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Reservoir computing is a neural network framework capable of nonlinear informa-
tion processing. The ambiguous nature of the information processing unit provides
a fascinating opportunity of employing physical systems as reservoirs. This has
also spiked an interest in the research and development of quantum systems. As
quantum computing still faces many problems such as scalability and the loss of
coherence, quantum reservoir computing offers an alternative way of conducting
intricate quantum tasks. These results are not limited to quantum tasks, as the ev-
idence in quantum reservoir computing suggest a possible advantage over classical
algorithms in classical nonlinear tasks.

This work provides a comprehensive inspection of the theory behind quantum reser-
voir computing and an entanglement classification task conducted on the reservoir.
This includes the review of tools for the measurement of entanglement, Gaussian
and non-Gaussian nature of systems, machine learning and quantum computing.
The theoretical review is accompanied by results of classical reservoir computing
and a greater research on the capabilities of different quantum substrates used in
quantum reservoir computing.

The main part of this work is to build a working quantum reservoir computing
system containing a fermionic reservoir. The task of the reservoir is to learn to
classify quantum entanglement of two-mode bosonic inputs. The bosonic inputs
used in this work are squeezed thermal states, photon added squeezed vacuum states,
photon subtracted squeezed vacuum states and number states. This way Gaussian
and non-Gaussian entanglement recognition is tested. Reservoirs of sizes 2, 3 and 4
modes are used and different connectivities inside the reservoir networks are studied.
Even though the entanglement is assessed for different classes of states, the training
is conducted with only squeezed thermal states.

Keywords: quantum reservoir computing, entanglement classification, quantum
computing, machine learning, Gaussian, non-Gaussian
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Introduction

The emergence of convenient travel options and the internet has made the world

around us smaller and smaller. As a result, trends rise and some possibilities pre-

viously impossible have become available to a large quantity of people. In the end

not only are the people affected but also the environment around us. This offers

an opportunity to collect enormous amounts of data to study the new behavior. As

data is usually cheap and abundant, one is left with the problem of turning the data

into something valuable, knowledge. Machine learning offers a plethora of tools for

interpreting the data and producing meaningful conclusions. This has produced an

era where different disciplines are implementing various artificial intelligence tools in

every problem imaginable [1–3]. With the promise of exponential speedup over clas-

sical counterparts, an increasing interest has risen in utilizing quantum computing

protocols to further enhance machine learning algorithms [4, 5].

Embedding quantum mechanics in computing schemes is not a straightforward

task, and many challenges in generalized quantum computing still exist [6, 7]. These

challenges include but are not limited to the loss of coherence in quantum systems

and the difficulty of building a quantum computer with a sufficient amount of com-

puting power. This has provoked an exploration for alternative ways at harnessing

quantum systems in the search of computing power. Reservoir computing is a ma-

chine learning framework where nonlinear information can be processed through a

“black box” or an oracle, also in this case called the reservoir. Quantum reservoir

computing takes this structure a step further by replacing the information processing

unit by a quantum reservoir. The ambiguous nature of the reservoir offers a more

generalized way of operating quantum systems as a part of computing routines. Like

all real physical systems, quantum reservoirs are inherently open systems. Therefore

the study of different quantum substrates is crucial for the development in quantum

reservoir computing.
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The aim of this work is to build and test the entanglement classification capa-

bilities of quantum reservoir computing systems. Entanglement is introduced to the

system by Gaussian and non-Gaussian two-mode inputs. An approach resembling

the systems introduced in this work has previously been explored in literature [8].

This work takes the matter a step further and also analyzes the performance of other

quantum reservoirs implemented in a similar setting. The new substrates are cre-

ated by either changing the amount of modes present in the reservoir or by varying

the connectivity inside the mode network.

This thesis gives a comprehensive overview of all the relevant theory and dynam-

ics related to reservoir computing systems and the tools used in the simulations.

These include topics like the physics of entanglement, Gaussianity, non-Gaussianity,

machine learning, neural networks and quantum computing. Also a brief demon-

stration of the capabilities of classical reservoir computing is demonstrated. As

familiarity with nonlinear systems is established, the quantum reservoir computing

system of this work is introduced and the entanglement classification capabilities of

different quantum substrates is evaluated. In the end, a throughout review of the

results is presented. All the code for the classical [9] and quantum [10] reservoir

computing simulations are publicly available on my personal Github page.
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1 Underlying theory of reservoir computing

This section introduces all underlying theory of the quantum reservoir computing

simulation later introduced in section 3. The subjects progress in an intuitive fashion

building on the previous topics from entanglement detection and Gaussian states to

machine learning and quantum computing. For the sake of clarity, operators will be

represented with bolded characters in this section.

1.1 Dynamics of quantum systems

1.1.1 Separability and entanglement

All real classical or quantum systems are inherently open systems. With the right

tools, one can construct a system that minimizes the effects of open system dynamics.

In some scenarios the effects are negligible or even of use. For any classical system

one can determine the parameters governing it’s physics, assuming one has the

means to measure those parameters. For a quantum system one can only determine

the probability of finding it’s parameters in some state. Therefore, to understand

the evolution of a quantum system, knowledge about the parameter’s probability

distributions is needed.

A state vector |ψ⟩ ∈ H can be presented in the position basis ⟨x|ψ⟩ = ψ(x), where

the single-mode Hilbert space H is spanned by the infinite-dimensional number-

state basis {|j⟩}∞j=0, the Fock-state basis. Now, the state vector has a statistical

interpretation A = |ψ(x)|2, which can in theory be integrated
∫︁ b

a
Adx to find the

probability of finding the state between the points a and b. Generally speaking, a

quantum state can be described with a density operator ρ =
∑︁

k pk |ψk⟩⟨ψk|, where

pk is the probability of finding the state in |ψk⟩. The density operator is positive and

has Tr[ρ] = 1. Pure states ρ = |ψ⟩⟨ψ| describing the complete nature of a quantum

system have ρ2 = ρ, and statistical ensembles of states or mixed states have ρ2 < ρ.
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Quantum systems may be divided into subsystems to study them separately and

their effect on the combined dynamics. A separable quantum state can be written

with a tensor product. For a bipartite system HAB = HA ⊗HB one can now write

|ψ⟩AB = |ψ⟩A ⊗ |ψ⟩B. Physically this means that the state can be prepared by

operating on the subsystems A and B separately, i.e. with local operations. This

preparation may be communicated classically between the subsystems, and therefore

all correlations between them may be deemed classical [11].

The correlations between quantum systems can be classical or quantum in nature.

With the latter a quantum system is said to be entangled. Let’s define a bipartite

state with orthonormal number basis |j⟩ = |jA⟩ ⊗ |jB⟩ = |jAjB⟩ and write out ρ

with matrix elements:

ρAB =

dA∑︂
jA,kA=1

dB∑︂
jB ,kB=1

⟨jAjB|ρ|kAkB⟩ |jA⟩⟨kA| ⊗ |jB⟩⟨kB| (1)

Here dA = dimHA and dB = dimHB are the dimensions of respective Hilbert spaces.

To study the dynamics of a subsystem of a composite system, one needs to calculate

the partial trace of the full system. The partial trace is calculated over the discarded

subsystems. For the bipartite system this is a simple task.

ρA = TrB[ρAB] (2)

= IA ⊗ TrB(
dA∑︂

jA,kA=1

dB∑︂
jB ,kB=1

⟨jAjB|ρ|kAkB⟩ |jA⟩⟨kA| ⊗ |jB⟩⟨kB|)

=

dA∑︂
jA,kA=1

dB∑︂
jB ,kB=1

⟨jAjB|ρ|kAkB⟩ |jA⟩⟨kA| ⊗ TrB[|jB⟩⟨kB|]

=

dA∑︂
jA,kA=1

dB∑︂
jB=1

⟨jAjB|ρ|kAjB⟩ |jA⟩⟨kA|

Similarly, the partial trace can be used to study the other parts of the system

ρB = TrA[ρAB].[12]

The amount of entanglement in a system can vary between no entanglement

and fully entangled. Depending on the system, the variation can be measured with
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logarithmic negativity. This requires one to calculate the trace norm of the partial

transpose of a state. To understand the partial transpose operation and it’s effect on

the density matrix, let’s again consider the bipartite system with matrix elements

from Eq. (1). The partial transpose on the system A can now be calculated

ρ⊤A = TA(ρ)

= T⊗ IB(
dA∑︂

jA,kA=1

dB∑︂
jB ,kB=1

⟨jAjB|ρ|kAkB⟩ |jA⟩⟨kA| ⊗ |jB⟩⟨kB|)

=

dA∑︂
jA,kA=1

dB∑︂
jB ,kB=1

⟨jAjB|ρ|kAkB⟩T(|jA⟩⟨kA|)⊗ |jB⟩⟨kB|

=

dA∑︂
jA,kA=1

dB∑︂
jB ,kB=1

⟨jAjB|ρ|kAjB⟩ |kA⟩⟨jA| ⊗ |jB⟩⟨kB| ,

where T is the transpose operator. Similarly, one can take the partial transpose on

the system B. The effect of a partial transpose may also be written as the change

of matrix elements with formulas:

ρ⊤A((kA − 1)dB + jB, (jA − 1)dB + kB) = ρ((jA − 1)dB + jB, (kA − 1)dB + kB)

ρ⊤B((jA − 1)dB + kB, (kA − 1)dB + jB) = ρ((jA − 1)dB + jB, (kA − 1)dB + kB)

