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Abstract  

The world is moving in a direction where the use of renewable energy is intended to be 

increased in order to reduce environmental burden and move away from the use of fossil fuels.  

Batteries allow energy to be stored and released later when needed. Lithium-ion batteries (LIBs) 

are lightweight and energy-dense, which makes them very attractive for applications in electric 

cars, in portable devices such as phones and laptops, and in stationary energy storage.  

 

LIBs can be described using a variety of models, including electrochemical, data-driven, 

empirical, and equivalent circuit models. A good battery model is accurate, not complicated 

and can be used in many different applications. In particular, the equivalent circuit models 

(ECM) can accurately describe the operation of batteries, are not complex, and can be used in 

various applications such as in battery management systems. Parameters of the ECM need to 

be established towards individual battery chemistries. 

 

In this work the models for used for the description of LIBs are summarized. Four equivalent 

circuit models are selected and optimized for two most ubiquitous types of LIBs, namely 

lithium nickel manganese cobalt oxide (NMC) and lithium iron phosphate (LFP) batteries. The 

accuracy of the models is examined and discussed. 
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LLI      loss of lithium inventory 
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P2D      pseudo-two-dimensional 

PNGV      the partnership for a new generation of vehicles model 

Rint      the internal resistance model 

SOC      state of charge 
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SVM      support vector machines 
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1 Introduction 

Batteries are now a part of everyday life and are used in a wide variety of applications. The 

various needs of different industries have led to the development of a wide variety of batteries 

with certain characteristics. In electric vehicles (EVs), it is important that the batteries are light, 

can quickly produce energy under dynamic charge/discharge profiles and are functional in 

different weather conditions. In the storage of renewable energy, batteries with high capacity 

are needed to balance the supply and demand of electricity. Batteries can store excess energy 

generated during periods of overproduction and release it when the demand for electricity is 

increased. 

 

Batteries enable the use of electricity when it is not directly available from the power grid. They 

ensure the availability of energy even in situations where energy cannot be produced directly 

on site and there is a constant need for energy supply. Batteries play a key role in today's world 

in many different areas, such as transport, communication and energy management. In EVs, the 

chemical energy stored in the batteries serves as the vehicle's energy source. EVs are non-

polluting when driving compared to old combustion engine powered vehicles. Thus, the 

development of batteries for EVs helps to reduce dependence on fossil fuels and promotes 

sustainable development [1]. Almost all mobile devices, such as smartphones, tablets and 

laptops, run on batteries. Batteries enable the use of devices without the need for constant 

connection to the grid. This enables devices with large capacity batteries to be portable for a 

long time before the battery needs charging. Batteries can also be used in the management of 

renewable energy. They store energy when there is plenty of production and release it according 

to the consumption needs. In this way, energy production can adapt to fluctuating demand [2]. 

 

1.1 Operating principle of the lithium-ion batteries (LIBs) 

 Lithium-ion batteries (LIBs) are rechargeable energy storage devices that operate based on 

oxidation-reduction (redox) reactions occurring between the anode and the cathode. Processes 

of intercalation and de-intercalation, where Li+ is inserted/removed into electrode material’s 

structure, are coupled with reduction and oxidation reactions, respectively. LIBs are widely 

used in portable electronics, EVs and stationary energy storage. The advantages of LIBs are 

high power and energy densities in both gravimetric and volumetric terms, which are the most 

important parameters for applications in portable electronics. The price of LIBs has decreased, 
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which is why they also compete against the aqueous redox flow batteries for large-scale (grid) 

energy storage applications. [4] LIB consists of two electrodes, a positive cathode (+) and a 

negative anode (-), separated by an electrolyte. The electrolyte allows the movement of ions 

from the anode to the cathode and vice versa but prevents the movement of electrons directly 

between them.  

 

During charging (schematics shown in figure 1), the battery is supplied with power from an 

external source, forcing the electrons to move through an external circuit from the cathode (+) 

to the anode (-). At the same time, lithium ions (Li⁺) move from cathode (+) through the 

electrolyte to the anode (-), where they intercalate into the graphite layers [5]. In the charging 

state of the battery, a reduction reaction takes place at the anode and an oxidation reaction takes 

place at the cathode [5]: 

Anode: 𝐶6  + 𝐿𝑖+ +  𝑒− → Li𝐶6 (reduction) 

Cathode: 𝐿𝑖𝐶𝑜𝑂2 → 𝐶𝑜𝑂2 + 𝐿𝑖+ +  𝑒− (oxidation) 

 

 

Fig 1. Schematics of Li-ion battery charge process. 

 

When the battery is in use and energy is taken from it, the process reverses: lithium ions (Li⁺) 

move from the anode to the cathode through the electrolyte and release energy. In the 

discharging (use of the battery) state of the battery, a reduction reaction takes place at the 

cathode and an oxidation reaction takes place at the anode [5]: 

Anode: Li𝐶6 → 𝐶6 + 𝐿𝑖+ + 𝑒− (oxidation) 

Cathode: 𝐶𝑜𝑂2 +  𝐿𝑖+ + 𝑒− → 𝐿𝑖𝐶𝑜𝑂2 (reduction) 
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The released electrons move through an external circuit from the anode (-) to the cathode (+), 

generating a current that can be utilized in various applications [5]. The process of discharging 

is depicted in figure 2. 

 

 

Fig 2. Schematics of Li-ion battery discharge process. 

 

1.2 Types of LIBs 

There are different types of LIBs, and each has its own advantages and disadvantages. These 

different types of LIBs differ by the cathode material that significantly affects the battery 

properties. The cathode materials include. lithium cobalt oxide, lithium manganese oxide, 

lithium titanate oxide, lithium nickel cobalt aluminum oxide, lithium nickel manganese cobalt 

oxide (NMC), and lithium iron phosphate (LFP) [3].   

 

In this master's thesis, NMC and LFP batteries were chosen due to their wide applicability and 

attractive properties, and described using battery modeling. Advantages of NMC batteries 

include high energy density, balance between energy and power density, safety, cost, life span 

and performance. However, on the downside thermal stability and cycle life are worse 

compared to LFP. NMC also contains environmentally harmful materials, nickel and cobalt. 

The advantages of LFP are thermal stability, which increase safety, longer life span, lower cost, 

and that it does not contain materials harmful to the environment. However, the disadvantages 

are lower energy density, which means bulkier sizes, and lower nominal voltage compared to 

NMC and other technologies mentioned above. [3] 

 



 

4 

 

1.3 Purpose of this work 

The purpose of this thesis is to introduce different battery modeling methods, including 

electrochemical, data-driven, empirical and equivalent circuit models. The second purpose is to 

delve deeper into equivalent circuit models, which are attractive due to their simplicity and 

versatility. Four different equivalent circuit models are optimized, and the accuracy of the 

models is examined. Optimization is important because it allows for more accurate estimation 

of battery voltage under various load and environmental conditions.  The model parameters for 

the LFP and NMC batteries are established.  

 

The developed models and their parameters can be used in the future research, to predict the 

battery efficiency in various battery management systems. In particular, they will be used in the 

ongoing “Home Energy Management Systems” project, cofounded by the University of Turku 

and the city of Salo. 

 

This thesis answers the following research questions: How well different equivalent circuit 

models are able to model the voltage of LFP and NMC batteries as a function of SOC. Are there 

any differences between the models and what is the accuracy of the models? Does the use of 

different optimization methods allow to find different sets of optimal parameters? Or in other 

words: is the error function, a function with multiple minima? 
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2 Categorization of battery models 

Along with the development of different batteries, various battery models have also been 

developed. The purpose of these models is to demonstrate the operation of the batteries and to 

give a better picture of the basic features of the batteries. They can be used to describe the 

physical limits of batteries and predict batteries behavior under different conditions. Numerous 

models have been developed for different purposes. Each model has its own advantages and 

disadvantages. Some are suitable for use in a wide variety of applications, while others are only 

suitable for a specific application. Electrochemical models are very accurate, but their 

disadvantage is complexity and the need for high computing power. Manufacturers use 

electrochemical models for development and research purposes. Less accurate but much 

simpler equivalent circuit models have been developed to simulate electric systems. [6]  

 

Many of the models can be used to model important battery properties such as state of charge 

(SOC) and state of health (SOH) [7]. SOC quantifies the remaining capacity of the battery in 

real-time, and SOH indicates the degradation and aging of the battery over time compared to 

its ideal conditions. When starting to look at the application, the first thing to do is find out what 

is the purpose that the modeling is needed. Each application of the model needs a slightly 

different approach and parameters. Battery models can be divided by different criteria. The 

general division is presented in table 1. 

 

Table 1. Classification of the battery models [6]. 

Perspective of 

modeling 

Level (depth) of 

modeling 

Technique or 

approach of modeling 

Time scale of the 

models 

Electrochemical 

Electrical 

Thermal 

Mechanical 

Molecular 

Combination 

(electro-thermal, etc.) 

System 

Pack 

Stack and module 

Full cell 

Half cell 

Material 

Physical based 

Empirical 

Analytical/Mathematical 

Equivalent circuit 

Stochastic 

Hybrid 

Short term 

 (partial charge) 

Medium term  

(full cycle) 

Long term 

 (multiple cycles) 

 



 

6 

 

2.1 Electrochemical models 

The Electrochemical models are based on the chemical processes that take place inside the 

battery. These models describe the battery processes in great detail. This is why electrochemical 

models are the most accurate battery models [8]. Electrochemical models include pseudo-two-

dimensional model (P2D), as well as single-particle model (SPM) and other simplified P2D 

models[9].  

 

2.1.1 Pseudo-two-dimensional model (P2D) 

The electrodes of LIBs are porous in structure. This increases the interfacial area between the 

solid and the electrolyte solution. Because the structure is complex, it has been difficult to 

develop a reliable model for the battery. In 1975, Newman and Tiedemann used macroscopic 

approach, to develop the porous electrode theory, specifically for battery applications [10] In 

1993, Doyle, Fuller and Newman published P2D model for LIBs [11]. The P2D model 

combined porous electrode theory and concentrated solution theory. The model was developed 

to examine the charging and discharging processes of the battery accurately by taking into 

account the different parts of the structure, the electrodes, the electrolyte and the separator. The 

P2D model uses a 1D cross section of the battery to simulate the flux of ions during charging 

or discharging. This is demonstrated in figure 3. The model is called pseudo because the second 

dimension used to describe radial diffusion inside the electrode material particles is along the 

radius of the particles and not truly a second dimension. The model contains multiple systems 

of nonlinear partial differential equations. By solving the equations, the solution is the voltage 

as functions of time, potentials in the electrolyte, electrolyte phases, salt concentration, current 

density in the electrolyte as functions of time and position in the cell [8]. The main equations 

are shown in table 2. 1)  The disadvantage of the model is that it cannot show the distribution 

of current density on the surface of the electrode [12].  

 

The P2D model is suitable for lithium-ion battery design and optimization. It is especially useful 

for understanding spatial concentration and potential distributions. With the help of the model, 

it is possible to encompass cell design, estimate the SOC, and with extended version of the 

model perform thermal analysis and degradation modeling. However, the model has its 

limitations. It is very complex and requires a lot of computing power. It is not suitable for real-
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time applications, such as battery management systems (BMS), which require rapid 

calculations. [13] 

 

 

Fig 3. Demonstration of P2D Model of the battery. Model predicts the evolution of lithium 

concentration in the solid cs(x,r,t) [12]. 

 

Table 2. Main equations of the P2D model [14]. 

