ'g ®@xa) T(k—1) L(%,Tl'o ® Xd) 92k—2 k43 (3.5)
GE (f.f) w1 L(lsym’m) T(k—3) '
where the second equality uses the duplication formula for the Gamma function and
the well-known relation (see, e.g., [Nelll, (7)])

247Tck
(k—1)

(f, f) = 27 %52k (2% — 2) L(1, sym>mg) = L(1,sym?my),

where

L&) (k- 3)
3. 92k+1 . 71.216-&-% ’
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Combining (3.3), (3.4) and (3.5), we see that for each T" € Ay such that disc(T) =d
is a negative fundamental discriminant, we have

. R(T)>  L(3,m0 ® Xxa)
k — .
|Fl3  L(1,sym?mo)L(3,m)

(3.7)

Additionally, write Ag(n) for the nth Hecke eigenvalue of f, normalized so that
Deligne’s bound implies [Af(n)| <324, 1 and let p be the Mébius function. We have
for any integer a > 1 that

cle?ld) = e(lal) 3 P 4 < g, (39
uv=a \/a
3.3 Main results on shifted convolution sums. Let F € Si(I') be a Saito—

Kurokawa lift that is a Hecke eigenform. We let R(T'), T' € Ag denote the normalized
Fourier coefficients of F', as defined above. Note that R(T') is supported on T € \J.
Let ¢ be given by (3.6). The conditions (3.1) and (3.2) reduce to estimates on shifted
convolution sums involving the Fourier coefficients R(T'). In particular, as we will
show later in this section, they will be implied by the following key propositions.

PROPOSITION 3.1. Let F' € Si(I") be a Saito-Kurokawa lift that is a Hecke eigenform
and let R(T') denote the normalized Fourier coefficients of F. Fiz hy € C°(R™1), hy €

C>*(R"), hg € C*(R), L= (;}2 626/2> € Ny with (¢1,02,03) # (0,0,0). Assume
2 3
GRH. Then for any € > 0,

R X RORCDi () (F)m(F)
T:( m 7“/2)61\3
r/2 n

k3
(logk)l/%*&'

Lhy,Le

We will prove Proposition 3.1 in Sect. 4.

Next, for each slowly growing function g : SLy(Z)\H — C, x € C*(R*), and
T € A, define the following quantities which depend only on the class of T in
Ay /SLy(Z):

e(T) :=|{A€SLy(Z): '"ATA=T}]
and

- t, ydudydA
G(T;g,k) = / g(2)AFk(N)e A Tr (T 9z)7y2)\4 , (3.9)
z:t);i?yeH
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01 0 y_%
i to the point z and hence for each A € SLy(R) we have g, Ag, € SO(2).

1
. . 1 2 0 .
where for z =u + iy we write g, := ( u) <y2 > Note that g, takes the point

PROPOSITION 3.2. Let F € Si(T") be a Saito—Kurokawa lift that is a Hecke eigenform
and let R(T') denote the normalized Fourier coefficients of F. Fix g € C2°(SLo(Z)\H)
and k € C(R"). Assume GRH. Then as k — oo,

1

w2

1113 TeA /SLa(Z)
K(3) dudy

7 3vol(T\Hy) / glutiy) =5~
SL2(Z)\H

|R(T)I”

) |disc(T)|* 2 G(T; g, k)

(3.10)

We will prove Proposition 3.2 in Sect. 5.

3.4 The off-diagonal case. In this subsection we show that Proposition 3.1 im-
plies (3.1). We first prove the following auxiliary result.

LEMMA 3.3. Let A and B be symmetric positive-definite 2 x 2 matrices. Then we
have

det(A) det(B) < det (MTB> .

Proof. Note that as A is positive-definite, det(A) >0 and thus A is invertible. We
begin with a trivial identity

\/det(A) det(B) = \/det(A2A-1B) (3.11)
=det(A)y/det(A~1B).

As A7'B=A"12(A"12BA~1/2) AY/2 the matrix A~' B is similar to the symmetric
positive-definite matrix A~'/2BA~'/2 and consequently the eigenvalues A, Ay of
A7 B are real and positive. We also note that the eigenvalues of I + A~'B are 1+ \;
and 1+ Xo. Hence, using the easy inequality 2v/X <1+ X for A > 0 we have

det(A—lB) =/ )\1)\2
< (T4 M) (14 A2)

det(I + A™'B)

e N

ol

1 1
=det(=I+-A"'B}.
e(z T3 )

Combining this with (3.11) gives the desired result. O
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We are now ready to prove the main result of this section.

LEMMA 3.4. Fiz ¢1 € C2(RY), ¢ € C2(RT), ¢3 € CX(R), L= (66}2 Ezf) € As
2 3

with (£1,02,03) # (0,0,0). Let h = h?1*%2%%3 Assume GRH and assume the truth of
Proposition 3.1. Then (3.1) holds in the stronger form

1
W / |F(Z)‘2P£L(Z)(detY)de <<¢i,L,5 (logk‘)_l/28+5.
2

for all sufficiently large k.

Proof. By unfolding we obtain

HFll% / |F(2)]PE(Z)(det Y)* dp

:ﬁ / \F(Z)2h(Z)(det V) dp

' \Ha2

1
- TP / (Z S a(S1)a(Sa)e(Tr(S1 X)
oo \Ha

S1€AT SaeAT

(3.12)

— TY(SQX))eQWTr((SIJ“S”Y)) hi(Z)(detY)* dpu.

The space I'o\Hs may be parameterized by the points (n(X)m(A)) - il with

X = (i; Z),xiGZ\R, and A = “1‘ \/E\/E> with #; € Rt and u € R.

Note also that we may write n(X)m(A)) - il = X + Y}, 1, 4, Where we have set

2

Yiitou = (tl ;iju ttgu . Under the substitution X 4¢Y — X +14Y;, 4, , the mea-
2 2

sure dy is replaced by t73t; 2da; dag das dty dty du. Finally, we have hy (X + iYeu) =

e(Tr(LX))h(t™ (Vi) = e(Tr(LX)) o1 (t1) p2(ta) p3(w).

Therefore, after making the above substitutions and executing the dz; integrals,
(3.12) reduces to

> |dise(T)disc(T + L)|*/*~**R(T)R(T + L)W, (T), (3.13)

HQT A+
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where for T = ( m T/2> we have
r/2 n
Wi ( / / / —2m(2mA-01) (b1 +uPta )+ (2r-Ho )t ut (2n-+E3 ) t2)
RRTRY (3.14)
dtl dtQ du
X ¢1(t1)¢2(t2)¢3(u)w-
1l
We may assume in (3.13) that T + L € A} as otherwise R(T + L) =0.
Next we derive a more explicit expression for the above weight function.
Claim. Let v :=2m + {1, v9 := 2r + f5, and vz := 2n + 3. We have
L(k—2)T (k-2
Wi, (T) = (k20 (k — 5) (3.15)

V2(2m) 25772 (v vg — 2 /4)k=3/2

(0 (D) (3o (i ) )

r/2
>
for T'= (r/Q n)eAz,WhereforanyA 1

S( )<< 1 1
V1,02, ¢2,¢ ' +
1, V2,03 ¢1,02,¢3,A,€ kl-e 1 (|Ul‘/k>

1 1 (3.16)
Lt fva/oilh 1 g (Jog — 22| /k)A

We proceed to prove the above claim. The integral on the right-hand side of (3.14)
takes the form

—27(v1 (61 +u2ta)Fvatautust dtl dt? du
// /e (v1(t1 2)+vatautus 2))¢1(t1)¢2(t2)¢3<u)W-

R R+ Rt

Note that automatically vy, v3 > 0, and v;v3 —v3 > 0 where the last inequality comes
from T+ L € A5 . Let us first treat the t;-integral. Using Mellin inversion we compute

o0
/6727rv1t1tk Bd)l tl dtl— // 727T’111t1t/€+s 3¢1( )detl
0

(2701) " 20, (s)T(s + k — 2)ds

"2
(@)
— S5 [em e a et s ean)

2)
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By Stirling’s formula, we have for any fixed A > 1 and k large (compared to A)
and |Re(s)| < A that

L'(k+s—2)
——=(k—2)%(1 ik
where R(s;k) is a holomorphic function in |Re(s)| < A satisfying R(s;k) <a (]s]* +
1)/k. Plugging this into (3.17) and shifting the line of integration to the line Re(s) =
—A to handle the error term, it follows that the t;-integral is given by

T(k—2) Chio /~ (k—2>5 ( 1 1 )
27TZ ( 7rfU1) ( ) ¢1($) 27_‘_@1 dS + OA,¢1,€ kl_E 1 + ('Ul/k')A
2

- 9)(2m0;) 2
= F(k — 2)(27T’l)1)7k+2¢1 (ZTU?) + OA,<Z51,€ <F]€(f:5(12)_|(-2(1)1/)]€)'4) )

for any A > 1.
Next we evaluate the u-integral. By Fourier inversion we compute

/6_2”t2(”1u2+v2u)¢3<u) du:/6—27rt2(v1u2+v2u)/R(zg(y)e(uy)dy du

R

R
:/ag(y)/e—2wt2(v1u2+v2u)e(uy)dudy
R
R

/A 1 %,(iy7v2f2)2d
— . e tovq
3(y) e y
R

2
1 E.v2t2 —~ __vg _ 7ry2
= e v / 3(y)€ 7”1f1ye 2tgvy dy
R
Observe that

R/fgs(y)e_m% dy = ¢3 <—2U—U21)

s 2
ande '=1+0(t) ast — 0. Write l(y) =1—¢" Bizvr | Using the preceding statements
and integrating by parts the integral above takes the form

1 = Vit Vo
5 ~ 2 B
\/27521)16 ' <¢3 ( 201) + B 2)> ’
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where for any fixed integer A >0 and ty <4, 1 (recall that ¢, has compact support)
the error term is

E(ty) = ( ) /Z( >¢(J) Z(A ])( Je —mic2e dy

Lops, o

(3.18)

t2v1 1 + |U2/U1|A

using the fact that ¢3 is a Schwartz function.
The remaining ¢,-integral can be computed similarly as the ¢;-integral:

oo

/6—271'(1)3152 Tta) gk 5/2¢2(t2) dts

—27r(v3t2 t2) s+k— 5/2
b Jee s

(2) 0

T(k— 3 2 —s—k+3/2~ T b 3
D) / <2ﬁ ( 4)) ¢2<s><;(;_ g)a ds.
(2

Above, we use that v — % > 0, as noted earlier. Using Stirling’s formula for I'(s 4
k—3/2)/T'(k —3/2) and shifting contours, the ¢o-integral becomes

(k3 9 —k+3/2 b s o
o I ] = p
i ) v3
1 (2) 2 <U3 — m)
+ OA,¢2,€ ( 11—5 1 >
P (a2 k)
9 —k+3/2 o 3
:F(kz—§> <2w<vg—v—2>> ¢2 —22
2 4vy 2w (Q}g — 41)721>
—k+3/2
3 v3 1 1
+ 04606 | T (k: — —) (271' (’Ug — —2>> — - 2 1
U )) S i m

for any A > 1.
The contribution from the error E(t3) can be estimated by similar reasoning and
using (3.18) to see that it contributes

—k+3/2
3 v3 1 1 1
<<F<k—_> (27T<U3_ 2)) 1—¢ A A0
2 4’01 k 1+((’U3_Zv§1)/k) 1+|U2/Ul|

N
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which completes the proof of the claim (3.15).

We then use this expression to complete the proof of the lemma. From the compact
support of the functions ¢;, it is clear that there exist compact subsets C; C RT,
Cy CRT, C3 CR, Cy CRT depending on the ¢; and the ¢; so that for all sufficiently
large k, we have that

k—2 2m + /¢ L—3
2 (271'(2m + 51)) ¢s <_2(2r —l—ﬁ;)) 02 (27T ((271 +03) i (2r4£2)2 )) 70

4(2m+[1)

m n r dmn —1r?

:>?6C'1, EECQ, Eecg, — 2

Pick non-negative valued functions hy € C(R™), hy € CP(RT), hy € CX(R),
such that h;(x) = ||¢i||e for z € C;. We have

e Cy.

