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∆ = [a, b]
�eN7OQ> �75u979:O~R?C?>@2)�
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∆ = (a, b)
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∆ = [a, b)
9D;?2

∆ = (a, b]
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∆ = R
-
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f : ∆ → R

9D;?67M?k=20979D;=;&��5u979DC��eOQ8QM*9:2@k=8
f
|�C=C?6720979:5�>0A(�7k=OQM M?k�k=8

∆
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R
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f(x0) = y0
��8Q2@2@8

x0
M OQOQ>@OQO��7k=OQM M?k.k=8

∆
�e|�5�67M 209DC=C?8

x0 ∈ ∆
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y0
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y0 ∈ R
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k = 2
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k = 3
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 �����������	�������������� 
!���"���#

$ 
 % �	� �	� � 
 $�$���
'&)(�� ���+*Lk=8�A.B*9DC?>@EQ�D�7k=N7N:;�5�N72@2@8*9 A A�|�OQO&979:Od�:;?8
x
>@2@N:C?M N72.�eOQ8QM*9:2@k

f(x)
�:;�N75�8�lQ5�6720R?;=;"979:kd�:;

f ′(x)
�
f ′′(x)

�
f ′′′(x)
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f ′(x) = xf ′′(x) + 7
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f(x)

M?k=67M?5�2@|�|�;?8xlQ5�6720R?;=;"9D;?8
f ′′(x)

M?5�6S9D;?>@OQM O k=8xM";?M N72 -
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y = f(x)
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x
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y′ = f ′(x)
�Q9:k=2@8Q5�8xlQ5�6720R?;=;"979D;�k=8

y′′ = f ′′(x)
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f ′(x) = xf ′′(x) + 7

R=k=2@l�;=;?8~M 2@6)�7k=20979D;=; A.M N72@8QM?5�6S9D;?2@N75�|�|�2@8
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y′ = xy′′ + 7
-
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y : ∆ → R
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y = ex/2−x−2
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2y′ − y = x
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135�6720R=k=2@l�;=;?8x�eOQ8QM*9:2@k
y
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y′ = 1
2
ex/2 − 1
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y
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y′
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2y′ − y = x
�:;�B OQk=|�;"9D;=;?8��&5u979DC�8Q5X9:k?9:5�O&979D;(R?;"9mN75�8�-

2 · (1
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ex/2 − 1) − (ex/2 − x − 2) = x
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y : ∆ → R
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f(x0) = y0
�
f ′(x0) = y1

�78Q5?-Q�e5�>@2
y(x0) = y0

�
y′(x0) = y1
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x0 ∈ ∆
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y0
�
y1
�0-�-�- ∈ R
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y′ = sin x
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y =

∫
sin x

l
x = − cos x+C
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y = − cos x + C,

�7k=N7N:;
C

k=8t|�2@5�>@20R?;?>09D;?2@8Q5�8�R?;?M 2@kQ-
�]�ms C=C?67209DC�N75G;d� M?k=BQl�;?8t6:;"9:M";?2@N7O����7k=M";�9:k?9:5�O&979D;=;�;?>@M OQ5�BQlQk=8

f(π) = 2
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f(π) = 2
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x = π
�
y = 2
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C
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f(π) = − cos π + C = −(−1) + C �
� 
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= 2

C = 1.
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y = − cos x + 1.
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y′′ = 3
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y′ =
∫
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x = 3x + C1
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y =
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(3x + C1)
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x = 3

2
x2 + C1x + C2
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y =
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x2 + C1x + C2,
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y(0) = 0
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y′(0) = 3
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y′(0) = 3 · 0 + C1 �
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C1 = 3

C2 = 0.
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x2 + 3x.
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y = x2 + C

k=8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′′ = 2
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f ′′(x) + 3f ′(x) + 2f(x) = 0
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y′′ = e−x + 1
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y′ = −x
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y′′(x) − sin x = 2
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y(0) = 1
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y′(0) = −1
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f(x) = C1x + C2

x

k=>@5uR?;"9¡�eOQ8QM*9:2@k?9(�.|�2@N7N:C
C1

�:;

C2
k�R?;"9mR?;?M 2@k=209D;q�:;

x 6= 0
�&9:k?9:5�O&979D;(R?;"9LlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8

�



x2y′′ + xy′ − y = 0
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f(x) = ax

�
a
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f(x) = ax + 1
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y = − cos x + C
M O&R?;=;��:;"9qR?;?M 2@k=8

C
;?6SR=k=2@>@><;X�D/=��z&�`/¡�:;�,.-

-4 -2 2 4
x

-2

-1

1

2

3

y

¦XO&R?;�/ - 	XB*9DC?>@E=8
y = − cos x + C

M O&R?;=;��:;"9mR?;?M 2@k=8
C

;?6SR=k=2@>@><;��D/=��z&��/¡�:;�,.-

�?k=2@>@><;?M 2@8�9:2@5u9:k=M?k=8Q5�k=Bd�75�>@|�2@>@><;&�
M O&9:5�8�"#$��'( �	��$�� 
�
 $?��"#$�� ��$����'"#$�� ���`�78Q5?-0��R=k=2 �
l�;=;?8�PQ2@2@6S9DC=C¡9:2@5u979 A(�75�8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=2@lQ5�836:;"9:M";?2@N7Od�:;&��2@>@|�;?8�5u979DCmM"C(A 979DC��:C?8
209:N75�9D;?6SR.209:N75�5GA.B*9DC?>@E*C�5�lQ5�N�6:;"9:M";?2@NS9D;&- ��k=2@N:;=;?>09D;�A.M N72@8QM?5�6S9D;?2@NS9:5�8���5�8QN72@|�|�C?2@N75�8
M?5�6S9D;?>@O&R.OQ8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=2@lQ5�8��(6:;"9:M";?2@N7OQP�;?6SR=5�8�M O&R?;=;��:;"9§R=k=2@l�;=;?8�B�;?BQ|�k"�
9:5�>@><;G| A=E=NqM"C?N72@8�R?;?2@M M?5�2�6:;"9:M";?2@N7OQ8�><;?OQN75�M?5u979D; 9:2@5�lQ5u9DC&-�st5�8Q5u9:5�>@|�C=C M O&9:N7O&9D;=;?8

�� � ����



� 

���	���	���	����� � �	
"�:;mN7209DC 9D;?67M";?NS9:5�>@><;=;?8X><C?BQ5�|�|�2@8XN75�OQ6:;=;(R?;?N7N:;L5�N72@|�5�67M 2@N7N:C&-

U



WX#('ZYT� �d$�$`'¡��, � {3;?BQ|�k?979:5�>@5G}=6:;=;���N75�NS9:2§lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ = x + y

6:;"9S�
M";?2@N7OQP�;?6SR=5�8tM O&R?;=;��:;"9(-

¦Lk.k=67lQ2@8�;=;"9:2@NS9:k.k=8TPQ2@2@67675u9DC=C?8T>0A.B*A.209DC�P�C"9:M 2<C�6:;"9:M";?2@N7OQM"C(A.672@5�8[9D;?8Q}=5�8*9:5�2@NS9D;
5�>@238Q2@2@8aN:;?8Qk?979:Od�:; �	����� � $�! $�� ��
 � 

� $?-q¦XOQN7N:;?M 2@8 PQ2@NS9:5�5�N7N:C\6:;"9:M";?2@N7OQM"C(A.6:C[M OQ>@M?5�5
9D;?8Q}=5�8*979:2@8QN:;�N7OQOQ8*9D;?2@N75�NS9:2 ���7k?9:5�8~8�C?2@lQ5�8\9D;?8Q}=5�8*979:2@5�8~;(R.OQ>@><;�R=k=2@l�;=;?8\B�;?BQ|�k"�
9:5�>@><; 6:;"9:M";?2@N7OQP�;?6SR=5�8xM O&R?;=;��72<;&�QN72@>@><C

y′ |�C=C?6:C=C PQ2@NS9:5�5�N75�5�8
(x, y)

PQ2@2@67675u9 A.8�M"C(A*�
6:C?8�9D;?8Q}=5�8*9:2@8�M OQ>@|�;?M?5�6S9:k=2@|�5�8�- �mC?>@>@E=2@8�PQ2@2@67675u9DC=C?8�M OQB OQ8QM 2@8�PQ2@NS9:5�5�N75�5�8

(x, y)
N7OQOQ8*9D;d��;?>@M 2@kQ���7k=8QM";�M OQ>@|�;?M?5�6767k=2@8�k=8

y′ = x + y
-&��N72@|�5�67M 2@M N72�PQ2@NS9:5�5�N75�5�8

(1, 0)
PQ2@2@67675u9 A.8�N7OQOQ8*9D;d��;?>@M 2@k=8�M OQ>@|�;?M?5�6767k=2@8�k=8�/��Xz���/c�:; PQ2@NS9:5�5�N75�5�8

(2, 1)
PQ2@2@67675u9 A.8

N7OQOQ8*9D;d��;?>@M 2@k=8¢M OQ>@|�;?M?5�6767k=2@8¢k=8�,���/��Xh��78Q5?- ¦XO&R?;=;?8 ,�k=8aPQ2@2@67675u979 A\M"C(A.672@5�8
N7OQOQ8*9D;d��;?>@M 2@k?9��:;�6:;"9:M";?2@N7OQP�;?6SR=5�8tM O&R?;=;��:;�M?k=>@|�5�>@><;GR?;?M 2@k=8t;?6SR=k=>@><;&-

-4 -2 2 4
x

-6

-4

-2

2

4

6
y

¦XO&R?;�, -]13204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ = y + x

6:;"9:M";?2@N7OQM"C(A.672@5�8xN7OQOQ8*9D;d��;?>@M 2@k?9(-

� �Q��
���')�d!�#u���.����%*_�'e%

��, � {3;?BQ|�k?979:5�>@5L2@N7k=M >@2@2@8Q2@|�5�8Q5u9:5�>@|�C?>@><CLlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ = x− y

6:;"9:M";?2 �
N7OQP�;?6SR=5�8 M O&R?;=;��:;"9(-
��, 
 {3;?BQ|�k?979:5�>@5�2@N7k=M >@2@2@8Q2@|�5�8Q5u9:5�>@|�C?>@>@C�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8

y′ = y
6:;"9:M";?2@N7O.�

P�;?6SR=5�8tM O&R?;=;��:;"9(-
��,Z��� ;*�v{3;?BQ|�k?979:5�>@5m2@N7k=M >@2@2@8Q2@|�5�8Q5u9:5�>@|�C?>@><CmlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8

y′ = 2
6:;"9:M";?2 �

N7OQP�;?6SR=5�8 M O&R?;=;��:;"9(-
�]�§JL;"9:M";?2@N75qlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E��:;XPQ2@2@676:C36:;"9:M";?2@N7OQ2@NS9D;�M O&R?;�M?k=>@|�5�>@><;L5�672QR?;?M 2@k=8

©



C
;?6SR=k=>@><;&-

� � �c5�6S9D;=;�;d�0�:;��.� M?k=BQl�;?8x9:OQ>@k=M N72<;�M?5�N7M?5�8�C=C?8�-
��,Z�]� ;*�S¦X2@6)�7k=209D;GlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@EQ���7k=8QM";�6:;"9:M";?2@N7OQM"C(A.672@>@><CGM OQ>@|�;?M?5�6767k=2@8xk=8

4x + 1
-

�]��JL;"9:M";?2@N75�A.B*9DC?>@E��:;qPQ2@2@676:C¡6:;"9:M";?2@N7Od�75�8XM O&R?;=;��:;"9�M?k=>@|�5�>@><;v5�672=R?;?M 2@k=8
C

;?6SR=k=>@><;&-
� �qJL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@EQ�.M OQ8 ;?>@M OQ5�B*9:k�k=8

y(1) = 4
-���2@2@676:C�M O&R?;&-

/�z



� � 	 �`����� ����� � 	 � ��� 	 � � ��� ��	 � ��� ��� � 	 	�� �
� �u��	 � 	�������	

��8QN72@|�|�C?2@N75�8�M?5�6S9D;?>@O&R.OQ8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E¡N72@N:C?>09DC=C¡|�OQO&979:Od�:;?8
x
>@2@N:C?M N72"�eOQ8QM=�

9:2@k=8
y
�:;�N75�8t5�8QN72@|�|�C?2@N75�8�lQ5�6720R?;=;"9D;?8

y′ - 	XB*9DC?>@E=8#� � ����$�$���

� � � � � k=8

y′ = f(x,y),

�7k=N7N:;
f : ∆1 × ∆2 → R

-�.�OQ8QM*9:2@k
y′ 672@2@PQPQOQO£N72@2@N�|�OQO&979:Od�:;?NS9D;

x
�:;�9:OQ8*9:5
�

|�;"979:k=|�;?NS9D;G�eOQ8QM*9:2@k=NS9D;
y
-��Lk=67|�;=;?>@2@|�OQk.lQk=N7N:; k=8xk=>@5�5�>@>@2@NS9D;&�.5u979DC�M?k=67M?5�2@|�|�;?8

lQ5�6720R?;=;"9D;?8
y′ M?5�6767k=2@8�k=8 A.M N72 -�i.2@>@><C�|�2@>@><C�PQOQk=>@5�>@><;�A.B*9DC?><C?2@NSA A.N7|�5�67M M 2<C�9:5�67|�209

N72 �:;?209:N75uR?;"9�5�2ck=>@5�R?C?>@2<C&� �7k?9:5�8�|�OQk?9:k*;
y′ − f(x, y) = 0

R=k=2@l�;=;?8�| A=E=N M O&9:N7O�;
8Qk=67|�;=;?>@2@|�OQk.lQk=M N72 -���N72@|�5�67M 2@M N72�A.B*9DC?>@E?9

y′ = x + y
�:;

y′ = xy + 7
k�R?;"9X8Qk=6��

|�;=;?>@2@|�OQk.lQk=N7N:;&�?|�O&979D;G8Q5LR=k=2@l�;=;?8�M 2@6)�7k=20979D;=;X| A=E=N |�OQk?9:k.k=8
y′− y−x = 0

�:;

y′−xy− 7 = 0
���7k=>@>@k=2@8�8Q5Lk�R?;"9¡5�lQ5�>@>@5�5�8�8Qk=67|�;=;?>@2@|�OQk.lQk=N7N:;&-*i.5�8�N72 �:;=;?8�A.B*9DC?>@E

xy′ = 3y
5�2`k=>@5X8Qk=67|�;=;?>@2@|�OQk.lQk=N7N:;&� M?k=N7M";�lQ5�6720R?;=;"9D;?8

y′ M?5�6767k=2@8x5�2`k=>@5�A.M N72 -
��8QN72@|�|�C?2@N75�8�M?5�6S9D;?>@O&R.OQ8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�A.>@5�2@N75�N7N:C�6:;"9:M";?2@N7OQN7N:;Xk=8�A.M=�

N72.|�2@5�>@20R?;?>09D;?2@8Q5�8�R?;?M 2@kQ- �v;?M 2@k=8�6:;"9:M";?2@N75�|�2@N75�M N72*9D;?6SR.209D;=;?8�;?>@M OQ5�B*9:k
y(x0) = y0

-


 ��
 �
� � � �
��� �
��	 ����� ���������	�������������� 
!���"���#��

��%Q%Q�"')���.^ZYT%�� , ��8QN72@|�|�C?2@N75�8�M?5�6S9D;?>@O&R.OQ8xlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@EGk=8 � ��� $�� � 

� ����$
�7k=NqN75�R=k=2@l�;=;?8xM 2@6)�7k=20979D;=; |�OQk.lQk=N7N:;

y′ = h(x)g(y),
��/d�

�7k=N7N:;
h : ∆1 → R

�:;
g : ∆2 → R

k�R?;"9m�:;"9:M O&R.2<;x�eOQ8QM*9:2@k=209D;�9D;?67M";?NS9:5�>@O&R?C?>@5�2@> �
><C=C?8

∆1
�:;

∆2 ⊆ R
�:; >@2@N:C?M N72��eOQ8QM*9:2@k=>@><;

g
k=8[M?k=67M?5�2@8*9D;=;?8�C=C?675�>@>@2@8Q5�8�|�C=C?6:C

8Qk=>@><;?M?k=B*9:2<;&-di.5�P�;?67k=209:O&R.OQOQN�9D;?67M?k=20979D;=;&��5u979DCmA.B*9DC?>@ELR=k=2@l�;=;?8 M 2@6)�7k=20979D;=; |�OQk.lQk=N��
N:;&���7k=N7N:;�A.B*9DC?N7OQOQ67OQOQN7|�5�67M 2@8�9:k=2@N75�>@><;�PQOQk=>@5�>@><;Xk=8�;?2@8Qk*;?NS9D;=;?8�9:OQ8*9:5�|�;"979:k=|�;=;?8
�eOQ8QM*9:2@k.k=8

y
>@2@20979 A R.2<C�9:5�67|�5 �:C��:;�9:k=2@N75�>@><; PQOQk=>@5�>@><; ;?2@8Qk*;?NS9D;=;?8¢|�OQO&979:Od�:;=;?8

x
>@2@20979 A R.2<C�9:5�67|�5 �:C&-

� �����Q�d��')�d!`_Q������')bc� �d�.���d'e�Q��^Z')f�����%�^eg�� �d�&��$&��'Z#��.Y['Z���.��, ¦X2@6)�7k=209:5u9D;=;?8�A.B.�
9DC?>@E=N7N:C~��/d��5�8QN72@8

y′ |�OQk.lQk=N7N:;
y′ = � y� x

���7k=8QM";��:C?>@M?5�5�8¢M?5�6767k?9D;=;?8��:;��:;?5u9D;=;?8
A.B*9DC?>@E=8�|�k=>@5�|�|�;"9vPQOQk=>@5u9qN7k=PQ20R?;?NS9:2�8Q2@2@8��.5u979DC

y
5�N72@2@8*9 A A�R?;?2@8�A.B*9DC?>@E=8�R?;?N75�|��

|�;?>@><; �:;
x
R?;?2@8�A.B*9DC?>@E=8xk=2@M?5(;?>@><; PQOQk=>@5�>@><;�-

/=/



y′ �
h(x)g(y)

|�5�67M 209DC=C?8
y′ = � y� x

� y� x
�

h(x)g(y) | · l x

l
y

�
h(x)g(y)

l
x � - g(y) ⇒ >@2@N:C?k=>@5u9:OQN

g(y) 6= 0

� y
g(y)

�
h(x)

l
x

	XB*9DC?>@E=8�R?;?N75�8*9D; PQOQk=>09D;�R=k=2@l�;=;?8TM"C?N7209:5�>@><C�M OQ2@8[N75�k=>@2@N72�|�OQO&979:Od�:;?8
y
�eOQ8QM*9:2@k

�:;�k=2@M?5(;"9D;�PQOQk=>09D;�M OQ2@8xN75Gk=>@2@N72�|�OQO&979:Od�:;?8
x
�eOQ8QM*9:2@kQ-�� 8*9:5�}=67k=2@l�;=;?8x|�k=>@5�|�|�;"9

PQOQk=>@5u9 -

∫ � y
g(y)

� ∫
h(x)

l
x

∫ � y
g(y)

�
H(x) + C.

st2@M"C?>@2.�eOQ8QM*9:2@k?9
h(x)

�:; 1
g(y)

k�R?;"9c9D;?67P�5�5�M N72�A.M N72@8QM?5�6S9D;?2@N72<;X�eOQ8QM*9:2@k=209D;��:;�8Q5mP*A.N��
9 A 9DC=C?8�2@8*9:5�}=67k=2@|�;=;?8��]>@E�A.lQ5u9DC=C?8 A.B*9DC?>@E=8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�- ��;?P�;?OQM N75u9(� �7k=>@>@k=2@8

g(y) = 0
�Qk=8�9D;?67M";?NS9:5�>09D;(R?;�5�672@M N75�5�8�-

��;?67M";?NS9:5�>@><;=;?8 9:2@><;?8Q8Q5u979D;&�§�7k=N7N:; �7k=>@>@5�M 2@8
C ∈ ∆2

N7209:5�8�5u979DC
y = C

�:;

g(C) = 0
- �mC?>@>@E=2@8�A.B*9DC?>@E���/d��9:OQ>@5�5�|�OQk?9:k.k=8

y′ = h(x)g(C) = h(x) · 0 = 0
�:;�N75�8�k=8 k=>09D;(R?;�A.M N72�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8 6:;"9:M";?2@N7O���N72@>@><C��7k=N

y = C
��8Q2@2@8�N72@> �

>@5�M 2@8
y′ = 0

- �mC?|�C 5�2mM OQ209:5�8QM";=;?8~N72@N:C?>@>0ATA.>@><C�M O&R?;"9:OQ>@><;�|�5�8Q5u9:5�>@|�C?>@><CtN:;=;d�
9:OQOQ8�6:;"9:M";?2@N7OQP�;?6SR=5�5�8��`N72@>@><CX�:;?5u979D;?5�N7N:;x><;?OQN75�M M?5�5�>@><;

g(y)
|�5�8Q5u9:5u979:2@2@8�9D;?P�;?OQM=�

N75�5�8
g(y) = 0

|�;?BQlQk=>@>@2@N75�NS9:2�>@2@20979 A R?CX6:;"9:M";?2@N7O�- �mC?>@><C?2@N75u9v6:;"9:M";?2@N7O&9¡k�R?;"9 �	��
�� � 
��	!
� $��
�'$�
��	��� $X�:;�8Q5GPQ209DC=C�;?2@8�;�9D;?67M";?NS9:5�>@><;�5�672@M N75�5�8tA.B*9DC?>@E=8x9DC(A.lQ5�>@>@2@N75�8t6:;"9:M";?2@N7OQ8
>@E�A 9DC?|�2@N75�M N72 -

¦XOQN7N:;?M 2@8 9:5�B*9DC(R?C?N7N:C&�*�7k=N7N:;�;?>@M O&A.B*9DC?>@E�k=8�N75�P�;?67k=209:O&R?;&��R=k=2@l�;=;?8 5�lQ5u9DC�M O.�
9:5�8�A.>@><C&- �?k=N7M OQNvN7k=PQ20R?;X|�OQOQ8Q8Qk=NcN:;=;"979D;=;X|�OQO&979D;=;�9D;?67M";?NS9:5�>09D;(R?;?8�A.B*9DC?>@E=8�BQ5�> �
P�k=|�|�2@8xM"C?N7209:5�>09DC(R?C=C?8 |�OQk?9:k.k=8�-��q2@><;?8*9:5�2@N7N:;&�?�7k=2@N7N:;��7k=OQlQO&9D;=;?8��:;?M";?|�;=;?8��7k=> �
><;?M 2@8 ><;?OQN75�M M?5�5�>@><;&�?k=8�|�;?BQlQk=>@>@2@N75u9�5�672@M?k=2@N76:;"9:M";?2@N7O&9�9D;?67M";?NS9:5�>09D;(R?;35�672@M N75�5�8��=N72@>@><C
8Q5�5�20R?C"9GN72@N:C?>@>0A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8�-§st5�8Q5u9:5�>@|�C=CxN75�>0R=5�8Q8Q5u9DC=C?8�|�OQO&9D;?|�;?>@><;�5�N72 �
|�5�67M 2@>@><C&-

/d,



WX#('ZYT� �d$�$`'¡V�,Z� JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = x

y

-
¦X2@6)�7k=209:5u9D;=;?8�5�8QN72@8

y′ = � y� x
�:;�5�67k?9:5u9D;=;?8x|�OQO&979:Od�:;"9(�d�7k=>@>@k=2@8�N:;=;?l�;=;?8

� y� x
� x

y
| · l

x

l
y

� x
y

l
x | · y

y
l
y

�
x
l
x
-

� 8*9:5�}=67k=2@l�;=;?8�A.B*9DC?>@E=8x|�k=>@5�|�|�;"9¡PQOQk=>@5u9 -

∫

y
l
y =

∫

x
l
x,

�:;�N:;=;?l�;=;?8
1

2
y2 =

1

2
x2 + C.