Region Eq. no. Equations 

Electrodes 

(k = n,p) 

(1)  𝛛𝒄𝒔,𝒌(𝒙, 𝒓, 𝒕)

𝛛𝒕
=

𝑫𝒔,𝒌

𝒓𝟐

𝛛

𝛛𝒓
(𝒓𝟐

𝛛𝒄𝒔,𝒌(𝒙, 𝒓, 𝒕)

𝛛𝒓
) 

 (2) 𝛜𝒌

𝛛𝒄𝒆,𝒌(𝒙, 𝒕)

𝛛𝒕
=

𝛛

𝛛𝒙
(𝑫𝒆𝒇𝒇,𝒌

𝛛𝒄𝒆,𝒌(𝒙, 𝒕)

𝛛𝒙
) + 𝒂𝒌(𝟏 − 𝒕+)𝑱𝒌(𝒙, 𝒕) 

 (3) 𝝈𝒆𝒇𝒇,𝒌

𝝏𝟐𝚽𝒔,𝒌(𝒙, 𝒕)

𝝏𝒙𝟐
= 𝒂𝒌𝑭𝑱𝒌(𝒙, 𝒕) 

 (4) −𝝈𝒆𝒇𝒇,𝒌

𝝏𝚽𝒔,𝒌(𝒙, 𝒕)

𝝏𝒙
− 𝒌𝒆𝒇𝒇,𝒌

𝝏𝚽𝒆,𝒌(𝒙, 𝒕)

𝝏𝒙
+

𝟐𝒌𝒆𝒇𝒇,𝒌𝑹𝑻

𝑭
(𝟏 − 𝒕+)

𝝏 𝐥𝐧 𝒄𝒆,𝒌

𝝏𝒙
= 𝑰 

 (5) 𝑱𝒌(𝒙, 𝒕) = 𝑲𝒌(𝒄𝒔,𝒌
𝐦𝐚𝐱 − 𝒄𝒔,𝒌

𝒔𝒖𝒓𝒇
)

𝟎.𝟓
(𝒄𝒔,𝒌

𝒔𝒖𝒓𝒇
)

𝟎.𝟓
(𝒄𝒆,𝒌)

𝟎.𝟓
[𝐞𝐱𝐩 (

𝟎. 𝟓𝑭𝝁𝒔,𝒌(𝒙, 𝒕)

𝑹𝑻
) − 𝒙𝒑 (

𝟎. 𝟓𝑭𝝁𝒔,𝒌(𝒙, 𝒕)

𝑹𝑻
)] 

  𝛍𝒔,𝒌(𝒙, 𝒕) = 𝚽𝒔,𝒌(𝒙, 𝒕) − 𝚽𝒆,𝒌(𝒙, 𝒕) − 𝑼𝒌;  𝑽𝒄𝒆𝒍𝒍(𝒕) = 𝚽𝒔,𝒌(𝟎, 𝒕) − 𝚽𝒔,𝒌(𝑳, 𝒕) 

Separator 

(k = s) 

(6) 𝝐𝒌

𝝏𝒄𝒆,𝒌(𝒙, 𝒕)

𝝏𝒕
=

𝝏

𝝏𝒙
(𝑫𝒆𝒇𝒇,𝒌

𝝏𝒄𝒆,𝒌(𝒙, 𝒕)

𝝏𝒙
) 

 (7) −𝒌𝒆𝒇𝒇,𝒌

𝝏𝚽𝒆,𝒌(𝒙, 𝒕)

𝝏𝒙
+

𝟐𝒌𝒆𝒇𝒇,𝒌𝑹𝑻

𝑭
(𝟏 − 𝒕+)

𝝏𝐥 𝐧 𝒄𝒆,𝒌

𝝏𝒙
= 𝑰 

1) The solid-state Li⁺ ions concentration (cs) in the electrodes is derived from Fick’s law of diffusion for spherical particles. 

2) The liquid-phase Li⁺ ions concentration (ce) in the electrolyte and in the separator is based on the conservation of Li⁺ ions. 

3) The solid-state potential (𝚽𝒔) in the electrodes is derived from Ohm’s law. 

4) The liquid-phase potential (𝚽𝒆) in the electrolyte and in the separator is calculated using Kirchhoff’s and Ohm’s laws. 

5) The pore wall flux of Li⁺ ions (J) in the electrodes is described by the Butler-Volmer kinetics equation. [10] 

In above equations 𝑫𝒔,𝒌 and 𝑫𝒆𝒇𝒇,𝒌 denote the diffusion coefficients in solid and electrolyte, 𝛜𝒌 is porosity of region, 𝒂𝒌 denotes specific surface 

area of electrode, 𝝈𝒆𝒇𝒇,𝒌 is effective electronic conductivity of the solid phase of electrode, 𝑭 denotes Faraday’s constant, 𝒌𝒆𝒇𝒇,𝒌 is effective 

ionic conductivity of the electrolyte in region, 𝑹 is universal gas constant, 𝑻 is absolute temperature, 𝒕+ denotes Li+ transference number in the 

electrolyte, 𝑰 is applied current density, 𝑲𝒌 is reaction rate constant of electrode, 𝝁𝒔,𝒌 denotes over potential of electrode, 𝒏 represents negative 

electrode and 𝒑 denotes positive electrode, 𝑼𝒌 is open-circuit potential of electrode, 𝑳 denotes total thickness, and 𝒕 is time.  
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2.1.2 Single particle model (SPM) 

Single particle model (SPM) is a simplified 1D electrochemical model, used to study and 

simulate the performance of LIBs. SPM retains the most basic features that are most important 

for many applications. It simplifies the ionic diffusion inside the battery particles to make the 

simulations computationally efficient. The model has the following simplifications. In SPM, it 

is assumed that the electrolyte concentration is uniform and homogenous. Electrolyte 

concentration varies only with time and not with respect to location. This helps in solving the 

diffusion equations, which makes mathematical modeling easier. The active material in the 

electrodes is represented as a single spherical particle, which reduces the complexity of the 

calculation. Demonstration of the model is shown in Figure 4.  The diffusion coefficient in the 

solid phase of the electrode material is assumed to be constant. This makes it easier to model 

the movements of ions in a solid material and enables simpler calculations. Governing equations 

of the model are presented in table 3. [13] 

 

The SPM is useful for studying the fundamental behavior of LIBs. It is especially used to 

estimate the SOC of the battery. Due to the simplicity, the calculation is more efficient than for 

P2D, which makes the model suitable for real-time applications such as battery management 

systems. However, the model also has limitations. For simplification, many important 

phenomena such as electrolyte transport, electrolyte concentration gradient and thermal effect 

are not taken into account. Therefore, the use of the SPM may be limited in applications where 

these factors have a significant impact, such as heat-hardened analysis or comprehensive life 

cycle assessment. [13] 

 

 

Fig 4. Demonstration of the single particle model (SPM) [15]. 
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Table 3. Governing equations of the SPM model [13]. 

 Explanation Equation 

Solid phase 

diffusion 

equation 

Fick's second law of diffusion: Simulate the 

movement of lithium ions within the particles of 

solid active material. 

𝛛𝒄𝒔

𝛛𝒕
=

𝑫𝒔

𝒓𝟐

𝛛

𝛛𝒓
(𝒓𝟐

𝛛𝒄𝒔

𝛛𝒓
) 

Overpotential The difference between the actual applied 

voltage and the voltage that, according to 

thermodynamics, would be necessary for a given 

electrochemical reaction to occur. Over-potential 

promotes unwanted battery processes such as 

lithium plating, where lithium ions are released 

from the electrolyte and accumulate on the 

surface of the anode when the cell is charged at 

high current, permanently degrading the battery's 

performance. 

𝛈 = (𝛟𝒔,𝒋 − 𝛟𝒆,𝒋) − 𝑼(𝒄𝒔) 

Overall cell 

voltage 

Deducting the anode voltage from the cathode 

voltage in the solid phase and taking into account 

overpotentials brought on by reaction kinetics 

and ohmic losses in the electrolyte. 

𝑼𝒃𝒂𝒕𝒕 = (𝛟𝒔,𝒑 − 𝛟𝒔,𝒏) − 𝑰 ⋅ 𝑹𝒄𝒆𝒍𝒍 

Electrode 

voltage 

equations 

Each electrode’s voltage is determined by the 

lithium content within the particles of the active 

material. 

Measured empirically and incorporated 

into the model are the open-circuit voltage 

(OCV) relations. 

𝑡 = time 

𝑟 = radial distance from the center of single particle model 

𝐶𝑠 = concentration of lithium ions at “r” distance from the center of the single particle model 

𝜕𝑐𝑠

𝜕𝑡
= time derivative of the concentration 

𝐷𝑠 = the diffusion coefficient of Li ions in the solid phase 

𝜙𝑠,𝑗 = the solid phase potential and j is either an anode or cathode 

𝜙𝑒,𝑗 = the electrolyte phase potential and j is either an anode or cathode 

𝑈(𝑐𝑠) = the Open Circuit Voltage  

𝑈𝑏𝑎𝑡𝑡 = battery(cell)voltage 
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2.2 Data-driven models 

Data-driven battery models (DDBMs) use statistical, machine learning (ML), and data analytics 

techniques to predict battery performance, state, and behavior based on empirical data. Unlike 

physics-based models, which rely on electrochemical equations, these models use patterns in 

historical and real-time data to deduce relationships without requiring a detailed understanding 

of the underlying physics. These types of models have grown in popularity because they can 

accurately capture complex non-linear behaviors, and they can flexibly utilize different data 

types. The models use machine learning and large datasets of battery measurements to 

understand the relationships between input variables (e.g. current, SOC and temperature) and 

output variables (e.g. capacity and voltage) [16]. Data-driven models are able to capture the 

dynamic behavior of the batteries, so they can be used for accurate state estimation and 

prediction. Traditional physical battery models often use simplified assumptions, which is why 

they are not always able to describe the entire complex operation of the Battery. Because data-

driven models use large datasets and are dynamic, they can adapt to changes in battery behavior 

over time. DDBMs can handle data types such as time-series data or images of electrode 

microstructures, enabling the integration of multiple data sources to achieve a more 

comprehensive understanding of battery operation [16]. Various data-driven techniques include 

neural networks, support vector machines, fuzzy logic, decision trees and Gaussian processes 

[16]. 

 

The downsides of DDBMs are the large amounts of data they require, and the data must be of 

high quality. Poor quality data can lead to overfitting or underfitting in the model's decision 

making. Overfitting and underfitting are visualized in figure 5. Overfitting means the situation 

when a model learns the training data too well, including noise and irrelevant patterns, making 

it overly complex. As a result, the model performs exceptionally well on the training data but 

poorly on new unseen data and it fails in generalization. Underfitting occurs when a model is 

too simple to capture the underlying patterns in the data, resulting in poor performance on both 

training and test datasets [17]. Overfitting can be avoided, for example, by simplifying the 

model, using regularization techniques and by increasing the size of the training dataset [18]. 

The underfitting problem can be corrected by increasing the complexity of the model and 

training the model for a longer time. Different penalty methods in the case of overfitting and 

early stopping approaches in the case of over/under fitting are also effective [19]. 
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Fig 5. Examples of overfitting (left) and underfitting (right) [20]. 

 

2.2.1 Neural network (NN) method 

Neural network (NN) is composed of interconnected nodes that process and transmit 

information. It can handle complex relationships between input and output variables, making 

them well-suited for battery modeling [16]. The general structure of NN typically consists of 

three layers, as illustrated in figure 6. 

 

Fig 6. The general architecture of the 3-layer neural network [35]. 

 

Estimation of SOC is one of the major applications of NN-based methods in battery modeling. 

In the training process, a large dataset of input-output pairs is fed into the NN. The input 

variables describe the operating conditions of the battery (a vector that includes the 

instantaneous values of current, voltage, and temperature), and the output variable is the 

corresponding SOC value. NN learns the relationship between the input and output variables 

and develops a mathematical model that accurately predicts the SOC value from new input data. 

The link between the input layer and the output layer is established by the appropriate number 
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of hidden layers, hidden nodes, and an activation function. The SOC in the output layer can be 

represented as follows [21]: 

𝑆𝑂𝐶𝑖 = 𝑓𝑖 {∑ 𝑊𝑗,𝑘𝑂𝑗

𝑘

+ θ𝑗,𝑘} 

where: 𝑓𝑖 is the activation function, 𝑊𝑗,𝑘 and 𝜃𝑗,𝑘 are the weight and bias from the hidden layer 

to the output layer, and 𝑂𝑗 is the output of the hidden layer. 

 

 The model can then be used in real-time applications to estimate SOC when the operating 

conditions are known. Operation of the batteries can be highly non-linear and can be influenced 

by a number of factors, such as aging of the battery and temperature. NNs can handle non-linear 

relationships between input and output variables and for that reason they are quite suitable for 

SOC estimation in batteries. NNs can be applied to different batteries, regardless of their 

chemical characteristics. Various battery types have different charge-discharge behavior, and 

accurate SOC modeling must account for these differences. [16] 

 

2.2.2 Support Vector Machines (SVM) 

Support Vector Machines (SVM) are monitored learning algorithms which are designed for 

both classification and regression tasks. SVM determines the optimal hyperplane that either 

separates data points into different classes or predicts a continuous output variable [16]. The 

optimal separation boundary is a hyperplane that maximizes the gap to the closest data points 

from any class. [21]. This is demonstrated in the figure 7, which shows an example of a 

hyperplane separating different classes. 

 

Fig 7. The SVM algorithm aims to create hyperplanes that divide one class from another 

while maximizing the separation margin. In the image on the right margin is larger (better) 

and in the image on the left margin is smaller (less acceptable separating line) [22]. 
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SVM are well-suited for battery modeling because they can manage high-dimensional data and 

non-linear relationships. In battery SOC estimation, SVM are trained on datasets with input 

variables like voltage, current, temperature, and corresponding SOC values. The SVM finds the 

optimal hyperplane to separate the data points after which it can accurately predict SOC for 

new input data. SVM also have strong generalization capabilities, which allow them to perform 

effectively on data they haven’t encountered before. This is important for battery SOC 

estimation because the model must accurately predict SOC under a wide range of operating 

conditions, not only those present in the training dataset. SVM can manage noisy data well. 

