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Abstract
The concept of identifying codes in a graph was introduced by Kar-
povsky, Chakrabarty and Levitin in 1998. These codes have been studied
in several types of graphs such as hypercubes, trees, the square grid, the
triangular grid, cycles and paths. In this paper, we determine the optimal
cardinalities of identifying codes in cycles and paths in the remaining open
cases.

Running title: Identification in cycles and paths

1 Introduction

Let G = (V, E) be a simple connected and undirected finite graph with V' as
the set of vertices and E as the set of edges. Let v and v be vertices in V. If
u and v are adjacent to each other, then the edge between v and v is denoted
by wv. The distance d(u,v) denotes the number of edges in any shortest path
between u and v. We say that u r-covers v if the distance d(u,v) is at most r.
The ball of radius r centered at u is defined as

B, (u) ={z eV |du,z) <r}.

A nonempty subset of V' is called a code, and its elements are called code-
words. Let C' C V be a code and u be a vertex in V. An I-set of the vertex u
with respect to the code C' is defined as

I.(Ciu) = I(u) = By(u)NC.

We say that a code T' C V' is a transversal of G if for each edge e = uv € F the
vertex u or the vertex v belongs to T. A transversal is also sometimes called a
vertex cover [10, p. 102] or an edge-covering set [11] of G.
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Definition 1.1. Let r be a positive integer. A code C' C V is said to be
r-identifying in G if for all u,v € V the set I,.(C;u) is nonempty and

I.(Csu) # I(C;v).

Let X and Y be subsets of V. The symmetric difference of X and Y is
XAY = (X\Y)U(Y\X). Wesay that the vertices v and v are r-separated by
a code C' C V if the symmetric difference I,.(C;u) A I.(C;v) is nonempty. The
definition of r-identifying codes can now be reformulated as follows: C' C V is
an r-identifying code in G if and only if for all u,v € V' the vertex u is r-covered
by a codeword of C' and

I.(C;u) A L.(C;v) £ 0.

The smallest cardinality of an r-identifying code in G is denoted by M, (G).
An r-identifying code attaining the smallest cardinality is called optimal.

Codes which identify vertices in a graph were introduced by Karpovsky,
Chakrabarty and Levitin in [5] for fault diagnosis in multiprocessor systems. For
an application to sensor networks see [7]. Identifying codes in many different
kinds of underlying graphs have been examined (see [6]). Among them are cycles
and paths [1, 3, 8, 11]; see also [2, 4, 9].

Let n be an integer such that n > 3. A cycle C,, = (V,,, E,) is a graph such
that the set of vertices V,, = {v; | i € Z,,} and the set of edges

En = {Uivi-‘rl | L= 07 13 ceey 2} U {Un—lv()}'

The exact values of M;(C,) and M5(C,) have been presented in [3] and [§],
respectively. For general r, the following results are known:

e If n is even and n > 2r + 4, then M, (C,) = n/2. Moreover, we have
M,-(Cg,«+2) =2r + 1. [1]

If n = 2r + 3, then M, (C,) = [2n/3] [3].

Ifnisodd,3r+2<n <8 +1,n+#4r+3 and ged(2r + 1,n) = 1, then
M, (C,) = (n+1)/2. Moreover, we have M, (Car13) = 21 + 3. [3]

If n is odd, n > 3r + 2 and ged(2r 4+ 1,n) > 1, then by [3]

n
MT(CH) = ng(2T + 1, TL) ’72gcd<2r—|—1n)—‘ .

Assume that n is odd, n > 3r+2 and ged(2r+1,n) = 1. If n = 2m(2r+1)
+lorn=2m+1)(2r+1)+2r for m > 1, then M,(C,) = (n+1)/2+1,
else M, (C,) = (n+1)/2 [11].

In conclusion, what remains to be shown is the exact values of M,.(C,,) when n
is odd and 2r +5 < n < 3r + 1. (Notice that there are no r-identifying codes in
C,, when n < 2r 4+ 1.) These remaining cases are solved in Section 2.

