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ABSTRACT 

Let X ≥ y ≥ 2 , and let u = log X 
log y 

. We say a number is y-smooth if all of its prime factors 

are less than or equal to y. In this paper, we study the distribution of y-smooth num- 

bers in short intervals. In particular, for y ≥ exp 

(
(log X )2 / 3+ ε 

)
, we show that the in- 

terval [ x, x + h ] contains a y-smooth number for almost all x ∈ [ X, 2 X ] , provided 

h ≥ exp 

(
(1 + ε )

(
11 
8 
u log u + 4 log log X

))
, and X is sufficiently large depending on 

ε . This result improves upon an earlier result by Matomäki. Additionally, we pro- 

vide the corresponding ‘all intervals’ type result. Our approach relies on a strategi- 

cally factorized Dirichlet polynomial, much like the earlier work of Matomäki. The 

improvement in our results stems from the integration of ideas introduced in the 

breakthrough work of Matomäki and Radziwiłł. 
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1. INTRODUCTION 

Let P(n ) denote the largest prime factor of n . A number n is said to be y-smooth ( or y-friable)
if P(n ) ≤ y. We denote the set of all y-smooth numbers by S (y ) . Let �

(
x, y
)
denote the number

of y-smooth numbers up to x, that is, | S (y) ∩ [1 , x] | . It is known that � (x, y) ∼ ρ(u ) x holds for

a wide range of the smoothness parameter y, where u = log x 
log y and ρ(u ) is the Dickman function

( see Equation 3.1 below for its definition) . Nevertheless, our understanding of the distribution of
smooth numbers in short intervals is still far from complete. 
One might expect that for a wide range of parameters h and y, an asymptotic of the form 

�
(
x + h , y

)−�
(
x, y
) ∼ ρ(u ) h 

holds. In a breakthrough paper, Matomäki and Radziwiłł proved that for any fixed u ≥ 1 and any
function ψ (x) → ∞ as x → ∞ , the above asymptotic is valid for almost all x ∈ [ X, 2 X ] , when
y = X1 /u and h = ψ (X ) ( see [ 10 ]) . 
Goudout [ 3 , Théorème 4] extended this result by showing that the asymptotic holds when 

(1 + ρ(u )−1 )ψ (X ) ≤ h ≤ X and 1 ≤ u ≤ (log X )1 / 6 −o(1) , 

which is equivalent to y ≥ exp 
(
(log X )5 / 6+ o(1) 

)
. 
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A natural question is whether one can at least guarantee the existence of a smooth number in
 short interval, that is, whether 

�
(
x + h , y

)−�
(
x, y
) ≥ 1 , 

olds for a broader range of parameters h and y. Since ρ(u ) = 1 
uu + o(u ) , probabilistic heuristics sug-

est that one should expect a y-smooth number to appear in almost every interval of length 

h ≥ exp 
(
(1 + o(1)) u log u

)
. 

owever, establishing such a result remains a significant challenge. 
In our work, we follow the approach of Matomäki and Radziwiłł ( also used by Goudout) to
dvance this relaxed problem. For readers familiar with Goudout’s work, see Remarks 1.1 and
.2 for a discussion of the key differences in our method. 
At a high level, our approach integrates the use of factorized Dirichlet polynomials for detecting
mooth numbers—drawing on the work of Soundararajan [ 13 ] and Matomäki [ 9 ]—with the ideas
eveloped by Matomäki and Radziwiłł. 

Theorem 1.1. For any ε > 0 , there exists a positive constant C = C(ε) such that the following 
holds. Let X ≥ 2 be large enough depending on ε. If 

exp 
(
C(log X )2 / 3 (log log X )4 / 3 

) ≤ y ≤ X
1 
C 

and 

h ≥ exp 
(
(1 + ε)

(
11 
8 
u log u + 4 log log X

))
, 

for u = log X 
log y , then the interval [ x, x + h ] contains a y-smooth number for almost all 

x ∈ [ X, 2 X ] . 

In particular, we improve upon an earlier result of Matomäki [ 9 , Theorem 1.3], where the
orresponding conditions were 

y ≥ exp 
(
(log X )2 / 3 (log log X )4 / 3+ ε 

)
nd 

h ≥ exp 
((

14 
3 

+ ε

) (
4 u log u + log log X

))
. 

In this paper, we focus on the regime where y is small ( or equivalently, u is large) . This permits
 loss of logarithmic factors, which is acceptable in this context. ( Note that for small u , Goudout’s
esults yield a shorter interval length. In fact, by adapting Goudout’s methods, one can remove
he logarithmic factors entirely to show that smooth numbers exist in almost every interval of
ength 

exp ((c + o(1)) u log u ) , 

or some absolute constant c > 0 worse than 11 / 8 , even when u is small. We do not pursue this
efinement here.) 
One can also obtain results about existence in all short intervals rather than in almost all
hort intervals. In this direction, Matomäki and Radziwiłł showed that for every fixed u ≥ 1 ,
here exists a sufficiently large constant Cu > 0 such that every interval [ x, x + h ] contains an
1 /u -smooth number, provided that h ≥ Cu 

√ 

x ( see [ 10 , Corollary 1]) . This unconditional result
mproves upon earlier work by Soundararajan [ 13 ], who obtained a similar conclusion under the
ssumption of the Riemann hypothesis. 
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Again, Goudout [ 3 , Théorème 5] extended their result, showing that one can take 1 ≤ u ≤
(log X )1 / 6 −ε , provided that the length of the short interval satisfies h ≥ √ 

x ρ(u )−3 −ε . 1 

In the same spirit as these works, we also prove a result concerning the existence of a y-smooth
number in all intervals of the form [ x, x + x1 / 2+ o(1) ] for sufficiently large x. 

Theorem 1.2. For any ε > 0 , there exists a positive constant C = C(ε) such that the following 
holds. If x is large in terms of ε, 

exp 
(
C(log x)2 / 3 (log log x)4 / 3 

) ≤ y ≤ x
1 
C , 

and 

h ≥ √ 

x exp 
(
(1 + ε)

(
11 
16 ̃

 u log ̃  u + 2 log log x
))

, 

where ̃  u = log x 
log y , then the interval [ x, x + h ] contains a y-smooth number. 

The above result can be contrasted with Theorem 1.1 in [ 9 ]. Matomäki proved in this theorem
that, for sufficiently large x, one could take 

h ≥ √ 

x exp 
((

7 
3 

+ ε

) (
4˜ u log ̃  u + log log x

))
, 

provided that y ≥ exp 
(
(log x)2 / 3 (log log x)4 / 3+ ε 

)
. 

For asymptotic formulas in short intervals when y is small, the known results are even more
restrictive. For instance, Younis [ 15 , Theorem 1.1] established that an asymptotic formula holds
in all intervals under the conditions 

x17 / 30+ o(1) ≤ h ≤ x and exp 
(
(log x)2 / 3+ o(1) 

)
≤ y ≤ 2 x. 

There have been various other results concerning the distribution of smooth numbers in short
intervals. For example, Hildebrand and Tenenbaum [ 7 ] proved an asymptotic formula for the
number of smooth numbers in almost all short intervals. However, the intervals they consider are
significantly longer than those considered here. Building on their work, Friedlander and Granville
[ 2 ] obtained the corresponding ‘all intervals’ type result. We refer the reader to [ 4 , 7 ] for more
detailed surveys of results on smooth numbers and their applications to other problems in analytic
number theory and cryptography. 

1.1. Sketch of the argument 

To orient the reader and highlight the key differences from previous works, we now present a brief
outline of the proof of Theorem 1.1 . In this sketch, we use the imprecise notations � , � , and ≈,
to conveniently suppress the factors of ρ(u )ε and log X . 
Suppose that we want to show for some h ≥ 2 , the interval [ x, x + h ] contains a y-smooth num-

ber for almost all x ∈ [ X, 2 X ] . Choose weights { wn }n such that wn ≥ 0 if n ∈ S (y) and 0 otherwise.
Let H be such that 

∑ 

x≤n ≤x+ H wn > 0 for all x ∈ [ X, 2 X ] . It turns out that, for our choice of weights,
we can take H = X y−3 / 8 ( see Lemma 4.2 below) . If we show that ∣∣∣∣∣∣1 h 

∑ 

x≤n ≤x+ h 

wn − 1 
H 

∑ 

x≤n ≤x+ H 

wn 

∣∣∣∣∣∣ = o

( 

1 
H 

∑ 

x≤n ≤x+ H 

wn 

) 

for almost all x ∈ [ X, 2 X ] , then we will have our result. By a routine Chebyshev-style argument
( see Section 7 below) , we can reduce it further to showing that 

1 
X 

∫ 2 X 
X 

∣∣∣∣∣∣1 h 
∑ 

x≤n ≤x+ h 

wn − 1 
H 

∑ 

x≤n ≤x+ H 

wn 

∣∣∣∣∣∣
2 

dx = o

⎛ ⎝ 

( 

1 
X 

∑ 

X≤n ≤2 X 
wn 

) 2 
⎞ ⎠ . 
1 By combining the remark following [ 3 , Théorème 5] with Lemma 3.3 below, one can in fact take the improved 
range h ≥ √ 

x ρ(u )−23 / 16 −ε . 