Noisy data is often encountered in battery systems due to factors like sensor inaccuracies or 

variations in battery chemistry. By incorporating noise into the training process, SVM can 

develop a more reliable model for SOC estimation. [16] 

 

2.3 Empirical and Semiempirical aging models 

The purpose of empirical (EMs) and semiempirical aging models is to model battery aging 

process. With the models, it is possible to study various stress factors, and simple analytical 

formulas can be obtained by curve-fitting the data. Analytical formulas describe the effect of 

different stress factors very intuitively, and they are easy to understand. Because semiempirical 

models are simple, it is possible to use them in a wide variety of applications such as system-

level design problems, optimization models, and battery management systems. [23] 

 

However, the models need large test matrices in order to distinguish the effect of individual 

stress factors from each other. If stress factor interdependence is not understood the model does 

not give a true picture of the aging process. Other challenges of EMs are that tests are often 

performed in accelerated conditions with limited equipment. EMs might be also limited only to 

a specific part of the battery lifetime. EMs tend to oversimplify the aging process of LIBs and 

the correlation between stress factors. Various stress factors, their mechanisms, resulting 

degradation modes, and their effects on the battery are presented in figure 8. Loss of lithium 

inventory (LLI) represents the loss of active lithium ions which are no longer available for 

cycles. The causes of LLI include parasitic side reactions such as surface film formation, 

decomposition reactions and lithium plating. LLI is connected to capacity fade. Loss of active 

material (LAM) represents the structural degradation of the anode or cathode material. Causes 

of LAM are Surface layer growth or cycling-induced cracks. LAM can cause both capacity fade 
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and power fade. Conductivity loss means degradation of electrical parts, i.e. current collector 

corrosion and binder decomposition. [23] 
 

 

Fig 8. Correlation between stress factors, the corresponding aging mechanisms, aging mode 

and their effect on LIBs’ aging [23]. 

 

2.4 Equivalent circuit models 

Equivalent circuit is a method used in electrical and electronic design, where a complex 

electrical component or an entire electrical system is represented by a simplified circuit. In the 

equivalent circuit models (ECM), batteries are modeled using circuits and components in them. 

ECMs can be divided into two types: the ECM in the time domain and in the frequency domain. 

The time-domain ECM simulates the external characteristics such as battery terminal voltage 

and current through capacitance, inductance, resistor and with other circuit elements. Due to its 

few parameters and easy identification, it is used in electric vehicle management systems [7].  

Different time domain-based models are presented in table 4. Later in this section, each model 

is discussed in more detail. The frequency-domain ECM establishes the circuit with the same 

components as the time-domain based ECM. In the frequency domain ECM, response of the 

sinusoidal excitation at several structural points in the frequency range corresponds to the 

measured electrochemical impedance spectrum of the battery. So basically, the idea is to 

simulate the battery's impedance spectrum. In practice, the instrument applies small alternating 

currents (AC) across the battery over a wide range of frequencies. By measuring the resulting 

potential across the battery, a Nyquist plot is generated, illustrating the battery's complex 

impedance across the entire frequency spectrum [7]. 
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Table 4. Various time-domain electrical circuit models [7]. 

Model Structure Expression Model 

type 

Model 

variables 

References. 

 

Rint model 

𝑈𝑏𝑎𝑡 = 𝑈OCV − 𝐼𝑏𝑎𝑡 ∙ 𝑅0 

𝑈𝑏𝑎𝑡  =  terminal voltage 

𝑈OCV  =  open circuit voltage 

𝐼𝑏𝑎𝑡  =  discharging current 

𝑅0  =  Ohm resistance 

Analytic 

function 

SOC, T, 

C-rate 

Pathiyil et al. [24],  

Sibi Krishnan et al. 

[25] 

 

Thevenin model 

𝑈𝑏𝑎𝑡 = 𝑈OCV − 𝑈𝑠 − 𝐼 ∙ 𝑅0 

𝑅𝑠 =  𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

𝐶𝑠 = 𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑛𝑐𝑒 

𝑈𝑠 = 𝑅𝐶 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 

Analytic 

function 

SOC, T, 

C-rate 

Antaloae et al. [26] 

 

Multiorder Thevenin model 

𝑈𝑏𝑎𝑡 = 𝑈OCV − 𝑈𝑠1 − 𝑈𝑠2 

−𝑈𝑠3 − 𝐼 ∙ 𝑅0 

 

Look-up 

table 

SOC, T, 

C-rate 

Sessa et al. [27],  

Benato et al. [28] 

 

PNGV model 

𝑈𝑏𝑎𝑡 = 𝑈OCV − 𝑈𝑏 − 𝑈𝑠 − 

𝐼 ∙ 𝑅0 

𝐶𝑏  = 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑛𝑐𝑒 

Look-up 

table 

SOC, T Zhang et al. [29] 

 

GNL model 

𝑈𝑏𝑎𝑡 = 𝑈OCV − 𝑈𝑏 − 𝑈𝑠 − 

𝑈𝐿 − 𝐼 ∙ 𝑅0 

𝑅𝑠 = 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 

 𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

𝐶𝑠 = 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛  

𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑛𝑐𝑒 

 

Analytic 

function 

SOC, T, 

C-rate, 

SOH 

Saxena et al. [30],  

Serrao et al. [31] 

 

 

 

Impedance-based model 

𝑈𝑏𝑎𝑡 = 𝑈𝐸𝑜 − 𝑈𝐶𝑇 − 𝑈𝑊 − 

−𝐼 ∙ 𝑅𝐸 

𝑅𝐸 = electrolyte and electrode 

resistance 

𝑅𝑤 = linear ohmic 

characteristics 

𝑅𝐶𝑇 = charge transfer 

𝐶𝐷𝐿 = electrochemical double 

layer effect 

 

Analytic 

function 

SOC, T Dai et al. [32],  

Greenleaf et al. 

[33]    
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Battery performance and lifetime depend on several factors, such as temperature, charge and 

discharge rate, battery charge level, and chemical composition. Equivalent circuit models 

provide an electrical engineering approach that allows the influence of these factors to be 

analyzed without the need for full electrochemical simulation. The models allow the evaluation 

of battery performance under varying conditions, such as under load, at different temperatures, 

and at different charge levels [9]. With the help of the models, optimal charging and discharging 

protocols can be designed, which minimize the internal losses of the battery and extend its 

service life. The SOC and SOH of the battery can be estimated using equivalent circuit models. 

These are important parameters in the automotive industry when developing new and better 

EVs [34].  These models can also be used to predict energy consumption and optimization 

strategies for battery packs, which is especially useful in larger energy storage and industrial 

applications [35].  

2.4.1 The internal resistance model (Rint) 

The most widely used battery model is the internal resistance (Rint) model, shown in Table 4. 

It includes an ideal battery with an open circuit voltage 𝑈𝑜𝑐𝑣, a constant equivalent internal 

resistance 𝑅0, and a terminal voltage 𝑈𝑏𝑎𝑡. When the battery is fully charged, its open circuit 

voltage 𝑈𝑜𝑐𝑣 is higher than when it is discharged. The model is simple and assumes a constant 

internal resistance and it does not account for how 𝑅0  varies with temperature, SOC, or 

electrolyte concentration [36]. When fully charged, the terminal voltage 𝑈𝑏𝑎𝑡 can be determined 

by measuring the 𝑈𝑜𝑐𝑣, while 𝑅0 can be calculated by applying a load and measuring the current 

and terminal voltage. In this model, the SOC of the battery is 100% when the battery is fully 

charged and 0% when fully discharged. The total charge removed as the SOC decreases from 

100% to 0% represents the battery's capacity, 𝑄, which is typically measured in ampere-hours 

(Ah) or milliampere-hours (mAh). [36]  Rint equivalent circuit model has the governing 

equations [37]: 

SoC(𝑡) = SoC(𝑡0) − ∫
𝐼(𝑡)η

𝑄max

𝑡

𝑡0

 𝑑𝑡 

𝐼 =
𝑈0

𝑅0
 

𝑈𝑏𝑎𝑡 = 𝑈𝑜𝑐𝑣 − 𝑅0𝐼0 

where: 𝑈𝑜𝑐𝑣  is the open circuit voltage, 𝐼 is the load current, and 𝑅0 is the ohmic resistance. 
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2.4.2 Thevenin model 

Thevenin model is based on the Rint model. In Thevenin model, a parallel RC network has 

been added to the Rint model to simulate the battery polarization effect. This model also has a 

simple structure and has a high simulation accuracy. The advantage of Thevenin model is that 

it also describes the polarization effect inside the battery, which helps better simulate the 

dynamic and static characteristics of the battery [38]. There are only few parameters in the 

model, and its curve fitting process is based on a single exponential function. The subsequent 

estimation process involves only a few calculations, making it well-suited for SOC estimation 

in embedded systems and aligning with the application needs of EVs [39]. When charging or 

discharging the battery, the voltage shows both abrupt and gradual change. In the model, the 

internal resistance 𝑅0 is used to simulate the characteristics of the abrupt resistance. 𝑅𝑠 and 𝐶𝑠 

are used to simulate the capacitance characteristics of voltage gradual changes [9]. Thevenin 

model is illustrated in shown in Table 4. Its governing equations are [40]: 

SoC(𝑡) = SoC(𝑡0) − ∫
𝐼(𝑡)𝜂

𝑄max

𝑡

𝑡0

 𝑑𝑡 

𝐼 =
𝑈𝑠

𝑅𝑠
+ 𝐶𝑠

𝑑𝑈𝑠

𝑑𝑡
 

𝑈𝑏𝑎𝑡 = 𝑈𝑜𝑐𝑣 − 𝑅0𝐼0 − 𝑅𝑠 (1 − 𝑒
−𝑡

𝑅𝑠𝐶𝑠) 

where 𝑈𝑜𝑐𝑣 is the open circuit voltage,  𝐼 is the load current𝑅0 is the internal ohmic resistance 

of the battery, 𝑅𝑠 is the polarization resistance, and 𝐶𝑠 is the polarization capacitance. The 

terminal voltage can be represented using an exponential term (𝐼𝑅𝑒
−𝑡

𝜏 ), or calculated from 

differential equation. 

 

The disadvantages of the model are its lack of applicability in real life applications because all 

parameters are considered constant and independent on the operating conditions. The model is 

also unable to simulate capacity fade or the battery runtime due to thermal impacts. However, 

the model is used and it has been possible to improve it by adding ideal diodes, zener diodes to 

measure open circuit voltage and internal resistance. [41] 
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2.4.3 Multiorder Thevenin model 

Multiorder Thevenin model is a Rint circuit to which several RC circuits are connected in series. 

There are usually two or three RC circuits. Third order Thevenin equivalent circuit model, 

illustrated in Table 4, has the following governing equations [42]: 

SoC(𝑡) = SoC(𝑡0) − ∫
𝐼(𝑡)𝜂

𝑄max

𝑡

𝑡0

 𝑑𝑡 

𝐼 =
𝑈𝑠1

𝑅𝑠1
+ 𝐶𝑠1

𝑑𝑈𝑠1

𝑑𝑡
=

𝑈𝑠2

𝑅𝑠2
+ 𝐶𝑠2

𝑑𝑈𝑠2

𝑑𝑡
=

𝑈𝑠3

𝑅𝑠3
+ 𝐶𝑠3

𝑑𝑈𝑠3

𝑑𝑡
=

𝑈0

𝑅0
 

𝑈𝑏𝑎𝑡 = 𝑈𝑜𝑐𝑣 − 𝑅0𝐼0 − 𝑅𝑠1 (1 − 𝑒
−𝑡

𝑅𝑠1𝐶𝑠1) − 𝑅𝑠2 (1 − 𝑒
−𝑡

𝑅𝑠2𝐶𝑠2) − 𝑅𝑠3 (1 − 𝑒
−𝑡

𝑅𝑠3𝐶𝑠3) 

where 𝑈𝑜𝑐𝑣 is the open circuit voltage, 𝐼 is the load current, 𝑅0 is the ohmic resistance, 𝑅𝑠1 

to 𝑅𝑠3 are the polarization resistances, and 𝐶𝑠1 to 𝐶𝑠3 are the polarization capacitances. 

 

When two or three RC circuits are used instead of only one RC circuit in the model, the accuracy 

of the exponential fitting improves. The polarization effect of a lithium battery is presented 

equivalently by an RC loop and is equivalent to the first-order zero input response after the 

battery is discharged. Guo et al. [43] have demonstrated, by plotting exponential curves, that 

the correction decision coefficients of the double and triple exponential fittings are larger than 

in single exponential fitting, so the fitting effect is better (closer to 1). Surprisingly, they also 

found that double exponential fitting gave the most accurate result. The third-order RC loop 

theoretically provides a more accurate representation of the battery's dynamic characteristics, 

but it includes one additional RC loop compared to the second-order RC loop. The third-order 

RC loop introduces two more unknown parameters during the computer-based data fitting 

process and as a result, the fitting performance of the third-order RC loop is worse than in the 

second-order RC loop. It is also proved that the second-order RC model is more suitable for 

modeling LIBs [43]. 

 

2.4.4 The Partnership for a New Generation of Vehicles model (PNGV) 

The Partnership for a New Generation of Vehicles model (PNGV) is obtained when a capacitor 

is connected in series to Thevenin model. The circuit diagram of the PNGV model is shown in 

Table 4. The model is a nonlinear equivalent circuit model. Its parameters depend on voltage, 

temperature, and SOC. The resistance 𝑅0 represents the change of the battery's internal 
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resistance. The ideal voltage source and the capacitor 𝐶𝑏 capture changes in the open-circuit 

voltage and capacity, respectively. The parallel RC network characterizes the battery's 

polarization voltage. [44]  

 

PNGV model has a high accuracy to simulate the transient response process, and it is also 

suitable for use with large current values [45]. Compared to simpler models, PNGV is better 

able to handle complex charging and discharging conditions. However, the PNGV model is 

complex and requires more calculation, which is why it has low real-time performance [9]. 

