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We study the distribution of prime numbers under the unlikely assumption that Siegel

zeros exist. In particular, we prove for

Z A(M)A(xn + h)

n<X

an asymptotic formula that holds uniformly for h = O(X). Such an asymptotic formula
has been previously obtained only for fixed h in which case our result quantitatively
improves those of Heath-Brown (1983) and Tao and Terdvainen (2021). Since our main
theorems work also for large h, we can derive new results concerning connections
between Siegel zeros and the Goldbach conjecture and between Siegel zeros and primes

in almost all very short intervals.

1 Introduction

While the proof of the twin prime conjecture is a distant goal, Heath-Brown [9] proved
in 1983 that if there are infinitely many Siegel zeros, then there are infinitely many
twin primes. More precisely, Heath-Brown showed that if, for a Dirichlet character x
(mod q), the Dirichlet L-function L(s, x) has a real zero at s = g, with

1

_ (1)
nlogq

Po=1

Received February 5, 2022; Revised November 2, 2022; Accepted February 27, 2023
Communicated by Prof. Sound Soundarajan

© The Author(s) 2023. Published by Oxford University Press.

This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse,
distribution, and reproduction in any medium, provided the original work is properly cited.

€202 8unf | Uo Jasn nyIn] Jo AusioAiun A €661 | | 2/690PBUIUIWI/SE0 L 0 | /I0p/3|o1e-00UuBApE/UIWI/WOo9 dno olwapeae//:sdiy Wol) papeojumo(]


https://doi.org/10.1093/imrn/rnad069
http://creativecommons.org/licenses/by/4.0/

2 K. Matoméki and J. Merikoski

250
’

for some n > 10, then, for any k& > 1 and X € [¢*®°, ¢°%], one has

X
> AMAMm+h) = X&), + 0y (—) .
= loglogn

where

1 1 h
Sni=tan-2 [ (1= =) I (1 55 =

p>2 plh
p>2

Actually, Heath-Brown proved a more general result for sums of the form

D Alayn+ B Aagn + By).

n<X

Very recently, Heath-Brown's result was quantitatively improved by Tao and

Teravainen [20] who showed that, for any h > 1 and X e [g*!/%*¢, q”l/Z], one has
X
n<X n

This is a special case of their more general theorem on “Hardy-Littlewood—-Chowla” type

correlations (with k < 2)

DU AM ARy AW+ B piouyine M+ 1D - Apiouvine (0 + 1Y), (3)

n<X

where A jouvine denotes the usual Liouville function Apsoueine(®) = (—1)¥™ (we reserve
the symbol X for 1 % x to match our notations with previous articles).

In this paper, we will prove (2) with better error term and with uniformity
in the shift h. Furthermore, despite leading to stronger results, our proof is less
involved. Before turning to the strongest formulations of our theorems, let us state two

corollaries. The first corollary improves on (2).

Corollary 1.1. Let h € N. Let x be a primitive quadratic character modulo g > 2 and

assume that L(s, x) has a real zero §;, such that

1
nlogq

Bo=1
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Primes and Siegel Zeros 3

for some n > 10.

(i) LetC > 1.ForX € [q'?, q'°1°8"], we have

> AMWAM +h) = XS + Oy (X exp(—Cy/log n)) .

n<X

(i) Lete > 0. For X = q" with V € [101log#, n'~¢], we have

1 6
> AmA@m+h) =x6,+ 0, (x5,
s ' n/v

Note that for X e [g!01o87, qwl"g4 7], the error term is O(n~'X1log!'® 5), where the
dependency on 7 is best that can be hoped for apart from the power of logn. This is
because in the presence of exceptional zeros we expect a secondary main term of size
=5, X/n in this range. In principle, it might be possible to evaluate this secondary
main term precisely and thus get a better error term. However, this appears to be
a difficult problem as it is closely related to evaluating correlations of higher order
divisor functions .

Our main results are uniform with respect to h, which allows us to attack also
the Goldbach conjecture. There has been recent activity on the relation between Siegel
zeros and the Goldbach conjecture, see for example, [3, 6]. The asymptotic form of

Goldbach’s conjecture claims that, for all h > 4,

> AmpDA®ny) = (1+0(1)&), - h. (4)

ning<h
ni+nz=h

We show that if a weak form of (4) holds, then there cannot be Siegel zeros.

Corollary 1.2. Let § > 0. There exists n = n(§) > 100 such that the following holds. Let
g > 2 be such that there exists a primitive quadratic character x (mod ). Assume that

there exists an even h € [¢10, ¢"""™] such that g | k and

86, h< D AM)DAMY < (2-8)6),-h. (5)

ny na<h
ni+na=h

€202 8unf | Uo Jasn nyIn] Jo AusioAiun A €661 | | 2/690PBUIUIWI/SE0 L 0 | /I0p/3|o1e-00UuBApE/UIWI/WOo9 dno olwapeae//:sdiy Wol) papeojumo(]



4 K. Matomaki and J. Merikoski
Then the Dirichlet L-function L(s, x) does not have a real zero , with

1

Bop=1-— .
0 nlogq

This improves on a recent result of Friedlander, Goldston, Iwaniec, and Suriajaya
[3] who got a similar conclusion assuming that (5) holds for several h = 0 (mod q). In
fact, our result is even stronger and we only need the lower bound in (5) if x(—1) = —1
and similarly only the upper bound in (5) if x(—1) = 1.

We now turn to the precise statements of our main results. When we work
uniformly with respect to h, we get an additional main term when (k, g) has size close
to q. To explain why, let us consider the most transparent case h = q. It is well known
that if there is a Siegel zero, then the primes fail to be equidistributed (mod g). More
precisely, we have, for (a,q) = 1, when g, x, and g, are as in Corollary 1.1 with n large
(see e.g., [12, Theorem 5.27]),

x x(a) ) —clogx 4
A(n) = 1— 0 —= ] .
nzf;r " WZ)( foxi 7)) (Xexp(x/logX+logq) > q)

n=a (mod q)

Hence, when 7 is large, the residue classes a (mod q) with x(a) = —1 contain about
twice as many primes as one would expect, whereas the residue classes a (mod g) with
x(a) = 1 contain very few primes. Consequently, one would expect that, for even g,

we have

> AMA(n+q) ~ 26X,

n<X

which is twice of the expected main term. The following general theorem confirms this
intuition. Here we extend A(n) to negative integers by defining A(—n) = A(n) and

similarly below for other arithmetic functions.

Theorem 1.3. Let C > 1 and ¢ > 0. Let x be a primitive quadratic character modulo
g > 2. Write ¢ = 2"q' with r > 0 and 2 t q¢’. Assume that L(s, x) has a real zero 8, such
that

1
nlogq

Bo=1
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for some n > 10. Let X = qV with ¥V > 10 and 0 # h = O(X). We have

Lr —1
> AMAM+R) = X6, [ 1+ 10nu(-D7 [] ——

n=x plq
pth
v 6
+0c, (%X (exp(—CJWgn)+exp(—C(1ogX)3/s—s) N (Ongn) ))

Note that the main term vanishes for some even h, for instance when 3 | g and
h = 2q/3 (note that ¢q’ is necessarily square-free (see e.g., [12, Section 3.3]) and so in this
case 31 h).

We get a similar result concerning Goldbach’s conjecture.

Theorem 1.4. Let C > 1 and ¢ > 0. Let x be a primitive quadratic character modulo
g > 2. Write ¢ = 2"q' with r > 0 and 2 t g'. Assume that L(s, x) has a real zero f,
such that

1
1_
nlogq

/30:

logh - 10, we have

for some 1 > 10. Let h > q'° be an integer. Writing V := Toog =

n_ ~1
> AmAny) = he, 1+x(—1)1¢(2r)|h(_1)w<z>Hlm

e rlq
ni+na=h P
1 6
+0c (%h (exm—CJng + exp(—C(log hy?/5—#) 4+ Y1081 ))
5 !

Corollaries 1.1(i) and 1.2 immediately follow from Theorems 1.3 and 1.4 since by

Siegel’s theorem (see e.g., [18, Theorem 11.14 combined with (11.10)])
n<,q. (6)

For X > 01987, the quantity

1
0o exp(—logn) > exp(—+/(log g)(logn)) > exp(—v/logX),
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6 K. Matoméki and J. Merikoski

dominates exp(—C(logX)%/5¢) and exp(—CV./logn), so also Corollary 1.1(ii) follows
from Theorem 1.3.
We will also prove a corollary concerning the distribution of primes in almost

all short intervals. A probabilistic model predicts that

H
> 1=0+o01)——: (7)

y<p<y+H log X

holds for almost all y € [X, 2X] as soon as H/logX — oo. Selberg [19] has shown this for
H/log?X — oo assuming the Riemann hypothesis. Assuming also the Pair correlation
conjecture [17], Heath-Brown [8] proved the result predicted by the probabilistic model.
Unconditionally, the best current results are an asymptotic formula (7) for almost all
y € [X,2X] when H > X!/6+°() (see e.g., [7, Theorem 9.1]), and a lower bound when
H > X1/20+¢ (see Jia [14]).

Here we prove the asymptotic formula (7) for almost all y with H in the range
predicted by the probabilistic model under the unlikely assumption of existence of

Siegel zeros.

Corollary 1.5. Let C > 2 and ¢ > 0. Let x be a primitive quadratic character modulo

q > 2 and assume that L(s, x) has a real zero g, such that

1
nlogq

Bo =1

for some n > 10.

