Discrete Applied Mathematics 379 (2026) 339-354

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

On the vertices belonging to all edge metric bases "

Anni Hakanen ***, Ville Junnila®, Tero Laihonen”, Ismael G. Yero® updatos

2 Turku Collegium for Science, Medicine and Technology (TCSMT), University of Turku, Finland
b Department of Mathematics and Statistics, University of Turku, Finland
¢ Department of Mathematics, Universidad de Cddiz (Algeciras Campus), Spain

a,b,*

ARTICLE INFO ABSTRACT

Article history: An edge metric basis of a connected graph G is a smallest possible set of vertices S of
Received 27 February 2025 G satisfying the following: for any two edges e, f of G there is a vertex s € S such that
Received in revised form 20 August 2025 the distances from s to e and f differ. The cardinality of an edge metric basis is the edge

Accepted 26 August 2025 metric dimension of G. In this article we consider the existence of vertices in a graph

G such that they must belong to each edge metric basis of G, and we call them edge

Keywords: basis forced vertices. On the other hand, we name edge void vertices those vertices which
Edge metric dimension do not belong to any edge metric basis. Among other results, we first deal with the
Edge metric basis computational complexity of deciding whether a given vertex is an edge basis forced
Edge basis forced vertices vertex or an edge void vertex. We also establish some tight bounds on the number

Metric dimension

Metric basis of edge basis forced vertices of a graph, as well as, on the number of edges in a graph

having at least one edge basis forced vertex. Moreover, we show some realization results
concerning which values for the integers n, k and f allow to confirm the existence of a

graph G with n vertices, f edge basis forced vertices and edge metric dimension k.
© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Along our exposition, all the graphs G = (V(G), E(G)) considered are simple, undirected and connected unless otherwise
specifically stated. For two given vertices x, y € V(G), we shall denote the length of a shortest path between x and y, that
is, the distance between x and y, by dg(x, y) (or simply d(x, y)). Let R € V(G). If for all distinct vertices x,y € V(G) there
exists an r € R such that d(r, x) # d(r, y), then R is a resolving set of G. The smallest cardinality among all resolving sets of
G is the metric dimension of G, and it is denoted by dim(G). A resolving set of cardinality dim(G) is called a metric basis of G.
In addition to these concepts, it is said that a vertex r resolves the vertices x, y (or x, y are resolved by r) if d(r, x) # d(r, y).
Also, a set R resolves a set S if each pair of vertices of S is resolved by a vertex of R. In this sense, a resolving set of a
graph G is a set that resolves the whole set V(G).

The notion of metric dimension in graphs is a classical one in the graph theory introduced in the 1970’s. The first
steps in this direction appeared separately and independently in the articles [11,19]. However, the topic remained almost
unstudied until the article [5] appeared. This work practically rediscovered the concept and brought it again to the
research scene; and after this, it turned out to be of a high interest. Consequently, there are lots of investigations on
the metric dimension of graphs and related topics so far. For more information we suggest the reader to check the two
surveys [15,20]. Some examples of significant works that have recently appeared are [3,6,12,17].

The resolving sets (and related concepts) of a graph have the property of uniquely recognizing the vertices of a graph by
using distances. Such property has proved to be very useful in several problems concerning locating and/or monitoring the
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nodes of a network; for instance, identifying failures or intruders, or recognizing data information. A couple of interesting
examples are, for instance, the following ones: in [21], the authors presented a model that uses a metric dimension related
concept to embed biological data sequences into a network and, in [2], a model for generating error correcting codes from
a generalization of resolving sets was presented.

On the other hand, one of the variations of the classical metric dimension that has highly attracted the attention of
researchers in the last years is the one called the edge metric dimension, introduced in [13]. To this end, we need the
distance between a vertex v € V(G) and an edge e = u u; € E(G) to be defined as dg(v, e) = min{d(v, uy), d(v, uy)} (or
d(v, e) for short). Let R C V(G). If for all distinct edges e, f € E(G) there exists an r € R such that d(r, e) # d(r, f), then
R is an edge resolving set of G. The minimum cardinality of an edge resolving set of G is the edge metric dimension of G,
which is denoted by edim(G). An edge resolving set of cardinality edim(G) is called an edge metric basis of G. Similarly to
the metric dimension concepts, a pair of edges e, f € E(G) is resolved by a vertex u € V(G) if d(u, e) # d(u, f).

Such variations of the metric dimension was introduced in connection with adapting the monitoring property of
resolving sets to that of monitoring the connection between vertices. This idea of monitoring the edges of a graph has
been also considered in other related investigations, which shows the interest into controlling the connections between
vertices. For example, in [7], the authors Foucaud, Kao, (R.) Klasing, Miller and Ryan presented a graph-theoretic concept
in the area of network monitoring which was focused on edges. This work has been extended in [22], co-authored again
by R. Klasing, which shows a connection of our work with the investigation of Dr. Ralf Klasing, to whom this special issue
is dedicated.

The spectrum of investigations on the metric dimension and related parameters in graphs is indeed very wide, including
several different approaches to obtain combinatorial properties of the resolving sets or metric bases of graphs. One
research direction has been concentrated into the existence of graphs with a unique metric basis (see for instance [1,16]).
Closely related to this direction, a relaxed situation of the uniqueness of metric bases comes while considering the
existence of metric bases with “partially unique parts”. That is, the existence of vertices in a graph that must belong
to every metric basis of the graph. The first contributions in this direction appeared relatively long ago in [4], where
authors proved that for all integers k, r with k > 2 and 0 < r < k, there is a graph G whose metric dimension equals k
and has r vertices belonging to each metric basis of G. The contributions along these lines remained unattended for about
two decades, until the article [9] was published, which brought back the attention to this topic. In this work, the vertices
that must belong to every metric basis of a graph were called basis forced vertices. Some continuations of this work are
for instance [8,10]. In particular, the recent work [8], shows a tight bound on the largest number of basis forced vertices
that a given graph can have.

Having all these arguments in mind, in this investigation we focus our attention into adapting the notion of basis
forced vertices while considering the variation of the metric dimension dealing with recognizing edges, that is, the edge
metric dimension. We next formalize the main concept of our work.

Definition 1. A vertex v € V(G) is an edge basis forced vertex of G if it is included in every edge metric basis of G.

From now on, in order to avoid confusion between edge basis forced vertices and the basis forced vertices (regarding
the classical metric bases), a vertex that belong to every (classical) metric basis shall be called a v-basis forced vertex.
Moreover, note that a given vertex of a graph can be either an edge basis forced vertex and not a v-basis forced vertex or
a v-basis forced vertex and not an edge basis forced vertex or both things at the same time or none of them. Examples
of graphs having edge basis forced vertices, as well as, all possible combinations above are drawn in Fig. 1.