�mC?NS9DC�R=k=2@l�;=;?8�6:;"9:M";?2@NS9D;
y
�*M OQ8�M?5�6767k?9D;=;?8�A.B*9DC?>@E=8�|�k=>@5�|�|�;"9§PQOQk=>@5u9¡M";?BQlQ5�>@><;

�:;�k?9:5u9D;=;?8xPQOQk=>@20979D;?2@8�8Q5�>@2@Ed�7OQOQ672 -

1
2
y2 � 1

2
x2 + C | · 2

y2 �
x2 + 2C |√

y = ±
√

x2 + 2C.

¦Lk=N7M";
2C

k=8G|�2@5�>@20R?;?>09D;?2@8Q5�8mR?;?M 2@kQ��R=k=2@l�;=;?8G|�5�67M 209DC
2C = D

�S�7k=>@>@k=2@83>@k=PQOQ>@>@2@8Q5�8
6:;"9:M";?2@N7O�k=8

y = ±
√

x2 + D,
�7k=N7N:;

D
k=8t675(;=;?>@2@>@OQM O

.

WX#('ZYT� �d$�$`'¡V�,@� JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = xy + 4x

-
	XB*9DC?>@ELR=k=2@l�;=;?8�M 2@6)�7k=20979D;=;q|�OQk.lQk=N7N:;

y′ = x(y+4)
�:�7k?9:5�8�N75 k=8�N75�P�;?67k=209:O&R?;&-

¦X2@6)�7k=209:5u9D;=;?8
y′ = � y� x

�:;�5�67k?9:5u9D;=;?8x|�OQO&979:Od�:;"9(�d�7k=>@>@k=2@8�N:;=;?l�;=;?8

/�h



� y� x
�

x(y + 4) | · l
x

l
y

�
x(y + 4)

l
x. | : (y + 4) ⇒ (y + 4) 6= 0

� y
y+4

�
x
l
x.

� 8*9:5�}=67k=2@l�;=;?8�A.B*9DC?>@E=8x|�k=>@5�|�|�;"9¡PQOQk=>@5u9 -
∫ l

y

y + 4
=

∫

x
l
x,

�:;�N:;=;?l�;=;?8

ln |y + 4| =
1

2
x2 + C.

�mC?NS9DC�6:;"9:M";?2@NS9D;=;?8
y
M"C(A 979DC?|�C?>@><CLB*A R?C?M N72]9:2@5u9:k*;

eln x = x
�:;XP�k=2@NS9D;?|�;?>@><;m209:N75�2@N��

;?6SR=k=|�5�67M 209 -

ln |y + 4| � 1
2
x2 + C |e

|y + 4| �
e

1

2
x2+C = e

1

2
x2

eC P�k=2@NS9:5u9D;=;?8x209:N75�2@N:;?6SR=k=|�5�67M 209

y + 4
� ±e

1

2
x2

eC | − 4

y
� ±e

1

2
x2

eC − 4.

¦Lk=6SR?;"9D;=;?8�R?;?M 2@k ±eC 6= 0
M 2@6)�:;?2@|�5�>@><;

D 6= 0
-

y = De
1

2
x2 − 4,

�7k=N7N:;
D 6= 0.

JL;"9:M";?2@N7OQ8\;?>@M O&R?;?2@BQ5�5�N7N:;��:;?5u979:2@2@8T><;?OQN75�M M?5�5�>@><;
y + 4

���7k?9:5�8�9DC?>@>@E=2@8�k=>@2v9:5�B*9DCd�
R?C�>@2@N:C?k=>@5u9:OQN

y + 4 6= 0
�:;�N72@M N72�6:;"9:M";?2@N7OQP�;?6SR.2�5�2�N72@N:C?>@><C�|�;?BQlQk=>@>@2@NS9D;�6:;"9:M";?2@N7O�;

y = −4
- 	XB*9DC?>@E=8x;?>@M OQP�5�6:C?2@N75�NS9DC�|�OQk.lQk=NS9D;

y′ = x(y + 4)
B OQk=|�;"9D;=;?8�N72 �7k=20979D;d�

|�;?>@><;&�*5u979DC R?;?M 2@k?�eOQ8QM*9:2@k
y = −4

9:k?9:5�O&979D;=; A.B*9DC?>@E=8�- �mC?|�CGR?;?M 2@k?�eOQ8QM*9:2@k N72@N:C?> �
9 A A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8

y = De
1

2
x2 − 4

R?;?M 2@k=8
D

;?6SR=k=>@><;�z&- �3>@M OQP�5�6:C?2@N75�8�A.B*9DC?>@E=8
9DC(A.lQ5�>@>@2@8Q5�8�6:;"9:M";?2@N7OxN72@2@Nqk=8

y = De
1

2
x2 − 4,

�7k=N7N:;
D

k=8x675(;=;?>@2@>@OQM O
.

/(�



� �Q��
���')�d!�#u���.����%*_�'e%

V�,Z� st209:M"C�N75�OQ6:;=;(R.2@NS9D;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=2@NS9DC�k�R?;"9LN75�P�;?67k=209:O&R.2<; �

;*�
f ′(x) + x3f(x) = 0

l]�
y′ = xy + x2

�]�
y′ = x − 2y′y

5��
xy3 + (y2 + 1)e−xy′ = 0

� � f ′(x) = x

V�,@� JL;"9:M";?2@N75LlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = 2y

�:;G|�C=C?67209DC�N753A.M N720979DC?2@N76:;"9:M";?2@N7O����7k=M";
M OQ>@M?5�5�PQ2@NS9:5�5�8[��/=�I,=�¡M";?O&979D;&-
V�,@V �?k=BQl�;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8

y′ = ay
�
a 6= 0

R?;?M 2@k �vA.>@5�2@8Q5�8 6:;"9:M";?2@N7O�-]��8*9DC
9D;?P�;?OQN

a = 0
�

V�, � ;*�3s C=C?67209DC�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ =

√
y
A.>@5�2@8Q5�8�6:;"9:M";?2@N7O��:;�PQ2@2@676:C�M O&R?;

6:;"9:M";?2@N7OQP�;?6SR=5�NS9D;&-
�]� � 8QM?k[9DC?>@><C�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=>@><C 5�672@M?k=2@N76:;"9:M";?2@N7O����7k=M";�5�23N72@N:C?>@>0A[A.>@5�2@N75�5�8
6:;"9:M";?2@N7OQOQ8��G��5�67OQNS9:5�>@5�R?;?NS9D;?OQM N75�N72 -
V�,@+ s C=C?67209DC��eOQ8QM*9:2@kQ�"�7k=M";�9:k?9:5�O&979D;=;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8

xy′ = y − 1
�:;3�7k=M";

M OQ>@M?5�5�PQ2@NS9:5�5�8[�e�Q� h*�¡M";?O&979D;&-
V�,@¤ ;*�cJL;"9:M";?2@N753lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E

y′ = xex−y - � 8QM?k�9DC?>@><CXlQ204�5�675�8*9:2<;=;?>@20A.B*9DCd�
>@E=>@><CG5�672@M?k=2@N76:;"9:M";?2@N7O����7k=M";�5�2`N72@N:C?>@>0A�A.>@5�2@N75�5�8t6:;"9:M";?2@N7OQOQ8��
�]�qs C=C?67209DC�>@2@N:C?M N72�N75�A.M N720979DC?2@N76:;"9:M";?2@N7O����7k=M";�9:k?9:5�O&979D;=;�;?>@M OQ5�BQlQk=8

y(2) = 2
-

V�, � s C=C?67209DC�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
f ′(x) = 4xf(x)2 9DC(A.lQ5�>@>@2@8Q5�8x6:;"9:M";?2@N7O�-

V�, � JL;"9:M";?2@N75�9:5�B*9DC(R?C?8[�Zh&-0/d�¡N75�P�;?67k=209:O&R?;"9mlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E?9(� M OQ8
y(0) = 1

-


 � � �
� � � �
��� �
��	
� � � � � ����� � �
��	 ����� ���������	�������������� 
!���"���#��

V�,@��,Z� � !������]�
y′ = F ( y

x
)
��^e�*_Q�&����')bc� �d�.���d'e�Q��^Z')f�����%�^eg��

WX#('ZYT� �d$�$`'¡V�,@V 13204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = y

x
+ sin y

x

k=8~|�OQk?9:k*;
y′ = F ( y

x
)
-

i&;?|�k=2@83A.B*9DC?>@E
(2x+y)−xy′ = 0

k=8�M*A.N75�2@NS9DCL|�OQk?9:k*;&��N72@>@><CvN75�R=k=2@l�;=;?8�M 2@6)�7k=20979D;=;
|�OQk.lQk=N7N:;

y′ = 2x+y
x

= 2 + y
x

-]i.5�8 N72 �:;=;?8�A.B*9DC?>@E
y′ = 1 + x + y

x

5�2`k=>@5X|�OQk?9:k*;

y′ = F ( y
x
)
�QN72@>@><C N75G5�2�k=>@5Xk=N:;?|�C=C?6:C?8 y

x

�eOQ8QM*9:2@kQ-

��8QN72@|�|�C?2@N75�8�M?5�6S9D;?>@O&R.OQ8tlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = f(x, y)

k=8t|�OQk?9:k*;

y′ = F ( y
x
)
N72@>@>@k=2@8���M OQ8�A.B*9DC?>@E�5�2§|�OQO&9:O���R?;?2@M M";

x
M?k=6SR?;"9D;=;?8�9:5�67|�2@>@><C

tx
�:;

y

/dH



9:5�67|�2@>@><C
ty
- ��k=2@N72@8 N:;?8Qk.5�8�M";?2@M 2@>@><;

t 6= 0
k=8Tk=>09D;(R?;

y′ = f(x, y) = f(tx, ty)
�

N72@>@><C
t
R=k=2@l�;=;?8xN7OQPQ2@NS9D;=;�P�k=2@Nq|�OQk?9:k*;

y′ = F ( y
x
)
k=>@5uR?;?NS9D; A.B*9DC?>@E=NS9DC&-

WX#('ZYT� �d$�$`'¡V�, � ��;?67M";?NS9:5�>@><;=;?8XOQOQlQ5�>@>@5�5�8�5�N72@|�5�67M 2@8��Zh&-0/d��lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=2 �
9DC&- 	XB*9DC?>@E

y′ = f(x, y) = y
x

+ sin y
x

= ty
tx

+ sin ty
tx

= f(tx, ty)
��N72@>@><C

t
R=k=2@l�;=;?8

N7OQPQ2@NS9D;=;�P�k=2@NqR.2@2@|�5�2@N75�NS9DC�|�OQk.lQk=NS9D;3�:;�P�C=C?NS9DC=C?8x9D;?M";?2@N72@8t;?>@M OQP�5�6:C?2@N75�5�8t|�OQk"�
9:k.k=8�- �v;?NS9D;=;(R?;?NS9:2

y′ = f(x, y) = 2+ y
x

= 2+ ty
tx

= f(tx, ty)
- i.5�8�N72 �:;=;?8�R.2@2@|�5�2 �

N75�N7N:C�A.B*9DC?>@E=N7N:C3|�OQk?9:k
f(tx, ty) = 1+tx+ ty

tx
= 1+tx+ y

x
6= 1+x+ y

x
= f(x, y)

�:;�N75�5�2`N72@2@Nqk=>@5�R?;=;?lQ20979D;(R?;=;�|�OQk?9:k*;&-
�?k=N�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E�k=8¢|�OQk?9:k*;

y′ = F ( y
x
)
�c8Q2@2@8~N72 �7k=209:OQM N75�>@><;

v = y
xA.B*9DC?>@E�|�OQO&979:OQOtN75�P�;?67k=209:O&R?;?M N72 -

��� �"!�#u���.^Z! 	XB*9DC?>@E=8�6:;"9:M";?2@N75�|�2@N75�M N72?9:5�BQl�C=C?8 N72 �7k=209:OQN
v = y

x

�S�7k=>@>@k=2@8
y = xv

-
¦X5�6S9:k=><;?N7M OQ8�lQ5�6720R=k=2@8*9:2@N:C=C?8Q8QE=8x�Z1

fg
�

g
1

f
�

f
1

g
��|�OQM";=;?8

y′ = � y� x = v+x � v� x
-

i.2 �7k=209:5u9D;=;?8
v
�:;

y′ A.B*9DC?>@E.E=8 y′ = F ( y
x
)
�:;�k=N7k=209:5u9D;=;?8��&5u979DC�|�OQO&979:Od�:;"9 R=k=2@l�;=;?8

5�67k?979D;=;�5�672`PQOQk=>@2@>@>@5 -

y′ �
F ( y

x
)

N72 �7k=209:5u9D;=;?8
v = y

x

�:;
y′ = F ( y

x
)

v + x � v� x
�

F (v) | − v

x � v� x
�

F (v) − v | · � xx
l
v

�
(F (v) − v) · � xx � : f(v) − v ⇒ F (v) − v 6= 0

� vF (v)−v

� � xx
2@8*9:5�}=67k=2@l�;=;?8�PQOQk=>@20979D;?2@8

∫ � vF (v)−v

� ∫ � xx
-

	XB*9DC?>@E=8�R?;?N75�8 PQOQk=>@2*k=8 N72@2@N�P�5�>@M"C?NS9DC=C?8G|�OQO&979:Od�:;?8
v
�:;qA.B*9DC?>@E=8 k=2@M?5(;mPQOQk=>@2*P�5�> �

M"C?NS9DC=C?8�|�OQO&979:Od�:;?8
x
�eOQ8QM*9:2@kQ- � 8*9:5�}=67k=2@8Q8Q2@8��:C?>@M?5�5�8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O N:;=;?l�;=;?8

><;?OQN7O&979:O�;
y
><;?OQN75�M M?5�5�8�;&��M OQ8\5�8QN72@8\N72 �7k=209:5u9D;=;?8

v = y
x

�:;�6:;"9:M";?2@NS9D;=;?8[N720979:5�8

y
- �=;?5u979D;?5�N7N:;�><;?OQN75�M M?5�5�>@><;

F (v) − v
�]N7OQ> �75u9D;=;?8tP�k=2@NL8Q5G|�;?BQlQk=>@>@2@N75u9m6:;"9:M";?2@N7O&9(�

�7k=2@>@>@5
F (v) − v = 0

�:;�N72@M N72qk=8[9:O&9:M 20979D;(R?;�5�672@M N75�5�8~N75�8�9:OQk=|�;"9�|�;?BQlQk=>@>@2@N75u9
5�672@M?k=2@N76:;"9:M";?2@N7O&9(-

/��



WX#('ZYT� �d$�$`'¡V�,@+ JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = xy+y2

x2

�
x 6= 0

-
¦X2@6)�7k=209:5u9D;=;?8�A.B*9DC?>@E�|�OQk?9:k.k=8

y′ = y
x

+ ( y
x
)2 �?�7k=>@>@k=2@8�N75 k=8 N75�>0R?C?NS9:2�|�OQk?9:k*;

y′ = F ( y
x
)
- ��5�BQl�C=C?8TN72 �7k=209:OQN

v = y
x

�.�7k=NS9D;xN:;=;?l�;=;?8
y = xv

�:;
y′ = v + x � v� x

-
i.2 �7k=209:5u9D;=;?8�8�C?|�C�6:;"9:M";?2@NS9D;(R?;=;?8�A.B*9DC?>@E.E=8G�:;�N75�P�;?67k=2@l�;=;?8�|�OQO&979:Od�:;"9 -

y′ � y
x

+ ( y
x
)2 N72 �7k=209:5u9D;=;?8

v = y
x

�:;
y′ = v + x � v� x

v + x � v� x
�

v + v2 | − v

x � v� x
�

v2 | · � xx
l
v

�
v2 · � xx � : v2 ⇒ v 6= 0

� vv2

� � xx
2@8*9:5�}=67k=2@l�;=;?8�PQOQk=>@20979D;?2@8

∫ � vv2

� ∫ � xx

− 1
v

�
ln |x| + C

v
� − 1

ln |x|+C

-

i.2 �7k=209:5u9D;=;?8
v = y

x

�:;�6:;"9:M";?2@NS9D;=;?8
y
�Q8Q2@2@8�N:;=;?l�;=;?8xA.B*9DC?>@E=8x6:;"9:M";?2@N7OQM N72

y = − x

ln |x| + C
,
�7k=N7N:;

x 6= 0
�:;

C
R?;?M 2@k

.

JL;"9:M";?2@N7OQ8�;?>@M O&R?;?2@BQ5�5�N7N:;¡�:;?5u979:2@2@8�><;?OQN75�M M?5�5�>@><;
v2 �u�7k=>@>@k=2@8 k=>@2.9:5�B*9DC(R?C�>@2@N:C?k=>@5u9:OQN��

5u979DC
v 6= 0

�:;�N72@2@N
y 6= 0

-��mC?>@>@E=2@8�|�5�8Q5u9:5u979:2@2@8�6:;"9:M";?2@N7OQP�;?6SR=5�NS9D;�6:;"9:M";?2@N7O
y = 0

�
R?;?2@M M";�;?>@M OQP�5�6:C?2@N75�NS9DCTA.B*9DC?>@E=NS9DC[B OQk=|�;"9D;=;?8��¡5u979DC[N75 k=8£A.M N72X6:;"9:M";?2@N7O��¡N72@>@><C
9DC?>@>@E=2@8

y′ = 0
- 	X>@><C�N:;=;"9:OaA.>@5�2@8Q5�8a6:;"9:M";?2@N7Oa5�2�N72@N:C?>@><C 9DC"9DC[6:;"9:M";?2@N7O�;&�`�7k?9:5�8

9:k.lQ5u979D;?M?k.k=8��Q5u979DC�A.B*9DC?>@E=>@><CGk=8tN75�8t>@2@N:C?M N72�5�672@M?k=2@N76:;"9:M";?2@N7O
y = 0

-

/d�



� �Q��
���')�d!�#u���.����%*_�'e%

V�, 
 JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = y

x
− tan y

x

-
V�,Z��� JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E

y′ = 2 + y
x
,
M OQ8

x > 0
-

V�,Z�]� JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
(x3 + y3)

l
x − xy2 l y = 0

-

V�,@��,@� � !������]�
y′ = F (ax + by)

��^e�*_Q�&����')bc� �d�.���d'e�Q��^Z')f�����%�^eg��

WX#('ZYT� �d$�$`'¡V�,@¤ 	XB*9DC?>@E
y′ = ln(4x−y +3)+(4x−y +2)

k=8�M*A.N75�2@NS9DCG|�OQk?9:k*;

y′ = F (ax+ by)
���7k=N7N:; |�OQO&979:Od�:;?8

x
M?5�6767k=2@8�k=8��q�:;

y
M?5�6767k=2@8�k=8��D/=� N72@2@N

a = 4
�:;

b = −1
-�i.5�8tN72 �:;=;?8�A.B*9DC?>@E

y′ = ln(x − y + 3) + (4x − y + 2)
5�2`k=>@5X|�OQk?9:k*;

y′ = F (ax + by)
�QN72@>@><C |�OQO&979:Od�:;?8

x
M?5�6S9:k=2@|�5u9mk�R?;"9L5�672�N7OQOQ675u9(-

�?k=N�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E k=8a|�OQk?9:k*;
y′ = F (ax + by)

���7k=N7N:;
a
�:;

b
k�R?;"9

R?;?M 2@k=209D;&�&|�OQO&979:OQO�A.B*9DC?>@E�N75�P�;?67k=209:O&R?;?M N72`|�OQOQ8Q8Qk=M N75�>@><;
v = ax + by

-
��� �"!�#u���.^Z! i.2 �7k=209:OQM N75�NS9D;

v = ax+by
6:;"9:M";?2@NS9D;=;?8

y = 1
b
v− a

b
x
- �mC?NS9DCX5�lQ5�> �

>@5�5�8�lQ5�6720R=k=2@|�;?>@><;qN:;=;?l�;=;?8
y′ = � y� x = 1

b � v� x −
a
b

-*i.2 �7k=209:5u9D;=;?8
v
�:;

y′ 6:;"9:M";?2@NS9D;(R?;=;?8
A.B*9DC?>@E.E=8

y′ = F (ax + by)
�:;�k=N7k=209:5u9D;=;?8��&5u979DC�|�OQO&979:Od�:;"9qR=k=2@l�;=;?8x5�67k?979D;=;�-

y′ �
F (ax + by)

N72 ��-
v = ax + by

�:;
y′ = 1

b � v� x − a
b

1
b � v� x − a

b

�
F (v) | · b

� v� x − a
�

bF (v) | + a

� v� x
�

bF (v) + a | · l x

l
v

�
(bF (v) + a) · l x | : bF (v) + a ⇒ bF (v) + a 6= 0

� vbF (v)+a

� l
x

2@8*9:5�}=67k=2@l�;=;?8�PQOQk=>@20979D;?2@8

∫ � vbF (v)+a

� ∫ l
x
-

	XB*9DC?>@E�k=8 N72@2@NmN75�P�;?67k=209:O&R?;3�:;
y
N:;=;?l�;=;?8 6:;"9:M";?2@NS9:O�;&��M OQ8�2@8*9:5�}=67k=2@8Q8Q2@8 �:C?>@M?5�5�8
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N72 �7k=209:5u9D;=;?8
v = ax + by

-�s ;?BQlQk=>@>@2@N75u9q5�672@M?k=2@N76:;"9:M";?2@N7O&9mk=8x9D;?67M";?NS9:5�>09D;(R?;L�:C?>@>@5�5�8
5�672@M N75�5�8�-

WX#('ZYT� �d$�$`'¡V�, � s C=C?67209DC3lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ = 1

x−y
+1

N75qA.M N720979DC?2@N76:;"9:M";?2 �
N7O��"�7k=M";�M OQ>@M?5�5GPQ2@NS9:5�5�8

(1, 1)
M";?O&979D;&-

13204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E�k=8 |�OQk?9:k*;
y′ = F (ax + by)

�*�7k=N7N:;
a = 1

�:;
b = −1

-
i.2 �7k=209:5u9D;=;?8

v = x− y
���7k=>@>@k=2@8

y = x− v
�:;

y′ = 1− � v� x
�(�:;GN:;=;?l�;=;?8�6:;"9:M";?2@NS9D;(R?;

A.B*9DC?>@E�|�OQk?9:k.k=8

1 −
l
vl
x

=
1

v
+ 1.