PNGV equivalent circuit model has the governing equations [46]: 

𝑑𝑈𝑠

𝑑𝑡
=

𝐼

𝐶𝑠
−

𝑈𝑠

𝑅𝑠𝐶𝑠
 

𝑑𝑈𝑏

𝑑𝑡
=

𝐼

𝐶𝑏
 

𝑈𝑏𝑎𝑡 = 𝑈𝑜𝑐𝑣−𝑈𝑠 − 𝑈𝑏 − 𝑅𝑜𝐼 

 

where: 𝑈𝑜𝑐𝑣 is the open circuit voltage, 𝐼 is the load current, 𝑅0 is the ohmic resistance, 𝑅𝑠 

is the polarization resistance, 𝐶𝑠 is the polarization capacitance, and 𝐶𝑏 is the equivalent 

capacitance. 

 

 

2.4.5 Other equivalent circuit models 

In GNL model, second RC network is connected to the PNGV model [7]. The circuit diagram 

of the GNL model is shown in Table 4. The model is a nonlinear equivalent circuit model.  

 

Frequency-domain ECM consists of the same components as time-domain ECMs. The circuit 

diagram of the impedance-based model is shown in Table 4. The principle of impedance-based 

models is making the response of sinusoidal excitation in a specific frequency range coincide 

with the measured electrochemical impedance spectrum of the battery.  

The purpose is to simulate the battery impedance spectrum, not to describe the battery terminal 

voltage and current. The instrument measures the potential across a battery by applying small 

AC currents over a wide range of frequencies, and then a Nyquist plot is drawn to show the 

complex impedance of the battery over the entire frequency range. [7] 
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3 Optimization of equivalent circuit models 

Optimization plays a key role in identifying the best model parameters that ensure a model’s 

predictions closely match experimental data. The purpose of the optimization, presented in this 

work, is to test how well different equivalent circuit models can predict the voltage change as 

a function of SOC. A good model is one that can mimic real battery usage, and the error is not 

very large. In order to test different equivalent circuit models, input data is needed to optimize 

the parameters of the model. Once the parameters of the equivalent circuit model have been 

determined, the model is able to mimic the behavior of a real battery. 

 

Central to the optimization process is the goal function, a mathematical expression that defines 

what needs to be optimized. By analyzing how changes in input variables (parameters of 

equivalent circuit) affect the value of the goal function, optimization methods identify the set 

of parameters that yield the most favorable outcome. Optimization for different models was 

done by minimizing the difference between modelled and measured battery voltages (input 

data) during charge and discharge cycles with different C-rates. The goal is to find optimal 

parameters that best fits the battery voltage data across different charging and discharging rates 

using least squares error minimization.  

 

The goal function for the Rint model takes the form: 

∑(Umodel(SOCi, 𝑅0) − Umeasured(SOCi))
2

i

 

where R0 is the optimized parameter and the value of the modelled voltage is expressed as: 

Umodel = Uocv(SOCi) − R0I. 

 

For the Thevenin model, the goal function is expressed as: 

∑(Umodel(SOCi, R0, Rs, Cs) − Umeasured(SOCi))
2

i

 

where R0, Rs and Cs is the optimized parameter and the value of the modelled voltage is: 

Umodel = Uocv(SOCi) − R0I0 − Rs (1 − e
−t

RsCs) 

 

For the Second Order Thevenin model, the goal function is expressed as: 

∑(Umodel(SOCi, R0, Rs1, Cs1, Rs2, Cs2) − Umeasured(SOCi))
2

i
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where R0, Rs, Cs, Rs2, Cs2 is the optimized parameter and the value of the modelled voltage is: 

Umodel = Uocv(SOCi) − R0I0 − Rs (1 − e
−t

RsCs) − Rs2 (1 − e
−t

Rs2Cs2) 

 

For the PNGV model, the goal function is expressed as: 

∑(Umodel(SOCi, R0, Rs, Cs, Cs2) − Umeasured(SOCi))
2

i

 

where R0, Rs, Cs, Cs2 is the optimized parameter and the value of the modelled voltage is: 

Umodel = Uocv(SOCi) − Us − Ub − RoI 

 

Three different algorithms were used to optimize the parameters, Limited-memory Broyden–

Fletcher–Goldfarb–Shanno with Bounds (L-BFGS-B), Sequential Least Squares Programming 

(SLSQP), and Powell’s method. 

 

L-BFGS-B is a quasi-Newton method for solving large-scale optimization problems with box 

constraints (i.e., variable bounds). It approximates the Hessian matrix (second derivatives) 

using a limited amount of memory, which makes it suitable for problems with many variables. 

The advantages of L-BFGS-B are the code is easy to use, and the user need not supply 

information about the Hessian matrix or the structure of the objective function, the storage 

requirements are moderate and can be controlled by the user, and the cost of the iteration is low 

and is independent of the properties of the objective function. As a result, L BFGS-B is 

recommended for large problems in which the Hessian is large-scale or is difficult to compute. 

Drawbacks of L-BFGS-B are it is not rapidly convergent, and it can be computationally 

expensive for large-scale problems, on highly ill-conditioned problems it may fail to obtain 

high accuracy in the solution, and it cannot make use of knowledge about the structure of the 

problem to accelerate convergence. [47] 

 

SLSQP performs a quadratic approximation of the objective function at each iteration point, 

and it uses of both gradient and Hessian matrix information. It is an efficient mathematical 

optimizer to search fast a local optimum. It finds different local optima with different initial 

starting trial solutions. A large repetition of running the SLSQP algorithm with random initial 

trials will yield many local optimal solutions which will show their distribution characteristics 

[48]. Disadvantages are that the algorithm can be computationally expensive for large-scale 

problems, and it may fail if the problem is not well-scaled. [49]   
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The Powell algorithm is a searching algorithm first proposed in 1964 by Powell [50] to solve 

unconstrained optimization problems. The derivatives do not require calculation because the 

algorithm only needs to calculate the function values when the function is a continuous one, 

through constant improvement. The Powell method of least squares is used to search for optimal 

parameters, and the conjugate equations in the iteration are generated step by step. This is a 

very effective approach to achieve the minimum value of one function that is not strict with the 

initial value. The convergence rate is fast, and its partial optimization ability is classical. [51] 

Disadvantages are that Powell has potential for getting stuck in local optima, it may struggle 

with non-smooth or discontinuous functions, and it has slower convergence than gradient-based 

methods. [52]     

 

As mentioned in section 1.3, the purpose of this work is to optimize four selected equivalent 

circuit models for the description of the two most ubiquitous types of LIBs, namely NMC and 

LFP. For each type of the battery, all four models mentioned before will be optimized. The data 

needed for optimization is OCV as function of SOC and voltages as function of SOC with 

various C-rate values while charging and discharging the battery. When the battery capacity 

and different C-rate values are known, the current can be calculated during battery discharge 

and charging with formula below: 

𝐼 = 𝐶 − 𝑟𝑎𝑡𝑒 ∙  𝐵𝑎𝑡𝑡𝑒𝑟𝑦 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 

 

The Python codes used to perform the optimization can be found in Appendices 2 to 5. Artificial 

intelligence (OpenAI, ChatGPT v.3.5) has been used to generate the codes. 

 

3.1 LFP Battery 

LFP battery used in this thesis is 48V 200Ah 10KW LiFePO4 battery [53]. From the plots 

provided by the producer, and presented in figure 9, the charge and discharge curves at rates 

0.2 C and 0.5 C, were extracted using free online software, Plot Digitizer 

(https://plotdigitizer.com/app). The OCV potential was calculated as the average between these 

four curves. The capacity of the battery was 200 Ah, hence 1C rate corresponds to the current 

I = 200 A. 

https://plotdigitizer.com/app
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Fig 9. 48V 200Ah 10KW LiFePO4 battery data used to test the accuracy of the models [53]. 

 

3.1.1 Rint model 

The Rint model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. The 

R0 parameter value was established to be 0.02078 Ω, and the model was used to calculate 

voltage values as a function of SOC. Error function value was 76.07 V2. All methods gave the 

same minimum error function value and R0 value. The model-predicted and experimental 

voltage values during charging are depicted in Figure 10. The model-predicted and 

experimental voltage values during discharge are depicted in Figure 11. The average absolute 

and relative error were calculated from the difference between the model-predicted voltage and 

the LFP battery voltage. This is presented in Table 5. 
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Fig 10. LFP battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 

 

 

 

Fig 11. LFP battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 
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Table 5. Absolute and relative errors between model-predicted and LFP battery voltages. 

Charging / Discharging C-rate Average 

absolute error 

(V) 

Average 

relative error 

(%) 

Charging 0.2 0.469 0.94 

Charging 0.5 0.608 1.20 

Discharging 0.2 0.386 0.88 

Discharging 0.5 0.870 1.93 

 

 

3.1.2 Thevenin model 

The Thevenin model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. 

All methods gave the same minimum error function value but different optimized parameters. 

The optimal parameters found using the selected methods are presented in table 6. The model-

predicted and experimental voltage values during charging are depicted in Figure 12. The 

model-predicted and experimental voltage values during discharge are depicted in Figure 13. 

The graphs have been plotted using the parameters given by the Powell optimization method.  

The average absolute and relative error were calculated from the difference between the model-

predicted voltage and the LFP battery voltage. Optimization methods resulted in the same 

absolute and relative errors, as well as the same plotted curves. This is presented in Table 7. 

 

Table 6. Optimized parameters with different optimization methods. 

 R0 

[Ω] 

Rs 

[Ω] 

Cs 

[F] 

Error Function 

Value [V2] 

L-BFGS-B 0.01243 0.00835 500 76.07 

SLSQP 0.01039 0.01039 1000 76.07 

Powell 0.00078 0.02000 1000 76.07 
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Fig 12. LFP battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 

 

 

 

Fig 13. LFP battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 
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Table 7. Absolute and relative errors between model-predicted and LFP battery voltages. 

Charging / Discharging C-rate Average 

absolute error 

(V) 

Average 

relative error 

(%) 

Charging 0.2 0.469 0.94 

Charging 0.5 0.608 1.20 

Discharging 0.2 0.386 0.88 

Discharging 0.5 0.870 1.93 

 

3.1.3 Second order Thevenin model 

The Thevenin model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. 

All methods gave the same minimum error function value but different optimized parameters. 

The optimal parameters found using the selected methods are presented in table 8. The model-

predicted and experimental voltage values during charging are depicted in Figure 14. The 

model-predicted and experimental voltage values during discharge are depicted in Figure 15. 

The graphs have been plotted using the parameters given by the Powell optimization method. 

The average absolute and relative error were calculated from the difference between the model-

predicted voltage and the LFP battery voltage. Optimization methods resulted in the same 

absolute and relative errors, as well as the same plotted curves. This is presented in Table 9. 

 

Table 8. Optimized parameters with different optimization methods. 

 R0 

[Ω] 

Rs 

[Ω] 

Cs 

[F] 

Rs2 

[Ω] 

Cs2 

[F] 

Error 

Function 

Value [V2] 

L-BFGS-B 0.01013 0.00532 500 0.00532 1000 76.07 

SLSQP 0.00635 0.00722 100 0.00722 200 76.07 

Powell 0.01278 0.00300 800 0.00500 1500 76.07 
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Fig 14. LFP voltage and model predicted voltage values as a function of SOC during battery 

charging. 

 

Fig 15. LFP battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 
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Table 9. Absolute and relative errors between model-predicted and LFP battery voltages. 

Charging / Discharging C-rate Average 

absolute error 

(V) 

Average 

relative error 

(%) 

Charging 0.2 0.469 0.94 

Charging 0.5 0.608 1.20 

Discharging 0.2 0.386 0.88 

Discharging 0.5 0.870 1.93 

 

3.1.4 PNGV model 

The PNGV model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. 

Powell method gave the best minimum error function value. The optimal parameters found 

using the selected methods are presented in table 10. The model-predicted and experimental 

voltage values during charging are depicted in Figure 16. The model-predicted and 

experimental voltage values during discharge are depicted in Figure 17. The graphs have been 

plotted using the parameters given by the Powell optimization method. The average absolute 

and relative error were calculated from the difference between the model-predicted voltage and 

the LFP battery voltage. Optimization methods resulted in different absolute and relative errors. 

This is presented in Table 11. 

 

Table 10. Optimized parameters with different optimization methods. 

 R0 

[Ω] 

Rs 

[Ω] 

Cs 

[F] 

Cb 

[F] 

Error Function Value 

[V2] 

L-BFGS-B 0.01029 0.00983 1000 2000 73.98 

SLSQP 0.01032 0.00981 1000 2000 73.98 

Powell 0.00707 0.00986 500 338 69.31 
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Fig 16. LFP battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 

 

 

Fig 17. LFP battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 
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Table 11. Absolute and relative errors between model-predicted and LFP battery voltages. 

