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ARTICLE INFO ABSTRACT
Keywords: Monitoring edge-geodetic sets in a graph are subsets of vertices such that every edge of the graph
Oriented graph must lie on all the shortest paths between two vertices of the monitoring set. These objects were

Geodetic set

TeHe . introduced in a work by Foucaud, Krishna and Ramasubramony Sulochana with relation to several
Monitoring edge-geodetic set

prior notions in the area of network monitoring like distance edge-monitoring.

In this work, we explore the extension of those notions unto oriented graphs, modelling oriented
networks, and call these objects monitoring arc-geodetic sets. We also define the lower and upper
monitoring arc-geodetic number of an undirected graph as the minimum and maximum of the
monitoring arc-geodetic number of all orientations of the graph. We determine the monitoring
arc-geodetic number of fundamental graph classes such as bipartite graphs, trees, cycles, etc. Then,
we characterize the graphs for which every monitoring arc-geodetic set is the entire set of vertices,
and also characterize the solutions for tournaments. We also cover some complexity aspects by
studying two algorithmic problems. We show that the problem of determining if an undirected
graph has an orientation with the minimal monitoring arc-geodetic set being the entire set of
vertices, is NP-hard. We also show that the problem of finding a monitoring arc-geodetic set of
size at most k is NP-complete when restricted to oriented graphs with maximum degree 4.

1. Introduction

In the area of network monitoring, one may wish to detect faults in a network. We have in our hand probes that can detect the
distances between each other through the standard procedure of ping [2,3]. If we model the networks by finite, undirected simple
graphs, whose vertices represent nodes and whose edges represent the connections between them, then the fault in the network is
considered detected, if for example, the fault causes the distance between some pair of probes to increase. Hence, the goal is to choose
a subset of vertices (representing the probes) of the simple graph, with the property that if any edge in the graph is removed (the
connection fails), then it is detected by at least one pair of probes.

To solve such problems, Foucaud, Krishna and Ramasubramony Sulochana introduced the concept of monitoring edge-geodetic
sets [7,12] by taking inspiration from two areas: the concept of geodetic sets in graphs and its variants [14], and the concept of
distance edge-monitoring sets [10]. Let G be a simple undirected graph. Two vertices x, y monitor an edge e of G if e belongs to all
shortest paths between x and y. A set M of vertices of G is called a monitoring edge-geodetic set (MEG-set for short) of G if, for every
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edge e of G, there is a pair x, y of vertices of M that monitors e (see Definition 1.1 in [7]). The size of a minimum MEG-set of G is its
monitoring edge-geodetic number, denoted by meg(G). Note that V' (G) is always an MEG-set of G, thus meg(G) is always well-defined.

The theory of monitoring edge-geodetic sets of graphs has been developed in several works including [7,11,12]. Some complexity
aspects have been addressed in [4,15] and monitoring edge-geodetic sets have been studied on networks in [21,23,24].

In an attempt to broaden the scope of the application of monitoring edge-geodetic sets, we generalize the MEG-set problem to
oriented graphs. Similar generalisations have been done in the past for geodetic sets [1,5,6,9,16,17,19,20] which are also defined
using shortest paths between vertices, and our work draws inspiration from them. As a generalisation, we model the networks by
finite, oriented graphs, whose vertices represent nodes and whose arcs represent the connections between them. To understand the
significance of this generalisation, observe that while in undirected graphs, a shortest path from a vertex u to a vertex v is the same
as a shortest path from v to u, it is no longer the case in oriented graphs. That is, in an oriented graph, an arc @ might lie on a shortest
path from u to v but not on a shortest path from v to u. Note that in an oriented graph, by a shortest path, we specifically mean a
shortest directed path, that is, an oriented path with all the arcs oriented in the same direction.

Definition 1.1. In an oriented graph G, two vertices x and y are said to monitor an arc @ if @ belongs to the intersection of all shortest
paths from x to y or the intersection of all shortest paths from y to x. A subset M of V(G)isa monitoring arc-geodetic set (MAG-set for
short) of G if for every arc d € A(E), there exist two distinct vertices u, v € M such that u and v monitor d. The monitoring arc-geodetic
number, denoted by mag(a), is the minimum size of a MAG-set of G.

Note that V(ﬁ) is always an MAG-set of 6, thus mag(@) is always well-defined. Also, by the definition, since an arc is monitored
by a pair of distinct vertices, mag(@) >2 unless G is an oriented graph without any arcs, in which case mag(a) =0

While studying the geodetic sets for oriented graphs, Chartrand and Zhang [6] defined the lower orientable geodetic number g~ (G)
of G as the minimum geodetic number of an orientation of G and the upper orientable geodetic number g*(G) as the maximum geodetic
number of an orientation of G. Many works [5,8,9,16,20] have contributed to the study of geodetic sets in oriented graphs and lower
and upper orientable geodetic numbers. For instance, Chartrand and Zhang [6] and Chang, Tong and Wang [5] determined upper and
lower orientable geodetic numbers for some common graph classes like trees, paths, cycles, r-partite graphs and complete graphs.
The characterization of oriented graphs with geodetic number equal to its order was given by Chartrand and Zhang [6] and they
also related the geodetic number with the diameter of the graph. Complexlty aspects were studied by Araujo and Arraes [1] who
showed that determining whether the geodetic number of an oriented graph G is at most k is NP-hard, even if G has no directed cycle
and its underlying graph is either bipartite or cobipartite. Our work will take inspiration from all these works due to the conceptual
similarities between geodetic sets on oriented graphs and monitoring arc-geodetic sets. We define the following in the context of
monitoring arc-geodetic sets.

Definition 1.2. For an undirected graph G, the monitoring arc-geodetic spectrum of G, denoted by S(G), is the set {mag(G): Gisan
orientation of G}. The lower monitoring arc-geodetic number of G is denoted by mag™(G) and is equal to min(.S(G)). The upper monitoring
arc-geodetic number of G is denoted by mag™(G) and is equal to max(S(G)).

An oriented graph G is said to be connected if the underlying undirected graph is connected. A maximal connected subgraph of an
oriented graph is called a component. If G is an oriented graph with components {a, s CT;}, then finding an MAG-set of G is the same
as finding MAG-sets of the individual components a, since the concept of a shortest path between two distinct vertices only makes
sense if they are in the same component. The union of the minimum MAG-sets of each component a gives us a minimum MAG-set
of G. Hence, in the forthcoming discussion, we will assume that all (oriented) graphs are connected unless otherwise mentioned.