4 � The Quarterly Journal of Mathematics, 2026, Volume 00, Issue 0

W  

N  

P

W

f

f

 

o  

i

T  

w  

p  

|

A  

b  

d  

s  

o  

t  

f  

i  

b  

i

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

ath/advance-article/doi/10.1093/qm
ath/haag010/8677316 by Turku U

niversity Language C
entre user on 12 June 2026
ith our choice of wn , this reduces to essentially showing that the left-hand side is o(ρ(u )2 ) .
ow, letting F (s ) =∑ 

n wn /n
s , we bound the second moment on the left-hand side by using a

arseval-style bound ( see Section 5 below) . Doing this, we essentially get the bound 

1 
X 

∫ 2 X 
X 

∣∣∣∣∣∣1 h 
∑ 

x≤n ≤x+ h 

wn − 1 
H 

∑ 

x≤n ≤x+ H 

wn 

∣∣∣∣∣∣
2 

dx �
∫ X 

h 

y1 / 8 
| F (1 + it ) |2 dt . 

e choose our weights so that 

F (s ) = P1 (s ) P2 (s ) P3 (s )J M(s ) 

or 

Pj (s ) =
∑ 

p j ∼Pj 
1 /ps and M(s ) =

∑ 

m ∈M 

1 /ms 

or some M ⊆ S (y) and P1 ≤ P2 ≤ P3 ≤ y. 

Remark 1.1. Unlike Goudout’s method, since we are focusing only on the existence of 
y-smooth numbers, we may use any convenient Dirichlet polynomial supported on y-smooth 

numbers. In particular, our polynomials Pj are supported on primes from a full dyadic intervals 

( in contrast with [ 3 , 10 ]) . This choice eliminates the need for executing finer than dyadic 
division and gives a better short interval length when y is small. 

If we carefully choose the parameters P1 , P2 , P3 , J and the set M , we can exploit the factorization
f our polynomial to obtain non-trivial savings in its mean value estimate using the techniques
ntroduced in [ 10 ]. Our goal is to get enough savings so that we have the bound ∫ X 

h 

y1 / 8 
| F (1 + it ) |2 dt = o

(
ρ(u )2 

)
. 

he details of how one can get such a saving are given in Section 6 . Here, we content ourselves
ith a very informal sketch. We begin by choosing 0 < α1 < α2 < 1 / 4 with α1 , α2 ≈ 1 / 4 and then
artitioning the interval [ y1 / 8 , X/h ] into T1 ∪ T2 ∪ T3 , where t ∈ T1 if | P1 (1 + it ) | ≤ P−α1 

1 , t ∈ T2 if
 P1 (1 + it ) | > P−α1 

1 , | P2 (1 + it ) | ≤ P−α2 
2 and T3 contains the remaining values of t . 

To bound the integral over T1 , we note that ∫ 
T1 

| F (1 + it ) |2 dt � P−2 α1 
1 

∫ X/h 
−X/h 

| P2 (1 + it ) P3 (1 + it )J M(1 + it ) |2 dt . 

t this point, it may seem tempting to use the standard mean value theorem ( see Lemma 2.1
elow) to bound the integral above. But the approach mentioned above turns out to be lossy as it
oes not incorporate the sparsity of the coefficients of the Dirichlet polynomial P2 (s ) P3 (s )J M(s ) ,
ay { an }n , that comes from being supported on y-smooth numbers. To exploit this sparsity better,
ne instead uses a variant of the standard mean value theorem that preserves some non-diagonal
erms ( see Lemma 2.2 below) . This naturally leads us to upper bounding sums essentially of the
orm 

∑ 

n ∼N 1S (y) (n ) 1S (y) (n + k ) ( see Lemma 6.2 below) . These kinds of sums have been considered
n earlier works, and bounds of the form O (ρ(u )ϕ N) for some 1 < ϕ < 2 are known. We use the
est existing bound, that is, the largest available ϕ ( see Lemma 3.3 below) . This essentially results
n an upper bound of the form ∫ 

T1 
| F (1 + it ) |2 � P

1 / 2 
1 ρ(u ) 
h 

+ ρ(u )ϕ 

P
1 / 2 
1 

. 

To bound the integral over T2 , we note that ∫ 
T2 

| F (1 + it ) |2 dt � P−2 α2 
2 

∫ X/h 
−X/h 

| P1 (1 + it ) P3 (1 + it )J M(1 + it ) |2 dt . 
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To bound the integral above, we exploit | Pα1 1 P1 (1 + it ) | ≥ 1 to increase the length of Dirichlet
polynomial | P1 (1 + it ) P3 (1 + it )J M(1 + it ) |2 by multiplying it with | Pα1 1 P1 (1 + it ) |2 � for some ap-
propriately chosen � =

⌈ 
log P2 
log P1 

⌉ 
( see Lemma 6.3 below) . This results in an upper bound of the

form ∫ 
T2 

| F (1 + it ) |2 dt � P−2(α2 −α1 ) 
2 

∫ X/h 
−X/h 

| P1 (1 + it )� +1 P3 (1 + it )J M(1 + it ) |2 dt . 

The motivation behind these manipulations is the well-known fact that the standard mean value
theorem is the most efficient when the length of the Dirichlet polynomial involved and the range
of integration are of similar order ( see [ 8 , Chapter 9] for further discussion) . Applying the stan-
dard mean value theorem and choosing P2 appropriately in terms of P1 , we have that ∫ 

T2 
| F (1 + it ) |2 � P

1 / 2 
1 ρ(u ) 
h 

+ ρ(u )ϕ 

P
1 / 2 
1 

. 

Finally, to bound the integral over T3 , we first note that | P3 (1 + it ) | � P−σ0 
3 , where σ0 �

(log X )−2 / 3 (log log X )−1 / 3 for y1 / 8 ≤ t ≤ X and hence for all t ∈ T3 . This bound is derived from Per-
ron’s formula combined with the Vinogradov–Korobov zero-free region ( see Lemma 2.6 below) . 

Remark 1.2. Unlike Goudout’s method, we amplify the savings from the cancellations in the 

polynomial P3 (s ) by raising it to the power J ( in his work, the polynomial P∞ 

(s ) plays a similar 
role as P3 (s ) here) . This boost lets us work with smaller values of y. 

To maximize this saving coming from P3 (s ) , it is natural to choose P3 as large as possible,

that is, P3 ≈ y. Consequently, for a non-trivial saving, we require y ≥ exp 
(
σ−1 
0 

)
. After further

bookkeeping, we obtain a slightly stronger restriction on y. 
Substituting the bound for P3 (s ) , we arrive at the estimate ∫ 

T3 
| F (1 + it ) |2 dt � y−2 Jσ0 

∫ 
T3 

| P1 (1 + it ) P2 (1 + it ) M(1 + it ) |2 dt . 

Now we can find a well-spaced set T ⊆ T3 so that we have the bound ∫ 
T3 

| F (1 + it ) |2 dt � y−2 Jσ0 
∑ 

t∈T 
| P1 (1 + it ) P2 (1 + it ) M(1 + it ) |2 . 

By using Halász–Montgomery inequality ( see Lemma 2.5 below) , we can bound the above by ∫ 
T3 

| F (1 + it ) |2 dt � y−2 Jσ0 ρ(u )
(
1 + |T | yJ √ 

X 

)
. 

It turns out that one can use | P2 (1 + it ) | > P−α2 
2 for all t ∈ T to show that |T | yJ � X1 / 2 −δ for

some δ > 0 ( using Lemma 2.4 below) . This step is the primary reason for choosing α2 < 1 / 4 .
Additionally, by choosing J appropriately, we have the bound y−2 Jσ0 � ρ(u )24 . Thus, we have the
bound ∫ 

T3 
| F (1 + it ) |2 dt � ρ(u )25 . 

In conclusion, we have the bound ∫ X/h 
y1 / 8 

| F (1 + it ) |2 dt � P
1 / 2 
1 ρ(u ) 
h 

+ ρ(u )ϕ 

P
1 / 2 
1 

+ ρ(u )25 . 

Since we want the right-hand side to be o(ρ(u ))2 , we are forced to choose P1 � ρ(u )2 ϕ−4 . Finally,
if we set h � P

1 / 2 
1 ρ(u )

−1 � ρ(u )ϕ−3 , the right-hand side will be o(ρ(u )2 ) . By our earlier remarks,
we will have a y-smooth number in almost all short intervals of size � ρ(u )ϕ−3 ( the additional
log X factors arise from careful bookkeeping) . 
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Remark 1.3. As can be seen from the above sketch, improvements in Lemmas 2.6 and 3.3 are 

expected to lead to refinements in the smoothness parameter and short interval length, 

respectively. 

1.2. Notations 

or the reader’s convenience, we summarize the notations and conventions used throughout this
rticle. The symbols p, q, pi and qi are reserved for primes, while d, k, �, m and n denote positive
ntegers. We write 

∑ ‡ to indicate that the summation variable runs over powers of 2. The notation
 ∼ X in a sum restricts the variable to the interval X < n ≤ 2 X . 
The parameter ε > 0 denotes an arbitrarily small, fixed constant, and C1 , C2 , . . . represent pos-

tive absolute constants. We use the standard asymptotic notation o(·) , O (·) , �, and �, writing
 � Y to denote X � Y � X . Let 1S denote the indicator function of a set S . 
We denote the set of y-smooth numbers by S (y) , and let �(X, y) be the count of y-smooth num-
ers not exceeding X . Finally, ρ(u ) denotes the Dickmann function; we shall frequently employ
he estimate ρ(u ) = u−u −o(u ) without further explicit mention. 

2. DIRICHLET POLYNOMIAL ESTIMATES 

n this section, we recall various estimates from the literature for Dirichlet polynomials that we
ill need. Throughout this section, we let X ≥ 1 and T > 0 . Additionally, for an ∈ C , we define
he Dirichlet polynomial 

G (s ) :=
∑ 

n ∼X 

an 

ns 
. 

he following result is a standard mean value estimate that provides bounds for the second mo-
ent of a Dirichlet polynomial. 

Lemma 2.1. One has the estimate ∫ T 
−T 

| G (it ) |2 dt � (T + X )
∑ 

n ∼X 
| an |2 . 