The partial trace as well as the partial transpose are applicable for bigger composite

systems. The trace norm

||A||Tr = Tr
[︂√︁

A†A
]︂

A=A†
=

∑︂
i

|λi|, (3)

is calculated from the partially transposed state ||ρ⊤A||Tr. Here λi are the eigenvalues

of the operator in question. The last part of Eq. (3) is true for any Hermitian

operator A. The choice which system is partially transposed is usually dependent

on the situation.[13]

As stated previously, ρ is a positive operator and has Tr[ρ] = 1. All of it’s

eigenvalues are therefore positive. For a density operator, the nonpositivity would

imply a negative probability for some states making the system nonphysical. In
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the most simple terms, negativity is a measure of how much an operator fails to be

positive. Like the density operator, the trace of a partially transposed system is also

Tr[ρ⊤A ] = 1, but it’s eigenvalues might be negative. One can therefore calculate the

negativity N of ρ in a few different ways. The measure of entanglement, logarithmic

negativity EN has a connection to negativity

N (ρ) =
||ρ⊤A||Tr − 1

2
=

∑︁
i |λi| − 1

2
= |

∑︂
λi<0

λi|

EN (ρ) = log2(||ρ⊤A||Tr) = log2(2N (ρ) + 1). (4)

If the negativity of a state is found to be N (ρ) > 0, the state is known to be

entangled. For separable systems negativity goes to 0.[14, 15]

If a composite system can be presented as

ρ =
∑︂
k

wkρ
′
k ⊗ ρ′′

k,

where wk are positive weights and ρ′
k,ρ

′′
k are density matrices of subsystems, the

state is known to be separable. In other words, the partial transpose of a density

matrix is positive. Logarithmic negativity is a good indicator of entanglement, albeit

not a perfect one. The Peres’s criterion gives a criterion for detecting entanglement

with logarithmic negativity in composite systems having dimensionality d ≤ 6 [14].

This raises the question: how can one classify entangled composite systems that

have dimensionality greater than 6?

Entangled systems that pass the positive partial transpose (PPT) test are called

bound entangled states (BE). To better understand bound entanglement, let us

introduce quantum state distillability or purification. Distillable quantum states or

free entangled states (FE) are mixed entangled states, that by some local operations

and classical communication are able to be transformed into pure entangled states,

or in other terms purified [16–18]. In this way multiple “weakly” entangled states

can be converted to a few “strongly” entangled states [19]. All pure quantum states
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Figure 1. The distinction between separable, bound entangled and free entangled
states may not always be clear. For the most part the, PPT test is a good indicator
of the distinction between bound entangled and free entangled states.

evolve into mixed states as time passes. Therefore, distillation is a powerful property

and is used in quantum information as a way to create maximally entangled states

and to pass information over noisy channels [20].

Undistillable quantum states are known as bound entangled. As the Peres’s cri-

terion suggests [21], bound entangled states do not exist for composite systems with

dimensionality d ≤ 6. As entangled PPT states are known to be bound entangled,

a question remains if there exist also nonpositive partial transpose (NPT) bound

entangled states. The distinction between separable, BE and FE states with PPT

and NPT indicators is presented in Fig. 1. Moreover, detecting the entanglement

of bound entangled states can be difficult and requires more intricate tools [22, 23].

Bound entangled states show that logarithmic negativity is a good but not robust in-

dicator of the entanglement of a given state. In this work all the quantum states are

distillable and therefore logarithmic negativity is used as an entanglement estimator.
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1.1.2 Evolution of quantum states

Closed systems are real only in theory and on paper. Even with this caveat, it’s useful

to understand their evolution so that the additional dynamics introduced by open

systems can be minimized. In a closed system one experiences unitary dynamics,

where processes are reversible and information is not lost. The evolution of a state

|ψ(t)⟩ from time t0 to t is given by a unitary operator U(t, t0) |ψ(t0⟩ = e−iHt/ℏ |ψ(t0⟩,

where H is the Hamiltonian describing the system’s dynamics. An open system

experiences non-unitary dynamics. This happens when the system interacts with

it’s environment. In theory, one could still describe open system dynamics in the

same way one does with closed systems by declaring a combined closed system of

the system and the environment. In practice this becomes extremely challenging

as the interaction Hamiltonian often becomes too complicated. With non-unitary

dynamics, as processes become irreversible, information may be lost.

The dynamics of open systems may be described with master equations. Master

equations are equations of motions of density matrices, of which the Lindblad form

in the most general conformation is

d

dt
ρ = − i

ℏ
[H,ρ] +

∑︂
i

γ(LiρL
†
i −

1

2
L†

iLiρ− 1

2
ρL†

iLi). (5)

Here γ is the dissipation coefficient and Li jump operators. The first term on

the right hand side of Eq. (5) accounts for the Hermitian dynamics of the system.

The second term describes the jumps between energy levels and the last two terms

represent the dissipation of energy. The Lindblad master equation can also be used

to describe Hermitian dynamics by discarding the non-Hermitian terms. This is also

known as the von Neumann equation.[24]

The dynamics of open systems may further be classified as Markovian or non-

Markovian. As the system interacts with it’s environment, energy flows out of

the system. This means a loss of information and coherence. For systems with

Markovian dynamics the loss is permanent and the information is lost. On the
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other hand, non-Markovian systems define a quantum memory of the information

lost to the environment. After a while, the information stored in the environment

may flow back to the system allowing a regain of the quantum state coherence.[25]

1.2 Gaussian and non-Gaussian states

A continuous variable quantum system can be represented by bosonic modes, i.e.

quantum harmonic oscillators. Here the single-mode Hilbert space H is spanned by

the number-state basis {|n⟩}∞n=0 composed of the eigenstates of the number operator

n = a†a:

n |n⟩ = n |n⟩ ,

where a and a† are the annihilation and creation operators of the mode. The actions

of single mode field operators on the number state are

a |n⟩ =
√
n |n− 1⟩ , a† |n⟩ =

√
n+ 1 |n+ 1⟩ .

With the field operators and vacuum state one can create an infinite amount of

energy-states

|1⟩ = a† |0⟩

|2⟩ = a†
√
2
|1⟩ = (a†)2√

2
|0⟩

. . .

|n⟩ = (a†)n√
n!

|0⟩

The vacuum state |0⟩ is the lowest energy state. Bosonic modes N are associated

with the Hilbert space H⊗N and field operators {ak,a
†
k}Nk=1. The bosonic field

operators satisfy the commutation relations

[ai,a
†
j] = δij, [ai,aj] = [a†

i ,a
†
j] = 0,
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where δij is the Kronecker delta.

The field operators can be redefined as position- and momentum-like quadrature

operators for each mode through cartesian decomposition

qk =
ak + a†

k

2κ
(6)

pk =
ak − a†

k

2iκ
. (7)

The quadratures satisfy commutation relations

[qk,pl] =
i

2κ2
δkl.

Here κ ∈ R and for canonical position and momentum operators we will use κ = 1√
2
.

One can generalize the quadratures found in Eqs. (6) and (7) to find the rotated

quadratures

xk(ϕ) =
ake

iϕ + a†
ke

−iϕ

√
2

= cos(ϕ)qk + sin(ϕ)pk,

that satisfy the commutation relations

[xk(ϕ), xl(φ)] = iδklsin(φ− ϕ).

The quadratures in Eqs. (6) and (7) may also be arranged in a vector form r =

(q1,p1, . . . , qn,pn)
⊤ and one can find commutation relations

[rk, rl] = iΩkl. (8)

Here Ω is a symplectic matrix defined as

Ω =
n⨁︂

k+1

ω, ω =

⎛⎜⎝ 0 1

−1 0

⎞⎟⎠ .

The vector may also be organized in a different way R = (q1, . . . , qn,p1 . . . ,pn)
⊤,

and a commutation relation similar to the one in Eq. (8) can be found

[Rk,Rl] = iJkl.
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The matrix J here is also a symplectic matrix [11, 26, 27]

J =

⎛⎜⎝ 0 In

−In 0

⎞⎟⎠ .

In short, symplectic transformations are linear transformations that keep the

symplectic structure and properties. Matrix S is symplectic if and only if it satisfies

SΩS⊤ = Ω. (9)

Now after the symplectic transformation r′ = Sr the commutation relation in

Eq. (8) remains unchanged [r′k, r
′
l] = iΩkl. Real symplectic matrices form the group

SP(2N,R). For each S one is able to find a unitary operator U suct that

r′ = Sr = U†rU,

where U is arbitrary up to a phase factor.[28]

Any density operator ρ has an equivalent representation with a quasiprobability

distribution over the phase space. If we introduce the Weyl operator

D(ξ) = eir
⊤Ωξ (10)

where ξ ∈ R2n, the Wigner characteristic function is

χ(ξ) = Tr[ρD(ξ)].

With a Fourier transform one is able to find the Wigner function

W (r) =

∫︂
R2n

d2nξ

(2π2)2n
eir

⊤Ωξχ(ξ). (11)

The Wigner function is a quasiprobability distribution function normalized to 1.

The continuous variables r ∈ R2n are eigenstates of operators r, which span a real

symplectic space, the phase space. As a quasiprobability distribution, the Wigner

function may assume negative values. The negativity of these values is an effect of

non-classical, i.e. quantum behavior in the phase space.[27]



12

The quantities best characterizing the Wigner representations are it’s statistical

moments. Let’s introduce a random variable X. The expected value of Xs is called

the sth moment of the random variable X

ms = E[Xs].

Central moments are computed with respect to the first moment, mean

µs = E[(X − E[X])s].