We remark that edge basis forced vertices play a crucial role in edge monitoring processes, since they are indeed
mandatory (in the smallest edge resolving sets) to identify some pairs of edges in a graph. In this sense, identifying and/or
counting them is worthy of considering as they can be understood as those key points in a graph that any (smallest edge)
monitoring device must always include.

1.1. Other terminology and notation

In contrast with the notion of edge basis forced vertex, we say that a vertex v € V(G) is an edge void vertex of G if v does
not belong to any edge metric basis of G. An analogous concept (that of void vertices or v-void vertices) is already known
from [9] as those vertices that do not belong to any (classical) metric basis. We may remark here that deciding whether
a given vertex is a v-basis forced or a v-void vertex of a graph belongs to the class of decision problems equivalent to an
NP-complete problem (as shown in [9]).

In order to simplify our arguments, we also say that an edge e is resolved (by a set R) if for each f € E(G) \ {e} the
edges e and f are resolved by some vertex u € R. Notice that, if a set R is an edge resolving set of G, then it resolves all
the edges of G (as defined above).

Other terminologies and notations are as follows. If R is a set of vertices, v € R and u ¢ R, then we write R[v <« u]
to represent the set (R \ {v}) U {u}. The join of two graphs G and H is the graph G v H, where V(G Vv H) = V(G) U V(H)
and E(GVH)=E(G)UE(H)U {gh | g € V(G), h € V(H)}. The open neighborhood of a vertex v € V(G) is the set of vertices
adjacent to v, and is denoted by N¢(v). The closed neighborhood of v is Ng[v] = Ng(v) U {v}. The subindex G could be
removed in the notations above if G is clear from the context. Two vertices u, v € V(G) are called false or true twins if
N(u) = N(v) or N[u] = N[v], respectively. Moreover, u and v are called twins if they are false or true twins. Notice that if
u and v are twins and w € N(u) N N(v), then d(x, uw) = d(x, vw) for any x € V(G) \ {u, v}. Therefore, at least one of the
twins u and v has to be chosen in any edge resolving set of G.
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(b) Graph with two wv-basis

forced wvertices (in black) and

no edge basis forced wvertices.

The classical metric dimension

is 2, whereas edim(G) = 4.
(¢) Graph with two wv-basis
forced wvertices (in black) and
four edge basis forced wver-
tices (two black plus two gray).
The classical metric dimension
is 2, whereas edim(G) = 4.

(a) Graph with two edge basis
forced wvertices (in black) and
no v-basis forced vertices. The
classical and edge metric di-
mension are both 2.

Fig. 1. Graphs having v-basis forced vertices and edge basis forced vertices.

1.2. Some preliminary results

The next known results shall be useful throughout our exposition.

Theorem A ([24]). We have edim(G) = |V(G)| — 1 if and only if for any distinct vy, v, € V(G) there exists w € V(G) such
that viw, vow € E(G) and w is adjacent to all non-mutual neighbors of v, and v,.

Theorem B ([24]). If for any vertex v € V(G) there exists another vertex w € V(G) such that V(G) \ N(v) € N(w), then
edim(G Vv K;) = |V(G)|. Otherwise, edim(G Vv K1) = |V(G)| — 1.

Proposition C ([13]). Let G be a connected graph of order n. If there is a vertex v € V(G) of degree n — 1, then either
edim(G) =n—1oredim(G) =n— 2.

A set S C V(G) is a total dominating set of G if every vertex of G has a neighbor in S. The graph class G contains all
graphs G such that for all vertices v € V(G) there exists an edge vw € E(G) such that {v, w} is a minimum total dominating
set of G. This implies also that all G € G are connected. With this in mind, we could also define G as follows: a graph G
is in G if it is connected and for all vertices v € V(G) there exists an edge vw € E(G) such that N[{v, w}] = V(G).

Theorem D ([18]). For all nontrivial (not necessarily connected) graphs G and H, we have

edim(G v H) = V(G + IV(H) — 1, l.fG eGorHeg,
V(G + IV(H) -2, ifGH¢Gg.
Theorem E ([23]). Let G be a connected graph of order n. If G has at least three components, then edim(G) = n — 1.

1.3. Structure of the article

Since this article is indeed written in order to be part of a special issue celebrating the research achievements of
Dr. Ralf Klasing, and he has an important part of his scientific career addressed to solve computational aspects of some
combinatorial problems, we first deal with the computational complexity of the decision problem concerning whether a
given vertex is an edge basis forced vertex or an edge void vertex. This is done in Section 2. In Section 3 we establish
some tight bounds for the number of edge basis forced vertices of a graph, as well as, for the number of edges in graph
having at least one edge basis forced vertex. Next, in Section 4 we present comparisons between the amount of edge
basis forced and v-basis forced vertices in graphs. Further on, in Section 5 we show realization results concerning which
values of the integers n, k and f allow to confirm the existence of a graph G with n vertices, f edge basis forced vertices
and edim(G) = k. We close our exposition with open questions that can be of interest for future investigation.
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a1 €;,2 bi1

fin fi2

0]72

Cjr €8 €j,9

(a) The variable gadget of x;. (b) The clause gadget of C;.

Fig. 2. The variable and clause gadgets of the reduction illustrated.

2. Complexity results

In this section, we consider the algorithmic complexity of determining whether a given vertex belongs to all or to no
edge metric basis of a graph. In particular, we show that the first problem is co-NP-hard and the latter problem is NP-hard.
The proofs are based on a polynomial-time reduction from the well-known 3-SAT problem. The obtained complexities
are analogous to the ones given in [9] for the case of v-basis forced vertices and v-void vertices. Previously, in [13], it has
been shown that given an arbitrary graph G = (V, E) and an integer k, the problem of deciding whether edim(G) < k is
NP-complete. In what follows, we first present an alternative reduction of the 3-SAT problem to the problem of deciding
whether edim(G) < k. Then, based on this new reduction, the above mentioned complexity results are shown by applying
an approach inspired by the reductions used in [9] for the v-basis forced and v-void vertices.

For the 3-SAT problem, denote the set of variables by X = {x1,x2,...,x,} and the set of literals by U =
{x1,X2,...,Xn, X1, X2, . .., Xp}, where x; denotes the negation of the variable x;. Let F be an instance of the 3-SAT problem;
more precisely, let F be a formula F = C; A Cy A - -+ A Cp, Where each clause C; contains exactly three literals, i.e., each
clause is of the form C; = uj ; Vu;» V u; 3, where u; 1, Uj 2, uj 3 € U, such that the variables of the literals are distinct. Based
on the given formula F, we form a graph G = (VF, Ef) as follows:

e For each variable x; € X, we construct a variable gadget of x; with vertices a; 1, a2, bi 1, bi2, vi1, vi2, vi3, T; and F
and edges e; (with k € {1, ..., 10}) as given in Fig. 2(a).

e For each clause C; = u; 1 Vu;, Vu; 3, we construct a clause gadget C; with vertices ¢j 1, ¢j 2, . . ., ¢j,9 and edges fj x (with
k e {1,...,10}) as given in Fig. 2(b). Moreover, if u; x = x; (Where k € {1, 2, 3}), then ¢; 3 is adjacent to F;, otherwise
u; = X; and ¢; 3 is adjacent to T;. In addition, ¢; 3 is adjacent to both T; and F; for all variables x; not occurring in C;
and ¢;; is adjacent to both T; and F; for all variables x; (whether occurring in ; or not).