Let X > q'0, write V := 11(;2); > 10, and let 2 < H < X/3, Then

2

2X
/ > Am)-H| dy
X y<n<y+H

2 3/5-¢, , V10g®n
<, HXlogX + H°X | exp(—Cy/ Vlogn) + exp(—C(log X) )+ — )

This implies that as soon as

H
n—>o00, ———>o00, and q°<X<gq" ,
logX
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Primes and Siegel Zeros 7

we get the asymptotic formula

H
Z 1=Q1 +O(1))@

Y<p<y+H
for almost all y € [X, 2X].

Remark 1.6. Under the assumption of the existence of Siegel zeros, one can show that
the Pair correlation conjecture [17] fails drastically, that is, almost all zeros of ¢(s) in
some range depending on g lie on a lattice with normalized distances in (% 4+ o(1)Z
(the so-called alternative hypothesis, this follows for example, from [1, Proposition 9.2]
assuming n = log!% g for zeros of height T = exp(log!® g)). Note however that in [8],
instead of the full Pair correlation conjecture, Heath-Brown only requires a weaker
upper bound for Montgomery's [17] function F, which is consistent with the alternative

hypothesis.

Remark 1.7. All our results hold also if instead of existence of Siegel zeros we assume

that L(s, x) takes a small value at s = 1, that is, assuming

L1, x) =

nlogq’

Indeed, by [18, Theorem 11.4] (using [18, (11.7)] in the contrapositive direction) this

implies that L(s, x) has a real zero g, with

1-By<L(1, x) KL .
nlogq

In the opposite direction, the best current result loses essentially two factors
of log g, that is, we have L(1, x) < (1 — ﬁo)(logz q)/loglog q by work of Friedlander and
Iwaniec [5]. For this reason, we state our results in terms of Siegel zeros.

Note that in many articles such as [4, 16], one has to assume that yx is exceptional
in a very strong sense, that is, L(1, x) < log~C q for some large constant C. Combining
the ideas from this paper with the argument in [16], it is possible to replace this strong

assumption by (1) with a similar dependency on 5 as in Corollary 1.1.

Let us here briefly discuss why having a Siegel zero is a helpful assumption; we

will discuss the proof strategy rigorously and in more detail in Section 2.
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8 K. Matoméki and J. Merikoski

If L(s, x) has a zero at s = B with g, close to 1, then

L1, ) = Z pmxm _ H (1 n M(p;x(p))
p

n
n

is large, so that x(p) = wu(p) for most primes (in a wide range depending on g) and

heuristically we have
A = pxlog~ x xlog, (8)

so that we can hope to replace A by x * log. But the function x * log is of similar
complexity as the divisor function r = 1 % 1 when the modulus g is small compared
to x.

Hence, in order to prove our theorems, we need to show that the contribution of

the error in the approximation (8) is small as well as study

> (x *log)(m)(x *log)(n + h),

n<X

which has similar complexity as divisor correlations. Friedlander and Iwaniec [4] have
shown that the error in (8) can be controlled if we can solve the corresponding ternary
divisor problem. In our case, we cannot, but we can still deal with the error, once we
restrict both sides to numbers without large prime factors. In general, for sequences
with relatively large (logarithmic) density, one can exploit crude bounds to get a result

without knowledge of the corresponding ternary divisor problem.

Notation

We write 1, for the indicator function of the claim P. We write A(n), u(n), ¢(n), t(n) for
the von Mangoldt function, Mébius function, Euler ¢-function, and the divisor function.
These functions are understood to equal O for non-positive integers. For arithmetic

functions f,g: N — C, we define the Dirichlet convolution

Frg)n):= > flgm).

n=km

For f: R — Cand g: R — R, we write f(x) = 0(g(x)) or f(x) < g(x) if there
exists a constant C > 0 such that |[f(x)| < Cg(x) for every x. Furthermore, for positive

valued f and g, we write f(x) < g(x) when g(x) <« f(x) < g(x). If there is a subscript
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Primes and Siegel Zeros 9

(e.g., Or(g(x))), then the implied constant is allowed to depend on the parameter(s) in the
subscript.
We say that a function g: R — R is smooth if it has derivatives of all orders.
For u € C, we write e(u) := e(2riu) and for g € N we write eq(u) = e(u/q). For

any function

o]

geL'(R) := [f:R—MC:/ If(x)|dx < oo},

we denote by g the Fourier transform

9é) =/ gx)e(—=§x)dx.

—00

For a € Z and q € N, we write a for the inverse of a (mod gq) (the modulus will be

clear from the context, e.g., in e(%) the inverse is (mod v)).

2 [Initial Steps

We start by replacing the sums in Theorems 1.3 and 1.4 by smoothed variants. Let § =
X ¢ for some small ¢ > 0, and let g : R — [0, 1] be a smooth function that is supported
on [1,2] and equals 1 on [1 + §,2 — J]. Assume further that the derivatives of g satisfy
g¥ (x) « 877 for every x.

In case of Theorem 1.3, we first decompose the summation condition n < X
dyadically into conditions n € (x,2x] with x < X/2. We estimate the contribution of
x < X'~¢/* trivially, and for the remaining x, we replace the condition 1,,., 5, by g(n/x)
with an error term O(8xlog? X) = O(X'~¢/2). Thus, it suffices to show that

n Y b —1
;g()—() A(n)A(n+h)=/g()—{) dy - &, 1+1¢(2r)|h(_1)w(2)11;_q['m

6
+0c, (%X (eXP(—CJWgn) + exp(—C(log X)3/57¢) + V(ogmn) ))
l n

whenever 0 < h < X'*¢/2 (we can assume that h is positive by symmetry).
In case of Theorem 1.4, note that by symmetry, we can concentrate on the case

n, < h/2 < n, and that when n, < h'~¢/4, we can use a trivial estimate. Arguing as
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10 K. Matoméiki and J. Merikoski

above with similar g, we see that it suffices to show that

2.9 (‘%) AmAG—m = /g ()Z() dy - Gp [ 1+ X(_l)lw(zrnh(—l)ﬁ 17[19%12
" plq

pth

6
e (%X (eXp(_CV/@> + exp(—C(log h)¥/5~%) + V(IO_g'ﬂ)) .
n

for every X € [n'~¢/3, h/4l.

We shall deal with Theorems 1.3 and 1.4 simultaneously, and thus consider
n
Zn:g (}-{) A()A(En + h).

Note that when n is in the support of g(n/X) with X as above, we have £n + h >
max{X, h/2}.

Let x be a quadratic character modulo g. Following [4, 16], we write
Li=1xx and A :=yx=xlog, 9)
so that
AxA=(1%x)*(u=xlog) = (1xpu)*(x*log) =21
Note also that A(n) > 0 and A'(n) > A(n) > 0 (since A’ = A * A). By above

V) =(xA)m)=Am) + D Arm), (10)

(st
so we have obtained a formula for the error term in the approximation (8). Similarly, as
in [16], we now restrict this approximation to rough numbers to ensure that m is large.
For large m, we expect by the assumption of existence of Siegel zeros that the function
A(m) is lacunary, which will make the sum in (10) small.

For w > 2 and k € N, write

P(w) = H p and P (w)= H p-
p<w p<w
ptk
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Primes and Siegel Zeros 11

Let u be a large parameter to be chosen later (see (41)) and write z := X!/%, Adding the

condition (n, gP(z)) = 1 to both sides of (10), we get

Am) =2 (M), apzy=1 — E A(k)r(m) + O(logn 1 pepy ) (11)
n=km plqP(z)
m>z
(km,qP(z))=1

We define

cpi= D, Alrm). (12)

n=km
m>z
(km,P(2))=1

Note that 0 < A'(n) < r(n)logn and 0 < ¢, < l(nyp(z)):lt(n)2 logn. When g: R — [0, 1] is

a smooth function supported on [1, 2], we obtain

Yo(z)amadn+h = > g(3)VmiEn+h (13)

(n(:l:n+h;l,qP(z))=1

+0| (z+w(@)log? X +logX > (Cpt(EN +h)? + T(M)Cipip)

n<2X
(n(£n+h),qP(z))=1

We deal with the error term using the following lemma, which will quickly follow
from Henriot's bound on correlations of multiplicative functions (see Section 3.1 for

the proof).

Lemma 2.1. Letc, be as in (12), let X > 3,u > 2, and z = X'/“. Then, for any 0 < |h| <

X110, we have

h X rm)  uld

Y et ut Y Am)  u”
n<4x (,0( ) og z<m<4X/z m z

(n(£n+h),P(z))=1 (m,P(z))=1

Here the sum over m can be estimated in terms of ». The following lemma will

be proved in Section 4.
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12 K. Matoméiki and J. Merikoski

Lemma 2.2. Let x be a primitive quadratic character modulo g > 2. Assume that L(s, x)

has a real zero g, such that

1
nlogq

Po=1

for some n > 10. Let z = q” for some v € R, . Then for anyY > z

r(m 1 v logY 1)\ [logY¥\?
Z (m)<<(V2 V/2+_.logz+2)(logz)'
py n n log g
(m,P(z)=1

To deal with the main term in (13), we use the following proposition, which
we will prove in Section 5. Note that this proposition is unconditional and gives an
asymptotic formula for generalized divisor function correlations over rough numbers.

The parameter 8 refers to the g-sieve described in Lemma 3.2.

Proposition 2.3. Letd > 0. Let X > 2 and M;, M,, N, N, > 1 be such that
MN, <X, X <M,;N, <8 'X, and M; <N;.

