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State Transfer in Noisy Modular Quantum Networks

Markku Hahto,* Jyrki Piilo, and Johannes Nokkala

Quantum state transfer is the act of transferring quantum information from
one system in a quantum network to another without physically transporting
carriers of quantum information, but instead engineering a Hamiltonian such
that the state of the sender is transferred to the receiver through the dynamics
of the whole network. A generalization of quantum state transfer called
quantum routing concerns simultaneous transfers between multiple pairs in a
quantum network, imposing limitations on its structure. This study considers
transfer of Gaussian states over noisy quantum networks with modular
structure, which have been identified as a suitable platform for quantum
routing. Two noise models are compared, affecting either the network
topology or the network constituents, studying their effects on both the
transfer fidelities and the network properties. The two models are found to
affect different features of the network allowing for the identification and
quantification of the noise. These features are then used as a guide toward
different strategies for the compensation of the noise, and to examine how
the compensation strategies perform. The results show that in general,
modular networks are more robust to noise than monolithic ones.

1. Introduction

Quantum state transfer (QST) is essential for future quantum in-
formation processing technologies such as distributed quantum
computing,[1–4] where quantum information is transferred be-
tween different quantum processors. The aim of QST is to send
the state of one system to a target system through an intermediary
system of similar nature, such as a chain of interacting spins,[5]

to avoid shuttling individual systems or the need to convert, e.g.,
solid state qubits to photonic qubits and vice versa. The interme-
diary system can be modeled as a network of subsystems and
the transfer happens through the Hamiltonian dynamics of the
network.[5] In order to achieve unit fidelity—perfect transfer—
the network must in general be from a very restricted class of
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networks.[6,7] Alternatively, transfer may be
achieved slowly over random networks by
using a weak coupling and taking advan-
tage of a normal mode separated from
the rest, which under mild conditions ap-
pears by construction.[8–11] QST has been
considered in fermionic[5] and bosonic[8,12]

networks, i.e., spins and harmonic oscil-
lators. A generalization of QST is quan-
tum state routing,[9,10,13,14] in which any
pair of users can communicate over the
network and multiple transfers may hap-
pen simultaneously. Importantly, while per-
fect QST can be achieved through a sin-
gle judiciously engineered real Hamilto-
nian, perfect routing cannot—even if se-
quential transfers are allowed.[15] Allowing
complex coupling coefficients limits one to
a completely connected network between
all users.[15] When using normal modes,
requiring simultaneous transfers sets new
conditions; while a single useful mode suf-
fices for QST, routing requires multiple.

Modularity was identified as the key feature of random networks
to provide such modes in ref. [14]; such networks consist of
clearly defined communities with few links between them. More
generally, having a community structure is a ubiquitous feature
of complex networks,[16–18] providing themdistinct features at the
mesoscopic level.
In realistic scenarios the network is not an isolated ideal sys-

tem. It may be subject to various types of noise, and the effect is
virtually always detrimental, as seen for imperfections in the net-
work nodes,[6,19–25] or environment induced decoherence.[11,26–28]

In particular, noise in the links of a spin chain has been stud-
ied extensively and various ways for its mitigation have been
proposed. These include dynamical modulation applied at the
ends which was also found to improve the trade-off between
transfer speed and fidelity,[23] transferring a logical qubit which
can also mitigate the harmful effect of timing errors,[27] or us-
ing heralded transfer which however makes the transfer time
non-deterministic.[24] In hardware implementations unwanted
crosstalk between qubits can also be thought of as a special type
of link noise, which was found to impact chiefly the time of
maximum transfer fidelity, whereas gate errors were found to af-
fect mostly the fidelity maximum.[22] Environment induced noise
has been proposed to be mitigated by increasing the coupling
strength of links[26] or by logical qubits.[28] A notable exception
is ref. [19] where it was found that adding time dependent noise
to the links of a completely connected network can somewhat
improve transfer fidelity by essentially partially blocking wrong
paths.Most research on noisy state transfer has focused on qubits
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and networks of simple topologies, and neither continuous vari-
able quantum information nor complex networks have received
much attention.
In this article we address this gap by considering transfer of