�mC?NS9DC�5�lQ5�>@>@5�5�8��?M OQ8�5�67k?9:5�>@><;=;?8 |�OQO&979:Od�:;"9]�:;�2@8*9:5�}=67k=2@l�;=;?8 P�C=C?NS9DC=C?8�9:OQ>@k=M N75�5�8�-

1 − � v� x
� 1

v
+ 1 | − 1

− � v� x
� 1

v
| · l x

− l
v

� 1
v
· l x | · v

−v
l
v

� l
x

2@8*9:5�}=67k=2@l�;=;?8�PQOQk=>@20979D;?2@8

∫
−v

l
v

� ∫ l
x

−1
2
v2 �

x + C
-

i.2 �7k=209:5u9D;=;?8�9DC?B�C?8
v = x − y

���7k=>@>@k=2@8�A.>@5�2@N75�M N72`6:;"9:M";?2@N7OQM N72`N:;=;?l�;=;?8�-

−1

2
(x − y)2 = x + C.

	XM N720979DC?2@N76:;"9:M";?2@N7O�� �7k=M";�M OQ>@M?5�5�PQ2@NS9:5�5�8£��/=�0/d��M";?O&979D;xN:;=;?l�;=;?8��`M OQ8TN72 �7k=209:5u9D;=;?8
A.>@5�2@N75�5�8t6:;"9:M";?2@N7OQOQ8

x = 1
�:;

y = 1
-

−1

2
(1 − 1)2 = 1 − C

C = 1.

�v;?M 2@k=8
C

;?6SR=k=M N72�N:;=;"9:2@2@8�/ �:;�M*A.NSA 979 AxA.M N720979DC?2@N76:;"9:M";?2@N7O�k=8

−1

2
(x − y)2 = x + 1.
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{LOQk=|�;=;&�?5u979DC�9DC?NS9DC3R=k=2@N72Q6:;"9:M";?2@NS9D;�><;?OQN75�M M?5�5�8
y
|�OQO&979:Od�:;?8

x
�eOQ8QM*9:2@k=8�;&�=|�O&9S�

9D; 6:;"9:M";?2@N7O�R=k=2@l�;=;?8�;?8*9D;=; | A=E=NG9DC?N7N:C�|�OQk.lQk=N7N:;&- �mC?>@><;?2@NS9D;x6:;"9:M";?2@N7OQ|�OQk?9:k*;&�
�7k=N7N:;x><;?OQN75�M?5u979D;

y
5�2�k=>@5�6:;"9:M";?2@NS9:O |�OQO&979:Od�:;?8

x
�eOQ8QM*9:2@k=8�;&��M O&9:N7O&9D;=;?8 
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!
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� � 
�� ��� �	
v6:;"9:M";?2@N7OQM N72 -

� �Q��
���')�d!�#u���.����%*_�'e%

V�,Z�.� st209:M"C\N75�OQ6:;=;(R.2@NS9D;\A.B*9DC?>@E=2@NS9DC[R=k=2@l�;=;?8�|�OQO&979D;=;\N75�P�;?67k=209:O&R?;?M N72 �[st2@>@><C
|�OQOQ8Q8Qk=M N75�>@><; �

;*�
(3x + y) + (3x − y)y′ = 0 � � xy′ = x2

y
+ x tan y

x�]�
(x2 + y) + 2xy′ = 0

l]�
(x − 2y)

l
x + (2y − x)

l
y = 0

-

V�,Z�.V JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = x + 5y

-
V�,Z�*� JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E

y′ = (x + y)2 -
V�,Z�.+ JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E

y′ = x+2y
x

-
V�,Z�.¤ JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E

y′ = y − x − 1 + 4(x−y)+8
x−y+2

-
V�,Z� � � N7k=209D;&��5u979DC�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@EQ�?�7k=M";�k=8�|�OQk?9:k*;

y′ = F (ax + by + c)
�

�7k=N7N:;
a
�
b
�:;

c
k�R?;"9�R?;?M 2@k=209D;&��R=k=2@l�;=;?8�|�OQOQ8*9D;=;�N75�P�;?67k=209:O&R?;?M N72§|�OQOQ8Q8Qk=M N75�>@><;

v = ax + by + c
-
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��%Q%Q�"')���.^ZYT%���, stOQk?9:k*;

y′ + p(x)y = r(x)
� ,=�

k=>@5uR?;=;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E*C�N:;?8Qk?9D;=;?8 �	� �	
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�� �	� ���	��� $������ ��� ��
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� 
 % �	� �	� � 
 $�$���
'&)(�� ���+* � �	
)-?w`2@8Q5(;=;?672@N7OQOQN�9DC?N7N:C�9D;?67M?k=20979D;=;&�"5u979DC�N72@2@8�C35�N72@2@8*9 A A
y
- 8m�:;

y′ - 8�N7OQB*9:5�5�8�R?;?2@8�5�8QN72@|�|�C?2@N75�8�;?NS9:5�5�8�9:5�67|�5 �:C�5�2@M"CX5�N72@|�5�67M 2@M N72�8Q2@2@lQ5�8�8Q5�>@2@E=209DC
9D;?23M OQO&9:2@k=209D;T5�20R?C"9:M"CT8Q5�| A=E=N7M"C=C?8 k=>@5 k=N:;T9:672@}=k=8Qk=|�5u9:672@NS9DC 9:|�N�-v�eOQ8QM*9:2@k?9D;&-
��N72@|�5�67M 2@M N72mA.B*9DC?>@E

y′ + 8x sin y = x
5�23k=>@5t>@2@8Q5(;=;?672@8Q5�8���N72@>@><C N72@2@8�C 5�N72@2@8*9 A A

9:5�67|�2
sin y

�&5�2@M"C�| A=E=N7M"C=C?8�A.B*9DC?>@E
y′2 + x2y = 6

�&N72@>@><C N72@2@8�C 5�N72@2@8*9 A A�9:5�67|�2
y′2 -

	XB*9DC?>@E
y′ + (sin x)y = x

k=8xA.M N72�5�N72@|�5�67M M 2`>@2@8Q5(;=;?672@N75�NS9D;GA.B*9DC?>@E=NS9DC&-
	XB*9DC?>@E*C � ,=� N:;?8Qk?9D;=;?8 ( � � ��� ���	� 
�� ��� �	
�9D;?2 ��� � ( � � ��� ���	� 
�� ��� �	
cN75�8 |�OQM";=;?8

k=8QM?k��eOQ8QM*9:2@k
r(x)

R?;?M 2@k?�eOQ8QM*9:2@k�z�R?;?2�5�2 -
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V�,@V�,Z� � ��YT���]� �.��'Z���.�£��')bc� �d�.���d'e�Q��^Z')f�����%�^eg

�?k=NmA.B*9DC?>@E=N7N:C�� ,=� �eOQ8QM*9:2@k
r(x) = 0

N:;?8Qk?9D;=;?8��]5u979DC�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E�k=8 ( � !
� ��� ���	� 

���	���:;�9DC?>@>@E=2@8�N75Gk=8x|�OQk?9:k*;

y′ + p(x)y = 0.

{Lk=|�k=}=5�5�8Q2@8Q5�8�5�8QN72@|�|�C?2@N75�8 M?5�6S9D;?>@O&R.OQ8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@ELk=8�N75�P�;?67k=209:O&R?;c�:;
N75�8xA.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = Ce−P (x) �"�7k=N7N:; C
k=8xR?;?M 2@kL�:;

P (x) =
∫

p(x)
l
x
-

V�,@V�,@� W ��%�����YT���]� �.��'Z���.�a��')bc� �d�.���d'e�Q��^Z')f�����%�^eg

�?k=N¡A.B*9DC?>@E=N7N:C�� ,=���eOQ8QM*9:2@k
r(x) 6= 0

N:;?8Qk?9D;=;?8��.5u979DC�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E�k=8���� ��!

( � � ��� ���	� 

���	���:;�9DC?>@>@E=2@8�N75�k=8t|�OQk?9:k*;

y′ + p(x)y = r(x).

� ��!�#��¢� , ��P�C?BQk=|�k=}=5�5�8Q2@N75�8�>@2@8Q5(;=;?672@N75�8xlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�A.>@5�2@8Q5�8 6:;"9S�
M";?2@N7OTk=8

y = yh + ye
�Q�7k=N7N:;

yh
k=8TR?;?NS9D;=;(R?;?8[BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8TA.>@5�2@8Q5�8

6:;"9:M";?2@N7Om�:;
ye

k=8L�7k=M 2@8�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8 9:k?9:5�O&979D;(R?;3A.M N720979DC?2@N76:;"9:M";?2@N7O�-
 ¡�`��'Z#u�d!�# , �=;?5u9D;=;?8�9:k.lQ2@NS9:OQNmM";?B*9:5�5�8tk=N:;=;?8�-

/=-c��8QN72@8~k=N7k=209:5u9D;=;?8��§5u979DC M";?2@M M 2q|�OQk?9:k*;
y = yh + ye

k=>@5uR?;"9�6:;"9:M";?2@N7O&9�k�R?;"9
6:;"9:M";?2@N7Od�:;&-�{Lk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8T6:;"9:M";?2@N7OTk=8

yh
�&�7k?9:5�8

y′
h + p(x)yh = 0

�:;
5�P�C?BQk=|�k=}=5�5�8Q2@N75�8 A.B*9DC?>@E=8�A.M N720979DC?2@N76:;"9:M";?2@N7O k=8

ye
�.�7k?9:5�8

y′
e + p(x)ye = r(x)

-
i.2 �7k=209:5u9D;=;?8

y = yh + ye
A.B*9DC?>@E.E=8

y′ + p(x)y = r(x)
-

y′ + p(x)y = (yh + ye)
′ + p(x)(yh + ye)

= y′
h + y′

e + p(x)yh + p(x)ye

= y′
h + p(x)yh

︸ ︷︷ ︸

=0

+ y′
e + p(x)ye

︸ ︷︷ ︸

=r(x)

= 0 + r(x)

= r(x).

.�OQ8QM*9:2@k
y = yh + ye

9:k?9:5�O&979D;=; 5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8
y′ + p(x)y = r(x)

�:;
N75�k=8xN72@2@Nq6:;"9:M";?2@N7O�-
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,.- � N7k=209:5u9D;=;?8��=5u979DC �7k=M";?2@8Q5�8�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8
y′ +p(x)y = r(x)

A.>@5�2 �
8Q5�8 6:;"9:M";?2@N7O�k=8�|�OQk?9:k*;

y = yh + ye
- � >@M?k.k=8

y0
�7k=M 2@8�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B.�

9DC?>@E=8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O��:;
ye

�7k=M 2@8�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.M N720979DC?2@N76:;"9:M";?2@N7O�-
i.2 �7k=209:5u9D;=;?8�5�67k?9:OQNS�eOQ8QM*9:2@k

y = y0 − ye
A.B*9DC?>@E.E=8

y′ + p(x)y = r(x)
-

y′ + p(x)y = (y0 − ye)
′ + p(x)(y0 − ye)

= y′
0 − y′

e + p(x)y0 − p(x)ye

= y′
0 + p(x)y0

︸ ︷︷ ︸

=r(x)

−(y′
e + p(x)ye

︸ ︷︷ ︸

=r(x)

)

= r(x) − r(x)

= 0.

��67k?9:OQNS�eOQ8QM*9:2@k
y = y0 − ye

9:k?9:5�O&979D;=;tBQk=|�k=}=5�5�8Q2@N75�8TA.B*9DC?>@E=8
y′ + p(x)y = 0

5�>@2�N75 k=8 BQk=|�k=}=5�5�8Q2@N75�8xA.B*9DC?>@E=8 6:;"9:M";?2@N7O�- 	XB*9DC?>@E=NS9DC
y0 − ye = yh

6:;"9:M";?2@NS9D;=;?8

y0 = yh + ye
�"�7k?9:5�8�R?;?>@20979:O�6:;"9:M";?2@N7O

y0
k=8t| A=E=Nm|�OQk?9:k*;

yh + ye
-

�

W ��%�����YT���]� �.��'Z#��.�¢f�����%�^eg��
y′ + p(x)y = r(x)

�d�&��$&��'Z#��.Y['Z#��.�\_Q��'Z��� �*� ,
/=-�s C=C?67209:5u9DC=C?8xR?;?NS9D;=;(R?;?8�BQk=|�k=}=5�5�8Q2@N75�8 A.B*9DC?>@E=8

y′ + p(x)y = 0
A.>@5�2@8Q5�8�6:;"9S�

M";?2@N7O

yh = Ce−P (x),

�7k=N7N:;
C

k=8xR?;?M 2@kL�:;��eOQ8QM*9:2@k
P (x)

k=8��eOQ8QM*9:2@k=8
p(x)

2@8*9:5�}=6:;=;?>@20�eOQ8QM*9:2@kQ-
,.-�s C=C?67209:5u9DC=C?8��7k=M 2@8 5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8

y′ + p(x)y = r(x)
A.M N720979DC?2@N��

6:;"9:M";?2@N7O
ye

�e|�209:5�8��&N75�N75�>0R.2<C=C�| A=E=BQ5�|�|�2@8]�
-
h&-���P�C?BQk=|�k=}=5�5�8Q2@N75�8xA.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = yh + ye = Ce−P (x) + ye.

WX#('ZYT� �d$�$`'¡V�, � .�OQ8QM*9:2@k
ye = 1

2
x − 1

4

k=8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ + 2y = x

A.M N720979DC?2@N76:;"9:M";?2@N7O�-�st2@M"C�k=8xA.>@5�2@8Q5�8x6:;"9:M";?2@N7O��
13204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E*C

y′ + 2y = x
R?;?NS9D;=;(R?;�BQk=|�k=}=5�5�8Q2@8Q5�8�A.B*9DC?>@E�k=8

y′ + 2y = 0
-§{Lk=|�k=}=5�5�8Q2@8Q5�8TA.B*9DC?>@E�R=k=2@l�;=;?8�6:;"9:M";?2@NS9D;tN75�P�;?67k=2@|�;?>@><;�9D;?2¡N7OQk"�

6:;=;?8[M";=;(R?;?NS9D;
yh = Ce−P (x) �Q�7k=N7N:; P (x) =

∫
p(x)

l
x =

∫
2
l
x = 2x

- �mC"9:5�8

,=,



BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

yh = Ce−2x.

��6:C?N�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8 A.M N720979DC?2@N76:;"9:M";?2@N7O�k=8
ye = 1

2
x − 1

4

� �7k?9:5�8�5�P�Cd�
BQk=|�k=}=5�5�8Q2@N75�8xlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = yh + ye = Ce−2x +
1

2
x − 1

4
.

��P�C?BQk=|�k=}=5�5�8Q2@N75�8 A.B*9DC?>@E=8�A.M N720979DC?2@N76:;"9:M";?2@N7OQ8�>@E�A 9DC?|�2@8Q5�8�5�2�A.>@5�5�8QN:C¢k=>@5
BQ5�>@PQP�k*;&- �?k=N

p(x) = p
�)R?;?M 2@k �
��8Q2@2@8~A.M N720979DC?2@N76:;"9:M";?2@N7O\R=k=2@l�;=;?8¢>@E�A 9DC=C 9:5�M?5
�

|�C?>@><C N7k=PQ20R?;�;?6SR?;?OQNm6:;"9:M";?2@N7OQNS9D;&- ��5�BQl�C=C?8tA.67209:5?�"�7k=M";�k=8tN:;?|�;=;�9 A A.PQPQ2<C�M OQ2@8
�eOQ8QM*9:2@k

r(x)
�:;��7k=N7N:;�k=8�9:OQ8*9:5�|�;"979:k=|�2<;�M?5�6S9:k=2@|�2<;&-�¦X5�6S9:k=2@|�5u93R=k=2@l�;=;?8�|�C=Cd�

6720979DC=C�N72 �7k=20979D;?|�;?>@><;XA.67209:5�6:;"9:M";?2@NS9D;(R?;=;?8�A.B*9DC?>@E.E=8�-]i.5�>0R=5�8Q8Q5u9DC=C?8�;?N72<;=;�|�OQO&9D;d�
|�;?>@><;G5�N72@|�5�67M 2@>@><C&-

WX#('ZYT� �d$�$`'¡V�, 
 s C=C?67209DC�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8
y′ +y = 5

A.>@5�2@8Q5�8�6:;"9:M";?2 �
N7O�-
�v;?NS9D;=;(R?;?8tBQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8

y′ + y = 0
A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

yh = Ce−x,

N72@>@><C
p(x) = 1

-`�§9:N7209DC=C?8 5�P�C?BQk=|�k=}=5�5�8Q2@N75�>@>@5�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=>@>@5
y′ + y = 5

�7k=M 2@8xA.M N720979DC?2@N76:;"9:M";?2@N7O
ye
- 	XB*9DC?>@E=8

y′ + y = 5
k=2@M?5(;?>@><;�PQOQk=>@5�>@><;�k=>@5uR?;��eOQ8QM*9:2@k

r(x)
k=8�R?;?M 2@k?�eOQ8QM*9:2@kXH.�:�7k?9:5�8�N7k=PQ20R?;�;?6SR?;?OQN�R=k=2@N72&k=>@><;mN:;?|�;=;L9 A A.PQPQ2<C&- ��5�BQl�C=C?8

A.67209:5
ye = A

�)R?;?M 2@k �
�d�7k=>@>@k=2@8
y′

e = 0
�:;�N72 �7k=209:5u9D;=;?8�8�C?|�C A.B*9DC?>@E.E=8

y′ + y = 5
-

y′
e + ye = 0 + A = A �

� 
������
= 5.

�mC?NS9DC�6:;"9:M";?2@NS9D;=;?8

A = 5.

�mC?>@>@E=2@8�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8xlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ + y = 5

A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�k=8

y = yh + ye = Ce−x + 5.
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WX#('ZYT� �d$�$`'¡V�,Z��� �§9:N72c5�P�C?BQk=|�k=}=5�5�8Q2@N75�>@>@5�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=>@>@5
y′ + 2y = x

A.M N720979DC?2@N76:;"9:M";?2@N7O
ye
-

��P�C?BQk=|�k=}=5�5�8Q2@N75�N7N:;tA.B*9DC?>@E=N7N:C
y′ + 2y = x

�eOQ8QM*9:2@k
r(x)

k=8T5�8QN72@|�|�C?2@N75�8
;?NS9:5�5�8�P�k=>0A.8Qk=|�2 �"�7k?9:5�8 R=k=2@l�;=;?8 k=>@5u979D;=;�|�;?BQlQk=>@>@2@N75�8x6:;"9:M";?2@N7OQ8�k=>@5uR?;?8 N:;?|�;=;
|�OQk?9:k*;&- ��5�BQl�C=C?8�A.67209:5

ye = Ax + B
� �7k=>@>@k=2@8

y′
e = A

-`¦XOQ8�8�C?|�C�N72 �7k=209:5u9D;=;?8
9D;?67M";?NS9:5�>09D;(R?;=;?8�A.B*9DC?>@E.E=8��&N:;=;?l�;=;?8

y′
e + 2ye = A + 2(Ax + B) = A + 2B + 2Ax �

� 
������
= x.

�mC?|�C�9:k?9:5�O&9:OQO¢M";?2@M 2@>@><; |�OQO&979:Od�:;?8
x

;?6SR=k=2@>@><; R?;?2@8 �7k=N�A.B*9DC?>@E=8~|�k=>@5�|�|�2@>@><;
PQOQk=>@2@>@><;GN:;?|�;?8t;?NS9:5�5�8x9:5�67|�2@8xM?5�6S9:k=2@|�5u9qk�R?;"9mA.B*9DC�N7OQOQ675u9L5�>@2

{

A + 2B = 0

2A = 1
.

JL;"9:M";?2@NS9D;=;?83�:C?>@M 2@|�|�C?2@N75�NS9DCLA.B*9DC?>@E=NS9DC
A
�:;�N72 �7k=209:5u9D;=;?8�N75mA.>@5�|�P�C=C?8�A.B*9DC?>@E.E=8��

�7k=>@>@k=2@8�N:;=;?l�;=;?8xA.B*9DC?>@E=P�;?672@8�6:;"9:M";?2@N7OQM N72
{

A = 1
2

B = −1
4

.

i.2 �7k=209:5u9D;=;?8
A

�:;
B

A.6720979:5�5�N75�5�8��:;�N:;=;?l�;=;?8\5�P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.M N7209S�
9DC?2@N76:;"9:M";?2@N7OQM N72

ye =
1

2
x − 1

4
.

i.5�k=8tN:;?|�;�M OQ2@8t|�2@M"C k=>@2`;?8Q8Q5u979:Ot5�N72@|�5�67M 2@N7N:Ct�Zh&- U*�
-

�3>@><;�k=>@5uR?;?N7N:;X9D;?OQ>@OQM?k=N7N:;�k=8�5�BQlQk?9:OQM N72<;�|�;?BQlQk=>@>@2@N75�M N72.A.6720979:5�5�M N72]5�P�C?BQk=|�k"�
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y′ + py = r(x)
A.M N720979DC?2@N76:;"9S�

M";?2@N7OQ>@>@5?-
�eOQ8QM*9:2@k

r(x)
A.67209:5

R?;?M 2@k?�eOQ8QM*9:2@k R?;?M 2@k
P�k=>0A.8Qk=|�2 N:;?|�;?8t;?NS9:5�5�8 P�k=>0A.8Qk=|�2

sin x
�
cos x A sin x + B cos x

sin cx
�
cos cx A sin cx + B cos cx

x sin x
�
x cos x Ax sin x + Bx cos x + C sin x + D cos x

erx Aerx

xerx Axerx + Berx

,"�
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r(x)

k=8�N:;?|�;�9:5�67|�2�M OQ2@8�BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8
6:;"9:M";?2@N7OQN7N:;&�QPQ209DC=C A.67209:5�M?5�6S9:k*;�|�OQO&979:Od�:;?>@><;

x
�e5�N72@|�5�67M M 2v�Zh&-0/=/d�S�
-

WX#('ZYT� �d$�$`'¡V�,Z�]� JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ − 3y = e3x -

��P�C?BQk=|�k=}=5�5�8Q2@NS9D;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E*C
y′ − 3y = e3x R?;?NS9D;=;(R?;?8tBQk=|�k=}=5�5
�

8Q2@N75�8�A.B*9DC?>@E=8
y′ − 3y = 0

A.>@5�2@8Q5�8t6:;"9:M";?2@N7O�k=8tM";=;(R?;?8x|�OQM";=;?8

yh = Ce3x.