For the rest of the section, we assume that the formula F is such that the number of variables is n > 3 and each variable
occurs in at least one clause. Obviously, this assumption does not restrict the generality of our result since the 3-SAT
problem remains NP-complete with this minor restriction. Indeed, the unused variables could just be omitted from the
given instance of the 3-SAT problem and, for n < 3 variables, the problem can be solved in constant time.

It is clear that the graph Gr can be constructed in polynomial time. In the following lemma, we first give some
preliminary results concerning the reduction.

Lemma 2. Let F be an instance of the 3-SAT problem with the number of variables n > 3 and where each variable occurs in
at least one clause. Then the following observations hold:

(1) If R is an edge resolving set of G, then at least one of the vertices a; 1, a; 3, bi1 and b; , as well as one of v;  and v; 3 of
each variable gadget belongs to R.

(ii) If R is an edge resolving set of Gr, then at least one of the vertices ¢j ¢ and ¢j 7 as well as one of ¢j g and ¢; o of each clause
gadget belongs to R.
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(iii) If R is an edge resolving set of G, then |R| > 2n + 2m. In other words, we have edim(Gr) > 2n + 2m.

Furthermore, let R be a subset of V(Gg) consisting of the vertices indicated by the conditions (i) and (ii), i.e., R satisfies (i)-(ii)
and |R| = 2n + 2m. Then the following statements hold:

(iv) For any r € R not included in a variable gadget corresponding to the literals of the clause C;, we have d(fj 1, r) = d(fj 2, 1).
(v) The set R is an edge resolving set of Gr if and only if the pairs f; 1 and f; » of edges are resolved for each clause gadget.

Proof. For the proofs of the observations (i)-(iii), assume that R is an edge resolving set of G.

(i) Suppose to the contrary that R N {a; 1, a2, bi.1, bi2} = @ for some variable gadget. This implies that d(e;,,r) =
d(e;s, r) for all r € R, since the variable gadget is connected to the rest of the graph through the vertices T; and F;.
Hence, a contradiction follows. Furthermore, R N {v; 2, v; 3} # ¥, by Lemma 10, since v;, and v; 3 are (false) twins.

(ii) Suppose to the contrary that R N {cj¢, ¢j7} = ¥ for some j = 1, ..., m. This immediately leads to a contradiction,
since d(f; 7, u) = d(fj s, u) for all u € V(Gf) \ {¢j6. ¢j7}. Similarly, it can be shown that RN {¢; 3, ¢j o} # ¥.

(iii) By (i) and (ii), we immediately obtain |R| > 2n + 2m.

Let R be a subset of V(Gr) such that the conditions (i)-(ii) are satisfied and |R| = 2n + 2m. Without loss of generality,
we may assume that v; ¢j and ¢j g belong to R (for all i and j). Furthermore, denote the vertex in RN {a; 1, a; 2, bi 1, bi 2}
by z;. For the proof of (iv), we make the following observations:

e Clearly, we have d(fj 1, ¢j6) = d(fj 1, ¢j8) = 2 and d(fj 2, ¢j 6) = d(fj 2, Cj3) = 2.

e For any other clause gadget Cy, there exists a variable x; not appearing in C;, since the number of variables n > 3.
Hence, by considering a path passing through the variable gadget of x;, we obtain that d(fj 1, ¢y s) = d(fj1, ¢y 3) = 4
and d(f}‘.z, Cj’,6) = d(f}ﬁz, Cj/’g) = 4.

e For any variable x; not appearing in the clause C;, we have d(fj1z;) = d(fj 2. z;) = 2 and d(fj 1, vi2) = d(fj 2, vi2) = 3.

Thus, the statement (iv) follows.

(v) Obviously, if R is an edge resolving set of G, then the pairs fj ; and f; , of edges are resolved for each clause gadget.
For the other direction, assume that the pairs f;; and f;, of edges are resolved for each clause gadget. In what follows,
we show that all the other pairs of edges are also resolved by R:

o Consider first the edges of a clause gadget corresponding to C;. Observe that the only edges of G at distance 1 from
G are fj 3, fi4 and f; s. The edge f; 4 is resolved from f; 5 and fj g since d(fj 4. ¢js) = 2 and d(f; 3, ¢jg) = 3 = d(fj 5. Gj3)-
Furthermore, d(f;s, vi2) = 4 = d(f; 3, vi2)+ 1 for any i. Similarly, it can be shown that the edges f; s, fjs and f; 1o are
resolved (since ¢; 3 is adjacent to T; and F; corresponding to each variable not appearing in C;). Moreover, the edges
fi7 and f; o are resolved due to the fact that d(fj 7, ¢js) = 0 = d(fj e, ¢j3). Finally, f; 1 and fj, are resolved from each
edge e outside the clause gadget since d(fj «, ¢j6) = 2 = d(fjx, ¢j,3) (With k € {1, 2}) and d(e, ¢j ) > 3 or d(e, ¢jg) > 3.

o Consider then the edges between variable and clause gadgets. Observe that the edges f; 1, fj» and f; s as well as the
ones from ¢j ; to a variable gadget are the only edges of the graph at distance 2 from ;. The edges ¢;1T; and ¢j 1F;
are resolved from the edges of the clause gadget due to the fact that the distances of f; 1, fj» and f; 5 to ¢; s are smaller
than d(¢; 1T;, ¢ 8) = d(cj,1F;, ¢jg) = 3. Furthermore, the pair ¢;1T; and ¢; 1 F; of edges is resolved by z; as the distances
of the edges to z; are equal to 1 and 2. Finally, ¢;;T; and ¢ ;F; are resolved from ¢; 1Ty and ¢; Fy for any i’ # i since
the distance of ¢; 1Ty and ¢; 1Fy to v; is greater than 2. Similarly, it can be shown that the edges c¢; 3T; and ¢ 3F; (if
they exist) are resolved from any other edge of the graph and if both ¢;3T; and ¢; 3F; exist, then they are mutually
resolved from each other.