zero mean Gaussian states over networks of quantum harmonic
oscillators with a defined community structure, and which are
subject to noise. We consider noise in both the network topology
and in the network oscillators, and show how they affect transfer
over different normalmodes of the network.We observe opposite
behavior for the two types of noise considered, related to the com-
munity structure: while the center-of-mass mode is known to be
by construction insensitive to link noise we find that the ability to
route may suffer, whereas noise in node frequencies rapidly de-
grades its ability to support transfer but ability to route degrades
gracefully. We show that information at just the mesoscopic level
of communities suffices to mitigate the harmful effects of noise.
Finally, we apply this feature to develop noise mitigation strate-
gies that avoid the in principle possible but costly reconstruction
of full network topology.[29] Unlike open or closed chains pro-
posed for routing before,[9,10,13] we find that modular networks
are robust to losing random links and can maintain a favorable
normal mode structure as their size is increased.
The article is structured as follows: in Section 2 we present the

model of the oscillator network and mathematical details rele-
vant for transfer and routing, discuss the role and importance of
quantumness, as well as the model used to construct the random
network structure. In Sections 3 and 4 we show how the differ-
ent noisemodels affect the networks properties and discuss some
methods of compensating for and identifying the noise. We dis-
cuss our results and conclude in Section 5.

2. Model

We consider a network of n quantum harmonic oscillators with
unit mass. The position and momentum operators of the os-
cillators are q⊤ = {q1, q2,… , qn} and p

⊤ = {p1, p2,… , pn} respec-
tively. The oscillators interact with springlike couplings of con-
stant magnitude g. The network Hamiltonian is then

H =
p⊤p
2

+
q⊤(𝜔2

0I + gL)q

2
(1)

where 𝜔0 = 1 is the bare frequency of the oscillators, and L is
the Laplacian matrix of the network, encoding the information
about the network topology. L is defined by L = D − A, where D
is a diagonal matrix containing the degrees of the nodes and A is
the adjacency matrix of the network, whose entries are Aij = 1 if
oscillators i and j are coupled, and 0 otherwise.[30]

The network Hamiltonian can be diagonalized into a basis of
non-interacting oscillators with an orthogonal matrix K consist-
ing of the eigenvectors of the Hamiltonian, with which the nor-
mal mode position operators are given by Q = K⊤q. We denote
the normal mode frequencies by Ωi. In a network with homoge-
neous oscillator frequencies the center-of-mass mode Ω0 has the
same frequency as the network oscillators, Ω0 = 𝜔0, and the cor-
responding eigenvector has constant overlap with each network
oscillator, Ki0 =

1√
n
. Notably these are independent of the net-

work topology. This can be seen by considering a vector of ones,

1, as an eigenvector of the Laplacian matrix. By definition each
row of the adjacency matrix A sums to the degree of the node,
and since L = D − A, each row of L sums to 0. Consequently
L1 = 0 ⋅ 1, and thus 1 is an eigenvector of L with eigenvalue 0.
For the Hamiltonian we then have (𝜔2

0I + L)1 = 𝜔2
01. By normal-

ization the eigenvector corresponding to the eigenvalue 𝜔2
0 ≡ Ω2

0

of the Hamiltonian is then 1√
n
1.

To this network we add with linear couplings two additional
quantum harmonic oscillators, the sender S and the receiver
R. These contribute to the Hamiltonian the interaction terms
HI = HI,S +HI,R = −kSqSqi − kRqRqj, where kS,R are the coupling
strengths of the sender and receiver, qS,R their respective position
operators, and qi,j the position operators of the network nodes the
sender and receiver couple to. In the normal mode basis this is
written asHI,S = −kSqS

∑n−1
j=0 KijQj, and similarly for the receiver.