Let n be a positive integer. For n > 3, a path P, = (V,,, E!)) is a graph
such that the set of vertices V,, is the same as with the cycles and the set of
edges E!, = E, \ {vn_1v9}. Furthermore, we define the path P, = (V1, E}),
where E] = (), and the path Py = (Va, E}), where F} = {viva}. The exact



values of M;(P,,) and Ms(P,,) have been presented, respectively, in [1] and [8].
An infinite family of optimal r-identifying codes have been introduced in [1,
Theorem 5] giving the following values: M, (Pag(2r4+1)+1) = k(2r +1) + 1, where
k is a non-negative integer and r > 2. In Section 3, we solve the exact values of
M, (P,,) for general r.

2 Identifying codes in cycles

Let r be a positive integer. In this section, we first study r-identifying codes in
cycles C,, = (Vi, E,,), where n is an odd integer and 2r+5 < n < 3r+1. We end
the section by a short discussion of identification, where modified balls are used
instead of (the usual balls) B,.(z) (z € V},). Throughout the section, the indices
of the vertices v; of C, are calculated modulo n. Let ¢ be a positive integer.
For the following considerations, we define a graph C{n)t) = (Va, Fp), where
F,, = {vvis¢ | i € Z,,}. Notice that if C' is an r-identifying code of C,,, then C
is also a transversal of CEn72r+1) since the adjacent vertices v; and v;41 (i € Zy,)
have to be r-separated by C. We also define Q;(¢) = {v;, vi+1,. .., Vitt—1}-

The following lower bound on identifying codes in cycles C,, have been pre-
sented in [3, Theorem 1].

Theorem 2.1. Let r be a positive integer and n > 2r + 2. Then

n
M, (Cp) > ged(2r + 1,n) [2gcd(2r n Ln)—‘ .

Let n be an odd integer such that 2r+5 < n < 3r+1. Then n can be written
as follows: n = 2r + 1 + p, where p is an even integer such that 4 < p < r.
The following lemma provides a new way to characterize r-identifying codes in
cycles with small order compared to r. Notice that in the following lemma for
all i € Z,, we have V,, \ B,(v;) = Qp(i +r + 1), i.e. that the set Q,(i +r+1)
denotes the complement of the ball B,.(v;).

Lemma 2.2. Let r be a positive integer and n = 2r + 1 + p, where p is an
even integer such that 4 < p <r. Let T be a transversal of CEn,ZH-l)' If u and
v are vertices of C,, such that d(u,v) < p, then u and v are r-separated by T.
Moreover, the transversal T is an r-identifying code in C, if and only if there

does not exist i,j € Zy,, such that

Qp(i)me(j) =0 a”dTﬂ(Qp(i)UQp(j)) =0. (1)

Proof. Let u and v be vertices of C,, such that d(u,v) = d < p. Without loss of
generality, we may assume that v = vy and v = vi4 for some k € Z,,. Clearly,
Vk—r € Bp(u) \ Br(v) and vgyry1 € Bp(v) \ Br(u). Since T is a transversal
of Cén’%ﬂ), then vy, € T or vg4r41 € T. Hence, the vertices v and v are
r-separated by T

Assume first that the transversal T is an r-identifying code in C,. Assume
to the contrary that there exist i,j € Z, such that Q,(i) N Q,(j) = 0 and
T 0 (Qy(i) U Qp(j)) = 0. Since By(viy1) A By(vg—r 1) = Qpli) U Qyli),
then I.(T;v;—p—1) A L.(T;vj—r—1) = 0 (a contradiction). Recall from the pre-
vious that @, (i) and @Q,(j) denote the complement of the balls B, (v;—,_1) and
B, (vj_r—1), respectively. Therefore, the condition (1) holds.



Assume then that the condition (1) holds. Let u = v; (i € Z,). Let us
then show that v; is r-covered by a vertex of T. Assume to the contrary that
I.(T;v;) = 0. Now TN (Qp(i —p)UQp(4)) C I.(T;v;) and Qp(i —p) NQp(i) =0
(a contradiction). Hence, we have I,.(T;u) # (). In addition, the first part of
the proof shows that vertices u,v € V,, such that d(u,v) < p are r-separated by
T. Let then u € V,, and v € V,, be vertices such that d(u,v) > p. Now we have
B, (u) A By(v) = Qp(i) UQp(4) for some i,j € Z,. Since Q,(i) N Qp(j) = 0,
we obtain by the condition (1) that L.(T;u) A L.(T;v) # @. Thus, T is an
r-identifying code in C,,. O

The following theorem provides exact values for M,.(C,,) when 2r +5 <n <
3r+1 and ged(2r 4+ 1,n) = 1.