1.1. Overview and organization of the paper
In this work, we lay the groundwork for further exploration on MAG-sets and the monitoring arc-geodetic number.

+ Following the groundwork laid in this section by introducing essential concepts and giving key definitions, in Section 2, we
determine fundamental results which underpin our entire research work. We first pinpoint the vertices which are always a part
of every MAG-set. Building upon this, we give detailed explanations on finding MAG-sets of graphs by determining them for
some fundamental graph classes such as trees, paths and cycles. We also study how to determine the upper and lower monitoring
arc-geodetic numbers for graph classes, by carrying out an analysis and determining the precise values of mag™ and mag™ for
each class studied above.

In Section 3, we try to learn more about the behavior of MAG-sets in a graph by focusing on those oriented graphs for which the
minimimal MAG-set is always the entire set of vertices. We call such graphs MAG-extremal, drawing an analogy with the MEG-
extremal graphs defined with respect to monitoring edge-geodetic sets [7]. We prove a characterization result for MAG-extremal
graphs which identifies the properties of a vertex which is always in every MAG-set of the graph. We also illustrate via examples,
the lack of a straightforward relation between meg and mag™ of an undirected graph.

In Section 4, we deal with MAG-sets within tournaments, another fundamental graph class. We completely characterize the
MAG-sets of tournaments by proving that the monitoring arc-geodetic number of a tournament of order » is at least n — 1.
We demonstrate that this bound is tight by proving the existence of tournaments which achieve the lower and upper bounds
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(trivially n). This finding contrasts with the behavior of monitoring edge-geodetic sets of complete graphs, which always include
all the vertices [7]. It is also distinct from the geodetic number of tournaments of order n, which can take any value in the set
{2,....n} [6].

« In Section 5, we focus on complexity aspects of some problems related to MAG-sets. The study of MAG-extremal graphs inspires
the MAG™-SET problem, which asks whether for an undirected graph G, mag™(G) = |V (G)|. We show that this problem is NP-
hard. Additionally, we study the k-MAG-SET problem, which asks whether there exists an MAG-set of size k in an oriented graph
G. Our results prove that this problem is NP-complete even when restricted to acyclic oriented graphs with maximum degree 4.

« Finally, we conclude in Section 6 by proposing several open questions and potential research directions, paving the way for
future exploration in this area.

2. Preliminary results

We begin with some results which are analogous to the known results about the monitoring edge geodetic number [7,11]. Let G
be an oriented graph. We say that a vertex u is an in- nelghbor (resp., out-neighbor) of a vertex v in G if up (resp., Tu) is an arc in G.
The set of in-neighbors (resp., out-neighbors) of u in G is denoted by N~ (u) (resp., N*(u)). A vertex u € V(G) is a source (resp., sink)
if N~(u) =0 (resp., N*(u) =0)
2.1. Useful propositions

Proposition 2.1. Let G be an oriented graph and u be a source or a sink of G. Then u is in every MAG-set of G.

Proof. Let u be a source (resp., sink) and let uv (resp., ou) be an arc in G. For the arc uo (resp., Du) to be monitored, u must belong
to every MAG-set since there is no shortest path between two distinct vertices of G with u as an intermediate vertex. []

We can give the following simple result for bipartite graphs as a consequence of Proposition 2.1.
Proposition 2.2. Let G be a bipartite graph. Then mag*(G) = |V (G)|.
Proof. Let G be a bipartite graph with parts A and B. We can always orient the edges of G from A to B in such a way that the
vertices in the part A are sources and the vertices in the part B are sinks. By Proposition 2.1, the unique minimum MAG-set of this
orientation is the set of all vertices. []

Two distinct vertices u and v in an oriented graph G are twins if N Tw)=N*(v)and N~ (u)= N~ (v).

Proposition 2.3. In an oriented graph G, every pair of twins is in every MAG-set of G.

Proof. Let u,v be twins in G. If u and v are sources or sinks, then the result is true by Proposition 2.1. Hence, let u and v be neither
sources nor sinks and assume without loss of generality that u is not a part of an MAG-set M of G. Let &/ be an out-neighbor of u and

let the arc uu’ be monitored by the vertices a and b in M. This means that there exists a shortest path P=a...xuu ...bbetween a
and b (where ' can be the same as b). Consider the path P’ =a...xvu’ ... b, where the subpaths between a and x, and v’ and b are

the same in P and P’. Clearly P and P’ are of the same length, but uu/ is not an arc in P’, contradicting the fact that uu’ is monitored
by a and b. Hence, u must be a part of every MAG-set of G. []

2.2. Some basic oriented graph classes

Orientations of trees have the property that there exists a unique shortest path between any two vertices in the graph. Hence, the
calculation of the monitoring arc-geodetic numbers of these graphs is straightforward.

Lemma 2.4. Let G be an orientation of a tree. Then there is a unique minimum MAG-set of G, and it is the set of its sources and sinks.
Proof. Consider the set of sources and sinks of G. Let @ be an arc of G. The arc 3 lies on the unique path between some source u and
some sink v, and this path is the only shortest path between « and v. Hence @ is monitored, and therefore, the set of sources and sinks
is an MAG-set of G. Proposition 2.1 proves the lower bound on the size of a minimum MAG-set of G, and completes the proof. []
For trees, the values of mag™ and mag* can hence be easily determined by minimising and maximising the number of sources
and sinks in the graph, respectively. For trees, it is possible to give an orientation such that the minimum MAG-set of the graph will

consist only of the vertices of degree 1 in the tree.

Corollary 2.5. Let G be a tree, then mag™(G) = |V (G)| and mag™(G) is equal to the number of vertices of degree 1.
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Fig. 1. The orientations Ega and Ej of C,.

Proof. Since G is a tree, it is bipartite, and by Proposition 2.2, we have mag™(G) = |V (G)|.
Let u be a vertex of degree 1 in G. Choose u as the root of G and orient all the arcs away from u. In this orientation, between any
two degree 1 vertices (leaves), there is a unique shortest path, and hence, we get our result using Lemma 2.4. []

We define an undirected path P, of length » to be a graph with V' (P,) ={v,...,v,} and E(P,) ={v,0,,...,v,_1V,}. Since paths
are trees, the monitoring arc-geodetic number of paths depends only on the number of sources or sinks in the paths. Hence, we have
the following immediate corollary.