Different moments have different statistical interpretations, but we are only inter-

ested on the first moment and the second, third and fourth order central moments,

mean, variance, skewness and kurtosis. These moments can be written out in terms

of expectation values of powers of the random variable X

m1 = E[X]

µ2 = E[X2]− E[X]2

µ3 = E[X3]− 3E[X]E[X2]− 2E[X]3

µ4 = E[X4]− 4E[X]E[X3] + 6E[X2]E[X]2 − 3E[X]4.

The moments mean, variance, kurtosis and skewness will be addressed as the first,

second, third and fourth order moments moving on.

The states for which the Wigner function describing them is a Gaussian distri-

bution are called Gaussian states. Gaussian states are completely described by the

first and second moments of the quadrature operators r. These moments are called

the displacement vector r̄ = ⟨r⟩ and the covariance matrix σ. For a given state ρ,

the covariance matrix has elements

σkl =
1

2
⟨{rk, rl}⟩ − ⟨rk⟩ ⟨rl⟩ (12)

and fulfills the equation σ+ i
2
Ω ≥ 0. The diagonal terms of σ are the variances and

the off-diagonal covariances of quadratures. The Wigner function of a Gaussian state
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in Eq. (11) can be expressed in terms of the displacement vector and the covariance

matrix [26]

W (r) =
1

(2π)n
√︁

det(σ)
e−

1
2
(r−r̄)⊤σ−1(r−r̄).

The simplest Gaussian state is the vacuum state |0⟩, which covariance matrix in

the canonical case κ = 1√
2

is diagonal 1
2
I. Therefore, the position and momentum

operators have noise variances σ(q) = σ(p) = 1
2
, which is the minimum variance

symmetrically reached by position and momentum. This is also called vacuum noise

or quantum shot noise.[27]

Gaussian states stay Gaussian through the actions of Gaussian operations. Uni-

tary Gaussian operations are generated from at most quadratic Hamiltonians of field

operators ai,a
†
i . In terms of the statistical moments r̄ and σ, the transformation

through a Gaussian unitary is characterized as

r̄ → Sr̄ + d

σ → SσS⊤.

Here d ∈ R2n is a vector of displacements and S a symplectic matrix satisfying

Eq. (9). We find that every Gaussian unitary corresponds to a symplectic matrix

and displacement vector characterized by r̄ and σ. The usefulness of this result in

numerical simulations is further discussed in section 3.2.

Different Gaussian states may be produced through different Gaussian transfor-

mations. The displacement operator

D(α) = eαa−α∗a†
,

a complex version of the Weyl operator in Eq. (10), can be used to displace the vac-

uum state to create coherent states |α⟩ = D(α) |0⟩. Here α is a complex amplitude.

The displacement operator keeps the covariance matrix σ the of vacuum untouched

and changes only the displacement vector r̄. In other terms, in the phase space the
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shape of the state’s Wigner function is kept unchanged and only the mean value is

“moved”. On the other hand, the squeezing operator

S1(α) = e
1
2
(α(a†)2−α∗a2) (13)

keeps the displacement vector intact and only effects the covariance matrix. In the

phase space the effect of squeezing can be seen as the distribution is squeezed on

one axis and elongated on the other. The distribution may also be rotated.

Along with the vacuum state, thermal states are another important group of

Gaussian states. A bosonic state is called thermal when it maximizes it’s von Neu-

mann entropy S = −Tr[ρ lnρ]. With a thermal state ρth described by a diagonal

covariance matrix Dth and a unitary transformation associated with some symplec-

tic matrix S, one is able to obtain every Gaussian state. Therefore, all Gaussian

states can be decomposed into thermal states and thermal states may be considered

as the fundamental building blocks of Gaussian states. Presented in the number

basis the single mode thermal state may be written as

ρth(n̄) =
∑︂
n

n̄n

(1 + n̄)n+1
|n⟩⟨n| ,

where n̄ is the mean photon number of the thermal state. [11, 26]

Gaussian states and transformations may also be considered in a composite sys-

tem. The two-mode squeezing operator is similar to the single mode operator

S2(α) = eαa†
1a

†
2−α∗a1a2 .

Here ai,a
†
i are the field operators of the respective systems. Now the two-mode

squeezed thermal (ST) state can be written as

ρST = S2(α)ρth(n̄)⊗ ρth(n̄)S
†
2(α) (14)

= S2(α)
∑︂
n1,n2

(︃
1

1 + n̄

)︃2(︃
n̄

1 + n̄

)︃n1+n2

|n1n2⟩⟨n1n2|S†
2(α)
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When one operates a Gaussian state with a non-Gaussian transformation, one is

usually left with a non-Gaussian state. Let’s consider a two-mode squeezed vacuum

ρsq-vac = S2(α) |00⟩⟨00|S†
2(α).

The squeezed vacuum state is a Gaussian state satisfying Tr[ρsq-vac] = 1. One can

create a two-mode photon added squeezed vacuum (PASV) state by operating the

squeezed vacuum with field operators

ρPASV = a†
1a

†
2S2(α) |00⟩⟨00|S†

2(α)a2a1 (15)

= S2(α)S
†
2(α)a

†
1S2(α)S

†
2(α)a

†
2S2(α) |00⟩⟨00|S†

2(α)a2S2(α)S
†
2(α)a1S2(α)S

†
2(α)

= S2(α)(a
†
1cosh|α|+ a2e

−iθsinh|α|)(a†
2cosh|α|+ a1e

−iθsinh|α|) |00⟩⟨00| ×

(a2cosh|α|+ a†
1e

iθsinh|α|)(a1cosh|α|+ a†
2e

iθsinh|α|)S†
2(α)

= S2(α)(cosh2|α| |11⟩+ e−iθcosh|α|sinh|α| |00⟩)×

(cosh2|α| ⟨11|+ eiθcosh|α|sinh|α| ⟨00|)S†
2(α)

= S2(α)ν
′(ν ′ |11⟩⟨11|+ ν ′′ |00⟩⟨00|+ ν ′′′ |00⟩⟨11|+ (ν ′′′)∗ |11⟩⟨00|)S†

2(α),

where ν ′ = cosh2|α|, ν ′′ = sinh2|α| and ν ′′′ = e−iθcosh|α|sinh|α|. In this form the

state is no longer Gaussian nor is it real. To make it real one needs to normalize

it to Tr[ρNASV/NPASV] = 1 with a normalization factor. The most convenient way

for computing this normalization is to divide the state with it’s trace. With similar

actions one is able to find the two-mode photon subtracted squeezed vacuum (PSSV)

state

ρPSSV =
1

NPSSV
a1a2S2(α) |00⟩⟨00|S†

2(α)a
†
2a

†
1. (16)

An important distinction between Gaussian and non-Gaussian states is, that one

is generally not able to describe non-Gaussian states with the first two moments.

For this task one would need higher order moments like skewness and kurtosis, but

other more sophisticated methods also exist [29].
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Figure 2. A supervised learning model learns to label unseen data with pre-labeled
training data. In a classification task new unseen inputs are labeled according to
the training labels. The handsome cat is called Valle.

Subjecting a Gaussian state to non-Gaussian operations is not the only way to

find non-Gaussian states. As an example let’s consider a two-qubit state

|ψq⟩ = c0 |00⟩+ c1 |11⟩ , (17)

where c0 and c1 are complex coefficients. Any continuous-variable quantum system

that is not Gaussian is in fact non-Gaussian. Generally, where classical bits adopt

discrete values 0 or 1, qubits can be found in states |0⟩, |1⟩ or a superposition of

them |ψs⟩ = α |0⟩+ β |1⟩ where α, β ∈ C. Measuring |ψs⟩ will project the state into

|0⟩ or |1⟩ with respective probabilities |α|2 and |β|2.

1.3 Machine learning, neural networks and reservoir comput-

ing

Developing a system which requires specific detailed skills or knowledge might be

too difficult or expensive to create manually. Machine learning (ML) aims to pro-

gram a computer to optimize a performance criterion using example data or past

experience. In general, different predictive models generalize training data for new

data the system has not seen before by minimizing some cost function. Different

ML algorithms exist which perform better depending on the task.



17

Figure 3. In unsupervised learning an algorithm tries to find meaningful connections
in the training data without any pre-existing knowledge. Examples of unsupervised
learning algorithms are clustering presented on top and outlier detection presented
on the bottom.

Learning can broadly be split into supervised, unsupervised and reinforcement

learning. Some algorithms behave in a way characteristic to more than one these

groups, but for the sake of clarity they will be addressed separately briefly. In su-

pervised learning a system is trained with pre-labeled data. The task of the ML

algorithm is to find patterns and create a mathematical model to label unforeseen

data. Supervised learning includes different classification and regression models.

The difference being, that classification maps inputs into predefined labels and re-

gression into numerical values. A thematic illustration of supervised learning is

presented in Fig. 2.[30]
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Figure 4. In reinforcement learning an agent learns through trial and error. Correct
actions are rewarded reinforcing the behavior.

In unsupervised learning the algorithm is left without any predetermined labels.

Through similarities in the training data set, the model is trying to end up with

meaningful conclusions [31]. This way unforeseen or even unknown information

may be harvested. Different unsupervised learning algorithms are illustrated in

Fig. 3. On the other hand, in reinforcement learning an agent is let to interact

with an environment. The agent observes it’s environment and performs actions.

Depending on the action the agent is rewarded or punished. Through trial and

error the agent learns an optimal policy to maximize the rewards. This way certain

behavior is reinforced and certain behavior diminished. The reinforcement learning

process is illustrated in Fig. 4.
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Figure 5. In a feedforward neural network the flow of information is most often
presented from left to right. This way the input layer is the leftmost and the
output layer the rightmost layer. In backpropagation the information flows from
the output layer to the input layer reversing the process. Recursive models allow
more complicated connections.