Theorem 2.3. Let r be a positive integer and n = 2r+1+p, where p is an even
integer such that 4 < p <r. Assume that gcd(2r + 1,n) = 1. If n =2mp +1
orn = 2m+1)p+p—1 withm > 2, then M.(C,) = (n+1)/2+ 1, else
M, (C,) =(n+1)/2.

Proof. Recall first that M, (C,) > (n + 1)/2, by Theorem 2.1. Since ged(2r +
1,n) = 1, the graph an 241 is actually a cycle with n vertices. It is also easy

to see that CEn,2r+1) = Cén’p).
r-identifying in C,, it has to contain a transversal of an )" Clearly, a code

As is stated earlier, in order for a code to be

T={vy | 0<i<n-—1,iis even}

is a transversal of Cén, p)- Furthermore, T is up to rotations the only transversal
of C{,, ,) with size (n+1)/2.

ssume first that n < 4p — 1. Let us then show that there does not exist
i,j € Zy such that Q,(7) N Qp(4) = 0 and T N (Q,(7) U Qp(4)) = 0. Assume
to the contrary that such i and j exist. Since T'N Qp,(i) = @ and T is a
transversal of szp), the sets Qp(i —p) C T and Qp(i + p) C T. The fact that
n > |Qp(i—p)UQp(1)UQ, (i+p)UQp(4)| = 4p implies a contradiction. Therefore,
by Lemma 2.2, T' is an r-identifying code in C,. Hence, M,(C,) = (n+1)/2
when n < 4p—1. Notice that the cases n = 2mp or n = (2m+1)p are impossible
since n is odd. Now the rest of the proof divides into the following four cases.

1) Assume then that n = 2mp + x with m > 2 and 2 < x < p— 1. Let
us then show that 7N Q,(i) # O for any i € Z,. Assume to the contrary
that k& € Z,, is such that T'N Q,(k) = 0. Since vy, ¢ T and vpy1 ¢ T, then
Vgtp € T and vgqpy1 € T. If the vertex vy, is such that vgyp44p 7# vo for any
i=0,1,...,2m, then vgtptamp = Vktp—s € T (a contradiction). Otherwise,
the vertex viip41 is such that vi4pyi4ip # vo for any ¢ = 0,1,...,2m. Then
Uktpti4+2mp = Vktpti—z € T (a contradiction). Thus, there does not exist
k € Zy such that TN Q,(k) = (. Hence, by Lemma 2.2, T is an r-identifying
code in C,, and M, (C,) = (n+1)/2.

2) Assume now that n = (2m + 1)p + z, where m > 2 and 1 < 2 < p — 2.
Since n = (2m + 2)p — (p — ), we can write n = (2m + 2)p — z’, where
2 <2’ <p—1. In what follows, we show that T'N Q,(i) # 0 for any i € Z,.
Assume to the contrary that k € Z,, is such that T'N Q,(k) = (). Then, clearly,
vg—1 € T and vy_o € T. If the vertex vyp_y is such that vi_144p # vo for
any i = 0,1,...,2m + 2, then vy_14(2m+2)p = Vk—142r € T (a contradiction).
Otherwise, the vertex v;_s is such that viy_o4;, # vo forany i =0,1,...,2m+2.



Then viy_o4(2m+2)p = Vk—2+2' € T (a contradiction). Hence, by Lemma 2.2, T
is an r-identifying code in C,, and M,.(C,) = (n+1)/2.

3) Consider then the case n = 2mp + 1 with m > 2. It is easy to conclude
that

T ={v} U JQp((2i —1)p+1).
i=1
Therefore, V,, \ T = U;Z_Ol Qp(2ip + 1). Thus, by Lemma 2.2, the transversal
T is not an r-identifying code in C,. Since T is the unique transversal of Cén )
with size (n + 1)/2 and every r-identifying code of C,, is also a transversal of

Clp.py» We have My (Cn) = (n+1)/2+ 1.
Define first sets Ax = {Ug41,Vk42, - .., Vktp—2, Vktp, Vkt2p—1}, Where k is an
integer such that 0 < k < 2(m — 1)p. Define then a code

m—1

C1 = {vo, Vamp} U U Asip.