<hi (%) ha2 (%) 3 (%)

o1 (i) 00 (—0s) &2 <2W((2n+gj)__%<2r+42>2 ))

4(2m+42£7)

and furthermore the left side is 0 unless 4mn — r? < k?. Additionally, write H(z) =
1/(1+ |z|)? where A > 1 is fixed and sufficiently large. From (3.16) it is not hard to
see that

k k k
Therefore, writing J(z1,z2,73) = hi(z1)he(z2)hs(z3) + kT H (x1)H (z2) H (23) we

see that
(2m)~T(k —2)T (k — 2) m n T
Wt D < GG T @n T )=+ G2 (Z & %)

1
E@m+ 61,20 + b, 2+ £) € o H (T> H <ﬁ> H <Z>

< i s
i3 |dise(T + L/2)[F32 "\ &'k’ k)

Using Lemma 3.3 with the choices A=T, B=T + L, and recalling that disc(T) =
—4detT, (3.13) is

Cr mn r
—_— R(TR(T + L)|J .
< 1 |[F|2 Z |[R(T)R(T + L) (k % k)

mr/2\ .
T_<7“/2 n >€A2

Applying Proposition 3.1 we have that
Ck r
e, X OB D () () ()
2
7= (;72 TT/Z ) eAf (3.19)

< (log k)~1/28+e,
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To complete the proof we first require a bound for R(T)R(T + L). Recall that
m r/2
r/2

that cont(T") cont(T + L) <, |T'|; to see this, observe that for d|m, d|r and e|m + ¢,
e|r + £a, one has e[, — {27, so de <y, ¢, |m|+ |r|. Hence, using this and applying
(3.3), (3.7), and (3.8), along with GRH to bound the L-values, we get that

H;,ﬁIR(T)R(T+L)\<<C—k 3 \/m‘C(|disjc%(T)|>C(|disc(£+L)\>‘

2
HFHQ 41| cont(T) I
j2| cont(T+L)

< ’T‘1/2+6,

for T = we write |T'| = |m| + |n| + |r|. Note that for fixed L we have

where we also used that | disc(T)|%, >
estimate we conclude that

T ( x| e (5)a(3) e (5)
= r/2 n >6Arj

jleont(r) 1 < |T'|°. Thus, applying the preceding

< kig 3 TV H (%) H (%) H (%) < kl/%
T= (;72 Tq{f) €Ay
Combining the preceding estimate with (3.19), which completes the proof. O
3.5 The diagonal case. In this subsection we show that Proposition 3.2 implies

(3.2).
LEMMA 3.5. Fiz ¢ € C°(H), 1y € CX(RY) and let h = h¥**¥2. Assume GRH and

assume the truth of Proposition 3.2. Then we have

1 1
—— | |F(Z)PP(Z)(detY)rdpy — ——=— [ P}(Z)du
HFHQF\éQ ‘ Vol(F\Hg)F\éz 0 5.20)

as k — oo.

Proof. Recall that for g € G,

Pig)= Y ho(vg)= > Y hommve)= > hy(rg).

AET o\ ~EP(Z)\T n€SLa(Z) ~EP(Z)\D

where we define the function hjy on G via

ho(g) ==Y ho(m(n)g).

n€SLa(Z)
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Since hy, is right K..-invariant, it defines a function on G/K ~ Hs which we also
denote as hj. Therefore, for Z € Hy, we have PM(Z) = > yep@nr ho(vZ). The space

P(Z)\Hs may be parametrized by the points (n(X)m(A))-il, with X = 1 :EQ) ,

To I3
1/21/2
: 11L (y ' U212 with A € R¥ and u + iy € SLy(Z)\H.

Note also that we may write n(X)m(A))-ilo = X +1i)Y,,,, where we have set Y, , :=

z; € Z\R, and A = (

2
(y‘;;iy/y i‘;ggj) Under the substitution X + Y — X 4 iAY, , the measure du

is replaced by 2y 2A\"*dz; dzs dasdydAdu. Finally, an easy calculation shows that
ho(X +iAY, ) = gy, (u+iy)a(N), where the function gy, : SLa(Z)\H — C is defined
by

gu(2)= Y Win2).

T]ESLQ(Z)
Therefore, by unfolding we have
1
| PR D eV du= [ IR (2) ety ) d
2

T'\H, P(Z)\Hz

=2 / / Z ’a(5)|2674w>\Tr(SYu,y) (3.21)

utiyeSLa(Z)\HA>0 \SEAT

Gy (u+ iy) o (M)A "y~ dudy dA.

Recall that a(S) = a(!ASA) for A € SLy(Z). For z = u + iy, write g, = (é?) X

N[

<y0§ y(_) , so that Y,, = ¢.'¢.. Note that Tr(*fASAY,,) = Tr(SAg.'q.'A) =
Tr(Sga.'ga.). Recall that e(T) :=|{A € SLo(Z) : ‘ATA =T}|. We see that (3.21)

equals

~

2
9 / Z / Z |a(§) o ATATY(Sga:"g42)
2€SLy(2)\H AESL2(Z))>0 \ SeA] /SL2(Z) £(5)

)\2k74
X gy (A2)Y2(N) 7 dudydA

|R(T)|*

(1) Aise(DI T G(Tigun va).

—4 Z

TEAT /SL2(Z)
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where in the last step we use the fact that SLy(Z)/{£1} acts simply transitively on
Hs. On the other hand, we have that

| Ri@au= [ w2

I'\H, P(Z)\Ha
. dudydX
=2 / / Go (u+ ZZ/)%()\)W
u+iyeSLa(Z)\H A>0
—~ . dudy
=203 [ gurin g
SLo (Z)\H
Therefore, using Proposition 3.2, we see that (3.20) holds. O

4 Proof of Proposition 3.1

Our next objective is to establish Proposition 3.1.

Let f be a weight 2k — 2 newform of fixed level® N. Let Fy, F5, F3 be Schwartz
functions. Given a function G : R? — C, non-negative integers fi, fo, and integers
51, EQ, 63 we write

S G (dy, d)
= 3 Gy, dy) 3 H(%)B(%)%(%)

di,d2€7Z r,m,neL
(r2—4mn)/ f2=d;
((r4€1)2=4(m~+L2)(n+L3))/ f3=d>2

b
where Z denotes that the sum over fundamental discriminants dy, ds. Given inte-
gers {1, Uy, 3 write [ = Hj:gj 20 ¢;. The following auxiliary result plays a key role in
the proof of Proposition 3.1 and we shall establish this first.

PROPOSITION 4.1. Assume GRH. Let ({1,02,03) € Z>\ {(0,0,0)} and fi,f, € N.
Then, we have that

/ 1 1
3 \/L(é,f®Xd1)L(§,f®Xd2)<<k36XP< ) ﬂ)(h)gk)l/zx—s’

pllf1f2

where the implied constant depends on N, Fy, Fy, F3, and & (but not on in £, o,

€3> f17 f2)

We assume GRH for L(s,f ® xq4), for all fundamental discriminants, and
L(s,sym2 f). The argument to prove Proposition 4.1 uses Soundararajan’s method

5 In this section we work with general level, but our application only requires the case of the full
level.
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[Sou09] for bounding moments of L-functions along with some of the techniques de-
veloped in [LR20], where a similar, yet simpler moment bound is required. We also
require the following lemma [RS15, Lemma 7].

LEMMA 4.2. Let F be a Schwartz function and n (mod q) be a congruence class
modulo q. Suppose n is an odd integer co-prime to q. Then

> (o= 26 (T )nen

d=n(q)

where for j € Z and n € N we have set
b in
w0:=3 (1 )e(F)
b(n)

4.1 The character sum. To prove Proposition 4.1 we will need to estimate a
certain intricate character sum. Let s, ¢ be odd natural numbers with s,¢ < k'/2 and
l1, £y, l3 be fixed integers. Let Fy, Fy, F3 be Schwartz functions. Define P; to be the
set of primes dividing s but not ¢, P; be the primes dividing ¢ but not s, and P,
be the primes dividing s, t. Also, let «;, be the non-negative integer such that p®||s
and (3, be the non-negative integer such that p||t. Given G : R? — C and integers
{1, £y, £3 we use the notation

S " Gdr, do)
= Y G(dr,dy) 3 F1(2>F2(7Z>F3(Z>

d1,do€Z rm,nez
r2—4dmn=d;

(T+f1 )2 74(m+€2 ) (n+£3 ):d2

where we allow dj, d2 to be any integers (not just fundamental discriminants).
PROPOSITION 4.3. Let Fy, Fy, F3 be Schwartz functions. Then for odd s,t < k'3 we
have that

3 (B (%) =R () Ba(0) By 0) s.8) + OG0, (41)

where

st =T (-0 T (- T (1=5) T (- 52)

peP. P/ pep, \P P/ pep, P/ pep \P P
2|ap 2fap 2|Bp 248y (4 2)
< I a@ I e I e

peps,t Peps,t pEPs,t

2|ap,Bp apZBp (2) 2fap,Bp
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and

1 1 1_1 pr|€]7v]€{1a273}a
1(p) p 2(p) p 3(p) O(%) otherwise.

4.1.1  Local sums. We will make use of the following easy observation repeatedly.

LEMMA 4.4. Let p be an odd prime and d be a congruence class (mod p). When a,
b, ¢ run over congruence classes (mod p), a®> — 4bc attains the value d (mod p) for
P>+ (%)p triples.

Proof. The number of triples (a,b,c) € (Z/pZ)? with a® — 4bc = d equals
d + 4b

> (+(557)

be(p) P

Also, for b# 0 (p) we have that

Z <d+4bc> _0

c(p) p

and if b=0(p) the sum above is clearly equal to (%)p. Combining the two preceding
estimates gives the claim. ]

The first consequence of this is that

3 <a2_4bc> :pgl(p2+p—(p2—p))=p(p—1) (4.3)

a,b,c(p) p

as there are (p — 1)/2 quadratic residues and non-residues (mod p) each.
This can be used to evaluate more general sums

- (55

a,b,c(p)

for £ € N. We note that by the complete multiplicativity of the Legendre symbol the

above is
Z <a2 — 4bc> ¢

abe (p) p

We consider different cases depending on the parity of £. If £ is even we have, using
Lemma 4.4,

2 _ b ¢
>, <a 4b) = {(a,b,¢) € (Z/pL)’ : a® —4bc £ 0 (p))}| =p*> —p*  (4.4)

a,b,c(p) p
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On the other hand, if ¢ is odd

> <a2—4bc)€: 5 <a2—4bc> —olp—1)

a,b,c(p) p a,b,c(p)

by (4.3).
We will also need to consider the following sums, for «, /3 € N (note that the
moduli in both Legendre symbols are the same),

5 <a2 —4bc>“ ((an)? —4(b—|—€1)(c+£3)>ﬁ.

a,b,c(p) p p

We again divide into cases. Suppose «, § are both even. Then the sum is simply
{(a,b,0) € (Z/pL)*: a* — 4be £ 0 (p), (a+ ) = 4(b+ fr)(c+ ) £ 0 (p)}

By Lemma 4.4 this quantity is p* + O(p?).
Assume than one of a, 5 (say ) is even and the other one is odd. Then the sum
is simply

Z <a2 —4bc> <(a+€2)2 _4(b+£1)(c+£3)>2 <P,

a,b,c(p) p p

where the last step follows from Lemma 4.4 and (4.3).
Suppose finally that both «, 5 are odd. Then the sum is given by

> <a2—4bc> ((a+€2)2—4(b+€1)(0+43)>‘ (4.5)

a,b,c(p) p p

Note that by (4.4) this sum equals p?(p — 1) if (¢1,/s,¢3) = (0,0,0) (p). Suppose that
this is not the case. We will estimate the sum differently according to which of the
£;’s is not divisible by p. The following lemma will be useful.

LEMMA 4.5 (Theorem 2.1.2. in [B+98]). Let p be an odd prime and a, b, ¢ be integers
with pta. Then

Z<WW>: ~(5)  #p-daczow)
@ (p) p (p—l)(%) if b — 4dac=0(p).