��P�C?BQk=|�k=}=5�5�8Q2@N75�N7N:;xA.B*9DC?>@E=N7N:C
y′ − 3y = e3x �eOQ8QM*9:2@k

r(x)
k=8TN:;?|�;=;x|�OQk?9:k*;

M OQ2@8[BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8[6:;"9:M";?2@N7O�- �?k=N A.67209:5
ye = Ae3x �:; N75�8�lQ5�6720R?;=;"979D;

y′
e = 3Ae3x N72 �7k=209:5u9D;=;?8�9D;?67M";?NS9:5�>09D;(R?;=;?8�A.B*9DC?>@E.E=8��QN:;=;"9D;?2@N72@2@8

y′
e − 3ye = 3Ae3x − 3 · Ae3x = 0 6= e3x.

��k=2@N72@8tN:;?8Qk.5�8 A.67209:5G9:k?9:5�O&979D;=;�R?;?NS9D;=;(R?;?8�BQk=|�k=}=5�5�8Q2@N75�8tA.B*9DC?>@E=8��:;�N75 B�C(R.2<C=C&�
�7k=>@>@k=2@8�R?;?M 2@k?9D;

A
5�2v9DC?|�C?8TP�5�67OQNS9:5�5�>@><;tP*A.NS9 A[|�C=C?6:C=C?|�C=C?8�-`¦X5�6767k?9D;=;?8TA.67209:5

|�OQO&979:Od�:;?>@><;
x
�?�7k=>@>@k=2@8

ye = Axe3x �:;
y′

e = Ae3x + x3Ae3x -��mC?N7N:C�9D;?P�;?OQM N75�N7N:;
N:;=;?l�;=;?8

y′
e − 3ye = (Ae3x + x3Ae3x) − 3 · Axe3x

= Ae3x

�
� 
������
= e3x.

�3C?2@8�k=>@>@5�8
A = 1

�d�7k=>@>@k=2@8
ye = xe3x �:;�A.B*9DC?>@E=8xA.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = yh + ye = Ce3x + xe3x.

¦�;?8Q8�;"979D;=; R?;?67|�OQOQlQ5�8XR.OQk=M N72*9D;?67M 2@NS9D;=; R?;?NS9D;?OQM N75u9�N72 �7k=20979D;?|�;?>@><;�N:;=;"9:O�6:;"9S�
M";?2@N7O

y
�:;XN75�8�lQ5�6720R?;=;"979D;

y′ 9D;?67M";?NS9:5�>09D;(R?;=;?8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E.E=8q�:;X8�C?2@8�R?;?6��
|�2@NS9:O�;&��5u979DC�A.B*9DC?>@E�9:k?9:5�O&9:OQO�- w`2@N:C?M N72§�7k=2@>@>@5�M 2@8�A.B*9DC?>@E=2@>@>@5�R=k=2Lk=>@><; OQN75(;?|�PQ2<;
6:;"9:M";?2@N7O&9D;?P�kd�:;&-.��N72@|�5�67M 2@N7N:C��Zh&- ©*��9D;?67M";?NS9:5�>09D;(R?;?8�; k=>@>@O&9vA.B*9DC?>@E�k=>@2@N72�R=k=209:O�6:;"9S�
M";?2@NS9D;�| A=E=NmN75�P�;?67k=209:O&R?;?8�;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�C��eB�;?6)�7k=209:OQNS9:5�B*9DC(R?C*�
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V�,Z��� � N7k=209D;&��5u979DC�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8
y′ + p(x)y = 0

A.>@5�2@8Q5�8¢6:;"9:M";?2@N7O¢k=8

y = Ce−P (x) �d�7k=N7N:; P (x) =
∫

p(x)
l
x
-

V�,Z��
 JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ + py = 0

�
p
R?;?M 2@k �
�QM OQ8

y(0) = a
-

V�,@� � ;*� JL;"9:M";?2@N75XlQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ − 4y = ex -

�]�ms C=C?67209DC�N75XA.M N720979DC?2@N76:;"9:M";?2@N7O��d�7k=M"; 9:k?9:5�O&979D;=;�;?>@M OQ5�BQlQk=8
y(0) = 2

-
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y′ − y + sin x = 0
A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�-
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y′ − y = x2 A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�-
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V�,@�]V JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E

y′ + 1
2
y = x2 + 2
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y′ + y = x
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V�,@�]¤ JL;"9:M";?2@N75�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
y′ = 2y + e2x + ex -
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N
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v
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t
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k
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8Qk=OQl�;"979D;=;�N72@2@N�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E*C � N� t = v − kN
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N
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t = 0
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N = N0
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)t + 21,0.

¦XO&R?;?N7N:;�h�k=8�5�N7209:5u979 AtM OQk=>@>@5�5�8 2@BQ|�2@N75�8t><C?|�P�E?9:2@><;?8�><;?N7M O�;��:;?8t�eOQ8QM*9:2@k=8�;�5�8.�
N72@|�|�C?2@N75�8�M?k=>@|�5�8�R.OQk=67k=M";?OQlQ5�8�;?2@M";?8�;&-

10 20 30 40 50 60 70
t

22

24

26

28

30

32

34

36
T

¦XO&R?;�h�-�JmOQOQ|�2@2@8�><C?|�P�E?9:2@><;?8�><;?N7M OxM OQk=>@5�|�;?8 �:C?>@M?5�2@N75�8 �=, 9:OQ8Q8Q2@8 ;?2@M";?8�;&-

� !���YT��!`�d!�# �c5�676:;?8Q8Qk=>@>@2@N7OQOQNSR?;?M 2@k
k
6:;"9:M";?2@NS9:2@2@83M"C(A 979DC?|�C?>@><C¡;?>@M OQ5�BQlQk=N7N:;m;��:;?8

A.M N72@M M?E=8�Cx9:OQ8*9:2<;&- 	XB*9DCxB*A R.2@8�k=>@2@N72�R=k=209:O ><;?N7M?5(;�M"C(A 979DC?|�C?>@><C�;��:;?8�A.M N72@M M?E=8�C
|�2@8 OQO&979:2<;&�"|�O&979D;39DC?>@>@E=2@8�R?;?M 2@k=8

k
;?6SR=k�k=>@2@N72&k=>@>@O&9�5�672 - �mC?NS9DCXNSA A.NS9DC�k=8�9DC?67M?5(C=C

|�OQ2@NS9D;=;�><;?N7M?5(;�N:;?|�k=2@>@><;�A.M N72@M?E=2@>@><C M?k=M?k�9:5�B*9DC(R?C?8 ;��:;?8�-

h=z



V�, � ,@V ��� ��!�^e�Q�&�d'e���¢#(!�!��"!�!�# ����'e��^e����'e���

st5u9:N:C=C?8t9:OQk?9:2@2@8��*zL�:C?8Q2@NS9DC&-���O&9:M 2 �:;�;?6SR.2@k=2 �&5u979DC�|�5u9:N:C?N7N:C�k=>@2@N72�9:2@><;=; A.B*9:5�5�8QN:C
,?z=z��:C?8Q2@M N75�>@>@5��:; 8Q5�> �:C?8�R.OQk.lQ5�8�M OQ>@O&979:O�; |�5u9:N:C?N7N:C�;?6SR.2@k=209:2@2@8 k=>@5uR?;?8¢/�z=z��:Cd�
8Q2@NS9DC&- �=C?8Q2@N7P�k=PQOQ><;=;"9:2@k=8�M";?NSR.OQ8Qk=P�5�OQN3k=>@5u9:5u9D;=;?8tk=>@5uR?;?8tN7OQk=6:;=;?8tR=5�676:;?8Qk=>@>@2@8Q5�8
|�;?M N72@|�2@|�C=C?6:C?8 ,?z=z��:;tP�k=PQOQ><;=;"9:2@k=8 N7OQOQ67OQOQlQ5�8�5�67k?9:OQM N75�5�8\BQ5u9:M?5�>@><C

t
-§stOQk"�

lQk=NS9:5u9D;=;?8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@Ec�:C?8Q2@N7P�k=PQOQ><;=;"9:2@k=8�N7OQOQ67OQOQlQ5�>@>@5��:;�6:;"9:M";?2@NS9D;=;?8�N75?-
w`2@N:C?M N72`|�;?>@>@2@8�|�OQM";=;?8x><;?N7M?5u9D;=;?8 �:C?8Q2@M N72@5�8x|�C=C?6:C R.2@2@lQ5�8�R.OQk.lQ5�8tM OQ>@O&979:O�;&-
� >@M?k.k=8

y(t)
�:C?8Q2@N7P�k=PQOQ><;=;"9:2@k=8\N7OQOQ67OQOQN�BQ5u9:M?5�>@><C

t
�:;�9DC?>@>@E=2@8~P�k=PQOQ><;=;"9:2@k=8

M";?NSR.OQ8Qk=P�5�O&979D;�M O&R?;=;��eOQ8QM*9:2@k=8
y(t)

lQ5�6720R?;=;"979D;
y′(t)

-�¦Lk=N7M";�P�k=PQOQ><;=;"9:2@k=8xM";?N��
R.OQ8Qk=P�5�OQN�k=8�N7OQk=6:;=;?8�R=5�676:;?8Q8Qk=>@>@2@8Q5�8�|�;?M N72@|�2@|�C=C?6:C?8 ,?z=zc�:;3P�k=PQOQ><;=;"9:2@k=8 N7OQO.�
67OQOQlQ5�8\5�67k?9:OQM N75�5�8���P�C=C?l&A 9DC=C?8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E.E=8

y′(t) = k(200 − y(t))
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∫ � y
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� ∫
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l
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ln |200 − y| � −kt + C1 |200 − y > 0

200 − y
�

Ce−kt | − 200

−y
�

Ce−kt − 200 | · (−1)

y
�

200 − Ce−kt
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y(t) = 200 − Ce−kt,
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t = 0

|�5u9:N:C?N7N:C�k=8t�*zL�:C?8Q2@NS9DC�5�>@2
y(0) = 40

-

y(0) = 200 − Ce−k·0 = 200 − C �
� 
������
= 40

C = 200 − 40 = 160.
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y(4) = 100
-

y(4) = 200 − 160e−k·4 �
� 
������
= 100 | − 200

−160e−k � −100 | : −160

e−k � 100
160

| ln

−k
�

ln 100
160

| · (−1)

k
�

ln 160
100
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y(t) = 200 − 160e−t ln 1,6.
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y(5) = 200 − 160e−5·ln 1,6 = 184,7 ≈ 185.
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y(t)
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a = 10
�e>��"|�2@8]�

p = 15

V = 100
�e>)�

,
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y′ + 0,1y = 1.5.
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y′ + 0,1y = 0
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y′
e + 0,1ye = 0 + 0,1A = 0,1A �

� 
������
= 1,5,
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A =
1,5

0,1
= 15.
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y′+0,1y = 1,5
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y = yh + ye = Ce−0,1t + 15.
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t = 0
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C
-

y(0) = Ce−0,1·0 + 15 = C + 15 �
� 
������
= 0,

�7k=NS9D;�N:;=;?l�;=;?8
C = −15
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y(t) = −15e−0,1t + 15,
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y(30) = −15e−0,1·30 + 15 = 14,25(
>
).
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lim
t→∞

y(t) = lim
t→∞

(−15e−0,1t + 15) = 15
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m(t + ∆t) − m(t) = −k(m(t) − m∞)∆t,
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k > 0
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∆t

-

m(t + ∆t) − m(t)

∆t
= −k(m(t) − m∞).
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∆t → 0
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= � m� t
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t = gt + C,
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v(t) = gt.
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s(t) =
1

2
gt2.
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mv′ = mg − kv.

�v;?NS9D;=;(R?;?8TBQk=|�k=}=5�5�8Q2@N75�8 A.B*9DC?>@E=8
mv′ + kv = 0

6:;"9:M";?2@N7O�k=8
vh(t) = Ce−kt �

�7k=N7N:;
C

k=8�2@8*9:5�}=67k=2@|�2@NSR?;?M 2@kQ-"��P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8
mv′+kv = mg

A.M N7209S�
9DC?2@N76:;"9:M";?2@N7OQ8�>@E�A 9DC?|�2@N75�M N72Q9:5�BQl�C=C?8�N:;?|�;=;X|�OQk?9:k*;Xk=>@5uR?;�A.67209:5

ve = A
�)R?;?M 2@k �
�

�7k=M";�N72 �7k=209:5u979:OQ8�; A.B*9DC?>@E.E=8x;?8*9D;=;�R?;?M 2@k=>@>@5
A

;?6SR=k=8
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√
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√
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t
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√
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√
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y(x) = C1y1(x) + C2y2(x),
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y′(x0) = y0
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y(x) = C1y1(x) + C2y2(x)
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y′′ + qy′ + py = (C1y1(x) + C2y2(x))′′ + q(C1y1(x) + C2y2(x))′

+p(C1y1(x) + C2y2(x))

= C1y
′′
1(x) + C2y

′′
2(x) + qC1y

′
1(x) + qC2y

′
2(x)

+pC1y1(x) + pC2y2(x)

= C1y
′′
1(x) + qC1y

′
1(x) + pC1y1(x)

+C2y
′′
2(x) + qC2y

′
2(x) + pC2y2(x)

= C1 (y′′
1(x) + qy′

1(x) + py1(x))
︸ ︷︷ ︸

=0

+C2 (y′′
2(x) + qy′

2(x) + py2(x))
︸ ︷︷ ︸

=0

= C1 · 0 + C2 · 0 = 0.
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i2 = −1

5�>@2

i =
√
−1.
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x2 = −1
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x = ±
√
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x = ±i
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x2 = −4
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x = ±
√
−4 = ±

√

4 · (−1) = ±
√

4
√
−1 = ±2i
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2 − 3i

�:; −1 + 2i
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(2 − 3i) + (−1 + 2i) = 2 − 3i − 1 + 2i = 1 − i.
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(2 − 3i)(−1 + 2i) = 2 · (−1) + 2 · 2i + (−3i) · (−1) + (−3i) · 2i
= −2 + 4i + 3i − 6i2

= −2 + 7i + 6

= 4 + 7i.
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y′′ + qy′ + py = 0
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r1x + D2e
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eix = cos x + i sin x :
� H=�

y = D1e
r1x + D2e

r2x

= D1e
(a+bi)x + D2e

(a−bi)x

� ���

= D1e
axebix + D2e

axe−bix

�����

= D1e
ax(cos bx + i sin bx) + D2e

ax(cos bx + i sin(−bx))

= D1e
ax(cos bx + i sin bx) + D2e

ax(cos bx − i sin bx)

= (D1 + D2)e
ax cos bx + i(D1 − D2)e

ax sin bx

= eax((D1 + D2) cos bx + i(D1 − D2) sin bx).
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C1 = D1 +D2�:;

C2 = i(D1 − D2)
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y(x) = eax(C1 cos bx + C2 sin bx)
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y′′ + qy′ + py = 0
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y1(x) = eax cos bx
�:;

y2(x) = eax sin bx
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y′′ + 4y′ + 13y = 0
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r2 +4r+13 = 0
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r =
−4 ±

√
42 − 4 · 1 · 13

2 · 1 = −2 ±
√
−9 = −2 ± 3i,
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r1 = −2 + 3i
�:;

r2 = −2 − 3i.
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b = 3
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y = e−2x(C1 cos 3x + C2 sin 3x),
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y′′+4y = 0
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r2 + 4 = 0
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r = ±
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−4 = ±2i
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b = 2
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y = C1 cos 2x + C2 sin 2x,
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y(0) = 1
�:;

y′(0) = 2
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y′ = −2C1 sin 2x + 2C2 cos 2x
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{

y′(0) = −2C1 sin(2 · 0) + 2C2 cos(2 · 0) �
� 
������
= 2

y(0) = C1 cos(2 · 0) + C2 sin(2 · 0) �
� 
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2C2 = 2

C1 = 1.
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C1 = C2 = 1
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y = cos 2x + sin 2x.
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y′′ + 3y′ − 4y = 0 � � y′′ − 6y′ + 9y = 0
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y′′ − 16y = 0
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y′′ + 4y′ + 5y = 0
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y′′ − 2y′ + 10y = 0
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y(0) = 0
�:;

y′(0) = 1
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y′′ − 4y′ + 4y = 0
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y(0) = 3
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y′(0) = 1
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� � y′′ + y′ − 2y = 0
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y(0) = 2
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y′(0) = 1
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y = C1e

x + C2e
−x � � y = C1e

−5x + C2xe−5x

�]�
y = e2x(C1 cos x + C2 sin x)

l]�
y = C1e

x + C2e
−2x -
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y1 = eax cos bx
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y2 = eax sin bx
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y′′ + qy′ + py = 0
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y′′ + qy′ + py = 0
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y = x
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q + px = 0
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y = ex �7k=N

1 + q + p = 0
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x2y′′+qxy′+py = 0
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x = et -
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y′′ + py = 0
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x → ±∞ -]��5�67OQNS9:5�>@5?-
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y′′ + qy′ + py = r(x)
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y = yh + ye,
�7k=N7N:;
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y′′ + 2y′ + y = x

-
��N72@|�5�67M 2@N7N:C��e�Q- h*�Xk=8�R?;?NS9D;=;(R?;?8[BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8

y′′ + 2y′ + y = 0
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y = C1e
−x + C2xe−x,
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r(x) = x
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ye = Ax + B

-�i.2 �7k=209:5u9D;=;?8







y = Ax + B

y′ = A

y′′ = 0
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y′′ + 2y′ + y = 0 + 2A + (Ax + B) �
� 
������
= x.
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{

2A + B = 0

A = 1.
i.2 �7k=209:5u9D;?8

A = 1
A.>@5�|�P�C=C?8�A.B*9DC?>@E.E=8��d�7k=>@>@k=2@8�N72@2@N

B = −2
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k=8

ye = x − 2.
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y = yh + ye = C1e
−x + C2xe−x + x − 2,
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x = 0.

�mC"9DC�A.B*9DC?>@E*C�R?;?NS9D;=;(R?;�M";?6:;?M*9:5�672@NS9:2@8Q5�8�A.B*9DC?>@E�k=8

r2 +
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m
r +

k

m
= 0,
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r =
− h

m
±

√

( h
m

)2 − 4 · k
m

2
.
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r =
−2H ±

√
4H2 − 4K2

2
= −H ±

√
H2 − K2.
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x = C1e
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x(0) = A
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√
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x = e−Ht(C1e
t
√

H2−K2

+ C2e
−t

√
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√
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x = e−Ht(C1 cos(t
√

K2 − H2) + C2 sin(t
√
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x′(0) = 0
�eB�;?6)�7k=209:OQNS9:5�B*9DC(R?C*�
-

� 'Z#�%&���.����%*_Q% ��O&9:M 2qM?k=>@|�5�N7N:;�5�672¡9D;?P�;?OQM N75�N7N:;
H = K

�
H > K

�:;
H < K

|�209:5�8�6:;"9:M";?2@N7O&�eOQ8QM*9:2@k?9vM"C(A 979DC(A 9 A R?C"9(�&M OQ8
t → ∞ -.��C=C"979:5�>@5m9DC?NS9DCG|�209DC�9D;?67M?k=2 �

9:5u9D;=;?8�R?;?B*R?;?>@><;&�&BQ5�2@M?k=>@><;m�:;�M 672@20979:2@N75�>@><C�R?;?2@|�5�8Q8 OQM N75�>@><;&-

�?�



� � ��� ��� � 	 	�� �
� �u��	 � 	����u� 	 	 � � �
��� � 	 � 	 � � 	 � � ��� �

13204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�6:;"9:M";?2@N7O&�eOQ8QM*9:2@k=8
y
><;?OQN75�M?5u979D;�5�2`;?2@8�; P*A.NS9 A 9DC�M"C?N72@8�6:;"9S�

M";?2@N75�|�;?>@><;t9D;?2q5�lQ5�N�9:2@5u9:k=M?k=8Q5�k=Bd�75�>@|�;?>@><;t>@E�A 9DC?|�C=C?8�- �?k=N�B�;?>@O&9D;=;?8�9:2@5u9DC=C ;?2 �
8Qk*;?NS9D;=;?8£�eOQ8QM*9:2@k=8a;?6SR=k

y(x)
�7k=N7N:;?M 2@8 M?k=BQl�;?N7N:;

x
�:;��7k=>@><;?M 2@8~9:2@5u9 A.>@><C 9D;?67M=�

M OQOQlQ5�>@><;&��R=k=2@l�;=;?8 9:OQ6SR?;?O&9:O�;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�6:;"9:M";?2@N75�|�2@N75�5�8 8 OQ|�5�5�672@N72@8
|�5�8Q5u9:5�>@|�2@8�- �mC?>@>@E=2@8QM"C=C?8�5�2�N:;=;?l�;�N75�>0R.2@>@>@5¡6:;"9:M";?2@N7O&�eOQ8QM*9:2@k=8�><;?OQN75�M?5u979D;

y
�?R?;=;?8

;?2@8Qk*;?NS9D;=;?8�6:;"9:M";?2@N7OQ8�;?6SR=k
y(x)

B�;?>@O&9:OQN7N:; M?k=BQl�;?N7N:;
x
- �LOQ|�5�5�672@N72<;t|�5�8Q5u9:5�> �

|�2<C�k=8 5�672@><;?2@N72<;&�?�:;�672@2@PQPQOQ5�8 |�2@>@><C�9D;?67M M OQOQlQ5�>@><;�6:;"9:M";?2@N7OQ8�>@2@M 2<;?6SR=k�B�;?>@O&9D;=;?8��
R=k=2@l�;=;?8�M"C(A 979DC=Cx5�672c|�5�8Q5u9:5�>@|�C=C&- �mC?>@><C�M OQ67N7N72@>@><;�9D;?67M";?NS9:5�>@><;=;?8��7k=2@lQ5�8QM 2@8�5�8.�
N72@|�|�C?2@N75�8�M?5�6S9D;?>@O&R.OQ8�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=2@lQ5�8�6:;"9:M";?2@N75�|�2@NS9D;x8 OQ|�5�5�672@N75�NS9:2`�:;
k?9:5u9D;=;?8 PQ2@M";?2@8Q5�8tM";"9:N:;?OQN �������	��

�#���	���	���	�����������:;&�]BQ2@5�|�;?8t5�lQ5�>@>@2@NS9DC�9D;?67M?5�|��
P�;=;?8�� �������	��

� ��������
 � 
��	���	���	���	���	����������-

�?k?979D;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8�8 OQ|�5�5�672@8Q5�8t6:;"9:M";?2@N7Oxk=>@2@N72�A.M N72@M"C?N720979:5�2@8Q5�8��Q9DC(A*�
9 A A�M*A.N75�5�N7N:C k=>@><;�;?>@M O�;?6SR=k=PQ67k=�Q>@5�5�|�;&�?5�>@2.A.B*9DC?>@E=8

y′ = f(x,y)
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x1 = x0 + h
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x2 = x1 + h
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xk+1 = xk + h

��M OQ8
k = 0,1,2,...
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[0,1]
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y(0) = 1
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M?5�>@PQ209:OQOQN
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h = 0,5
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�mA 9
y′ = f(xk,yk) = 2yk