=0

It is straightforward to verify that Cy is a transversal of CEn’p) and that TN
Qp(i) # 0 for any i € Z,. Hence, C; is an r-identifying code in C,,. Since
|Cy] = (n+1)/2+ 1, we have M,.(C,) = (n+1)/2+ 1.

4) Finally, assume that n = (2m + 1)p+p — 1 with m > 2. Now T =

Uito @p(2ip) and Vo \ T = UiZy' Qp((2i + 1)p) U Qpoi((2m + 1)p). Then,
using similar arguments as in the previous case, we have M, (C,) > (n+1)/2+

1. Define first sets By, = {Uk1p—3, Vktps Vkfp+1s- - - Vkt2p—as Vk2p—2, Vk42p—1 7},
where k is an integer such that 0 < k < 2(m — 1)p. Define also a set B’ =
{VEm+1)p—3 V@m+1)ps V@m+1)p+1s - - - V(2m+1)p+p—2 ) Define then a code
m—1
Cy = {Uo} UB'U U Bgip.
i=0

It is straightforward to verify that Cs is a transversal of CZn ) and that the set
C2 N Qp(4) is nonempty for any i € Z,. Hence, Cy is an r-identifying code in
Cy. Since [C3] = (n+1)/2+ 1, we have M,.(C,) = (n+1)/2+ 1. O

The following theorem provides exact values for M,.(C,,) when 2r +5 <n <
3r+1 and ged(2r + 1,n) > 1. The proof of the theorem is similar to the one of
in [3, Theorem 9.

Theorem 2.4. Let r be a positive integer and n = 2r + 1 + p, where p is an
even integer such that 4 <p <r. If gcd(2r + 1,n) > 1, then

n
M, (Cp) = ged(2r +1,n) | — ||
(Cn) = ged(2r +1,m) [2g0d(2r+1,n)—‘
Proof. Let d = ged(2r 4+ 1,n) = ged(p,n) and n’ = n/d. Notice that n’ is odd
and d > 3 since 2 1 n. Recall that C€n72r+1) = CEn)p). The graph C{n)p) consists
of the disjoint union of d cycles on n’ vertices. For all j € Z; define the sets

T ={vjtrp | 0 <k <n'—1,kis even}



and
T; = {v;} U{vjirp | 0 < k<’ — 1,k is odd}.
Since n' is odd, we have |T;| = |Tj| = [n'/2]. Now define
d—1
T=TouT{u| T
j=2

!
(n.p)’
which together form the whole CEn o) the set T is a transversal of CEn )" Further-

Since each Tj and ij is a transversal of one of the disjoint subcycles of C

more, the number of vertices in T is equal to ged(2r+1,n) [n/(2ged(2r + 1,n))].

Let us then show that there does not exist ¢ € Z,, such that TN Q, () = 0.
Notice that d < p. Hence, there exists k € Z, such that {vgp, vep+1} C Qp(3) or
{Vkpt1, Vkpr2} € Qp(7). Thus, by the construction of T', we have T'N Q,(2) # 0
for any i € Z,. Therefore, by Lemma 2.2, T is an r-identifying code in C,.
Thus, the claim follows. O

One fact that follows from the result of Theorem 2.1 is that an r-identifying
code in a cycle C,, always has the size at least n/2 no matter what n or r are.
A natural question is whether there exist identifying codes with less than n/2
codewords, when we change the ball slightly; we retain the assumptions that
the new ball B (z) has the same size (equal to s) and shape for all x € Z,,.

It is essential to notice that now we have to be more careful with the defi-
nition of an I-set; namely, I;(z) = {c € C' | x € B.(c)}. Indeed, the fact that
x € Bl(c) if and only if ¢ € B.(z) need not to be true anymore.

Since the size of the new ball is s, the bound [5, Theorem 2] implies that
any identifying code has then at least 2n/(s + 1) codewords in a cycle C,. Can
this be reached for some s > 1 and n with 2n/(s + 1) < n/2? The answer is
positive as pointed out in the next example.

It is easy to see that then the parameters are related as s? +s < 2n (to
attain the bound [5, Theorem 2| there must be |C| vertices covered by a single
codeword and all the others must be covered by exactly two codewords of C),
and to obtain the best ratio of |C|/n, we could try s + s = 2n.