e By the previous observations, the edges in the variable gadgets are resolved from all the edges in the clause gadgets
as well as from the ones between the clause and variable gadgets. In order to show that the edges in the variable
gadget corresponding to x; are resolved from all the edges in the variable gadgets, we first assume that z; = a; ;. The
distances of the edges e; x to a;; and v;, are listed in Table 1. Observe that d(e;k, a;1) < 2 for each k € {1, ..., 10}.
This immediately implies that the edges corresponding to the variable x; are resolved from the ones in other
variable gadgets since their distance to a; ; is greater than two. By Table 1, the only pairs of edges requiring further
investigation with respect to them being resolved are e; 3 and e; s as well as e; g and e; 9. Obviously, the edges e; g
and e; 1o are resolved since d(e;s, c16) = 3 # 4 = d(e; 10, C1,6)- For the pair e; 3 and e; g, recall that each variable
occurs in some clause, say in C;. Therefore, if x; appears in the clause Cj, then d(e;3, ¢jg) = 3 # 4 = d(eis, ¢j3)
otherwise X; occurs in C; and d(e;e, ¢j3) = 3 # 4 = d(e; 3, ¢j5). The cases with z; being equal to a;», b; 1 or b; can
be handled analogously.

Thus, in conclusion, we have shown that R is an edge resolving set of G;. O
In the following theorem, we show that the satisfiability of a formula F can be determined based on the edge metric
dimension of Gf.

Theorem 3. Let F be an instance of the 3-SAT problem with the number of variables n > 3 and such that each variable occurs
in at least one clause. Then the formula F is satisfiable if and only if edim(Gr) = 2n + 2m, where n is the number of variables
and m the number of clauses of F.
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Table 1

The distances of e; to a;; and v; ;.
u ai1 Vi2
d(ei_l, U) 0 2
d(eiz, u) 0 3
d(e,—,3, Ll) 1 2
d(€i>4, U) 2 2
d(eis, u) 2 3
d(eig, u) 1 2
d(e,;7, Ll) 1 1
d(eis, u) 2 1
d(eig, u 2 0
d(emo, Ll) 2 1

Proof (=). Assume first that F is satisfiable and that A is a satisfying truth assignment of F. Construct then a set R C V¢
as follows: R consists of all the vertices vi, (i € {1,...,n})as well as ¢jg and ¢j s (j € {1, ..., m}), and if the assignment
of x; is true, then qg; ; belongs to R, otherwise x; = false and then b; ; is in R. Notice that the cardinality of R is equal to
2n 4 2m. Since R satisfies the conditions (i) and (ii) of Lemma 2, it is an edge resolving set of G if and only if the pairs
fi1 and f; » of edges are resolved for each clause gadget. Recalling A is a satisfiable truth assignment of F, the value of ¢;
is true and, hence, the value of at least one of the literals u; 1, u;, and u; 3, say u; 1, is true. Therefore, if u; 1 = x;, then
a;1 € Rand d(fj 2, a;1) = 3 # 2 = d(fj 1, ai,;1), otherwise u;; = X;, bi1 € R and d(f; >, bi;1) = 3 # 2 = d(fj1, bi.1). Hence, the
edges f; 1 and f, are resolved by a; 1 or b; ;. Thus, in conclusion, R is an edge resolving set of Gr and edim(Gr) = 2n+2m
by Lemma 2(iii).

(«<=) Assume then that edim(Gr) = 2n+ 2m and that R is an edge resolving set of G with 2n+ 2m vertices. By Lemma
2(i)-(iii), the subset {a; 1, ai 2, bi 1, b; 2} contains exactly one vertex of R. Form then a truth assignment A of F as follows: if
a; 1 or a;» belongs to R, then set x; = true, otherwise b; ; or b; ; belongs to R and set x; = false. Since R is an edge resolving
set of G, it also resolves all the pairs f;; and f;, of edges. Hence, by Lemma 2(iv), there exist a variable xy in the clause
Cj and a vertex r € RN {ay 1, ay 2, by 1, by 2} such that d(fj1, ) = 2 # 3 = d(fj 2, r). This further implies that C; has value
true under A. Thus, A is a satisfiable truth assignment of F. O

The following result is an immediate corollary of the previous theorem.
Corollary 4. If k is a positive integer, then deciding whether edim(G) < k for a given graph G is an NP-complete problem.

Proof. Clearly, the problem of deciding whether edim(G) < k for G belongs to NP. Furthermore, it is NP-complete due to
Theorem 3. O

Based on the previous reduction, we show in the following theorem that determining whether a given vertex is an
edge basis forced or a void vertex is algorithmically difficult.

Theorem 5. Let G be a graph and u be a vertex of G.

(i) Deciding whether u is an edge basis forced vertex of G is a co-NP-hard problem.
(ii) Deciding whether u is an edge void vertex of G is an NP-hard problem.

Proof. In order to prove the first claim (i), we show that the problem of deciding whether a given 3-SAT formula is not
satisfiable - a co-NP-complete problem - can be reduced in polynomial time to the problem of determining if a given
vertex is an edge basis forced one of a graph. For the second claim (ii), we similarly prove that the problem of deciding
whether a given 3-SAT formula is satisfiable - an NP-complete problem - can be reduced in polynomial time to the
problem of determining if a given vertex is an edge basis void one of a graph.

Let F be an instance of the 3-SAT problem with the number of variables n > 3 and such that each variable occurs in
at least one clause. Based on the given formula F, we form a graph G’ = (V’, E’) as follows:

e Let G; = (V4, Eq) and G, = (V5, E;) be two disjoint copies of the graph Gr constructed in the previous reduction.
Denote the vertices of the graphs by af , af,, bf, b¥,, vy, vf,, vfs, TF, Ff and ¢, ..., ¢f, as well as the edges by

el ... efqgand f, ... fo, where k € {1,2}. o M

e Furthermore, an edge is added from each ¢/, and c/; to T? and F? for all i € {1,..., n}. Analogously, an edge is
added from each cﬁl and cﬁ3 to T, and F! for alli € {1,...,n}.

e Finally, add a vertex w such that it is adjacent to c}f3 forallke {1,2}andje {1,...,m}.

It is immediate that the graph ¢’ = (V’/,E’) = (V; UV, U {w}, E’) can be constructed in polynomial time. Before diving
into the proofs of (i) and (ii), we need to discuss some preliminary results. As in Lemma 2, it can be shown that if R is
an edge resolving set of G/, then (a) R N {af |, af’,, bf |, b} # B, (b) RN {5y, vf5) # @ (c) RN {cf, ¢} # ¥ and (d)
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RN {ck Ci's» .’8} #@forallie{l,...,n},je{1,...,m}and k € {1, 2}. Hence, for an edge resolving set R of G, we have
IR > 4n + 4m, i.e,, edim(G’) > 4n + 4m. In what follows, we show (based on similar ideas as in the proofs of Lemma 2
and Theorem 3) that F is a satisfiable formula if and only if edim(G') = 4n + 4m.