 Average absolute error (V) 

 

Average relative error (%) 

 

Optimization 

method 

L-BFGS-B SLSQP Powell L-BFGS-B SLSQP Powell 

Charging 0.2 C 0.470 0.470 0.529 0.95 0.95 1.06 

Charging 0.5 C 0.605 0.605 0.603 1.19 1.19 1.19 

Discharging 0.2 C 0.392 0.392 0.450 0.89 0.89 0.99 

Discharging 0.5 C 0.853 0.853 0.786 1.89 1.89 1.75 

 

 

3.2 NMC Battery 

The postmortem analysis of commercial 18650 lithium-ion battery, presented by Weisenberger 

et al. [54], allowed obtaining the general parameters of battery cell (including 1C-rate current 

and cut-off voltages), as well as the parameters of the electrodes and separator (including 

thicknesses, active material fractions, porosities and particles radii). Electrolyte conductivity, 

diffusion coefficients, transference number and thermodynamic factor were taken from the 

article by Kremer et al. [55]. Conductivities of electrode materials, and equilibrium potential 

for electrode reactions s as taken from COMSOL Multiphysics materials database. The values 

of these parameters are shown in table A1, in appendix 1.  

 

These parameters served as the input data for the electrochemical P2D model (see section 

2.1.1), The details of the model and its implementation have been described by Jasielec and 

Peljo [56]. As an output of the model charge and discharge curves at C-rates of 0.2 and 0.5 were 

generated (1C rate corresponds to the current I = 2.6 A). To remove the effects of the capacity 

fade at high c-rates (described in detail in [55], [56]), curves were rescaled to cover the SOC 

range from 0 to 1. The OCV was taken from Comsol database, as difference between SOC-

dependent potentials of cathode and anode. 
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3.2.1 Rint model 

The Rint model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. The 

R0 parameter value was established to be 0.04458 Ω, and the model was used to calculate 

voltage values as a function of SOC. Error function value was 34.45 V2. All methods gave the 

same minimum error function value and R0 value. The model-predicted and experimental 

voltage values during charging are depicted in Figure 18. The model-predicted and 

experimental voltage values during discharge are depicted in Figure 19. The average absolute 

and relative error were calculated from the difference between the model-predicted voltage and 

the NMC battery voltage. This is presented in Table 12. 

 

 

 

 

 

Fig 18. NMC battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 
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Fig 19. NMC battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 

 

 

Table 12. Absolute and relative errors between model-predicted and NMC battery voltages. 

Charging / Discharging C-rate Average 

absolute error 

(V) 

Average 

relative error 

(%) 

Charging 0.2 0.0958 2.55 

Charging 0.5 0.0812 2.18 

Discharging 0.2 0.0730 2.08 

Discharging 0.5 0.0874 2.48 

 

 

3.2.2 Thevenin model 

The Thevenin model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. 

All methods gave the same minimum error function value but different optimized parameters. 

The optimal parameters found using the selected methods are presented in table 13. The model-

predicted and experimental voltage values during charging are depicted in Figure 20. The 

model-predicted and experimental voltage values during discharge are depicted in Figure 21. 
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The graphs have been plotted using the parameters given by the Powell optimization method. 

The average absolute and relative error were calculated from the difference between the model-

predicted voltage and the NMC battery voltage. Optimization methods resulted in the same 

absolute and relative errors, as well as the same plotted curves. This is presented in table 14. 

 

Table 13. Optimized parameters with different optimization methods. 

 R0 

[Ω] 

Rs 

[Ω] 

Cs 

[F] 

Error Function 

Value [V2] 

L-BFGS-B 0.01944 0.02513 200.00 34.45 

SLSQP 0.01631 0.02827 500.00 34.45 

Powell 0.04258 0.00200 200.00 34.45 

 

 

 

 

Fig 20. NMC battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 
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Fig 21. NMC battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 

 

 

 

Table 14. Absolute and relative errors between model-predicted and NMC battery voltages. 

Charging / Discharging C-rate Average 

absolute error 

(V) 

Average 

relative error 

(%) 

Charging 0.2 0.0958 2.55 

Charging 0.5 0.0812 2.18 

Discharging 0.2 0.0730 2.08 

Discharging 0.5 0.0874 2.48 

 

 

3.2.3 Second order Thevenin model 

The Thevenin model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. 

All methods gave the same minimum error function value but different optimized parameters. 

The optimal parameters found using the selected methods are presented in table 15. The model-
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predicted and experimental voltage values during charging are depicted in Figure 22. The 

model-predicted and experimental voltage values during discharge are depicted in Figure 23. 

The graphs have been plotted using the parameters given by the Powell optimization method. 

The average absolute and relative error were calculated from the difference between the model-

predicted voltage and the NMC battery voltage. Optimization methods resulted in the same 

absolute and relative errors, as well as the same plotted curves. This is presented in Table 16. 

 

Table 15. Optimized parameters with different optimization methods. 

 R0 

[Ω] 

Rs 

[Ω] 

Cs 

[F] 

Rs2 

[Ω] 

Cs2 

[F] 

Error 

Function 

Value [V2] 

L-BFGS-B 0.01458 0.01588 3000 0.01411 3000 34.45 

SLSQP 0.01885 0.01191 800 0.01382 1500 34.45 

Powell 0.03658 0.00500 10000 0.00300 10000 34.45 

 

 

 

Fig 22. NMC battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 
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Fig 23. NMC battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 

 

 

 

Table 16. Absolute and relative errors between model-predicted and NMC battery voltages. 

Charging / Discharging C-rate Average 

absolute error 

(V) 

Average 

relative error 

(%) 

Charging 0.2 0.0958 2.55 

Charging 0.5 0.0812 2.18 

Discharging 0.2 0.0730 2.08 

Discharging 0.5 0.0874 2.48 

 

 

3.2.4 PNGV model 

The PNGV model was optimized at C-rates of 0.2 and 0.5 during charging and discharging. 

Powell method gave the best minimum error function value. The optimal parameters found 
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using the selected methods are presented in table 17. The model-predicted and experimental 

voltage values during charging are depicted in Figure 24. The model-predicted and 

experimental voltage values during discharge are depicted in Figure 25. The graphs have been 

plotted using the parameters given by the Powell optimization method. The average absolute 

and relative error were calculated from the difference between the model-predicted voltage and 

the NMC battery voltage. Optimization methods resulted in different absolute and relative 

errors. This is presented in Table 18. 

 

Table 17. Optimized parameters with different optimization methods. 

 R0 

[Ω] 

Rs 

[Ω] 

Cs 

[F] 

Cb 

[F] 

Error Function Value 

[V2] 

L-BFGS-B 0.01937 0.02496 200 5000 34.46 

SLSQP 0.01937 0.02496 200 5000 34.46 

Powell 0.03446 0.01000 500 10000 34.45 

 

 

 

 

Fig 24. NMC battery voltage and model predicted voltage values as a function of SOC during 

battery charging. 
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Fig 25. NMC battery voltage and model-predicted voltage values as a function of SOC during 

battery discharge. 

 

 

 

Table 18. Absolute and relative errors between model-predicted and NMC battery voltages. 

 Average absolute error (V) 

 

Average relative error (%) 

 

Optimization 

method 

L-BFGS-B SLSQP Powell L-BFGS-B SLSQP Powell 

Charging 0.2 C 0.0956 0.0956 0.0957 2.54 2.54 2.55 

Charging 0.5 C 0.0812 0.0812 0.0812 2.18 2.18 2.18 

Discharging 0.2 C 0.0732 0.0732 0.0731 2.08 2.08 2.08 

Discharging 0.5 C 0.0874 0.0874 0.0874 2.48 2.48 2.48 
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4 Discussion 

The results show that all four equivalent circuit models are able to accurately estimate the 

change in voltage of a LFP and NMC battery as a function of SOC. As can be seen from the 

results, the models were able to more accurately predict the voltage change of the LFP battery 

as a function of SOC than for the NMC battery. For LFP battery the average relative error of 

all models was approximately 1.05% lower than for NMC battery. The models are probably 

better at modeling LFP battery chemistry because LFP batteries have a flatter OCV-SOC curve, 

especially in the mid-range of SOC. ECMs rely on OCV vs. SOC mapping, a flatter curve 

inherently leads to less voltage deviation from the real behavior. The biggest error between the 

model and the experiment battery voltage is at low and high SOC values during both charging 

and discharging for both battery chemistries. This indicates that the models work better when 

the common 20/80 rule is applied, namely battery is exploited only at the SOC between 20 % 

and 80 %.  

 

The differential equations present in Thevenin model, second order Thevenin model and PNGV 

model can be solved either using basic Euler step or the analytical solution for a RC circuits. 

Comparison of these two approaches showed no difference in the optimization results. This 

indicates that in our data the distance between the data points is small enough for the Euler 

method to be stable.  

 

Several initial guesses and bounds were tried for each model and method to find the minima of 

the error function. Even after numerous iterations, methods did not find the minima with the 

lower value of error. However, with extending the bounds, the computational time became 

excessively large. 

 

All three optimization located minima with nearly identical error function values across both 

battery chemistries. However, variations emerged in the model parameters, primarily due to 

differences in the optimization approaches. The most notable discrepancy appeared in the LFP 

battery, where, within the PNGV model, the Powell method found a minimum with lower error 

function value than the other two methods.  This is likely because the Powell method is less 

prone to getting stuck on initial guesses or bounds.   
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For both battery chemistries, the error function for Rint has a single minimum, leading all 

optimization methods to produce the same error function value and identical R0 parameter 

value. In contrast, Thevenin and second order Thevenin exhibit at least three global minima, 

resulting in optimization methods yielding various optimal parameters in both battery 

chemistries. When applying the PNGV model to the LFP battery, the error function presents at 

least two local minima and one global minimum. As a result, L-BFGS-B and SLSQP found two 

different local minima with different parameter sets, while the Powell located the global 

minimum. For the NMC battery, one local minimum was identified, meaning L-BFGS-B and 

SLSQP found identical optimal parameters. Global minimum was found using the Powell 

method.  

 

On one hand some of these results were expected. The SLSQP optimization method, was 

observed to get stuck in local minima. This is in accordance with the results of Gong et al. [48], 

who has shown that this method can yield many local optimal solutions. On the other hand, the 

Powell method found a global minimum for both battery chemistries. This surprising result 

contradicts the observation of Ge et al. [52] that this function has potential for getting stuck in 

local optima.  

 

It is also noteworthy that, on a practical level, the Rint model is able to estimate voltage with 

the same accuracy as the more complex models. All four battery models closely matched the 

actual battery voltage output during the initial tests, achieving an average relative error of just 

1.24 % for LFP battery and 2.32 % for NMC battery. This is comparable with the results of 

Sessa et al. [27], who used Thevenin second order model for battery-flywheel hybrid storage 

system to identify proper strategy to limit battery's aging effect, achieving an average error of 

just 0.55%. 

 

Since all four equivalent circuit models were able to accurately describe the behavior of LFP 

and NMC batteries, these models could be used in real-life systems, such as BMS for both EVs 

and stationary storage. However, more information about the conditions is needed and the 

models should also be updated to be dependent on external factors such as temperature and 

other operating conditions. 
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5 Summary and conclusions 

The motivation for this thesis is based on the growing importance of batteries in applications 

ranging from electric vehicles to stationary energy storage, and the need for reliable, simple, 

yet accurate models for battery management systems (BMS). 

 

This thesis presents a comprehensive study on modeling of LIBs. Four classes of battery models 

were introduced and reviewed: electrochemical models that are highly accurate but 

computationally demanding, data-driven models that offer flexibility and learning capabilities 

but require large datasets, Empirical/semiempirical aging models that are suited for degradation 

analysis but tend to oversimplify the aging process of LIBs and the correlation between stress 

factors, and finally equivalent circuit models (ECMs) that offer a good trade-off between 

simplicity and accuracy for real-time applications. 

 

The work focuses on ECMs, and their optimization for two widely used battery chemistries: 

LFP and NMC. Four ECMs were analyzed, namely: Rint model, Thevenin model, second order 

Thevenin model and PNGV model. Each model was tested on real charge-discharge data for 

LFP and NMC batteries at varying C-rates. Parameter optimization was conducted using three 

algorithms: L-BFGS-B, SLSQP, and Powell’s method, with a least squares error function 

defined to minimize voltage prediction error as a function of SOC. 

 

The results show that all four equivalent circuit models are able to accurately describe the 

change in voltage of a LFP and NMC battery as a function of SOC. However, the models were 

better suited for modeling the voltage of the LFP battery as a function of SOC than the NMC 

battery. All three optimization methods found minima with almost the same error function 

values for each battery chemistry.  

 

On a practical level, the Rint model is able to estimate voltage with the same accuracy as the 

more complex models. Hence, with these types of LIBs, Rint model should be used, especially 

in real time applications, because the computational time is lower. 
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Appendices 

Appendix 1. Parameters for obtaining the NMC charge and discharge curves 

Table A1. Difference between the parameters the parameters of commercial 18650 and the 

ones used in the model. 