First consider the case ¢; # 0 (p). We bound the sum (4.5) by the triangle inequal-
ity as

<y

b () p

5 ((a2 —4be)((a+ £2)? — 4(b+ 61)(c+€3))> ‘ _

c(p)
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Note that the argument is of degree 2 as a polynomial in c. We write it as Ac? +
Bc+ C, where the coefficients A, B, and C' depend on the numbers a, b, {1, {5, {3
and are explicitly given by

A =16b%+16bl, B = 16bl143 + 16b°03 — 8a*b — 4a*(; — 8ably — 4bl3,
C=a*+2a0 + a2€% — 4a’bls — 4a0105.

To apply Lemma 4.5 we need to compute the discriminant B? —4AC. A straightfor-
ward calculation shows that

2
B2 — 44C =16 (a*1 — b3 + 4(b05 + blrbs) — 2abls )

From this it follows that for a given residue class b (mod p) there are at most two
residue classes a (mod p) for which the discriminant vanishes. Thus Lemma 4.5 yields
the bound < p? for the sum (4.5) in this situation. The case f3 % 0 (p) can be dealt
with similarly.

Suppose finally that ¢ # 0 (p) (and we can at the same time assume that ¢, (3 =
0(p)). Note that in this case the discriminant B? —4AC can only vanish identically
when b=0(p) and for all the other b(mod p) there is a unique a (mod p) for which
B? =4AC (p). We are again done by Lemma 4.5.

So to summarize, we have proved the following.

LEMMA 4.6. Let p be an odd prime and o, 8 be natural numbers. Then we have

Z <a2—4bc>a:{p3—p2 if 2|a,

a,b,c(p) p p2 -D ’Lf2’f0(,

and

5 <a2 —4bc>“ <(a+€2)2 —4(b+£1)(c+€3))5

a,b,c(p) p p

P’ +0?)  if 2o, B,

_ O (p®) if 2|, 21 B or 2t a, 2|,
p? — p? if 24 af and (¢1,42,03) = (0,0,0) (p),
O (p?) if 2taf and (€1,02,03) % (0,0,0) (p).

4.1.2  Applying Poisson summation.

Proof of Proposition 4.3. Let s and t be odd natural numbers with s,¢ < k2. Let
Us:=T1lep, p, Ut :=]lpep, p, and 11 := HpePS,tp' To estimate the sum

3 (7“2 _s4mn> <(r—|—€2)2 — 4(7;14—51)(71—1—53)) ja) (%) F (%) F; (%) (4.6)

m,n,r
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we divide the summands m, n, r into congruence classes modulo 1LII1I,;. Recall
that «, is the integer with p®#||s and 8, is the integer with p“#|[t. By the complete
multiplicativity of the Legendre symbol and the Chinese remainder theorem, the sum
we are interested in takes the form

> 11 (@)“P 1 ((CLQ +€2)2_4(b2—|—€1)(02+g3)>51)

a1,b1,c1 (IIs) pEPs p pEP, p
az,bz,cz (Ht)
as,bz,ca (s ¢)
(a§ - 4bgc3)% ((as 4 £3)% — 4(b3 + £1)(c3 + zg)yp
< |1
p

pEPs ¢ p

m n T
< > m(F)e()s(;)
m=y1 (Hsntns,t)

n=7y2 (HsHtHS,t)
T=73 (HsHtHs,t)

where ; is the unique congruence class (mod ILIIIIs;) that corresponds to
by (mod II,), by (mod II;), b3 (mod II;;) and 2, 73 are defined analogously.
Each of the sums over m, n, r can be evaluated by Lemma 4.2. Since s,t < k'/3,
I, IT, 11, ; < k*/% and we also have that 13](5) <4 x|~ for each j = 1,2, 3. Hence, we
see that the inner sum in the preceding equation is

k P WIRENs ~200
(i) PAOBOF0) +Or (k).

The main term in the preceding equation is independent of ~1, ¥2, 3. Hence, com-

bining the previous two estimates and using the Chinese remainder theorem we see
that (4.6) equals

ap Bp
2_4b a 2 C;
HpePs,t (Za,b,c@) <a3 P 303) (( ahle) 4(11))3%1)( 3+£3)) >
a?—4bicy “r (a2+£2)2 —4(ba+01)(ca+03) o
X HpEPS Za,b,c(p) ) HLUEPt Za,b,c(p) P

~

N )
. <HSHtHSt) Fi(0)F5(0)F3(0) + Op, (k1.

Now the local sums can be evaluated by Lemma 4.6 and we get the claimed result. [

4.2 Bounds for large moments of Dirichlet polynomials. In this section we will
establish upper bounds for moments of Dirichlet polynomials averaged over pairs
of certain fundamental discriminants and these bounds will be a main ingredient in
the proof of Proposition 4.1. We assume from here on that (41,2, ¢3) # (0,0,0) and
F; :R — R>(. Recall the definition of f(s,t) from (4.2).
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To analyze the function f(s,t) further we let C' > 1 be a sufficiently large absolute
constant and define the completely multiplicative function u by u(p) =1+ C/p. Also,
write s = S%Sl, t= t%tl, where t1, 51 are squarefree and observe that o, is odd if and
only if pls;, and 3, is odd if and only if p[t;. Let g = (s1,t1) and write s; = gso,
t1 = gtp and note that (g, soto) =1 since s1, t; are squarefree. We make the following
simple observations

e «,, 3, are both odd if and only if p|g,

e «, is odd and (3, is even (possibly zero) if and only if p|so,

e «, is even (possibly zero) and f, is odd if and only if p|ty.
Recall [ =]}, 20 {;- Hence, writing s = s3gso, t = s2gto as above, we have for (st,l) =
1 that

C¥gsoto)

ST (4.7)

f(s,t) < u(s2)u(ts)

since C' is sufficiently large.

We now use Proposition 4.3 to estimate moments of certain Dirichlet polynomials.
Let {a(p)}, C R with |a(p)| < 2p'/4~? for some fixed 0 < § < 1/4 and a(p) =0 if
p‘flfgl. Define

2
a
p=y 20
p<e P
where Cy > 0 is a sufficiently large absolute constant (so V > 0, for example).

LEMMA 4.7. Let ¢ € N. Suppose x* < k'/®. Then

20 L

The preceding lemma will be deduced from the following result.

LEMMA 4.8. Let u,v € N. Suppose x™2(w) < [1/3 Then

alo (4w, alo)(€2) <o
w (x 8y () 4
2 1+12) s
!(v+oug .

3 u! v!
F; T A
SHIEEEIT

<

Using Lemma 4.8 we will quickly deduce Lemma 4.7.
Proof of Lemma 4.7. Recall that a(p) =0 if p|fi fol so that

a(p)(Xd, (P) + Xd> (P)) = a(p)((f%(h) + (f%)).

p p
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Also, recall Fy, Fy, F3 are nonnegative. Using non-negativity we drop the conditions
on the sum over r, m, n that fZ divides 72 —4mn, f2 divides (r+£¢1)? —4(m+£3)(n+
¢3) and both (r?2 —4mn)/f2, ((r + £1)? — 4(m + £2)(n + €3))/f3 are fundamental
discriminants and use the previous observation to see that

' a(p)(xa, (p) + x4, (P)\**
I

p<z

a(p)(Poimny | (P )t )y 2
< 3 (S Y () (1) e ()

m,n N p<g

The right-hand side is

0 AP (D) + (%2))\ %
> (; )
ZZ—jJ

: i) Sl
Z_:( )2L PR <v+0(1))

by Lemma 4.8. The contribution of the even terms to the sum equals

14

<v+0 ) 'JZE:J' <v+0 )W']Z

_ <2§) <v oa ))1Z

The contribution of the odd terms equals
-1 -1 -1
(20)! 1 (20! < >
(v+om) 5 =g = (7O

< (25) <v+0( ))Z

]I

where in the last step we used the inequality mw < (1 +w)™ (which holds for any
m>1and w>0) withm=4¢, w=1/V. O

4.3 Preliminary estimates. We will now use Proposition 4.3 and (4.7) to esti-
mate the left-hand side of (4.8). To state the next result, let v be the multiplicative
function with v(p®*) = 1/al. We note for m,n € N that

v(mn) <v(m)v(n) and v(n?) <

(4.9)
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which we will use later. Given j € N and a completely multiplicative function b, we
see that

(Z b(p)) = Z b(n) Z 1=! Z b(n)v(n). (4.10)
p<z n>1 P1,e-,Pf <T pln=p<z
prpi=n Q(n)=j

LEMMA 4.9. Let u, v be nonnegative integers. Suppose that z™x@v) < k13 Then

y (e SN o) (B)\
) (z—ﬁ ) (ziﬁ ) <nk
Rl 3 a(s2)?a(t2)’v(s2)v(ta)u(s2)u(ts)

20 (s2t2) 5,1, (4.11)

plsatagsoto=>p<w
Q(s2gso)=u
Q(t2gto)=v

(4C)asoto)y (g)(so)v(to)
(gsoto)'+° '

Proof. Using (4.10) we get that

(55 = 2 )

p<w pls=p<z p
Q(s)=u

Applying (4.1) and noting 2%, z¥ < k'/3 we have that the left-hand side of (4.11) is
a(s)a(t)v(s)v(t)

<, k3ulv! Z f(s,t) 4+ k7%,
p|st=p<z Vst
Q(s)=u
Q(t)=v

We write s = 53gs¢, t = t3gto as in (4.7). Using (4.7), (4.9) and recalling that |a(p)| <

2p'/4=9 yields the claim. O
4.4 Sum estimates and the proof of Lemma 4.8. Given a nonnegative integer n
we let
14+ (_1)n+1
Mn = 9

and note that [n/2| = (n —n,)/2. We will first establish the following bound.
LEMMA 4.10. Let j € N. Then

3 a(s9) 2 (s9)u(se) (A0) 20 u(se) (V4 O(1))L3]
202052 5" I

(4.12)

pls2so=p<w
Q(s350)=4
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Proof. Write r = Q(so). The left-hand side of (4.12) is

¥y UORm)( oy el

0<r<j “pl|so=>p<z plse=p<z
Q‘j—’r‘ Q(So):T Q(Sz):j;r
) (4.13)
r i=r

-y l(z 40) 1 (Za(p)QU(p)) 2
- é j—7r ’

0og M\ N %

2|j—r

where we have used (4.10) in the last step. Let C; =4C pr’l"s. Also note that

2

alp)ulp) _y) 4 o),

a(p)
2 P

p<z

Apply the inequality m™(m — n)! > m! with m = (j —n;)/2, n=(r —n;)/2 to get
that
1 (v T w+o)s (j—nj 1 )—
. —+0(1 < . . . 4.14
(o)1 (2 +0( )) =gl > Vi2+0() (4.14)

Hence, the right-hand side of (4.13) is

2
)15 Cv2 |j
;P (V +10(1) [%J)

where in the last step we used that exp(y/x) < 3exp(z) for any z > 0. We complete
the proof by noting that

exr (522 11]) - (1+0(3)) . =

We are now ready to prove Lemma 4.8.

Proof of Lemma 4.8. Applying Lemma 4.9 it suffices to estimate the sum on the
right-hand side of (4.11). Writing Q(g) = r we see that the sum on the right-hand
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side of (4.11) equals

mi}( > <470)9(9)'/(‘(’))< T s rsul) <4C>”<8°>v<so>>
150 O(s2) 146
r=0  “plg=p<z g plsaso=p<z 2 52 %0
Q(g)=r Q(s2s0)=u—r
2 Q(to)
" > a(tz) &52)2)“(152) (4C) 1+5V(t0)>'
pltato=p<z 2 t2 to

Q(t3to)=v—r

As before, write Cy =4C'Y., p~'7°. Using (4.10) to estimate the first inner sum and
Lemma 4.10 to bound the second and third inner sums, we see that the above is

min{u,v} C{ (V—}-O(]_))LHQTJ+LU;TJ

QU g 22

< (4.15)

r=0

Note that 7, =1, + (—1)"n, so that

VL—TJ _ u—1r—(ny+ (=1)"n,) _ {EJ _ r+(=1)"n,
2 2 2 2 ’
We now apply the inequality m™(m — n)! > m! twice; first with m = |u/2]| and
n=(r+(=1)"n,)/2, next with m = |v/2]| and n = (r+(—1)"n,)/2 (cf. (4.14)) to get
that (4.15) is

rH(=1)%ny r+(=1)"Ynr
2

(v+o)alsl & o ( 5] ) ( 5 ) T 416)
T ool ot \ SV 4+0(1) sV+0(1)
To bound the sum, we apply the Cauchy-Schwarz inequality to see that it is
© Cr u rH(=1)%nr\ 1/2 , 00 v r+(=1)Yn,\ 1/2
(S (piom) ) ERiw) ) e
= !t \5V+0(1) = rl \3V+0(1)

Using that x < e” we have

(rom) == (o)

r=0

[SIh-

so that

Using these bounds in the right-hand side of (4.17), together with their analogues
for the second sum, we get that the right-hand side of (4.16) is

Ao (AL LDy _ v omy 2

< U Yy ) ex u 2w v )
2L5J+L2JL§J!L§J! V+0(1) 2L2J+L2JL§H§J!

which completes the proof. O
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4.5 Proof of Proposition 4.1. Having proved Lemma 4.7, we are now in the
position to use it to prove Proposition 4.1. We first require a few preliminary lemmas.
Recall that L(s, f) = T],(1 — app™*) 7' (1 — Bpp~*)~" for Re(s) > 1, where oy, 3, are
the Satake parameters, so that Deligne’s bound gives |a,| = |5,/ =1 for (p, N) =1.
We first require the following bound for the central L-values which is due to Chandee.