N75�M"C
x0 = 0

�:;
y0 = 1
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x1 = 0,5
�:;

x2 = 1
N75�M"C

y(0,5) = y1 = y0 + 2y0 · 0,5 = 1 + 2 · 0,5 = 2

y(1) = y2 = y1 + 2y1 · 0,5 = 2 + 2 · 2 · 0,5 = 4

�]�
h = 0,2
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x1 = 0,2
�
x2 = 0,4

��-0-0-`�
x5 = 1

N75�M"C

y(0,2) = y1 = y0 + 2y0 · 0,2 = 1 + 2 · 0,2 = 1,4

y(0,4) = y2 = y1 + 2y1 · 0,2 = 1,4 + 2 · 1,4 · 0,2 = 1,96

y(0,6) = y3 = y2 + 2y2 · 0,2 = 1,96 + 2 · 1,96 · 0,2 = 2,744

y(0,8) = y4 = y3 + 2y3 · 0,2 = 2,744 + 2 · 2,744 · 0,2 = 3,8416

y(1) = y5 = y4 + 2y4 · 0,2 = 3,8416 + 2 · 3,8416 · 0,2 = 5,37824

� � h = 0,1
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f(x,y)
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0,1 → H

N75�M"C�;?>@M O�;?6SR=k?9
1 → Y

�:; −0,1 → X
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X + H → X : Y + Y 1 · H → Y.
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y
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y′ = 2y
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y(0) = 1
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y
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y′ = f(x,y)
�QM OQ8 ;?>@M OQ5�B*9:k�k=8

y(x0) = y0
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-

�=U



�=;?5u9D;=;?8�9D;?67M";?NS9:5�>@O&R?C?>@2&�:C?>@>@5�5�8 A.B*9DC?PQ209:M 2@2@8�k=N:;(R?C?>@5�2@BQ2@8��?�7k=2@lQ5�8��7k=M";?2@N75�8�PQ2 �
9:OQOQN�k=8

h
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[xk,xk+1]
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xk
R?;?NS9D;=;(R?; �eOQ8QM*9:2@k=8

y
;?6SR=k k=8

yk
-

¦�A.N75�2@N75�8xR?C?>@2@8�M?5�N7M 2@PQ2@NS9:5Gk=8

uk = xk +
h

2
�:;�N7209DC�R?;?NS9D;=;(R?;��eOQ8QM*9:2@k=8

y
;?6SR=k�k=8

vk = yk + f(xk,yk) ·
h

2
.
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[xk,xk+1]
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vk
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y′ = f(x,y)

�d�7k=>@>@k=2@8

rk = f(uk,vk) = f(xk +
h

2
, yk + f(xk,yk) ·

h

2
).
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y
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[xk,xk+1]
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N:;=;?l�;=;?8\M O&9:5�8¢��O.�
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rk
�"�7k?9:5�8

yk+1 = yk + rk · h.
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y(x0) = y0

xk+1 = xk + h

y(xk+1) = yk+1 = yk + f(xk +
h

2
, yk + f(xk,yk) ·

h

2
) · h,

�7k=N7N:;
x0

�:;
y0
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k = 0,1,2,...
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S
�:;

W
-

X → S : Y → W : W + Y 1 · H

2
→ Y : S +

H

2
→ X :

W + Y 1 · H → Y : S + H → X :
132@N7P

Y
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Y
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y′ = 2y
�vM OQ8�;?>@M OQ5�B*9:k

y(0) = 1
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h = 0,5
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y′ = f(x,y) = 2y

�:;�;?>@M OQ5�BQlQk=8�P�5�67OQNS9:5�5�>@><;
x0 = 0
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[0; 0,5]
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u0 = x0 + h
2

= 0,25
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y
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v0 = y0 + f(x0,y0) ·
h

2
= y0 + 2y0 ·

0,5

2
= 1 + 2 · 0,5

2
= 1,50.
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(u0,v0) = (0,25; 1,50)

-

r0 = f(u0,v0) = 2v0 = 2 · 1,50 = 3,
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-

y(0,5) = y1 = y0 + r0h = 1 + 3 · 0,5 = 2,5.
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[0,5; 1]
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u1 = x1 + h

2
= 0,75

�:;
N7209DC�R?;?NS9D;=;(R?;?8��eOQ8QM*9:2@k=8

y
;?6SR=k

v1

v1 = y1 + f(x1,y1) ·
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plot2d([[discrete,X1,Y 1],[discrete,X2,Y 2],[discrete,X3,Y 3]]);
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y = e−x + 1
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x2 + C1x + C2

h&-I,?zp;*�
y = Ce4x − 1
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y = −1
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y = 7
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y = − sin x + x2 + 1
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y = Cex + 1
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(sin x + cos x)
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af ′(x) = f(x)

h&-I,?h
y = Ce−

1

2
x + 2x2 − 8x + 20

�]�
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y = x2 + C ⇒ y′ = 2x ⇒ y′′ = 2
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y = x2 + C
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y′′ = 2
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f(x) = e−2x ⇒ f ′(x) = −2e−2x ⇒ f ′′(x) = 4e−2x
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f ′′(x) + 3f ′(x) + 2f(x) = 4e−2x + 3 · (−2e−2x) + 2 · (e−2x) = 0
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y′′ = e−x + 1

⇒ y′ = −e−x + x + C1 ⇒ y = e−x + 1
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·22+C = −2+C = 1 ⇔ C = 3

5�>@2 A.M N720979DC?2@N76:;"9:M";?2@N7O
y = − 1

2
x2 + 3

-

��,@+ 	X>@5�2@8Q5�8x6:;"9:M";?2@N7O�2@8*9:5�}=67k=2@|�;?>@><;�-
y′′ = 2 + sin x ⇒ y′ = 2x − cos x + C1

⇒ y = x2 − sin x + C1x + C2
-

�v;?M 2@k?9m|�C=C?6:C(A 9 A R?C"9L;?>@M OQ5�BQlQk=2@NS9D;
y(0) = 1

�:;
y′(0) = −1

-

y(0) = 0 − sin 0 + C1 · 0 + C2 = C2 = 1
�:;

y′(0) = 2 · 0 − cos 0 + C1 = −1 + C1 = −1 ⇔ C1 = 0
5�>@2�A.M N720979DC?2@N76:;"9:M";?2@N7O

y = x2 − sin x + 1
-

��,@¤ � 8*9:5�}=67k=2@|�;?>@><;cN:;=;?l�;=;?8
f(x) = C1x+C2

x
⇒ f ′(x) = C1−C2

x2 ⇒ f ′′(x) = 2C2

x3�:;�N72 �7k=20979D;?|�;?>@><;XB OQk=|�;"9D;=;?8��Q5u979DC�8Q5X9:k?9:5�O&979D;(R?;"9qA.B*9DC?>@E=8

x2y′′ + xy′ − y = x2 · 2C2

x3 + x(C1 − C2

x2 ) − (C1x + C2

x
) = 0

-
�v;?M 2@k?9m|�C=C?6:C(A 9 A R?C"9L;?>@M OQ5�BQlQk=2@NS9D;

f(1) = 0
�:;

f ′(3) = 8
-

f(1) = C1 · 1 + C2

1
= C1 + C2 = 0 ⇔ C1 = −C2

�:;

f(3) = C1 · 3 + C2

3
= C1(3 − 1

3
) = C1

8
3

= 8 ⇔ C1 = 3
-

	XM N720979DC?2@N76:;"9:M";?2@N7O�k=8
f(x) = 3x − 3

x
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y′ = 2 ⇒ y = 2x + C
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y′ = 4x + 1

-
�]� � 8*9:5�}=67k=2@|�;?>@><;LA.>@5�2@8Q5�8�6:;"9:M";?2@N7O�-

y′ = 4x+1 ⇒ y = 2x2 + x + C
-.��2@2@67675u9DC=C?8
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� � �v;?M 2@k�|�C=C?6:C(A 9 A Ax;?>@M OQ5�BQlQk=NS9D;
y(1) = 4

-

y(1) = 2·12+1+C = 3+C = 4 ⇔ C = 1
5�>@2"A.M N720979DC?2@N76:;"9:M";?2@N7O

y = 2x2 + x + 1
-

V�,@� i.5�P�;?67k=2@l�;=;?8 �:;�2@8*9:5�}=67k=2@l�;=;?8�A.B*9DC?>@E
y′ = 2y

�"�7k=>@>@k=2@8�N:;=;?l�;=;?8tA.>@5�2@8Q5�8t6:;"9S�
M";?2@N7O�- ∫ � y

y
=

∫
2
l
x ⇒ ln |y| = 2x + C1 ⇒ y = ±eC1e2x = Ce2x -���672@M?k=2@N76:;"9S�

M";?2@N7O
y = 0

N72@N:C?>09 A A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8xR?;?M 2@k=8t;?6SR=k=>@><;
C = 0

-
�v;?M 2@k�|�C=C?6:C(A 9 A Ax;?>@M OQ5�BQlQk=NS9D;

y(1) = 2
-

y(1) = Ce2·1 = 2
���7k=NS9D; 6:;"9:M";?2@NS9D;=;?8

C = 2e−2 �:;¡A.M N720979DC?2@N76:;"9:M";?2@N7OXk=8 y = 2e2x−2 -

V�,@V �?k=N
a 6= 0

�d8Q2@2@8GA.>@5�2@8Q5�8 6:;"9:M";?2@N7O
y = Ceax N:;=;?l�;=;?8�M O&9:5�8�5�lQ5�>@>@2@N75�N7N:CL9:5�B*9DCd�

R?C?N7N:C3�:;�5�672@M?k=2@N76:;"9:M";?2@N7O
y = 0

N72@N:C?>09 A A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8xR?;?M 2@k=8t;?6SR=k=>@><;
C = 0

-
�?k=N

a = 0
�Q8Q2@2@8

y′ = 0 ⇒ y = C
-

V�, � ;*�Xi.5�P�;?67k=2@l�;=;?8��:;x2@8*9:5�}=67k=2@l�;=;?8�A.B*9DC?>@E
y′ =

√
y
�.�7k=>@>@k=2@8 A.>@5�2@N75�M N72c6:;"9:M";?2 �

N7OQM N72�N:;=;?l�;=;?8 ∫ � y√
y

=
∫ l

x ⇒ 2
√

y = x + C ⇔ y = (x+C
2

)2 -
�]� 	XB*9DC?>@E=>@><C�k=8 5�672@M?k=2@N76:;"9:M";?2@N7O

y = 0
�*�7k=M";�R=k=2@l�;=;?8 9:k.lQ5u9D;�N72 �7k=20979D;?|�;?>@><; A.B.�

9DC?>@E.E=8
y′ =

√
y
-��mC?|�C�5�2�N72@N:C?>@>0A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8���N72@>@><C�5�2�k=>@5GN75�>@><;?2@NS9D;�R?;?M 2@k=8

C
;?6SR=k*;&�"�7k?979D;

y = 0
M";?2@M 2@>@><;G|�OQO&979:Od�:;?8

x
;?6SR=k=2@>@><;&-

V�,@+ i.5�P�;?67k=2@l�;=;?8��:;�2@8*9:5�}=67k=2@l�;=;?8xA.B*9DC?>@E
xy′ = y − 1

�=�7k=>@>@k=2@8�N:;=;?l�;=;?8 A.>@5�2@8Q5�8
6:;"9:M";?2@N7O�- ∫ � y

y−1
=

∫ � xx ⇒ ln |y − 1| = ln |x| + ln |C1| ⇔ y = Cx + 1
-���672@M?k=2@N��

6:;"9:M";?2@N7O
y = 1

N72@N:C?>09 A A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8xR?;?M 2@k=8t;?6SR=k=>@><;
C = 0

-
�v;?M 2@k�|�C=C?6:C(A 9 A Ax;?>@M OQ5�BQlQk=8

y(4) = 3
P�5�67OQNS9:5�5�>@><;�-
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y(4) = C · 4 + 1 = 3 ⇔ C = 1
2

5�>@2�A.M N720979DC?2@N76:;"9:M";?2@N7O
y = 1

2
x + 1

-

V�,@¤ ;*�mi.5�P�;?67k=2@l�;=;?8 �:;�2@8*9:5�}=67k=2@l�;=;?8�A.B*9DC?>@E
y′ = xex−y �"�7k=NS9D;�N:;=;?l�;=;?8xA.>@5�2@8Q5�8

6:;"9:M";?2@N7O�- ∫
ey l

y =
∫

xex l
x ⇒ ey = xex − ex + C ⇔ y = ln(xex − ex + C)

-
��2`5�672@M?k=2@N76:;"9:M";?2@N7Od�:;&�&N72@>@><C

ey 6= 0
;?2@8�;&-

�]�ms C=C?6:C"9DC=C?8�R?;?M 2@k�;?>@M OQ5�BQlQk=NS9D;
y(2) = 2

�d�7k=>@>@k=2@8

y(2) = ln(2 · e2 − e2 + C) = ln(e2 + C) = 2 ⇔ e2 + C = e2 ⇔ C = 0
�:;

A.M N720979DC?2@N76:;"9:M";?2@N7O�k=8
y = ln(xex − ex)

-

V�, � i.5�P�;?67k=2@l�;=;?8��:;�2@8*9:5�}=67k=2@l�;=;?8�A.B*9DC?>@E
f ′(x) = 4xf(x)2 �?�7k=>@>@k=2@8�A.>@5�2@8Q5�8 6:;"9S�

M";?2@N7O�- ∫ � y
y2 =

∫
4x

l
x ⇒ − 1

y
= 2x2 + C ⇔ y = − 1

2x2+C

-
	XB*9DC?>@E=>@><C k=8x6:;"9:M";?2@N7OQP�;?6SR=5�5�8tN72@N:C?>09 A.|�C"9:E=8�5�672@M?k=2@N76:;"9:M";?2@N7O��&M OQ8

y = 0
-

V�, � ;�-.i.5�P�;?67k=2@l�;=;?8L�:;X2@8*9:5�}=67k=2@l�;=;?8 A.B*9DC?>@E
f ′(x)+x3f(x) = 0

�
�7k=>@>@k=2@8 N:;=;?l�;=;?8
A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�- ∫ � y

y
=

∫
−x3 l

x ⇒ ln |y| = −1
4
x4 + C1

⇔ y = ±eC1e−
1

4
x4

= Ce−
1

4
x4 �:; 5�672@M?k=2@N76:;"9:M";?2@N7O

y = 0
N72@N:C?>09 A A�6:;"9:M";?2@N7OQP�;?6��

R=5�5�8��]M OQ8tR?;?M 2@k
C = 0

-
s C=C?6:C"9DC=C?8�R?;?M 2@k=8t;?6SR=k�;?>@M OQ5�BQlQk=NS9D;

y(0) = 1
-

y(0) = Ce−
1

4
·0 = C = 1

�d�7k?9:5�8xA.M N720979DC?2@N76:;"9:M";?2@N7O�k=8
y = e−

1

4
x4 -

��-�¦X2@6)�7k=209:5u9D;=;?8tA.B*9DC?>@E
y′ = x − 2y′y

|�OQk?9:k.k=8
(1 + 2y)y′ = x

� �7k=8QM";��:C?>@M?5�5�8
N75�P�;?67k=2@l�;=;?8��:;�2@8*9:5�}=67k=2@l�;=;?8�- ∫

(1 + 2y)
l
y =

∫
x
l
x ⇒ y + y2 = 1

2
x2 + C1 ⇔

y2 + y − 1
2
x2 − C1 = 0

- �mC?NS9DC�|�OQk.lQk=NS9D;�6:;"9:M";?2@NS9D;=;?8
y
><;?OQN75�M?5 9:k=2@N75�8�;?NS9:5�5�8

A.B*9DC?>@E=8x6:;"9:M";?2@N7OQM";=;(R?;?>@><;
y
- 8�N7OQB*9:5�5�8��=�7k=>@>@k=2@8�A.>@5�2@N75�M N72�6:;"9:M";?2@N7OQM N72�N:;=;?l�;=;?8

y =
−1±

√
1−4(−x2−C1)

2
= −1±

√
4x2+C
2

-
�v;?M 2@k=>@>@53N:;=;?l�;=;?8 ;?6SR=k�;?>@M OQ5�BQlQk=NS9D;

y(0) = 1
-

y(0) = −1±
√

C
2

= 1 ⇔ C = 9
�:;�A.M N720979DC��@N76:;"9:M";?2@N7Oxk=8

y = −1+
√

4x2+9
2

-
� - 	XB*9DC?>@E y′ = x

k=83�7k�N75�P�;?67k=2@lQOQN7N:;X|�OQk.lQk=N7N:;&�
�7k?9:5�8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�N:;=;?l�;=;?8
N7OQk=6:;=;?8t2@8*9:5�}=67k=2@|�;?>@><;

y = 1
2
x2 + C

-
�v;?M 2@k�|�C=C?6:C(A 9 A Ax;?>@M OQ5�BQlQk=NS9D;

y(0) = 1
�"�7k=>@>@k=2@8

y(0) = 1
2
· 0 + C = C = 1

5�>@2�A.M N720979DC?2@N76:;"9:M";?2@N7O�k=8
y = 1

2
x2 + 1

-
5 - i.5�P�;?67k=2@l�;=;?83�:;�2@8*9:5�}=67k=2@l�;=;?8 A.B*9DC?>@E

xy3 +(y2 +1)e−xy′ = 0
�
�7k=>@>@k=2@8 N:;=;?l�;=;?8

A.>@5�2@8Q5�8x6:;"9:M";?2@N7Ox2@|�PQ>@2@N72@20979:2@N75�N7N:C�|�OQk.lQk=N7N:;�-
∫

( 1
y

+ 1
y3 )

l
y =

∫
−xex l

x ⇒ ln |y| − 1
2
y−2 = −xex + ex + C

-
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�v;?M 2@k�6:;"9:M";?2@NS9D;=;?8�;?>@M OQ5�BQlQk=NS9D;
y(0) = 1

��M OQ8\N72 �7k=209:5u9D;=;?8T6:;"9:M";?2@N7OQOQ8
x = 0

�:;
y = 1

-
ln 1 − 1

2
· 1−2 = −0 · e0 + e0 + C ⇔ −1

2
= 1 + C ⇔ C = − 3

2

5�>@2
A.M N720979DC?2@N76:;"9:M";?2@N7O�k=8

ln |y| − 1
2
y−2 = −xex + ex − 3

2

-

V�, 
 i.2 �7k=209:5u9D;=;?8�5�8QN72@8
v = y

x

�(�7k=NS9D; 6:;"9:M";?2@NS9D;=;?8
y = xv

�:;
y′ = v + x � v� x

- 	XB*9DC?>@E

y′ = y
x
− tan y

x

9:OQ>@5�5L9DC?>@>@E=2@8�|�OQk?9:k.k=8
v + x � v� x = v + tan v

�(�7k=M";�5�lQ5�>@>@5�5�8�N75�P�;d�
67k=2@l�;=;?8��:;�2@8*9:5�}=67k=2@l�;=;?8�- ∫ � vtan v

= −
∫ � xx ⇒ ln | sin v| = − ln |x| − ln |C1| ⇔

| sin v| = −|C1x| ⇔ sin v = ∓C1x ⇔ v = arcsin Cx
- �mC?B�C?8�N72 �7k=209:5u9D;=;?8

v = y
x

�
�7k=>@>@k=2@8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�9:OQ>@5�5L|�OQk?9:k.k=8

y = x arcsin Cx
-&��672@M?k=2@N76:;"9:M";?2@N7O

y = 0
N72@N:C?>09 A A�6:;"9:M";?2@N7OQP�;?6SR=5�5�8��]M OQ8xR?;?M 2@k

C = 0
-

V�,Z��� ��5�BQl�C=C?8�N72 �7k=209:OQN
v = y

x

�=�7k=NS9D;�6:;"9:M";?2@NS9D;=;?8
y = xv

�:;
y′ = v + x � v� x

- 	XB.�
9DC?>@E

y′ = 2 + y
x

9:OQ>@5�5 9DC?>@>@E=2@8t|�OQk?9:k.k=8
v + x � v� x = 2 + v

�*�7k=M";�N75�P�;?67k=2@l�;=;?8��:;
2@8*9:5�}=67k=2@l�;=;?8�- ∫ l

v =
∫

2 � xx ⇒ v = 2 ln |x| + C
-�i.2 �7k=209:5u9D;=;?8

v = y
x

�.�:;�M?k=N7M";

x > 0
��N:;=;?l�;=;?8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�-

y = 2x ln x + Cx
-

V�,Z�]� 	XB*9DC?>@E
(x3 + y3)

l
x − xy2 l y = 0

M 2@6)�7k=209:5u9D;=;?8[|�OQk?9:k.k=8 � y� x = x2

y2 + y
x

-
��5�BQl�C=C?8 N72 �7k=209:OQN

v = y
x

� �7k=NS9D;�6:;"9:M";?2@NS9D;=;?8
y = xv

�:;
y′ = v + x � v� x

�:;�A.B*9DC?>@E
R=k=2@l�;=;?8�9DC?|�C?8��:C?>@M?5�5�8xM 2@6)�7k=20979D;=;G|�OQk.lQk=N7N:;

v + x � v� x = 1
v2 + v

- �mC?|�C�N75�P�;?67k=2 �
l�;=;?8 �:;�2@8*9:5�}=67k=2@l�;=;?8�- ∫

v2 l
v =

∫ � xx ⇒ 1
3
v3 = ln |x| + C1

⇔ v = 3

√

3 ln |x| + C
-ci.2 �7k=209:5u9D;=;?8

v = y
x

�]�7k=>@>@k=2@8�N:;=;?l�;=;?8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�-

y = x 3

√

3 ln |x| + C
-

V�,Z�.V ��5�BQl�C=C?8 N72 �7k=209:OQN
v = x + 5y

���7k=>@>@k=2@8
y = v

5
− x

5

�:;
y′ = 1

5 � v� x − 1
5

-�i.2 �7k=209:5
�
9D;=;?8 8�C?|�C�A.B*9DC?>@E.E=8

y′ = x + 5y
�?�7k=>@>@k=2@8 1

5 � v� x − 1
5

= v
- �mC?|�C�N75�P�;?67k=2@l�;=;?8��:;

2@8*9:5�}=67k=2@l�;=;?8�- ∫ � v5v+1
=

∫ l
x ⇒ 1

5
ln |5v + 1| = x + C1 ⇔ 5v + 1 = ±eC2e5x

⇔ v = C3e
5x − 1

5

-.i.2 �7k=209:5u9D;=;?8
v = x+5y

�u�7k=>@>@k=2@8 A.>@5�2@N75�M N72�6:;"9:M";?2@N7OQM N72]N:;=;?l�;=;?8

y = Ce5x − x
5
− 1

25
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v = −1
5
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C
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y = −x