Corollary 2.6. For n> 1, mag=(P,) =2 and mag*(P,) = n.

The cycle of length n, where n > 3, is the graph C, with V(C,)={1,2,...,n} and E(C,) = {v,v,,...,0,_10,} U {v,v; }. Unlike in
trees, between any two distinct vertices in a cycle, there are two paths. Hence, an MAG-set of a cycle does not necessarily consist of
only sources and sinks. In the next result, we characterize the monitoring arc-geodetic number of cycles. For this purpose, we classify

all the possible orientations of a cycle C, into C°,C},C2 and C3, and describe them as follows:

—_—

+ CY is an oriented cycle with no sources and sinks. That is, A(C) = {010, ...,0,_10,} U {007 }.

- C ; is an oriented even cycle with exactly one source and one sink which are at distance g from each other. That is, A(Ci) =

{0105, ... ,U%U%_H} U {U%+21)§+1, U0, U (DD, )

. Cﬁ is an oriented cycle with exactly one source and one sink which are at a distance d such that d # % That is, A(Cf) =
—_ — n
{0102, -, 00g31 Y U {0g 0200115 - 0 U1} U {010, )}, where d # 2.

. Cs is an oriented cycle with more than one source and more than one sink.

Fig. 1 gives an illustration of C°,C! and C2. Observe that C?,C!,C? and C? describe all possible orientations of the cycle C,,.

Proposition 2.7. Let C°, C!, C2 and C? be orientations of C,, as described above. Then,

(i) mag(CY)=2.
(it) mag(CT)=4.
(i) mag(CZ)=3.
@Giv) mag(-Cg) is equal to the number of sources and sinks in C—f
Proof. (i) As C—,? has no sources and sinks, we can claim that {v;,v;} is a minimal MAG-set of FS, where v; and v; are arbitrary
distinct vertices of gg This is straightforward to see as the arcs {;0;,y,...,0;_10;} are monitored by the unique shortest path
from v; to v; and the remaining arcs {007, ..., 0;_10;} of C—r? are monitored by the unique shortest path from v; to v;. Hence,
mag(gg) =2.
(ii) As C—i has a source v; and a sink U'z_z , by Proposition 2.1, v; and v% are part of every MAG-set. However, there are two shortest

paths between these two vertices, and hence, this pair of vertices does not monitor any arc in C; . Without loss of generality, we
can first choose an arbitrary vertex v;,1 <i < % to be a part of the MAG-set. Now, v; and v; monitor all arcs {005, ...,0;_{0;},

4
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and v; and v» monitor all arcs {0;0;,7,...,0n_ vn }. Clearly, these three vertices are not enough to monitor all arcs of Cr}.
2 2 2

Hence, we must choose an arbitrary vertex v;, g < j < n to also be a part of the MAG-set. By a similar argument as above, we
can see that these four vertices monitor all arcs of C,!. Hence, mag(C;) =4,

(i) As Cf has a source v; and a sink v, ;, by Proposition 2.1, v, and v, are part of every MAG-set. Also v, ... v, is the unique
shortest path from v; to v,,; and hence all arcs in this path are monitored by these two vertices. To monitor the remaining
arcs of the cycle, we choose an arbitrary vertex v;,d + 1 <i <n to be a part of the MAG-set. Clearly, v, and v; monitor the arcs

{v10,}u{v,v,_1,...,0;410;}, and v; and v, | monitor the arcs {D;0;,_7,...,072U441 ) Hence, mag(C%) =3.
(iv) As CS has strictly more than one source and more than one sink, every arc lies on a unique shortest path between a source and

a sink. Hence, the sources and sinks of Cs are necessary and sufficient to monitor all arcs of the graph. []
The following corollary is a direct observation from Proposition 2.7

Corollary 2.8. For n > 3, mag™(C,) =2 and mag*(C;) = 3. For n > 4, if nis odd, then mag*(C,) = n— 1, and if n is even, then mag™*(C,) =
n.

Proof. If the cycle C, is oriented as Cr?, then mag(Cr?) =2 implies mag=(C,) = 2. To obtain the orientation with maximum possible
monitoring arc-geodetic number, we maximise the number of sources and sinks in the orientation of C,. This maximum number is
n—1 for odd cycles and n for even cycles. The cycle C; is an exception since the transitive triangle, which has the maximum number
of sources and sinks, has monitoring arc-geodetic number equal to 3. []

This result can be used to get a trivial bound for mag*(G) in terms of its girth, that is, in terms of the length of a shortest cycle in
G.

Corollary 2.9. Let G be a graph with girth g > 3. If g is odd, then, mag*(G) > g — 1 and if g is even, then mag*(G) > g.

Proof. An orientation G of G with mag(ﬁ) > g — | can be obtained by selecting an arbitrary induced cycle C of length g, then
orienting the arcs such that the vertices of this cycle are alternating sources and sinks (except at most one vertex if the cycle is of odd
length) in G. This is always possible, for if not, then there exist two vertices of the cycle which are non-adjacent in the induced cycle
but are adjacent in G. This however, contradicts the girth of the graph G. Thus, the number of sources and sinks in G by Corollary 2.8
is at least g — 1 if g is odd, and is at least g if g is even. Proposition 2.1 completes the proof. []

3. MAG-extremal oriented graphs

In this section, we characterize the graphs for which the minimum MAG-set is the entire set of vertices, that is, mag(a) =n. We
shall call such graphs MAG-extremal graphs, by taking inspiration from the MEG-extremal graphs which were first defined in [11].
They characterized all MEG-extremal graphs by the following result.

Theorem 3.1 ([11], Corollary 4.2). Let G be a graph of order n. Then, meg(G) = n if and only if for every v € V(G), there exists u € N (v)
such that any induced 2-path uvx is part of a 4-cycle.

The analogous characterization for MAG-extremal graphs is as follows.

Theorem 3.2. An oriented graph G is an MAG-extremal graph if and only if every vertex v € V(G) satisfies one of the following conditions:

(i) v is either a source or a sink,
(ii) there exists a vertex u € N~ (v) such that for every vertex w € N*(v), there is a directed path of length at most 2 from u to w not
visiting v,
(iii) there exists a vertex w € N*(v) such that for every vertex u € N~ (v), there is a directed path of length at most 2 from u to w not
visiting v.