The human brain performs well in complex tasks like vision, motor control and

language understanding, but lacks in performance in tasks like mathematical factor-

ization. This is due to the neuron structure of our brains which uses high connectiv-

ity and parallelism. Artificial neural networks, or in short neural networks (NN) try

to mimic this behavior. Like the biological counterpart the artificial neural networks

thrive in similar tasks. In NN information is processed through connected binary

indicators called neurons. A perceptron or neural network consists of layers of neu-

rons. More specifically, an input layer, an output layer and an arbitrary amount of

hidden layers. A model without hidden layers is called a single-layer perceptron, and
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with hidden layers a multilayer perceptron. Learning happens through fine tuning

of the internal weights between the neurons.

Depending on the network information may flow in different directions. In a

feedforward network information flows only in one direction, from input to output.

Additionally, the connections are made only between different layers of neurons.

Backpropagation turns this around and allows the information to move from “end

to start” reversing the process. Recursive models allow the information to flow inside

the neuron layer, between neuron layers and even from a neuron to itself. In Fig. 5

the flow of information inside the neural network is visualized. Better connectivity

inside the network usually results in better results. This comes with the cost of more

complicated models and greater training times. Complicated models don’t always

outdo their simpler counterparts. After an “expensive” training session one might

end up with sub-optimal behavior. Nevertheless, the possibilities recurrent neural

networks (RNN) offer have made them a worthwhile field of study.

Echo state networks (ESN) are a type of supervised temporal RNN, where the

adjusting of weights or training happens only on the output layer. The recurrent

network is created with random connections and random weights. The temporal

aspect means that as inputs are fed at different times, the network is able to keep

a fading memory of past inputs [32]. This is also called the echo state property. If

a vector xk describes the state of the network at timestep k, the evolution of the

network for input sk+1 can be described by

xk+1 = f(xk, sk+1),

where f(·) is some activation function. As one is only interested in the readout of

the network, the model can be though as a “black box” system where the information

processing happens in a reservoir. In other words, ESNs are a part of a bigger group

of reservoir computing (RC) systems. For the substrate of reservoir computing, one

is able to consider different physical systems. In this work this property is further
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considered when quantum reservoir computing (QRC) is discussed.

When the readouts of an ESN are linear and feedforward, one can write the

readout layer as

Y = XW out, (18)

where Y are the target output values, W out the optimal trained weights and X

measured output values. For the task of finding the optimal weights one can use a

few different ways. The most universal and stable way to do the training is ridge

regression [32]

W out = X⊤(XX⊤ + λI)−1Y target. (19)

Here λ is the regularization strength. Ridge regression is a linear regression model

that minimizes the mean squared error on the training data. It uses a regularization

coefficient that penalizes overfitted data making the model more stable. The training

may also be conducted using

W out = X+Y target, (20)

where X+ = (X⊤X)−1X⊤ is the Moore-Penrose pseudoinverse. It can be calculated

when X has full column rank [32, 33]. To reduce training times, instead of training

one large system, one can choose to train several smaller systems. This spatial

multiplexing might be a viable option if a larger memory is not a requirement for

training.

RC thrives in problems requiring nonlinear information processing. These tasks

include but are not limited to time-series prediction, signal processing and different

dynamical temporal tasks. For their simplicity, effectiveness and low cost of training,

RC models are a great choice for many tasks. On the other hand if one is faced with

a task where a fading memory is a liability, one should opt for some different model

like transformers [34]. These models are a lot heavier and more expensive to train,

but they excel in tasks like natural language processing. In general, transformers
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are a relatively new machine learning framework in the research of RNNs [35]. They

have brought advanced generalized chatbots such as Ghat-GPT for people to use

in their everyday lives. These large language models have revolutionized different

tasks with AI assistants, but also carry the unsettling possibility of making some

people obsolete as they get replaced by the very same man-made helpers.

1.4 Quantum computing

To fully utilize the opportunities quantum computing offers, it’s important to under-

stand the properties and the line between classical and quantum computing. Clas-

sical computers are “jack of all trade” machines capable of performing a plethora of

tasks. Different parts of the computer are specialized in performing different assign-

ments for a smooth user experience. Information is stored in bits taking values 0

or 1, which on the smallest scale are controlled by capacitors and electrical signals.

With the proper tools the computing power of a classical computer can be increased

to great lengths. These high performance computing (HPC) environments have

been a great asset for academic work and theoretical simulations where traditional

computers lack power [36].

Quantum computing (QC) utilizes different physical phenomenon to gain great

computing power. In theory, QC offers drastic advantages over it’s classical coun-

terpart with it’s sheer processing power but also the ability to solve more sophisti-

cated problems. In the center of qubit-based QC is entanglement and superposition.

Where a classical system composed of n bits can take 2n different values one at a

time, a quantum system with n qubits is able to represent the same 2n values as a

superposition.

Classical bits: 001 . . . 10

Qubits: |ψ⟩ = α1 |000 . . . 00⟩+ α2 |000 . . . 01⟩+ . . .+ α2n |111 . . . 11⟩

where αi ∈ C and
∑︁

i |αi|2 = 1. Importantly, with qubit-based QC one is able
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to perform operations on 2n states simultaneously offering exponential speedup on

classical counterparts. The most studied QC systems are gate-based systems, which

have been realized on different quantum substrates [6]. Gate based quantum algo-

rithms may be represented as quantum circuits, where a set of qubits are operated

by logical quantum gates. For a system with n qubits, these logical gates are 2n×2n

unitary operations. Fundamentally, many aspects of classical computing are differ-

ent for QC. As the measurement of any quantum system changes or destroys it,

the readout of a quantum computer is more intricate [37, 38]. Utilizing a quantum

memory also has it’s own challenges [39, 40].

The increase in classical computing power with HPC has enabled the simulation

of many complicated physics phenomenon previously too heavy for computations.

As QC is really difficult to implement on a real quantum computer, one could

wonder if a quantum computer could also be simulated on a classical computer. To

some extend this is possible with the elements belonging to the Clifford group [41].

Nevertheless, classical computers are unable to produce the true complicated nature

of quantum correlations. This property is also called the magic of quantum states

[42, 43]. Magic is a measurable quantity and to achieve the quantum advantage

in computing one needs magic [44, 45]. Even though the quantum logical gates

belonging to the Clifford group are able to be simulated on classical computers,

they are also used in fault-tolerant quantum computing when stabilizer code is

implemented in quantum error correction (QEC) [46]. In QEC many noisy imperfect

physical qubits are combined to produce fault-tolerant logical qubits.

An age old question in classical computational complexity theory exists between

the sets of problems solvable in deterministic polynomial time P and nondetermin-

istic polynomial time NP. Whether or not the sets are equal P = NP, or as more

commonly is believed P ⊂ NP. These sets can be further generalized in polynomial
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hierarchy (PH) [47] with complexity classes

ΣP
i+1 = NP(ΣP

i )

ΠP
i+1 = coNP(ΣP

i )

∆P
i+1 = P(ΣP

i ).

Here coNP is the set whose complements are in NP, ΣP
0 = ΠP

0 = ∆P
0 = P,

ΣP
1 = NP and ΠP

1 = coNP. PH follows an inclusion structure

ΣP
k ∪ ΠP

k ⊆ ∆P
k+1 ⊆ ΣP

k+1 ∩ ΠP
k+1 (21)

which is true for all k ≥ 0. Simply put, higher levels of the hierarchy are created

with an increasing amount of conditions or proofs C, where entries in the set fulfill

these conditions for some ∃xi or ∀yj as C(xi, yj). The conditions are substantiated

by a deterministic polynomial time verifier. Therefore with an increasing level in

the hierarchy one is left with sets containing more restrictions. In other words these

sets are more powerful in nature with a more complex structure. It is still unknown

whether the inclusions in the hierarchy are proper and if

ΣP
k ̸= ΣP

k+1, for all k ≥ 0

ΣP
k ̸= ΠP

k , for all k ≥ 1 (22)

∆P
k ̸= ΣP

k ∩ ΠP
k , for all k ≥ 1.

are actually true. If the inclusions in Eq. (21) are not proper or the conditions in

Eqs. (22) met meaning the levels of the hierarchy are equal, one will find the collapse

of the polynomial hierarchy. In a nutshell the polynomial hierarchy collapses to the

level where the conditions are not met, simplifying the complex logical structure.

Importantly if NP = coNP is proven be true PH would collapse to level 1, and if

P = NP the structure would collapse all the way to level 0. However this is widely

believed to be untrue.
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Analogies to PH structures can also be found in quantum computing with quan-

tum polynomial hierarchy (QPH). Although similar, defining and building such a

structure for the quantum case is a lot more complicated. Therefore different degrees

of quantumness in the structures varies [48, 49]. There also exist several different

definitions of QPH. The levels in the purely quantum polynomial hierarchy are

substantiated with quantum proofs. Conditions are for quantum states ρ and the

verifiers are quantum in nature. An infinite amount of quantum states having infi-

nite dimensionality makes the formulation of the polynomial hierarchy a formidable

task. Similarly to the collapse of PH, the collapse of QPH is also widely studied.

Simply put, a collapse of the QPH at some level would imply that any additional

quantumness introduced would not result in an increase in computing power. Indeed

results show and imply a collapse of QPH to a certain level [48–50]. Moreover, if

PH = QPH were proven to be true, quantum protocols would be considered obsolete.