Let h € Z,. Let q > 1, and let x;, x5, ¥, ¥, be real characters (mod gq). Let f" Ri —
[0,1] be smooth and compactly supported and suppose that for all j > 0 and
vell, 2},

B

o i
—f (X1, %, 71, ¥2), @, %5,71,72) <87

9x, vy

Let A € N. Assume that g is sufficiently large in terms of A and u > 10008. Write

z=XY4%and, forr > 0,

z, =z (F=D/P", (14)
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Primes and Siegel Zeros 13

Then

> X1(m) o (M) ¥y ()Y (o) (— —2 1 —)

my,mz,ny ny
+mini+h=many
(mimaninz,P(z))=1

=TI (1-5) TT(1-3) 5 Zmomwacy+m

b=z p<z (@
plh.ptq pthq
Z X1(M ) xo (M) Yy (M) Yy (My) /f(ml my y iY+h) dy
my,my mymy M,  mN;" m,N,
(mymg,P(z))=1
+ O( Z 2—A(T'1+T2+T3) Z (T(ml)f(nl)f(nz))A+1
r1,r2,r3>0 m;,mg,ny,ny
maxrjzﬁ—ﬂ +min;+h=myny

(n1,P(zr) ))=(n2,Pp(zry))=1
(m1,P(zry))=(m2,hP(2))=1

mp; m, n; n, —3+,7/9 .2 h X u® —Au/3000
'f(_:_:_:—))+OA(3 X/q +mlog—2)((7+e u/ .

As an application of Henriot's bound (see Lemma 3.1 below), we will prove in

Section 3.1 the following lemma concerning the error term.

Lemma 2.4. LetX > 2, and let h € Z, be such that h = X9V Let A € N. Assume that
is sufficiently large in terms of A and u > 10008. Write z = X1/% and, for r > 0, let z, be
as in (14). Then

D> A > (r(m)T(ny)T(ny)AT!
r1,r2,r3>0 mi,mz,ny,na
) o LA
(n1,P(zr)))=(n2,Py(zr,))=1 (15)

(m1,P(zry))=(m2,hP(2))=1

h X o—A1/2000
4 p(h) log?x

In Section 6, we will prove the following lemma, which helps us in evaluating

the main term we obtain from Proposition 2.3.
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14 K. Matoméiki and J. Merikoski

Lemma 2.5. Let x be a primitive quadratic character modulo g > 2. Assume that L(s, x)

has a real zero g, such that

1

Bo=1-
0 nlogq

for some n > 10. Let X > 3,u > 2, and z = X'/¥ = g". Assume that X!/10 < N < X2 and
1 <y < X? Then, forany ¢ > 0and A, C > 2,

1 1\~
3 x(n) C:lg(y/n) — (140,400 ] (1 _ 1_9)

n<nN p<z
(n.P(z)=1
with
4 5 4
u vudb  u
£=———+—+— +e /3000 4 exp(—Clog® >~ X).
v2n/ no oz

The complete character sums resulting from Proposition 2.3 will be evaluated
using the following elementary lemma, which will be proved in Section 3.4. In the case
of a prime modulus, these sums are a special case of Jacobsthal sums and their exact

evaluation goes back to [13].

Lemma 2.6. Let g > 2, and let x be a primitive quadratic character of modulus g = 2"¢’
with r > 0 and 2 { q'. Let x, be the principal character (mod g), and let h be an even

integer. Then

ézxo(m)xo(j:m+h)= I1 (1-%)]‘[(1-%), (16)

m(q) pl(g.h) plg
pth
1 — h
= > x(m)xg(xm+h) = & (17)
m(q)
1 _n_ 1 -1
= xmyxEm+h) =1,6n (D@ x&D) ] (1-=)[]—- (18)
. m(q) plgh) p plq p
pth

Precise evaluation of the character sum (18) is, in addition to keeping track of
some dependencies, the reason we can deal with the case (h, ) close to g in Theorems 1.3

and 1.4. As Tao and Teravainen [20] consider the more general problem (3), they face

€202 8unf | Uo Jasn nyIn] Jo AusioAiun A €661 | | 2/690PBUIUIWI/SE0 L 0 | /I0p/3|o1e-00UuBApE/UIWI/WOo9 dno olwapeae//:sdiy Wol) papeojumo(]



Primes and Siegel Zeros 15

more complicated character sums and need to apply Weil's bound, and thus they do not
obtain similar uniformity in h.
In Section 7, we shall use the results stated here to prove Theorems 1.3 and 1.4.

Then, in Section 8, we deduce Corollary 1.5 from Theorem 1.3.

Remark 2.7. Before moving on, let us briefly discuss how our approach differs from
that of Tao and Teravdinen [20]. We establish Proposition 2.3 using the -sieve whereas
Tao and Terdvdinen [20] use Selberg’'s sieve in their arguments. Using the S-sieve
makes replacing the condition 1, p,)_; by a type I sum more transparent since the
remainder is easier to analyse, see Lemma 3.2(i) for a convenient bound. This difference
of the two sieves is discussed also in [2, Section 10.2]. Thanks to using the g-sieve our
arguments are considerably simpler than those in [20], and we get improved error terms
automatically.

More precisely, the starting point of [20] is to replace A(n) by (x * log)(n)v(n),
where v(n) are Selberg sieve weights. Replacing A(n) by A(n)v(n) is almost immediate
thanks to the support of A(n). However, replacing A(n)v(n) by (x * log)(n)v(n) is
somewhat more complicated and this leads to weaker error terms. Also later the Selberg
sieve coefficients complicate matters in [20]. Despite this, it might be possible to argue

more carefully with the Selberg sieve and obtain error terms comparable to ours.

3 Lemmas
3.1 Multiplicative functions

We will use some standard estimates for multiplicative functions. Note first that, when
f: N — Cis adivisor-bounded (i.e., f(n) < t(n)” for some A > 1) multiplicative function,

we have

f(n)| If ()l
> - <<H(1+T)' (19)

n<X p=<X
Furthermore, by Mertens’ theorem,

k
I1 (1+E) x(logz) : (20)
P logw

w<p=<z

We shall also need the following consequences of Henriot's bound [10, 11].
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16 XK. Matomaki and J. Merikoski
Lemma 3.1. LetX >2and 2 < w;,w, < X. Letalso 1 < |h| < X0,
(i) Letm;,m, > 0. Then

2 TO™ L payy =1 TER T by -1

n<X

< h X logX 2+l logX 2
™Mz g(h) log? X \logw, logw, )

(ii) Let m € Z be such that (m, hP(w,)) = 1 and m = X°), Then

X logX ( logX )4
¢(h) log? X logw,; \logw, '

2
z L pwy))=1 L (Emnth,Pawy))=1T (EMn + h)* K

n<X

Proof. Proof of (i). We apply Henriot's bound [10, Theorem 3] with
Q,(n) =n, Qy,(n) = +n+h, D =h?,
F(ny,m2) = L, piwy =11 g, By (wp)=1 (1) ™ T (125) ™2,
po, (M) =l{v (modn): v=0n)} =1,
pa,(M) =|{v (modn): £v+h=0mn)} =1
ifpth
p(p) =N{v (mod p): v(v+h) =0(p)}| =
1 otherwise,
[{n(®*): plin,p t £n + hj| l{n(@*): ptn,pll£n+hj|
Ap = H(l +F(p,1) 7 0
plh
2): ol £ h 2mitms
+F(p,p)|{n(l9 ) pllnzpll n+ }|)<< H (1+ )
p i p

p=wi

+F(1,p)

(note that the terms in A involving F(p,1) and F(1,p) vanish since p | h). Applying
[10, Theorem 3] and then (19), we obtain

D T ™ L pur m1 TER+ R by w21

n<X
p(p) Pa, (MpPq, (M)
<LK ApX 1 — —= Fn,,n,)———=—
b H ( p ) Z (1 72) nin,
p=X ning <X
(n1n2,D)=1
2m1+m2 2 1
<<XH(1+ )-H(l——)H(l+—)
plh p p=X plh p
p=zwy
2m 2m2
I1 (1 + ) I1 (1 + ) .
w1<p=<X p we<p<X p

pth pth
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Primes and Siegel Zeros 17

Here

omi+my 1 1
I1 (1+ )<< exp [ 2™ " = <exp|2mtm N =

h h < logX

Pglw 1 p§|w1 p=10 loggwl

mj+my
logx \?" logX
10 O
Sy my ( 8 log Wl) Sy my log w,

and (i) follows from (20).
Proof of (ii). We use a similar application of Henriot's bound [10, Theorem 3]—

this time

Q,(n) =n, Qy(n) = £mn+h, D = h?, F(ny, 1) = 1, pu, =1 Long pway =17 (M2)%,
po, (M) =l{v(n): v=0n)}| =1

1 if(nm=1
pa,m) = {v (mod n): xvm+h=0n)}| =
0 otherwise.

ifpthm
p(p) =H{v (mod p): v(xvm + h) = 0(p)}| =
1 otherwise,

and
2y. 2y.
AD:H(1+F(p,1)|{n(p )-plln,zzfimnth}l +F(1,p)|{n(p )-an,zgllianrh}l
ol p p
2y. Dl £
+F(p,p)|{n(p) plin zzll mn+h}|)<< 11 (1+§)
p
pw,

(where again the terms in Ay involving F(1, p) and F(p, 1) vanish since p | h). Applying
[10, Theorem 3] and then (19), we obtain