(=) Let us first show that if the formula F is satisfiable, then edim(G’) =4n —|—4m. Let A be a satisfiable truth assignment
of F. Construct a set R as follows: R consists of all the vertices vkz, 6 and c¥ g where k € {1,2},i € {1,...,n} and
Jje{1,....m}, and if the assignment of x; is true in A, then !, and a7, belong to R, otherwise b}, and b , are in R. We
1mmed1ately notice that R contains exactly 4n + 4m vertices. In what follows, we show that R is an edge resolvrng set of
G'. For this purpose we first observe (based on similar reasoning as in Lemma 2) that all the pairs of distinct edges of G’
except f k and , are resolved by some element of R:

e As in the proof of Lemma 2, it can be deduced that the pairs of edges involving an edge from a clause gadget can

be resolved by R unless the considered pair is j;f‘l and f}"2 In particular, the edge c}f3w is resolved from the edges of

the clause gadget by cf’; or cf.

e Similar to the proof of Lemma 2, each pair of edges involving an edge between a clause and variable gadget can be
resolved by R. In particular, the edge c}f3w is resolved from the previous edges by any v;fz €R.

e Analogous to the proof of Lemma 2, it can be shown that an edge of a variable gadget is resolved from any other
edge of G'.
e Finally, considering the edges w, we have d(cf,w, ¢f) = 2 and d(cf5w, c}fis) = 3 for all (K, j') # (k, j). Therefore,

for (k, j) # (K',j'), the pairs ¢ 3w and c, W are resolved by g (or c}f/s). Furthermore, by the previous cases, the edge
cl‘ w cannot be mixed with other edges of the graph.

Thus, it is enough to consider the pairs fj"] and ]j 5 of edges. It is immediate that the distance of ]j"1 to any vertex of
RN {al 1 ,2, bf‘1, bi‘z} in the variable gadgets corresponding to the literals u; ;, u;, and u; 3 is equal to 2. However, by
the fact that A is a satisfying truth assignment of F and by the construction of R, the distance of f; "2 to some vertex of
RN {a"l, a; s, bf‘l, i 2} in the variable gadgets corresponding to u; 1, u;» and u; 3 is equal to 3. Thus, in conclusion, R is an
edge resolving set of G’ and dim(G') = 4n + 4m.

(<) Let us then show that if the edge metric dimension of G’ is equal to 4n 4+ 4m, then the formula F is satisfiable.
Let R be an edge resolving set of G’ with 4n + 4m vertices. By the observations (a)-(d), we know that for each k € {1, 2}
and i € {1, ..., n} exactly one of the vertices al 1 12, b¥, and b¥ i2 as well as exactly one of v, , and v belongs to R and
for each k € {1 2} andj € {1, ..., m} exactly one of the vertices cj ¢ and c ‘; as well as exactly one of c 3 and ¢ 9 belongs
to R. Thus, as |R| = 4n + 4m, we may deduce that w ¢ R. Form a truth ass1gnmentA of F as follows: 1f a . or a ., belongs
to R, then set the variable x; to be true, otherwise b11 or bl belongs to R and set x; to be false. In what follows we show
that the truth assignment A satisfies the formula F. Suppose to the contrary that a clause C; is not satisfied by A. This
implies that the distance off1 andf , to any vertex of RN { aiqs ,2, bf‘l, b"z} in the variable gadgets corresponding to
uj 1, uj2 and u; 3 is equal to 2 Furthermore it is straightforward to verify that the distances of !, and fl to any other
vertex of R in the variable gadgets are also equal and that their distances are equal to 4 to any other vertlces of R (in the
clause gadgets). Thus, they are not resolved by any element of R (a contradiction). Thus, the truth assignment A satisfies
the formula F.

Let us next show that edim(G’) < 4n + 4 m + 1 regardless of the existence of a satisfiable truth assignment for the
formula F. For this purpose, let R be a set consisting of w and all the vertices af,, v, ¢fs and cfy, where k € (1,2},
ie{l,...,n}andj € {1,...,m}. Clearly, the cardinality of R is equal to 4n + 4m + 1. As above 1t can be shown that a
pair of distinct edges is resolved even without tak1ng into account the vertex w unless the pair is fjk and j§ . However, it
is immediate that this pair is resolved since d();" ,w)=2#1=d i 2, w). Therefore, the set R is an edge resolving set of
G and edim(G') < 4n+4m + 1.

(i) Now we are ready to prove that w is an edge basis forced vertex of G’ if and only if the formula F is not
satisfiable. Observe first that if w is an edge basis forced vertex of G', then by the observations (a)-(d), we obtain that
edim(G’) > 4n+4m+ 1. Therefore, we have edim(G’) = 4n+4 m+1 and, as shown above, F cannot be satisfiable. For the
other direction, assume that F is not satisfiable. Hence, we have edim(G’) # 4n + 4m implying edim(G’) = 4n + 4m + 1.
Suppose to the contrary that w is not an edge basis forced vertex of G’ and there exists a metric basis R of G’ with
4n + 4m + 1 vertices such that w ¢ R. By the observations (a)-(d), we obtain that either Gl or G, contains exactly
2n + 2m vertices of R; without loss of generality, we may assume that G; is does. Notice that f and f;, L are resolved for
all j € {1,..., m} since R is a metric basis of G'. However, for any u € V(G,), we have d(f; 1, u )' = d(fj 2, u). Therefore, as
above, it can be shown that F is satisfiable (a contradiction). Therefore, w is an edge basis forced vertex of G'. Thus, there
exists a polynomial-time reduction of the complement of the 3-SAT problem to the problem of deciding whether a given
vertex is an edge basis forced vertex. Hence, the studied problem is co-NP-hard.

(ii) Let us then show that w is an edge void vertex of G’ if and only if the formula F is satisfiable. Observe first that if
F is satisfiable, then edim(G') = 4n + 4m. Hence, if R is any metric basis of G’ (with cardinality 4n + 4m), then w does not
belong to R by the observations (a)-(d). Therefore, w is an edge void vertex of G'. For the other direction, assume that w
is an edge void vertex of G'. Recall that F is satisfiable if and only if edim(G’) = 4n + 4m. Suppose to the contrary that F
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Fig. 3. The graph Gg with 6 vertices that attains the bound in Theorem 7.

is not satisfiable, i.e., edim(G’) # 4n + 4m. This implies that edim(G') = 4n + 4m + 1. Let R be a metric basis of G’ with
cardinality 4n 4+ 4m 4+ 1 and w ¢ R. As above, we obtain that G; or G, contains exactly 2n + 2m vertices of R; without
loss of generality, we may assume that Gy is such a graph. Analogous to the case (i), we can show that F is satisfiable
based on the fact that w ¢ R (a contradiction). Hence, if w is an edge void vertex, then F is satisfiable. Thus, there exists
a polynomial-time reduction of the 3-SAT problem to the problem of deciding whether a given vertex is an edge void
vertex. Hence, the studied problem is NP-hard. O

3. Some related bounds

Based on the NP-hardness results from Section 2, one notices that bounding the number of edge basis forced vertices
of a given graph clearly deserves to be considered. To this end, we first recall the following fact. If v € V(G) is any vertex,
then the set V(G) \ {v} is both a resolving set and an edge resolving set of a connected graph G. This observation yields
us the following upper bound on the number of edge basis forced vertices of a connected graph.