Example 2.5. Let us consider the cycle C15. Indeed, choose Bi(x) = {z—2,2—
1l,z,x+1,x+5} for any « € Z;15. Notice that this new ball is very similar to the
usual ball Bs(z), only one element is different. By selecting C = {2, 5,8, 11,14}
it is easy to verify that this code is identifying with respect to the new ball. It
clearly attains the bound [5, Theorem 2] and has the ratio |C|/n = 1/3 which is
strictly less than 1/2 (the best ratio that can be obtained by usual r-identifying
codes).

Another example can be found in the cycle Cos. Let Bi(z) = {z,z +
2,z + 7,2+ 14,2 + 15,2 + 17,2 + 21} for every © € Zsg. Now the code
C =10,10,11,16,19,22,27} forms an identifying code attaining the bound [5,
Theorem 2] and gives the ratio |C|/n=1/4 < 1/2.

3 Identifying codes in paths

In this section, we study r-identifying codes in paths P, = (V,, E.). For
the following considerations, we define a graph Pén H = (Voo F), where t is



a positive integer and F! = {v;v;4¢+ | 0 < i < n —t — 1}. Define also sets

Ay (n) = {Ur-l-la Ur42,- .- 7U2T} and A2(n) = {UH—QT—:L? Un—2r; - - - ;Un—r—2}~
The following lemma characterizes identifying codes in paths.

Lemma 3.1. Let r be a positive integer and n > 2r + 1. A code C' C V,, is
r-identifying in P, if and only if the following conditions hold:

(i) All vertices of V,, are r-covered by a codeword of C.

(ii) The code C'is a transversal of P, 5, 1)-

(iii) The sets A1(n) and As(n) are subsets of C.

Proof. Assume first that C' is an r-identifying code in P,. By the definition,
each vertex of V,, is r-covered by a codeword of C'. Fori =r,r+1,... n—r—2,
the vertices v; € V,, and v;11 € V,, are r-separated by C. Therefore, C is a
transversal of Pén,2r+1)' For i = 0,1,...,7 — 1, we have B,(v;) A B.(viy1) =
{Vitr+1}. Hence, Aj(n) is a subset of C. It can be proved similarly that

Assume then that C is a code satisfying the conditions (i), (ii) and (iii). Let
u and v be vertices of V,,. In order to prove that C' is an r-identifying code in P,
it is enough to show that the vertices u and v are r-separated by C'. Without loss
of generality, we may assume that B, (u) N B,.(v) is nonempty and that u = v;
and v = v; with ¢ < j. If 0 < ¢ <7 — 1, then the codeword v; 4,41 belongs to
By (v;) A By (v;). If n —r < j < n—1, then the codeword v;_,_; belongs to
B, (v;) A By (v;). Therefore, we may assume that r <i < j <n—r—1. Now
the vertices v;—, and v;4,4+1 belong to B, (v;) A B,(v;). Since C' is a transversal
of PEn,27'+1)’ then v;_, € C or vj4,41 € C. Thus, v and v are r-separated bé]/

For any path P,, = (V,,, E/,), define the following subsets of V,:
Ki(P,)={v; |0<i<m—1,iis even}

and

The following lemma provides a lower bound on the size of a transversal of P,,.
The lemma is easy to prove.

Lemma 3.2. Let n be a positive integer. If T is a transversal of Py, then
n
7| > [fJ .
Moreover, if n is odd, then the unique transversal of P, attaining the lower
bound is Kao(Py,).
The following theorem provides exact values for M,.(P,) when n > 4r + 3.

Theorem 3.3. Let r be a positive integer and n = q(2r + 1) + p, where g > 2
and 1 < p < 2r+1. Then we have the following results:

(i) Assume that q is even. If 1 <p <r+1, then M.(P,) =q(2r+1)/2 +p,
else M,.(P,) =q(2r+1)/2+p—1.



(i1) Assume that q is odd. If 1 < p < 2r, then M,.(P,) = (¢+1)(2r +1)/2,
else M. (P,) = (¢+1)(2r+1)/2+1.

Proof. Let C be an r-identifying code in P,,. For a lower bound on |C|, we first
consider more closely the graph P{n 21y Rename the vertices of V,, as follows:

() _
Wi = Vjrk(2r+1)s

where j and k are non-negative integers such that 0 < 7 < 2r and 0 < j +
k(2r+1)<n-—1. For j=0,1,...,p—1, define

Wi(n) = {w? [ 0 < k < q}\ (A1(n) U As(n))
and, for j =p,p+1,...,2r, define
Wi(n) = {wd’ | 0 <k < q—1}\ (Ai(n) U Az(n)).