Physical qubits are fragile systems prone to errors. Similarly to other physical

systems they suffer from the same difficulties as any other real system with their

innate property of being open systems. The challenges in QC [6, 51] centralize in

the difficulty of scaling. In other words it’s really difficult to create working quan-

tum computers with a sufficient amount of computing power. In literature [52] the

amount of physical qubits needed for factorizing a 2000-bit number in a reasonable

time using the Shor’s factorization algorithm [53] has been calculated. Depending

if one accounts for the physical qubits needed for quantum QEC protocols, one will

need an amount of qubits of the order 107 ∼ 108. This assumes imperfect fidelities

of the physical qubits. Here 2000 being a number of interest, as the standard RSA

encryption is based on factorizing a 2048-bit number.

Many problems in gate-based QC such as the difficulty in scaling has spiked

an interest in other more unconventional ways to harness and utilize computing

power. Moreover combining classical and quantum protocols for information pro-



26

cessing. Dissecting a computing task and considering the nature of each step offers

an interesting point of view to QC [54]. In a fully quantum QC task a quantum

input would be injected to some quantum substrate and a quantum task would be

performed on the substrate. An example of this could be a state or a set of states ρi

fed into a qubit-based quantum computer for some gate-based quantum algorithm.

On the other hand the input could also be a scalar value making it classical in na-

ture. The combinations are not limited to a single task with different aspects. In

variational quantum algorithms (VQA) [55] parameters used in quantum routines

are optimized using classical means. This way subroutines are used to make a more

robust quantum algorithm.

QRC offers a robust alternative for QC. As with all RC, one is mainly interested

in the readout of the reservoir, and the internal happenings are rarely meaningful.

This makes QRC inherently more fault-tolerant, as the exact quantum state of the

system is not important. Protocols like QEC are therefore less prominent and in

some cases the noise of the system can be learned or even used as an advantage

[54, 56]. Another great advantage of QRC is the relatively small size of reservoirs

needed for meaningful results. QRC can be realized with gate-based systems [57],

but also more generalized implementations of quantum systems are commonly used

[58, 59]. QRC systems thrive in similar problems as classical RC systems [33] and are

also able to solve more sophisticated problems like entanglement detection [8, 60].

This work studies these entanglement classification systems.

2 Classical reservoir computing

To better understand the properties of QRC, let’s for now consider an example of the

classical counterpart ESN and it’s properties. Let there be a reservoir of N neurons,

and a vector x describing the states of the neurons. With inputs s the evolution of
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the reservoir can be presented with an activation function of the network

xk+1 = tanh(εWxk + b+ ιvsk+1). (23)

Here ε and ι are the feedback gain and input gain controlling the relative importance

between the previous state and the input. xk is the state of the reservoir at time k

and W, b, v are a N×N matrix and N×1 vectors of uniformly chosen random values

between [−1, 1]. Additionally, W is scaled to have a spectral radius of 1, meaning

that the greatest absolute value of it’s eigenvalues does not exceed 1. In short, W

describes the internal connections of the reservoir, v the input strength and b is a

constant vector. To facilitate reservoir computing, an upper bound on the feedback

gain ε should be imposed [33].

The ESN is able to process nonlinear data through it’s nonlinear internal con-

nections. The properties of an ESN may be tested with a suitable benchmark task,

Nonlinear autoregressive moving average (NARMA). NARMA is able to test the

reservoir’s ability to produce nonlinear functions and to recover inputs from the

past [33]. For a uniformly distributed input s ∈ [−1, 1], NARMA is defined as

yk+1 = αNyk + βNyk

n−1∑︂
τ=0

yk−τ + γNsk−N+1sk + δN , (24)

where αN , βN , γN and δN are real values and yk is the value of NARMA at time

step k. The degree of NARMA dictates the length of memory of inputs n needed

to produce correct outputs. With normalized mean squared error (NMSE), one can

measure how the reservoir manages the benchmark task

NMSE(ō, o) =
∑︁

i(ōi − oi)
2∑︁

i ō
2
i

. (25)

Here ōk is the true value of NARMA yk and ok the output of the reservoir computing

system. The values of NMSE range from [0, 1], where 0 corresponds to a perfect

match and 1 a complete failure.

Let’s consider an ESN with an activation function from Eq. (23). We’ll study

the impact of spatial multiplexing on a system with 4 modes. Additionally the
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Figure 6. A 4-mode ESN with different orders of spatial multiplexing compared to
a single 128-mode component ESN MAX. All the networks are tested with differ-
ent orders of NARMA and evaluated with NMSE. Final results are averaged over
500 systems. The performance of the ESNs eventually drop for greater orders of
NARMA.

results will be compared to a single system with 128 modes. We’ll set the feedback

gain as ε = 0,9 for systems with spatial multiplexing and ε = 1,0 for a single

bigger component. An input gain of ι = 0,05 will be used across all systems. The

properties of the systems will be tested with the degrees 2, 6, 10, 14, 16, 20 of the

NARMA task described in Eq. (24). The real values αN , βN , γN and δN will be set

as 0,3, 0,05, 0,375 and 0 respectively. The inputs s ∈ [−1, 1] will be fed into the

reservoir in the preparation, training and testing phases. The amount of inputs

used in these phases are 1000, 3000 and 5000 respectively. The preparation phase is

used to remove the dependence of the initial state of reservoir on the output. In this

phase no readouts are collected. In the training phase the readouts are collected into

matrix X where Xij is the jth readout at timestep i. A unit column is appended

to X to account for a bias weight term W⊤ = (w1, w2, . . . , w0). The training of

weights is conducted using the pseudoinverse described in Eq. (20). Finally, in the
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testing phase with the readouts X and trained weights W out one is able produce the

reservoir output Y as in Eq. (18), and find out the performance of the task with

NMSE described in Eq. (25). All results will be averaged over 500 systems.

In Fig. 6 the comparison of performance in different orders of NARMA task for

different orders of spatial multiplexing ESN networks and a single component net-

work is shown. The systems with spatial multiplexing are indicated with numbers,

and the single component as MAX. From the figure it’s apparent that the systems

with greater spatial multiplexing perform better in the task. Eventually, as the

degree of NARMA grows and the tasks become more difficult, the performance of

all models deteriorate. This is due to the lack of sufficient nonlinear memory in the

systems. Some discrepancies were noticed during the training. Firstly, some models

were found to be instable, not being able to converge. This produced NMSE values

far greater than 1. The problem wasn’t universal and mainly affected the system

with spatial multiplexing 32. Outlier values are not shown in the plots. Secondly,

for the last tasks the performance of the big component model performs worse than

the spatially multiplexed counterpart. Some instability in the model can therefore

also be assumed for greater orders of NARMA. The choice of parameters ε and ι

was conducted via grid search. A different choice for the hyperparameters might

have resulted in more stable results.

3 Quantum reservoir computing

In this section the quantum reservoir computing simulation of this work is thor-

oughly explained. The master equation of the system is unveiled, internal reservoir

dynamics are explained and the process of input state creation is presented. Some

discussion on the heaviness of the simulation and an alternative way of conducting

the simulations for Gaussian states is introduced.
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3.1 Entanglement classifier

Quantum reservoir dynamics

With the nonlinear information processing capability, QRCs are a great alternative

for certain demanding classes of quantum tasks. The scope of this work is to build a

working QRC system for classifying the entanglement of certain classes of quantum

states. The QRC system in question consists of a reservoir of an arbitrary amount of

fermionic modes and a set of two-mode bosonic inputs. The system takes inspiration

from literature [8], and in this work different configurations of the quantum reservoir

are tested. The whole system can be described with a combined density matrix and

a master equation

ρ̇ =− i

ℏ
[HR, ρ] +

γ

2ℏ
∑︂
j

L(bj) +
P

2ℏ
∑︂
j

L(b†j)

+
1

ℏ
∑︂
k,j

fk(t)W
in
j

(︂
[akρ, b

†
j] + [bj, ρa

†
k]
)︂

(26)

+
η

2γℏ
∑︂
k

fk(t)L(ak).

The unitary Hamiltonian of the reservoir, the Fermi-Hubbard Hamiltonian is

HR =
∑︂
ij

Jij(bib
†
j + b†jbi),

where Jij ∈ [−γ, γ] are random hopping amplitudes. The combined density matrix

of the inputs and reservoir is presented with ρ and ak and bj are the respective

field operators. Parameter γ is the decay rate, P = 0,1γ the incoherent pumping

strength and η =
∑︁

j(W
in
j )2. The last two lines of Eq. (26) account for the cascaded

formalism [61]. The functions fk(t) indicate which mode of the input is interacting

with the reservoir. In our case of two-mode inputs, when the first mode interacts

with the reservoir f1(t) = 1 and f2(t) = 0 for t1 < t < t1 + τ and when the second

mode interacts f1(t) = 0 and f2(t) = 1 for t1+τ < t < t1+2τ . f1,2 = 0 for any other

times. Parameter t1 describes the time the reservoir takes to reach a steady state



31

Figure 7. As inputs are fed in the reservoir one at a time, the couplings change
the state of the reservoir. The change varies depending on the entanglement of the
input. These minor differences are able to be learned in training from the measured
reservoir occupation numbers.

and τ = ℏ
γ
. The input weight matrix W in ∈ [0, γ] is randomly uniformly distributed.

Lastly, the Lindblad operator reads as

L(x) = 2xρx† − x†xρ− ρx†x.

An illustration of the QRC system is depicted in Fig. 7. In this work we take ℏ = 1

and γ = 1.

The desired output, the correct classification of entanglement of input states is

found with

Y out
j =

∑︂
j

W out
ij nj.