LEMMA 4.11. Assume GRH for L(s, f ® xa). Let d be a fundamental discriminant.
Then for x > 2 there exists Cy > 1 which depends at most on N such that

(ap + By)xa(p)" log z/p" Lonlos |dk|

1
].OgL(§7f®Xd) S Z np%(1+2/10gm) ]()gx logaj .

p" <z

PIN

REMARK 3. In particular, choosing = =log|dk| and using Deligne’s bound |a,| =
|Bp] =1 for p{ N we have that

2Cy log |dk| )
L(} 4.18
(3. F ®xa) <w exp (loglog(\dkl—i-l) ’ (4.18)
which we will use later.
Proof. See Theorem 2.1 of Chandee [Cha09]. O

We next record the following estimate, which follows from a classical argument of
Littlewood (see Titchmarsh [Tit86, Eq. (14.2.2)] or [LR20, Lemma 5.3]). Assuming
GRH for L(s,sym? f) we have for x > 2 that

2
> M) _ loglog z + O(logloglog k). (4.19)
p

p<z

Finally, we require the following estimate for large deviations of Dirichlet polynomi-
als. For x > 2 and d;, dy fundamental discriminants, let

ey A (p)(Xds (p) + Xan () log z/p
P(dy,dg;x) == Z pl/2+1/logz log

p<z
ptf1f2lN

(recall I =], 20 ¢;). Also, for VER, > 2 let

A (Viz) = 3 Vyoe)(Pdi, do; ).

LEMMA 4.12. Let € >0 be sufficiently small. Suppose that V > (loglogk)®/*. Then
we have that

—V2(1—2¢)

A (V- BV E) < (
KV ) <k exp 4loglog k

) + ]{JS e—%V]ogV.

Proof. Define = kY/EV)| z = gl/lglogk 1) = (1 — £)V and Vo = V. Also let
Q(dl, dQ; .’IJ) = P(dl, dQ; .’IJ) —P(dl,dg; Z) Clearly, ifP(dl,dQ;JJ) >V then P(dl,dg; Z) >
Vi or Q(dy,dg;z) > Va. We first bound the frequency with which the former occurs
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using Markov’s inequality and Lemma 4.7 to get for £ < £V loglogk that

1 ’
Z Lvy 00 (P(d1, d2; 2) SWZ P(dy,dy; 2)*

(20)! o) ‘
(vzzw@Z p o).,

<k?

where we have also extended the inner sum on the right-hand side using nonneg-
ativity. Applying Stirling’s formula together with (4.19) the right-hand side above
is

40loglog k ¢
<P (%( +53)) :

In the range V < e(loglogk)? we choose £ = |V?/(4loglogk)], whereas for larger V/
we take ¢ = [¢V//3]. This gives that

~V2(1 - 2¢) .
3 3 ,—<ViegV
Z 1(V1 OO) d17d27 ))<<k exp (W) +k e 7 g .

To bound how often Q(dy,ds;x) > V2 we argue similarly and note that

Ar(p)? 1
Z Ar(p)” <4logﬁ +o(1).
p

s log z

to see that for £ =[5V, the sum Z/ L(vs,00)(Q(d1,d2; 2))

2 ¢ .
<K ( E)Q‘ (810gloglogk(1+0( ))) < k3e7 VsV,

(V32)
for V > (loglog k)>/*. O

Proof of Proposition 4.1. We first will record a bound for L(3, f ® x4). In Lemma
4.11, bounding the contribution from the prime powers with n > 3 trivially we have
that

3 Ar(p)xa(p) logz/p

1
logL(g,f®Xd) < pl/2+1/logz oo g

p<z
PN f1 f2

72 ap + B7)xa(p)* log z/p?

1+2/ logx logaz (420)

p<z

1 Colog|dk
1oy Lo Colosldkl g
|lf1f2\/7 log:c
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where we have used that As(p) = oy, + ,. Also, we have a2 + 2 = Af(p)® — 2. Using
this together with (4.19) we get that the second term on the right-hand side above
is, for |d| < k3,

<= Z f —loglogk + Z ——i—Z +0(1)

p<k r<p<k p pld p

log k
<—= loglogk i LA O(logloglogk),
2 log x

(4.21)

where in the previous estimate we also used the inequality logt <t, for t > 0.
Let L(dladQ) = L(%af ® Xd1)L(%a f® Xdz)exp( 4 pllf1 f2 \/—) Also, let

Z L(ev o0y (L(d1, d2)).

Observe that we have
Z \/L(dy,dy) = / eV?B(V)dV

1 V/2
= B (V —loglogk)dV.
2(10g k)1/2 R/e k( 0g 1l0g )

(4.22)

Since the contribution from V' < 2(loglog k)34 is O(k*(logk)~'/>*°()) and by (4.18)
Bp(V) = O(k71%9) for V > 16Cylogk/loglogk (here we also used that Fy, Fy, F3
decay rapidly), it suffices to restrict to V in the remaining range. Using (4.20) and
(4.21) we see that for z > 2 and |d], |da| < k3 that

lgk

log L(dy,d2) < P(dy,ds;x) —loglogk + 1800 —|— O(logloglogk),

so that choosing z = kYY) we have that By(V — loglogk) < Ax(V (1 — 19Coe);
E'/(#V)), Using this inequality together with the identity

/e_m’L% dt =2+/mloglogk (log k:)l/4

R

and applying Lemma 4.12 we have that the right-hand side of (4.22) is

K 1700 fogoe V2 fé—viﬂl‘?gcﬁ) —£VlogV
(logk) 2(loglog k)3/4
+ k3 (log k) ~1/2+o)

]{33
< (log k)/4=<"

which completes the proof. [l
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4.6 Shifted convolution sum for the off-diagonal. Finally we move to deduce
Proposition 3.1 from Proposition 4.1. Recall that F' € Si(T") is a Saito-Kurokawa lift
and a Hecke eigenform, and we let R(T") denote the normalized Fourier coefficients
of F. Let f e Sk-1 (T'o(4)) be the classical half-integral weight form that F is lifted
from [EZ85, §6], and let ¢(n) denote its normalized Fourier coefficients. We let f €
Sok—2(SLa(Z)) be the normalized Hecke eigenform associated to f via the Shimura

correspondence.
We first record the following identities. For a negative integer ¢, let w(¢) =4 if
{=—4, w(l)=6if £ = —3 and w(¥) = 2 otherwise. Given a fundamental discriminant

d <0 and a € N we have

Zu )xa(t) a\/W\;(GQd) Zu )xalt @3)
tla tla

see [Coh93, Remark, p. 233 & Proposition 5.3.12].
Recall that

h(a?d) =

TR (k- )

3. 92k+1 . 772k+%

and that D denotes the set of negative fundamental discriminants.
LEMMA 4.13. Let d €D and h € N. Then
L(L Xd)L(%7 f ® Xd)

Ck 2 14e
s Y, |RMP<h'*/ld| ; (4.24)
173 Tend /SLa(2) L(1,sym? f)
disc(T)=h?d

Proof. Write 7(n) := 3 4,1. Given T € A /SLy(Z) with disc(T) = h?d write
cont(T") = g. Recalling (3.3) and applying Cauchy-Schwarz we have that

|R(T)|* < 7(9) ZJ\C(}LTM) ‘2'

Jjlg

Using (3.8) and the bound A\f(n) <. n® we have that c(h]|d|) < hfe(]d])]. We will
next apply (3.5) and note that in the notation of Sect. 3.2, the automorphic repre-
sentation g is generated by f and so L(s,m) = L(s, f), L(s,m0 ® xa) = L(s, f ® xa)
and L(s,sym?m) = L(s,sym?f). Hence since g|2h, applying (3.5) and (3.4) we get
that

R(T)P* < C’“T(g)z.j\c(hj'gd')\ < h T LG/ @ xa) Z (4.25)

2 2
Tk IFI3 2 L(1syn? f) 4=

This gives that

b Y RMP A 2’f®’<d DI IAND SR NNEY

F
1113 TeA} /SLa(Z) g|2h jlg TeA /SLa(Z)
disc(T)=h?d dlsc(Z(*) )h2
cont(1T")=g
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In the sum over T above we pass to counting primitive T, and write T = ¢gT” where
cont(7") =1 and apply (4.23) to get that

h1+5
Yo=Y < ).

TeAS /SL2(Z) T'eAT /SLa(Z)
disc(T)=h?d disc(T")=h2d/g>
cont(T)=g cont(T”)=1
Applying the preceding bound in (4.26) completes the proof. O

For T = ( m T/2>, we write for brevity
r/2 n

A(T: kL) = |R(T)R(T+L)|F1< ; )F2<k>F3<k>
LEMMA 4.14. Assume GRH. Let £ > 0. For 1 < H < k'3 we have that

||F||2 > A(T;k,L)

TeAS

S Y Y ATk L)+ Op, (k3 (logk)s)-

1/2—¢
HFHQ hi,ho<H TGA;L H
disc(T)eh?D
disc(T+L)ER3D

In the proof we will use Propositions 5.2 and 5.1, which are established in Sect. 5.
Under GLH the former gives an asymptotic for the sum of |R(T)|? over all T €
AJ /SLy(Z) with disc(T) < X provided X > k'*2. The latter gives an asymptotic
for the sum of L(1/2,f ® xq) for d < X with X > k'*¢. The argument below only
requires nearly sharp upper bounds.

Proof. We write

2 S R(T T+L)|F1<%)Fz<%)F3<£>

2 TeAT

> Y Y ATikD). (4.27)
” ”2 hiha€Ndi,d2€D  Tep}

disc(T)=h%dy

disc(T+L)=hZd>

We will bound the contribution of the terms with h; > H to the sum above. By a
similar argument, the terms with he > H can be shown to satisfy the same bound.
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By the Cauchy-Schwarz inequality this part of the sum above is

_( %Em%@ 2 R<T>2F1<Z>F2<Z>F3(Z>)W

TeAS
hizH disc(T)=h2d,
disc(T+L)=hZds (4.28)

1/2

m n r

(T +L))°F B = B + .