Let j be an integer such that 0 < j < 2r. Define then a graph S;(n) =
(W;(n), Hj(n)), where the set of edges

Hi(n) ={uwv € F} | u € W;(n),v € W;(n)}.

In other words, S;(n) is an induced subgraph of Pé determined by the

n,2r+1)
vertex set W;(n). Since only the first or the last vertex of {w,(j) |0 <k <gq}
or {w,(f) | 0 <k < g—1} can belong to A;(n) U As(n), the induced subgraph
S;j(n) is actually a path.

By Lemma 3.1, the r-identifying code C' is a transversal of Pénm“). There-
fore, C N W;(n) is a transversal of S;(n). Since S;(n) is a path, we have that
|C N W;(n)| > [|W;(n)|/2] by Lemma 3.2. Since the pairwise intersections of
the vertex sets W;(n) are empty, we have

02A1(n)|+|A2(”)|+Z{|Wi2(71)|J :2T+Z{|Wi2(")|J. (2)
=0 =0

Thus, in order to provide a lower bound on M,.(P,,), we need to calculate the
number of vertices in the sets W;(n).

Let n = q(2r + 1) + p, where ¢ > 2 and 1 < p < 2r + 1. Now we have the
following two cases to consider.

1) Assume first that 1 < p < r+ 1. By straightforward calculations, we now
have the following results:

a) Fort=0,...,p—1, we have W;(n) = w(i),...,w(i) and [W;(n)| = q¢+1.
0 q
b) For ¢ =p,...,r, we have W;(n) = w(i),...,w(i) and |W;(n)| =q— 1.
0 q—2

(¢) Fori=r+1,...,p+r—1, we have W;(n) = {w%i), . 7111((;‘_)2} and |[W;(n)| =
q— 2.

(d) For;‘ =p+r,...,2r, we have W;(n) = {w%i),...,wflill} and |W;(n)| =
qg—1.



PSfrag replacements
A1 (n)
Az(n)
So(n) e, e e,

Figure 1: The code D illustrated when r = 3, ¢ = 6, p = 2 and n = 44. The
black dots represent the codewords of D1.

Notice that the cases (b) and (d) are empty when p = r + 1 and the case (c) is
empty when p = 1. These facts do not affect the calculations of the equation
(2). Notice also that Lemma 3.2 still applies when ¢ is equal to 2 or 3, even
though the lengths of the paths S;(n) are equal to 0 or 1.

Assume then that ¢ is even. By the equation (2) and the previous calcula-
tions, we have |C| > ¢(2r+1)/2+p—1. Assume that C attains this lower bound.
Then the sets C'NW;(n) are uniquely determined in the cases (a), (b) and (d),
by Lemma 3.2. Therefore, since W;(n) N B,.(vg) = 0 in the case (c), the vertex
v € V,, cannot be r-covered by a codeword of C. Hence, |C| > ¢(2r+1)/2+ p.

Let us then construct an r-identifying code in P,, attaining the lower bound.
Define

2r
Dy = A1(n) U As(n) U K1(So(n)) U U K5(Si(n)).

The code D; is illustrated in Figure 1 when n = 44 and r = 3. Clearly,
the code D; satisfies the conditions (ii) and (iii) of Lemma 3.1. Therefore, it
is enough to show that each vertex of V,, is r-covered by a codeword of D;.
By the definitions of K;(Sp(n)), K2(Sr+1(n)) and K3(Si(n)), we know that
k(4r+2) € Dy, k(4r+2)+r+1 € Dy and k(4r +2)+2r+2 € Dy, respectively,
when k is an integer such that 1 < k < ¢/2 — 1. Thus, each vertex v; € V,, with
3r+2<i<(¢—2)(2r+1)+3r+2is r-covered by a codeword. Since A;(n) and
As(n) are subsets of Dy, we also obtain that v; € V,, is r-covered by a codeword
when 0 < i <3rorn—3r—1<1i<n—1, respectively. Hence, we have shown
that all the vertices of V}, except vs,.41 are r-covered by a codeword of D;. Thus,
since v,y is r-covered by v, 2 € Ko(S1(n)) C Dy, the condition (i) of Lemma
3.1 is satisfied. Hence, D; is an r-identifying code in P,,. Moreover, D; attains
the lower bound. Hence, we have M,.(P,) = q¢(2r +1)/2 + p.