To have an effective coupling strength of k′ to the j-th normal
mode, kS,R must then be tuned so that kS,R∕Kij = k′.
We mainly study the transfer of a squeezed vacuum state,

|r = 1,𝜙 = 0⟩. We also show that the results generalize to other
states by considering transfer of entanglement of a two-mode
squeezed vacuum state in Appendix B. As the Hamiltonians are
quadratic the dynamics preserves the Gaussianity of the initial
state,[31,32] which is of the general form |r,𝜙⟩⊗ 𝜌H ⊗ |0⟩ where
𝜌H and |0⟩ are the initial states for the network and receiver re-
spectively. In simulations 𝜌H is always taken to be the product
of vacuum states of the network oscillators, i.e., 𝜌H = |0⟩⊗n. We
additionally remark that it suffices to consider the covariancema-
trices as the first moments vanish for the chosen states.
The quantumness of the network is in the ability to induce

unitary evolution in the subspace of the sender S and the re-
ceiver R, which in the present case is used to realize a swap gate.
Ideally, it perfectly preserves the purity, coherences and correla-
tions. Squeezing is a non-classical resource with applications in,
e.g., interferometry[33]; here the network facilitates the transfer
of an a priori unknown squeezed state. For the case of entangle-
ment transfer, even knowing the state won’t allow its preparation
through local operations and classical communication, making
the network essential. There is a natural transition to a case of an
effectively classical network. Informally speaking, the logarith-
mic negativity used to quantify the entanglement in Appendix B
is related to howmuch the purity of the state would have to be de-
creased to make the state separable.[34,35] A smooth transition to
a classical network can then be envisioned where the network in-
troduces increasing amounts of thermal noise to the state during
transfer, and becomes effectively classical when the final nega-
tivity is 0, indicating that all initial entanglement was lost dur-
ing transfer. Conversely, any non-zero value witnesses the quan-
tumness of the network. For squeezing the thermal noise will
cause all variances to exceed their vacuum value, leading to a sim-
ilar outcome.
In order to transfer a state from the sender to the receiver the

effective coupling strengths k′ and transfer time t must be cho-
sen suitably. These were derived for coupled harmonic oscillators
in ref. [14]. The values in the ideal case where the sender and re-
ceiver interact with only a single mode are

k′ =
√
2

2c + 1
𝜔2
i , t = (2c + 1)𝜋𝜔−1

i (2)
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with c ≥ 1 an integer parameter that sets the transfer time and 𝜔i
the frequency of the external oscillators, tuned to resonance with
a normal mode Ωi of the network. A larger c results in a weaker
coupling and longer transfer time, which generally improves the
transfer fidelity. In this article we have chosen c = 50, which nu-
merically works out to k′ ≈ 0.014𝜔2

i . A smaller value could lead
to low transfer fidelities over channels which are capable of high
fidelity transfer, while a value too large would mean that the re-
ceiver has to wait a long time.
Due to deviations from the ideal case—the oscillators interact-

ing with other normal modes in addition to the intended mode,
and noise present in the system—the time at which the trans-
fer fidelity reaches its maximum differs slightly from the ideal
time, and the variation is different between network realizations.
While one possible approach is to search for the maximum fi-
delity over a large time window [0, tmax] as done in ref. [5], this
would be infeasible in practice: the receiver must measure the
state before knowing the fidelity, which stops the ongoing trans-
fer. The transfer would then have to be repeated several times to
find a time at which the fidelity is maximal. Our approach is to
restrict our search to a short time window after the ideal transfer
time, [tideal, tideal + Δt], which can be combed in a smaller amount
of transfers. Additionally as shown in ref. [14], while the fidelity
at tideal may be low, the transfer efficiency (e.g., fraction of squeez-
ing received) can still be high due to phase differences between
the sent and received state affecting only the fidelity—if the phase
difference can be measured and reconciled, one can use the ideal
transfer time and match the phase, removing the need for trans-
fer time optimization.
Modular networks are of particular interest to quantum state

routing because a network consisting of N distinct communities
has N normal modes which are well separated from the rest,[36]

and with suitable network parameters these normal modes are
also separate from each other. The lowest frequency mode Ω0 by
construction has equal overlap with all the network nodes, allow-
ing high fidelity transfer between all pairs of nodes, whereas the
coupling strengths of the nodes to the next N − 1 normal modes
are mostly dependent on the community of the node[14] which
restricts the communities between which transfer is possible. As
will be seen, while both the slowest and higher frequency modes
are robust to link noise, only the latter are robust also to frequency
noise. This givesmodular networks an edge overmonolithic ones
not only for routing but also for QST under certain types of noise.
Here we focus on modular networks generated with the