2
> L pwny—1 Litmnsh )1 T (MR + )

n<X
Pa, (M)pg, (n)
L ApX H (1 — p_(p)) Z F(nllnz)%
p nn,
p=<X ning<X
(nin2,D)=1
2
<x ] (1+—) I (1——) I (1+—) I1 (1+—) I (1+—)
plh p=<X p=<X p wi<p=<X p wy<p<X

p=ws plhm pth pthm
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18 K. Matoméiki and J. Merikoski

Since (m, hP(w,)) = 1, this is

h X logx (logX )4
@(h) log? X logw,; \logw,

wa<p=<X
pim

and the claim (ii) follows. |
Now Lemmas 2.1 and 2.4 follow quickly:

Proof of Lemma 2.1. Consider

> ept@En+ )21y by (21)
n<4x

Using c,, < l(nlp(z)):lr(n)2 logn, we see that those n with (n, h) > 1 contribute

2 2
<logX D 1M1y pyym1 TER + 1?1 Gy piay)—1

n<4x
nh)>1
2 2
<logX D> > T2l payo1 7 (EN+N)/D)L (G p,py-1-
plh n<4X/p
z<p=4X

By Lemma 3.1(i), this is

h h X ul®
XlogX Z < -
o plog? (8X/p) ph) logX z

z<p<4X

since z = X!/% < X'/2, On the other hand, those n with (n, h) = 1 contribute to (21) by (12)

< > am D A(O)T(£tm + h)?
z<m<4X/z z<{<4X/m
(m,hP(z))=1 (£tm+h,P(z))=1

<logx > am) > 10, p(x /4y =1 T (M + h)2.

z<m<4X/z z<{<4X/m
(m,hP(2))=1 (£fm+h,P(z))=1

The claim follows from applying Lemma 3.1(ii) to the inner sum. ]
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Primes and Siegel Zeros 19

Proof of Lemma 2.4. We have, forany r,ry, 73 >0,

> (t(my)T(n))T ()"
my,mz,ny,nz
min; <10X
+min;+h=mgyny
(n1,P(zr) )=(n2,Pp(2ry))=1
(m1,P(zry))=(m2,hP(2))=1

24+3 A+2
< D tm*Br(En+h L, pminizr, zry )=1 (Enth, Pz, )=1"
n<10X

By Lemma 3.1(i) and recalling the definition of z, from (14), the left-hand side of (15) is

22A+3+1
<4 h )i Z 9—A(r1+r2+r3) I.OgX log X
¢(h) log”* X logmin{z, , z,, logz,,

r1,72,r3>0 '
u
max7;>a5p — A

2A+2

h X u22A+5 Z 2*A(V1+’”2+r3) (/g :8

22844 (r 4 ro+13)
L —=
¢(h) log? x -1 )

r1,r2,r3>0
S
max 1> yo55 —H

Once B is large enough in terms of 4, this is

h X h X
<, ( 224+5,0.9A1/1000 <4 ——eAu/2000,
¢(h) log* X ¢(h) log® X

3.2 Sieves

The following is a technical version of the fundamental lemma of the sieve. For the

standard version, see for example, [2, Lemma 6.11].

Lemma 3.2. Let # € (0,1/3) and A € N. There exists ; = p,(4) > 2 such that the
following holds for any g > 8; and u > /6.
Let X > 2, write D = X? and z = X'/, and define

z, = 2 B-DIP.

Then there exist coefficients A; with [A;4| < 1 supported on d < D such that the following
hold.
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20 XK. Matoméki and J. Merikoski

(i) For everyn € Nand any v e N,

—A A+1
lnpay-1= 2. *a+0| 2 27 lupe)atm
dl(n,Py(2)) r=uf—p

(ii) Ifg: N — [—1,1]is a multiplicative function for which |g(p)| < 2/p for every

prime p, then
D rag(d) = (1+ 04 42 TT(1 - g(p)).
d|P(z) p<z
Proof. Define

D:={d=p; - -p, | P(2:p,; >p2>...>pr,p1~-~pmp’,5n<Dforalloddm}

and define the upper bound B-sieve weights 15 = u(d)14.p.
Proof of (i). Consider first the case v = 1. By the definition of A;, we have (see
e.g., [2,(6.29) with A = {n}]),

L, pap=1 = Z rg = Z S,(n),

d|(n,P(2)) rodd
where
Sr(m) = 2. Lepmm=1-
n=pi-prk

Dr<Pr-1<..<p1<Z
P1p2-prpf =D
p1~»-php£<D for all odd h<r

Since p; < z and p,p, - ~prpf > D, the sum in S,(n) is non-empty only if (r + 8)/u >

0 < r>ub— 8.
logD
logz

Furthermore, since = uf > B, one can easily show that, for every r, in the
sum defining S,(n) one has p, > z, (see e.g., [12, Section 6.3]). We write m = p, ---p, so

that obviously 24@(™~7) > 1, Hence

Sr(n) S Z 2Aw(m)—Ar 5 2—Arr(n)A+11(nIP(Zr)):l,

n=mk
plmk = p>z;,

and (i) follows in case v = 1.
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Primes and Siegel Zeros 21

When v > 1, we write n = n'v/ with (n’,v) = landp | vV = p | v. Then

(n,P,(w)) = (n/,P(w)) for every w > 2. Hence, by the case v = 1, we obtain

—A A+1
Lopiznet = Lowpay=1 = 2, *a+0[ D 2714 ey 1)
d|(n ,P(z)) r>uf—p

—A A+1
= 2 at0f > 2Mgppyat™
di(n.Py(2)) reui—p

as claimed.

Proof of (ii). By the definition of A;, we have (see e.g., [2, (6.31)])

> ra9@d = [[a-g@) - > v, @), (22)
d|P(z) b<z rodd
where
V,(2) = > 9@, --p) [T -9@.
Dr<pPr-1<..<p1<z p<Dr

p1p2--prp} =D
py--phpﬁ <D for all odd h<r

As in (i), only r > ué — g contribute and p, > z,. Hence, writing m = p, - -- p, and using

again 1 < 24@M=") we obtain

Vo <[[a-gon [] a+ig@bh D 22 um)lgm).

<Z Zr<p=<zZ m
P r=p= plm = z,<p<z

Since |g(p)| < 2/p, we get, using (19) and (20),

2 2A+1
i< e T1 (1+2) (1+2)

p<z zr<p=<z
~ 10 z 2A+1+2
<274 (li) [Ta-9o»
08 Zr p<z
B (241 +2)r
<274 (ﬁ) [Ta-g9@).

p<z
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22 K. Matoméki and J. Merikoski

Now, once 8 is large enough in terms of A4,

9—0.9Auf —Aub/2
B

<pa

(24+142)r

> (L

r>uf—p

and the claim follows. |

Lemma 3.3. Let the assumptions and A4 be as in Lemma 3.2 and let v, g € N. Then

2 % = (14054 (™) I1 (1 - %) IE[Z (1 - %) . (23)

dy,dz|Pz) 172 p<z
(d2,d1v)=1 piq ptvq
(d1dz,9)=1

Proof. We have to be somewhat careful here due to the condition (d,,d,) =1 (see also
[2, Section 5.9]).

By (22) with g(d) = %ﬂ, we can write

3 %:g(1—%)— > >, ﬁn(l_%)'

d1|P(2) r>uf—p Pr<Pro1<..<p1<z Pr p<p,
(dl,dzq)zl pTqu r odd plprT‘p/:ZD pfdzq
p1--prph <D for all odd h<r
pjtdaq

(24)

Using Lemma 3.2(ii) we see that the first term on the right-hand side contributes to the
left-hand side of (23)

Z % (1—%)=H(1_%) Z wtjlzz)

dy|P(z) 2 p<z p<z dy|P(z)
(d2,vg)=1 ptdaq piq (d2,vg)=1
=11 (1+0p a2 T (1 - —)
p<z ( ) pez ()
piq ptvg

Let us now consider the contribution of the r-sum in (24) to the left-hand side

of (23). Writing m = p; - - - p,_; so that 24@(M=7) > 1/24 and recalling from the proof of
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Primes and Siegel Zeros 23

Lemma 3.2 that p,. > z,, this contribution is

—Ar 1 2hemm 1
DD I ') el | (1——)
r>uf—p zrpr<z Pr m=D/pr p<pPr

priq (m,q)=1 ptq
pim = pr<p<z

A 1\ !
s anh-l) |
d, p
d,|P(z) p<pr
(d2,vqgmpr)=1 plda

Applying Lemma 3.2(ii) and recombining the variables m and p, > z,, and applying then
(19) and (20), this is

< Z 2—Ar’ Z 2Aw(m) H (1 1) H (1 1 )
r>uf—p m<D (P(m) p<zr p p<z go(p)
(m,q)=1 ptq rtvq

plm = z,<p<z

1 24 41
2—Ar ( )
<<£[Z( (p))p<z( ) 2 QL S

r>uf—p
ptvg rfq piq
A
1 B B 24+1)r

<I1(-)0-35) = 2 (5)

b<z (p(p) pb<z p r>uf—p ﬁ -1

ptvg piq
<., oAU (1 B ) ( )

ph }:[ ) }:[

ptvg ptq
once B is large enough. |

3.3 Poisson summation

Let us state the version of the Poisson summation formula we shall use.