Assume now that ¢ is odd. By the equation (2) and the previous results, we
have |C| > (¢+1)(2r+1)/2. The code D; again satisfies the conditions (ii) and
(iii) of Lemma 3.1. By considering the set of codewords K7(Sp(n)), K2(S1(n))
and K5(S,41(n)) as in the previous case, it can be shown that each vertex of V,,
is r-covered by a codeword of Dy. Thus, D; is an r-identifying code in P,, and it
attains the obtained lower bound. Hence, we have M,.(P,) = (¢+1)(2r +1)/2.

2) Assume then that r +2 < p < 2r + 1. By straightforward calculations,
we have the following results:

(a) Fori=0,...,p—r—2, we have W;(n) = {w(()i), A wfli_)l} and |W;(n)| = q.

(b) Fori=p—r—1,...,r, we have W;(n) = {w(()i),...,wéi)} and |W;(n)| =
g+ 1.

(¢c) Fori=r+1,...,p—1, we have W;(n) = {wgi),...,wgi)} and |W;(n)| = q.

d) For i =p,...,2r, we have W;(n) = w(i),...,w(i_) and |[W;(n)| =q — 2.
1 q—2



The fact that the case (d) is empty when p = 2r+1 does not affect the calculation
of the equation (2).

Assume first that ¢ is even. By the equation (2) and the previous results,
we have |C| > q(2r +1)/2 + p — 1. Define

pr2

p—1 2r
Dy = Ai(n) U As(n U Ki(Sn)u | Ka(Sin) U EKi(Si(n

i=p—r—1

Clearly, the condition (i) and (iii) of Lemma 3.1 are satisfied by D,. Since
K1(So(n)), Ko(Sp—r—1(n)) and K2(S,41(n)) are subsets of Dy, it can be shown
using similar arguments as before that I,.(D1;v;) # () for each ¢ = 0,1,...,n—1.
Thus, D, is an r-identifying code and it attains the obtained lower bound.
Hence, we have M, (P,) =q(2r+1)/2+p—1.

Assume then that ¢ is odd. Now we have |C| > (¢ + 1)(2r + 1)/2. Further,
assume that r + 2 < p < 2r. Define

pr2

D3 = Ai1(n) U Az(n U K5(Si(n)) U K1 (Sp—r—1( U Ky (S

i=p—r

Clearly, the conditions (ii) and (iii) of Lemma 3.1 are satisfied by Ds3. Since
K5(So(n)), K1(Sp—r—1(n)) and K2(S,—r(n)) are subsets of Ds, it can be shown
that I,.(Dy;v;) # 0 for each i = 0,1,...,n—1. Thus, D3 is an r-identifying code
attaining the lower bound. Therefore, we have M,.(P,) = (¢ + 1)(2r +1)/2.

Finally, let ¢ be odd and p = 2r + 1. Assume that the r-identifying code C
attains the previously obtained lower bound, i.e. |C| = (¢+1)(2r+1)/2. Then
the sets C N W;(n) are uniquely determined in the cases (a) and (c), by Lemma
3.2. Since p = 2r + 1, the only graph contained in the case (b) is S.(n) and the
case (d) is empty. Hence, the only case that may contribute a codeword of C' to
the balls B, (vg) and B, (v,—1) is the case (b). Since C attains the lower bound,
we have |C' N W,.(n)| = |W,(n)|/2. Therefore, at least one of the sets I,.(C;vg)
or I.(C;vp—1) is empty. Thus, |C| > (¢ + 1)(2r +1)/2 + 1. Define then

D4:A1(n)UA2( )UK1 S() UUK2

Clearly, the conditions (ii) and (iii) of Lemma 3.1 are satisfied by Dy4. Since
K1(So(n)), K2(S1(n)) and K2(Sr41(n)) are subsets of Dy, it can be shown that
I.(Dy;v;) # 0 for each ¢ = 0,1,...,n — 1. Thus, Dy is an r-identifying code
in P, and it attains the obtained lower bound. Hence, we have M,.(P,) =
(g+1)(2r+1)/2+1. O

Consider the r-identifying codes in P, with n < 4r+42. Trivially, M,.(P;) =1
for any positive integer r. If 2 < n < 2r, then there are no r-identifying
codes in P,. The following theorem provides exact values for M, (P,) when
2r+1<n<4r+2.