Proof. For a proof, see [ 8 , Theorem 9.1]. �

The mean value estimate from Lemma 2.1 loses some of the information about the sparsity
f the Dirichlet polynomial due to the term X

∑ 

n | an |2 . In our proof, we will use a Dirichlet
olynomial whose coefficients are supported on a subset of S (y) and are therefore quite sparse.
he following variant of the mean value theorem will allow us to exploit the sparsity of the
irichlet polynomial to some extent. This variant has been used in works on almost primes in
hort intervals [ 11 , 14 ]. 

Lemma 2.2. One has the estimate ∫ T 
−T 

| G (it ) |2 dt � T
∑ 

n ∼X 
| an |2 + T

∑ 

1 ≤k ≤ 2 X 
T 

∑ 

n ∼X 
| an || an + k | . 

Proof. For a proof, see [ 8 , Lemma 7.1]. See also [ 14 , Lemma 4]. �
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Later, we will also amplify the length of a Dirichlet polynomial by introducing a moment of a
prime-supported polynomial. The following lemma will allow us to control the mean value with
these augmentations. 

Lemma 2.3. Let X ≥ P2 ≥ P1 ≥ 2 be parameters and set � = � log P2 log P1 
� . For 

P(s ) =
∑ 

p∼P1 

1 
ps 

and A (s ) =
∑ 

n ∼ X 
P2 

an 

ns 
, 

we have ∫ T 
−T 

| P(1 + it )� A (1 + it ) |2 dt �
(
T 

X 
+ 2� P1 

)
(� + 1)!2 max 

n 
| an |2 . 

Proof. This follows immediately from [ 10 , Lemma 13]. �

A set T ⊆ R is said to be well-spaced if for all t, u ∈ T with t � = u , we have | t − u | ≥ 1 . At some
point in our argument, we will encounter a prime-supported Dirichlet polynomial that is large on
a well-spaced set. The following lemma will allow us to use this information to obtain a power-
saving bound for the size of the well-spaced set. 

Lemma 2.4. Let 

P(s ) =
∑ 

p∼P 

ap 

ps 
with | ap | ≤ 1 . 

Let T ⊂ [ −T , T ] be a sequence of well-spaced points such that | P(1 + it ) | ≥ V−1 for every 
t ∈ T . Then 

|T | � T
2 log V log P V 2 exp 

(
2
log T 
log P 

log log T
)
. 

Proof. For a proof, see [ 10 , Lemma 8]. �

Having produced a relatively small well-spaced set, the following discrete mean value theorem,
also known as the Halász–Montgomery inequality, will allow us to upper bound the mean square
of a Dirichlet polynomial over such sets. 

Lemma 2.5. Let T ⊂ [ −T , T ] be a well-spaced set. Then, ∑ 

t∈T 
| G (it ) |2 � (X + |T | T 1 

2 )(log T )
∑ 

n ∼X 
| an |2 . 

Proof. For a proof, see [ 8 , Theorem 9.6]. �

Finally, we need the following pointwise bound, which is a consequence of Perron’s formula
and the Vinogradov–Korobov zero-free region. For a complex number s , let σ := � (s ) and τ :=
|� (s ) | + 2 . Then, for some constant Avk > 0 , the region 

σ ≥ 1 − Avk 

(log τ )2 / 3 (log log τ )1 / 3 

denotes the Vinogradov–Korobov zero-free region. Let 

σ0 := Avk 

(log X )2 / 3 (log log X )1 / 3 
. 
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Lemma 2.6. For P ≥ exp 
(
(log X )2 / 3 (log log X )4 / 3 

)
, let 

P(s ) =
∑ 

p∼P 

1 
ps 
. 

Then, for all | t | ≤ X , 

| P(1 + it ) | � P−σ0 + (log X )3 

1 + | t | . 

Proof. The result follows from standard techniques used in [ 5 , Section 1.4]. The stronger 
bound above can be derived using the same methods, instead of the weaker one 
mentioned in [ 5 , Lemma 1.5]. �

3. SOME RESULTS ABOUT SMOOTH NUMBERS 

n this section, we recall results about smooth numbers that will be useful for our analysis. We
rst state some results concerning the distribution of smooth numbers. 
The global distribution of smooth numbers for a wide range of smoothness parameters is gov-
rned by the Dickman function ρ : R ≥0 → R . It is defined as the continuous solution to the system 

ρ(u ) = 1 for 0 ≤ u ≤ 1 , 

−uρ ′ (u ) = ρ(u − 1) for u > 1 . ( 3.1)

s mentioned in the introduction, it is well known that ρ(u ) = 1 
uu + o(u ) ( see, for example, [ 4 , ( 1.6) ]) .

e will make repeated use of this estimate throughout our analysis without further reference. 
In our analysis, we consider y-smooth numbers where some of their prime factors lie in certain
yadic ranges. Counting these numbers will involve controlling the ratio ρ(u − v) /ρ(u ) when v
s much smaller than u . To accomplish this, we use the following lemma. 

Lemma 3.1. For u > 2 and | v| ≤ u/ 2 , we have 

ρ(u − v) = ρ(u ) exp 
(
vξ (u ) + O

(
1 + v2 

u 

))
, 

where ξ (u ) satisfies the asymptotic 

ξ (u ) = log u + log log (u + 2) + O

(
log log (u + 2) 
log (u + 2) 

)
. 

Proof. See [ 7 , Corollary 2.4 and Lemma 2.2]. �

The following lemma gives us asymptotics for the number of smooth numbers in long intervals
nd moderately short intervals. 

Lemma 3.2. Fix ε > 0 . Let X ≥ 2 , y ≥ exp 
(
(log log X )5 / 3+ ε 

)
, and write u = log X 

log y . 

( i) We have the estimate 

�
(
X, y

) = X ρ(u )
(
1 + Oε 

(
log (u + 1) 
log y 

))
. 
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( ii) For X y− 5 
12 ≤ h ≤ X , we have 

�
(
X + h , y

)−�
(
X, y

) = hρ(u )
(
1 + Oε 

(
log (u + 1) 
log y 

))
. 

Proof. For ( i) and ( ii) , see [ 6 , Theorem 1, Theorem 3], respectively. �

Next, we state an upper bound for the number of integers n ∈ [ X, 2 X ] such that both n and
an + b lie in S (y) . This will allow us to bound the off-diagonal contribution in Lemma 2.2 when
applying it to a Dirichlet polynomial supported on [ X, 2 X ] ∩ S (y) . 

Lemma 3.3. For ε > 0 , there exist positive constants C, δ > 0 such that for X large enough, 
(log X )C ≤ y ≤ X and 1 ≤ a, | b| ≤ X δ, we have ∑ 

n ∼X 
1S (y) (n ) 1S (y) (an + b ) �ε X ρ(u )ϕ−ε , 

where u := log X 
log y and ϕ := 13 

8 . 

Proof. The result follows from [ 1 , Corollaire 4.2] upon noticing that one can replace the 3 5 
in [ 1 , Théorème 2.1] by 5 8 . See [ 12 , Corollary 7.2]. �

4. DEFINING THE DIRICHLET POLYNOMIAL 

Let X ≥ 2 be large, and let y be the smoothness parameter such that 

exp 
(
C
log log X 
σ0 

)
= exp 

(
C 

Avk 
(log X )2 / 3 (log log X )4 / 3 

)
≤ y ≤ X

1 
C , ( 4.1)

where C ≥ 1 is a large but fixed constant to be chosen later. Additionally, define 

u := log X 
log y 

. ( 4.2)

Note that 

C ≤ u ≤ Avk (log X )1 / 3 

C(log log X )4 / 3 
= σ0 log X 
C log log X 

. ( 4.3)

From Equations ( 4.1 ) and ( 4.3 ) , it follows that for arbitrarily large A , we have (
log X 
ρ(u ) 

)A 
�A y. ( 4.4)

As discussed in the introduction, we will prove Theorem 1.1 by showing that for a set of weights
{ wn }n supported on S (y) , we have ∑ 

x≤n ≤x+ h 

wn > 0 for almost all x ∈ [ X, 2 X ] , 

where h is the length of the short interval. To define the weights, we introduce some notation. 
Let 

J :=
⌈
200 u log u 
σ0 log y 

⌉
=
⌈
200(log X )2 / 3 (log log X )1 / 3 u log u 

Avk log y 

⌉
≤ 200 

C 
u + 1 ( 4.5)

and 

v := J log 
( y 
2 

)
log y 

. ( 4.6)
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Remark 4.1. To get a rough idea of the size of the quantities above, consider 
y = exp 

(
(log X )τ

)
for some τ ∈ ( 2 3 , 1) . Then, we have u = (log X )1 −τ and 

v ≈ J � 1 + (log X )5 / 3 −2 τ (log log X )4 / 3 . 

We will always assume that C is large enough so that u > 3 v holds. For η > 0 small enough to
e chosen later, let P1 , P2 , and P3 be parameters such that 

(log X )4 

ρ(u − v)2 / 3 
≤ P1 ≤ (log X )20 

ρ(u − v)14 / 3 
, P2 :=

(
P1 (log X )J 

) 1 
η , and P3 := y 

2 
. ( 4.7)

e will optimize the choice of P1 later. It will turn out that, in the course of proving Theorems 1.1
nd 1.2 , we will choose 

P1 ≈ (log X )4 ρ(u − v)−3 / 4 , 

or Theorem 1.1 , and 

P1 ≈ (log X )4 ρ(u − v)−3 / 2 , 

or Theorem 1.2 . 
The parameter P1 essentially determines the length of the short intervals in the statements of
hese theorems. For example, the short interval length in Theorem 1.1 is approximately 

ρ(u − v)−5 / 8 P1 ≈ (log X )4 ρ(u − v)−11 / 8 . 