(H g 2 = 0rn () () (0)
TeA}

Note that there exists G € C°(R~q) so that for m,n,r € Z,

Fi(m/k)Fy(n/k)Fy(r/k)
< min(G(|r2 — 4mn|/k2), G(|(r + £3)% — (m + £1) (n + £2)] /K2)).

m r/2

r/2 n
) satisfies Fy(m//k)Fy(n'/k)F5(r'/k) # 0. Hence, using Proposi-

Note also that for each T'= ( ) , there are < 1 matrices A € SLy(Z) such that

m' r'/2
/2 n'
tion 5.2 along with (5.32) and noting L(1,sym? f) >. k=, the second term in the
preceding display is

) ' 1/2

2
HQ TeA} /SLa(Z) e(T) k

AT A = (

It remains to bound the first factor in (4.28). Note that given L and T €
A3 /SL2(Z) the number of (hy,dz) € N x D such that disc(T + L) = h3d, is bounded
uniformly with respect to T'. Using Lemma 4.13 and recalling Fy(m/k)Fy(n/k)F5(r/
k) < G(h%d/k?*) we see that the first factor in (4.28) is

/
< K2 Y L(3:f ®xa)L(L, xa) (hf (h2|d|>) " (4.30)
c k L(1,sym2f) k k2 ' '

h>H  deD

Under GRH, it is well-known that L(1, x4) < loglog(|d| +4). Additionally, by Propo-
sition 5.1, say, we have for h < k'/3 under GLH that

> L(3,f® xa (\ﬁ <hz|2d|>) };L(l,smef). (4.31)

deD

In (4.30), we split the range of the sum over h into two ranges H < h < k'/3 and
h > k'/3. In the latter range we can use GLH to bound the inner sum over D whereas
in the former range of h we use (4.31). Applying the resulting bound together with
(4.29) in (4.28) completes the proof. O
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Now we are finally ready to prove Proposition 3.1.

Proof of Proposition 3.1. Using Lemma 4.14 and (4.25) we have that

3 (logk)® 1/2+
22AT]<:L<<FLN5]€H1/2€+ S (hg)?re >
2T Af ha,ho<H d1,dz€D

P W%L}]lcfyﬁ;}) (%@f 6? “n (%)% ()5 (5)

(r2—4mn) /h2=d,
((r+€1)% —4(m+£2)(n+¢€3))/h3=d>

Using Proposition 4.1 with f; = hy, fo = ho and the fact that L(1,sym?f) >,
(logk)~¢ under GRH (see [Xial6, Theorem 1]), we see that the second term on
the right-hand side is

k3

_ H3+E—.
<<F“L,N,€ (log k‘)l/4_5

Taking H = (logk)/™ balances the error terms and completes the proof. 0

5 Proof of Proposition 3.2

In this Section, we prove Proposition 3.2. As a starting point, we carry out an
asymptotic evaluation of a twisted first moment of central L-values in Sect. 5.1. By
combining the resulting formula with computations involving the Rankin—Selberg
convolution of the Koecher-Maass series in Sect. 5.2, we obtain the proof of Propo-
sition 3.2 when g = 1. The proof for the case when ¢ is a cusp form or a unitary
Eisenstein series requires us to reframe the weight function in terms of a toric pe-
riod and then use Waldspurger’s period formula and subconvex bounds for twisted
L-functions; this is done in Sects. 5.3 and 5.4. Finally in Sect. 5.5 we complete the
proof of Proposition 3.2 by combining the above results with the spectral decompo-
sition of a general g € C°(SLo(Z)\H).

5.1 A twisted first moment asymptotic. Let f be a newform of weight 2k — 2
and level 1. We do not need to assume k is even for the next result. Let R =
{1,5,8,9,12,13} be the set of admissible residue classes for fundamental discrimi-
nants modulo 16 and n € R. Also let n; = (—1)¥"1n and

D, = {d— (=1)*'n:n> O,,UQ(M?:L”)) =1l,n=m (16)}

and
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where (1) is the Kronecker symbol. We will use the convention that (3)° =1. The

moment result we need is the following.

PROPOSITION 5.1. Assume GLH. Let € > 0. Let ¢ € C°(R,) and u e N. Write u=
2%u3uy where 2%||u and uy is squarefree. Then for n € R we have that

> LG fe Xd)Xd(u)qS(%)

deD,,

:(2)D””“(/¢ )46 )Ly (B)L(L sy £)G(1:w) (5.1)

+ O ((ukD)E\/ED3/4k1/4> :

where G(1;-) is a multiplicative function satisfying G(1;p*) =14 O(1/p) at prime
POWers.

An explicit expression for G(1;-) is given in [JLS23, (40)].

Proof. This result follows from an adaptation of the methods developed in [Sou00,
SY10, RS15], however there are a few key differences so we will give a detailed
sketch. We assume GLH to streamline the proof and so that our argument more
closely mirrors [RS15]. To detect fundamental discriminants we use the following
identity, for d € D,

d ) is squarefree

it
> wa) {0

o?[d otherwise
(a,2)=1

(5.2)

since d =1 (16) and n € R implies that 41 ﬁ. Applying (5.2) and the approximate
functional equation for L(3, f ® xa) we have that

Z L(3,f® Xd)Xd(U)d)(%')

deD,,
)\f n Id| (5.3)
=2 > MU S S v (5 )o(19),
n>1 deDy  a?|d k|d‘ D
(n,2)=1 (@,2)=1
where for £,¢> 0,
(w+k) 2 dw
(2mE) "W Ly, (% v, A
2m/r &) " Lyal} +w)er (5.4)

We first split the sum over « in (5.3) into two ranges a > VY and a < VY.
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Following the argument given in [RS15, §10.1], except that we use GLH in place
of the quadratic large sieve® to bound L(%, f ®xa), we get that

‘ > 2 o) xa(nu) <kldl)‘ <. (kD) W' (5.5)

n>1 deD, Z\d
(n,2)=1 (@,2)=1
a>\/§_’

It remains to estimate the terms with o < /Y. Write D = k°. Given (z,y, 2) € R3,

let
T z

Shifting contours in (5.4) we see that V(£) = 04(|¢|™) and conclude F'(\;y, z) <A
y(y'+t1/9/2)A. Also, we can repeatedly integrate by parts to get F(\;y,z) <ag
y't4/9(|A|z)~4. Combining these estimates we have for any A > 0 that

- yl+1/8 A yl/o A
F . . _ . ‘
(Aayvz) <<¢7Aymln{< z > ’ (Z‘A‘) } (5 6)

Write u = v2* where 2%||u. Applying Lemma 4.2 the terms in (5.3) with a < /Y are

(3) £ R o) 2 () Giee)o(5)

> (16)
(n,2)=1 (a 2) 1 '
(%) Ar(n) (@ = gj(nv) (jmnv
s &) X M () S () 67
(e e .
8/v e = \mw/ g /e 16
(an)Zl (n72):1

~( j D n
% F<16nv’(12’042+2/5>'

The contribution from the term with j =0 yields the main term in Proposition
5.1. Since m9(nv) = p(nv) if nv is a square and 7(nv) = 0 otherwise we get the term
with 7 =0 in (5.7) equals

(%)a )\f(n) go(nv) ~( D n
° % AP T (055 =577 )- (5.8)
(351}):1 (n,2§)D:1

Applying the first bound in (5.6), we add back in the terms with o > /Y at the cost
of an error term of size <. 4 (uDk)*D//Y. Using this estimate and also (5.4) we

6 Since we require estimates that are uniform in k, the quadratic large sieve would provide a worse
bound here.
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conclude that the expression in (5.8) equals

GYD L </¢> ESds) (S+k>DSLf,n(s+%)

8  2mi
() R Hk) (5.9)
() )‘f( ) ¢(nv) 52 ds ( e D ) '
E —+0 kD) — ).
(a,2u)=1 a? (n,2a)=1 n’ + n ‘ " ( ) Y

nv=0

In [JLS23, Eq’'ns (40)-(41)] it is shown that

T — S+1)L(23+17Sym2 £)G(2s+ 1;v), (5.10)
(a,20)=1 (n2ay=1 T2 W uy 2
nv=

M Z Ar(n) p(nv) — Ap(w

where G(2s + 1;v) is an Euler product that extends to a holomorphic function in
the domain Re(s) > —1/4 and in this region is bounded by <. v*. Using (5.10) in
the integral in (5.9), shifting contours to Re(s) = —% + ¢, and using the GLH bound
L(2s+1,sym? f) <. ((1+ |s|)k)?, we conclude that the j =0 term in (5.7) equals

(%) Dy (u1)
8/u1

+ 0 (uhD) ;l + Z;f//j ).

It remains to estimate the contribution from the terms with j # 0 in (5.7). We split

( / o(¢ ds)Lfn@) (1, sym? £)G(1;u)
(5.11)

our estimate into two cases depending on whether |j| > J where J := o?16vk(Dk)*.
By (5.6), a ( 16@, 52 , =z3375) decays rapidly when |j| > J and adapting the argument
given in [RS15, §10.3] we get that the contribution of the terms with |j| > J to the
right-hand side of (5.7) is < (kD)~1%,

Finally, we consider the terms in (5.7) with 0 < |j| < J. First we express the
additive character e(jmnv/16) in terms of Dirichlet characters modulo 16, using
orthogonality of characters as in [RS15, p. 1065], to see that these terms are bounded

by

A(n) i)
> LR

(n,2a)=1 (5‘12)

2. X

0<]jl<J a<y/Y ¥ (mod 16)

S!

~( j D n
% F(le}’?’ a2+2/5)"
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Write ®(s) := [;° ¢(x)z® dz and let

n .2\ OOA J . D 3 s—1
Fis.ja )_/F<16tu’@’a2+2/5>t dt
0

. (5.13)
Dtsgs 1 —jy \ dy
= a2 (p(s)o/v(;)e(lGUaQ)strl'
Applying Mellin inversion, the sum over n in (5.12) is
Lofom Af(n) gj(nv) )
— [ F 2 L) ds. 14
i [ Fda( X SRR E w0 Jas (514)
(2) (n,2a)=1

In (5.4) shifting the contour to the left, we get V/(€) = Ly, (1) + 0-(£1/%79) as € — 0.

Using this we see that the function F' admits an analytic continuation to Re(s) > —%

and furthermore for —1 4+ & < Re(s) < 2, any nonnegative integer A, and j € Z\ {0}
that

. D1+Re(s)kRe(s) |‘7’ Re(s) 1 A
. 9
F(s,j,a) <gp,a = ((m?k) +1)(1+‘3|) : (5.15)

The sum over n in (5.14) equals L(1+s, f ® x;j¢) times a certain Euler product which
is <. v(kD)® for Re(s) > —1 + ¢. Additionally, GLH implies |L(s, f ® x;¢)| <n
((1+ |s|)jkN)¢ for Re(s) > 1. We now use these bounds along with (5.15) and shift
the contour of integration in (5.14) to Re(s) = —1 + ¢ to bound (5.14) and conclude
that the sum over n in (5.12) is, for each 0 < |j| < J,

<4 (kD)

D/2g—1/2 (voﬂk‘) 1/2
o? 1J '

Hence, we conclude that the contribution from the terms with 0 < |j| < J to (5.7) is
ey1/27.-1/2 1 va?k\ 1/2+¢
asv¥ @ o<ljizs ¥V
Combining (5.5), (5.11), and (5.16), the left-hand side of (5.1) equals

(3)* DA (u1)

8 /ur <7¢(5) d§> Lyy(3)L(1,sym® )G (15u)
0

3/4

+ 0. <(uk:D)€ (\% + % 4 u(YkD)W)).

To balance error terms we take Y = D2 /(uk'/?), which completes the proof. [
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5.2 The case g = 1 of Proposition 3.2. For the rest of this paper let F' € Si(T)
traverse a sequence of Saito-Kurokawa lifts that are Hecke eigenforms. We freely use
the notations from Sects. 3.2 and 3.3. The goal of this subsection is to prove that

1 LLIC] p—— vol(SLy(Z)\H)
2 TeAS /SLa(2)
as k — oo.
Observe that by Mellin inversion and writing Y = \g.%g., we have
1
G(T31,km) =5 / k(Vdet Y)(det Y)E 34 (TY) gy
MY™(R)+
1 1
=5 9 K(s) / (det Y)k=3+8/2=4Tr(IY) gy
i
(o) MEY™(R)+
for any o > 2.

To evaluate the inner integral we recognize it as a value of Siegel’s generalized
Gamma function [Sie35, Hilfssatz 3] to see that the integral equals

VT (det T)F=s/2+3/2 (i)MHP (k: +2- §> r (k +I- 2) .
Amr 2 2 2

We also change the discriminants to determinants by recalling the relation disc(7") =
—4detT. Combining these observations lead to
| disc(T)|*3/2G(T; 1, k)

A—k+H3/22k+T/2
- T — /E(s)(ﬂz det T)~*/2T <k + g - 2) r (k + g - ;) ds.