Proposition 6. If G is a connected graph of order n, then G can have at most n — 2 edge basis forced vertices. Moreover, if G
contains an edge basis forced vertex, then edim(G) < n — 2.

Proof. Let v € V(G) be an edge basis forced vertex of G. Suppose that edim(G) = n — 1. Now V(G) \ {v} is an edge metric
basis, a contradiction. Thus, edim(G) < n — 2 when G contains an edge basis forced vertex. Consequently, the graph G
contains at most n — 2 edge basis forced vertices. O

We will later (in Section 5) show that the bounds of Proposition 6 are sharp for connected graphs (of sufficiently large
order). In [9] (see also [1]), it was shown that a connected graph can have at most [(n— 1)/2] v-basis forced vertices, and
this result was further improved to |2(n — 1)/5] in [8]. Hence, we may observe that the upper bounds on the number
of v-basis forced vertices differ significantly from upper bounds on the number of edge basis forced vertices. The bound
[2(n — 1)/5] is tight as a construction attaining it has been presented in [1,9].

On the other hand, we can also bound the number of edges in a graph G when there are edge basis forced vertices
in such graph. Similar contributions for the v-basis forced vertices were Previously given in [9]. Namely, it was shown
that if a connected graph G has f v-basis forced vertices, then |E(G)| < %_” — 2f, i.e. the maximum number of edges
depends on the number of v-basis forced vertices. In contrast, the analogous fact for edge basis forced vertices does not
hold. Indeed, we will prove an upper bound for the number of edges when edge basis forced vertices are present that is
independent of the number of edge basis forced vertices. The upper bound we establish is sharp, which we will see from
a construction in Section 5.

Theorem 7. Let G be a connected graph with n > 4 vertices and at least one edge basis forced vertex. Then

_ nn—1)

E(G)| —n42.

n(n—1

Proof. Suppose to the contrary that [E(G)| > = ) _n+ 2. Hence, the complement graph G has at most n — 3 edges, and
thus at least three connected components. Now, according to Theorem E, we have edim(G) = n — 1 and G has no edge
basis forced vertices due to Proposition 6, a contradiction. O

One example of a graph achieving the bound above is shown in Fig. 3. Notice that the graph Gg has order 6, maximum
degree 5 and 11 edges. Thus, by Proposition C, we know that either edim(Gg) = 5 or edim(Gg) = 4. Also, it is easy to
verify that the four black vertices form an edge resolving set, and so edim(Gg) = 4. In addition, if we search for any other
edge metric basis (of cardinality 4), we conclude that the only possibility is the one of the black vertices. Thus, such an
edge metric basis is unique. Notice that, on the other hand, this graph is also an example that shows the tightness of the
bound from Proposition 6.

We might recall that the graph given in Fig. 3 was previously used in [9], as a graph having v-basis forced vertices,
and as the only graph that attains a similar bound (as the one of Theorem 7) for the number of edges in a graph having
v-basis forced vertices (see [9, Theorem 23]). A natural question would be then if this is also the only graph achieving
the bound of Theorem 7. However, this is not the case, as we shall further prove in Section 5, which shows a contrast
between v-basis forced vertices and edge basis forced vertices. The next section is focused on such contrasts.
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4. Edge basis forced vertices versus v-basis forced vertices

Based on the fact that the largest possible number of edge basis forced vertices in a graph of order n is n — 2, and the
largest possible number of v-basis forced vertices is [2(n — 1)/5] (as mentioned in the previous section) one might think
that the latter value is always smaller than the former one. We next show that this is not the case. Namely, we show
the existence of graphs having much more edge basis forced vertices than v-basis forced vertices, as well as, the opposite
situation. To this end, we need the following constructions.

If k > 3, then let G, be a graph of order k+ 2* with V(G;) = AUB, where A and B are pairwise disjoint sets with |A| = k
and |B| = 2% Assume A = {1,2,...,k} and that B = {by, b, ..., by} is the collection of all possible subsets of A. The
edge set of Gy is as follows. The sets A and B induce cliques in Gy. Also, a vertex i € A is adjacent to b; € B if the integer
i belongs to the set b;. We observe that the graph Gy has order k + 2% and diameter two, since there is set in B which is
equal to A, and clearly, such a vertex is adjacent to every vertex of G,. From now on, we assume that such vertex is by.
Moreover, there is a unique vertex in B which is not adjacent to any vertex of A, that is, the set § C A. From now on we
assume that such vertex is b,x. A very similar construction has been already described in [4]. Now, again for k > 3, let
G, obtained from Gy by removing the vertex by = € B, and all the edges incident with it. Notice that also such graph
has diameter two and order k + 2% — 1.

We next describe in Proposition 8 some properties of these two graphs G, and G, . The proofs of the properties are
similar to the ones presented in [4] and therefore we omit them here.

Proposition 8. If k > 3 is an integer, then

(i) dim(Gy) = dim(G, ) = k, and
(i) the set A is the unique metric basis in both graphs Gy and G, .

We next consider the edge metric dimension of these two graphs defined above.

Proposition 9. If k > 3 is an integer, then

(i) edim(Gy) = [V(Ge)| —2 =k + 2k -2,

(i) edim(G, ) = [V(G,)| — 1 =k + 2K -2,
(iii) the set V(Gy) \ {b1, byk} is the unique edge metric basis of Gy, and
(iv) there is no edge basis forced vertex in G, .

Proof. Since both Gy and G, have a vertex of degree equal to the order of the graph minus one, by Proposition C, we have
that |V(Gy)| —2 < edim(Gy) < |V(Gk)| — 1 and that [V(G, )| — 2 < edim(G, ) < |[V(G, )| — 1. We consider first the graph G;.
We claim that the set S = V(Gy)\ {b1, by} is an edge resolving set of Gy. Let e, f be two edges from Gy. If the end-vertices
of e, f are pairwise different, then at least two vertices from them are in S, and clearly both of them resolve the edges
e, f. Hence, we may assume w.l.o.g. that e = xy and f = xz where y # z. If y or z belongs to S, say y € S, then y resolves
e, f. It remains to consider the case when y,z ¢ S, and so, this means w.l.o.g. that y = b; and z = b,«. Since byx = z has
no neighbors in A, we must have that x = b; for some b; € B. Since b; # by, there must be at least one x' € A that is not
a neighbor of x. Since d(x’, e) = 1 and d(X/, f) = 2, it holds that X’ resolves e, f. Therefore, S is an edge resolving set, and
so edim(Gy) < |V(Gy)| — 2, which leads to the equality in (i).