Define 

M := S (y) ∩
[

X 

2J+5 P1 P2 PJ 3 
,

8 X 
P1 P2 P

J 
3 

]
. ( 4.8)

With the above choice of parameters, we define our weights to be 

wn :=
∑ 

n = q1 q2 p1 ... pJ m 
q1 ∼P1 ,q2 ∼P2 

P3 <p1 ,... ,pJ ≤2 P3 
m ∈M 

1 . ( 4.9)

s a consequence of Lemma 4.1 ( ii) below, Equations ( 4.7 ) and ( 4.4 ) , we have that 

P1 ≤ P2 ≤ P3 ≤ y/ 2 . 

ence, the above weights are supported on S (y) ∩ [ X 
2J+5 , 2

J+5 X
]
. 

Now, let F (s ) be the Dirichlet polynomial with the above weights as coefficients: 

F (s ) :=
∑ 

n 

wn 

ns 
. 

t follows immediately from Equation ( 4.9 ) that 

F (s ) = P1 (s ) P2 (s ) P3 (s )J M(s ) , ( 4.10)

here 

Pj (s ) :=
∑ 

p∼Pj 

1 
ps 

for j ∈ { 1 , 2 , 3 } , 

nd 

M(s ) :=
∑ 

m ∈M 

1 
ms 
. 

e will use this notation going forward without further mention. 
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The presence of multiple prime-supported polynomials can make the expressions notationally
cumbersome. In the next lemma, we collect some simple observations that will help simplify the
expressions during our analysis. 

Lemma 4.1. For the choice of parameters above, the following statements hold: 

( i) For any ε > 0 , there exists a positive constant C0 (ε) such that 

ρ(u ) ≤ ρ(u − v) � ρ(u )1 −ε , 

provided that C ≥ C0 (ε) . 
( ii) Let A > 0 be a fixed positive constant. Then, for any ε > 0 , there exists a positive constant 

C1 (ε) such that 

(A log X )J �A 

log X 
ρ(u − v)ε 

, 

provided that C ≥ C1 (ε) . 
( iii) Let A > 0 and κ be fixed constants. Let τ be such that | τ | ≤ 1 . Then, we have 

ρ

(
u − τv − κ

log (AJ P1 P2 ) 
log y 

)
�A,κ,η ρ(u − τv) . 

Proof. We begin by proving part ( i) . The first inequality follows from the fact that ρ is a 
decreasing function. For the other inequality, observe that since u > 3 v, by applying 
Lemma 3.1 , we get 

ρ(u − v) ≤ ρ(u ) exp 
(
2 J log u

)
. 

Now, substituting the upper bound for J from Equation ( 4.5 ) , and for large enough C in 
terms of ε, we see that 

ρ(u − v) ≤ u2 ρ(u ) exp 
(
400 
C 
u log u

)
� ρ(u )1 −ε . 

For part ( ii) , observe that by substituting the value of J from Equation ( 4.5 ) , we obtain 

(A log X )J = exp 
(
J(log A + log log X )

)�A log X exp 
(
200 u log u (log log X + log A ) 

σ0 log y 

)
. 

For large enough X in terms of A , we have log log X + log A ≤ 2 log log X , so 

(A log X )J �A log X exp 
(
400 u log u log log X 

σ0 log y 

)
. 

Using the lower bound for y in Equation ( 4.1 ) , we get the following bound: 

(A log X )J �A log X exp 
(
400 u log u 

C 

)
. 

Finally, by using part ( i) and choosing C large enough in terms of ε, we obtain 

(A log X )J �A 

log X 
ρ(u )ε/ 2 

� log X 
ρ(u − v)ε 

. 

By part ( ii) , Equations ( 4.7 ) and ( 4.4 ) , we have 

AJ P1 P2 �A 

(
ρ(u − v) 
log X 

)20+ 100 
η

≤ (y/ 2)J . 

Hence, recalling the definition of v and the fact that u > 3 v, it follows that 

log (AJ P1 P2 ) 
log y 

≤ v ≤ u − v 

2 
. 
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Thus, by Lemma 3.1 , we have 

ρ

(
u − τv − κ

log (AJ P1 P2 ) 
log y 

)
= ρ(u − τv) exp 

(
(1 + o(1)) κ

log (AJ P1 P2 ) 
log y 

log (u − τv)
)
. 

To bound the right-hand side, we note that 

log (AJ P1 P2 ) 
log y 

log (u − τv) �A 

log P2 log u 
log y 

�A,η

log log X log u + u (log u )2 

log y 
. 

Using Equation ( 4.3 ) , we see that 

log log X log u + u (log u )2 

log y 
= u log u log log X 

log X 
+ u2 (log u )2 

log X 
= O (1) . 

Therefore, we conclude that 

ρ

(
u − τv − κ

log (AJ P1 P2 ) 
log y 

)
= ρ(u − τv) exp (OA,κ,η(1)) �A,κ,η ρ(u − τv) . 

�

Part ( i) of the above lemma allows us to interchange ρ(u − v) and ρ(u ) freely. Part ( ii) essen-
ially states that, by sacrificing a factor of log X , we can ignore the (log X )J term that arises from
ultiplicity in the counting, due to the presence of multiple prime-supported polynomials. The
oss of the log X factor is only significant for larger values of y. Finally, part ( iii) enables us to
xpress the number of y-smooth numbers of size � X 

(AP3 )J P1 P2 
in a convenient form. 

From Equation ( 4.9 ) and Lemma 4.1 ( ii) , for large enough C in terms of ε, we conclude that 

wn ≤ (log n )J+2 

log P1 log P2 (log P3 )J 
� (2 log X )J+2 

log P1 log P2 (log P3 )J 
� (log X )3 

ρ(u − v)ε 
. ( 4.11)

n the following lemma, we derive a lower bound for the averages of our weights over moderately
hort intervals. 

Lemma 4.2. Let ε > 0 . There exists a positive constant C(ε) such that for x ∈ [ X, 2 X ] and 
2 X y−5 / 12 ≤ h ≤ X , 

1 
h 

∑ 

x≤n ≤x+ h 
wn �η

ρ(u − v) 
log P1 log P2 (2 log P3 )J 

�η

(
ρ(u − v) 
log X 

)1+ ε 
holds uniformly in x, provided C ≥ C(ε) . 

Proof. Using Equation ( 4.9 ) , we have that 

1 
h 

∑ 

x≤n ≤x+ h 
wn = 1 

h 

∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

∑ 

x 
q1 q2 p1 ... pJ 

≤m ≤ x+ h 
q1 q2 p1 ... pJ 

m ∈ S (y) 

1 . ( 4.12)

The innermost summation is over smooth numbers in a short interval. From our 
hypothesis, it follows that 

x 

q1 q2 p1 . . . pJ 
y−5 / 12 ≤ h 

q1 q2 p1 . . . pJ 
≤ x 

q1 q2 p1 . . . pJ 
. 

Therefore, we can apply Hildebrand’s short interval estimate from Lemma 3.2 ( ii) . This 
gives ∑ 

x 
q1 q2 p1 ... pJ 

≤m ≤ x+ h 
q1 q2 p1 ... pJ 

m ∈ S (y) 

1 � h 

q1 q2 p1 . . . pJ 
ρ

( 

log x 
q1 q2 p1 ... pJ 

log y 

) 

. ( 4.13)
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Combining Equations ( 4.12 ) and ( 4.13 ) , we obtain 

1 
h 

∑ 

x≤n ≤x+ h 
wn �

∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

1 
q1 q2 p1 . . . pJ 

ρ

( 

log x 
q1 q2 p1 ... pJ 

log y 

) 

� ρ

⎛ ⎝ 

log X 

P1 P2 P
J 
3 

log y 

⎞ ⎠ 

1 
log P1 log P2 (2 log P3 )J 

. 

Finally, applying Lemma 4.1 ( iii) and ( ii) , and using Equation ( 4.7 ) , we conclude that 

1 
h 

∑ 

x≤n ≤x+ h 
wn �η

ρ(u − v) 
log P1 log P2 (2 log P3 )J 

≥ ρ(u − v) 
log P1 log P2 (2 log X )J 

. 

From Equation ( 4.7 ) and Lemma 4.1 ( ii) , we have 

P2 �ε 

(
P1 log X 
ρ(u − v)ε 

) 1 
η

. 

Substituting the above bound for P2 and the upper bound for P1 from Equation ( 4.7 ) , 
together with an application of Lemma 4.1 , we arrive at the inequality 

ρ(u − v) 
log P1 log P2 (2 log P3 )J 

�η

(
ρ(u − v) 
log X 

)1+ ε 
. ( 4.14)

�

5. PARSEVAL REDUCTION 

In this section, we recall a Parseval-type bound that will help reduce the problem of counting
smooth numbers in almost all short intervals to establishing a non-trivial upper bound for the
mean value of the Dirichlet polynomial F (s ) . 

Lemma 5.1. Suppose X, T0 > 0 are such that X ≥ 2 T 3 0 , and let J be a positive integer. Let { an }n 
be a sequence of complex numbers supported on I = [ X 

2J+5 , 2
J+5 X

]
. For x ∈ [ X, 2 X ] and 

2 ≤ h1 ≤ h2 ≤ X 

T3 0 
, define 

Shj (x) :=
1 
hj 

∑ 

x≤n ≤x+ h j 
an for j = 1 , 2 . 

Finally, let 

G (s ) :=
∑ 

n 

an 

ns 
. 

Then, we have the following bound: 

1 
X 

∫ 2 X 
X 

∣∣∣∣ 1 h1 Sh1 (x) − 1 
h2 
Sh2 (x)

∣∣∣∣2 dx � (Jmax n ∈I | an | )2 
T0 

+
∫ X 

h1 

T0 

| G (1 + it ) |2 dt 

+max 
T ≥ X 

h1 

X 

T h1 

∫ 2 T 
T 

| G (1 + it ) |2 dt . 