5
− 1

25

-

V�,Z�*� ��5�BQl�C=C?8 A.B*9DC?>@E.E=8
y′ = (x + y)2 N72 �7k=209:OQN

v = x + y
�?�7k=>@>@k=2@8

y′ = � v� x − 1
�:;xA.B*9DC?>@E�M 2@6)�7k=209:5u9D;=;?8�|�OQk.lQk=N7N:; � v� x − 1 = v2 -§i.5�P�;?67k=2@l�;=;?8x�:;t2@8*9:5�}=67k=2@l�;=;?8�-
∫ � vv2+1

=
∫ l

x ⇒ arctan v = x+C ⇔ v = tan(x+C)
-.i.2 �7k=209:5u9D;=;?8

v = x+ y
�
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y = tan(x + C) − x

-

V�,Z�.+ ¦X2@6)�7k=209:5u9D;=;?8 A.B*9DC?>@E 5�8QN72@8[|�OQk.lQk=N7N:;
y′ = 1 + 2 y

x

- ��5�BQl�C=C?8[N72 �7k=209:OQM N75u9

v = y
x

�:;
y′ = v + x � v� x

�.�7k=>@>@k=2@8tA.B*9DC?>@E�9:OQ>@5�5�|�OQk?9:k.k=8
v + x � v� x = 1 + 2v

-�i.5
�
P�;?67k=2@l�;=;?8x�:;�2@8*9:5�}=67k=2@l�;=;?8�- ∫ � v1+v

=
∫ � xx ⇒ ln |1 + v| = ln |x| + ln |C1| ⇔

v = ±C1x − 1 = Cx − 1
-qi.2 �7k=209:5u9D;=;?8

v = y
x

�`�7k=>@>@k=2@8\A.>@5�2@8Q5�8a6:;"9:M";?2@N7O£k=8

y = x(Cx − 1)
-���672@M?k=2@N76:;"9:M";?2@N7O

v = −1
5�>@2

y = −x
N72@N:C?>09 A At6:;"9:M";?2@N7OQP�;?6SR=5�5�8��

M OQ8xR?;?M 2@k
C = 0

-

V�,Z�.¤ ��5�BQl�C=C?8tN72 �7k=209:OQM N75u9
v = x − y

�:;
y′ = 1 − � v� x

�"�7k=>@>@k=2@8�A.B*9DC?>@E

y′ = y − x − 1 + 4(x−y)+8
x−y+2

9:OQ>@5�5G|�OQk?9:k.k=8
1 − � v� x = −v − 1 + 4v+8

v+2
= −v + 3

-
i.5�P�;?67k=2@l�;=;?8��:;t2@8*9:5�}=67k=2@l�;=;?8�- ∫ � vv−2

=
∫ l

x ⇒ ln |v − 2| = x + C1 ⇔ v =

±eC1ex + 2 = Cex + 2
-vi.2 �7k=209:5u9D;=;?8

v = x − y
�]�7k=>@>@k=2@8TA.>@5�2@8Q5�8~6:;"9:M";?2@N7O\k=8

y = −Cex + x − 2
-
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v = ax + by + c

��8Q2@2@8
y = 1

b
v − a

b
x − c

b

�:;x5�lQ5�>@>@5�5�8
y′ = 1

b � v� x − a
b

-
i.2 �7k=209:5u9D;=;?8\8�C?|�C A.B*9DC?>@E.E=8

y′ = F (ax + by + c)
���7k=>@>@k=2@8�N75 9:OQ>@5�5t|�OQk?9:k.k=8

1
b � v� x − a

b
= F (v)

- �mC?|�C�k=8�N75�P�;?67k=209:O&R?;&��N72@>@><C�N75�R=k=2@l�;=;?8�M 2@6)�7k=20979D;=;�|�OQk?9:k.k=8

� vbF (v)+a
=

l
x
�
�7k=N7N:;XN72@2@N�A.B*9DC?>@E=8�9:k=2@8Q5�8�PQOQk=>@2&k=8�;?2@8Qk*;?NS9D;=;?8�|�OQO&979:Od�:;?8

v
�eOQ8QM=�

9:2@kL�:;�9:k=2@8Q5�8x|�OQO&979:Od�:;?8
x
�eOQ8QM*9:2@kQ-
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y = Ce−P (x) �:; y′ = −p(x)Ce−P (x) A.B*9DC?>@E.E=8 y′+p(x)y = 0

B OQk=|�;"9D;=;?8�5u979DC�N75X9:k?9:5�O&9:OQO�- −p(x)Ce−P (x) + p(x)Ce−P (x) = 0
-]i&;?|�; R=k=209D;?2 �

N72@2@8�k=N7k=20979D;=;�| A=E=NcN7209:5�8��*5u979DCX6:;"9:M";?2@NS9D;=;?8�;?>@M OQP�5�6:C?2@8Q5�8�A.B*9DC?>@EXN75�P�;?67k=2@|�;?>@><;§�:;
2@8*9:5�}=67k=2@|�;?>@><;�- ∫ � y

y
= −

∫
P (x)

l
x ⇒ ln |y| = −p(x) + C1

⇔ y = ±eC1e−p(x) = Cep(x) -���672@M?k=2@N76:;"9:M";?2@N7O N72@N:C?>09 A A 6:;"9:M";?2@N7OQP�;?6SR=5�5�8�R?;?M 2@k=8

C
;?6SR=k=>@><;�8Qk=>@><;&-

V�,Z��
 	XB*9DC?>@E=8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7OTk=8
y = Cepx -§s C=C?6:C"9DC=C?8TR?;?M 2@k�;?>@M OQ5�BQlQk=NS9D;

y(0) = a
-
y(0) = Ce0 = C = a

�"�7k?9:5�8�A.M N720979DC?2@N76:;"9:M";?2@N7Oxk=8
y = aepx -

V�,@� � ;*�q{Lk=|�k=}=5�5�8Q2@N75�8xA.B*9DC?>@E=8xA.>@5�2@8Q5�8t6:;"9:M";?2@N7Oxk=8
y0 = Ce4x -���P�C?BQk=|�k=}=5�5
�

8Q2@N75�8GA.B*9DC?>@E=8GA.M N720979DC?2@N76:;"9:M";?2@N7OG>@E�A.lQ5u9DC=C?8GA.6720979:5�5�>@><C
y1 = Aex �7�7k=>@>@k=2@8�A.B*9DC?>@E.E=8
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y′ − 4y = ex N72 �7k=209:5u979:OQ8�;GN:;=;?l�;=;?8
Aex − 4Aex = ex -�	XB*9DC?>@E=8�|�k=>@5�|�|�;"9vPQOQk"�

>@5u9Gk=8Tk=>09D;(R?;�A.B*9DC?N7OQOQ675u9(���7k=>@>@k=2@8 −3A = 1
�:;xN72@2@N

A = − 1
3

- 	XB*9DC?>@E=8 A.>@5�2@8Q5�8
6:;"9:M";?2@N7O�k=8

y = Ce4x − 1
3
ex -

�]� �v;?M 2@k=8
C

;?6SR=k�|�C=C?6:C(A 9 A Ax;?>@M OQ5�BQlQk=NS9D;
y(0) = 2

-

y(0) = Ce0 − 1
3
e0 = C − 1

3
= 2 ⇔ C = 7

3

�:;�A.M N720979DC?2@N76:;"9:M";?2@N7O
y = 7

3
e4x − 1

3
ex -
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y0 = Cex -���P�C?BQk=|�k=}=5�5�8Q2 �
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y1 = A sin x + B cos x

-�i.2 �
�7k=209:5u9D;=;?8

y1
�:;

y′
1 = A cos x − B sin x

A.B*9DC?>@E.E=8
y′ − y + sin x = 0

���7k=>@>@k=2@8

A cos x − B sin x − A sin x − B cos x + sin x = 0
-��mC?N7N:C�9:5�67|�2@5�8

cos x
�:;

sin x
M?5�6S9:k=2@|�5u9�k=8T|�5�8*9DC(R?Cx8Qk=>@><;?M N72 �*�7k=>@>@k=2@8�N72@2@N

A − B = 0
�:; −A − B + 1 = 0

-
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A = B
�`�7k=M";x�:C?>@M 2@|�|�C?2@N75�5�8~N72 �7k=209:5u979:OQ8�;[;?8*9D;=;

B = 1
2
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y = Cex + 1

2
sin x + 1

2
cos x

-
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y0 = Cex -L��P�C?BQk=|�k"�
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y1 = Ax2 + Bx + C

-
i.2 �7k=209:5u9D;=;?8

y1
�:;

y′
1 = 2Ax + B

A.B*9DC?>@E.E=8
y′ − y = x2 ���7k=>@>@k=2@8 N:;=;?l�;=;?8

2Ax + B − Ax2 − Bx − C = x2 -m¦Lk=N7M";\M OQ8QM 2@8 N:;?|�;?8�;?NS9:5�2@N75�8 9:5�67|�2@8
x

M?5�6767k=2@8Tk=8[k=>09D;(R?;�A.B*9DC�N7OQOQ672cA.B*9DC?>@E=8[|�k=>@5�|�|�2@>@><;�PQOQk=>@2@>@><;&��P�C=C?l&A 9DC=C?8�A.B*9DCd�
>@E=2@BQ2@8�- −A = 1

�
2A − B = 0

�:;
B − C = 0

- �3C?2@lQ5�8�A.B*9DC?>@E=2@lQ5�8 P�5�67OQNS9:5�5�>@><;
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A = −1
�
B = −2

�:;
C = −2

�?�7k=>@>@k=2@8�A.B*9DC?>@E=8xA.>@5�2@8Q5�8
6:;"9:M";?2@N7O�k=8

y = Cex − x2 − 2x − 2
-

�]�qs C=C?6:C"9DC=C?8�R?;?M 2@k=>@>@5
C

;?6SR=k�;?>@M OQ5�BQlQk=NS9D;
y(0) = 0

-

y(0) = Ce0 − 0 − 2 · 0 − 2 = C − 2 = 0 ⇔ C = 2
�:;xA.M N720979DC?2@N76:;"9:M";?2@N7OTk=8

y = 2ex − x2 − 2x − 2
-
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y0 = Ce−

1

2
x -���P�C?BQk=|�k=}=5�5
�
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y1 = Ax2 + Bx + C

-�i.2 �
�7k=209:5u9D;=;?8

y1
�:;

y′
1 = 2Ax + B

A.B*9DC?>@E.E=8
y′ + 1

2
y = x2 + 2

�]�7k=>@>@k=2@8TN:;=;?l�;=;?8

2Ax + B + 1
2
Ax2 + 1

2
Bx + 1

2
C = x2 + 2

-`i&;?|�;?8�;?NS9:5�2@NS9:5�8�9:5�67|�2@5�8
x
M?5�6S9:k=2 �

|�5u9Lk=8�k=>09D;(R?;�A.B*9DC�N7OQOQ675u9(�*�7k=>@>@k=2@8�N:;=;?l�;=;?8tA.B*9DC?>@E?9 1
2
A = 1

�
2A + 1

2
B = 0

�:;

B + 1
2
C = 2

�?�7k=2@NS9D;�6:;"9:M";?2@NS9D;=;?8
A = 2

�
B = −8

�:;
C = 20

- 	X>@5�2@8Q5�8t6:;"9:M";?2@N7O
k=8

y = Ce−
1

2
x + 2x2 − 8x + 20

-
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y′ + y = 5

�?�7k=>@>@k=2@8xN:;=;?l�;=;?8tA.>@5�2@8Q5�8
6:;"9:M";?2@N7O�- ∫ � y

5−y
=

∫ l
x ⇒ − ln |5−y| = x+C1 ⇔ y = ±e−C1e−x + 5 = Ce−x + 5

-

V�,@�]+ ��8QN72@8Q8�C?M 2@8�R=k=2@l�;=;?8�6:;"9:M";?2@NS9D;X|�OQOQ8Q8Qk=M N75�>@><;
v = x−y

�(�7k=>@>@k=2@8
y = x−v

�:;
y′ = 1− � v� x

- �mC?>@>@E=2@8�A.B*9DC?>@E
y′+y = x

R=k=2@l�;=;?8GM 2@6)�7k=20979D;=; |�OQk?9:k.k=8
1− � v� x = v

�
�7k=NS9D;�5�lQ5�>@>@5�5�8tN75�P�;?67k=2@|�;?>@><; �:;�2@8*9:5�}=67k=2@|�;?>@><;�-
∫ � v1−v

=
∫ l

x ⇒ − ln |1 − v| = x + C1 ⇔ v = ∓e−C1e−x + 1 = C2e
−x + 1

-
i.2 �7k=209:5u9D;=;?8

v = x − y
���7k=>@>@k=2@8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�k=8

y = Ce−x + x − 1
-
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y0 = Ce−x �:;�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8xA.B*9DC?>@E=8�A.M N720979DC?2@N76:;"9:M";?2@N7Ox5u9S�
N7209DC=C?8xA.6720979:5�5�>@><C

y1 = Ax + B
-�i.2 �7k=209:5u9D;=;?8

y1
�:;

y′
1 = A

A.B*9DC?>@E.E=8
y′ + y = x

-

A + Ax + B = x
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x
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A
�:;

B
A.B*9DC?>@E=2@NS9DC

A = 1
�:;

A+B = 0
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y = Ce−x + x − 1
-
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y = Ce2x -���P�Cd�
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y1 = Axe2x + Bex -]i.2 �7k=2 �
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y1

�:;
y′

1 = Ae2x + 2Axe2x + Bex A.B*9DC?>@E.E=8
y′ = 2y + e2x + ex �*�7k=>@>@k=2@8

Ae2x + 2Axe2x + Bex = 2(Axe2x + Bex) + e2x + ex - �v;?M 2@k?9 A
�:;

B
|�C=Cd�

6:C(A 9 A R?C"9GA.B*9DC?>@E=2@NS9DC
A = 1

�:;
B = 2B + 1 ⇔ B = −1
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y = Ce2x + xe2x − ex -
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N(t) = Ce−kt -Q��P�C?BQk=|�k"�
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N(t) = A

�)R?;?M 2@k �
-�i.2 �7k=209:5u9D;=;?8
N(t) = A

�:;
N ′(t) = 0

A.B*9DC?>@E.E=8 � N� t = v − kN
�&�7k=>@>@k=2@8

0 = v − kA ⇔ A = v
k
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N(t) = Ce−kt + v

k
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C
|�C=C?6:C"9DC=C?8x;?6SR=k�;?>@M OQ5�BQlQk=NS9D;

N(0) = N0
-

N(0) = Ce0 + v
k

= C + v
k

= N0 ⇔ C = N0− v
k
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t
R=k=2@l�;=;?8x6:;"9:M";?2@NS9D; A.B*9DC?>@E=NS9DC

N(t) = (N0 − v
k
)e−kt + v

k

-
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P ′(t) = −4

√

P (t)
k=8 N75�P�;?67k=209:O&R?;&-`��67k?9:5�>@><;=;?8�|�OQO&979:Od�:;"9¡�:;�2@8.�
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∫ � P√

P (t)
= −4

∫ l
t ⇒ 2

√

P (t) = −4t + 2C ⇒ P (t) = (−2t + C)2 -
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C
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P (0) = 1100
-

P (0) = (−2 · 0 + C)2 = C2 = 1100 ⇔ C =
√

1100 = 10
√
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P (t) = 0
-
P (t) = (−2t + 10

√
11)2 = 0 ⇔ −2t + 10

√
11 = 0

⇔ t = 5
√

11 ≈ 16,583
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y′ = ky
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k
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y = Cekt - �3>@OQM N72XB*A 979 A.NS9:5�8�|�C=C?6:C[k=>@2�,?z=z&���7k?9:5�8
y(0) = 200

���7k=8QM";�|�O.�
M";=;?8�|�C=C?6:C(A 9 A A�R?;?M 2@k=8

C
;?6SR=k�-

y(0) = Ce0 = C = 200
-`w`2@N:C?M N72�9:2@5�lQ5u9DC=C?8��

5u979DC
y(3) = 700

�:;�9DC?NS9DC�N:;=;?l�;=;?8�|�C=C?6:C"979 A*C�;?6SR=k�R=5�676:;?8Q8Qk=>@>@2@N7OQOQN7M?5�6S9:k=2@|�5�>@>@5

k
-
y(3) = 200e3k = 700 ⇔ k = 1

3
ln 7

2

-�{mA 979 A.NS9:5�8�|�C=C?6:C�|�2@5�>@20R?;?>09D;?2@N75�>@><; BQ5u9S�
M?5�>@><C

t
k=8

y(t) = 200e
1

3
ln 7

2
t -

��672@M?k=2@N75�NS9:2 �?M OQ8
t = 5

N:;=;?l�;=;?8
y(5) = 200e

1

3
ln 7

2
5 ≈ 1613,65

-={mA 979 A.NS9:5�8�|�C=C?6:C
R.2@2@lQ5�8�9:OQ8Q8Q2@8xM OQ>@O&979:O�;�k=>@2§/��=z=z&-

V�,@V � �?k=N 5�>@2@8*9D;?N7k ;��:;?8T�eOQ8QM*9:2@k=8�;
y(t)

k=8TM"C=C?8*9DC?5�8TR=5�676:;?8Q8Qk=>@>@2@8Q5�8�5�>@2@8*9D;?N7k=8
M";?NSR.OQOQ8

y′(t)
�vP�C=C?l&A 9DC=C?8�/=-cM?5�6S9D;?>@O&R.OQ8alQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E.E=8

y′ = k
y

���7k=N��
N:;

k > 0
k=8�R=5�676:;?8Q8Qk=>@>@2@N7OQOQN7M?5�6767k=2@8�- 	XB*9DC?>@E�k=8 N75�P�;?67k=209:O&R?;&� �7k?9:5�8 5�67k?9:5�>@><;=;?8

|�OQO&979:Od�:;"9 �:;x2@8*9:5�}=67k=2@l�;=;?8�- ∫
y
l
y =

∫
k
l
x ⇒ 1

2
y2 = kt + C

- 	X>@5�2@8Q5�8 6:;"9S�
M";?2@N7OTN72@2@N k=8

y =
√

2kt + C
-§��>@2@8*9D;?N7k=8TM";?NSR.O�k=8x�:;"9:M O&R?;=;&��N72@>@><C

y
k=8�;��:;?8

t
N7OQB*9:5�5�8��:;"9:M O&R?;��eOQ8QM*9:2@kQ-`¦Lk=N7M";

y′′ = −ky−2y′ < 0
��k=8

y′ PQ2@5�8Q5�8Q5uR?C��eOQ8QM*9:2@k
�:;�M";?NSR.O k=8tBQ2@l�;?NS9:O&R?;=;&-]w`2@N:C?M N72`M?k=N7M";

limt→∞ y = limt→∞
√

2kt + C = ∞ ��5�2
5�>@2@8*9D;?N7k=8�M?5�BQ209 A.NL><C?BQ5�8Q5�|�209DC=C?8�R?;?M 2@k?9D;?N7k*;&-

V�,@V`� �?k=N � 5�>@N72@OQN:;?NS9:5�2@8�;�OQOQ8Q2@8�><C?|�P�E?9:2@><;�k=8
U

�:;�M";?M OQ8 ><C?|�P�E?9:2@><;�BQ5u9:M?5�>@><C
t

�e|�2@8]�`k=8
T (t)

�"N:;=;?l�;=;?8�OQOQ8Q2@8�><C?|�P�E?9:2@><;?>@>05�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E
T ′ = k(U−T )

�
�7k=N7N:;

k
k=8�R=5�676:;?8Q8Qk=>@>@2@N7OQOQN7M?5�6767k=2@8�- 	XB*9DC?>@E=8�6:;"9:M";?2@N7O�k=8

T (t) = U +Ce−kt �)R.6S9(-
N7k�R=5�>@>@OQNLh&- �Q-I,=�
-

©&/




 OQ8Q2@8�><C?|�P�E?9:2@><;LP*A.NSA A�R?;?M 2@k=><C?|�P�E?9:2@><;?N7N:;
U = 225◦

� �:;G;?>@OQN7N:;GM";?M OQ8�><C?|�P�E"�
9:2@><;¡k=8

21◦
��5�>@2

T (0) = 21
-
T (0) = 225+Ce0 = 225+C = 21 ⇔ C = −204

-�w`2 �
N:C?M N72]M*A.|�|�5�8Q5�8�|�2@8 OQO&9:2@8�M OQ>@O&979:O�;�M";?M OQ8�><C?|�P�E?9:2@><;mk=8

67◦
�\5�>@2

T (10) = 67
-

T (10) = 225−204e−10k = 67 ⇔ k = − 1
10

ln 79
102

- ¦�;?M OQ8�><C?|�P�E?9:2@><;L|�2@5�>@20R?;?>09D;?2 �
N75�>@><;�BQ5u9:M?5�>@><C

t
R=k=2@l�;=;?8�6:;"9:M";?2@NS9D;�A.B*9DC?>@E=NS9DC

T (t) = 225 − 204e
1

10
ln 79

102
t -.��672@M?k=2 �

N75�NS9:2`�*z�|�2@8 OQO&9:2@8�M OQ>@O&979:O�;�M";?M OQ8t><C?|�P�E?9:2@><;Xk=8
T (40) = 225− 204e

40

10
ln 79

102 ≈
151,59

5�>@2�><C?|�P�E?9:2@><;�k=8 8Qk=2@8
152◦

�3-m¦�;?M OQ8 ><C?|�P�E?9:2@><; 5�2X|�2@>@>@k=2@8QM";=;?8~N:;=;d�
R.O&9D;[OQOQ8Q2@8a><C?|�P�E?9:2@><;=;&��N72@>@><C −204e−kt < 0

�eM?k=N7M";
e−kt > 0

�
���7k=>@>@k=2@8¢;?2@8�;