2 2w
For s € C with Re(s) > 3/2, we define the Rankin-Selberg convolution of the
Koecher-Maass series
|R(T)[?
D(s) := Z N e
Oy e(T)(4detT)

It is known [Kal83] that D(s) has a pole at s =3/2 and can be meromorphically
continued to the whole complex plane. So (5.17) is equivalent to showing that

4fk+3/2ﬂ.72k+7/2 1 ) S 3 S
R ~s/2 s 3 5
STET: 27m,(/ 7(s)(4n%)~/2D(s/2)T (k: +2 2) r (k +3 2) ds
)
(5.18)
vol(SLy(Z)\H) _

2 - vol(I"\Hy)
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as k — oo.

We modify the left-hand side of (5.18) by Stirling’s formula. Using the approxi-
mation for I'(s/2+ k —3/2)/T'(k —3/2) and I'(k + s/2 — 2) /T'(k — 2) we see that the
left-hand side of (5.18) as k — oo is

A—k+3/2,—2k+7/2 3
k——=—)T(k—-2 1
IE ( 2> (k=2) (5.19)

1
21

/ R (s)(472)~/2D(s/2) (k - ;)S/Q (k—2)"2ds

()
A—k+3/2—2k+7/2
- il F(k 3

2FTR ~ ) T2

« o EEE L Rl @ (- 3)/ (k —2)/2ds

TeAS /SL2(Z) e(T) 2m(0)
A—F+3/2 - —2k+7/2 ( 3
= r k——) I'(k—2)
21 £3 2
T)? k—3)(k—2
<y BD “(\/(4 S >)’
TEAT /SL2(Z) (1) m?|disc (T)]

where we have used Mellin inversion in the last step. The inner sum will be estimated
by the following result.

PROPOSITION 5.2. Assume GLH. Let W € C°(Rsg). Then for any € >0 we have

that
3 \R<§)!2 W(’disl‘;(T)‘>
TeAS /SL2(Z) e(T)

o0 (5.20)
- (Resszg/g D(s)) ( O/ VEW (&) dg) (D‘W +Ocw ((kD)€D3/2—1/8k1/8>).

We prove Proposition 5.2 further below. Also, note that from the proofs of Propo-
sitions 5.1 and 5.2 it is clear that the error term in (5.20) only depends on at most €
and |[W9 ||, 7=0,1,.... Assuming the truth of Proposition 5.2 for now, we apply
the result with the choices D = k? and

_3 —
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so that ||| < |69 |00 <;x 1. We also have that

o _ 9\3/2 (1. _ 3)3/2
[vawigag=E=2 0T )
0

and conclude that the sum (5.19) equals

4~ k+3/2—2k+7/2 3

2P (k=5 T =2 (Resiys D))

(k=2 (k= )"
4m3k3

Using Stirling’s approximation this simplifies further to

R(3)- (K +0 (k7).

ﬂ%gwr (k - %) (k) (Resszg/gD(s))E(S) (1 +0 (#)) : (5.21)

Noting that

|a(T)?

_ g—k—s+3/2
D(s) =4 / Z (T)(det T)s+k—3/2

TeAS /SL2(Z)

we compute the residue of D(s) at the simple pole s =3/2 from previous works of
Kalinin [Kal83] and Katsurada—Kim [KK22|. From these papers it follows that

, 7 *2T(3/2)¢(3) || I3
21tk =2h=ST (k)T (R — 1/2)T(3/2)F(2)¢(3)¢(4)
- 4k—1/2ﬂ_2k+3/2”FH%

TR (-5 @)

Resy_3/2 D(s) =47" (5.22)

(5.23)

Combining the above computations gives that (5.21) is

= k@)

4=k —2k+1/2 1 4k=1/22k43/2|| (|2
Sy (k _ —) T(k G LFM2 7 gy = X
1E]15 2 PRT (k= 5)C(4) m
as k — oo.
Now to get (5.18) it is enough to note that
vol(SLo(Z)\H) /3 45

2.-vol(D\Hy)  2-73/270 =2’

where we have used [Sie43] to compute the volume of the Siegel modular variety.
We finish the analysis of the constant term contribution by proving Proposition
5.2.

Proof of Proposition 5.2. Assume D >k, since for D < k the result is an easy con-
sequence of Lemma 4.13 under GLH. Also, since W € C2°(R~() we will restrict to T
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with £(T) =2 as this is true for all T with |disc(T)| > 4. Given T € AJ /SLy(Z) we
write disc(T") = h?d with d € D. We have that

> |R(T)]2W<|dlsc ) YN |()|W<hl|)d|)' (5.24)

TeAT /SL2(Z) heNdeD TecAf /SLy(2Z)
disc(T)=h%d

Let 1 < H < (D/k)'/?. Using Lemma 4.13 and applying GLH to L(s, f ® x4) we get
that the contribution from the terms with h > H is <.y (Dk)?||F|3D%?/(c H),
where we also used the bound L(1,sym? f) > k=° due to Hoffstein and Lockhart
[HL94].

For the terms with 1 <h < H, we write T'= gT7” where g = cont(T") = (m,n,r) so
that cont(7") = (m/g,n/g,r/g) = 1. Applying the definition of R given in (3.3) and
(4.23) with a = h/g we have that

> mapw ()

I<h<H deDTeA] /SL2(Z)
disc(T)=h?d

zzzzﬁ%

1<h<H deD glh ' j|g J

p(t)xal(t (h2|d\)
t D

tl(h/g)

By (3.5) we may write

le(|d))[* = CFL(3, f © xa),
where

1 _ 1
IFI3 ~ 2%72aM=  |IF

Cr= L(L,sym?f) T(k—123) = cL(1,sym? f)

and ¢y, is given in (3.6). Using this along with (3.8) we have that

= ()

Jjlg

u u
=CiL(5, f@xa) Y, Vi Y a 1\)/X_d( 1))\f(v1) (5.26)
[71,72]lg uivi=h/j1

oy e
ugv2=h/ja
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Also, it is not hard to see that GLH for L(s, x4) implies that
Xd ery—1+¢
L(l,xa)= Y + O.(|dFH1e). (5.27)
a<H?

Recall R ={1,5,8,9,12,13}. Using (5.26) and (5.27) we get that the right-hand side
of (5.25) is

(u1)
——=As(v1)
nER1<h<H glh 7 [j1,52]lg Sy Vur
p(uz)
x ) LS Z 1
U2V2= 2 2
. = (5.28)
() hy/|d h2|d
30 E e (5 (55))
tl(h/g) deD,, D
D3/2
+Ow (C (DR) - )

Applying Proposition 5.1 with ¢(¢) = EW (£) and writing b = tujusa = 2°b1b3,
where by is odd and squarefree, we have that the innermost sum in (5.28) equals

( 2 ) Dlj;f\/bi (/fW dﬁ)%(é) (1,sym? £)G(1;b)

€ D3/4 1/4
+O0.w ((ka) Vb ok )

We now use this formula in (5.28) and complete the sums over h, a in the main
term to sums over all positive integers at the cost of an error term of size <. w
C'f(Dk:)EDg/Z/H to get that the right-hand side of (5.25) is

C; D3/2L(1 sym? f)

- (/fw LD BEIHCIDIFED DD DRV

neER h>1 glh [j1,42]lg
w(ug) p(ug)
Xy Ap(v1) —=Xs(v2)
uivi=h/j \/u_l uzv2=h/ja \/U_Q (5.29)
Ar(b1)G(1;0) (—n)c
x 3 F Z 5
gy Lo avh 2
D3/2
+ 0w (Cf(Dk)E( = +HD5/4k1/4)).

We now choose H = (D/k)'/® so that the error term is <. C’f(Dk)ED3/2_1/8kl/8.
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To complete the proof, note by [Kal83] that D(s) has a simple pole at s = 3/2 and
admits a meromorphic continuation to the complex plane, furthermore as D — oo

> \Ji((gﬁw<ding)) - <Ress_3 p D(S)> <7\/5W(g) df) D2, (5.30)
TeAT /SLa(Z) 0

(assuming W is not identically 0). Comparing the main term in (5.29) with (5.30),
ie. fix f and take D — oo in (5.29), the leading order constants must match for
any given f so we conclude that

ROOP - (MiseD (oo N (T )
D w( ) =(RessreD5)) 0/ VEW()dg) DV

TeAS /SL2(Z) e(T) b (5.31)
+0-w (Cf(pkaS/?—l/%l/S) :

Also, since Cj =< | F13/(ck L(1,sym? f)) we have by (5.22) and (3.6) that
(Ress_g/g D(s)) = L(1,sym? f)Cf. (5.32)
Recalling that L(1,sym? f) >, k¢ and using (5.32) in (5.31) completes the proof.
U

As stated above, this finishes the proof of (5.17).

5.3 The weight function as a period integral. We now embark on the task of

proving Proposition 3.2 for functions g that are orthogonal to the constant function.
For this, we will take an average of the weight function over a class group and then
reinterpret part of the resulting integral as a period over a non-split torus.

Let D < 0 be a discriminant. For a positive integer L, we let H(D;L) denote
the set of SLa(Z)-equivalence classes of matrices in Ag such that cont(7) = L and
disc(T) = DL?. Tt is easy to see that the map S+ L~1S gives a bijection H(D; L) ~
H(D;1) and it is a classical fact going back to Gauss that the latter set can be
naturally identified with the class group of the unique order of discriminant D in
Q(v/d). We denote

h(D)=|H(D;L)| = [H(D;1)].

In particular, if D =d is a fundamental discriminant, then h(d) is the class number
of Q(v/d). If D is not fundamental, we may write D = dM? with d € D a fundamental
discriminant and in this case we have the formula [Coh80, p. 217]

h(D) = % hd) [] (1 - (g)p‘1> 7
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where u(—3) =3, u(—4) =2 and u(d) =1 for other d.
Recall that the quantity G(S;g,x) defined in (3.9) depends only on the SLy(Z)-

equivalence class of S. Therefore, for D, L as above, a slowly growing function
g:SLo(Z)\H — C, and x € C2°(R™") the following is well-defined:

L) o DL .
G(D7L797H) T h(D) 5 Z G(Svgv’%)
€H(D;L)
_|DL2F3 7 / o (5.33)

SEH(DiL) § y—utiyeH

—4mATr(Sg.'g.) AU dy dA

xe 2)\4

Moreover, since R(T") depends only on cont(7") and disc(7’), and (T") depends only
on D, we define

R(D;L):=R(T), &(D)=e(T)

for any T satisfying cont(T) = L, disc(T) = DL?. We note for future reference that

2
)3 ’R(?‘ disc(T) P G(Ti 9,1
TeAs/SLa(Z) e(T)
!R 2h2
Z IDL | Y G(T;g,k) (5.34)
TeH(D;L)
—Z ’R D L) G(D;L;g,k),

where L ranges over the positive integers and D ranges over the set of negative
discriminants, i.e., D <0, D=0,1(4).

For each discriminant D = dM? where d < 0 is a fundamental discriminant, we
will now rewrite G(D; L; g, k) as a certain period integral. Let

[0 ifd=0(),

b
Si= (Zd 1d> =0, (5.35)
d [% i] if d=1(4).

Given S, as above, one obtains a non-split torus 7; embedded in GLs. Precisely, for
each ring R, we set

Ty(R) = {g € GLa(R) : 'gSug = det(g)S}. (5.36)
We have Ty(Q) ~ K* where K = Q(V/d) via

z+ybe/2 Yy Vid
< yag @ —yba2 Yo (5.37)
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We define
Clp =Ty(A)/Ta(Q)Ta(R)Ur (M),

where Ur(M) =[], Ur, p(my) with M =[], p™ and the subgroup Ur, ,(m) C
Tu(Z,) is defined via

Ur,p(m) := {g €Ty(Zy):g= (A A) (p™) for some \ € Z;} :

For each ¢ € Clp, pick t. €] T4(Qp) such that

p<oo

= || tTUQTuR)Ur(M).

CGC]D

By strong approximation, write t. = y.mck. with 7. € GLa(Q), m. € GLy(R)™, and
ke € Ur(M); note that (v.)oo = m . The matrices

Se = (dety.) ™ 9057,

satisfy cont(S.) =1, disc(S.) = d. Also, the lower right entry of S. is 1 modulo M.
For any positive integer L, we define

bra(c) = (LL> <M1>SC<M1). (5.38)

It follows that cont(¢r ar(c)) = L, disc(¢r ar(c)) = DL2 By Prop 5.3 of [PSS17] the
map ¢ — [¢r m(c)] gives a bijection from Clp to H(D;L).