Proof. Notice that 

| G (1 + it ) | =
∣∣∣∣∣∑ 

n ∈I 

an 

n1+ it 

∣∣∣∣∣� max 
n ∈I 

| an |
∑ 

n ∈I 

1 
n 

� Jmax 
n ∈I 

| an | . ( 5.1)
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The proof is essentially the same as in [ 10 , Lemma 14], with two key differences. First, 
we do not specify T0 , and second, instead of the bound | G (1 + it ) | = O (1) , we use the 
estimate in Equation ( 5.1 ) . See also [ 14 , Lemma 1]. �

Let Shj (x) :=
∑ 

x≤n ≤x+ hj 
wn for j ∈ { 1 , 2 } , where h1 ≥ 2 will be chosen later, and h2 := X y−3 / 8 .

y Lemma 5.1 , for T0 = y1 / 8 , we have 

1 
X 

∫ 2 X 
X 

∣∣∣∣ 1 h1 Sh1 (x) − 1 
h2 
Sh2 (x)

∣∣∣∣2 dx � (Jmax n wn )2 

y1 / 8 
+
∫ X/h1 
y1 / 8 

| F (1 + it ) |2 dt 

+ max 
T ≥ X 

h1 

X 

T h1 

∫ 2 T 
T 

| F (1 + it ) |2 dt . ( 5.2)

o apply the Chebyshev-style argument, we need to bound the right-hand side of the above
nequality. The main challenge lies in bounding the mean values of F (s ) . In the next section, we
ill establish a non-trivial upper bound for the mean value of F (s ) , and in the section following
hat, we will apply this result to complete the proof of Theorem 1.1 . 

6. BOUNDING THE MEAN VALUE 

n this section, we will show that F (s ) satisfies the following mean value estimate by exploiting
he factorization in Equation ( 4.10 ) . 

Proposition 6.1. Let ε > 0 be small, and let ϕ := 13 
8 . Let F (s ) be as defined in Equation 

( 4.10 ) . Then, there exist positive constants X0 (η) and C(ε, η) such that for all X ≥ X0 (η) , any 
fixed C ≥ C(ε, η) , and any T ≥ 1 , the following bound holds: ∫ T 

y1 / 8 
| F (1 + it )| 2 dt �ε,η P

− 1 
2 +64 η

1 

(
P1 T 

X 
ρ(u − v)1 −ε + ρ(u − v)ϕ−ε 

)
(log X )2 

(log P2 (log P3 )J )2 

+
(
ρ(u − v) 
(log X )J 

)25 
. 

Before proving the proposition, we will establish several intermediate lemmas. Throughout this
ection, C1 , C2 , . . . will denote large positive constants that are independent of the parameters
efined in Section 4 , specifically X, y, P1 , P2 , P3 , ε, and η. Additionally, 

∑ ‡ indicates that the
ummation variable runs over powers of 2 . 
The first lemma will assist us in obtaining an upper bound for the contribution from the range
f integration where the Dirichlet polynomial P1 (s ) is small in magnitude. 

Lemma 6.2. Let ε > 0 be small, and define ϕ := 13 
8 . Let A (s ) := P2 (s ) P3 (s )J M(s ) . Then, there 

exists a positive constant C(ε) such that for any fixed C ≥ C(ε) and any T ≥ 1 , we have the 
following bound: ∫ T 

−T 
| A (1 + it ) |2 dt �ε,η

(
P1 T 

X 
ρ(u − v)1 −ε + ρ(u − v)ϕ−ε 

)
(log X )2 

(log P2 (log P3 )J )2 
. 

Proof. From the definition of A (s ) , it is easy to see that it can be written as 
∑ 

n 
an 
ns 
for 

an :=
∑ 

n = q2 p1 ... pJ m 
q2 ∼P2 

P3 <p1 ,... ,pJ ≤2 P3 
m ∈M 

1 ≤ (log n )J+1 

log P2 (log P3 )J 
. ( 6.1)

Note that { an }n is supported on n ∈
[ 

X 
2J+5 P1 

, 2
J+4 X 
P1 

] 
. Let I :=

[ 
X 

2J+6 P1 
, 2

J+5 X 
P1 

] 
. 
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We perform dyadic division and then apply the Cauchy–Schwarz inequality to obtain ∫ T 
−T 

| A (1 + it ) |2 dt �
∫ T 

−T 

∣∣∣∣∣∑ 

M∈I 

‡ ∑ 

n ∼M 

an 

n1+ it 

∣∣∣∣∣
2 

dt 

� J
∑ 

M∈I 

‡ 
∫ T 

−T 

∣∣∣∣∣∑ 

n ∼M 

an 

n1+ it 

∣∣∣∣∣
2 

dt . 

Note that the result follows immediately when T ≤ X1 −ε by trivially bounding the 
integral, so we may assume T > X1 −ε . Now, we are in a position to apply Lemma 2.2 to 
the integral. By doing so, we get ∫ T 

−T 
| A (1 + it ) |2 dt � JT

∑ 

M∈I 

‡ 1 
M2 

⎛ ⎝ 

∑ 

n ∼M 
| an |2 +

∑ 

k ≤ 2 M 
T 

∑ 

n ∼M 
| an an + k |

⎞ ⎠ 

� JT
∑ 

M∈I 

‡ 1 
M2 

⎛ ⎜ ⎝ 

∑ 

n ∼M 
| an |2 +

∑ 

k ≤ 2 M 
T 

∑ 

n ∼M 
n + k ∈ S (y) 

| an |

⎞ ⎟ ⎠ 

max 
M≤n ≤4 M 

| an | . ( 6.2)

To bound the diagonal contribution ( that is, the first term of the outer summation above) , 
we observe that by using Equation ( 6.1 ) , Lemma 3.2 ( ii) , and Lemma 4.1 ( iii) , we get ∑ 

n ∼M 
| an | �

∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

∑ 

m ∈M 

m ∼ M 
q2 p1 ... pJ 

1 

� ηC
J 
1 ρ(u − v)

M 

log P2 (log P3 )J 
. ( 6.3)

For the off-diagonal contribution ( that is, the remaining term) , we first note that by 
Equation ( 6.1 ) and the fact that M ⊆ S (y) , it follows that ∑ 

n ∼M 
n + k ∈ S (y) 

| an | �
∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

∑ 

m ∼ M 
q2 p1 ... pJ 

m (q2 p1 ... pJ m + k ) ∈ S (y) 

1 . 

Note that 
∣∣k∣∣ ≤ X ε . Additionally, from Equations ( 4.7 ) and ( 4.5 ) , it follows that 

P2 (2 P3 )J ≤ yJ+1 ≤
y2 exp 

(
200 u log u 

σ0 

)
≤ X

202 
C . Hence, for large enough C in terms of ε, we may apply 

Lemma 3.3 to the innermost summation and simplify using Lemma 4.1 ( iii) to obtain ∑ 

n ∼M 
n + k ∈ S (y) 

| an | �ε,η C
J 
2 ρ(u − v)ϕ− ε 

4 
M 

log P2 (log P3 )J 
. ( 6.4)

Substituting the bounds in Equations ( 6.1 ) , ( 6.3 ) and ( 6.4 ) into Equation ( 6.2 ) , we 
obtain ∫ T 

−T 
| A (1 + it ) |2 dt �ε,η

(
P1 T 

X 
ρ(u − v) + ρ(u − v)ϕ− ε 

4 

)
(C3 log X )J+1 

(log P2 (log P3 )J )2 
. 

Finally, applying Lemma 4.1 ( ii) by choosing C even larger in terms of ε if needed, we 
obtain the desired bound ∫ T 

−T 
| A (1 + it ) |2 dt � ε,η

(
P1 T 

X 
ρ(u − v)1 −

ε 
4 + ρ(u − v)ϕ− ε 

2 

)
(log X )2 

(log P2 (log P3 )J )2 

� ε,η

(
P1 T 

X 
ρ(u − v)1 −ε + ρ(u − v)ϕ−ε 

)
(log X )2 

(log P2 (log P3 )J )2 
. 

�

The next lemma provides an upper bound for the contribution from the region of integration
where P2 (s ) is small, but P1 (s ) is not too small. The key idea is to amplify the length of the Dirichlet
polynomial by introducing a moment of P1 (s ) . 
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Lemma 6.3. Let A (s ) := P1 (s ) P3 (s )J M(s ) . Additionally, for α > 0 and 1 ≤ T ≤ X , let 

T ⊆ [ −T , T ] be a set such that | P1 (1 + it ) | ≥ P−α
1 for all t ∈ T . Then, for � :=

⌈ 
log P2 
log P1 

⌉ 
, we 

have the following bound: ∫ 
T 

| A (1 + it ) |2 dt � P2 α� 1 

(
T 

X 
+ P1 

)(
(C4 log X )J+1 log P2 
log P1 (log P3 )J 

)2 
× exp 

(
2
log P2 
log P1 

log log P2 

)
. 

Proof. We begin by performing similar manipulations as in the proof of the previous 
lemma. We can write A (s ) =∑ 

n 
bn 
ns 
for 

bn :=
∑ 

n = q1 p1 ... pJ m 
q1 ∼P1 

P3 <p1 ,... ,pJ ≤2 P3 
m ∈M 

1 ≤ (log n )J+1 

log P1 (log P3 )J 
. ( 6.5)

Note that { bn }n is supported on n ∈
[ 

X 
2J+5 P2 

, 2
J+4 X 
P2 

] 
. Let I := [ X 

2J+6 , 2
J+5 X

]
. 

Using dyadic division and the Cauchy–Schwarz inequality, we obtain 

∫ 
T 

| A (1 + it ) |2 d t =
∫ 
T 

∣∣∣∣∣∣∣
∑ 

M∈I 

‡ ∑ 

n ∼ M 
P2 

bn 

n1+ it 

∣∣∣∣∣∣∣
2 

d t � J
∑ 

M∈I 

‡ 
∫ 
T 

∣∣∣∣∣∣∣
∑ 

n ∼ M 
P2 

bn 

n1+ it 

∣∣∣∣∣∣∣
2 

d t . 