stochastic block model (SBM), which joins random networks
with random links to produce a modular network.[37] SBM takes
as parameters the number of communities N, the number of
nodes in each community nc, and the N × N probability ma-
trix, which has on the diagonal the probabilities of links within
each community pint and on the off-diagonals the probabilities
for links between communities pbet. We fix the parameters to be
N = 4, nc = 10, pint = 0.75 and pbet = 0.025, unless stated other-
wise. When calculating features of the network, such as normal
mode frequencies, we create 1000 realizations of SBM networks
with the NetworkX Python package,[38] again unless otherwise
stated. However, when calculating transfer fidelities we limit the
number of realizations to 100 since the numerical calculation of
the fidelities is more time consuming.

Figure 1. Amodular network with three communities of eight nodes each.
The dashed red line indicates a link that has been lost, as considered in
Section 3, and subsequently compensated for with the dotted blue link.
Similarly the large red node represents an oscillator with a detuned fre-
quency, as considered in Section 4, and its compensation is indicated by
the small blue node.

We consider static noise models in which the network has im-
perfections in either the network topology or in the oscillator fre-
quencies. Such noise could be the result of manufacturing im-
perfections or a static environmental influence. In our model we
generate two networks: a noiseless network and the correspond-
ing noisy version. The transfer parameters—transfer time and
coupling strength—are calculated for the noiseless network, and
with them the transfer is attempted over the noisy network. This
usually leads to lower transfer fidelity.

3. Noise in Network Topology

In this section we consider noise in the network topology, specif-
ically removal of links from the network as shown in Figure 1.
Even though deletion of nodes from the graph could be exam-
ined, it coincides with the case of removing all the links connect-
ing a single node and considering the rest as the whole network.
As we will soon see, this is more extreme than is necessary for
interesting features to emerge. Additionally, removing a node al-
ters the eigenvector corresponding to the center-of-mass mode
of the Hamiltonian, which we wish to keep untouched for now.
We could alternatively consider adding new links in the network,
but our testing shows that those results do not qualitatively differ
from the case where links are removed.
In a modular network links fall into two distinct categories:

links which connect nodes belonging to the same community,
and links which bridge two communities. We shall call these
internal links and inter-community links respectively. Changes in
the inter-community links have a greater effect on the overall
topology of the network, since in a network with pronounced
community structure there are plenty of internal links and only a
few inter-community links. For a concrete example, the expected
fraction of internal links is over 85% with our default parameter
values.
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Figure 2. Removing links leads to decrease of the frequency of the higher
normal modes. Here the frequency difference of modes Ω1 − Ω3 are
shown for removal of either internal or inter-community links for an en-
semble of 1000 SBM networks. The frequency differences for each network
realization are sorted and then averaged over the ensemble to show the
behavior of the most shifted as well as the least shifted frequencies. The
y-axis shows the relative frequency difference.

Removing a link decreases the frequencies of the normal
modes of the network: for i > 0, Ω′

i < Ωi where Ω′
i are the nor-

mal mode frequencies after the removal of a link.[39] Provided
the network stays connected, the slowest normal mode Ω0 is
unaffected due to its independence from the network topology.
To quantify the difference in importance between internal and
inter-community links, in Figure 2 we compare the shifts of
the frequencies of the slowest N − 1 affected normal modes
when different amounts of links are lost. We see that removing
a single inter-community link is more impactful than removing
several internal links. In this light, we focus only on the loss of a
single link between communities; removing two or more inter-
community links would unnecessarily complicate the situation.
When a transfer network has experienced such loss, a natural

question is if the losses can be compensated for or if their effects
canmitigated without fully reconstructing the network. We show
that in the case of a single lost inter-community link, adding any
link between the correct communities restores the transfer fideli-
ties to near their original levels. This approach is justified by the
fact that all nodes within one community have nearly equal over-
laps with any of the N slowest normal modes and thus the effect
of connecting any two nodes in two communities has very similar
effect on those modes.
In Figure 3 we compare the transfer fidelities as well as the

distribution of the shifted normal mode frequencies of the case
of a single missing link to when a random different link has been
added between the same communities. In the initial lossy case,
shown in Figure 3a, the majority of modes have their frequen-
cies shifted significantly, while some normal modes are mostly
unaffected because the coupling of the affected communities to
these normal modes is small. The shifting of the normal mode
frequencies causes the external oscillators to be out of resonance
and leads to significantly worse transfer fidelities. When the fre-
quency difference is small, the fidelity drop is close to linear,
while at larger frequency differences the behavior of the trans-