Here Y out is a 2D vector indicating the entanglement of a given input state, W out

is the optimal output weight matrix and nj = ⟨b†jbj⟩ = Tr[ρb†jbj] the occupation

numbers of the reservoir fermionic sites measured at t1 + 2τ after each input. For

each input the true nature of entanglement is calculated using logarithmic negativity

EN (ρin) from Eq. (4) or decided upon state creation. If the state is entangled

Y true
i = (1, 0) and Y true

i = (0, 1) otherwise.

Each input is fed into the reservoir by letting it interact with the reservoir sepa-
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Figure 8. In this work, reservoir networks are classified as fully connected (FULL),
a connected ring (RING) or a connected sausage (SAUSAGE).

rately. The reservoir is initialized to the vacuum state and the training of the model

is conducted using ST states in Eq. (14). With the measured occupation numbers

nj and true values of entanglement, the output weights are optimized using ridge

regression described in Eq. (19). The learning process of updating the weights is

relatively simple:

W out
i,t+1 = W out

i,t − υ
∂E

∂Wi

(27)

Here E is the error or cost function and υ the learning rate. The error function is

simply

E =
1

2
(Y out

true − Y out
pred)

2 +
λ

2
||W out||22

E =
1

2
(Y out

true −
∑︂
j

Wjnj)
2 +

λ

2

∑︂
j

W 2
j ,

which makes the differential in Eq. (27)

∂E

∂Wi

= −ni(Y
out
true −

∑︂
j

Wjnj) + λWi

Here λ is the regularization strength.

In this work different substrates for reservoir computing are tested. Reservoir

sizes of 2, 3 and 4 fermionic modes are assessed and different configurations of

network connectivity are studied. In Fig. 8 a fully connected, a connected ring and

a sausage network are visualized with 4 modes. It’s important to emphasize that
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for reservoir sizes of 2 and 3 some classes of connectivities overlap creating same

networks. In this case the systems are labeled as the most connected network the

classes allow.

Even though the training is conducted using only a single class of states, the en-

tanglement classification capability expands to also other classes of states. Therefore

during the testing phase, the model is evaluated with ST, PASV, PSSV and number

or NUM states found in Eqs. (14)–(17) respectively. This way the recognition of

both Gaussian and non-Gaussian entanglement may be tested. During testing, if

the first element of Y out
i is greater than the second, the model predicts the state to

be entangled and with the second value greater the opposite.

Used input states

To achieve a varying amount of entanglement in each class of states, all states

are created randomly with the parameters introduced in [8]. For ST states the

squeezing parameter is written as α = |α|eiθ where |α| = ssinϕ and the average

thermal occupation number as n̄ = s2cos2ϕ. Parameters θ, s and ϕ are uniformly

distributed from [0, 2π], [0.8, 0.95] and [0.5−π/10, 0.5+π/10] respectively. ST states

are classified to entangled and separable by evaluating the logarithmic negativity of

a given state truncated to 2 decimals. If logarithmic negativity is still EN (ρin) > 0

after the truncation, the state is classified as entangled. This way roughly an equal

amount of entangled and separable states is achieved. With PASV and PSSV states

the squeezing parameter is once again α = |α|eiθ. PASV states are created by

uniformly choosing |α| ∈ [0.1, 0.25] and θ ∈ [0, 2π], and PSSV states with uniformly

choosing |α| ∈ [0.8, 0.95] and θ ∈ [0, 2π]. Entangled PASV and PSSV states are

created according to Eqs. (15) and (16). Separable counterparts are created similarly
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assuming only classical correlations

ρPASV-sep =
1

NPASV-sep
a†S1(α1) |0⟩⟨0|S†

1(α1)a⊗ a†S1(α2) |0⟩⟨0|S†
1(α2)a

ρPSSV-sep =
1

NPSSV-sep
aS1(α1) |0⟩⟨0|S1

†(α1)a
† ⊗ aS1(α2) |0⟩⟨0|S†

1(α2)a
†.

Here NPASV-sep and NPSSV-sep are normalization coefficients and S1(α) the single

mode squeezing operator from Eq. (13). The hyperparameter ranges for creating

PASV and PSSV states are chosen in a way that their average occupation numbers

are similar to the training ST states [8]. Entangled NUM states are created similarly

to Eq. (17). Similar in a sense that the created NUM states mimic qubit states, but

actually have the same degrees of freedom as any other input state making them

more general number states. The parameterization of states is done with c0 = sinθ

and c1 = cosθeiϕ, which are sampled uniformly on a Bloch sphere. In our case the

uniform sampling refers to a uniform sample of input state entanglement values.

This is achieved by uniformly sampling a random variable X ∈ [0, 1] and calculating

θ = 0.5 ·arcsin(x), and uniformly sampling ϕ = [0, 2π]. For separable states, roughly

an equal amount of |00⟩ and |11⟩ states are used.

Numerical simulation

In the simulation everything revolves around a combined density matrix of the input

and the reservoir. For the sake of clarity, let’s briefly explain what happens to

the reservoir over one interaction with an input state. To begin, we create the

combined density matrix of an input and the reservoir ρ = ρin ⊗ ρres. We then

numerically simulate the dynamics described by the master equation in Eq. (26)

with the 4th order Runge-Kutta method (RK4). The Runge-Kutta method is a

numerical iterative method for solving initial value problems. Therefore to calculate

the value of a function at the next timestep, one needs an initial value y0 and to

choose a step size h. If dt
dy
y(t) = f(t, y), one can numerically calculate
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k1 = f(tn, yn)

k2 = f(tn + 0.5h, yn + 0.5hk1)

k3 = f(tn + 0.5h, yn + 0.5hk2)

k4 = f(tn + h, yn + hk3)

yn+1 = yn +
h

6
(k1 + 2k2 + 2k3 + k4)

tn+1 = tn + h

In our case, to simulate the system for the time of one input interaction 2τ , we will

calculate 4 rounds of RK4 making the step size h = 2τ/4 = 0.5. This is done to

ensure sufficient interaction times for both input modes. After the interaction period

is finished, the input is eliminated from the density matrix ρR = Trin[ρ] similarly

to Eq. (2). Finally the average occupation numbers nj are collected and the cycle

starts over again. This process is presented in the Metacode below.

QRC simulation for Entanglement classifier

1: QRC_system : Initialized QRC system

2: train_inputs : Initialized 200 train ST states

3: test_inputs : Initialized 200 test ST, PASV, PSSV and NUM inputs

4: for input in train_inputs:

⇒Numerically simulate the interaction of an input and the QRC_system

⇒Measure reservoir outputs nj

5: Train the output weights W out with nj and Ridge regression

6: for class_of_states in test_inputs:

⇒for input in class_of_states:

→Numerically simulate the interaction of an input and the QRC_system

→Measure reservoir outputs nj

⇒Predict the entanglement of input states with nj and evaluate model performance
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For smooth functions, RK4 has a truncation error dependent on the step size

O(h4) [62]. This means that halving h and doubling the numerical calculations

results roughly in an error 16 times smaller. As the two-mode input mode interacts

with the reservoir one mode at a time, the interaction can be formalized with a

piecewise function. To achieve errors similar to smooth functions, RK4 steps should

not be taken over the non-smooth part of the piecewise function. This way each

individual step of RK4 can be thought of an approximation of a smooth function.

The dynamics of the system in Eq. (26) require, that the input modes don’t interact

with the reservoir in the beginning and end of the interaction and in between the

switch of modes. Therefore some discontinuous parts are included in the calculated

RK4 steps. The actual numerical error produced by RK4 is therefore most likely

greater than O(h4).

The classical and quantum reservoir computing simulations in this work are run

on python on a basic personal laptop. They are mainly built with basic python

functions and science and mathematics based python packages like Numpy and

Scipy. This is due to the specific dynamics needed for the system like cascaded

formalism. Dynamics like this were not conveniently available in common quantum

based packages. Having to build every tool has made it so that the majority of time

spent for this work was spent on programming. Especially finding convenient ways

to optimize heavy simulations. This is further discussed in section 3.2.

3.2 Computational complexity of the simulation

As the simulation revolves around the combined density matrix, changing the pa-

rameters effecting it’s size can also make a great impact on simulation times. Before

discussing the size of the density matrix, let’s first take a look at the amount of

matrix multiplications in the simulation. This way we can get an idea of the heav-

iness of the simulation. Let’s consider the master equation describing the system
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dynamics in Eq. (26). If we represent every operator with a matrix, which is the

size of the combined density matrix we need to perform

24 · (reservoir size) + 6

matrix multiplications. With a reservoir of 4 modes this means 102 multiplications.

Now, in our case we numerically simulate the system with RK4, which has to cal-

culate the value of the function 4 times. Additionally we take 4 steps of RK4 to

simulate the interaction of the input and reservoir. Therefore, without any opti-

mizations we need to make 4 · 4 · 102 = 1632 matrix multiplications to simulate just

one interaction of an input and a 4-mode reservoir. This amount can be drastically

decreased with some algebra. For this let’s move the terms around in the master

equation.