Now we use the lower bound on P1 (s ) to increase the length of the Dirichlet polynomial 
inside the integral. Observe that from | P1 (1 + it ) | > P−α

1 , it follows that 

| P1 (1 + it ) Pα1 |2 � ≥ 1 for all � ∈ N . 

In particular, for � =
⌈ 
log P2 
log P1 

⌉ 
, we have 

∫ 
T 

| A (1 + it ) |2 dt � JP2 α� 1 

∑ 

M∈I 

‡ 
∫ 
T 

∣∣∣∣∣∣∣P1 (1 + it )� 
∑ 

n ∼ M 
P2 

bn 

n1+ it 

∣∣∣∣∣∣∣
2 

dt 

≤ JP2 α� 1 

∑ 

M∈I 

‡ 
∫ T 

−T 

∣∣∣∣∣∣∣P1 (1 + it )� 
∑ 

n ∼ M 
P2 

bn 

n1+ it 

∣∣∣∣∣∣∣
2 

dt . 

Next, applying Lemma 2.3 followed by the bound in Equation ( 6.5 ) , we get ∫ 
T 

| A (1 + it ) |2 dt � JP2 α� 1 

∑ 

M∈I 

‡ 
(
T 

M 

+ 2� P1 

)
(� + 1)!2 max 

n ∼M 
| bn |2 

� P2 α� 1 

(
T 

X 
+ 2� P1 

)
(� + 1)!2 

( (
C4 log X

)J+1 
log P1 (log P3 )J 

) 2 

. ( 6.6)

To simplify the above expression, we use Stirling’s approximation, which gives 
2� (� + 1)!2 � exp (2 � log � ) . Furthermore, by the mean value theorem 

(x + 1) log (x + 1) ≤ x log x + log x + 2 for large enough x. 

So it follows that 

� log � ≤ log P2 
log P1 

log 
log P2 
log P1 

+ log 
log P2 
log P1 

+ 2 . 

Thus, we obtain the bound 

2� (� + 1)! � (log P2 )2 exp 
(
2
log P2 
log P1 

log log P2 

)
. 
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Substituting this bound into Equation ( 6.6 ) , we get the desired estimate: ∫ 
T 

| A (1 + it ) |2 dt � P2 α� 1 

(
T 

X 
+ P1 

)(
(C4 log X )J+1 log P2 
log P1 (log P3 )J 

)2 
× exp 

(
2
log P2 
log P1 

log log P2 

)
. 

�

Finally, we will need the following lemma to upper bound the contribution from the remaining
range of integration. In this range, we bound the polynomial P3 (s ) using the pointwise bound
provided by Lemma 2.6 . 

Lemma 6.4. Let A (s ) := P1 (s ) P2 (s ) M(s ) . For T ≥ 1 , let T ⊆ [ −T , T ] be a set. Then there 
exists a well-spaced set U ⊆ T such that ∫ 

T 
| A (1 + it ) |2 dt �η J

2 log T
(
1 + |U |

√ 

T 
(2 P3 )J 

X 

)(
log X 

log P1 log P2 

)2 
ρ(u − v) . 

Proof. We can write A (s ) =∑ 

n 
cn 
ns 
for 

cn :=
∑ 

n = q1 q2 m 
q j ∼Pj 
m ∈M 

1 ≤ (log n )2 

log P1 log P2 
. ( 6.7)

Note that the sequence { cn }n is supported on n ∈
[ 

X 

2J+5 PJ 3 
, 32 X 
PJ 3 

] 
. 

We can now find a well-spaced set U ⊆ T such that ∫ 
T 

| A (1 + it ) |2 dt �
∑ 

t∈U 
| A (1 + it ) |2 . 

Let I :=
[ 

X 

2J+6 PJ 3 
, 64 X 
PJ 3 

] 
. Using dyadic division and the Cauchy–Schwarz inequality, we have ∫ 

T 
| A (1 + it ) |2 dt �

∑ 

t∈U 

∣∣∣∣∣∑ 

M∈I 

‡ ∑ 

n ∼M 

cn 

n1+ it 

∣∣∣∣∣
2 

� J
∑ 

M∈I 

‡ ∑ 

t∈U 

∣∣∣∣∣∑ 

n ∼M 

cn 

n1+ it 

∣∣∣∣∣
2 

. 

Applying Lemma 2.5 , we get ∫ 
T 

| A (1 + it ) |2 dt � J log T
∑ 

M∈I 

‡ (
M + |U |

√ 

T 
)∑ 

n ∼M 

∣∣∣ cn 
n 

∣∣∣2 
� J log T

∑ 

M∈I 

‡ (
M + |U |

√ 

T 
) max n ∼M cn 

M2 

∑ 

n ∼M 
cn . 

Additionally, using Lemmas 3.2 ( i) and 4.1 ( iii) , we obtain ∑ 

n ∼M 
cn =

∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

∑ 

m ∈M 

m ∼ M 
q1 q2 

1 �
∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

M 

q1 q2 
ρ

( 

log M 
q1 q2 

log y 

) 

�η

M 

log P1 log P2 
ρ(u − v) . 

Finally, combining these estimates with Equation ( 6.7 ) , we get ∫ 
T 

| A (1 + it ) |2 dt �η J
2 log T

(
1 + |U |

√ 

T 
(2 P3 )J 

X 

)(
log X 

log P1 log P2 

)2 
ρ(u − v) . 

�

Now we turn to the proof of Proposition 6.1 . 

Proof of Proposition 6.1 By Lemma 2.1 , we have the bound ∫ T 
−T 

| F (1 + it ) |2 dt � (T + X )
∑ 

n 

(wn 
n 

)2 
. 
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Write I := [ X 
2J+6 , 2

J+5 X
]
. From Equations ( 4.9 ) and ( 4.11 ) , we obtain 

∑ 

n 

(wn 
n 

)2 
�
∑ 

M∈I 

‡ 1 
M2 

⎛ ⎜ ⎜ ⎜ ⎝ 

∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

∑ 

m ∈M 

m ∼ M 
q1 q2 p1 ... pJ 

1

⎞ ⎟ ⎟ ⎟ ⎠ 

(2 log X )J+2 

log P1 log P2 (log P3 )J 
. 

Using Lemmas 3.2 ( ii) and 4.1 ( ii) and ( iii) , we conclude that ∑ 

n 

(wn 
n 

)2 
�η

ρ(u − v)1 −ε (log X )3 

X (log P1 log P2 (log P3 )J )2 
. 

Hence, by combining the results, we get ∫ T 
−T 

| F (1 + it ) |2 dt �η

(
T 

X 
+ 1
)

ρ(u − v)1 −ε (log X )3 

(log P1 log P2 (log P3 )J )2 
. 

Using the lower bound on P1 from Equation ( 4.7 ) , we observe that this bound is sufficient 
when T > X . Therefore, we may assume that T ≤ X going forward. 
Set α1 = 1 

4 − 4 β, α2 = 1 
4 − 2 β for β = 8 η, and write the interval [ y1 / 8 , T ] as a union of 

three sets: 

T1 = { t ∈ [ y1 / 8 , T ] : | P1 (1 + it ) | ≤ P
−α1 
1 } , 

T2 = { t ∈ [ y1 / 8 , T ] : | P2 (1 + it ) | ≤ P
−α2 
2 } \ T1 , 

T3 = [ y1 / 8 , T ] \ (T1 ∪ T2 ) . 

Thus, we can write the integral as ∫ T 
y1 / 8 

=
∫ 
T1 

+
∫ 
T2 

+
∫ 
T3 
. 

We will now show that the contribution from each of the T j is bounded by the desired 
quantity. �

6.1. Contribution from T1 
et A1 (s ) = P2 (s ) P3 (s )J M(s ) . As | P1 (1 + it ) | ≤ P−α1 

1 for t ∈ T1 , we have ∫ 
T1 

| F (1 + it ) |2 dt � P−2 α1 
1 

∫ T 
−T 

| A1 (1 + it ) |2 dt . 

pplying Lemma 6.2 to the integral on the right-hand side, we obtain ∫ 
T1 

| F (1 + it ) |2 dt �ε,η P
−2 α1 
1 

(
P1 T 

X 
ρ(u − v)1 −ε + ρ(u − v)ϕ−ε 

)
(log X )2 

(log P2 (log P3 )J )2 
. 

6.2. Contribution from T2 
et A2 (s ) := P1 (s ) P3 (s )J M(s ) . As | P2 (1 + it ) | ≤ P−α2 

2 for t ∈ T2 , we have ∫ 
T2 

| F (1 + it ) |2 dt � P−2 α2 
2 

∫ 
T2 

| A2 (1 + it ) |2 dt . 

y Lemma 6.3 , for � =
⌈ 
log P2 
log P1 

⌉ 
, we have 

∫ 
T2 

| F (1 + it ) |2 dt � P−2 α2 
2 P2 α1 � 1 

(
T 

X 
+ P1 

)( (
C4 log X 

)J+1 
log P2 

log P1 (log P3 )J 

) 2 

× exp 
(
2
log P2 
log P1 

log log P2 

)
. 
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Simplifying this expression, we obtain ∫ 
T2 

| F (1 + it ) |2 dt �
(
T 

X 
+ 1 
)( (

C5 log X 
)J+1 

P1 log P2 
log P1 (log P3 )J 

) 2 

× exp 
(
2
(
α1 − α2 + log log P2 

log P1 

)
log P2 

)
. 

Since α2 − α1 = 2 β and log log P2 log P1 
≤ β for large enough X depending on η, we can simplify further

to obtain ∫ 
T2 

| F (1 + it ) |2 dt �
(
T 

X 
+ 1
)(

(C5 log X )J+1 P1 log P2 
log P1 (log P3 )J 

)2 
P

−β
2 . 