Figure 3. Transfer fidelities achieved over the normal modes Ω1 − Ω3
compared to the amount the normal mode frequency has shifted. a) A
single inter-community link is removed from the network. b) The missing
link has been compensated for by adding a different link between the same
communities. The blue markers show the fidelities of the best performing
community in each realization and over each of the three normal modes,
and the colored large markers show the averages over the whole ensem-
ble. The black markers show the corresponding fidelities in the lossless
case. The histograms over both panels show the distribution of frequency
differences. Best: mean fidelity in the community in which the mean trans-
fer fidelity is highest. Top 2: mean fidelity in the sub-network of the two
communities which allows high fidelity transfer. Mean: mean fidelity over
the whole network. Each of these are calculated for each normal mode
Ω1 − Ω3 in each realization, and then the mean of means is taken over the
whole ensemble. The figure is of an ensemble of 100 SBM networks.

fer fidelities is seemingly random. In contrast, panel Figure 3b
shows that by adding a link the majority of normal modes have
their frequency restored to within a percent of the original fre-
quencies, and subsequently the transfer fidelities are higher.
Based on these observations, to fix the transfer network it suf-

fices to identify the communities between which the link was
lost. This should be done using less resources or operations that
would be required for full network reconstruction or topology
probing. We show that the shifting of the normal mode frequen-
cies can generally be used to infer where a link has been lost. The
method significantly outperforms random guessing in networks
with a clear community structure and requires only probing the
frequencies of the N slowest normal modes.[29,40]

The amount the normal mode frequencies shift is approxi-
mately proportional to the overlap of the corresponding eigenvec-
tor with the communities between which the link was removed.
No community has significant overlap with all the N normal
modes, so it is expected that not all normal modes are equally
affected. Since it is possible to probe the network for the normal
mode frequencies after the loss, and since the couplings of the
nodes to the normal modes are known due to being needed in
setting up the transfer, it is possible to find the most shifted nor-
mal mode frequency and the two communities in which nodes

Adv. Quantum Technol. 2024, 2400316 2400316 (4 of 9) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Figure 4. Identifying the communities between which a link was lost with the most shifted frequency was examined in networks of a) four, b) six, and
c) eight communities, with different community sizes and inter-community link probabilities pbet. An ensemble of 5000 random networks was created
for each parameter set, and a single inter-community link was removed from each. Here we show the fraction of pairs for which the communities were
then correctly identified by the most shifted frequency compared to the probability of hitting the correct communities by random guessing, indicated by
the horizontal line in each panel.

most strongly to themode. A link can then be added between two
randomly chosen nodes in these communities.
In Figure 4 we compare the efficiency of finding the correct

communities with this method to random guessing in differ-
ent sized random networks. We see that in almost all cases the
method significantly outperforms random guessing. The effi-
ciency goes down as the number of communities increases, but
so does the probability of randomly guessing correctly. Similarly
the efficiency decreases as pbet increases, i.e., when the commu-
nity structure becomes less clear. The weaker community struc-
ture leads to all communities having non-insignificant overlap
with all of the low normal modes, and thus removing an inter-
community link generally significantly affectsmore than one nor-
mal mode, while simultaneously being of less overall importance
due to the increased abundance of inter-community links.
While adding a link between the same communities from

which the link was lost is the natural choice, it is also worth ask-
ing whether a link between any two communities would work
to restore the transfer properties. This can immediately be an-
swered in the negative by considering the coupling strengths to
the N slowest normal modes: inter-community links generally
single out one of the normalmodes as seen in Figure 2. This is the
mode to which the joined communities most strongly couple to.
The coupling strengths vary between communities, and a choice
of a different community pair generally leads to a different nor-
mal mode being the most affected. Thus adding a link between
the wrong communities will cause another normal mode’s fre-
quency to be raised by a large amount, while the most decreased
frequency is only slightly increased. The result is that two of the
normal modes are significantly out of tune from their expected
frequencies and the transfer fidelities drop over both modes.