Proof. To prove necessity, let us assume that for every vertex v, (i) (ii) or (iii) holds, but that, by contradiction, mag(_a) < n. Hence,
there exists a vertex v € V(G) which is not in some MAG-set M. By Proposition 2.1, v cannot be a source or sink. Suppose that there
exists a vertex u € N~ (v) that satisfies condition (ii) of the hypothesis. Let the arc uv € A(G) be monitored by some distinct vertices
a,b in M with P= a,...u,v,w,...,b being a shortest path from a to b. But by condition (ii), there exists another path from a to b
which is of equal or shorter (by one unit) length than P, which does not pass through v, creating a contradiction to the fact that uo
is monitored by a and b. Similarly, if we suppose that there exists a vertex w € N*(v) that satisfies condition (iii) of the hypothesis,
then a contradiction arises along similar lines.
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Fig. 2. The graph G;.

We prove sufficiency by proving its contrapositive. Suppose there exists a vertex v of G that does not satisfy any of (i) (ii), nor
(iii). Thus, v is neither a source nor a sink, so, v has both incoming and outgoing arcs. Moreover, for every vertex u € N~ (v), there
exists a vertex w € Nt (v), such that u and w are non-adjacent and every directed path of length 2 from u to w passes through v. We
claim that M = V(ﬁ) \ {v} is an MAG-set of G. To see this, observe that every arc uv € A(@), is monitored by u and w, since uvw is
a shortest path from u to w, with our assumption ensuring that any other shortest path from u to w passes through v. Similarly, the
assumption that for every vertex w € N*(v), there exists a vertex u € N~ (v), such that u and w are non-adjacent and every directed
path of length 2 from u to w passes through v, ensures that all arcs vw € A(G) are monitored by u and w. Hence, M is an MAG-set
of 5, that is, mag(a) <n, as required. []

We have seen in Proposition 2.2 that bipartite graphs can be oriented as MAG-extremal graphs. Some other examples of graph
families that can be oriented to be MAG-extremal are comparability graphs or transitively orientable graphs, and complete graphs.
We elaborate on the monitoring arc geodetic number of complete graphs in Section 4. On the other hand, we can conclude from
Theorem 3.2 that 2-connected non-bipartite graphs of girth at least 5 cannot be oriented to be MAG-extremal. It would be interesting
to find out more examples of families that can or cannot be oriented to be MAG-extremal.

3.1. Relation between meg and mag™ of an undirected graph

Dev, Dey, Foucaud, Krishna and Ramasubramony Sulochana [7] gave the following result for the monitoring edge-geodetic number
of cycles.

Theorem 3.3 ([7, Theorem 3.4]). Given an n-cycle graph C,, for n=3 and n>5, meg(C,) = 3. Moreover, meg(C,) =4.

Proposition 2.7 shows us that for the family of cycles C,, we can have for some orientations CT,, mag(C_‘,;) < meg(C,). Thus, it is
natural to ask if there also exist graphs G such that for any orientation G of G, we have mag(ﬁ) > meg(G). We answer this question
positively through the following construction.

Construction 3.4. Let us start by taking a path x’xy)y’ on four vertices. Then, take j vertices zi,z,, ...,z f and make each of them
adjacent to x and y, for j > 1. Furthermore, for each i, make z; adjacent to a new vertex zl’.. The so-obtained graph is called G;. This
graph is illustrated in Fig. 2.

To find meg(Gj) we make use of Lemma 2.1 from [7].

Lemma 3.5 ([7, Lemma 2.1]). In a graph G with at least one edge, any vertex of degree 1 belongs to any edge-geodetic set and thus, to any
MEG-set of G.

Observation 3.6. Let j > 1, be an integer and let G; be as per Construction 3.4. Then meg(G;) = j + 2.

Proof. The set of all vertices of degree 1 is an MEG-set of G;. []

6
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Fig. 3. Some of the different possibilities for the orientation of arcs in 67

Recall that for an undirected graph G, the monitoring arc-geodetic spectrum .S(G) of G, is the set {mag(@) : G is an orientation of
G}. We next show that the graph G . constructed using Construction 3.4 has the property meg(G ;)& S(G)), that is, meg~ (G )=Jj+3

Theorem 3.7. Let j > 1, be an integer and let G; be as per Construction 3.4. Then mag™(G;) = j + 3.

Proof. Proposition 2.1 tells us that the vertices x’, )’ and zl’. ,ie{l,...,j} will be in every MAG-set irrespective of the orientation of

G;. Hence, mag=(G;) > j + 2. Let us assume that there is an orientation G_j of G; such that mag(G_j) = j + 2 and the MAG-set is the
set of degree one vertices. We try to determine the properties of this orientation, if it exists.

Without loss of generality, let yX € A(Fj). Note that the vertex z; has exactly three neighbors, x,y, and z/. Suppose, z is in
N%(x), Nf(y) and NV(z,’.) for some a, f,y € {+,—}. In such a scenario, we say that z; is of type (a, #,7).

If z; is of the type (+,+,+), (—, +,4), (—,+,—), or (—,—,—), then z; satisfies one of the conditions of Theorem 3.2, and thus is part
of any MAG-set ofFj. Hence, z; can only be of one of the types (+,+,-), (+,—,+), (+,—,—), or (—,—,+).

Claim. G; can have at most one z; whose type is in {(+,—, +), (+.—, —)}.

Proof of claim: Without loss of generality, suppose that z; is of type (+,—,4) and z, is of type (+,—,—) in 3; as shown in Fig. 3(a).

It is clear that any shortest path through the arc Xz;, whose endpoints monitor this arc, is of the form P=a.. xz,y... b, where a
can take one of the values x’ or zl’. ,i# 1,2 and b can take one of the values y’ or zlf ,i # 1,2. However, the existence of another path

P’ =a...xzyy...b which is of the same length as P ensures that one of the arcs Xz | or z,y is never monitored in 5}, which is a

contradiction. Similarly, we can also show that F/ cannot have two z;’s of type (+,—,+) or (+,—, —), respectively. ¢
Claim. F/ cannot have z;’s of types (+,+,—) and (—, —, +) simultaneously.