Lemma 3.4. Letb e Z, d,q € Nwith (d,bg) = 1, let f: R — C be such that f, f € L}(R)
and have bounded variation. Let g: R — C be g-periodic. Then

> fimgom = o Zf( ) 3 g(m)e( )

m=b(d) m(gqc)l
m=b(d)
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24 XK. Matomaéki and J. Merikoski

Proof. Write

> fmgm) = g@ > fm)=> g@ ) flc,+dgk),

m=b(d) a(q) m=b(d) a(q) k
m=a(q)

where c, is such that ¢, = b(d) and ¢, = a(g). By Poisson summation (see e.g., [12,

formula (4.24)], the above equals

o0 g, 57 (5q) e (e) = 4 27 (d) Sowe ()

a(q) h a(q)
1 h
4T (l) ()
dq - dq o d
c=b(d)

3.4 Character sums

Proof of Lemma 2.6. Since x is a primitive quadratic character of modulus g = 2"¢’
with 2 4 ¢’, we have that r € {0, 2, 3} and ¢’ is square-free (see e.g., [12, Section 3.3]). Hence,
by the Chinese reminder theorem, it suffices to consider the prime case g = p > 2 and
the case g = 2" with r € {2, 3}.

Proof of (16). For p > 2,

p-1=¢p) ifplh
> XoM)xo(Em+h) = ,
m(p) p—2 lpr[h.

and, for r € {2,3} and even h,

> xomxeEmt+hy = D 1=2""1=¢p2").

m(27) m( (n21§)d 27)
m,2)=1

Combining these, (16) follows.
Proof of (17). For p > 2,

> xm)xgEm+h) = D" x(m) — x(Fh) = —x(Fh),
m(p) m(p)
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Primes and Siegel Zeros 25

and, for r € {2,3} and even h,

> xmyxgEm+h)y= > x(m)=0=—x(Fh).
m(2") m(2T)

Combining these, (17) follows.
Proof of (18). For p > 2,

D oxmEm+h) = D x(mEm+h)=xD) > x(m)?x(1+hm)

m(p) m(p) m(p)
p-1 ifplh;
=X D x(Lxhm)=yxED) [ D x(1£hm)—x(1) | = x(*1) '
m(p) m(p) -1 lfpfh.

(m,p)=1

Similarly, for r = 2, 3 and even h,

D xmEm4h)= D xmEm+h) =x(E1) > x(m)?x(1+hm)

m(27) m(27) m(27)
(m,2)=1 (m.2)=1

1
= x(x1) Z x(1+£hm) = x(£1) z x (1 j:hm)—E Z x(1 £ 2hm)

( m(zz)r)1 m(27) m(27)
m,2)=

It is easy to see that, for r = 2, 3 and even h, the expression in the parentheses equals
r r—1 r—1 % r %
2y =20 1y =27 Ly p (=) 27 = @(20) L o) (1) &),

where the last formulation is such that it is 1 for r = 0 when h is even. Combining these,
(17) follows. [ |

3.5 Kloosterman sums

For integers a, b, c with ¢ > 1, we denote the Kloosterman sum by

S(a,b;c) := z e (an + bn).

n(c)
(n,c)=1

We shall use the Weil bound (see e.g., [12, Corollary 11.12]).
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26 K. Matoméki and J. Merikoski
Lemma 3.5. Leta,b € Z and c € N. Then, for any ¢ > 0,

S(a,b;c) <, c'**(a,b, )"/,

Remark 3.6. We could alternatively use a more elementary bound S(a,b;c) <,
c3/*te¢(a, b, c)1/* due to Kloosterman (see [15, Lemma 4] with A = 1), and this would
only somewhat increase the exponent of g in the conditions of the type X > ¢'° and

h > q'° in our theorems and corollaries.
We also need the following rough bounds.

Lemma 3.7. Let L > 1. For any integer q # 0, we have

> (g <@L

1<¢<L

and

> D < (@)L

1<¢<L ()

Proof. Writing d = (¢, q) and ¢ = kd, we have

Sep<>d > 1<1> 1=1@qL

1<¢<L d|q 1§k§é dlq

Similarly, using also ¢(dk) > ¢(d)¢(k) and > ;g % < K, we get

k Ld p ) 2
- —— =1L 14+ — L.
2 q)ww)—zgo(d) 2 o 2@ [1(1+55) <@

1<¢<L 1<k<L/d plq

From Lemma 3.5, we obtain the following bound for incomplete Kloosterman

sums via Poisson summation.

Lemma 3.8. Letd,e > 0,and N > 1. Let F : R — C be a bounded smooth compactly

supported function and suppose that for some § € (0,1) we have |F’| < §~2. Then, for

€202 8unf | Uo Jasn nyIn] Jo AusioAiun A €661 | | 2/690PBUIUIWI/SE0 L 0 | /I0p/3|o1e-00UuBApE/UIWI/WOo9 dno olwapeae//:sdiy Wol) papeojumo(]



Primes and Siegel Zeros 27

any integers «,d, e,q, k with d,q > 1 and (eq,d) = 1, we have

N
> F(l%)ed(kﬁ) &, 87tdl/Fre 4 N@. k)

d
n=a (q) a
(n,d)=1

Proof. Applying Poisson summation (Lemma 3.4 with d-periodic g(n) = 1, 4,-,€,4(ken)),

we obtain

n _ N ~(hN _
Z F(N)ed(ken)=IZZF(—) z eq(ken)eg, (hn).

d
n=ua (q) h q n(dq)
(n,d)=1 n=a (q)
(n,d)=1

Since (d, ) = 1, by the Chinese remainder theorem, we can write n = add + BqgG, where

d is inverse (mod g) and g is inverse (mod d) to get

n N ~( hN - - —
Z F(ﬁ)ed(k@ = & Zh:F(d—q)eq(had) z eq(hgpB + kep)

n=ua(q) B(d)
(n,d)=1 (B,d)=1 (25)
N ~( hN - o
= 5 F e ’ ; .
g Eh (dq)eq(had)S(hq ke; d)

For h = 0, we have a Ramanujan sum (see e.g., [12, (3.1) and (3.5)])

S©,k&;d)= D eykem) < (d, k).

n(d)
(n,d)=1

The contribution from this to (25) is

N(d, k)
dq

- N(d, k)
IF(0)| < .
dq

<

For h # 0, we get by integration by parts

7)< mn|
Fl — )< minil,
dq

N
§——

h -2
q ]

d
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28 K. Matoméki and J. Merikoski

Hence, by Lemmas 3.5 and 3.7, we get

hN
S——

N = AN 5 —— 1/24¢/2 NV .
ZF(—)eq(had)S(hq,ke, d) <, d/** da Z(h,d) min {1, dq

dq h#£0 dq h#£0

]

<, 5 1dl/e,

4 Proof of Lemma 2.2
The following lemma is the same as [20, Proposition 3.5], but we provide the proof also

here for completeness.

Lemma 4.1. Let x be a primitive quadratic character modulo g > 2. Assume that L(s, x)

has a real zero g, such that

1
1_
nlogq

/30:

for some 1 > 10. Let § > 0. Then, for any Y > q'/?*?, one has

A logY
> M, 8T
gy P loga

and, for any k > 2, one has

3 Mo k-

1/k
q(1/2+8)/k<p§q(1/2+5)/(k—1) p 77

Proof. We may assume that 5 is large since otherwise the claims are trivial. By [18,
Exercise 3(g) in Section 11.2.1], we have for any y > g'/?*?

A
% — L1, ) ogy + 1) + L'(L, x) + 0y(@*/3),

m<y

where y is the Euler-Mascheroni constant (see [18, formula (1.27)]). Using Siegel’s bound
L(1, x) >5 ¢ %* (see e.g., [18, Theorem 11.14]), we get

A(m)

L'a,
—=L(1,x)(logy+ 1%
m

L(1, )

+ 05(1)) . (26)

m<y
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Primes and Siegel Zeros 29

By [18, Theorem 11.4], we have

L'(1, x)

=nlogq+ 0O(ogqg) < nlo
L %) nlogq gq) <X nlogq

as we assumed that 7 is large. Plugging this into (26) with y = q'/?*?, we obtain

A
Z (Tm) > nL(1, x) logg. (27)

m<ql/2+s

Also, subtracting (26) for y = q'/?*% and y = Yq!/?*% gives

Z % =L(1, x)(log Y + O4(1)). (28)

ql/2+8 <m<yql/2+s

On the other hand, by non-negativity and multiplicativity of A(n), we get

Z A(m) - Z A(m) - Z A(n) Z k_(p)
m m p
qL/2+ <cm<vql/2+s ql/2+ cm<yql/2+s n<ql/2ts g2+ <p<y
m=pn,n<q'/?t<p

The first bound in the lemma now follows by (28) and (27).

Similarly, for the second bound, we write m = np, - - - p; to get

Z % z % (29)

ql/2t <m<g? qV/?+ <m<g?
m=p1--pgn, n<q'/2
g2k p) | p <q(1/2+8)/t-1)
P1,--Pkin,pj distinct

v

Now, for m < g3, we have

> 1<kl (Gkk) <kl 1+ 1) = k125,

|m

P1Pk
qU/20/k cp) | pe<ql/2+9)/(k=1)

Using this and (29), we see that

Z A(m) 1 Z A(n) Z Ay - A(py)
6k ... ’
ql/2+ <m<g? m k! 2 n<ql/2+ g2k _p, Dby Dg

.....

P1,--.Pkin
pj distinct

€202 8unf | Uo Jasn nyIn] Jo AusioAiun A €661 | | 2/690PBUIUIWI/SE0 L 0 | /I0p/3|o1e-00UuBApE/UIWI/WOo9 dno olwapeae//:sdiy Wol) papeojumo(]



30 K. Matomaéki and J. Merikoski

Once we have fixed p,, ... /Pj_1,to make sure that p; is distinct from p,, ...

rpj_l

we have to exclude j—1 < k primes. To ensure that also p; { n, we have to further remove
at most k primes. Let P be the set of 2k smallest primes > g(1/2t9/k sych that A(p) = 2.