4. Noise in Oscillator Frequencies

In this section we consider the case where the network has in-
homogeneous frequencies, and the inhomogeneity is not known

when setting up the network; transfer parameters are calculated
as if the networkwas homogeneous.We focus on networkswhere
a single oscillator has a different frequency from the rest, see
Figure 1. This simple case can be physically motivated by pos-
sible fabrication defects, and proves to have some interesting
features.
Having a single detuned oscillator with frequency 𝜔′ = 𝜔0 +

Δ𝜔 affects most significantly the coupling strength of all net-
work oscillators to the slowest normalmode and its frequencyΩ0,
shown in Figure 5a and b. The transfer fidelities over the slowest
normalmodes are shown in panel Figure 5c, and since the effects
on the network are nearly symmetrical with respect to the sign of
Δ𝜔, for the transfer fidelities only negative values are considered.
In contrast to noise in the network topology, the higher normal
modes are somewhat robust toward frequency noise whereas the
center-of-mass mode is more vulnerable.
Noting that the effect on coupling strength and normal mode

frequency is opposite for detunings of different sign, we may de-
vise a method for compensating for a detuned oscillator: if we
know the community in which the defect is in and the frequency
difference, we may tune another oscillator in the same commu-
nity with an opposite detuning. Should we hit the detuned os-
cillator, the problem is trivially resolved. However, here we show
that any oscillator in the same community suffices to mostly re-
store the transfer fidelities to their original levels, i.e., two op-
positely detuned oscillators with frequencies 𝜔′ = 𝜔0 + Δ𝜔 and
𝜔′′ = 𝜔0 − Δ𝜔 cancel out each others effects.
Figure 6 shows the resulting coupling strengths to the slow-

est normal mode as well as its frequencies are shown along
with the transfer fidelities. The network properties are not per-
fectly restored to match the noiseless case, but rather the positive
detuning has a slightly stronger effect. Thus the optimal com-
pensatory detuning is not of equal magnitude, however the pre-
sented method is simple and not far from optimal. Additionally
the transfer fidelities are mostly restored to values closer to unity
even with this method.
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Figure 5. One oscillator in the network has a frequency of 𝜔′ a) Median coupling strength of nodes in each community to the slowest normal mode,
with the detuned oscillator in community 1. b) Frequency of the slowest normal mode, with error bars extending to one standard deviation from the
mean. c) Average fidelities of the best performing community over the slowest normal mode and the next few normal modes. Panels (a) and (b) are
averaged over 1000 realizations, and panel (c) is averaged over 100 realizations.

Figure 6. A single detuned oscillator with frequency 𝜔′ = 𝜔0 − Δ𝜔 is compensated with another oscillator tuned to 𝜔′′ = 𝜔0 + Δ𝜔, with both residing
in community 1. a) Median coupling strength of nodes in each community to the slowest normal mode. b) Frequency of the slowest normal mode. c)
Average fidelities of the best performing community over the slowest normal mode and the next few normal modes. Panels a and b are averaged over
1000 realizations, and panel c is averaged over 100 realizations.
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We now turn our attention to recovering the information
needed to compensate for the noise with minimal probing. To
find the community in which the defective oscillator is in, we con-
sider probing the coupling strength of the oscillators to the slow-
est normal mode, inspired by Figure 5a. The community with
the defective oscillator is clearly singled out. The figure shows
the median coupling of the oscillators in each community, and
thus it does not matter which oscillator we probe: the defective
oscillator affects all other oscillators in its community roughly
equally.
Although the coupling strength deviation is proportional to the

detuning, in general it cannot be used to infer the magnitude of
the detuning because to the deviations in coupling strength for
a given detuning are heavily dependent on the network topology
and their distribution is quite wide. However, as indicated by the
error bars in Figure 5b, the frequency deviation of the slowest nor-
mal mode strongly correlates with the detuned frequency. There-
fore wemay use the coupling strength to find out the community
of the defect and the frequency of the center-of-mass mode for
the defect’s frequency. This then is sufficient information for the
compensation method presented earlier.
Similarly to Section 3 we could consider tuning an oscillator