Proof of claim: Without loss of generality, suppose that z; is of type (+,+,—) and z, is of type (—,—,+) in EJ as shown in Fig. 3(b).
Observe that any shortest path between vertices that monitor xz; is of the form P=a...xz, z’l. The vertex a cannot be y since there
is a shorter path from y to z’l. The vertex a cannot be z/ since there is another shortest path P’ = z’212 vz lz’l not passing through
Xz;. If a is an arbitrary zl’. , then the corresponding z; will be part of every MAG-set by Theorem 3.2. Hence, @ must be x” and hence,
x'x € A(ﬁ;). Similarly, to monitor the arc z,y, we must have yy € A(@). But now to monitor the arc yz, Fj must contain a z; of

type (+,—,+) and to monitor the arc z,x, 6; must contain a z; of type (+,—,—), which is a contradiction. ¢

So the graph FJ must have one of the following properties.
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X

Fig. 4. When u and v are not part of an MAG-set, u0 is not monitored.

@i All z;’sin Ej are of type (+,+,—).

(i) In Gj, for some particular k, z, is of type (+, —, +) and all other z;’s are of type (+,+,—).
(iii) In Gj, for some particular k, z; is of type (+,—,—) and all other z;’s are of type (+,+,—).
@iv) All z;’sin G/- are of type (—,—,+).

V) In Gj, for some particular k, z; is of type (+,—,+) and all other z;’s are of type (—,—,+).
(vi) In Gy, for some particular k, z, is of type (+,—,—) and all other z;’s are of type (—,—,+).

In (i), the orientation of the edges x’x and )’y is forced as ¥'x and )Ty to ensure that the arcs xz; and yz; are monitored. But then,
yX is not monitored by any of the pairs of vertices in the MAG-set. This is illustrated in Fig. 3(c). In (ii), the arc Xz, is monitored
only if x'x,yy’' € A(ﬁ;) as shown in Fig. 3(d). If there is no z; of type (+,+,—) in 5;, then the arc yX is not monitored and if there is
at least one z; of type (+,+,—) in Ej, then the arc yz;,i # k is never monitored. Hence, (ii) is not possible. Observe that in (iii), z;(
does not help in monitoring any of the arcs in the neighborhood of the z;’s, i # k, if they exist. Monitoring the arc z;y happens only
if x'x,yy € A(Fj). But then the arc yX is never monitored. This is illustrated in Fig. 3(e). The cases (iv), (v) and (vi) are symmetric
to (i), (ii) and (iii). Similar arguments as above deny their possibilities too.

Thus, we have proved that the graph G; with mag(G;) = j +2 does not exist. Moreover, if G; consists solely of z;’s of type (+, +, —),
then adding the vertex x to the MAG-set ensures that all the arcs are monitored. Hence, mag~ (G D=Jj+3. 0O

The following corollary is a direct interpretation of Construction 3.4 and Theorem 3.7.

Corollary 3.8. For any positive integer j, where j > 3, we can find a connected graph G; such that meg(G;) = j + 2 and meg(G;) <
mag— (G f ).

Hence, there does not exist any trivial relation between the monitoring edge-geodetic number of a graph and the monitoring
arc-geodetic number of any of its orientations.

4. MAG-sets of tournaments

In this section, we will study tournaments (oriented graphs where the underlying graph is complete), and give a complete charac-
terization of our notion on them. In particular, the result from the next theorem indicates that there are only two possibilities, any
MAG-set consists of either all the vertices of the tournament or at most one vertex may be omitted.

Theorem 4.1. Let G be a tournament of order n. Then mag(@) >n—1.

Proof. Let G be a tournament of order n. Let us assume, on the contrary, that mag(a) < n—2. Then, for any MAG-set M of G of size
mag(@), there exist some vertices u,v € V(a) which are not a part of M. We assume without loss of generality that &0 is an arc of
G. Be definition, there exist some vertices a, b in M such that a and b monitor 0. Consider a shortest path P fromato b containing
uv. Without loss of generality, let P be the path given by P=a..xuvy..b (possibly, a = x or b = y). Since P is a shortest path from
a to b, we know that 7% and Ju are arcs of G.

Let ¢,d be a pair of distinct vertices in M which monitor the arc yi. Consider a shortest path P’ between ¢ and d containing the
arc yi. Without loss of generality, we can write PasP =c..c yud’ ...d (possibly, c=c’, ¢’ =y, u=d’, or d’ = d). Observe that,
although ¢ and y could be the same vertex, it cannot be that d and u are the same vertex because u is not a part of M. Since Pisa

shortest path, it must be that Tﬁz is an arc of G. In this case, the path a...xud’y...,b where the vertices in the subpaths a...x and
y... b are identical to those of P, is a path from a to b of the same length as P, hence is also a shortest path. The fact that this shortest
path between a and b does not contain the arc u0 contradicts the fact that us is monitored by a and b. Hence, mag@ >n—1. See
Fig. 4 for a visualisation of the above arguments. []

To show that the bound in Theorem 4.1 is tight, the next two results show that there exist orientations of any tournament which
achieve both the possible sizes of MAG-sets.
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Theorem 4.2. If K,, is a complete graph of order n > 3, then mag*(K,) = n.

Proof. Let ?,, be a transitive tournament with vertex set V(?,:) ={vy,...,v,} and arc set A(F,,) ={v0;: i,jell,nlandi<j}.
Clearly, v, is a source and v, is a sink in Fn Further, observe that for any vertex v; € V(f,:),i €[2,n—1], v;_; is adjacent to all
v;EN *(v;), since i — 1 <i < j. Therefore, by Theorem 3.2 (ii), all vertices of Fn are a part of every MAG-set and hence, mag* (K,,) =

n.

Theorem 4.3. If K,, is a complete graph of order n > 3, then mag=(K,)=n— 1.

Proof. Let us consider a transitive tournament f,; as in the proof of Theorem 4.2. Let Fr’, be the graph obtained by flipping the arcs
v;0, forie{l,...,n—=2}1in Fn, that is ?y’: is the graph obtained by replacing the arcs v;v, of Z: with the arcs v,0;. We claim that

this tournament has an MAG-set of size n — 1. In particular, we claim that {vy,...,v,_; } is an MAG-set of K ,’l To see this, first observe
that the arcs v; v;,i,) € {1,...,n—1}, with i < j are all monitored by the vertices incident to them. Similarly, for i € {1,...,n—2}, the
vertices v; and v,_; monitor the arcs v,0; and v,_ 0, as they lie on the unique shortest path v,_,v,v; from v,_; to v;. Thus, all arcs of
K! are monitored, and hence mag(K!) < n— 1. Together with Theorem 4.1, we have that mag(K/) = n— 1. Hence, mag™(K,)=n—1

and this concludes the proof. []

Chartrand and Zhang [6] proved that the geodetic number of a tournament of order » can take any value in the set {2,...,n}.
The above results for the monitoring arc-geodetic number of tournaments show a surprising contrast from the result for the geodetic
number of tournaments.