Then by positivity we get

r(m) 1 r(n) A\
> Meam X o 2 2y

n
ql/2+6 <m<q? n<ql/2+s q(1/2+6)/k<p§%(1/2+8)/(k—1)
p

Using (28) and (27), we get

k 6k
( > A—(p)) <<(;2 k!,

p n
GOk p < q(1/2+8)/(k=1)

p¢P
which gives us
by k
3 Mo ok
p otk
q(1/2+8)/k<p§q(l/2+6)/(k71)
p¢P

The primes p € P can be inserted back in with an error term 0(4kq—(1/2+9/k) By Siegel's

bound (6), this error is O(kn‘l/k), and the second claim follows.

Proof of Lemma 2.2. First, note that we can assume that

1 viogVy <1
vZpv/2 - nlogz

since otherwise the claim follows trivially from A(m) < t(m), (19), and (20).

We write

D Am) D IM(m)I/\(Tn)Jr D A — [u(m)Drim)

m
z<m<Y z<m<Y z<m<Y

(M P(2))=1 (MmP(2))=1 (m,P(z))=1

m

For the second sum, we get by (19) and (20)

(1 — |u(m)Dr(m) 1 t(m) 1 (log¥)?
Z m <<Z_2 z m <<E(logz)'

zfmfii p>z me/pz
(m,P(2))=1 (m,P(z))=1

(30)

(31)
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Primes and Siegel Zeros 31

In the first sum on the right-hand side of (31), we have

| (m)|A(m) A(p) A(p)
> e I (e m) s I e (57) -

z<m=<Y z<p<Y z<p<Y
(m,P(z))=1
(32)

Let § > 0 be small and let
1/2+6 1/2+6
K::’V /2 + —‘zmax[l, /V+ I,

\%

1/2+8

sothatz=q" > g ¥ .Itis easy to see that either K < 2/v or K = 1. Then by Lemma 4.1
A(p) A(p) A(p)

2 7 = > 2 o > 'R

z<p<Y 2<k=<K q(1/2+8)/k cp<q1/2+8)/(k=1) ql/2+ <p<y

logyY 1 viogyY
<<5K271_1/K+ g g

nlogq < v Ty logz

Plugging this in (32) and using (30), we obtain

m)|r(m A 1 viegy
Z [u(m)|A(m) < exp Z (2] 1« ; V/2+_1g
z<m<Y m z<p<Y p ven nlogz
(m,P(z))=1
and the claim follows. |

5 Proof of Proposition 2.3
Let us study

m m n n
S:t = m m n n _11_2,_1,_2 .
S )M ()Y 2)f(M1 o,
my,mz,ny,nz
+mini+h=mgans
(mymaning,P(z))=1

First we wish to make the variable n, implicit, so we write the above as

> xl(m1>x2<m2>w1<n1)wz(

mi,mz,ni,nz
+min;+h=mony
(mymaniny,P(z))=1

:tmlnl—l—h)f(ml my, N, :i:mlnl—l—h)

my M, M, N, m,N,
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32 K. Matoméki and J. Merikoski

Let us now show that we can replace the conditions (m,,P(z)) = 1 and
(ny,P(2)) = 1 by the conditions (m,, hP(2z)) = 1 and (n,, P, (2)) = 1. These two sets of
conditions are equivalent unless (m,n,, h) > 1. But (myn,, h) | m;n,, so in this case
there must be a prime p > z such that p | m,n,, p | h and p | m;n,. Using Lemma 3.1(i),

we see that the error introduced from these changes of summation conditions is

h 1
< D > t(m)t(+m + h/p) € ——Xu® —
plh m<X/p ¢(h) plh plog®(X/p)
z<p<&X (xm+h/p,Py(z))=1 z<p<kX
(m,P(2))=1
h x ub

< —
p(h) log*x z

Hence we can replace the condition (myn,, P(z)) = 1 by conditions (m,, hP(z)) = 1 and
(N, Py(2) = 1.
Next we shall replace the conditions (m;n;,P(2)) = 1 and (n,, P,(2)) = 1 by sieve

weights. By Lemma 3.2(i) with 6 = 1/1000, we can write

= —Ar, A+1
Lgpran-1 = 2, *a, 0| 2, 27y by T ()
da|(n2,P(2)) r2>u/1000—8
(da,h)=1
—A A+1
Liny pizy=1 = Z hg, +0O z 2= l(nl,P(Zrl))=IT(n1)
di1l(n1,P(2)) r1>u/1000-8
-A A+1
Lompap=1 = D, *et+O D 2y by =1 TOMY)
el(m1,P(2)) r3>u/1000—p

Using this, and noticing that for example, 1, p=1 < 27401, paey=1T(MAT, we

obtain

St= D dgha, D re D, x(em)xy(mo)yy(my)W(d,, dy, em;, my)

dids|P P my,mo
(tliz,2h|)=(zl) e (mg,hP(2))=1
( h X uﬁ) ( —A(r1+r2+713)
O\ ) +0 Z 2 1+72+73
¢(h) log“X z it
max ;> 560 —B
m; m, n, trmn,+h
Z (tm)r(n)rm)) AT (L, =2, L, 1
M, M, N, myN,

my,mz,ni,ng
+mini+h=man,y
(n1,P(zr)))=(n2,Py(zr,))=1
(m1,P(zrq))=(m2,hP(z))=1
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Primes and Siegel Zeros 33
with

wW(d,,d,, em;, my) := > Y (dyn) Yy (em,d,n, + h)
:I:emldlnlnsl—h(dzmz)

¥ em, m, d,n; tem;d;n,+h
M, M, Ny m,N, .

Thanks to Lemma 2.4, we can concentrate on the main term. Note that since (d,m,, h) =
1, we can add the condition (em;d;, d,m,) = 1. Due to the support of x and ¥ (noting
that d,m, | £em,d;n; + h), we can also add conditions (d,d,em;m,,q) = 1. Hence, we

need to study

D hara, DL ke > x1(emy) xo (M) ¥y (Mmy) W(d,, dy, emy, my,). (33)

d1dz|P(2) e|P(z) mi,ma
(d2,d1h)=1 (e,d2q)=1 (m2,hP(2))=1
(d1dz2,9)=1 (em1dy,damz)=1
(myimgp,q)=1
Now

em; m, d +em,d,y+h
/f (_1 my 4y, 1—15’) e(ky)dy
1 myN,

’
em d M2 em;N," m,N, em;d,;

so by Poisson summation (Lemma 3.4), we get

em, A ty+h
w E —_— 4
(dy, dysemy my) = d,d,em,m,q dzemlmzq / ( M2 em;N;" m,N, ) (34)
y
e k—) dy E Y (d{n)y,(fem,d,n + h)e (kn).
( d,d,em;m,q o 12 171 qdzmy

+n=—hdiem;(damy)

By the Chinese remainder theorem, we can write

n = Fqqhd,em, +d,m,y,
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34 K. Matoméki and J. Merikoski

so that

Z V1 (din)y,(em din + hyeyy, ,, (kn)

n (qgdamz)
n=—hd;emi(damy) (35)

= €q4,m, (Fqhkd,em,) Z V1 (didymyy) Yy (xydydyemym, + heg(ky).
Y (@

5.1 Contribution from k =0

Since in (33) we have (em,d,d,m,, q) = 1, writing y’ = yem,d,d,m, we get

Z Y (dydymyy) Yy (£yd dyemymy + h) = ¥y (emy) z U (Y)Y (Y +h)
v (@) Y (@)

=: ¥, (em)U*(k; @),

say. Recombining the variables e, m,, we see that the contribution from the part of (34)
with k = 0 to (33) is

Ui(h} Q) Z X1(m1)X2(m2)1ﬂ1 (m1)1//2(m2) ( Z )‘dl)‘dz)

q myms mym; aarn D%
(m2,hP(z))=1 (d2,d1hmy)=1
(m1,mz)=1 (d1d2,q)=1 (36)
+y+h
/f(Ml M, myN rr}L]N )dy 2, e
122 T 2772 el(m1,P(2))

(here we were able to drop the condition (d;, m,) = 1 since d, | P(z) and (m,, P(2)) = 1).
Notice that by Lemma 3.3 with § = 1/1000 and (16) we have, for m; € N,

U£(h; @) 3 rd, M,

g e 1%
(d2,d1hm)=1
(d1d2,9)=1
+ 7.
_ U*(h; q) (1 +o, (efAu/ZOOO)) H (1 _ l) H (1 _ L) (37)
q p<z p) p ¢(P)
piq pthqmy

. u? h m
log® X ¢(h) p(m;)’
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Primes and Siegel Zeros 35

Using Lemma 3.2(i) and (37), we see that replacing the sum over e in (36) by

1m, p(z))—1 affects (36) by

A+l

«h X o5 g 3 )™

> )

¢(h) log” X r>u/1000—8 mi<Mimg<n, LM
(my,P(zr))=(m2,P(z))=1

Using (19) and (20), and taking g sufficiently large in terms of A, this is, as in our earlier

arguments,

h X aus000
A 2 e .
@(h) log* X

Using also the equality in (37), handling the error term with (19) and (20), we obtain that