Consider now the graph G, . Suppose edim(G; ) = |V(G, )| — 2 and let S’ be an edge metric basis. Assume x, y are the
two vertices outside S'. First note that if b; € §’, then the two edges xbq, yb; are not resolved by any vertex of S’, which
is not possible. Hence, by ¢ S’ and w.l.o.g. let x = b;. We have now two situations.

ey € A Let y' € B be a neighbor of y such that y' # x. Hence, for the edges e = y’y and f = y'x holds that
dy,e)=0=dy/,f)and d(w,e) =1 = d(w, f) for every w € S’ \ {y’'}. Thus, e and f are not resolved by S’, which
is not possible.

e y € B. Let y” € A be a neighbor of y. Now, for the edges e = y”y and f = y”x holds that d(y”,e) = 0 = d(y”, f) and
d(w,e)=1=d(w,f) for every w € S’ \ {y”}. Thus, e and f are not resolved by S’, which is also not possible.

Consequently, we must have edim(G, ) > |V(G, )| — 1, and therefore the desired equality of item (ii) follows.

Similar arguments to the ones used in the proof of item (ii) show that if S is an edge metric basis (of cardinality
[V(Gy)] —2 = k+2k—2) of G, then the only possibility for the vertices not in S are by and by. Thus, clearly V(Gi)\ {b1, b}
is the unique metric basis of G. Finally, (iv) follows from item (ii) and Proposition 6. O

As a consequence of the result above, we observe that the graph G, has a larger number of edge basis forced vertices
than of v-basis forced vertices, while the graph G, has a larger number of v-basis forced vertices than of edge basis forced
vertices, which makes that the number of such types of vertices is in general not comparable. This situation might not be
exactly surprising based on the fact that indeed the metric dimension and edge metric dimension are not comparable, see
for instance [14], where infinite families of graphs G satisfying either dim(G) > edim(G) or edim(G) > dim(G) are given.
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5. Realization results for edge basis forced vertices

Let n, k and f be nonnegative integers. We are herein focused on the following question: For which values of n, k and f
does there exist a graph G with n vertices, f edge basis forced vertices and edim(G) = k? We must clearly have f <k <n
and k > 1. Since every set V(G) \ {v} is an edge resolving set, we have k < n — 1. If f = 0 and n is fixed, then consider
a graph G,_k_1+1 (of order n) where k + 1 leaves are added to one end of a path of order n — k — 1. The fact that (as
twins) at least k of the leaves have to be chosen in any edge resolving set rather straightforwardly leads to the observation
that edim(Gp_r—1.x+1) = k and that the graph has no edge basis forced vertices (see also [13, Remark 3]). Moreover, the
complete graph K, works as an example in the case with f = 0 and k = n — 1. Thus, let us focus on the case where f > 1.

Recall that according to Proposition 6, we have 1 < f < k < n — 2 when the graph has at least one edge basis forced
vertex. The case where k = 1 and f = 1 is not possible. Indeed, the path P, is the only graph with edim(G) = 1 [13],
but either vertex at the end of the path always gives an edge metric basis. Hence, there exist no graphs with k = 1 and
f = 1. Thus, the only possible combinations of n, f and k are such that 2 < k <n—2and 1 < f < k. We will show that
all such combinations are realizable (for sufficiently large n).

Recall that according to Theorem A we have edim(G) = n — 1 if and only if for any distinct v, v, € V(G) there exists
w € V(G) such that vyw, vow € E(G) and w is adjacent to all non-mutual neighbors of v; and v,. If the graph we consider
contains edge basis forced vertices, then edim(G) < n — 2. By Theorem A, the graph G contains a pair of distinct vertices
vy and v, such that no mutual neighbor of vy and v, is adjacent to all of their non-mutual neighbors. In the following
lemma, we will prove that such vertex pairs give us all edge resolving sets of the form V(G) \ {v1, v,}.

Lemma 10. Let vy, v, € V(G). The set V(G) \ {vy, va} is an edge resolving set of G if and only if there does not exist
w € N(v1) N N(vy) such that w is adjacent to all non-mutual neighbors of v, and v,.

Proof. Assume that there does not exist w € N(v;) N N(v;) such that w is adjacent to all non-mutual neighbors of v; and
vo. We will show that the set R = V(G) \ {v1, v2} is an edge resolving set of G. The edges with both endpoints in R are
clearly resolved. There is at most one edge with neither endpoint in R, and that edge is also clearly resolved from the
others. The only pairs we need to check are of the form uvq, uv, where u € R. Notice that now u € N(v;) N N(vy). Since
u is not adjacent to all non-mutual neighbors of v; and v,, there exists a vertex x that is a neighbor of either v; or v,
but not both. If x € N(vq), then d(x, uv¢) = 1 and d(x, uv,) = 2, and the edges uv; and uv, are resolved by x. Similarly, if
x € N(vy), the edges are resolved by x. Therefore, R is an edge resolving set of G.

Assume then that there exists a vertex w € N(v1) N N(v,) such that w is adjacent to all non-mutual neighbors of v,
and vy. We will show that now the set R = V(G) \ {v1, va} is not an edge resolving set of G. To that end, consider the
edges wv; and wv,. Except for w, all mutual neighbors of v; and v, are at distance 1 from both wv; and wv,. Moreover,
we have d(x, wvq) = d(x, w) = d(x, wvy) for all x € N[w] N R since vy, v, ¢ R. Because all non-mutual neighbors of v,
and v, are neighbors of w, they cannot resolve wv; and wv, either. Thus, no vertex in N(v{) U N(v;) U N[w] resolves the
pair wvq, wv,. Consequently, no vertex in R\ (N(v;) U N(v,) U N[w]) resolves that pair (as the shortest path from wv; to
such vertices passes through N(v;) U N(v,) U N[w]), and thus the set R is not an edge resolving set of G. O

Recall that at least one of the (false or true) twins v; and v, belongs to each edge resolving set of G. As immediate
corollary of the previous lemma, we obtain the following extension of this idea which gives a characterization for the
pairs of vertices of which at least one has to be chosen in each edge resolving set.

Corollary 11. Let vy, v, € V(G). At least one of the vertices vy and v, belongs to each edge resolving set if and only if there
exists w € N(v1) N N(vy) such that w is adjacent to all non-mutual neighbors of vy and v,.

5.1. Leaf and path additions

Before delving into the constructions, we prove two useful lemmas regarding how adding a leaf to a graph affects the
edge metric dimension.