in a different community than where the original detuned os-
cillator was, and again it is clear by looking at Figure 5a that
the added detuning will not restore the network properties: a de-
tuned oscillator affects its own community’s coupling strengths
the most, and by adding an opposite sign detuning to another
community, the two communities would both be affected in op-
posite ways. On the other hand, the effect on the frequency of
the slowest normal mode should be independent of the chosen
community due to the constant overlap of all nodes with the cor-
responding eigenvector, so while the coupling strengths would
be off from the value in a homogeneous network, Ω0 would be
close to its initial value. The overall effect on fidelity would still be
detrimental.

5. Conclusion and Discussion

Quantum state transfer has been considered in noisy net-
works of spins[6,19,20,22] and in noiseless networks of harmonic
oscillators.[14,41] Here we add noise to the networks of harmonic
oscillators, focusing on noise models that are inspired by the
modular structure found to be beneficial to routing in ref. [14].
Our results show that in general, modular networks are more
robust to noise than monolithic ones. We expand on this point
in Appendix A, showing that open and closed chains, which are
more common networks studied for state transfer,[6,8,11] are espe-
cially weak toward noise and do not scale well to a large number
of nodes.
Specifically, we found that noise affecting the network topology

through removal of inter-community links mainly alters trans-
fer fidelities over higher normal modes and the slowest normal
mode is very robust toward it, while noise in the oscillator fre-
quencies affects the slowest normal mode most and the higher
modes are moderately robust. One could then carry out high fi-
delity transfers over the othermodes in the presence of frequency
noise, whereas link noise would likely hit an internal link—and
even if not, one could continue to use the slowest mode. We also
examined how the normal modes of the networks change due to

the noise, and showed that the nature of the noise can be identi-
fied from them, leading to possible ways to combat the adverse ef-
fects.
We stress that these features can be expected to apply beyond

the particular system considered here as long as theHamiltonian
is proportional to the Laplacian matrix, such as in spin networks
where links are Heisenberg interactions.[15] Additionally, the re-
sults are expected to hold for any modular network topology: the
internal structure of the communities is largely irrelevant for the
lowest eigenvectors of the Laplacianmatrix.[36] Thus the complex-
ity of random modular networks is not necessary, and one could
instead consider, for example, a set of lattices of oscillators, with
the densely connected lattices coupled to each other with only a
few connections.
In Section 3 we examined how the size of the network—

number of communities and their sizes—affects the rate of cor-
rectly identifying the noise in network topology. Although the
results show that in networks with more communities noise is
harder to identify, and thus one could argue that less communi-
ties is better for resilient routing networks, more communities
means more possible normal modes over which communication
can happen. Therefore a trade-off must be made in the design of
the network, taking into account both the likelihood of link losses
as well as the need for simultaneous transfers.
State transfer is particularly important in continuous variable

systems since in such systems teleportation cannot achieve unit
fidelity for any finite amount of squeezing.[42] More specifically,
our results may have applications in error mitigation for transfer
protocols, especially when dealing withmulti-mode systems with
modular structure. As we have shown, just partial knowledge of
the effects of noise can suffice to quantify it. Our results pave
the way toward more robust but still economical transfer proto-
cols, and motivate further research in development of suitable
modular architectures and the manipulation of the connectivity
between the communities.
One can also draw inspiration from the probing schemes we

have presented for themissing link and the frequencymismatch.
On the one hand, these schemes could be further developed
for state transfer applications. On the other hand, they could
be used as a starting point in investigating how the modular-
ity itself could be probed. Especially the latter research avenue
aligns itself with a more recent trend of probing a network, or
more, generally, a many-body Hamiltonian at the mesoscopic
level. Examples of this include discrimination of graphs drawn
fromdifferent randomgraph distributions by considering the en-
tropy of entanglement of the probe,[43] deducing the degree dis-
tribution and a constant coupling strength from the dissipative
reduced dynamics,[40] probing the spectral dimension of quan-
tumnetworks,[44] and the investigation of howmuch information
about the Hamiltonian a single eigenstate can reveal.[45,46]