1/2
For z =u+ iy put dz = dg‘jy and write ay = <M M_1/2>. Using the above

discussion, we can write (5.33) as

G(D; L; g, k)
_3
_ ’DL%’“ B) Z /g /\gk 747r)\Tr(ng‘gz)dZ_d)\
h(D) A4
SeH(D;L)p+ W
_ |DL2|k_5 Z / )\zk 47r)\LMTr(det(%)_1 anr (* C)decaMgztgz)@
—_— 4
h(D) CGCIDR+ H >\
21k—2
_ % Z g(z))\Qk/{()\)6—4n,\LMTr(det(fyC)*1 SmcamnggzaM(t%))@
h(D) CECID]R+ H )\
DL2 k—2 _ dzd\
— ’—h(l’)) : Z Q(Z)/\2k/€()\)€*4”/\LMTr(det(%) Y Sag(ye ey 9(ve mzyant (re)) i\4

ceClp R+ H
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yDL2yk ATALMTr(S,g. ) 42 AX
// Z GM ™y ) A (N e SmALM T (Sug: g:) -
R+ H CEC]D
Let Ti(R) := {g € Ty4(R) : det(g) = 1}. Then we have an isomorphism {+1}\
T}HR) ~R*\T(R). Writing elements of H as tzg where ¢ € T3 (R) and zy € T3 (R)\H,
we have G(D; L; g, k) equals

|DL2|k—%// Zﬁ

R+ T3 (R)\H “€CID

L LTS o dEdzgdA
x / g(M l,yc ltzo))\QkK/()\)e ATALMT (Sdgzo gzO)Ai;)’

T;(R)

where we have used crucially the fact that %Syt = S, for all ¢ € T3 (R).
The upshot is that

G(D;L;g,k)

3 . . dzodA 5.39
_ |DL2|k 5 /)\ka()\) / W(g,D,Z ) —4TALMTr(S a9z, gZO)T7 ( )

R+ TH(R)\H

where
1
W(g; D, 20) i= — Z g(M 'y Mtz dt.
WD) 4.

T;(R)

We now let ¢, be the adelization of g, i.e., ¢, is the unique function on GLy(A)
satisfying

bg(zhgheck) = g(hoot) (5.40)

for all z € Z(A), hg € GL2(Q), k € SO(2) [, GL2(Z,) and he € GLa(R) ™. Let k) =
(k") <00 € GLy(Af) be given by

M if p| M
KD = ( 1) 1 Pl (5.41)
1 if pt M or p=o0

We let qb M) be the function on GLo(A) by right-translation of ¢, by kM) i.e.,
(M)(h) ¢y (hkM)). Tt is easy to see that

M (hoo) = g(M ' hogi),  heoo € GLo(R)*.

The next key lemma reinterprets W(g; D, zo) as a toric period of ¢§M).
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LEMMA 5.3. Let g: SLy(Z)\H — C be slowly growing and ¢§M> be defined as above.
For zp € H, let g,, € GLa(R)™ be such that g,,i = zo. Let d <0 be a fundamental
discriminant and D = dM?. We have

vol(AX Ty (Q)\Tu(A))

() -
¢y (tgz) dt = vol(T(R))

W(g; D, zp). (5.42)
AXTg(Q)\Ta(A)

Proof. Noting that ¢§M) (titgs,) = qbgM) (t19s,) for all t; € T4(A), t € A*T4(Q)Ur (M)
we obtain

¢\ (tg.,) dt
AXT4(Q)\Tu(A)
=Y / O™ (tet g, ) dt
0D AX TY@\T4(Q) Tu(R)UT (M)

_ vol(A Ty(Q)\Tu(Q) Ta(R)Ur (M
vol(R*\T4(R))

) > / oM (totg.,) dt

ceClp RX \Td (R)

_ vol(A*T4(Q\Ta(Q)Tu(R)Ur (M)) )
vol(T; (R))

/ d)éM) ((70);01t920) de
ceClp T(} (R)

_ VOI(AXTd«@)\Td(A)) 1 Z

VI(THR)) k(D) g(M ! (7e) M tz0) di

as required. O

We give A*T,(Q)\Ty(A) the Tamagawa measure as usual, which gives it total
volume 2. We summarize the results so far.

PROPOSITION 5.4. Let L, M be positive integers and let d < 0 be a fundamental dis-
criminant; set D = dM?. Let g : SLo(Z)\H — C be slowly growing, and x € C2°(R™T).
Let the adelization ¢4 of g be given by (5.40) and let ¢(M)( h) = ¢y (hk™)) for all
h € GLa(A). The quantity G(D;L;g,r) equals

|DL2|k‘§w /)\2’%()\)
R+

Can . ¢, ydzgdA
/ / ¢§;M) (tg.,)dt | e ™MD (Sagzo gzO)T-
THR)\H \AXTq(Q)\Ta(A)

5.4 Waldspurger’s formula for the toric period and subconvexity. We begin by
defining some purely local quantities. Let p = oo or let p be a prime dividing M.
Let 7, be an irreducible, admissible unitary representation of GL3(Q,). Fix some
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(unique up to multiples) invariant inner product (:,-), on m,. If p|M, normalize the
Haar measure on the subgroup Q\7;(Q,) so that vol(Z;\Ty(Z,)) =1. Let v, be a

(unique up to multiples) spherical vector in the space of 7, and let k:z(,M) be as defined
in (5.41).
If p|M, define

M M
g . / <tk31(7 )Up»k'z(J )Up>p dt
P (Up, Up)p .
Q\Ta(Qp)

If p=o0, and 2y € H, define
J(Zo) R 1 / <tgzovooagzovoo>oo dt

o vol(T}(R)) (Voo Voo ) 0o
T1(R)

5.4.1 The toric period in the case that g is a cusp form. Let g be a Hecke—
Maass cusp form and let m = ®,m, be the irreducible, cuspidal automorphic rep-
resentation of GLa(A) generated by ¢,. Let (g,g) be the usual Petersson inner
product. For each ¢ in the space of m, a famous formula of Waldspurger relates
| (foTd(Q)\Td(A) qS(t)dt) |2 to the central value L(1/2,7)L(1/2,7 ® xq4) times some
local factors.

We apply Waldspurger’s formula [Wal85, Proposition 7] to the automorphic form

¢(h) = ¢ (hg=y) = dg(hgs k™).

This gives us the identity

M 2
’fAXTd(Q)\Td(A) 5" (tg20) dt’
(9,9)

:C’d|71/2LM(1/2,F)LM(1/2,7T®Xd)J(ZO) HJ(M)
LM<17ad7r)LM(1aXd)2 > P

(5.43)

p|M

where C' > 0 is an absolute constant (to check that the constants appearing above
are as required by Waldspurger’s formula, we note [D+20, Sect. 3.4] that the con-
stant Cp that relates the global Tamagawa measure and the product measure on
A*T4(Q)\T4(A) is given by h(d)?/z)l((?;(R)) = \d\1/2v01(T37(rR))L(1,Xd)7 where w(K) is the
number of roots of unity in K). Recall here that L*(1/2,...) denotes the L-function
with the factors at p|M omitted, and changing these factors only has a mild effect
(in particular at most M¢) on the bounds we get for the central L-values.

We now claim that

|JE)| <1, and (5.44)

JM <1 for all p|M. (5.45)
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To see (5.44) we just use the trivial bound ‘tgz(’v“”—gzov“)“‘ < 1. To see (5.45), note

Uooﬂ’oo oo
first that if p is inert or ramified in Q(v/d) then Q,\Ta(Qp) is compact with volume
=1, so J;,gM) < 1 trivially in that case. Now, suppose that p|M splits in Q(v/d).
For brevity put ®,(g) := <gv”’v”>P and let m be the highest power of p dividing M.

(vp,vp
(thy™ vp ks vp)

(vp 7U17>P

Note that the function on Td(Qp) given by t— ® ((k(M)) 1t/~€]gM)) =

is Ur, p(m)-invariant. So using the definition of Jp M) e see that

JM) < pm > Oy, (M) Lrk(M).
r€Qy Uy p(m)\Ta(Qp)

For a set of representatives of Q) Ur, »(m)\Ta(Q,) we can take the set described in
Lemma 2.3 of [CMS23]. Using Macdonald’s formula [Bum97, Thm. 4.6.6] for ®, and
bounding trivially, we obtain (5.45).

Combining (5.43), (5.44), (5.45) with the subconvexity bound for L(1/2,7 ® xa)
due to Petrow and Young [PY19] (see also earlier work of Conrey and Iwaniec [CI00]
for d odd) and the bound L(1,xq) >. d ¢ we deduce that

2

S (tg.,)dt| <ge ME|d| 75,

g

/AX Ta(Q\Ta(A)
Therefore, combining the above with Proposition 5.4 we have
G(D;L;g,k)

lT
ge |DL2|k77+s|d| IVO d /)\ka

o / o~ TALMTx(S g2 '0=) dzodA

N\
T (R)\H
. 2k73+5 711 2%k
= DLl 62/A I - (5.46)
x o~ ATALMTr(Sag20"920) dzpdA
T (R)\H
DI [ [ 20

R+ H

=4 %772 (k — 3/2)D(k — 2)|DL?%|d| "=

where in the last step we have used the formula for Siegel’s generalized Gamma
function [Sie35, Hilfssatz 3].
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5.4.2  The toric period in the case that g is a Fisenstein series. Recall that the
Eisenstein series E(s, z) is defined by

E(s,z):= Z Im(~yz)*
€{(o7) L@}

for Re(s) > 1 and by meromorphic continuation to the rest of the complex plane. If
Re(s) =1/2, these are called the unitary Eisenstein series. For every s away from
the poles of the Eisenstein series, the function E(s,-) is a slowly growing function on
SLo(Z)\H, and its adelization E(s,-) is given by

E(s,h):= Z fs(s,7vh),

v€PgL, (Q)\GL2(Q)

where Pgr,, is the usual parabolic subgroup of GLy and fy(s,-) : GLa(A) — C* is

a *

b € PGL2 (A), ke

the unique function satisfying fs(s,pk) = |a/b|3 for all p =

SO(2) Hp<oo GL, (ZP)

We now consider the inner integral in the expression given by Proposition 5.4
when g = E(1/2 + ir,z) for some r € R. By a standard unfolding argument and
bounds on local Tate integrals at infinity and the primes dividing M (see the proof
of Prop. 12.5 of [BBK22]) we obtain that

LM(laXd) ’

E(1/2 4 ir, tg., kM) dr| <o |d|7/* M=

/AX Ta(Q\Ta(A)

where the dependance of the constant on r is polynomial. Using subconvex bounds
[PY23] on L(1/2+ ir,xq) (see also earlier work of Conrey and Iwaniec [CI00] for d
odd), we arrive at

Lpe |d|7H12HEME, (5.47)

E (1/2+ ir,tg-, kM) dr

/AXXTd(Q)\Td(A)
Combining (5.47) with Proposition 5.4 and arguing as in (5.46) gives us

G(D; L; E(1)2+ir,-), k) <pep 457 20 (k — 3/2)0(k — 2)| DL2|F|d| 2.

5.4.3 Conclusion. Recall the definition of ¢ from (3.6). We may summarize our
results proved above as follows: that for g equal to either a Hecke-Maass cusp form
or a unitary Eisenstein series, we have

G(D;Li g, k) <gne k™3| DL?|d] 12 ¢y (5.48)

and the dependance is polynomial in r if g = F(1/2+ir,-). Note that we have proved
the bound (5.48) unconditionally; in particular, we did not assume GRH or GLH for
the proof of (5.48).
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5.5 The endgame. First we briefly recall the definition and basic properties of
the incomplete Eisenstein series. For each ¥ € C>°(R™) the incomplete Eisenstein
series is defined by

E(V,z):= Z U(Im(vyz)). (5.49)
ve{ (1)@}

By Mellin inversion and Cauchy’s theorem, we have

v (1)

B2 = ene\m

+ / U(1/2+it)E(1/2+it, 2) %. (5.50)

Let g = E(¥,-) be an incomplete Eisenstein series. Then we have

o du
gt in) 5 ().
SL2(Z)\H

We now complete the proof of Proposition 3.2. We need to show that (3.10) holds
for each fixed g € C°(SLy(Z)\H) and x € C>°(R™"). In the next lemma we reduce to
the case that g is a Hecke-Maass cusp form or an incomplete Eisenstein series.