T (t) < 225
-

V�,@V]� i.2 �7k=209:5u9D;=;?8�A.B*9DC?>@E.E=8
m(t) = (m0 − m∞)e−kt + m∞;*�

m∞ = 40% = 0,40
�
m0 = 100% = 1

�:;
m(5) = 80% = 0,80

�:;�6:;"9:M";?2@NS9D;=;?8
R=5�676:;?8Q8Qk=>@>@2@N7OQOQNSR?;?M 2@k

k
-

m(5) = (1 − 0,40)e−5k + 0,40 = 0,80 ⇔ k = − 1
5
ln 2

3

-
JL;"9:M";?2@NS9D;=;?8

m(10)
-
m(10) = (1 − 0,40)e

10

5
ln 2

3 + 0,40 = 0,667 ≈ 67%
- {L5�8QM 2@>@E

|�OQ2@NS9D;=;�M*A.|�|�5�8Q5�8tP�C?20R?C?8xM OQ>@O&979:O�;�k=PQPQ2@|�;?NS9D;=;?8�8Qk=2@8
67%

-
�]�

m∞ = 20% = 0,20
�
m0 = 100% = 1

�:;
m(5) = 30% = 0,30

�:;�6:;"9:M";?2@NS9D;=;?8
R=5�676:;?8Q8Qk=>@>@2@N7OQOQNSR?;?M 2@k

k
-

m(5) = (1 − 0,20)e−5k + 0,20 = 0,30 ⇔ k = − 1
5
ln 1

8

-
JL;"9:M";?2@NS9D;=;?8

m(10)
-
m(10) = (1−0,20)e

10

5
ln 1

8 +0,20 = 0,2125 ≈ 21%
- {L5�8QM 2@>@E

|�OQ2@NS9D;=;�M*A.|�|�5�8Q5�8tP�C?20R?C?8xM OQ>@O&979:O�;�k=PQPQ2@|�;?NS9D;=;?8�8Qk=2@8
21%

-
� � ��OQ>@k=M N75u9¡k�R?;"9c9:5�k=672<;?8�|�OQM";?2@N72<;&- �?k=Nvk=PQ20979:O�N:;?8�;��7k=OQM M?k�|�OQk.lQk=NS9D;=;v�:C?67M?5uR?C?8
M?k=M?k=8�;?2@N7OQOQlQ5�8 �Z;d� M?k=B*9D;*�
�?k=8

k
PQ2@5�8Q2��:;

m∞
><C?BQ5�8Q5�5q;?6SR=k*;

m0
�:;L9DC?>@>@E=2@8Gk=PQPQ2 �:;

|�OQ2@NS9D;=; k=PQPQ2@|�;?NS9D;=;?8�5�8Q5�|�|�C?8�-��?k=N N:;?8�;"9qk�R?;"9q|�5�67M 209 A.M N75u979:E=|�2<C��e�.� M?k=B*9D;*�
�
k=8

k
N7OQOQ672*�:;

m∞
;?6SR=kL�:C=CGPQ2@5�8Q5�M N72 - �mC?>@>@E=2@8�BQ5�8QM 2@>@E�5�2�|�OQ2@NS9D;G8Q2@2@8�P�;?> �7k=8�k=P.�

PQ2@|�;?NS9D;=;?8�-

� ,Z� ;*��¦�;?6:;?M*9:5�672@NS9:2@8Q5�8~A.B*9DC?>@E=8
r2 + 3r − 4 = 0

6:;"9:M";?2@N7O&9�k�R?;"9
r1 = 1

�:;

r2 = −4
- 	X>@5�2@8Q5�8�6:;"9:M";?2@N7O�-

y = C1e
x + C2e

−4x -
�]�G¦�;?6:;?M*9:5�672@NS9:2@8Q5�8TA.B*9DC?>@E=8

r2 − 16 = 0
6:;"9:M";?2@N7O&9 k�R?;"9

r1 = 4
�:;

r2 = −4
-

	X>@5�2@8Q5�8x6:;"9:M";?2@N7O�-
y = C1e

4x + C2e
−4x -

� ��¦�;?6:;?M*9:5�672@NS9:2@8Q5�8�A.B*9DC?>@E=8
r2 − 6r − 9 = 0

6:;"9:M";?2@N7O&9�k�R?;"9
r1,2 = 3

- 	X>@5�2@8Q5�8
6:;"9:M";?2@N7O�-

y = C1e
3x + C2xe3x -

©*,



l]� ¦�;?6:;?M*9:5�672@NS9:2@8Q5�8TA.B*9DC?>@E=8
r2 + 4r + 5 = 0

6:;"9:M";?2@N7O&9�k�R?;"9
r1 = −2 + i

�:;

r2 = −2 − i
- 	X>@5�2@8Q5�8x6:;"9:M";?2@N7O�-

y = e−2x(C1 cos x + C2 sin x)
-

� ,@� ;*�v¦�;?6:;?M*9:5�672@NS9:2@8Q5�8�A.B*9DC?>@E=8
r2 − 2r + 10 = 0

6:;"9:M";?2@N7O&9 k�R?;"9
r1 = 1 + 3i

�:;

r2 = 1 − 3i
�:;�A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�-

y = ex(C1 cos 3x + C2 sin 3x)
-

s C=C?6:C"9DC=C?8�R?;?M 2@k
C1

;?>@M OQ5�BQlQk=NS9D;
y(0) = 0

-

y(0) = e0(C1 cos 0 + C2 sin 0) = C1 = 0
�d�7k=>@>@k=2@8

y = exC2 sin 3x
�:;

y′ = exC2 sin 3x + 3exC2 cos 3x
- �v;?M 2@k

C2
N:;=;?l�;=;?8£;?>@M OQ5�BQlQk=NS9D;

y′(0) = 1
-

y′(0) = e0C2 sin 0 + 3e0C2 cos 0 = 3C2 = 1 ⇔ C2 = 1
3

-�¦�A.NSA 979 A�A.M N720979DC?2@N76:;"9S�
M";?2@N7Oxk=8

y = 1
3
ex sin 3x

-
�]� ¦�;?6:;?M*9:5�672@NS9:2@8Q5�8�A.B*9DC?>@E=8

r2 − 4r + 4 = 0
6:;"9:M";?2@N7O&9qk�R?;"9

r1,2 = 2
�:;�A.>@5�2@8Q5�8

6:;"9:M";?2@N7O�-
y = C1e

2x + C2xe2x -
s C=C?6:C"9DC=C?8�R?;?M 2@k

C1
;?>@M OQ5�BQlQk=NS9D;

y(0) = 3
-
y(0) = C1e

0 +C2 · 0 · e0 = C1 = 3
-

�v;?M 2@k
C2

N:;=;?l�;=;?8 ;?>@M OQ5�BQlQk=NS9D;
y′(0) = 1

��M OQ8
y′ = 6e2x + C2e

2x + 2C2xe2x -

y′(0) = 6e0 + C2e
0 + 2C2 · 0 · e0 = 6 + C2 = 1 ⇔ C2 = −5

-]¦�A.NSA 979 At6:;"9:M";?2@N7O
k=8

y = 3e2x − 5xe2x -
� �v¦�;?6:;?M*9:5�672@NS9:2@8Q5�8�A.B*9DC?>@E=8

r2 + r− 2 = 0
6:;"9:M";?2@N7O&9¡k�R?;"9

r1 = 1
�:;

r2 = −2
�:;

A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�-
y = C1e

x + C2e
−2x -

s C=C?6:C"9DC=C?8�R?;?M 2@k?9
C1

�:;
C2

;?>@M OQ5�BQlQk=2@NS9D;
y(0) = 2

�:;
y′(0) = 1

-

y(0) = C1e
0 + C2e

0 = C1 + C2 = 2
�:;

y′(0) = C1e
0 − 2C2e

0 = C1 − 2C2 = 1
�?�7k=2@NS9D;�6:;"9:M";?2@NS9D;=;?8

C1 = 5
3

�:;
C2 = 1

3

-
¦�A.NSA 979 A�A.M N720979DC?2@N76:;"9:M";?2@N7O�k=8

y = 1
3
(5ex + e−2x)

-

� ,@V ;*�L¦�;?6:;?M*9:5�672@NS9:2@N75�8tA.B*9DC?>@E=8��7OQOQ675u9�k�R?;"9
r1 = 1

�:;
r2 = −1

- �mC?>@>@E=2@8�A.B*9DCd�
>@E=N7N:C

r2 + qr + p = 0
9:5�67|�2 −q = r1 + r2 = 1 + (−1) = 0

�:;

p = r1 · r2 = 1 · (−1) = −1
�?�7k?9:5�8tM";?6:;?M*9:5�672@NS9:2@NS9D;�A.B*9DC?>@E*C�R?;?NS9D;=;(R?;�lQ204�5�675�8*9:2 �

;=;?>@20A.B*9DC?>@E k=8
y′′ − y = 0

-
�]��¦�;?6:;?M*9:5�672@NS9:2@N75�8¢A.B*9DC?>@E=8��7OQOQ675u9�k�R?;"9

r1 = 2 + i
�:;

r2 = 2 − i
- �mC?>@>@E=2@8

A.B*9DC?>@E=N7N:C
r2 + qr + p = 0

9:5�67|�2 −q = r1 + r2 = 2 + i + (2 − i) = 4
�:;

p = r1 · r2 = (2 + i)(2 − i) = 5
�=�7k?9:5�8�M";?6:;?M*9:5�672@NS9:2@NS9D;�A.B*9DC?>@E*C�R?;?NS9D;=;(R?;�lQ204�5
�

675�8*9:2<;=;?>@20A.B*9DC?>@E k=8
y′′ − 4y′ + 5y = 0

-
� ��¦�;?6:;?M*9:5�672@NS9:2@N75�8aA.B*9DC?>@E=8��7OQOQ675u9tk�R?;"9

r1 = −5
�:;

r2 = −5
- �mC?>@>@E=2@8~A.B.�

9DC?>@E=N7N:C
r2 + qr + p = 0

9:5�67|�2 −q = r1 + r2 = −5 + (−5) = −10
�:;

©=h



p = r1 · r2 = (−5) · (−5) = 25
�Q�7k?9:5�8�M";?6:;?M*9:5�672@NS9:2@NS9D;tA.B*9DC?>@E*CtR?;?NS9D;=;(R?;�lQ20�<�

�e5�675�8*9:2<;=;?>@20A.B*9DC?>@E�k=8
y′′ + 10y′ + 25y = 0

-
l]�L¦�;?6:;?M*9:5�672@NS9:2@N75�8 A.B*9DC?>@E=8��7OQOQ675u9Xk�R?;"9

r1 = 1
�:;

r2 = −2
- �mC?>@>@E=2@8xA.B*9DC?>@E=N7N:C

r2 + qr + p = 0
9:5�67|�2 −q = r1 + r2 = 1 + (−2) = −1

�:;

p = r1 · r2 = 1 · (−2) = −2
�"�7k?9:5�8tM";?6:;?M*9:5�672@NS9:2@NS9D;�A.B*9DC?>@E*C�R?;?NS9D;=;(R?;�lQ204�5�675�8*9:2 �

;=;?>@20A.B*9DC?>@E�k=8
y′′ + y′ − 2y = 0

-

� , � � N7k=209:5u9D;=;?8��&5u979DC
y1 = eax cos bx

9:k?9:5�O&979D;=;�lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@E=8

y′′ + qy′ + py = 0
N72 �7k=20979D;?|�;?>@><;

y′
1 = aeax cos bx − beax sin bx

�:;

y′′
1 = a2eax cos bx−abeax sin bx−baeax sin bx−b2eax cos bx

9D;?67M";?NS9:5�>09D;(R?;=;?8�A.B.�
9DC?>@E.E=8�-

a2eax cos bx− abeax sin bx− baeax sin bx− b2eax cos bx + qaeax cos bx−
qbeax sin bx+ peax cos bx = eax cos bx(a2 − b2 + qa+ p)+ eax sin bx(−ab− ba−
qb) = eax cos bx(a2 − b2 − 2a2 + a2 + b2) + eax sin bx(−ab − ba + 2ab) = 0

-
�mC?N7N:C�M"C(A 9:5u979:2@2@8�B*A R?C?M N72`k=|�2@8�;?2@N7OQO&979D; −q = r1 + r2 = a + bi + (a − bi) = 2a
�:;

p = r1 · r2 = (a + bi)(a − bi) = (a2 + b2)
-qi&;?|�k=2@8~k=N7k=209:5u979D;?2@N72@2@8���5u979DC

y2 = eax sin bx
k=8xA.B*9DC?>@E=8x6:;"9:M";?2@N7O�-

� ,@+ ;*� i.2 �7k=209:5u9D;=;?8
y = x

�
y′ = 1

�:;
y′′ = 0

A.B*9DC?>@E.E=8
y′′ + qy′ + py = 0

�:;
B OQk=|�;"9D;=;?8��Q5u979DC�N75�9:k?9:5�O&9:OQOt;?2@8Qk*;?NS9D;=;?8xM OQ8

0 + q + px = q + px = 0
-

�]�Xi.2 �7k=209:5u9D;=;?8
y = y′ = y′′ = ex A.B*9DC?>@E.E=8

y′′ + qy′ + py = 0
�:;�B OQk=|�;"9D;=;?8��

5u979DC�N75�9:k?9:5�O&9:OQO ;?2@8Qk*;?NS9D;=;?8�M OQ8
ex + qex + pex = ex(1 + q + p) = 0

-

� ,@¤ ��8QN72@8Q8�C?M 2@8
x = et ⇔ t = ln x

�:; � t� x = 1
x

-
¦X5u9e�7OQN:C=C?8Q8QE=8t|�OQM";=;?8

y′ = � y� x = � y� t �
t

� x = � y� t
1
x

�:;�5�lQ5�>@>@5�5�8

y′′ = � 2y

� x2 = � 2y

� t2 �
t

� x
1
x

+ � y� t · (−
1
x2 ) = � 2y

� t2
1
x2 + � y� t · (−

1
x2 ) = 1

x2 ( � 2y

� t2 − � y� t )
-

i.2 �7k=209:5u9D;=;?8�A.B*9DC?>@E.E=8
x2y′′ + qxy′ + py = 0

�d�7k=>@>@k=2@8

( � 2y

� t2 − � y� t ) + q � y� t + py = � 2y

� t2 + (q − 1) � y� t + py = 0
�mC?|�C�k=8�R?;?M 2@k=M?5�6S9:k=2@|�2@8Q5�8

9:k=2@N75�8xM?5�6S9D;?>@O&R.OQ8 lQ204�5�675�8*9:2<;=;?>@20A.B*9DC?>@EQ���7k=8QM";�M";?6:;?M*9:5�672@NS9:2@8Q5�8�A.B*9DC?>@E�k=8

r2 + (q − 1)r + p = 0
-

� , � ;*� ¦�;?6:;?M*9:5�672@NS9:2@N75�8�A.B*9DC?>@E=8
r2 + p = 0

6:;"9:M";?2@N7O&9qk�R?;"9
r = ±√−p

-
�?k=N

p = 0
��8Q2@2@8

y′′ = 0 ⇒ y′ = C1 ⇒ y = C1x + C2
- �mC?|�C�5�2�k=>@5 6:;��7k=209:5u979:O��

N72@>@><C
limx→±∞ y = ±∞ -

©?�



�?k=N
p < 0

� 8Q2@2@8
r = ±√

p
�:;�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�k=8

y = C1e
−√

px +C2e
√

px - �mC?|�C
5�2�k=>@5�6:;��7k=209:5u979:O���N72@>@><C

limx→∞ e
√

px = ∞ �:;
limx→−∞ e−

√
px = ∞ � �7k?9:5�8T;?2@8�;

limx→±∞ y = ∞ -
�?k=N

p > 0
�=8Q2@2@8

r = ±i
√

p
�:;�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O�k=8

y = C1 cos
√

px+C2 sin
√

px
-

�mC?|�C�k=8t6:;��7k=209:5u979:O��QN72@>@><C −1 ≤ sin
√

px ≤ 1
�:; −1 ≤ cos

√
px ≤ 1

-
�v;?NS9D;?OQN -]JL;��7k=209:5u979:O��&M OQ8

p > 0
-

�]��JL;"9:M";?2@N7O�5�2qk=>@5�5�lQ5�N�6:;��7k=209:5u979:O�9D;?P�;?OQM N72@N7N:;
p ≤ 0

�]�7k?9:5�8\6:;"9:M";?2@N7O&9�5�20R?C"9
| A=E=N7M"C=C?8xR=k=2�><C?BQ5�NS9 A*C�8Qk=>@><;=;&�.M OQ8

x → ±∞ - ��;?P�;?OQM N75�N7N:;
p > 0

6:;"9:M";?2@N7Otk=8
6:;��7k=209:5u979:O��?|�O&979D;XN72@>@><CL5�2�k=>@5 6:;��:;d��;?6SR=k*;X5�2@M"C�N72@2@N§><C?BQ5�NS9 A�8Qk=>@><;=;&�"M OQ8

x → ±∞ -

� , � ¦XOQN7N:;?M 2@8�M?k=BQl�;?N7N:;�A.B*9DC?>@E=8�BQk=|�k=}=5�5�8Q2@8Q5�8 A.B*9DC?>@E�k=8�N:;?|�;&-�i.209DC�R?;?NS9D;=;d�
R?;?8TM";?6:;?M*9:5�672@NS9:2@N75�8�A.B*9DC?>@E=8

r2 − r − 2 = 0
�7OQOQ675u9 k�R?;"9

r1 = 2
�:;

r2 = −1
�

�7k=>@>@k=2@8�BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8t6:;"9:M";?2@N7O
y0 = C1e

2x + C2e
−x -

;*����P�C?BQk=|�k=}=5�5�8Q2@N75�8~A.B*9DC?>@E=8~A.M N720979DC?2@N76:;"9:M";?2@N7OQ8¢>@E�A 9DC?|�2@N75�M N72q9:5�BQl�C=C?8¢A.67209:5

y1 = A
�)R?;?M 2@k �
-Qi.2 �7k=209:5u9D;=;?8

y1 = A
�:;

y′′
1 = y′

1 = 0
A.B*9DC?>@E.E=8

y′′ − y′ − 2y = 3
-

0 − 0 − 2A = 3 ⇔ A = − 2
3

�:;�5�P�C?BQk=|�k=}=5�5�8Q2@N75�8tA.B*9DC?>@E=8tA.>@5�2@8Q5�8 6:;"9:M";?2@N7O k=8

y = C1e
2x + C2e

−x − 2
3

-
;*����P�C?BQk=|�k=}=5�5�8Q2@N75�8~A.B*9DC?>@E=8~A.M N720979DC?2@N76:;"9:M";?2@N7OQ8¢>@E�A 9DC?|�2@N75�M N72q9:5�BQl�C=C?8¢A.67209:5

y1 = Ax + B
-�i.2 �7k=209:5u9D;=;?8

y1 = Ax + B
�

y′
1 = A

�:;
y′′

1 = 0
A.B*9DC?>@E.E=8

y′′−y′−2y = x
�D�7k=>@>@k=2@8

0−A−2Ax−2B = x
-*i&;?|�;?8�;?NS9:5�2@NS9:5�8�9:5�67|�2@5�8 M?5�6S9:k=2 �

|�5u9qk�R?;"9qA.B*9DC�N7OQOQ675u9(�"�7k?9:5�8 −2A = 1 ⇔ A = − 1
2

�:; −A − 2B = 0 ⇔ B = 1
4

-
��P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8t6:;"9:M";?2@N7O�k=8

y = C1e
2x + C2e

−x − 1
2
x + 1

4

-
� � ��P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7O�N:;=;?l�;=;?8���M OQ8xA.BQlQ2@NS9:5u9DC=C?8t;L�:;
�xM?k=B*9:2@5�8t5�P�C?BQk=|�k=}=5�5�8Q2@NS9:5�8xA.B*9DC?>@E=2@lQ5�8�A.M N720979DC?2@N76:;"9:M";?2@N7O&9 -

y = C1e
2x + C2e

−x − 1
2
x − 5

4

-
l]����P�C?BQk=|�k=}=5�5�8Q2@N75�8~A.B*9DC?>@E=8\A.M N720979DC?2@N76:;"9:M";?2@N7OQ8~>@E�A 9DC?|�2@N75�M N72 9:5�BQl�C=C?8~A.67209:5

y1 = Ax2 +Bx+C
-&i.2 �7k=209:5u9D;=;?8

y1 = Ax2 +Bx+C
�
y′

1 = 2Ax+B
�:;

y′′
1 = 2A

A.B*9DC?>@E.E=8
y′′ − y′ − 2y = x2 �"�7k=>@>@k=2@8

2A−2Ax−B−2Ax2−2Bx−2C = x2 -?i&;?|�;?8�;?NS9:5�2@NS9:5�8�9:5�67|�2@5�8�M?5�6S9:k=2@|�5u9�k�R?;"9
A.B*9DCGN7OQOQ675u9(�(�7k?9:5�8 −2A = 1 ⇔ A = − 1

2

�:; −2A−2B = 1−2B = 0 ⇔ B = 1
2N75�M"C

2A−B − 2C = −1− 1
2
− 2C = 0 ⇔ C = − 3

4

-.��P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8
A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = C1e
2x + C2e

−x − 1
2
x2 + 1

2
x − 3

4

-

©*H



� , 
 ¦�;?6:;?M*9:5�672@NS9:2@N75�8�A.B*9DC?>@E=8
r2 − 7r + 6 = 0

�7OQOQ675u9�k�R?;"9
r1 = 1

�:;
r2 = 6

�
�7k=>@>@k=2@8�BQk=|�k=}=5�5�8Q2@N75�8xA.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7O

y0 = C1e
x + C2e

6x -
;*����P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.M N720979DC?2@N76:;"9:M";?2@N7OQ8�>@E�A 9DC?|�2@N75�M N72�M?k=M?5�2@>@><;=;?8 A.672 �
9:5u979DC

y1 = Ae2x -�i.2 �7k=209:5u9D;=;?8 y1 = Ae2x � y′
1 = 2Ae2x �:;

y′′
1 = 4Ae2x A.B*9DC?>@E.E=8

y′′−7y′ +6y = e2x �u�7k=>@>@k=2@8 e2x(4A−7 ·2A+6A) = −4Ae2x = e2x ⇔ A = −1
4

-
��P�C?BQk=|�k=}=5�5�8Q2@N75�8xA.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = C1e
x + C2e

6x − 1
4
e2x -

�]�X��P�C?BQk=|�k=}=5�5�8Q2@N75�8 A.B*9DC?>@E=8 A.M N720979DC?2@N76:;"9:M";?2@N7OQ8 >@E�A 9DC?|�2@N75�M N72�M?k=M?5�2@>@><;=;?8�A.672 �
9:5u979DC

y1 = Axex -?i.2 �7k=209:5u9D;=;?8 y1 = Axex � y′
1 = Aex+Axex �:; y′′

1 = 2Aex+Axex

A.B*9DC?>@E.E=8
y′′ − 7y′ + 6y = ex �d�7k=>@>@k=2@8

ex(2A + Ax − 7(·A + Ax) + 6Ax) = −5Aex = ex ⇔ A = −1
5

-���P�C?BQk=|�k=}=5�5
�
8Q2@N75�8xA.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7Oxk=8

y = C1e
x + C2e

6x − 1
5
xex -

� ,Z��� ¦�;?6:;?M*9:5�672@NS9:2@N75�8�A.B*9DC?>@E=8
r2 + 9 = 0

�7OQOQ675u9 k�R?;"9
r1,2 = ±3i

�&�7k=>@>@k=2@8 BQk"�
|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8t6:;"9:M";?2@N7O

y0 = C1 cos 3x + C2 sin 3x
-

;*�cJm2@20979DC=C�9:5�BQl�CGA.67209:5
y1 = A sin 2x

� M?k=N7M";�5�P�C?BQk=|�k=}=5�8Q2@N7k=20R?;�9:5�M 2 �:CGk=8
sin 2x

�:;3A.6720979:5�5�8�9:5�67|�2
cos 2x

5�2Q9:OQk?979D;?2@N72.A.B*9DC?>@E.E=8
sin 2x

9:5�67|�5 �:C�><;?2@8QM";=;?8��"N72@>@><CLA.B.�
9DC?>@E=N7N:C�5�2§k=>@5 ><;?2@8QM";=;?8t9:5�67|�2<C

y′ -`i.2 �7k=209:5u9D;=;?8 y1 = A sin 2x
�
y′′

1 = −4A sin 2x
A.B*9DC?>@E.E=8

y′′ + 9y = sin 2x
���7k=>@>@k=2@8 −4A sin 2x + 9A sin 2x = 5A sin 2x =

sin 2x ⇔ A = 1
5

-]��P�C?BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8t6:;"9:M";?2@N7O�k=8

y = C1 cos 3x + C2 sin 3x + 1
5
sin 2x

-
�]� {Lk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@N75�N7N:C�6:;"9:M";?2@N7OQN7N:;�k=8�9:5�67|�2

sin 3x
�d�7k?9:5�8�k=8�9:5�B.�

9DC(R?C�A.67209:5
y1 = x(A cos 3x + B sin 3x)