Note that checking whether a subset of vertices is a monitoring arc set can be done in polynomial time. Hence, we can enumerate
in polynomial time all the MAG-sets of a given tournament by testing the n subsets of vertices of size n — 1, where n is the order of
the tournament. But finding the MAG-sets of general graphs is not so easy as evidenced by the next section.

5. Computational hardness of determining the monitoring arc-geodetic number
In this section, we study the algorithmic complexity of two problems — the MAG*-SET problem and the k-MAG-SET problem.
5.1. MAG™-SET problem

For an undirected graph G, the orientation G of G with mag(@) = mag~(G) is obtained intuitively, by reducing the number of
sources and sinks when orienting the graph. Of course, reducing the number of sources and sinks does not necessarily reduce the
monitoring arc-geodetic number as shown by Theorem 3.2. An interesting observation is that mag~(G) = n, only when it is not
possible to orient G such that it has a vertex that is neither a source nor a sink. Such a graph G is trivially K,.

The study of the possible values that the lower monitoring arc-geodetic number can take, makes for an interesting problem, but
we shall focus on the family of graphs for which mag*(G) = n.

Observe that if mag™ (G) # n, then G must contain an odd cycle. If not, then G is bipartite, and we can orient the edges in such a
way that the vertices of one part are sources and that of the other are sinks. However, identifying any other characteristics of graphs
G with mag*(G) # n is not so easy. In fact, let us consider the following decision problem:

MAG™-SET problem
Instance: An undirected graph G.
Question: Is mag*(G) = |V (G)|?

In what follows, we prove that the MAG™-SET problem is NP-hard. To do this, we give a reduction from the monotone not-all-equal
3-satisfiability (NAE 3-SAT) problem.

An instance @ of the NAE 3-SAT problem is given by a 3-SAT formula with no negative literals and no literals appearing twice
in a same clause, and is satisfiable if every clause contains at least one literal valued at True and at least one literal valued at False.
This problem can be proven to be NP-hard, for example, using a reduction from 3-SAT [22].

Construction 5.1. We denote by {xy,...,x,}, the literals of an instance ® of the monotone NAE 3-SAT problem, and {Cj,...,C,,}
its clauses. We now construct the graph G(®) with each literal associated with a vertex and each clause associated with a triangle.
To be precise, G(®) is the graph defined with V(G(®)) = {xy,....x,} U {c;1,....¢p 1} U{ciohepmat Uleps,...,¢,31 and with
edges ¢; 1¢;,¢; 1€ 3,¢;0¢; 3 for every i,1 <i <m, and the edge x;c; if x; is the k-th literal of the clause C; for every i, j, k where
1<i<n/1<j<mand1<k<3. This construction is illustrated in Fig. 5. It can easily be done in polynomial time.

Lemma 5.2. If mag®(G(®)) = |V (G(®))| = n + 3m, then @ is satisfiable.

Proof. Let magt(G(®)) = |V (G(®))| = n+ 3m. Hence, there exists an orientation G of G(®) such that mag(ﬁ) = V(ﬁ) =n+3m.
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Fig. 5. Construction of the graph G(®).
Claim. x; is either a source or a sink in G, forall 1 <i<n.

Proof of the claim: Since no literal can appear more than once in a single clause, x; cannot be a part of any cycle of length 3 or 4 in
G(®). Hence, by Theorem 3.2, it must be that x; is either a source or a sink in G.o

Let us denote by x X0 and x i3 the associated literal vertices of the clause C s for 1 <j<m.

Claim. For a fixed j, 1 < j <m, notall of x; ;,x;, and x; 5 are sources, nor are all of them sinks.

Proof of the claim: Without loss of generality, suppose that all the three of x; ;,x;, and x; 3 are sources. Up to renaming, there are
only two possible orientations of the cycle ¢; | ¢; ¢; 5. If the arcs of the cycle are ¢; |¢; 5, ¢; ;¢; 5 and ¢ 5¢; |, then the choice of any two

vertices amongst ¢; ;,¢; , and c; 3 is enough to monitor all the arcs of the cycle, as there is no shortest path through any of x; |, x;,

or x; 3. This contradicts the fact that mag(G) = V(G). Hence, without loss of generality, let us assume that ¢ 1€j2:€i2Ci3and ¢ ¢ 3

are arcs of G. In this case, it is again easy to check that ¢; , and ¢; 3 together with x; |, x; , and x; 3 are enough to monitor all the arcs

of the cycle, again contradicting the value of mag(G). This proves the claim. o

Given an orientation G of G(®) with mag*(G(®)) = |V (G(®))|, we can now provide a valuation of the literals of @. Assign x; the
value True if x; is a sink, and the value False, otherwise, for 1 <i < n. We have proven that for i € {1,2,3}, not all of x ;i are sources
nor are all of them sinks. This implies that in a clause, not all literals have the same valuation. Hence, the valuation of the literals of

@ given in this way satisfies ®. []
Lemma 5.3. If ® is satisfiable, then mag™*(G(®)) = |V (G(P))| =n+3m.

Proof. Let C be a satisfiable truth assignment of ®. We construct the graph G(®) corresponding to ® as per Construction 5.1. We
obtain an orientation G of G(D) as follows. For all i,1 <i <n, x; is oriented to be a sink if X; € C is True, and it is oriented to be a
source otherwise. Since the x;’s are non-adjacent, this is always possible.

Let us denote by x; |, x;, and x; 3, the associated literal vertices of the clause c; ,¢; ,,¢; 3, for any j, 1 < j < m. Since C satisfies
®, not all of x X0 and x 3 are sources, nor are all of them sinks. Without loss of generality, let us assume that x i1 isa sink,

and both x;, and x; ; are sources. We orient the arcs of each cycle ¢; ;,c;,.¢;3 as ¢; ¢, ¢;1¢;3 and ¢; 5¢; 5. We now claim that

10
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Fig. 6. A representation of an instance of VERTEX COVER

mag(@) = n+ 3m. By Proposition 2.1, the vertices x;, where 1 <i <n, ¢;; and c; 3, where 1 < j <m, are always a part of every MAG-

set. Furthermore, observe that N+(ch2) ={c;3} and that c¢;; € N7(c;,) is a vertex such that¢; j¢c;5 € A(Ei). Hence, by Theorem 3.2
(i), ¢; 5 is also a part of every MAG-set and mag*(G(®)) = mag(a) =n+3m. [

Theorem 5.4. MAG™-SET is NP-hard.