LEMMA 5.5. Let F € Si(I") traverse a family of Hecke eigenforms that are Saito—
Kurokawa lifts and let k € C°(R™) be fived. Suppose that for each fized g that is equal
to either a Hecke-Maass cusp form or an incomplete Eisenstein series on SLa(Z)\H,
the limit (3.10) is true. Then (3.10) is true for each fived g € C°(SLo(Z)\H).

Proof. Let g € C°(SLo(Z)\H) and let € > 0. It is known that the class C2°(SLa(Z)\
H) is contained in the uniform span of the Hecke-Maass cusp forms and incomplete
Eisenstein series (see [Iwa02]). So we can find a finite set of g; € C2°(SLy(Z)\H),
1 <4 <r each of which is either a Hecke-Maass cusp form or an incomplete Eisenstein
series such that

<e. (5.51)

o0

T
g— Zgi
i=1

For brevity, put go = >, _; ¢;- Since (3.10) holds for each g; by assumption, it
follows that

1 [R(T)|* .. 3
‘ HF”2 Z (T) ’dISC(T)‘k 2G(T; 90, k)
2 TeAs/SLa2(Z)
5.52
__F®) / (u+i )dudy <e .
2vol(I'\ Hy) 90 Y y?

SL2(Z)\H
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for sufficiently large k. By combining (5.51) and (5.52), and recalling (5.17), it follows
that for all sufficiently large k& we have

1 R(T)? _3
‘W > ‘g((T;’ |disc(T)|*"2G(T; g, k)
2 TeAs/SLy(Z)

K(3) _ dudy
2vol(T\Hy) / glutiy)=s
SLo(Z)\H
(1+

%(3)vol(SLa(Z)\H) ‘ )
2vol(T\Hy)

1

T 2
Z |[R(T)] |disc(T )k__G (T;1,|k])
H H2 TeA2/SLa(Z) E(T)

<Lk E.

By taking e arbitrarily small, the proof of the lemma is complete. O

So to finish the proof of Proposition 3.2 we need to show that for each fixed x €
C2°(R™) and each fixed g equal to either a Hecke-Maass cusp form or an incomplete
Eisenstein series, the limit (3.10) holds. Moreover, the argument leading up to (5.19)
shows that in the left hand side of (3.10) we may restrict to the terms corresponding
to disc(T) <, k?; we are implicitly using here that g is a fixed bounded function and
so we may write g(z) <, 1.

We first consider the case that g is a Hecke-Maass cusp form where we need to
show that (see (5.34))

1
1713

> Rh(D)|R(D;L)|*G(D; L;g,x) — 0 (5.53)
L,D

0>D=0,1(4)

DL?%x,. k?

as k —» 0o. Using (5.48) we obtain

1
——= Y. h(D)|R(D;L)]’|G(D; L; g,K)|
HFHQ L.D
0>D=0,1(4)
DIL?=,k?
Cone k32N (|JdLM)*|d| T2 h(dM?)|R(dM; L)
HFHQ L.M,d
deD
dL2M?x=,. k2
— )3 ;’“2 SldE S, (LM)*h(dM?)|R(dM L)[.
’ ”2 deD LM

2
2 72— Kk
L2M2x, fo
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By Lemma 4.13, we have under GLH for each positive integer IV,

kST (LM)*h(dM?)|R(dM?; L)|* <. (k|d|N)|d|'/>N.

HF”Z LM=N
So
1
5 > W(D)R(D;L)’G(D; L g, k)
||F||2 L,D
0>D=0,1(4)
DIL2x,. k>
<<g,/<;,5 k—3+5 Z (‘d‘N2)1/2+5|d|_ﬁ
N.,d
deD
\d\NQXKkQ
<. k_1/6+€,

which completes the proof of (5.53).
We next consider the case that g = E(¥,-) is an incomplete Eisenstein series. By
(5.34), in this case we need to show that

HFH2 2D

2LD )

|R D ;L) G(D;L;g,k) — %g@) —0 (5.54)

as k — o0o. Using (5.50), we can write the expression above as L; + Lo, where

w(1) D L) (1)

Li:= GD;L;1,k) — ——————K(3
U LN 2P ) P~ )
and
T D:L)[? , dt
Lz::/\l’(l/Q—Ht IIFII%Zh ))| G(D;L; E(1/2+it, 2), k) 5—
L,D

By (5.17), which treated the case g =1, we have L; — 0 as k — co. On the other
hand, using (5.48) and following an identical argument to the cusp form case treated
above, we get that Ly — 0 as k — 0o. This completes the proof of (5.54).

The proof of Theorem 3.2 is complete.

6 Equidistribution of zero divisors

One consequence of the mass equidistribution for classical holomorphic modular
forms is that the zeros of such forms become equidistributed with respect to hyper-
bolic measure as the weight tends to infinity. This has been proved by Shiffman and
Zelditch [SZ99] for compact hyperbolic surfaces and extended to the non-compact
case of the modular surface by Rudnick [Rud05]. Methods of these papers have
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also been applied by Marshall [Marl1] to show the analogous statement about the
equidistribution of the smooth parts of zero divisors of holomorphic modular forms
of cohomological type on GLsy. As an application of our mass equidistribution re-
sult, we will derive a similar equidistribution result for Saito-Kurokawa lifts under
GRH. The method of proof closely follows the previous works, but we shall provide
a self-contained proof for the sake of completeness as the set-up is slightly different
compared to the aforementioned papers.

To put our result into the context of [SZ99], it is well-known that Y5 = I"\Hj is the
moduli space of principally polarized abelian varieties of dimension two and that it
carries a universal principally polarized abelian variety w: X5 — Y5. This provides
Y5 with a natural vector bundle, called the Hodge bundle, defined as

E:=m, (Q}YQ/YQ) ,

where m, is the pushforward and Q}vz Ys is the sheaf of relative differentials. Each

irreducible representation p of the Levi subgroup GLy of GSp, equips Ys with a new

vector bundle” E, by applying p to the transition maps of E. In particular, p = det

gives the determinant bundle denoted by L. It is well-known that classical Siegel

modular forms of weight k and full level for the group GSp, are sections of L%,
Let Zp be the zero divisor of a holomorphic function F' on Y5, that is,

Zp:=Y_ordy,(F)V;,

where V; are the irreducible subvarieties of F~1(0) and ordy,(F) is the order of
vanishing of F' on V;. The zero divisor defines a distribution, called the current of
integration, on the space of smooth compactly supported differential forms on Y5 via

[(ZF]: nH/n::Zord‘/i(F)/n.

Vi

As a consequence of the mass equidistribution we show the equidistribution of zero
divisors on the Siegel modular variety, which may be interpreted as saying that
for Saito-Kurokawa lifts the subvarieties V; become equidistributed as Lelong (2,2)-
currents (or more simply as measures of integration) with respect to the induced
Kéhler form w on Y3 under GRH as the weight tends to infinity.

The proof utilizes basic compactness properties of plurisubharmonic functions,
which are collected in the following two lemmas.

LEMMA 6.1. Let {u;} be a family of plurisubharmonic functions on Q which are
locally uniformly bounded from above. Then either

i) u; — —oo uniformly on compact sets
or

" The Hodge bundle corresponds to the standard representation.
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ii) There exists a subsequence {u;,} such that w;, — u for some plurisubhar-
monic function w. In this case limsup; . u; <u and limsup; . uj =u
almost everywhere.

LEMMA 6.2 (Hartog’s lemma). If {u;} is a family of plurisubharmonic functions on
Q which are locally uniformly bounded from above and there exists a continuous map
¢ :Q— C so that limsup; . u; <, then max(u;,p) — ¢ locally uniformly on
Q.

Both of these results can be proven verbatim as their counterparts for subhar-
monic functions. For these see [Hor03, Theorem 4.1.9] and [Ran95, Theorem 3.4.3],
respectively. For the second statement, see also [K1i91, Theorem 2.9.14 (ii)].

We also need the Poincaré-Lelong formula from complex analytic geometry
[Dem97, Chap. 2|, which is formulated in a special case below.

LEMMA 6.3 (Poincaré-Lelong formula). For a holomorphic function F on Hy we
have the equality

i _

L rog(|1F)90 = (2

as currents of integration of bidegree (2,2).
Now we have all the necessary tools to prove Theorem 1.3.

Proof of Theorem 1.3. By standard approximation argument it suffices to prove the
statement for n replaced by its symmetrized form

Fp:=Y "1

yel

[ ]

Zp,

By unfolding we have

where Z;k is the zero divisor of I'-periodic extension of Fj to Hs. By Lemma 6.3 we
have

i _
/172 ;/log(!Fkl)(‘?@n
Ha

Zpy,

_ K2\ a7 . b k)2 =
- W/log ((detv) )8877+7r/10g ((det ¥)*2|Fy|) 9.
H2 HZ

Integrating by parts and refolding the first term on the right-hand side is
k

7
2w

/n(‘)glog((detY)):k/w/\n:kz / wA F,.
H2

Ha '\ H
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Combining these computations yields
1 _
: / F,= / wAF,+ %/log ((det Y)*/2| ) o0,
Ha

Hence it suffices to show that
1 _
y / log ((det ¥')/? ] ) 90y — 0
Ha

as k — 00, or equivalently

1 — 1 _
: / log(|F )00y — — / log(det V)9, 6.1)
Hz H2

Suppose otherwise: there exists some smooth compactly supported differential form
no of bidegree (2,2) on I'\Hy and a sequence of Saito-Kurokawa lifts {F}} so that
(6.1) does not hold. We make two crucial observations:

i) Functions 1 log(|F|) are plurisubharmonic on I'\Hs.
i) limsupy,__, .1 log(|Fk|) < —3log(detY) locally uniformly.

The first observation is a well-known fact as the forms Fj are holomorphic. For the
second one, Blomer [Blo15] has shown that ||(det Y)*/2F}||o <. k%/**¢ uniformly on
compact sets for Saito-Kurokawa lifts Fj, under GRH. Thus

(3 +¢)logk+0(1)
k )

1 1
%log(|Fk|) < —3 log(detY') +

which gives the desired estimate.

The conclusion is that {3 log(|Fx|)} is a family of plurisubharmonic functions,
which are locally uniformly bounded from above. Thus Lemma 6.1 tells that either
21og(|Fk|) — —oo uniformly on compact sets or that there exists a subsequence
of {1log(|Fx|)} converging to some plurisubharmonic function. We will derive a
contradiction in both cases.

Case 1. Suppose that ;log(|Fi|) — —oo uniformly on compact sets. Then in
particular 7 log(|Fj|) — —oo uniformly on the support of ng. Hence, there exists
K >0 so that for k> K and Z € supp 1y we have log(|Fj(Z)|) < —H, where
H :=max{detY : Z € supp 1o}, or equivalently |Fj(Z)|? < e 2k, This means that
for all smooth differential forms 7 of bidegree (2,2) with supp n C supp 79 we have

/ |Fy*(det Y)*wAn —0
Yo
as k — 00, which is impossible by the mass equidistribution.

Case 2. Suppose that flog(|Fi|) — u for some plurisubharmonic function
u along a subsequence which is still denoted by {4log(|F|)}. We know that
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limsupy, . log(|F|) < v and limsupy_, log(|Fi|) = v almost everywhere.
From ii) we have u(Z) < —3;log(detY) almost everywhere. From our counter-
assumption to (6.1) we have u(Z) # —3log(detY) in a set of positive measure.
Thus, there exists § >0 so that u(Z) < —3log(detY) — § on some compact open
subset U. By Lemma 6.2 there exists K = K(0,U) so that for all £ > K we have
2log(|Fp(Z)|) < —3log(detY) — /2 on U and consequently (detY)*|Fj,(Z)|* < ek
on U. This obviously contradicts the mass equidistribution as in the previous case.

We conclude that (6.1) holds and the proof is completed. O
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