-]i.2 �7k=209:5u9D;=;?8
y1
�

y′
1 = A cos 3x + B sin 3x + x(−3A sin 3x + 3B cos 3x)

�:;

y′′
1 = −6A sin 3x + 6B cos 3x + x(−9A cos 3x − 9B sin 3x)

A.B*9DC?>@E.E=8

y′′ + 9y = sin 3x
�"�7k=>@>@k=2@8

y′′
1 = −6A sin 3x + 6B cos 3x + x(−9A cos 3x − 9B sin 3x) + 9x(A cos 3x +

B sin 3x) = −6A sin 3x + 6B cos 3x = sin 3x ⇔ B = 0
�:;

A = − 1
6

-���P�C?BQk"�
|�k=}=5�5�8Q2@N75�8GA.B*9DC?>@E=8�A.>@5�2@8Q5�8G6:;"9:M";?2@N7OGk=8

y = C1 cos 3x + C2 sin 3x − 1
6
x cos 3x

-

� ,Z�]� ¦�;?6:;?M*9:5�672@NS9:2@N75�8TA.B*9DC?>@E=8
r2 − 4r + 4 = 0

�7OQOQ675u9�k�R?;"9
r1,2 = 2

���7k=>@>@k=2@8
BQk=|�k=}=5�5�8Q2@N75�8�A.B*9DC?>@E=8�A.>@5�2@8Q5�8�6:;"9:M";?2@N7O

y0 = C1e
2x + C2xe2x -Q��P�C?BQk=|�k=}=5�5�8Q2 �

N75�8aA.B*9DC?>@E=8¢A.M N720979DC?2@N76:;"9:M";?N72@O¢5u9:N7209DC=C?8¢A.6720979:5�5�>@><C
y1 = Ax + B

-qi.2 �7k=209:5u9D;=;?8

y1 = Ax + B
�

y′
1 = A

�:;
y′′

1 = 0
A.B*9DC?>@E.E=8

y′′ − 4y′ + 4y = x
���7k=>@>@k=2@8

©=�



0− 4A+4Ax+4B = x
-&i&;?|�;?8�;?NS9:5�2@NS9:5�8�9:5�67|�2@5�8�M?5�6S9:k=2@|�5u9vk�R?;"9¡A.B*9DCGN7OQOQ675u9(�

�7k?9:5�8
4A = 1 ⇔ A = 1

4

�:; −4A + 4B = −1 + 4B = 0 ⇔ B = 1
4

-���P�C?BQk=|�k"�
}=5�5�8Q2@N75�8xA.B*9DC?>@E=8�A.>@5�2@8Q5�8x6:;"9:M";?2@N7OxN72@2@Nqk=8

y = C1e
2x + C2xe2x + 1

4
x + 1

4

-
�3>@M OQ5�BQlQk=NS9D;

y(0) = 1
4

|�C=C?6:C(A 9 A Ax;?6SR=k�R?;?M 2@k=>@>@5
C1

-

y(0) = C1e
0 + C2 · 0 · e0 + 1

4
· 0 + 1

4
= C1 + 1

4
= 1

4
⇔ C1 = 0

-Q��lQ5�>@>@5�5�8x;?>@M OQ5�B.�
lQk=NS9D;

y(1) = 0
|�C=C?6:C(A 9 A A�R?;?M 2@k

C2
-

y(1) = C1e
2 + C2e

2 + 1
4
+ 1

4
= C2e

2 + 1
2

= 0 ⇔ C2 = − 1
2e2

-Q¦�A.NSA 979 A�A.M N720979DC?2@N��
6:;"9:M";?2@N7O�k=8

y = −1
2
xe2(x−1) + 1

4
x + 1

4

-

+�,Z� ;*���mA 9
y′ = f(xk,yk) = yk + 1

N75�M"C
x0 = 1

�:;
y0 = 0,5

-�Jm5�M OQ67N72@20R.2@NS9:5�8
A.B*9DC?>@E=2@lQ5�8x|�OQM";=;?8x><;?N7M?5u9D;=;?8

x1 = 1,2
�
x2 = 1,4

��-0-0-`�
x5 = 2

N75�M"C

y(1,2) = y1 = y0 + (y0 + 1) · 0,2 = 0,5 + (0,5 + 1) · 0,2 = 0,8

y(1,4) = y2 = y1 + (y1 + 1) · 0,2 = 0,8 + 1,8 · 0,2 = 1,16

y(1,6) = y3 = y2 + (y2 + 1) · 0,2 = 1,16 + 2,16 · 0,2 = 1,592

y(1,8) = y4 = y3 + (y3 + 1) · 0,2 = 1,592 + 2,592 · 0,2 = 2,1104

y(2) = y5 = y4 + (y4 + 1) · 0,2 = 2,1104 + 3,1104 · 0,2 = 2,73248

�]� �mC?|�C�M";?8Q8�;"979D;=;�9:5�BQl�Cx><;?N7M 2@|�5�8�A.BQlQ5�8T6720R.2@8 k=Bd�75�>@|�;?>@><;&-�i.2 �7k=209:5u9D;=;?8�><;?N��
M 2@|�5�5�8�}=6:;���2@M M";"�eOQ8QM*9:2@k=M N72

Y 1 = Y + 1
��N75�M"C�9D;?>@>@5�8Q8Q5u9D;=;?8 |�OQO&979:Od�72@>@>@5�;?6SR=k?9

0,1 → H : 0,9 → X : 0,5 → Y
-���OQ>@k=M N75u9�k=8 M";?BQlQ5�8�lQ5�N72@|�;=;?>@2@8�9D;?67M M OQOQlQ5�>@><;

;?>@><; k=>@5uR?;?N7N:;�9D;?OQ>@OQM?k=N7N:;&-

x
/=� z /=�0/ /=�I, /=� h /=� � /=�IH /=� � /=�I� /=� U /=� © ,.� z

y
z&�IHKz&� �*HKz&� U*, /=� z=z /=�I,?z /=� � , /=� �=� /=� ©*,p,.�I,=,p,.�IH"��,.� U=©

� � 	XB*9DC?>@E=8�6:;"9:M";?2@N7O�-
y = 1,5ex−1 − 1

-�i.2 �7k=209:5u9D;=;?8
y(2) = 1,5e − 1 ≈ 3,077

�
�7k?9:5�8��.� M?k=BQl�;?8�>@2@M 2<;?6SR=k�k=8�><C?BQ5�|�P�C?8�CX9:k.lQ5�>@>@2@NS9D;�;?6SR=k*;&- �?k=N`�:;?M?k�R?C?>@2�k=>@2@N72

0,01
N:;=;"9D;?2@N72@2@8

y(2) ≈ 3,057
- ��;?67M M OQOQN P�;?6:;?8*9:OQO���M OQ8�;?N7M?5�>@PQ209:OQO&979D;

h
PQ2@5�8Q5�8Q8Q5
�

9DC=C?8�-

+�,@� ��;?67M";?NS9:5�>@O�R?C?>@2�k=8 � z&�0/�� - ��5�BQl�C=C?8[><;?N7M 2@|�5�5�8 A.BQlQ5�8�6720R.2@8�k=Bd�75�>@|�;&� �7k=N7N:;
}=6:;���2@M M";"�eOQ8QM*9:2@k�k=8

Y 1 = Y
- �?k=N�M"C(A 9:5u9DC=C?8¢;?N7M?5�>0R?C?>@2<C

h = 0,2
�§N72 �7k=209:5u9D;=;?8

|�OQO&979:Od�72@M N72
0,2 → H : −0,2 → X : 1 → Y

�:;tN:;=;?l�;=;?8TM";?BQlQ5�8[lQ5�N72@|�;=;?>@2@8
9D;?67M M OQOQlQ5�>@><;�N75�OQ6:;=;(R?;"9m9:OQ>@k=M N75u9

©*�



x
z&� zpz&�I, z&� � z&� � z&� U /=� z

y
/=� z /=�I,?z /=� �=� /=�I�?h ,.� z*�p,.� �*©&-

�?k=Nv;?N7M?5�>@PQ209:OQOQN
h = 0,1

�*N72 �7k=209:5u9D;=;?8
0,1 → H : −0,1 → X : 1 → Y

�:;XN:;=;?l�;=;?8
N75�OQ6:;=;(R?;"9m9:OQ>@k=M N75u9

x
z&� zpz&�0/�z&�I, z&� h z&� � z&�IH z&� � z&�I� z&� U z&� © /=� z

y
/=� z /=�0/p/=�I,./p/=� h=h /=� �*� /=� �&/p/=�I�=� /=� ©*H ,.�0/(��,.� h=� ,.�IH?©&-

�3N7M?5�>@PQ209:OQOQlQ5�>@>@5
h = 0,01

N:;=;?l�;=;?8t>@2@M 2<;?6SR=k=M N72
y(1) ≈ 2,705

-
	XB*9DC?>@E=8x6:;"9:M";?2@N7Oxk=8

y = ex �"�7k=>@>@5 y(1) ≈ 2,718
-

+�,@V ;*���mA 9
y′ = f(xk,yk) = yk + xk

N75�M"C
x0 = 0

�:;
y0 = 1

-§Jm5�M OQ67N72@20R.2@NS9:5�8
A.B*9DC?>@E=2@lQ5�8x|�OQM";=;?8x><;?N7M?5u9D;=;?8

x1 = 0,5
�
x2 = 1,0

�
x3 = 1,5

�:;
x4 = 2

N75�M"C

y(0,5) = y1 = y0 + (y0 + x0) · 0,5 = 1 + 1 · 0,5 = 1,5

y(1,0) = y2 = y1 + (y1 + x1) · 0,5 = 1,5 + 2,0 · 0,5 = 2,5

y(1,5) = y3 = y2 + (y2 + x2) · 0,5 = 2,5 + 3,5 · 0,5 = 4,25

y(2) = y4 = y3 + (y3 + x3) · 0,5 = 4,25 + 5,75 · 0,5 = 7,125.

�]�3w�;?N7M 2@|�5�8tA.BQlQ5�8 6720R.2@8 k=Bd�75�>@|�;?>@><;&- �X6:;���2@M M";"�eOQ8QM*9:2@k=M N72
Y 1 = Y + X

��N75�M"C
|�OQO&979:Od�72@M N72

0,2 → H : −0,2 → X : 1 → Y
- ��OQ>@k=M N75u9�k=8�M";?BQlQ5�8 lQ5�N72@|�;=;?>@2@8

9D;?67M M OQOQlQ5�>@><;�;?>@><; k=>@5uR?;?N7N:;�9D;?OQ>@OQM?k=N7N:;&-

x
z&� zpz&�I, z&� � z&� � z&� U /=� z /=�I, /=� � /=� � /=� U ,.� z

y
/=� z /=�I,?z /=� �*U /=� U=� ,.� h*Hp,.� ©=Uph&�I�=� �Q�I�=�pH.� �=z �.�IH=,K©&� h=U&-

+�, � ��N72@|�5�67M 2@M N72`;?N7M?5�>0R?C?>@2@>@>@5
h = 0,2

�:;�9D;?67M";?NS9:5�>@O&R?C?>@2@>@>@5 � /=�I,�� -

y′ = f(xk,yk) = xk − yk + 1
N75�M"C

x0 = 1
�:;

y0 = 1
-]Jm5�M OQ67N72@20R.2@NS9:5�8xA.B*9DC?>@E=2@lQ5�8

|�OQM";=;?8x><;?N7M?5u9D;=;?8
x1 = 1,2

�
x2 = 1,4

��-0-0-`�
x5 = 2

N75�M"C

y(1,2) = y1 = y0 + (x0 − y0 + 1) · 0,2 = 1 + 1 · 0,2 = 1,2

y(1,4) = y2 = y1 + (x1 − y1 + 1) · 0,2 = 1,2 + 1 · 0,2 = 1,4

y(1,6) = y3 = y2 + (x2 − y2 + 1) · 0,2 = 1,4 + 1 · 0,2 = 1,6

y(1,8) = y4 = y3 + (x3 − y3 + 1) · 0,2 = 1,6 + 1 · 0,2 = 1,8

y(2) = y5 = y4 + (y4 + x4 + 1) · 0,2 = 1,8 + 1 · 0,2 = 2,0.

©=U



��OQ>@k=NS9:5�8[P�5�67OQNS9:5�5�>@><; B OQk=|�;"9D;=;?8���5u979DC
y = x

���7k=M";tk=8TA.B*9DC?>@E=8�;?8�;?>0A A 979:2@8Q5�8
6:;"9:M";?2@N7O�- �mC?|�C�6:;"9:M";?2@N7O�9:k?9:5�O&979D;=;�| A=E=NL;?>@M OQ5�BQlQk=8

y(1) = 1
-

+�,@+ ;*� 	XB*9DC?>@E
y′ = f(x,y) = ykxk

�:;~;?>@M OQ5�B*9:kd�75�8�P�5�67OQNS9:5�5�>@><;
x0 = 1

�:;

y0 = 0,5
-`��8QN72@|�|�C?2@N75�8�k=N:;(R?C?>@2@8

[1; 1,5]
M?5�N7M 2@PQ2@NS9:5�k=8

u0 = x0 + h
2

= 1,25
�:;

N7209DC R?;?NS9D;=;(R?;?8x�eOQ8QM*9:2@k=8
y
;?6SR=k

v0
><;?N7M?5u9D;=;?8xM O&9:5�8���OQ>@5�672@8�|�5�8Q5u9:5�>@|�C?N7N:C

v0 = y0 + f(x0,y0) ·
h

2
= y0 + y0x0 ·

0,5

2
= 0,5 + 0,5 · 0,5

2
= 0,625.

i.5�OQ6:;=;(R?;?M N72*><;?N7M?5u9D;=;?8XM OQ>@|�;?M?5�6767k=2@8�R?C?>@2@8�M?5�N7M 2@PQ2@NS9:5�5�N7N:C
(u0,v0) = (1,25; 0,625)

-

r0 = f(u0,v0) = v0u0 = 0,625 · 1,25 = 0,78125,

�7k=8QM";�;(R.OQ>@><;�6:;"9:M";?2@NS9D;=;?8��eOQ8QM*9:2@k=8t;?6SR=k
y1
-

y(1,5) = y1 = y0 + r0h = 0,5 + 0,78125 · 0,5 = 0,890625.

�mC?NS9DC 5�lQ5�>@>@5�5�8�N75�OQ6:;=;(R?;?8�k=N:;(R?C?>@2@8
[1,5; 2]

M?5�N7M 2@PQ2@NS9:5Xk=8
u1 = x1 + h

2
= 1,75

�:;
N7209DC R?;?NS9D;=;(R?;?8x�eOQ8QM*9:2@k=8

y
;?6SR=k

v1

v1 = y1+f(x1,y1)·
h

2
= y1+y1x0 ·

0,5

2
= 0,89063+0,89063·1,5·0,25 = 1,22461.

w`k=PQOQM N72`6:;"9:M";?2@NS9D;=;?8�M OQ>@|�;?M?5�6767k=2@8xPQ2@NS9:5�5�N7N:C
(u1,v1) = (1,75; 1,22461)

-

r1 = f(u1,v1) = v1u1 = 1,22461 · 1,75 = 2,14307,

�7k=8QM";�;(R.OQ>@><;�5�lQ5�>@>@5�5�8x6:;"9:M";?2@NS9D;=;?8��eOQ8QM*9:2@k=8t;?6SR=k
y2
-

y(1) = y2 = y1 + r1h = 0,89063 + 2,14307 · 0,5 = 1,96216.

�]� � Bd�75�>@|�k=2@l�;=;?8�><;?N7M 2@|�5�5�8���OQ>@5�672@8�M?5�N7M 2@PQ2@NS9:5�|�5�8Q5u9:5�>@|�C&-&i.2 �7k=209:5u9D;=;?8�}=6:;���2@M=�
M";"�eOQ8QM*9:2@k=M N72

Y 1 = Y X
- �3N7M?5�>@PQ209:OQOQlQ5�>@>@5

h = 0,2
N72 �7k=209:5u9D;=;?8 ><;?N7M 2@|�5�8 |�OQO&9S�

9:Od�:;"9
0,2 → H : 1 → X : 0,5 → Y

�:;�9:OQ>@k=M N75�M N72�N:;=;?l�;=;?8

x
/=� z /=�I, /=� � /=� � /=� U ,.� z

y
z&�IHpz&� �*,Kz&� U=z /=� z=U /=�IH?z ,.�0/d�

©=©



� � �3N7M?5�>@PQ209:OQOQlQ5�>@>@5 h = 0,1
N72 �7k=209:5u9D;=;?8�><;?N7M 2@|�5�5�8�|�OQO&979:Od�:;"9

0,1 → H : 1 → X : 0,5 → Y
�:;�9:OQ>@k=M N75�M N72�N:;=;?l�;=;?8

x
/=� z /=�0/ /=�I, /=� h /=� � /=�IH /=� � /=�I� /=� U /=� © ,.� z

y
z&�IHKz&�IH?�pz&� �*,Kz&�I�./�z&� U&/�z&� ©=h /=� z=© /=�I,?U /=�IH=, /=� U=h ,.�I,=,

�c5�6S9D;?2@>@OQ8 R.OQk=M N72 9D;?67M";?NS9:5�>@><;=;?8 k=2@M?5(;=;£>@2@M 2<;?6SR=k*;
y(2)

- 	XB*9DC?>@E=8�6:;"9:M";��@N7O�k=8

y = Ce
1

2
x2 �:;�5�lQ5�>@>@5�5�8

y(2) ≈ 2,241
�*�7k?9:5�8 |�209DC�PQ2@5�8Q5�|�PQ2§;?N7M?5�>0R?C?>@2 ��N75�8 9D;?6��

M?5�|�PQ2`>@k=PQPQO&9:OQ>@k=N�-

+�,@¤ ;*� � Bd�75�>@|�k=2@l�;=;?8X><;?N7M 2@|�5�5�8 ��OQ>@5�672@8GM?5�N7M 2@PQ2@NS9:5�|�5�8Q5u9:5�>@|�C&-"i.2 �7k=209:5u9D;=;?8�}=6:;d�
��2@M M";"�eOQ8QM*9:2@k=M N72

Y 1 = Y + X
-

;*� �3N7M?5�>@PQ209:OQOQlQ5�>@>@5
h = 0,5

N72 �7k=209:5u9D;=;?8�><;?N7M 2@|�5�8 |�OQO&979:Od�:;"9
0,5 → H : 0 →

X : 1 → Y
�:;�9:OQ>@k=M N75�M N72�N:;=;?l�;=;?8

x
z&� zpz&�IH /=� z /=�IH ,.� z

y
/=� z /=�I�=HKh&�I,?Up�&� z=U /�z&� ©*H

�]� �3N7M?5�>@PQ209:OQOQlQ5�>@>@5
h = 0,2

N72 �7k=209:5u9D;=;?8�><;?N7M 2@|�5�8�|�OQO&979:Od�:;"9
0,2 → H : 0 → X :

1 → Y
�:;�9:OQ>@k=M N75�M N72`N:;=;?l�;=;?8

x
z&� zpz&�I, z&� � z&� � z&� U /=� z /=�I, /=� � /=� � /=� U ,.� z

y
/=� z /=�I,"� /=�IH?U ,.� z=h ,.� �=hph&� �Q/ �Q� �*z H.� �*H �.�I,=,K©&�0/�U /=/=� �&/=-

��OQ>@5�672@8xM?5�N7M 2@PQ2@NS9:5�|�5�8Q5u9:5�>@|�C�;?8*9D;=;�9D;?67M?5�|�|�;"9m>@2@M 2<;?6SR=k?9qM OQ2@8xP�5�>@M M"C���OQ>@5�672@8
|�5�8Q5u9:5�>@|�C&-�w`2@N:C?M N72c9:OQ>@k=M N75u9�k�R?;"9�N7209DC�9D;?67M?5�|�PQ2<;t|�209DCxPQ2@5�8Q5�|�PQ2ck=8�;?N7M?5�>@PQ2 �
9:OQOQN

h
-

+�, � �§9:N7209DC=C?8TPQ2@5�8Q2@8TM?k=B*9D; 5�N72@|�5�67M 2@M N72¡��OQ>@5�672@8T|�5�8Q5u9:5�>@|�C?>@><C&- � Bd�75�>@|�k=2@l�;=;?8
><;?N7M 2@|�5�5�8�A.BQlQ5�8t6720R.2@8�k=Bd�75�>@|�;q�:;�M"C(A 9:5u9DC=C?8t;?N7M?5�>@PQ209:OQO&979D;

h = 0,1
- ��;?>@>@5�8Q8Q5
�

9D;=;?8x><;?N7M 2@|�5�5�8x}=6:;���2@M M";"�eOQ8QM*9:2@k=M N72
Y 1 = X − Y + 1

�:;�|�OQO&979:Od�:;"9
0,1 → H :

0,9 → X : 4 → Y
-]��2@5�8Q2@8x;?6SR=k�k=8x8Qk=2@8th&� z?�Q/=�d�7k=M";�N:;=;?l�;=;?8��QM OQ8

x = 2,1
-

��OQ>@5�672@8xM?5�N7M 2@PQ2@NS9:5�|�5�8Q5u9:5�>@|�C?>@><C N:;=;"9D;?2@N72@2@8�PQ2@5�8Q2@|�|�C?M N72�;?6SR=k=M N72`8Qk=2@8th&�0/�z&/=-
	XB*9DC?>@E=8T6:;"9:M";?2@N7O[;?>@M OQ5�BQlQk=>@><;

y(1) = 4
k=8

y = 3e1−x + x
-§��2@5�8Q2@8[;?6SR=k N:;=;d�

l�;=;?8 lQ5�6720R?;=;"9D;?8
y′ = −3e1−x + 1

8Qk=>@><;?M?k=BQl�;?NS9D;
x = ln 3 + 1 ≈ 2,099

�:;�N7209DC
R?;?NS9D;=;(R?;��eOQ8QM*9:2@k=8

y
;?6SR=kxk=8 8Qk=2@8 h&� z=©=©&-���OQ>@5�672@8�M?5�N7M 2@PQ2@NS9:5�|�5�8Q5u9:5�>@|�C�;?8*9D;=;

N72@2@NqN7OQOQB*9:5�5�>@>@2@N75�8�9D;?67M";?8x>@2@M 2<;?6SR=k=8�-

/�z=z
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