(36) equals
U*(h; q) Z X1 (M) X (Mo) Yy (M) Yy (my) H (1 _ l) H (1 1 )
q my,mo m;m, p<z p p<z ()
(mimz P(Z)) 1 piq pthq
(my,mz)=1

/f( B ﬂ:Y+h) dy—i—O( h X; eAu/3000)
M, M2 m,N," m,N, @(h) log* X

Finally, we need to remove the condition (m;, m,) = 1. Since (m;m,, P(z)) = 1, using (37)
and then (19) and (20), this introduces an error
h 2 1 h X u*

<L —— < —.

p(h) log x" Z p(p— 1) Z pm)m, — ¢(h) log?X z

z<p=<X my,my<X
(mymg,P(2))=1

5.2 Contribution from k # 0

By partial integration we have, for k # 0,
ty+h
J7 (it e, ) Carzomma)
M2 em;N;" m,N, d,d,em;m,q

< ( k ) (a LY o (S‘Idldlequ)j
d,d,M,M,q M;N, M,N, J kx ’
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36 K. Matomaéki and J. Merikoski

Hence, |k| > qudldf# contribute O(X~199) to (34). The remaining part contributes to
(33) by (34) and (35)

D kaka, DL ke DL xalem)xa(my)yy(my) (38)
d1dy|P(2) elP(z) mi,ms
(dadih)=1 (edyqrel (o, hP@)=1
(d1d2,9)=1 (em1dy,dama)=1

(mimz,q)=1

1 em, % Ty + h) ( y )
e k d
qdldzemlm2 Z /f( M, M2 em,;N," m,N, ¢ d,d,em;m,q Y

qd1doMy M-
‘k| 15212

 €aym, (Fqhkd em,) D v (ddymyy) Yy (£yd, dyem my + hyeg(ky).
vy (@

We write

/f em; % ty+h (% % dy
M2 em;N;" m,N, d,d,em;m,q
em;, m, y <£ym,;+h %
= —, =, = k d
= /f( "M, eN;" m,N, )e( dldzemzq) Y

and rearrange (38) so that the sum over m, is innermost. Splitting also the sum over m,

into congruence classes modulo g, (38) is bounded by

L @¢XT D > 2 Ndieqdomo=1

e|P(z) (m2,P(z))=1dd2|P(2)
e<D makLMz d;,dy<D

e (39)
X
dai, 2 Thkead;
S 20<\k|<‘1dldzlw
- sxl—¢

where, for some reduced residue « (g) and y < eN;, we have

em;, m, y =£ym;+h e
Y(h ke q dy; dymy) = f(—1 -2 —) Caym, (Fahkd em,),

(mlydzmz)zl
which is an incomplete Kloosterman sum modulo d,m,. Applying Lemma 3.8, we get

M, (hk, d,m,)

Y(h ke q,dy;dymy) <, 671 (dymg) 2 + ed,myq
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Primes and Siegel Zeros 37

Hence (39) is bounded by (using Lemma 3.7 and that D = X1/1990 and M, « (M,N,)'/? «
¢7120'?)

<, q2X25(52D3+1/2 Z m;/Z

mo<KMp
VY a2 ™)
e<Dd;,dy<D qdldleMz 0<|k|<qd1d2M1M2 edzmzq
mo <KMo = sxl-e

<<‘,3 q2X28572D7/2(871X)(1/2)(3/2) +qX48871DM1 << 873X7/9q2,
and the claim follows.

6 Proof of Lemma 2.5

Recalling that z = X'/¥, by (20), it suffices to show that

x(m)log(y/n) 1\"! ud  utv
I GO IR (G S

n<nN p<z
(n,P(z))=1

3
+0, ((% + e‘Au/3000) logX) + 0, c (exp(—Clogg/‘r’_‘8 X)) .

We first replace x (n) by u(n) in the sum. We have

X)) = Oox () = pm)+ D wkr(m),

n=km
m>1
so that (analogously to (11))
s amlogy/m 5 plog/m 5 pG9Mm) log B (40)
n n km
n<N n<N km<N
(n,P(z))=1 (n,P(z))=1 (km,P(2))=1

m>z
Using Lemma 2.2, the second term gives (by (19) and (20)) an admissible contribution

1 A(m) 1 uv )
< logX Z E Z 7<< ulogX(W—i-——i-E)u .

k<N z<m<N
(kP(z)=1 (m,P(2))=1
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38 K. Matoméki and J. Merikoski

The first sum on the right-hand side of (40) is by (19) and (20)

Arsooos 1 1 1
Z L10uv1lle(n) OgY/n+O logxz_z Z E

n
n<hN p=z nsN/pz

(n,P(2))=1 (n,P(z))=1

- > )‘Liouville(r’:)logY/n+O(U«12gX),

n<N
(n,P(2))=1
where Ap;,uvine () denotes the Liouville function.
We deal with the condition (n,P(z)) = 1 using Lemma 3.2(i) with 6 = 1/1000.
This gives

3 MLiouville () logy/n 3 L g Liouville(@) 3 Miouville(™) 10g 27
n d n
RN d|P(2) n<N/d
(n,P(z))=1

A+1
_a T(n)
+0|logX E 2747 E l(n'P(Zr))zl—n
r>u/1000—8 n<N

By (19) and (20), the error term is

2A+1 24+1,

logX

<qlogx > z—Ar(&)
logz

r>u/1000—8 r

_Ar. A+ B

r>u/1000—8

&, e AW3000 60 x

when 8 is sufficiently large in terms of A.
For fis > 1, let

Miouville () o 1
Fio) = D =i _H( pS) 0] I

neN peP peIP’ =

so that

3 Miouvitle() 10g 5 Fis)log ¥

pr d+F@.

n

Note that F(s) has a simple zero at s = 1, whereas F/(s) is holomorphic but non-zero

ats=1.
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Primes and Siegel Zeros 39

By Perron’'s formula (see e.g., [18, Corollary 5.3]), we have, for T :=
exp(2Clog®/®~¢ x),

Z A g Miouville () Z Miouville() log %=

d|P(2) d n<N/d n
ke (d) 1 1/log N+iT N/d)S lo 5X
=> *d*Liouville(d) )—,/ (F(s+ Dilog¥ + F(s+ 1)) w/a) ds+of 28 .
dIP(2) d 21 1/logN—iT d S T
We move the integration line to %is = —1/log?3*¢ T, staying in the zero-free region for

£(s) (see e.g., [12, Theorem 8.29]). From the residue at s = 0, we get a main term

*aMiouville(D) M dM iouville (@) 1
2d” Liouville\™/ pv 1y _ )
|P(z) d|P(2) peP p

By Lemma 3.2(ii), this equals

(1 4 0, (e~4u/2000), H (1 n l) H 1
(1+3)(1-3)

p<z p peP 1- llo
—Auy2000 , 1 1\
=(1+0,(e +=))II(r-=) -
z p
p<z
Let us now consider the remaining integral. For s = —1/ log2/3+€ T + it with |t] < T, one

has (see e.g., [12, Theorem 8.29])

/
1
<« log?3*¢T and g6+

- 1 2/3+e T.
(s+1) (511 08

Hence, the remaining integral contributes

(F(s +Dlogy —F(s+ 1))

(N/d)*
q ds

N

1 —1/10g?/3*¢ T+iT
« ¥ 4

d<N1/1000

—1/1log?/3*¢ T—iT

<« log?x -1log®T- N~U/@log*?te T) Lce exp(—Clog®/°~¢ Xx),

and the claim follows.
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40 K. Matomaéaki and J. Merikoski
7 Proof of Theorems 1.3 and 1.4

Theorems 1.3 and 1.4 are trivial unless h is even. Furthermore, they follow from
Lemma 3.1(i) with w; = w, = X'/ and m; = m, = 0 unless 5 is large. We will assume
these as well as n « g° from (6).

As explained in beginning of Section 2, it suffices to study, with g as there,
n
;g (}-{) A(M)A(En + h),

where in case of +-sign we have 0 # |h| < X'*%/2 and in case of —-sign we have X €
[h!=¢/3, h/4], for some small ¢ > 0. Here we have done a dyadic splitting of n, discarding
n < X'~¢/2. Hence now q = X'/V' for some V' € [(1 — ¢/2)V, V1.

Define z := X'/ for some u to be chosen shortly (in (41)). Then z = qV//u. By (13)

and Lemmas 2.1 and 2.2, we have

2.9 (;() AMA(ER +h) = > g (}2{) X (N (£n + h)

(n(inJrhgl,qP(z)):l

0 h X u8 ubv 110 .
" @(h) V277V/(3u)+ n +qV/(2u) + (z+ w(q)) log .

To balance the error terms with errors of the type e~4%/30900 that we will encounter later,

we choose

, 41
10C 1)

. J V1o
u:mln[—gn 1 gn}.
With this choice, the error terms are acceptable and we can concentrate on the
main term.

By the definition of A’ (see (9)), here

n / /
Zn: g (}—{) NV (£n + k)
(n(£n+h),qP(z))=1
(42)

mn,
= X 9(T) xmpxmpxe)xe(ny) log ny log ny.
my,ma,ny N2
t+min;+h=myny
(minimang,P(2))=1
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Primes and Siegel Zeros 41

Let X, := +X +h = max{X, h} < X1*¢/2, so that m,n, =< X,. We make a smooth partition
of the variables m;. We let ¥: R — [0, 1] be a smooth function for which ¥(x) = 0 for
x <1 and ¥(x) =1 for x > 2. Define then F: R, — [0, 1] by

W (x) if0<x<2
F(x) =
1-V¥(x/2) ifx> 2.