ρ̇ =− iHRρ+ iρHR

+
γ

2

∑︂
j

(2bjρb
†
j − b†jbjρ− ρb†jbj)

+
P

2

∑︂
j

(2b†jρbj − bjb
†
jρ− ρbjb

†
j)

+
∑︂
kj

fk(t)W
in
j (akρb

†
j − b†jakρ+ bjρa

†
k − ρa†kbj)

+
η

2γ

∑︂
k

fk(t)(2akρa
†
k − a†kakρ− ρa†k)

ρ̇ =
∑︂
jk

((−iHR − γ

2
b†jbj −

P

2
bjb

†
j −

η

2γ
fk(t)a

†
kak − fk(t)W

in
j b

†
jak)ρ

+ ρ(iHR − γ

2
b†jbj −

P

2
bjb

†
j −

η

2γ
fk(t)a

†
kak − fk(t)W

in
j a

†
kbj)

+ (γbj + fk(t)W
in
j ak)ρb

†
j + Pb†jρbj + fk(t)(W

in
j bj +

η

γ
ak)ρa

†
k

=
∑︂
jk

(Aρ+ ρB + Cρb†j + Pb†jρbj +Dρa†kak)
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Using the Einstein summation convention

A = −iHR − γ

2
b†jbj −

P

2
bjb

†
j −

η

γ
fk(t)a

†
kak − fk(t)W

in
j b

†
jak

B = iHR − γ

2
b†jbj −

P

2
bjb

†
j −

η

γ
fk(t)a

†
kak − fk(t)W

in
j a

†
kbj

C = γbj + fk(t)W
in
j ak

D = fk(t)(W
in
j bj +

η

γ
ak).

With this modification we are able to bunch up several unchanging operators and

essentially don’t need any additional matrix multiplications. Therefore for one round

of calculations one needs to only make

4 · (reservoir size) + 4

matrix multiplications. The last 4 multiplications are only needed when an input

is interacting with the reservoir. With 4 modes and 4 rounds of RK4, the total

amount is 320 (the actual amount is even a bit smaller due to calculations of non-

interactions), which is a significant decrease.

The true benefit of decreasing the amount of multiplications becomes evident

when the size of the matrices is considered. In this work the dimensions of a two-

mode input density matrix are effected by the chosen Fock-space truncation. For

every added energy-level the dimensions grow quadratically. On the other hand

adding a single mode to the reservoir grows the dimensions of the reservoir expo-

nentially. The size of the density matrix may therefore be presented as

(Fock space truncation)2 · 2(reservoir size).

In this work the Fock space truncated to 5 degrees of freedom. For a reservoir

of 4 modes this gives us a combined density matrix with dimensions 400 × 400.

This makes the simulation incredibly heavy and the need for small optimizations is

crucial. With this setup running 200 inputs through the reservoir took on average
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around 20-25 minutes. Decreasing the amount of reservoir modes decreased this

time to around 2 minutes for 3 modes and to 20 seconds for 2 modes. Some of the

operators used in the simulation are sparse matrices. In this work the sparsity is

not utilized in any way nor was the possible optimizations regarding it studied.

Gaussian states can be simulated in the Hilbert space or in the phase space.

The dynamics of an equation of motion of a density matrix may be translated

to an equation motion of a covariance matrix. Let’s consider a multipartite system

described by a master equation in Eq. (5). One could consider a reservoir and inputs

with respective field operators ai, bj such a system. From the master equation, one

can distinguish the effective Hamiltonian and jump terms. Now, in the Heisenberg

picture one is able to find the equations of motions of field operators, the Langevin

equations

ȧi = i[Heff, ai] + noise

ḃj = i[Heff, bj] + noise.

The terms resulting from the effective Hamiltonian account for the deterministic part

and from the jump terms the stochastic part, the noise. As described in section 1.2,

the Langevin equations can be rewritten with quadratures from Eqs. (6) and (7)

resulting in a set of dimensionless position and momentum equations of motions.

The new equations can be conveniently rewritten in an equation

u̇ = Au+ h,

where u = (q0, p0, q1, p1, . . .)
⊤ is a vector of quadratures. Matrix A accounts for

all the deterministic parts of the equations and vector h for the stochastic terms.

With u one is able to construct the covariance matrix in Eq. (12) of the system.

Furthermore, with the covariance matrix σ and the deterministic and stochastic

terms of the dynamics one can build the equation of motion of the covariance matrix

σ̇ = Aσ + σA⊤ +D. (28)
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Here D is a diagonal matrix of the stochastic dynamics. [60, 63]

Let’s consider the QRC system in this work from Eq. (26) simulated in the phase

space with Eq. (28). Similarly to the combined density matrix, the dimensions of the

covariance matrix describing the state of the system are also effected by the setup

of our system. The big difference here being, that one doesn’t have to care about

Fock space truncation as we are studying the dynamics in phase space. For every

mode we add either as an input mode or as a reservoir mode the dimensions of the

respective covariance matrix grows by 2n. The state of a QRC system of two-mode

input and a reservoir of 4 modes can therefore be presented with a covariance matrix

σ12×12. This is possible as before any interaction there exist no correlation between

the inputs and the reservoir and the initial combined covariance matrix is

σ(0) =

⎛⎜⎝σin(0) 0

0 σR(0)

⎞⎟⎠ .

With the parameters described above performing the calculations in the phase

space seems to be a lot more convenient numerically than in the Hilbert space.

In this work the input states studied are Gaussian and non-Gaussian. Therefore

the use of covariance matrices was deemed inadequate for all purposes, and a more

general approach was chosen with density matrices. Some effort was put into finding

a convenient way to adapt the non-Gaussian elements to the covariance matrix

simulations but no good fit was found.

4 Entanglement classification results

In this work the training of each system is conducted with 200 input states. Likewise,

each class of states is tested with 200 input states. During the start of testing of a

new class of states, the reservoir is returned to the state right after training. This

is done to ensure similar initial conditions for all testing experiments. In total six

different substrates or models are tested: 4-mode fully connected, connected ring
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and connected sausage reservoirs, 3-mode fully connected and sausage reservoirs

and 2-mode fully connected reservoirs. In the upcoming tables and figures these

models will be labeled respectively as ’4-mode FULL’, ’4-mode RING’, ’4-mode

SAUSAGE’, ’3-mode FULL’, ’3-mode SAUSAGE’ and ’2-mode FULL’. The final

results are averaged over 10 different systems.

The entanglement classification rates for all models and input types are presented

in tables I–VI. A classification rate of 1.0 equals a perfect entanglement classification,

where a classification rate of 0.5 results from a complete failure. A fluctuation

margin of one standard deviation is presented along the results. The results are

further visualized in Figs. 9–14 with histograms, and the classification capabilities

for entangled and separable states in figures Figs. 15–20 with confusion matrices.
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Table I. 4-mode FULL

Input class Classification rate

ST 0.921±0.043

PASV 0.666±0.101

PSSV 0.781±0.113

QUBIT 0.702±0.052

Table II. 4-mode RING

Input class Classification rate

ST 0.921±0.055

PASV 0.669±0.073

PSSV 0.837±0.137

QUBIT 0.714±0.049

Table III. 4-mode SAUSAGE

Input class Classification rate

ST 0.916±0.029

PASV 0.629±0.102

PSSV 0.890±0.095

QUBIT 0.714±0.046

Table IV. 3-mode FULL

Input class Classification rate

ST 0.858±0.060

PASV 0.67±0.070

PSSV 0.958±0.038

QUBIT 0.715±0.022

Table V. 3-mode SAUSAGE

Input class Classification rate

ST 0.829±0.076

PASV 0.648±0.024

PSSV 0.978±0.029

QUBIT 0.711±0.037

Table VI. 2-mode FULL

Input class Classification rate

ST 0.816±0.087

PASV 0.635±0.077

PSSV 0.978±0.038

QUBIT 0.735±0.034
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Figure 9. Classification results. Figure 10. Classification results.

Figure 11. Classification results. Figure 12. Classification results.

Figure 13. Classification results. Figure 14. Classification results.
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Figure 15. Confusion matrices of 4-mode FULL classification results.

Figure 16. Confusion matrices of 4-mode RING classification results.

Figure 17. Confusion matrices of 4-mode SAUSAGE classification results.
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Figure 18. Confusion matrices of 3-mode FULL classification results.

Figure 19. Confusion matrices of 3-mode SAUSAGE classification results.

Figure 20. Confusion matrices of 2-mode FULL classification results.
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The results regarding different classes of input states vary a lot. For ST states,

the more complicated models perform better with less fluctuation in the results. The

fall in performance is more or less expected as the simpler models presumably have

a lesser ability for nonlinear information processing. In general all models seem to

have a slight edge upon the classification of separable states as separable over the

classification of entangled states into entangled.

The average classification of PASV states is poor across all models. From the

results no clear advantage for any model is apparent, but a decreasing trend in the

fluctuation margins for simpler models could be suggested. The results are a bit

surprising as the created PASV states employ similar average occupation numbers

as the training ST states. Taking a look at the raw classification data reveals another

interesting notion. The 4-mode models sometimes achieve classification rates of over

0.8, but are also more prone to producing a total failure.

The PSSV states serve perhaps the most surprising results. The entanglement

classification rate increases and the confidence interval decreases as the models get

simpler. Surprisingly, the simpler models are able to classify the PSSV states even

more robustly than the training ST states. There also exists some interesting be-

havior in the classification process. All the models recognize the entangled states as

separable and separable states as entangled. Therefore, all the results are actually

inverted and a classification rate of 0.05 is here interpreted as 0.95. Similarly to

PASV states the PSSV states were created to have the average occupation numbers

close to those of the training ST states. Therefore the difference in classification

rates is really surprising.

Finally, the NUM states offer yet again another unique result to the classification

problem. Taking a look at the confusion matrices, the classification of entangled

states into entangled is decent across all models. On the other hand all models

fail completely in the classification of separable states into separable. There seems
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to be no outliers in this behavior in the raw data, and some small changes seem

to be a result of random fluctuations. For the NUM state there exists an equal

amount of two different kinds of separable states, |00⟩⟨00| and |11⟩⟨11|. As the

simulation shuffles the input states and no later record is kept on them other than

the entanglement value. It is unclear if the complete failure is apparent for both

types of separable input states, or if only one of them causes this behavior.