Proof. Lemmas 5.2 and 5.3 prove that an instance of monotone NAE 3-SAT of size n+ m can be reduced to an instance of MAG™-SET
problem of size n + 3m. Hence, the problem is NP-hard. []

This result actually underlines the impact of the criteria expressed in Theorem 3.2. Indeed, the easiest way to increase the moni-
toring arc-geodetic number would be to increase the number of sources and sinks. However, rendering a graph MAG-extremal only
with sources and sinks implies that the graph is bipartite, and this can be checked in polynomial time. The statement of Theorem 5.4
instead proves that identifying the worst choice of arcs for odd cycles in non-oriented graphs is indeed a hard problem.

5.2. k-MAG-SET problem

Haslegrave [15] proved the following theorem for the monitoring edge-geodetic set of graphs:
Theorem 5.5. The decision problem of determining for a graph G and natural number k whether meg(G) < k is NP-complete.

In what follows, we prove that the oriented analogue of this problem is also NP-complete. Formally, we define MAG-set to be the
following decision problem:

k-MAG-SET problem
Instance: An oriented graph G and an integer 2 < k < |V(G)|.
Question: Does there exist an MAG-set of G of size k?

Theorem 5.6. The k-MAG-SET problem is NP-complete when restricted to acyclic oriented graphs with maximum degree 4.

To prove this result, we give a reduction from the VERTEX COVER decision problem, which is well known to be NP-complete [18].
In fact, the VERTEX COVER problem is known to be NP-complete even when restricted to graphs with maximum degree 3 [13]. The
vertex cover problem is defined as follows:

VERTEX COVER
Instance: A connected graph G and an integer k.
Question: Does there exist a subset M C V' (G) of size at most k such that every edge of G has at least one endpoint in M?

Let @ be an instance of VERTEX COVER, given as a list of edges ey, ..., e, and the integer k. It can be encoded as a bipartite graph
G(®) with parts T and U, with the edges represented by vertices in U, the » distinct vertices of ® represented by vertices in 7', and
the edges of G(®) represent the incidence of a vertex and an edge. For example, the graph of Fig. 6 is an encoding of the VERTEX
COVER problem {vv,, 0405, U3V5, UyUy, UoU3 }.

Construction 5.7. We modify this representation of the VERTEX COVER problem @ to obtain an instance H(®) of the k-MAG-SET
problem. First, we orient all the arcs from the vertices representing vertices v; to the vertices representing edges e;. Then, for each

vertex e; representing an edge, we add two new vertices g; and f; and the arcs of the form e;g; and e, f;. Subsequently, corresponding

to each vertex v; representing a vertex, we add three new vertices a;, b; and ¢; and the arcs ﬁ?b; and ¢;v;. Finally, for every arc
of the form v;e; in the graph H(®), we add the arc a;g;. We denote by A, the set of all the vertices a;,b;,g; and f; (note that it does

[ A
not include the vertices of the type c;). The size of A is |A| =2|V(G(D))|.

11
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Fig. 7. A transformation of an instance of VERTEX COVER into an instance of k-MAG-set.

As an example of this construction, Fig. 7 is a partial transformation of the VERTEX COVER problem shown in Fig. 6 to the
k-MAG-SET problem.

Lemma 5.8. Let ® be an instance of the VERTEX COVER problem with n vertices and m edges. If ® has a solution set of size k, then H(®)
has an MAG-set of size k + 2n + 2m.

Proof. Let H(®) be constructed from G(®) as described in Construction 5.7. Here, |A| = 2n+ 2m and all the vertices of A are either
sinks or sources. Hence, by Proposition 2.1, the vertices of A will always be part of every MAG-set. This also implies that the arcs of

the form a;c;, ¢;b; are always monitored by a; and b;, and so are the arcs of the form a;g;, since they are incident to two elements of

the MAG-set. The arcs of the form ¢;7;,7;¢}, ¢; f; are always monitored by a; and f;. This means that only the arcs of the form e;g;
are not monitored by the vertices of A.

Suppose we have a solution set C for ®, that is C = {v,—l, U } such that for each i € {1, ...,m}, there exists a such that e; is
incident to v; . We claim that AU C is an MAG-set of H(®), where we identify the elements of C to their corresponding vertex in

H(®), and this set is of size k + 2n + 2m. Recall that all the arcs of H(®) except those of the form e 8, are monitored by the vertices
of A. Let us consider j € {1,...,n— 1}. There exists a € {1, ...,k} such that e; is incident to v, where v, € C. There is a unique
shortest path from v;, to g, and it contains e;g;, thus monitoring it. []

Lemma 5.9. Let H(®) be an oriented graph obtained from G(®) by Construction 5.7 with |V (H(®))| = 4n+ 3m. If H(®) has an MAG-set
of size k + 2n + 2m, then ® has a solution set of size k.

Proof. Suppose M is an MAG-set of H(®) of size k +2n+2m. We shall build M’ a solution for ® of size k. As noted before, M must
contain all the vertices of A, leaving exactly k other vertices. Since M is an MAG-set, for any j € {1, ...,n}, the arc % is monitored.
This implies that there exist some vertices u,v € V(H (®)) such that u,v € M and a shortest path from u to v akinto u...e 8 U
Note that u may be equal to e; and since g; is a sink, it must be that v = g;. Moreover, u cannot be a vertex of the type a; for any
index i, because the arc g;g; is always a shorter path, hence u & A. This implies that u =e¢; or u € {v;,¢;} for some index i. If u=e¢;,
then we choose an i such that 7;e; is an arc of m and add v; to M’. Note that there can be multiple such i, but we fix an arbitrary
one. If u = ¢;, then we simply add the corresponding v; to M’. If u = v;, we keep the same v;. Either way, we add v; to M’. This way,
|[M'| < |M| - |A|, hence is of size k. Moreover, our choice ensures that for every e ;> there is a vertex v; € M " such that Tej is an arc

of H(®). That is, for every edge e ; in @, there is an incidence vertex v; in M'. Hence, M’ is a vertex cover of ®. []

Proof of Theorem 5.6. A certificate for the MAG-set on a graph G is a subset of V(G). For every pair of vertices u and v in the
certificate, whether they monitor an arc d@ can be checked in polynomial time by finding and comparing the shortest distances
between u and v in G and in G — @. Hence, the problem lies in NP. Lemmas 5.8 and 5.9 prove that an instance ® of VERTEX COVER
of size at most n + m, and a solution of size k, can be reduced to an instance of k-MAG-SET of size 4n + 3m with a solution of size
k +2n+2m. Hence, the problem is NP-complete. To complete the proof of the theorem, observe that if ® is a VERTEX COVER instance
restricted to graphs with maximum degree 3, then m is an instance of k-MAG-SET of maximum degree 4, and that there are
neither any oriented cycles in @, nor does Construction 5.7 create any oriented cycles in H@®). O

12
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6. Conclusions

In this work, we have defined and initiated the study of monitoring arc-geodetic sets of graphs. We conclude by mentioning several
directions with scope for carrying out further research and explorations.