The function F(x) is supported on [1, 4] and gives a smooth partition of unity

ZF(%) =1 forallx> 0.
Jjez

We write Ny = X/M; and N, = X, /M, =< max{X, h}/M,. Then when m; € [M;, 4M;], in (42),
then n; € [NV;/20, 20N;]. Let h: R.4 — [0, 1] be a smooth function supported on [1/40, 40]
such that h(x) = 1 for x € [1/20, 20], and write

0g (v1Ny) log (y2NN,)
log?x

1
Jar v, X1, X2, V1, V2) = 91 y1)F(x)F (%) h(y1)h(y5)

Then
n i /
> a(p)rmraEn+n
(n(in+h§l,qP(z))=1
m, m, n, n
=log?Xx Ty M ™M o
8 Z . > T, (M1 M, N, N,
M; =21 ,M,=2"2 my,mz,ny,nz
1/4<My<aX  Fmanith=mng
1/4<Mp<ax, (MimimanzP(2))=1
s x (M) x(my) xo(ny) xo(ny)
e + + +
= ZS,S + ES,L + EL,S + EL,L’
say, where ESiS corresponds to M; < X'/?2 and M, < Xi/z, Z;‘L corresponds to M; < X'/2
and M, > Xi/z, ZZ—LS corresponds to M; > X'/?2 and M, < Xi/z, and Ez‘L corresponds to

M, > X'/2 and M, > X;/%.
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42 K. Matoméki and J. Merikoski

Let us start with Eécs. Applying Proposition 2.3 with ¢, = V¥, = X0, X1 = X2 = X

and § = X~1/1000 handling the error term with Lemma 2.4, we see that, for any A > 1,

2\ 1
zis=log?x [] (1 - —) I1 (1 - —) 2 > oW xoEy +h)
p<z

p p
p=<z v (@
plh.ptq pthq
Z z X(m1)X(m2) 1, m; my y :tY+h d
m,m My M M, "M, m,N," m,N. 4
My =201, My=212 my,my 17772 2 14V1 24Y2
{denn 2ax  (mimz,P(2)=1

1/4<M><4X+

h ub
+0, ( (h)X( —A1/3000 ?) +X7/9+3/1000q2) _

Taking A = 108C?, the error terms are acceptable by our choice of u in (41). Let us denote

the main term by f);s. There

Z z X(ml)X(mz) /fMl Mz( m, y :i:y—i-h) dy
My2h a2l M M, M, mN," m,N,
1/a<M; <x1/2 (M2 P@)=1
1/4<M, <X/
/ x(my)x (my) log ;2 log ZL*% > (ml)F(mZ) 4
7 m1 Mo mym, -log? X - . \M M, v

My =281 M,p=212
1/4<M; <x1/2
1/4<M, <X/

(mimz,P(z))=1

Note that there is no dependency between m; and m,,

5 (). [ emer
Mozh M, 0 ifm, >4x'/2,
1/4<M; <x1/2

and

Z F(ﬂ) v oifme = x4
o0 M, 0 if m, > 4axy/%

1 /4<M2 <x1?
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Primes and Siegel Zeros 43

Hence, by partial summation and Lemmas 2.5 (with v = V’/u) and 2.6, we obtain

6 4 4
u Vu u —Au/3000 3/5—¢
. (1 + 0,4 (—VznV/(3“) + S + > +e +Oc¢, (exp(—Clog X))

Here

I(q.h) plg
plh.ptq pthq P pth
_ p p p
=2 [ —25-(1+0(3)) [1 =% 11—
1 zZ 1 (43)
22p<z (1 - 5) plha P ph D
p>2 piq
p>2
u 1
=2(14+0(= H(l— 2)]_[( —)
(=0l IT (+-52m) T (452
p>2
Hence
=4 )4
Shs=e [ o(3)ar
h ub vu* ut Au
—Au/3000 _ 3/5—¢
+Once (i (ayirmm + 55+ g + " +epiClog?* ) ).

The error terms are acceptable when A = 108C? by our choice of u in (41).
For X7, we use Proposition 2.3 with x; = x, = xo, ¥, = ¥, = x,8 = X" 1/190 and

the roles of M; and N; interchanged. Handling the error term with Lemma 2.4, we see
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44 K. Matoméki and J. Merikoski

that, for any A > 1,

S =log’x [] (1——) I1 (1—3)%Zx<y)x<iy+h>
p<z

p p
b=z r(Q)
plh.piq pthq
(nl)x(nz) v ty+h n ny
Z Z fMl Mo M M. "N,'N. d
=201 M1 ni,ny nl 21 1 2
X1/2 <M, 2<4X (n1n2,P(2))=1

x4 <My <axy

h u®
0 _ x —Au/3000 el X7/9+3/1000 2 .
+0n (g (7 ) + ‘

Taking A = 10°C?, the error term is again sufficiently small by our choice of u in (41).
We denote the main term by fl,fL. Recall that 2 | h so that by Lemma 2.6

h
Z x(m(Em + h)) = x(£1) Z Xo(m)Xo(im +h)- lgg(zr)\h(_l)m -

-2
m(q) m(q) plq’p
pth
Furthermore,

x(nxny) Y Fy+h n ny
Z Z T . fMl M2 \ 1 " M. "N.'N. dy

ol 1 nin; Ny 1y Mapng Ny IV

X1/2<M 2<4X (n1nz P(Z)) 1

1/2

X" <Mpy<4Xy

_/ (Z) 3 x(nyx (ny) log(n,) log(n,)
=/ 9\x = nin,
(n1n2,P(2)=1

+ h
2 F(Myn )F(z\i[/; )dy'
=201 Mp—2i2 1 2M2
X2 <My <4x

X2 <My<ax,

Similarly to the case of E;s' we can use partial summation, Lemma 2.5 (with y = 1), and
(43) to obtain

L= th(:tl)/ dy 1, 2ryn(— 1)¢(2 ) H

p—2
riqd

h u® Vu* ut Au
—Au,/3000 _ 3/5—¢
+ 0 ((p(h)X (VznV/(3“) + ; + 27/ + ue + exp(—Clog X))) .
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Primes and Siegel Zeros 45

The error term is again acceptable by (41).
We handle E;L and Zfs similarly. The error terms are the same as before,

whereas the main term from Proposition 2.3 is by Lemma 2.6, (19), (20), and (6)

1 2\ lng=1 1
Xlog?X 1- - 1-2). o=t
wnox [1 (=) [1(-3)~9= ¥ &o

pllifpz’fq pihq my<X"/2, my<x}/?

(mymz,P(z))=1

h ut h 1

X & X
foh)y gt~ T e(h) g

<

Collecting everything together the claims follow.

8 Proof of Corollary 1.5

Squaring out and applying the prime number theorem, we see that

2
2X
/ > Am)-H| dy
X y<n<y+H
2

=/2X > Am| —2H D> A(n)+Hdy

X y<n<y+H y<n<y+H

2X
= Z Z A(nl)A(nz)/X lnl,nl—he(y,y-i-H]dy_HZX

lhl<H 7n1n2
ni=ns+h

+0 (H3 log X + HX )
Coe & exp(C log3/5_‘9 X))

The first term on the right-hand side equals

S@E-1h) > AmpAMm; +h) +0 (H3 log? X)

|h|<H X<ny<2X
—H > AmP+ > ') D A(n)A(n+h)+O(H3log2X).

X<n<2X 0<|h|<H X<n<2X

The first term on the right-hand side is by the prime number theorem « HXlogX.
Applying Theorem 1.3 to the second term, noting that > _, g ﬁ « H, we see that
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46 K. Matoméki and J. Merikoski

it suffices to show that

D H— DS, | 1+ Lyn (= 1)7n H =H*+0 (HlogX+ n_IHZ) ~
O<|h|<H plq
h even pth

Recall that g’ is necessarily square-free (see e.g., [12, Section 3.3]). Using the bound

6;, < h/¢p(h) and Lemma 3.7, we see that the term depending on g contributes

h 1 1 H?
H — || —=<H||— h, '
«H > ol m<dall = 2 M( 9 < G

0<|h|<H riq plq O<|h|<H
pth

which is admissible by (6). Hence, it remains to show that

1
2 > @-h]] ( 1)2) I (1 + —2) =H?+ 0 (HlogX). (44)

O<|h|<H p>2 plh p-
h even p>2
Now

> @E- |h|)H(1+—) i > H(1+—)

O<|h|<H plh Jj=2 0<|h|<j plh
h even p>2 h even p>2

H
> 3 H(1+55):
j=2 0<|h|<j/2 plh p-
p>2

Define a multiplicative function f such that

; 0 ifp=2orv=>2
f@o") =

1 .
= otherwise.

€202 8unf | Uo Jasn nyIn] Jo AusioAiun A €661 | | 2/690PBUIUIWI/SE0 L 0 | /I0p/3|o1e-00UuBApE/UIWI/WOo9 dno olwapeae//:sdiy Wol) papeojumo(]



Primes and Siegel Zeros 47

Then

3 H(1+%2)= S Srn=Sfn 3 1

0<|h|<j/2 p|h p 0<|h|<j/2 r|h r<j/2 0<|h|<j/2r
p>
(r) .
Zf +0 Zf(r) —JH( 2))~I—O(log])
r<j/2 r<j/2 p>2 (p
-1
—]H(l— 2) + O(log)).
p>2 1)

Thus, the left-hand side of (44) equals

H
2> j+0HlogH) = H? + 0 (Hlog X)
j=2

as claimed.
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