Across all models and all classes of input states similar trends with the confidence

intervals can be noticed. The recognition of ST entanglement can be though of as

the task the models were trained to do. For the ST states, the models with 4-

mode reservoirs seem to be more robust in the classification resulting in smaller

confidence intervals. This is more or less expected as these models have a greater

capability for nonlinear information processing. For all the other classes of input

states, PASV, PSSV and NUM the classification task changes to a more general

recognition of entanglement. For these states, the smaller more simpler reservoirs

seem to perform the classification more robustly. This doesn’t necessarily mean a

better overall performance in classification but smaller confidence intervals.

The classification results of the 4-mode fully connected reservoir in this work can

be compared to the results of a similar system from literature [8]. The entanglement

classification results in the literature are better across all input states. In addition

to this the confidence intervals are smaller. This raises the question: why were

the results in this work so much worse than in the literature? The discussion and

comparison of the results can be extrapolated to also other models.

As discussed in section 3.2, the simulation is quite heavy with big matrices and

multiple matrix multiplications. This likely introduced some chaotic behavior in

the simulations which presumably affected the final results for all models. Some

steps were taken to counteract this chaotic behavior. In the first generation of

the simulations an escalating floating point error was noticed for every round of
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simulation. This made the system lose coherence and the simulation to diverge. A

floating point truncation to 13 decimals was found to fix this, and a truncation to

12 decimals was used for the final simulations. This made the 3- and 2-mode models

stable resulting in on average smaller confidence intervals. For 4-mode models some

chaotic behavior was still present. Sometimes during training after some amount of

input states had been introduced, the reservoir began once again diverging resulting

in failed training. These systems had to be reset by reinitializing them and training

them with a new set of inputs. After a system had been successfully trained, no

divergent behavior was present during the testing of ST states. On the other hand

this wasn’t true for PASV and PSSV testing. A system showing no loss of coherence

during the training and testing of ST states could still lose coherence with PASV or

PSSV states. Interestingly the divergent behavior sometimes manifested only with

PASV or PSSV states but not both. Also in these cases a system had to be reset.

The NUM states didn’t cause any additional divergence. In the end it was unclear

if some initial parameter in the reservoir or when creating the input states or both

caused the loss of coherence in the system. The effect of minimizing the non-smooth

parts of the piecewise function discussed in section 3.1 to decrease the error of RK4

was not studied

It is suspected that the chaotic behavior caused the surprising classification re-

sults discussed previously. This is also likely the reason for the difference in the

results from this work and the literature. As mentioned previously, better than

average results were also present for the 4-mode models. These results were un-

fortunately accompanied with awful results. This once again raises a question if

one could “nit pick” systems for the general performance based on the entanglement

classification capability of a certain class of states. This was briefly studied with

Spearman correlation to see if there were any meaningful correlations between the

results in classification across all models. In conclusion, there were not any mean-
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ingful correlations. This was evident as the small correlations and anticorrelations

seemed to be randomized between different models. Taking a closer look at the raw

data confirmed these results.

5 Conclusions and final words

Previous efforts in entanglement classification of reservoir computing systems have

put less emphasis on the study of different reservoir substrates [8, 60, 64]. Therefore,

no overview or benchmark of different frameworks have been presented in the liter-

ature. Some recent work has been done on different substrates for optical systems

without memory [65], and the aim of this work was to extend this study to fermionic

systems.

In the thesis we began our journey by discussing the differences of separable

and entangled quantum states. Moreover tools were given for the detection of en-

tanglement of different classes of states. The evolution of open quantum systems

was presented before a comprehensive description of Gaussian state formality was

given. This included the description of states in both Hilbert space and the phase

space. Examples of different Gaussian and non-Gaussian states were given which

were later used in the simulations. Basics of machine learning were addresses with

brief explanations on supervised, unsupervised and reinforcement learning. These

explanations were accompanied by illustrative figures of the learning processes. Also

the fundamentals of reservoir computing were explored with neural networks and

the concept of a fading memory.

The differences of classical and quantum computing were considered. Similarities

and dissimilarities from hardware to polynomial hierarchies were found. The expo-

nential computing speedup of quantum computers was remarked requiring not only

the entanglement and superposition of quantum states, but also a more stronger

property called magic. Struggles in quantum computing were discussed such as the
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difficulty in scaling and the loss of coherence of quantum systems. The combinations

of classical and quantum protocols in quantum computing were addresses such as

variational quantum algorithms. Also the main topic of the thesis quantum reservoir

computing was properly introduced.

The capabilities of classical reservoir computing were demonstrated with echo

state networks. Nonlinear information processing and the ability to recall inputs

from the past were tested with different degrees of nonlinear autoregressive moving

average and the tasks were evaluated with normalized mean squared error. 4-mode

networks with different degrees of spatial multiplexing and a fully connected network

were tested. The models with a greater degree of spatial multiplexing were seen to

perform better in the more difficult tasks alongside the fully connected network.

The performance of all models was seen to deteriorate with the most difficult tasks.

When the foundation for quantum reservoir computing was set, the system stud-

ied in this thesis was introduced. Dynamics of the input, the reservoir and the

interaction of input and reservoir were given with a single master equation of the

combined density matrix. The process of entangled and separable input state cre-

ation was thoroughly explained. This included the choice of hyperparameters for

two-mode squezeed thermal states, two-mode photon added squeezed vacuum states,

two-mode photon subtracted squeezed vacuum states and qubit states. Different

methods were used to achieve roughly an equal amount of separable and entan-

gled states. Different quantum substrates were introduced for 2-mode, 3-mode and

4-mode reservoirs. The simulation used to run the system dynamics were also ex-

plained with a Metacode example. Along the simulation the numerical side with

4th-order Runge-Kutta method was presented.

The systems were trained with only two-mode squeezed thermal states, but tested

with 4 different classes of states. The entanglement classification results were sur-

prising for almost all classes of input states. For some classes the classification was
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Figure 21. Side-by-side comparison of entanglement classification results of the
2-, 3- and 4-mode reservoirs with connectivities presented in Fig. 8. Fluctuation
margins of one standard deviation are presented along all histograms, and a red line
describing the complete failure of the classification task is shown. The final results
are averaged over 10 realizations of the systems.

closer to a total failure than a perfect score. The results from Figs.9–14 are collected

in Fig. 21 for a convenient overview of all the outcomes. Perhaps the only expected

behavior was seen with squeezed thermal states, where the classification fidelity

dropped along simpler models. No clear advantage in system size or complexity was

apparent in the testing of photon added states and a gain in performance was seen

for photon subtracted states. This gain was indeed so great, that the classification

fidelity was the best for all classes of input states across all models. Similarly to

the photon added states, number states didn’t exhibit any reasonable differences

in computing power for any model. Instead a total failure in the classification of

separable states into separable was noticed.

Some reasoning for the surprising results was discussed. As all the models are

relatively small in size, no big disadvantage for any case in a greater size or com-

plexity was expected. On the contrary the more complex models were expected to

outperform the simpler ones. Some comparable results for the simulations can be

found in the literature, where far better and robust outcomes were established. No

original code for the simulations was found, so a clear comparison of the underlying
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dynamics could not been made. In the end a majority of the differences were thought

to be a results of somewhat chaotic dynamics. On the other hand a different choice

of some hyperparameters could also have resulted in more robust results.
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A Action of squeezing on creation and destruction

operators

We define the two-mode squeezing operator as

S(α) = exp{αa†1a
†
2 − α∗a1a2}, α ∈ C

A = α∗a1a2 − αa†1a
†
2

S(α)† = eA.

With the use of general equality, one can define for operators B and C

eCBe−C =
∞∑︂
k=0

1

k!
[C, [C, . . . , [C,B] . . .]].

The commutators of A and field operators can now be written as

[A, a1,2] = αa†2,1, [A, [A, a1,2]] = [A,αa†2,1] = |α|2a1,2

[A, a†1,2] = α∗a2,1, [A, [A, a1,2]] = [A,α∗a2,1] = |α|2a†1,2.

For k commutators one can prove with induction

[A, [A, . . . , [A, a1,2] . . .]] =

⎧⎪⎪⎨⎪⎪⎩
α|α|k−1a†2,1, for odd k

|α|ka1,2, for even k

[A, [A, . . . , [A, a†1,2] . . .]] =

⎧⎪⎪⎨⎪⎪⎩
α∗|α|k−1a2,1, for odd k

|α|ka†1,2, for even k
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Therefore, the action of two-mode squeezing on creation and destruction operators

S(α)†a1,2S(α) = eAa1,2e
−A

= a1,2

∞∑︂
k=0

|α|2k

(2k)!
+ a†2,1

α

|α|

∞∑︂
k=0

|α|2k+1

(2k + 1)!

= a1,2cosh|α|+ a†2,1e
iθsinh|α|

S(α)†a†1,2S(α) = eAa†1,2e
−A

= a†1,2

∞∑︂
k=0

|α|2k

(2k)!
+ a2,1

α∗

|α|

∞∑︂
k=0

|α|2k+1

(2k + 1)!

= a†1,2cosh|α|+ a2,1e
−iθsinh|α|.

B Use of AI in the thesis

In this thesis, large language models like Ghat-GPT were used in the assistance of

Python and Latex code writing. Small parts of the Python code were optimized in

the search for faster simulation times. All of the AI-produced code was thoroughly

tested and later edited for better readability in the program and to better match the

relevant physics. In some cases, the AI-suggested code was not able to produce the

correct physics. The assistance in Latex was used to produce a more satisfactory

layout of the thesis.
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