Brand  Commercial 

18650 [54] 

Model 

    

General 

Parameters 

i_1C (mAh/cm2) 3.61 3.61 

Emin (V) 3 3 

Emax (V) 4.05 4.3 

    

Positive   

Electrode 

Material NMC532 NMC532 

L (µm) 70 70 

Epss 0.59 0.6 

Porosity (epsl) 0.41 0.4 

Rp ~0.5 0.5 

Kappa [S/m] ? 100 * 

    

Negative 

Electrode 

Material Graphite Graphite 

L (µm) 72 72 

Epss 0.58 0.61 

Porosity (epsl) 0.42 0.39 

Rp ~20 10 

Kappa [S/m] ? 100 * 

    

Separator Material ? 3EC:7EMC ** 

L (µm) ~20 20 

Kappa [S/m] ? ** 

Concentration [M] ? 1 

 

*   Conductivity and Equilibrium Potential for electrodes as taken from COMSOL 

** taken from Kremer et al. [55] 

Epss, i.e. active material fraction is calculated from the articles as: 

* from articles: (Specific_Capacity[Ah/m2] / L[m]) * Density[kg/m3] / Experimental_Charge_Density[Ah/kg] 

* in the model: 1/((c0max-c0min)*F_const*L_pos/i_1C/1[h]) 

Porosity = 1 - epss 
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Appendix 2. RINT model optimization and plotting code. 

import numpy as np 

import scipy.optimize as opt 

import os 

import matplotlib.pyplot as plt 

 

# === User Input for Chemistry === 

chemistry = input("Choose battery chemistry (NMC or LFP): ").strip().upper() 

if chemistry not in ["NMC", "LFP"]: 

    raise ValueError("Invalid chemistry. Please choose 'NMC' or 'LFP'.") 

 

# === Configuration based on Chemistry === 

base_dir = chemistry #change path if data is in different directory than code 

battery_capacity = 2.6 if chemistry == "NMC" else 200 

 

OCV_file = os.path.join(base_dir, "OCV_data.txt") 

charge_files = ["Charge_0.2C.txt", "Charge_0.5C.txt"] 

discharge_files = ["Discharge_0.2C.txt", "Discharge_0.5C.txt"] 

 

# === Load (X, Y) data === 

def load_XY_data(filepath, skip=1): 

    if not os.path.exists(filepath): 

        raise FileNotFoundError(f"File not found: {filepath}") 

    X, Y = [], [] 

    with open(filepath, 'r') as file: 

        for _ in range(skip): 

            next(file) 

        for line in file: 

            try: 

                x, y = map(float, line.split()) 

                X.append(x) 

                Y.append(y) 

            except ValueError: 

                print(f"Skipping invalid line: {line.strip()}") 

    return np.array(X), np.array(Y) 

 

def OCV(SOC, X, Y): 

    return np.interp(SOC, X, Y) 

 

def rint_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0): 

    U_ocv = OCV(SOC_vals, OCV_X, OCV_Y) 

    return U_ocv - R0 * I 

 

def error_function(params, charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity): 

    R0 = params[0] 

    if R0 < 0: 

        return np.inf 
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    total_error = 0.0 

    for C_rate, SOC_vals, U_actual in charge_data: 

        I = -C_rate * battery_capacity 

        U_model = rint_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0) 

        total_error += np.sum((U_model - U_actual) ** 2) 

    for C_rate, SOC_vals, U_actual in discharge_data: 

        I = C_rate * battery_capacity 

        U_model = rint_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0) 

        total_error += np.sum((U_model - U_actual) ** 2) 

    return total_error 

 

def calculate_errors(U_actual, U_model): 

    absolute_error = np.abs(U_actual - U_model) 

    with np.errstate(divide='ignore', invalid='ignore'): 

        relative_error = np.where(U_actual != 0, absolute_error / U_actual * 100, 0) 

    return absolute_error, relative_error 

 

def plot_charge_discharge(charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity, R0): 

    plt.figure(figsize=(10, 5)) 

    plt.title("Experiment vs Rint Model prediction") 

    for C_rate, SOC_vals, U_actual in charge_data: 

        I = -C_rate * battery_capacity 

        U_model = rint_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0) 

        color_map = {0.2: 'green', 0.5: 'red'} 

        color = color_map.get(round(C_rate, 1), 'black') 

        plt.plot(SOC_vals * 100, U_actual, '-', color=color, label=f'Charge {C_rate}C - 

Experiment') 

        plt.plot(SOC_vals * 100, U_model, '--', color=color, label=f'Charge {C_rate}C - 

Model') 

        abs_error, rel_error = calculate_errors(U_actual, U_model) 

        print(f"Charging {C_rate}C - Avg Absolute Error: {np.mean(abs_error):.4f} V, Avg 

Relative Error: {np.mean(rel_error):.2f}%") 

    plt.xlabel("State of Charge (%)") 

    plt.ylabel("Voltage (V)") 

    plt.grid(True) 

    plt.legend() 

    plt.tight_layout() 

    plt.show() 

 

    plt.figure(figsize=(10, 5)) 

    plt.title("Experiment vs Rint Model prediction") 

    for C_rate, SOC_vals, U_actual in discharge_data: 

        I = C_rate * battery_capacity 

        U_model = rint_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0) 

        SOC_plot = SOC_vals[::-1] * 100 

        U_actual_plot = U_actual[::-1] 

        U_model_plot = U_model[::-1] 

        color_map = {0.2: 'green', 0.5: 'red'} 

        color = color_map.get(round(C_rate, 1), 'black') 
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        plt.plot(SOC_plot, U_actual_plot, '-', color=color, label=f'Discharge {C_rate}C - 

Experiment') 

        plt.plot(SOC_plot, U_model_plot, '--', color=color, label=f'Discharge {C_rate}C - 

Model') 

        abs_error, rel_error = calculate_errors(U_actual, U_model) 

        print(f"Discharging {C_rate}C - Avg Absolute Error: {np.mean(abs_error):.4f} V, Avg 

Relative Error: {np.mean(rel_error):.2f}%") 

    plt.xlabel("State of Charge (%)") 

    plt.ylabel("Voltage (V)") 

    plt.xlim(105, -5) 

    plt.grid(True) 

    plt.legend() 

    plt.tight_layout() 

    plt.show() 

 

# === Load Data === 

OCV_X, OCV_Y = load_XY_data(OCV_file) 

 

charge_data = [] 

discharge_data = [] 

 

for filename in charge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        charge_data.append((C_rate, SOC, U)) 

 

for filename in discharge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if chemistry == "LFP": 

        SOC = 1 - SOC  # Flip for LFP 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        discharge_data.append((C_rate, SOC, U)) 

 

# === Optimization with Multiple Methods === 

initial_guesses = [[0.010], [0.015], [0.020]] 

bounds_list = [[(0.001, 0.05)], [(0.005, 0.05)], [(0.001, 0.05)]] 

optimization_methods = ["L-BFGS-B", "SLSQP", "Powell"] 

all_results = [] 

 

for method in optimization_methods: 

    print(f"\n=== Trying Optimization Method: {method} ===") 

    best_result = None 

    best_error = float("inf") 

    best_params = None 
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    for x0 in initial_guesses: 

        for bounds in bounds_list: 

            result = opt.minimize( 

                error_function, 

                x0=x0, 

                args=(charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity), 

                bounds=bounds if method != "Powell" else None, 

                method=method 

            ) 

            if result.success and result.fun < best_error: 

                best_result = result 

                best_error = result.fun 

                best_params = result.x 

 

    if best_result: 

        all_results.append((method, best_error, best_params)) 

        print(f"{method} | R0: {best_params[0]:.5f} Ω | Error: {best_error:.5f}") 

    else: 

        print(f"{method} optimization failed!") 

 

# === Final Evaluation === 

def all_methods_agree(results, tol=1e-6): 

    ref_error, ref_params = results[0][1], results[0][2] 

    for _, err, params in results[1:]: 

        if not np.isclose(err, ref_error, atol=tol): 

            return False 

        if not np.allclose(params, ref_params, atol=tol): 

            return False 

    return True 

 

if all_results: 

    all_results.sort(key=lambda x: x[1])  # Sort by error 

    best_method, best_error, best_params = all_results[0] 

 

    if all_methods_agree(all_results): 

        print("\n✅ All optimization methods give the same results.") 

    else: 

        print(f"\n✅ Best optimization method: {best_method} with error: {best_error:.5f}") 

 

    R0_opt = best_params[0] 

    print(f"Optimized R0: {R0_opt:.5f} Ω") 

    plot_charge_discharge(charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity, 

R0_opt) 

else: 

    raise RuntimeError("❌ Optimization failed for all methods!") 
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Appendix 3. Thevenin model optimization and plotting code. 

import numpy as np 

import scipy.optimize as opt 

import os 

import re 

import matplotlib.pyplot as plt 

 

# === Chemistry Input === 

chemistry = input("Choose battery chemistry (NMC or LFP): ").strip().upper() 

if chemistry not in ["NMC", "LFP"]: 

    raise ValueError("Invalid chemistry. Choose 'NMC' or 'LFP'.") 

 

# === Configuration Based on Chemistry === 

base_dir = chemistry #change path if data is in different directory than code 

OCV_file = os.path.join(base_dir, "OCV_data.txt") 

battery_capacity = 2.6 if chemistry == "NMC" else 200  # Ah 

flip_discharge_SOC = chemistry == "LFP" 

 

# === Load (X, Y) data === 

def load_XY_data(filepath, skip=1): 

    if not os.path.exists(filepath): 

        raise FileNotFoundError(f"File not found: {filepath}") 

    X, Y = [], [] 

    with open(filepath, 'r') as file: 

        for _ in range(skip): 

            next(file) 

        for line in file: 

            try: 

                x, y = map(float, re.split(r'\s+', line.strip())) 

                X.append(x) 

                Y.append(y) 

            except ValueError: 

                print(f"Skipping invalid line: {line.strip()}") 

    return np.array(X), np.array(Y) 

 

# === OCV interpolation === 

def OCV(SOC, X, Y): 

    return np.interp(SOC, X, Y) 

 

# === Thevenin voltage model === 

def thevenin_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs, Cs, C_rate): 

    U_ocv = OCV(SOC_vals, OCV_X, OCV_Y) 

    Us = Rs * I 

    U_bat = [] 

    for i in range(len(SOC_vals)): 

        if i == 0: 

            u_model = U_ocv[i] - R0 * I - Us 
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            U_bat.append(u_model) 

            continue 

        delta_SOC = abs(SOC_vals[i] - SOC_vals[i - 1]) 

        dt = max(delta_SOC / abs(C_rate), 1e-6) 

        tau = Rs * Cs 

        alpha = np.exp(-dt / tau) 

        Us = alpha * Us + Rs * I * (1 - alpha) 

        u_model = U_ocv[i] - R0 * I - Us 

        U_bat.append(u_model) 

    return np.array(U_bat) 

 

# === Error function === 

def error_function(params, charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity): 

    R0, Rs, Cs = params 

    if R0 < 0 or Rs < 0 or Cs <= 0: 

        return np.inf 

    total_error = 0.0 

    for C_rate, SOC_vals, U_actual in charge_data: 

        I = -C_rate * battery_capacity 

        U_model = thevenin_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs, Cs, C_rate) 

        total_error += np.sum((U_model - U_actual) ** 2) 

    for C_rate, SOC_vals, U_actual in discharge_data: 

        I = C_rate * battery_capacity 

        U_model = thevenin_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs, Cs, C_rate) 

        total_error += np.sum((U_model - U_actual) ** 2) 

    return total_error 

 

# === Load Data === 

OCV_X, OCV_Y = load_XY_data(OCV_file) 

charge_files = ["Charge_0.2C.txt", "Charge_0.5C.txt"] 

discharge_files = ["Discharge_0.2C.txt", "Discharge_0.5C.txt"] 

 

charge_data = [] 

discharge_data = [] 

 

for filename in charge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        charge_data.append((C_rate, SOC, U)) 

 

for filename in discharge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if flip_discharge_SOC: 

        SOC = 1 - SOC 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 
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        discharge_data.append((C_rate, SOC, U)) 

 

# === Optimization Loop === 

initial_guesses = [ 

    [0.010, 0.002, 200], 

    [0.015, 0.010, 500], 

    [0.020, 0.020, 1000], 

] 

bounds_list = [ 

    [(0.001, 0.05), (0.0001, 0.1), (1, 2000)], 

    [(0.005, 0.05), (0.001, 0.2), (10, 3000)], 

    [(0.001, 0.05), (0.001, 0.5), (10, 5000)], 

] 

methods = ["L-BFGS-B", "SLSQP", "Powell"] 

all_results = [] 

 

for method in methods: 

    print(f"\n=== Trying Method: {method} ===") 

    best = None 

    best_err = float("inf") 

    for x0 in initial_guesses: 

        for b in bounds_list: 

            result = opt.minimize( 

                error_function, 

                x0=x0, 

                args=(charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity), 

                bounds=None if method == "Powell" else b, 

                method=method 

            ) 

            if result.success and result.fun < best_err: 

                best = result 

                best_err = result.fun 

    if best: 

        all_results.append((method, best_err, best.x)) 

        print(f"{method} | Error: {best_err:.5f} | Params: R0={best.x[0]:.5f}, 

Rs={best.x[1]:.5f}, Cs={best.x[2]:.2f}") 

    else: 

        print(f"{method} failed.") 

 

if not all_results: 

    raise RuntimeError("❌ Optimization failed for all methods!") 