Operations on graphs Exploring the effects of graph operations like vertex deletion, contraction of an arc, etc. on the monitoring
arc-geodetic number of the graph, would be an interesting prospect. To construct the kth power Gk of a graph G, we add an arc
between vertices at a distance of at most k. Consequently, vertices in an MAG-set of G might be connected via a shorter path in Gk
and hence monitor fewer arcs in G¥, potentially increasing the monitoring arc-geodetic number. Investigating the existence of bounds
on mag(@) in terms of mag(@k) is another intriguing area of research.

We can also ask about the relation between the monitoring arc-geodetic number of graphs and their Cartesian product, categorical
product, tensor product, etc. Such studies hold promise due to the existence of works like [11,15] which have addressed and studied
analogous questions on monitoring edge-geodetic sets.

Other related parameters Geodetic sets, edge-geodetic sets, strong edge-geodetic sets, distance edge monitoring sets etc., are distance
distinguishing parameters that are related to the monitoring edge-geodetic sets [11]. While research on geodetic sets for oriented
graphs is well-established [1,5,6,8,9,16,17,20], the definition of the oriented analogues of the other parameters and the study of their
properties is an open area of research. In particular, investigating the inter-relationships of the oriented versions of these parameters,
especially with the monitoring arc-geodetic number, is of significant interest.

Graphs with specific properties Construction 3.4 gave us a family of graphs where the monitoring edge-geodetic number and the lower
monitoring arc-geodetic number differed by one. This prompts the question, can we find examples of families of graphs where this
difference can be arbitrarily large? To be precise, we can ask the following question:

Question 6.1. For any positive integer j, j > 3, can we find a connected graph G such that mag™=(G;) — meg(G;) = j?
We can also explore the following intriguing question about the existence of graphs with specific monitoring arc-geodetic numbers.

Quef»tion 6.2. For positive integers n,m and k with k >2 and m < n(n — 1) /2, does there exist an oriented graph G such that |V(5)| =n,
|A(G)| = m and mag(G) = k?

Determining the values of n,m and k for which the above question has an answer is non-trivial. For instance, our study on
tournaments has revealed that if m = n(n — 1)/2, then k must be either n — 1 or n; the graph cannot exist for any other values of k
under these conditions.

This question can be addressed for some specific values of n,m and k by considering a balanced binary tree on » vertices and arcs
oriented from the root to the leaves. The monitoring arc-geodetic number of this graph is one more than the number of leaves. By
adjusting the orientations of some arcs as desired, oriented graphs with different values of m and k are obtained for fixed n. Studying
the bounds of m and k for which such a construction is feasible could also be a viable direction of research.

The following question can be considered as an intermediate value problem for monitoring arc-geodetic numbers of graphs.

Question 6.3. For every connected graph G and positive integer k with mag™(G) < k < mag*(G), does there exist an orientation G of G
such that mag(G) = k?

In fact, the answer to this question is in the negative since Proposition 2.7 proves that for n >3, S(C,) = {3} U {2k : 2 <2k <n}.
But it is interesting to study whether cycles are the only such exceptional family. Answering such questions will provide valuable
insights into properties of monitoring arc-geodetic sets.

Relation between mag™ and mag~ For an undirected graph G, the orientations with monitoring arc-geodetic number equal to mag™(G)
and mag™(G), could be considered, in some sense, to be the best and worst orientations respectively, of G. Therefore, investigating

graphs with high mag™ and low mag™ values is of significant interest. For instance, the only graphs G with mag~(G) = 2 are paths
and cycles. But what can we say about the graphs with mag=(G) = 3?

Question 6.4. Characterize the undirected graphs G with mag=(G) = 3.

To solve this question, one could draw inspiration from [6] where a similar study has been carried out for lower geodetic numbers.
MAG-extremal graphs and the MAG™-SET problem study the case when mag™(G) = n. This prompts the following question:

Question 6.5. Characterize the undirected graphs G with the property mag=(G) = |V (G)| — 1.

A related question which could help in the study of this problem is the following.

13
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Question 6.6. For an oriented graph G with |V (G)| > 3, what are the properties of a vertex v € V(G) such that v is never a part of any
minimal MAG-set of G?

Identifying the properties of such a vertex v will help determine the graphs with mag* =n—1.
We know by definition that trivial bounds exist for mag* and mag™ of a graph, that is,

2 <mag™(G) <mag*(G) < n. @

Improving this inequality is a nice challenge. For a graph G of order n, define h(G) = mag™ (G) — mag~(G). We know from Equation (1)
that 0 < h(G) < n — 2. This leads to the following questions.

Question 6.7. Are there arbitrarily large graphs G with the property that mag™(G) = mag™(G)?

The graph consisting of a single edge trivially satisfies this problem, but we have seen in this paper that several classes of graphs
such as paths, cycles, tournaments, etc. do not. If one can show that for any graph G, we can find two orientations with different
monitoring arc-geodetic numbers, then the above question will be answered in the negative. In fact, it is known [9] that there are
no such graphs with respect to the upper and lower orientable geodetic numbers defined by Chartrand and Zhang [6] and a similar
answer can be expected for our question too.

Question 6.8. What is the minimum value of h(G) for an undirected graph G?

For example, for paths, we have seen that h(G) = n — 2. Studying the value of h(G) across various graph classes, and identifying
graphs for which the value of 4(G) is minimum, could provide valuable insights.

Algorithmic problems The optimisation version of the k-MAG-SET problem involves finding the minimum MAG-set of G. Studying
this problem allows us to compare and contrast results with the undirected case [4]. Additionally, exploring the Fixed Parameter
Tractability (FPT) of this problem remains an uncharted area for future research in this field.
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