Regarding state transfer in noisy networks, further research
questions include different models for the noise, such as dy-
namic noise in temporal networks, more hardware oriented
noise models or networks immersed in a heat bath, and optimal
noise mitigation strategies. Finally, although only low frequency
modes have substantial overlap between network nodes and can
therefore be expected to properly support inter-community trans-
fer, the usefulness of the high frequencymodes to facilitate trans-
fer between few pairs of users could be investigated.
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For experimental implementation of our results one could
consider, e.g., networks of nanoelectromechanical[47] or
optomechanical[48] oscillators, which have previously been
studied for quantum state transfer. While these platforms do not
yet allow large networks with arbitrary topologies, such networks
can currently be simulated optically.[49,50]

Appendix A: On Modular Networks Versus
Open/Closed Chains

In previous work open and closed chains (paths or rings) of harmonic
oscillators have been proposed for quantum state transfer due to them
havingmultiple normalmodes suitable for communication.[8,11] However,
we argue that a modular network is more suitable for routing due to its
inherent resilience to losses of random links.

Removing any link from a closed chain turns it into an open chain, dras-
tically changing the network topology. Then a removal of yet another link
breaks the network into disjoint components, separating the users into
two groups between which communication is no longer possible. In con-
trast, removing a single link randomly from a modular network is likely
to hit an intra-community link and thus not affect the transfer fidelities
noticeably. While we showed that the removal of an inter-community link
causes a non-perturbative change in the network properties, the network
can be engineered in such manner that communities are connected with
more than a single link between each community pair. This ensures that
unless a significant amount of inter-community links are lost, the network
remains connected and communication over at least the slowest normal
mode stays possible.

Another point against chains comes from considering scaling to a
larger network. The eigenvalues of the (unnormalized) Laplacian of an n-
node ring network are given by 𝜆k = 2 − 2 cos 2𝜋k

n
for k = 1,… , n, which

for convenience may be relabeled in ascending order.[51] Then we immedi-
ately see that the largest eigenvalue is bound above by 𝜆n ≤ 4, and conse-
quently for a network of oscillators arranged in a ring the highest normal
mode frequency is bound byΩn ≤ 2.5. Alongside the fact that all the eigen-
values (and normal mode frequencies) are positive, this means that as the
network grows, the gaps between normal modesmust get smaller. Denser
normal mode spectrum means stronger coupling to normal modes adja-
cent to the intended one, resulting in worse transfer. Since removing a link
decreases the eigenvalues,[39] in an open chain the gaps are even smaller
compared to a closed chain. In contrast, for a modular network the com-
munity sizes and number of communities can be tuned to provide suffi-
cient gaps in the spectrum.

Appendix B: Transfer of Entanglement

In ref. [14] it was shown that in the ideal case where only the resonant
normalmode is present, transfer fidelity becomes independent of the state
as transfer time increases, justifying looking at only transfer of one pos-
sible initial state. Here we confirm that the results obtained in the main
text for noisy networks and a squeezed state also hold for the transfer of
entanglement by considering a two mode squeezed vacuum as the initial
state. One of the initially entangled modes is the sender oscillator cou-
pled to the network, while the other is an auxiliary oscillator disconnected
from the rest. Transfer of entanglement is then quantified by the logarith-
mic negativity E (calculated using the QuTiP Python library[52]) between
the receiving oscillator and the auxiliary oscillator at time tideal. Figure B1
shows the behavior of E for the different types of noise, and we see a
familiar pattern: for noise in network topology transfer over Ω0 is mostly
unaffected while over Ω1 − Ω3 the transfer quality declines. For noise in
oscillator frequencies the transfer efficiency drops sharply over Ω0 as the
detuning increases, while the drop over Ω1 − Ω3 is slower.

Figure B1. Fraction of transferred entanglement over the slowest nor-
mal mode Ω0 and modes Ω1 − Ω3, quantified by logarithmic negativity
E . Shown for noiseless networks, networks with a single missing inter-
community link, and two cases of one detuned network oscillator with a
moderate and a large detuning, 𝜔′ = 1.2 and 𝜔′ = 1.5 respectively. Each
case is averaged over an ensemble of 100 networks.
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