 

# === Plotting functions for multiple methods === 

def calculate_percentage_error(U_actual, U_model): 

    return np.abs(U_actual - U_model) / np.maximum(np.abs(U_actual), 1e-3) * 100 

 

def calculate_absolute_error(U_actual, U_model): 

    return np.abs(U_actual - U_model) 
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def thevenin_voltage_plot(SOC, I, params, C_rate): 

    return thevenin_voltage_model(SOC, OCV_X, OCV_Y, I, *params, C_rate) 

 

def plot_comparison_multiple_methods(data, label, all_results, flip_xaxis=False): 

    plt.figure(figsize=(10, 6)) 

    color_map = {0.2: 'green', 0.5: 'red'} 

    method_colors = {'L-BFGS-B': 'blue', 'SLSQP': 'orange', 'Powell': 'purple'} 

 

    # Sort data by C-rate: 0.2C first, then 0.5C 

    data_sorted = sorted(data, key=lambda x: x[0]) 

 

    for C_rate, SOC_vals, U_actual in data_sorted: 

        SOC_percent = SOC_vals * 100 

        color = color_map.get(round(C_rate, 1), 'black') 

        plt.plot(SOC_percent, U_actual, '-', color=color, linewidth=2, 

                 label=f"Experiment {C_rate:.1f}C") 

 

    for method, err, params in all_results: 

        print(f"\n--- {label} | Method: {method} | Error: {err:.5f} ---") 

        for C_rate, SOC_vals, U_actual in data_sorted: 

            I = -C_rate * battery_capacity if label == "Charging" else C_rate * 

battery_capacity 

            U_model = thevenin_voltage_plot(SOC_vals, I, params, C_rate) 

            SOC_percent = SOC_vals * 100 

            method_color = method_colors.get(method, 'black') 

            label_str = f"{method} Method {C_rate:.1f}C"  # 🔄 Changed 'Model' to 'Method' 

            plt.plot(SOC_percent, U_model, '--', color=method_color, label=label_str) 

 

            abs_error = calculate_absolute_error(U_actual, U_model) 

            perc_error = calculate_percentage_error(U_actual, U_model) 

            print(f"  C-rate {C_rate:.1f}C -> Avg Abs Error: {np.mean(abs_error):.4f} V, 

Avg % Error: {np.mean(perc_error):.2f}%") 

 

    plt.xlabel("State of Charge (%)") 

    plt.ylabel("Voltage (V)") 

    plt.title("Experiment vs Thevenin Model") 

    plt.grid(True) 

    plt.legend() 

    if flip_xaxis: 

        plt.gca().invert_xaxis() 

    plt.xticks(np.arange(0, 110, 20)) 

    plt.tight_layout() 

    plt.show() 

 

# === Plot all methods' results for charge and discharge === 

plot_comparison_multiple_methods(charge_data, "Charging", all_results) 

plot_comparison_multiple_methods(discharge_data, "Discharging", all_results, 

flip_xaxis=True) 
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# === Model Output Consistency Check === 

print("\n🔍 Checking model output differences between methods:") 

C_rate_test = 0.5 

SOC_test, U_test = discharge_data[1][1], discharge_data[1][2] 

model_outputs = [] 

for method, err, params in all_results: 

    I = C_rate_test * battery_capacity 

    U_model = thevenin_voltage_model(SOC_test, OCV_X, OCV_Y, I, *params, C_rate_test) 

    model_outputs.append((method, U_model)) 

 

for i in range(len(model_outputs)): 

    for j in range(i + 1, len(model_outputs)): 

        method_i, Ui = model_outputs[i] 

        method_j, Uj = model_outputs[j] 

        max_diff = np.max(np.abs(Ui - Uj)) 

        print(f"Max voltage difference between {method_i} and {method_j}: {max_diff:.10f} 

V") 
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Appendix 4. Second Order Thevenin model optimization and plotting code. 

import numpy as np 

import scipy.optimize as opt 

import os 

import re 

import matplotlib.pyplot as plt 

 

# === Chemistry Input === 

chemistry = input("Choose battery chemistry (NMC or LFP): ").strip().upper() 

if chemistry not in ["NMC", "LFP"]: 

    raise ValueError("Invalid chemistry. Choose 'NMC' or 'LFP'.") 

 

# === Configuration Based on Chemistry === 

base_dir = chemistry #change path if data is in different directory than code 

OCV_file = os.path.join(base_dir, "OCV_data.txt") 

battery_capacity = 2.6 if chemistry == "NMC" else 200  # Ah 

flip_discharge_SOC = chemistry == "LFP" 

 

# === Load (X, Y) data === 

def load_XY_data(filepath, skip=1): 

    if not os.path.exists(filepath): 

        raise FileNotFoundError(f"File not found: {filepath}") 

    X, Y = [], [] 

    with open(filepath, 'r') as file: 

        for _ in range(skip): 

            next(file) 

        for line in file: 

            try: 

                x, y = map(float, re.split(r'\s+', line.strip())) 

                X.append(x) 

                Y.append(y) 

            except ValueError: 

                print(f"Skipping invalid line: {line.strip()}") 

    return np.array(X), np.array(Y) 

 

# === OCV interpolation === 

def OCV(SOC, X, Y): 

    return np.interp(SOC, X, Y) 

 

# === 2nd Order Thevenin Voltage Model === 

def thevenin_2nd_order_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs1, Cs1, Rs2, Cs2, 

C_rate): 

    U_ocv = OCV(SOC_vals, OCV_X, OCV_Y) 

    Us1 = Rs1 * I 

    Us2 = Rs2 * I 

    U_bat = [] 
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    for i in range(len(SOC_vals)): 

        if i == 0: 

            u_model = U_ocv[i] - R0 * I - Us1 - Us2 

            U_bat.append(u_model) 

            continue 

 

        delta_SOC = abs(SOC_vals[i] - SOC_vals[i - 1]) 

        dt = max(delta_SOC / abs(C_rate), 1e-6) 

 

        tau1 = Rs1 * Cs1 

        alpha1 = np.exp(-dt / tau1) 

        Us1 = alpha1 * Us1 + Rs1 * I * (1 - alpha1) 

 

        tau2 = Rs2 * Cs2 

        alpha2 = np.exp(-dt / tau2) 

        Us2 = alpha2 * Us2 + Rs2 * I * (1 - alpha2) 

 

        u_model = U_ocv[i] - R0 * I - Us1 - Us2 

        U_bat.append(u_model) 

 

    return np.array(U_bat) 

 

# === Error Function for Optimizer (2nd Order) === 

def error_function_2nd(params, charge_data, discharge_data, OCV_X, OCV_Y, 

battery_capacity): 

    R0, Rs1, Cs1, Rs2, Cs2 = params 

    if any(p < 0 for p in [R0, Rs1, Rs2]) or Cs1 <= 0 or Cs2 <= 0: 

        return np.inf 

 

    total_error = 0.0 

    for C_rate, SOC_vals, U_actual in charge_data: 

        I = -C_rate * battery_capacity 

        U_model = thevenin_2nd_order_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs1, Cs1, 

Rs2, Cs2, C_rate) 

        total_error += np.sum((U_model - U_actual) ** 2) 

 

    for C_rate, SOC_vals, U_actual in discharge_data: 

        I = C_rate * battery_capacity 

        U_model = thevenin_2nd_order_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs1, Cs1, 

Rs2, Cs2, C_rate) 

        total_error += np.sum((U_model - U_actual) ** 2) 

 

    return total_error 

 

# === Load Data === 

OCV_X, OCV_Y = load_XY_data(OCV_file) 

charge_files = ["Charge_0.2C.txt", "Charge_0.5C.txt"] 

discharge_files = ["Discharge_0.2C.txt", "Discharge_0.5C.txt"] 
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charge_data = [] 

discharge_data = [] 

 

for filename in charge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        charge_data.append((C_rate, SOC, U)) 

 

for filename in discharge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if flip_discharge_SOC: 

        SOC = 1 - SOC 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        discharge_data.append((C_rate, SOC, U)) 

 

# === Initial guesses and bounds for optimization === 

initial_guesses_2nd = [ 

    [0.010, 0.005, 10000, 0.003, 10000], 

    [0.020, 0.010, 500, 0.010, 1000], 

    [0.015, 0.003, 800, 0.005, 1500], 

    [0.005, 0.001, 100, 0.001, 200], 

    [0.012, 0.007, 600, 0.004, 900] 

] 

 

bounds_list_2nd = [ 

    [(0.001, 0.05), (0.0001, 0.1), (10, 3000), (0.0001, 0.1), (10, 3000)], 

    [(0.001, 0.1), (0.001, 0.2), (1, 5000), (0.001, 0.2), (1, 5000)], 

    [(0.001, 0.05), (0.001, 0.2), (50, 2000), (0.001, 0.2), (50, 2000)] 

] 

 

# === Multi-method optimization === 

methods = ["L-BFGS-B", "SLSQP", "Powell"] 

all_results = [] 

 

for method in methods: 

    print(f"\n=== Trying Method: {method} ===") 

    best = None 

    best_err = float("inf") 

    for x0 in initial_guesses_2nd: 

        for b in bounds_list_2nd: 

            result = opt.minimize( 

                error_function_2nd, 

                x0=x0, 

                args=(charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity), 

                bounds=None if method == "Powell" else b, 



 

61 

 

                method=method 

            ) 

            if result.success and result.fun < best_err: 

                best = result 

                best_err = result.fun 

    if best: 

        all_results.append((method, best_err, best.x)) 

        R0, Rs1, Cs1, Rs2, Cs2 = best.x 

        print(f"{method} | Error: {best_err:.5f} | Params: " 

              f"R0={R0:.5f}, Rs1={Rs1:.5f}, Cs1={Cs1:.2f}, Rs2={Rs2:.5f}, Cs2={Cs2:.2f}") 

    else: 

        print(f"{method} failed.") 

 

# === Check for identical results === 

def all_methods_agree(results, tol=1e-6): 

    ref_err, ref_params = results[0][1], results[0][2] 

    for _, err, params in results[1:]: 

        if not np.isclose(err, ref_err, atol=tol): 

            return False 

        if not np.allclose(params, ref_params, atol=tol): 

            return False 

    return True 

 

# === Final Result Selection === 

if all_results: 

    all_results.sort(key=lambda x: x[1]) 

    best_method, best_error, best_params = all_results[0] 

 

    if all_methods_agree(all_results): 

        print("\n✅ All methods give the same result.") 

    else: 

        print(f"\n✅ Best method: {best_method} with error: {best_error:.5f}") 

 

    R0_opt, Rs1_opt, Cs1_opt, Rs2_opt, Cs2_opt = best_params 

    print(f"Optimized Parameters:\n" 

          f"R0 = {R0_opt:.5f} Ω\n" 

          f"Rs1 = {Rs1_opt:.5f} Ω\n" 

          f"Cs1 = {Cs1_opt:.2f} F\n" 

          f"Rs2 = {Rs2_opt:.5f} Ω\n" 

          f"Cs2 = {Cs2_opt:.2f} F") 

else: 

    raise RuntimeError("❌ Optimization failed for all methods!") 

 

# === Multi-method Plotting Functions for Second-Order Model === 

def thevenin_voltage_plot_2nd_multi(SOC, I, params, C_rate): 

    return thevenin_2nd_order_voltage_model(SOC, OCV_X, OCV_Y, I, *params, C_rate) 

 

def calculate_percentage_error(U_actual, U_model): 

    return np.abs(U_actual - U_model) / np.maximum(np.abs(U_actual), 1e-3) * 100 
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def calculate_absolute_error(U_actual, U_model): 

    return np.abs(U_actual - U_model) 

 

def plot_comparison_multiple_methods(data, label, all_results, flip_xaxis=False): 

    plt.figure(figsize=(10, 6)) 

    color_map = {0.2: 'green', 0.5: 'red'} 

    method_colors = {'L-BFGS-B': 'blue', 'SLSQP': 'orange', 'Powell': 'purple'} 

 

    added_labels = set() 

    exp_labels_ordered = [] 

    model_labels_ordered = [] 

 

    for C_rate in sorted(set(d[0] for d in data)): 

        # Plot experimental data 

        for method, err, params in all_results: 

            for cr, SOC_vals, U_actual in data: 

                if cr != C_rate: 

                    continue 

                I = -C_rate * battery_capacity if label == "Charging" else C_rate * 

battery_capacity 

                U_model = thevenin_voltage_plot_2nd_multi(SOC_vals, I, params, C_rate) 

                SOC_percent = SOC_vals * 100 

                color = color_map.get(round(C_rate, 1), 'black') 

                method_color = method_colors.get(method, 'black') 

 

                # Plot experimental curve once per C-rate 

                exp_label = f"Experiment {C_rate:.1f}C" 

                if exp_label not in added_labels: 

                    plt.plot(SOC_percent, U_actual, '-', color=color, alpha=0.7, 

label=exp_label) 

                    added_labels.add(exp_label) 

                    exp_labels_ordered.append(exp_label) 

                else: 

                    plt.plot(SOC_percent, U_actual, '-', color=color, alpha=0.3) 

 

                # Plot model prediction 

                method_label = f"{method} Method {C_rate:.1f}C" 

                if method_label not in added_labels: 

                    plt.plot(SOC_percent, U_model, '--', color=method_color, 

label=method_label) 

                    added_labels.add(method_label) 

                    model_labels_ordered.append(method_label) 

                else: 

                    plt.plot(SOC_percent, U_model, '--', color=method_color) 