Substituting P2 =
(
P1 (log X )J 

) 1 
η and using P1 ≥ ρ(u − v)−2 / 3 from Equation ( 4.7 ) , for small enough

η, we conclude that ∫ 
T2 

| F (1 + it ) |2 dt �ε,η P
−2 α1 
1 

(
P1 T 

X 
ρ(u − v)1 −ε + ρ(u − v)ϕ−ε 

)
(log X )2 

(log P2 (log P3 )J )2 
. 

6.3. Contribution from T3 
Let A3 (s ) = P1 (s ) P2 (s ) M(s ) . By Lemma 2.6 , | P3 (1 + it ) | � P−σ0 

3 for t ≥ y1 / 8 . Hence, we have ∫ 
T3 

| F (1 + it ) |2 dt � P−2 Jσ0 
3 

∫ 
T3 

| A3 (1 + it ) |2 dt . 

Using Lemma 6.4 , we can find a well-spaced set T ⊆ T3 such that ∫ 
T3 

| F (1 + it ) |2 dt �η J
2 P−2 Jσ0 
3 log T

(
1 + |T |

√ 

T 
(2 P3 )J 

X 

)(
log X 

log P1 log P2 

)2 
ρ(u − v) . 

Note that by the definition of P2 and the fact that P1 ≥ log X from Equation ( 4.7 ) , it follows that

log log T 
log P2 

≤ η log log T 
log P1 

≤ η. 

Since | P2 (1 + it ) | > P−α2 
2 and log log T log P2 

≤ η, by Lemma 2.4 we have 

|T | � T2 α2 P2 α2 2 exp 
(
2
log T 
log P2 

log log T
)

� T
1 
2 −4 β+2 ηP2 α2 2 � T

1 
2 −30 ηP2 α2 2 . 

Using upper bound in Equation ( 4.5 ) , for large enough C in terms of η, we have 

|T |
√ 

T (2 P3 )J = |T |
√ 

T yJ ≤ |T |
√ 

T yX
400 
C � X1 −δ

for some δ = δ(η) > 0 . Thus, we conclude that ∫ 
T3 

| F (1 + it ) |2 dt �η J
2 P−2 Jσ0 
3 log T

(
log X 

log P1 log P2 

)2 
ρ(u − v) . 

Finally, observe that for large enough X , we have 

100 u log u <
1 
2 
Jσ0 log y and 100 J log log X <

1 
2 
Jσ0 log y. 

Thus, we obtain 

100(u log u + J log log X ) < Jσ0 log y. 

Since P3 = y 
2 , using the above inequality, we get 

P−2 Jσ0 
3 ≤ exp 

(−Jσ0 log y) < (ρ(u − v) 
(log X )J 

)50 
. 

Therefore, we conclude that ∫ 
T3 

| F (1 + it ) |2 dt �η

(
ρ(u − v) 
(log X )J 

)25 
. 
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his completes the proof. 

Remark 6.1. It might be possible to cut down or even remove the extra log X factors from the 

counting argument in Equation ( 6.1 ) by using a variant of [ 10 , Lemma 12 ] . This would 
require controlling how the prime factors of a y-smooth number are distributed in a given 

interval. In fact, Goudout achieved this when 

y ≥ exp 
(
(log X )5 / 6+ o(1) 

)
( see [ 3 , Lemme 23]) . We do not take this approach here since our main focus is on small 
values of y. 

7. FINISHING THE PROOF OF THEOREM 1.1 

n this section, we complete the proof of Theorem 1.1 . 

Proof of Theorem 1.1 Set η := ε 

64 and ϕ := 13 
8 . We begin by bounding the right-hand side 

of the Equation ( 5.2 ) . For the first term, it follows from Equation ( 4.11 ) that 

(Jmax n wn )2 

y1 / 8 
�ε 

J2 (log X )6 

ρ(u − v)2 ε y1 / 8 
. 

Using Equation ( 4.4 ) and Lemma 4.1 ( ii) , we can bound the right-hand side above by 

�
(
ρ(u − v) 
log X 

)ε (
ρ(u − v) 

log P2 (log P3 )J 

)2 
. ( 7.1)

Using Proposition 6.1 and setting h1 = P1 ρ(u − v)1 −ϕ , the remaining terms in Equation 
( 5.2 ) are 

�ε P
− 1 
2 + ε 

1 ρ(u − v)ϕ−ε 
(

log X 
log P2 (log P3 )J 

)2 
+
(
ρ(u − v) 
(log X )J 

)25 
. ( 7.2)

Next, if we set 

P1 :=
(

(log X )2+ ε 

ρ(u − v)2 −ϕ+2 ε 

) 2 
1 −2 ε 

, 

we obtain the following bound for Equation ( 7.2 ) : 

�ε 

(
ρ(u − v) 
log X 

)ε (
ρ(u − v) 

log P2 (log P3 )J 

)2 
. 

Combining these results, we conclude that 

1 
X 

∫ 2 X 
X 

∣∣∣∣ 1 h1 Sh1 (x) − 1 
h2 
Sh2 (x)

∣∣∣∣2 dx �ε 

(
ρ(u − v) 
log X 

)ε (
ρ(u − v) 

log P2 (log P3 )J 

)2 
. 

Now, let E be the set of x ∈ [ X, 2 X ] such that ∣∣∣∣ 1 h1 Sh1 (x) − 1 
h2 
Sh2 (x)

∣∣∣∣ ≥ ρ(u − v) 
(log X )ε/ 4 log P1 log P2 (2 log P3 )J 

, 

then 
| E | 
X 

(
ρ(u − v) 

(log X )ε/ 4 log P1 log P2 (2 log P3 )J 

)2 
�ε 

(
ρ(u − v) 
log X 

)ε (
ρ(u − v) 

log P2 (log P3 )J 

)2 
. 

By rearranging the above expression and noting that log P1 �
(

log X 
ρ(u −v) 

)ε/ 8 
and 

2J � ρ(u − v)−ε/ 4 , we obtain 

|E | �ε X

(
ρ(u − v) 
log X 

)ε/ 4 
= o(X ) . 

Finally, for x ∈ [ X, 2 X ] \ E , Lemma 4.2 implies that 
1 
h1 
Sh1 (x) �

ρ(u − v) 
log P1 log P2 ( 2 log P3 )J 

�ε 

(
ρ( u − v) 
log X 

)1+ ε 
. 
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Here, the implicit constant is independent of x. From this, it follows that the interval 
[ x, x + h ] contains a y-smooth number for h ≥ h1 whenever x ∈ [ X, 2 X ] \ E . In particular, 
we may take the length of the interval as specified in the hypothesis of Theorem 1.1 by 
using Lemma 4.1 ( i) and the fact that ε is arbitrary. Hence, the proof is complete. �

8. EXISTENCE IN ALL INTERVALS 

In this section, we prove Theorem 1.2 . The proof follows a similar approach to that of
Theorem 1.1 , but we adjust the choice of weights to optimize the log -factors. 
Let x ≥ 2 be large enough, ϕ := 13 

8 , and let C be a sufficiently large but fixed positive constant.
The precise choice of C will become clear in the course of the argument. 
For 

exp 
(
C(log x)2 / 3 (log log x)4 / 3 

) ≤ y ≤ x
1 
C , 

define 

u0 := log x 
2 log y 

, 

and set 

P1 :=
(
(log x)2+2 ε 

ρ(u0 )4 −2 ϕ+4 ε 

) 2 
1 −4 ε 

. 

Additionally, we define 

X :=
√ 

xP1 . 

The parameters u , J, v, P2 , P3 and M are given by the respective definitions in Equations ( 4.2 )
and ( 4.5 ) –( 4.8 ) . 
Note that for an appropriately chosen C, the value of y satisfies Equation ( 4.1 ) , and P1 meets

the condition in Equation ( 4.7 ) by applying Lemma 4.1 . 
Furthermore, define 

R :=
√ 

x 

P1 
, 

and set 

R := (R, 2 R ] ∩ S (y) . 

We define our new set of weights as ˜ wn :=
∑ 

n = q1 q2 p1 ... pJ mr 
q1 ∼P1 , q2 ∼P2 

P3 <p1 ,... ,pJ ≤2 P3 
m ∈M , r∈R 

1 . ( 8.1)

The above weights are supported on S (y) ∩ [ x 
2J+5 , 2

J+6 x
]
. 

Let G (s ) be a Dirichlet polynomial with coefficients ˜ wn , defined as 

G (s ) :=
∑ 

n 

˜ wn 

ns 
. ( 8.2)

It immediately follows that 

G (s ) = F (s ) R (s ) = P1 (s ) P2 (s ) P3 (s )J M(s ) R (s ) , 

where F (s ) , P1 (s ) , P2 (s ) , P3 (s ) and M(s ) are as defined in Section 4 , and 

R (s ) :=
∑ 

r∈R 

1 
rs 
. 

Similarly to Lemma 4.2 , we establish a lower bound for a moderately long average of the
weights ˜ wn . 
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Lemma 8.1. Let ε > 0 . There exists a positive constant C(ε) such that for x ≥ 2 and 
xy−5 / 12 ≤ h ≤ x, 

1 
h 

∑ 

x≤n ≤x+ h ̃
 wn �ε 

ρ(u0 )2+ ε/ 2 

log P1 log P2 (2 log P3 )J 

holds, provided that C ≥ C(ε) . 

Proof. Using Equation ( 8.1 ) , we have 

1 
h 

∑ 

x≤n ≤x+ h ̃
 wn = 1 

h 

∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

∑ 

r∈R 

∑ 

x 
q1 q2 p1 ... pJ r 

≤m ≤ x+ h 
q1 q2 p1 ... pJ r 

m ∈ S (y) 

1 . ( 8.3)

The innermost summation is over smooth numbers in a short interval. From our 
hypothesis, it follows that 

x 

q1 q2 p1 . . . pJ r 
y−5 / 12 ≤ h 

q1 q2 p1 . . . pJ r 
≤ x 

q1 q2 p1 . . . pJ r 
. 