Theorem 3.4. Let r be a positive integer. Then we have M, (Par11) = 2r and
M, (Pyry2) =2r+2. If 2r + 2 < n < 4r + 1, then M,.(P,) = 2r + 1.
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Proof. Let C be an r-identifying code in P,. Assume first that n = 2r + 1. By

Lemma 3.1, we have A;(n) U Ay(n) C C. Since Aj(n) U Az(n) = Vi, \ {v.},

then |C] > 2r. Furthermore, it is easy to conclude that the set Aq(n) U As(n)

is actually an r-identifying code in P,,. Therefore, we have M,.(Pa,41) = 2r.
Let then n = 2r + 1 4 p, where 1 < p < r. Now we have

A1(n) U Az (n) = {vp, vpt1, ..., v2r}

Hence, |A1(n) U Az(n)| = 2r — p + 1. The set of edges of P(,, ,.., is equal to
F = {vovar41, V102742, - - ., Up—1V2r4p }. Therefore, by Lemmas 3.1 and 3.2, we

have
|C] > |A1(n) U As(n)| + |Fy| = 2r + 1.

By Lemma 3.1, the code A1(n) U As(n) U {vg,v1,...,vp—1} is r-identifying in
P, attaining the lower bound. Thus, we have M,.(P,) = 2r + 1.
Let now n = 3r + 1+ p, where 1 < p <r. We have

Ar(n) U Az(n) = {vrg1,Vrp2,- - 7U2T+p—1}-

Therefore, |[A;(n)UAy(n)| =r+p—1. Fori=p—1,p,...,r, we know that the

edges v;v; 9,11 are such that v; ¢ A;(n) and viyo,11 ¢ As(n). Hence, by similar

arguments as before, we have |C| > |A;(n) U As(n)| + (r —p+2) = 2r + 1. By

Lemma 3.1, the set A;(n) U As(n) U{vp, Upt1, ..., Ur, V2r4p} is an r-identifying

code in P,, attaining the obtained lower bound. Thus, we have M,.(P,) = 2r+1.
Finally, assume that n = 4r 4+ 2. We have

Al(n) U Ag(n) = {Ur+1,’l)r+2, ey ”Ugr}.

Notice that the sets B, (vg) N (A1(n) U Az(n)) and By (v4r+1) N (A1(n) U Az(n))
are empty. Hence, we have |C| > |A1(n) U Aa(n)| + 2 = 2r + 2. On the other
hand, the set {v,, v3r+1}UA1(n)UAz2(n) is an r-identifying code in P,, attaining
the lower bound. Thus, we have M, (Pyr42) = 2r + 2. O

It is obvious that a cycle C,, and a path P,, are closely related to each other.
Indeed, the path P,, only misses the edge v,,_1v9. Therefore, a natural question
arising is whether there is a link between an r-identifying code in C,, and P,,.
The following theorem concentrates on this question.

Theorem 3.5. Let n > 4r + 2. We have M,.(P,) > M,.(C,) — 1.

Proof. Let C be an r-identifying code in a path P, of the optimal size M, (Py,).
Join the ends vy and v,_; of the path with an edge forming a cycle C,,. Now
consider the code C in the cycle; we obtain I,.(z) # I,.(y) for any x # y except

x = vy and y = v,—1. Indeed, any two vertices z,y € {v,,...,v,_r—1} have
distinct [-sets; their balls are not affected by the new edge. Any vertex x =
v; € {vo,...,vr—1} is also distinguished from any y = v; as long as i < j and

j # n — 1 since I.(y) contains a codeword not belonging to I,.(x). Therefore,
by symmetry, I,.(z) = I.(y) implies that © = vy and y = v,—1. These can be
distinguished by adding (if necessary) one more codeword to v,. or v, _1_, giving
an r-identifying code of size at most M,.(P,) + 1 in a cycle. O

The bound of the previous theorem can be met (infinitely many times) with
equality when n is odd and ged(2r 4+ 1,n) = 2r + 1. However, we usually have
M. (P,) > M, (C,) — 1.
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