 

                abs_error = calculate_absolute_error(U_actual, U_model) 

                perc_error = calculate_percentage_error(U_actual, U_model) 
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                print(f"  {method} {label} {C_rate:.1f}C -> Avg Abs Error: 

{np.mean(abs_error):.4f} V, Avg % Error: {np.mean(perc_error):.2f}%") 

 

    # Finalize plot 

    plt.xlabel("State of Charge (%)") 

    plt.ylabel("Voltage (V)") 

    plt.title("Experiment vs Second order Thevenin Model") 

    plt.grid(True) 

 

    # Sort and apply legend 

    handles, labels = plt.gca().get_legend_handles_labels() 

    order = exp_labels_ordered + model_labels_ordered 

    ordered_handles = [handles[labels.index(lbl)] for lbl in order] 

    plt.legend(ordered_handles, order) 

 

    if flip_xaxis: 

        plt.gca().invert_xaxis() 

    plt.xticks(np.arange(0, 110, 20)) 

    plt.tight_layout() 

    plt.show() 

 

# === Plot all methods' results for charge and discharge === 

plot_comparison_multiple_methods(charge_data, "Charging", all_results) 

plot_comparison_multiple_methods(discharge_data, "Discharging", all_results, 

flip_xaxis=True) 

 

# === Model Output Consistency Check === 

print("\n🔍 Checking model output differences between methods:") 

C_rate_test = 0.5 

SOC_test, U_test = discharge_data[1][1], discharge_data[1][2] 

model_outputs = [] 

 

for method, err, params in all_results: 

    I = C_rate_test * battery_capacity 

    U_model = thevenin_voltage_plot_2nd_multi(SOC_test, I, params, C_rate_test) 

    model_outputs.append((method, U_model)) 

 

for i in range(len(model_outputs)): 

    for j in range(i + 1, len(model_outputs)): 

        method_i, Ui = model_outputs[i] 

        method_j, Uj = model_outputs[j] 

        max_diff = np.max(np.abs(Ui - Uj)) 

        print(f"Max voltage difference between {method_i} and {method_j}: {max_diff:.10f} 

V") 
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Appendix 5. PNGV model optimization and plotting code. 

import numpy as np 

import scipy.optimize as opt 

import os 

import re 

import matplotlib.pyplot as plt 

 

# === Chemistry Input === 

chemistry = input("Choose battery chemistry (NMC or LFP): ").strip().upper() 

if chemistry not in ["NMC", "LFP"]: 

    raise ValueError("Invalid chemistry. Choose 'NMC' or 'LFP'.") 

 

# === Configuration Based on Chemistry === 

base_dir = chemistry #change path if data is in different directory than code 

OCV_file = os.path.join(base_dir, "OCV_data.txt") 

battery_capacity = 2.6 if chemistry == "NMC" else 200  # Ah 

flip_discharge_SOC = chemistry == "LFP" 

 

# === Load (X, Y) data === 

def load_XY_data(filepath, skip=1): 

    if not os.path.exists(filepath): 

        raise FileNotFoundError(f"File not found: {filepath}") 

 

    X, Y = [], [] 

    with open(filepath, 'r') as file: 

        for _ in range(skip): 

            next(file) 

        for line in file: 

            try: 

                x, y = map(float, re.split(r'\s+', line.strip())) 

                X.append(x) 

                Y.append(y) 

            except ValueError: 

                print(f"Skipping invalid line: {line.strip()}") 

    return np.array(X), np.array(Y) 

 

# === OCV interpolation === 

def OCV(SOC, X, Y): 

    return np.interp(SOC, X, Y) 

 

# === PNGV voltage model === 

def PNGV_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs, Cs, Cb, C_rate): 

    U_ocv = OCV(SOC_vals, OCV_X, OCV_Y) 

    Us = Rs * I   

    Ub = 0        

    U_bat = [] 
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    for i in range(len(SOC_vals)): 

        if i == 0: 

            u_model = U_ocv[i] - R0 * I - Us - Ub 

            U_bat.append(u_model) 

            continue 

 

        delta_SOC = abs(SOC_vals[i] - SOC_vals[i - 1]) 

        dt = max(delta_SOC / abs(C_rate), 1e-6) 

 

        dUs_dt = (-Us + Rs * I) / (Rs * Cs) 

        Us += dt * dUs_dt 

 

        Ub += dt * I / Cb 

 

        u_model = U_ocv[i] - R0 * I - Us - Ub 

        U_bat.append(u_model) 

 

    return np.array(U_bat) 

 

# === Error function for optimizer === 

def error_function(params, charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity, 

method=None): 

    R0, Rs, Cs, Cb = params 

 

    if R0 < 0 or Rs < 0 or Cs <= 0: 

        return np.inf 

 

    if method == "Powell": 

        if not (1 <= Cb <= 10000): 

            return np.inf 

    else: 

        if Cb <= 0: 

            return np.inf 

 

    total_error = 0.0 

    for C_rate, SOC_vals, U_actual in charge_data: 

        I = -C_rate * battery_capacity 

        U_model = PNGV_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs, Cs, Cb, C_rate) 

        total_error += np.sum((U_model - U_actual) ** 2) 

 

    for C_rate, SOC_vals, U_actual in discharge_data: 

        I = C_rate * battery_capacity 

        U_model = PNGV_voltage_model(SOC_vals, OCV_X, OCV_Y, I, R0, Rs, Cs, Cb, C_rate) 

        total_error += np.sum((U_model - U_actual) ** 2) 

 

    return total_error 

 

# === Load Data === 

OCV_X, OCV_Y = load_XY_data(OCV_file) 
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charge_files = ["Charge_0.2C.txt", "Charge_0.5C.txt"] 

discharge_files = ["Discharge_0.2C.txt", "Discharge_0.5C.txt"] 

 

charge_data = [] 

discharge_data = [] 

 

for filename in charge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        charge_data.append((C_rate, SOC, U)) 

 

for filename in discharge_files: 

    filepath = os.path.join(base_dir, filename) 

    SOC, U = load_XY_data(filepath) 

    if flip_discharge_SOC: 

        SOC = 1 - SOC 

    if len(SOC) > 0: 

        C_rate = float(filename.split('_')[1].replace('C.txt', '').replace('C', '')) 

        discharge_data.append((C_rate, SOC, U)) 

 

# === Optimization === 

 

initial_guesses = [ 

    [0.010, 0.002, 200, 5000], 

    [0.015, 0.010, 500, 3000], 

    [0.020, 0.020, 1000, 2000], 

] 

 

bounds_list = [ 

    [(0.001, 0.05), (0.0001, 0.1), (1, 2000), (10, 10000)], 

] 

 

methods = ["L-BFGS-B", "SLSQP", "Powell"] 

all_results = [] 

 

for method in methods: 

    print(f"\n=== Trying Method: {method} ===") 

    best = None 

    best_err = float('inf') 

    for x0 in initial_guesses: 

        for b in bounds_list: 

            args = (charge_data, discharge_data, OCV_X, OCV_Y, battery_capacity, method) 

            result = opt.minimize( 

                error_function, 

                x0=x0, 

                args=args, 

                bounds=None if method == "Powell" else b, 
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                method=method 

            ) 

            if result.success and result.fun < best_err: 

                best = result 

                best_err = result.fun 

    if best: 

        all_results.append((method, best_err, best.x)) 

        R0, Rs, Cs, Cb = best.x 

        print(f"Best for {method}: Error={best_err:.6f}, Params: R0={R0:.5f}, Rs={Rs:.5f}, 

Cs={Cs:.2f}, Cb={Cb:.2f}") 

    else: 

        print(f"{method} optimization failed.") 

 

def all_methods_agree(results, tol=1e-6): 

    ref_err, ref_params = results[0][1], results[0][2] 

    for _, err, params in results[1:]: 

        if not np.isclose(err, ref_err, atol=tol): 

            return False 

        if not np.allclose(params, ref_params, atol=tol): 

            return False 

    return True 

 

if all_results: 

    all_results.sort(key=lambda x: x[1]) 

    best_method, best_error, best_params = all_results[0] 

 

    if all_methods_agree(all_results): 

        print("\n✅ All methods agree on the result.") 

    else: 

        print(f"\n✅ Best method: {best_method} with error: {best_error:.6f}") 

 

    R0_opt, Rs_opt, Cs_opt, Cb_opt = best_params 

    print(f"Optimized parameters:\n" 

          f"R0 = {R0_opt:.5f} Ω\n" 

          f"Rs = {Rs_opt:.5f} Ω\n" 

          f"Cs = {Cs_opt:.2f} F\n" 

          f"Cb = {Cb_opt:.2f} F") 

else: 

    raise RuntimeError("❌ Optimization failed for all methods!") 

 

# === PNGV Model wrapper for multi-method plotting === 

def PNGV_voltage_plot_multi(SOC, I, params, C_rate): 

    R0, Rs, Cs, Cb = params 

    return PNGV_voltage_model(SOC, OCV_X, OCV_Y, I, R0, Rs, Cs, Cb, C_rate) 

 

# === Error calculation helpers === 

def calculate_percentage_error(U_actual, U_model): 

    return np.abs(U_actual - U_model) / np.maximum(np.abs(U_actual), 1e-3) * 100 

 



 

68 

 

def calculate_absolute_error(U_actual, U_model): 

    return np.abs(U_actual - U_model) 

 

# === Multi-method plotting for PNGV model === 

def plot_comparison_multiple_methods_PNGV(data, mode_label, all_results, flip_xaxis=False): 

    plt.figure(figsize=(10, 6)) 

 

    color_map = {0.2: 'green', 0.5: 'red'} 

    method_styles = { 

        'L-BFGS-B': '--',   # dashed 

        'SLSQP': '-.',      # dash-dot 

        'Powell': ':'       # dotted 

    } 

 

    # Collect unique C-rates sorted 

    C_rates = sorted(set(round(c_rate, 3) for c_rate, _, _ in data)) 

 

    # Plot all experimental data first 

    exp_handles = [] 

    for C_rate in C_rates: 

        for c_rate, SOC_vals, U_actual in data: 

            if round(c_rate, 3) == C_rate: 

                SOC_percent = SOC_vals * 100 

                color = color_map.get(round(C_rate, 1), 'black') 

                handle, = plt.plot(SOC_percent, U_actual, '-', color=color, 

label=f"Experiment {C_rate:.1f}C") 

                exp_handles.append(handle) 

                break  # Plot once per C-rate 

 

    # Now plot all methods per C-rate with custom color and style 

    method_handles = [] 

    for method, err, params in all_results: 

        print(f"\n--- {mode_label} | Method: {method} | Total Error: {err:.5f} ---") 

        for C_rate in C_rates: 

            for c_rate, SOC_vals, U_actual in data: 

                if round(c_rate, 3) == C_rate: 

                    I = -C_rate * battery_capacity if 

mode_label.lower().startswith("charg") else C_rate * battery_capacity 

                    U_model = PNGV_voltage_plot_multi(SOC_vals, I, params, C_rate) 

                    SOC_percent = SOC_vals * 100 

 

                    color = color_map.get(round(C_rate, 1), 'black') 

                    linestyle = method_styles.get(method, '--') 

 

                    handle, = plt.plot(SOC_percent, U_model, linestyle=linestyle, 

color=color, 

                                       label=f"{method} Method {C_rate:.1f}C") 

                    method_handles.append(handle) 
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                    # Calculate and print errors 

                    abs_error = calculate_absolute_error(U_actual, U_model) 

                    perc_error = calculate_percentage_error(U_actual, U_model) 

                    print(f"  C-rate {C_rate:.1f}C -> Avg Abs Error: 

{np.mean(abs_error):.4f} V, Avg % Error: {np.mean(perc_error):.2f}%") 

                    break 

 

    plt.xlabel("State of Charge (%)") 

    plt.ylabel("Voltage (V)") 

    plt.title("Experiment vs PNGV Model") 

    plt.grid(True) 

    if flip_xaxis: 

        plt.gca().invert_xaxis() 

    plt.xticks(np.arange(0, 110, 20)) 

    plt.tight_layout() 

 

    # Combine handles and labels: experiments first, then methods 

    all_handles = exp_handles + method_handles 

    labels = [h.get_label() for h in all_handles] 

    plt.legend(all_handles, labels) 

    plt.show() 

 

plot_comparison_multiple_methods_PNGV(charge_data, "Charge", all_results) 

plot_comparison_multiple_methods_PNGV(discharge_data, "Discharge", all_results, 

flip_xaxis=True) 

 

# === Model Output Consistency Check === 

print("\n🔍 Checking PNGV model output differences between methods:") 

C_rate_test = 0.5 

SOC_test, U_test = discharge_data[1][1], discharge_data[1][2] 

model_outputs = [] 

 

for method, err, params in all_results: 

    I = C_rate_test * battery_capacity 

    U_model = PNGV_voltage_plot_multi(SOC_test, I, params, C_rate_test) 

    model_outputs.append((method, U_model)) 

 

for i in range(len(model_outputs)): 

    for j in range(i + 1, len(model_outputs)): 

        method_i, Ui = model_outputs[i] 

        method_j, Uj = model_outputs[j] 

        max_diff = np.max(np.abs(Ui - Uj)) 

        print(f"Max voltage difference between {method_i} and {method_j}: {max_diff:.10f} 

V") 
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