Therefore, we can apply Hildebrand’s short interval estimate from Lemma 3.2 ( ii) . This 
gives ∑ 

x 
q1 q2 p1 ... pJ r 

≤m ≤ x+ h 
q1 q2 p1 ... pJ r 

m ∈ S (y) 

1 � h 

q1 q2 p1 . . . pJ r 
ρ

( 

log x 
q1 q2 p1 ... pJ r 

log y 

) 

. ( 8.4)

Combining Equations ( 8.3 ) and ( 8.4 ) , we obtain 

1 
h 

∑ 

x≤n ≤x+ h ̃
 wn �

∑ 

q1 ∼P1 

∑ 

q2 ∼P2 

∑ 

P3 <p1 ,... ,pJ ≤2 P3 

∑ 

r∈R 

1 
q1 q2 p1 . . . pJ r 

ρ

( 

log x 
q1 q2 p1 ... pJ r 

log y 

) 

� ρ

( 

log x 

P1 P2 P
J 
3 R 

log y 

) 

ρ

(
log (2 R ) 
log y 

)
1 

log P1 log P2 (2 log P3 )J 
. 

Finally, applying Lemma 4.1 ( i) and ( iii) , we conclude that 

1 
h 

∑ 

x≤n ≤x+ h ̃
 wn �ε 

ρ(u0 )2+ ε/ 2 

log P1 log P2 (2 log P3 )J 
. 

�

We now prove the following mean value estimate for G (s ) , which is a quick consequence of
roposition 6.1 . 

Lemma 8.2. Let ε > 0 be small, and let ϕ := 13 
8 . Let G (s ) be as in Equation ( 8.2 ) . Then, there 

exist positive constants x0 (η) and C(ε, η) such that for all x ≥ x0 (η) , any fixed C ≥ C(ε, η) , 
and any T ≥ 1 , the following bound holds: ∫ T 

y1 / 8 
| G (1 + it )| dt 

�ε,η P
− 1 
4 +32 η

1 

( √ 

P1 

x 
T ρ(u0 )1 −ε + ρ(u0 )ϕ−ε 

) 

log X 
log P2 (log P3 )J 

+
(
ρ(u0 ) 
(log X )J 

)10 ( √ 

P1 

x 
T ρ(u0 ) + ρ(u0 )ϕ−ε 

) 1 / 2 

. 
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Proof. Using the Cauchy–Schwarz inequality, we have ∫ T 
y1 / 8 

| G (1 + it ) | dt ≤
(∫ T 

y1 / 8 
| F (1 + it ) |2 dt 

)1 / 2 (∫ T 
−T 

| R (1 + it ) |2 dt 
)1 / 2 

. ( 8.5)

By Proposition 6.1 , we estimate the first integral as follows: ∫ T 
y1 / 8 

| F (1 + it ) |2 dt � P
− 1 
2 +64 η

1 

(
P1 T 

X 
ρ(u − v)1 −ε + ρ(u − v)ϕ−ε 

)
(log X )2 

(log P2 (log P3 )J )2 

+
(
ρ(u − v) 
(log X )J 

)25 
. ( 8.6)

For the second integral, we use Lemmas 2.2 and 3.3 to obtain ∫ T 
−T 

| R (1 + it ) |2 dt �ε 

T 

R 

ρ

(
log R 

log y 

)
+ ρ

(
log R 

log y 

)ϕ−ε 
. ( 8.7)

Combining Equations ( 8.5 ) –( 8.7 ) , and applying Lemma 4.1 ( i) and ( iii) , we obtain the 
desired result. �

We will need the following smoothing function in the proof of Theorem 1.2 . Let 

ηξ,κ (z) =

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ 

1 if 1 − κ ≤ z ≤ 1 + κ, 
1+ κ+ ξ−z 

ξ
if 1 + κ ≤ z ≤ 1 + ξ + κ, 

z+ κ+ ξ−1 
ξ

if 1 − ξ − κ ≤ z ≤ 1 − κ, 

0 otherwise . 

We define ̃  ηξ,κ as the Mellin transform of ηξ,κ . That is, 

˜ ηξ,κ (s ) :=
∫ ∞ 

0 
t s −1 ηξ,κ (t ) dt . 

By Mellin inversion, we have the following representation: 

ηξ,κ (z) = 1 
2 π i 

∫ 1+ i ∞ 

1 −i ∞ 

z−s ·˜ ηξ,κ (s ) ds. ( 8.8)

Next, observe that 

s ·˜ ηξ,κ (s ) = −
∫ ∞ 

0 
t s dηξ,κ (t ) 

= −
∫ 1 −κ
1 −κ−ξ

t s 

ξ
d t +

∫ 1+ κ+ ξ

1+ κ

t s 

ξ
d t 

= 

(1 + ξ + κ )s +1 − (1 + κ )s +1 

ξ (s + 1) 
− (1 − κ )s +1 − (1 − ξ − κ )s +1 

ξ (s + 1) 
. 

Proof of Theorem 1.2 Set η := ε 

32 . Define h1 and h2 as follows: 

h1 := h0 
√ 

x , where h0 :=
√ 

P1 ρ(u0 )1 −ϕ , 
h2 := xy−3 / 8 . 

For j = 1 , 2 , define κ j := h j 
x 
, ξ j := h j 

x 
, and set η j := ηξ j ,κ j . Finally, let 

Sj :=
∑ 

n 

˜ wn η j 

(n 
x 

)
= 1 
2 π i 

∫ 1+ i ∞ 

1 −i ∞ 

xs · G (s )˜ η j (s ) ds. ( 8.9)

We relate the short-interval distribution to the long-interval distribution by showing that ∣∣∣∣S1 h1 − S2 

h2 

∣∣∣∣ ( 8.10)

is small. 
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Decompose the integral on the right-hand side of Equation ( 8.9 ) as ∫ 1+ i ∞ 

1 −i ∞ 

xs · G (s )˜ η j (s ) ds = Uj + Vj , 

where 

Uj := 

∫ 
| t |≤y1 / 8 

xs · G (s )˜ η j (s ) ds, 

Vj := 

∫ 
| t | >y1 / 8 

xs · G (s )˜ η j (s ) ds. 

By a straightforward modification of the proof of [ 10 , Theorem 4], incorporating 
Equation ( 5.1 ) , Lemma 4.1 ( iii) and Equation ( 7.1 ) , we obtain ∣∣∣∣U1 h1 

− U2 

h2 

∣∣∣∣ � | G (1) | y1 / 4 h2 
x 

= 

| F (1) R (1) | y1 / 4 h2 
x 

� J
max n | wn | ρ(u0 ) 

y1 / 8 

�
(
ρ(u0 ) 
log X 

)ε 
ρ(u0 )2 

log P2 (log P3 )J 
. 

and ∣∣∣∣V1 h1 − V2 

h2 

∣∣∣∣� 2 ∑ 

j=1 

⎛ ⎝ 

∫ x/h j 
y1 / 8 

| G (1 + it ) | dt + x 

hj 
max 
T > x 

h j 

1 
T 

∫ 2 T 
T 

| G (1 + it ) | dt
⎞ ⎠ . 

For sufficiently large x depending on ε, from Lemma 8.2 , we obtain ∣∣∣∣V1 h1 − V2 

h2 

∣∣∣∣ � ε P
− 1 
4 + ε 

1 

(√ 

P1 

h0 
ρ(u0 )1 −ε + ρ(u0 )ϕ−ε 

)
log X 

log P2 (log P3 )J 

+
(
ρ(u0 ) 
(log X )J 

)10 (√ 

P1 

h0 
ρ(u0 )1 −ε + ρ(u0 )ϕ−ε 

)1 / 2 
. 

Substituting the expressions for P1 and h0 , we get ∣∣∣∣V1 h1 − V2 

h2 

∣∣∣∣ � ε P
− 1 
4 + ε 

1 ρ(u0 )ϕ−ε log X 
log P2 (log P3 )J 

+
(
ρ(u0 ) 
(log X )J 

)10 
� ε 

(
ρ(u0 ) 
log X 

)ε 
ρ(u0 )2 

log P2 (log P3 )J 
. 

Thus, we conclude that ∣∣∣∣S1 h1 − S2 

h2 

∣∣∣∣�ε 

(
ρ(u0 ) 
log X 

)ε 
ρ(u0 )2 

log P2 (log P3 )J 
. ( 8.11)

From this and the definition of η2 , we conclude that 

S1 

h1 
≥ 1 
h2 

∑ 

x−h2 ≤n ≤x+ h2 ̃
 wn + Oε 

((
ρ(u0 ) 
log X 

)ε 
ρ(u0 )2 

log P2 (log P3 )J 

)
. ( 8.12)

By Lemma 8.1 , we have 

1 
h2 

∑ 

x−h2 ≤n ≤x+ h2 ̃
 wn �ε 

ρ(u0 )2+ ε/ 2 

log P1 log P2 (2 log P3 )J 
. 

Substituting this into Equation ( 8.12 ) and using the definition of η1 , we obtain ∑ 

x−2 h1 ≤n ≤x+2 h1 ̃
 wn �ε h1 

ρ(u0 )2+ ε/ 2 

log P1 log P2 (2 log P3 )J 
. 



The Quarterly Journal of Mathematics, 2026, Volume 00, Issue 0 � 25

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

ath/advance-article/doi/10.1093/qm
ath/haag010/8677316 by Turku U

niversity Language C
entre user on 12 June 2026
In particular, this shows that every interval of length at least 4 h1 contains a y-smooth 

number. Noting that ρ(u0 ) = ρ
(
1 
2 
log x 
log y 

)
, we can take the interval length h as specified in 

the hypothesis of Theorem 1.2 , using the fact that ε is arbitrary. Hence, we conclude the 
result. �
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