Lemma 12. Let v € V(G) be such that v is in some edge metric basis of G. Let G’ be the graph we obtain by adding a leaf u to
v.

(i) We have edim(G') = edim(G).
(ii) Furthermore, R’ is an edge metric basis of G’ if and only if R is an edge metric basis of G that resolves uv from all other

edges or R = R[v < u], where R is an edge metric basis of G such that v € R.
(iii) In particular, if w is an edge basis forced vertex of G such that w # v, then w remains edge basis forced in G'.

Proof. Let R C V(G) be an edge metric basis of G such that v € R (there is such a set by the assumption). We will show
that the set R[v < u] is an edge resolving set of G'. Notice that dg(u, w) = dg/(v, w) + 1 for all w € V(G). Therefore, if
dg(v, e) # dg(v, f) for some e, f € E(G), then

do(u, e) = dg(v, e) + 1 # dg(v, f) + 1 = dg/(u, f).
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Thus, all pairs of edges in E(G') \ {uv} are resolved by R[v <« u]. Since u clearly resolves all pairs uv and e where
e € E(G")\ {uv}, the set R[v < u] is an edge resolving set of G'. Consequently, edim(G’) < edim(G).

Let R C V(G') be an edge metric basis of G'. If u ¢ R, then R C V(G) and R is clearly an edge resolving set of G. Assume
that u € R. We will show that the set R[u < v] is an edge resolving set of G. If dg/(u, e) # dg(u, f) for some e, f € E(G),
then

dg(v, e) = dg(u,e) = 1 # dg(u, f) — 1 = dg(v. f),

and the set R[u < v] is indeed an edge resolving set of G. Consequently, edim(G) < edim(G’), and thus edim(G') =
edim(G).

(=) In order to show the claimed equivalence in (ii), we first assume that R’ is an edge metric basis of G'. The proof
now divides into the following cases based on whether u belongs to R’ or not:

e If u ¢ R/, then it is immediate R* C V(G) is an edge resolving set of G such that uv is resolved from all other edges.
Furthermore, as edim(G’) = edim(G), R’ is an edge metric basis of G.

e Ifu € R, then R = R'[u < v] is an edge resolving set of G by the second paragraph of the proof and, consequently,
R is an edge metric basis of G as edim(G’) = edim(G). Thus, R = R[v < u], where R is an edge metric basis of G
such that v € R.

(<) For the other direction, if R’ is an edge metric basis of G that resolves uv from all other edges, then it is immediate
that R’ is an edge metric basis of G'. Hence, we may assume that R* = R[v < u], where R is an edge metric basis of G
such that v € R. By the first paragraph of the proof, R’ is an edge resolving set of G’ and, furthermore, an edge metric
basis as edim(G') = edim(G).

In order to prove (iii), let w be an edge basis forced vertex of G such that w # v. Suppose to the contrary that there
exists an edge metric basis of G’ not including w. Based on the equivalence of (ii), we divide into the following cases:

e If R C V(G), then R’ is an edge metric basis of G such that w ¢ R’ (a contradiction).
e If R = R[v < u], where R is an edge metric basis of G such that v € R, then R is an edge metric basis of G such that
w ¢ R (a contradiction).

Thus, w is also an edge basis forced vertex of G'. O

If we add a leaf to an edge basis forced vertex, then that vertex will no longer be an edge basis forced vertex (because
the set R[v < u] is an edge metric basis that does not contain v by the previous proof). The added leaf sometimes becomes
an edge basis forced vertex and sometimes not. The following lemma fully characterizes these two cases.

Lemma 13. Let v € V(G) be an edge basis forced vertex of G. Let G’ be the graph we obtain by adding a leaf u to v. The
vertex u is an edge basis forced vertex of G’ if and only if for all edge metric bases R of G there exists an x € Ng(v) such that
d(r,x) > d(r,v) forallt € R.

Proof. Assume that the added leaf u is an edge basis forced vertex of G'. All metric bases of G’ are of the form R[v <« u]
where R is an edge metric basis of G due to Lemma 12. Since R itself is not an edge metric basis of G/, there are two
edges e and e’ such that dg/(r, e) = dg/(r, €') for all r € R. Clearly, e or €’ is uv, say, ¢ = uv. The vertex v is an edge basis
forced vertex of G, and thus v € R and dg (v, uv) = 0. This implies that e = vx for some x € Ng(v), x # u. Notice that
d(r, uv) = d(r, v) for all r € R. Now we have d(r, vx) = d(r, v) and thus d(r, x) > d(r, v) for all r € R.

Assume then that u is not an edge basis forced vertex of G'. Due to Lemma 12, there exists a set R C V(G) that is
an edge metric basis of both G and G'. The set R resolves all pairs of edges in G/, in particular, R resolves all pairs uv, vx
where x € Ng(v), x # u. However, we again have d(r, uv) = d(r, v) for all r € R. Now d(r, uv) # d(r, vx) implies that
d(r, vx) # d(r, v), and thus d(r, x) < d(r, v) for some r € R, a contradiction. O

We will use Lemmas 12 and 13 to construct graphs with edge basis forced vertices from other graphs in order to
realize the same combination of f and k for different n. We do this not only by adding single leaves but paths as well.
Adding a path to a graph can be seen as adding leaves iteratively. Let v be the vertex we want to add the path to. In order
to use Lemma 12, we need to have v € R for some edge metric basis R of the original graph. When we have added the
first leaf u, the set R[v < u] is an edge metric basis of the new graph G’ that contains u, which is needed in order to use
Lemma 12 again to add the next leaf to u. Thus, Lemma 12 can also be used to add a path to a graph and still preserve
the edge metric dimension (and edge metric bases for the most part as will be discussed in more detail for the specific
constructions given in Section 5.2) of the original graph.

We will also use Lemma 13 when adding a path to a graph. When we add a path to an edge basis forced vertex, our
goal is not only increase n, but also to get rid of one edge basis forced vertex. Let v be an edge basis forced vertex of G.
If we add a path with at least two vertices to v, then the obtained graph will have one less edge basis forced vertices.
Indeed, if we add one leaf u to v, then u may or may not be an edge basis forced vertex of the obtained graph depending
on the condition presented in Lemma 13. However, notice that N(u) = {v} and d(w, v) < d(w, u) for all w # u. Thus,
even if u is an edge basis forced vertex after adding one leaf, the second added leaf can never be an edge basis forced
vertex as long as edim(G) > 2 (which is always true for a graph with edge basis forced vertices). We will use this when
we construct graphs with just one edge basis forced vertex in particular.
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(a) The graph Ga,2.m, m > 0. (b) The graph G5 ,, £ > 2.

b1 é

Fig. 4. Examples of the graphs Gs;,, and Gg[. The black vertices are edge basis forced vertices. The number of vertices in the dotted area varies
with s and t.

5.2. Constructions

We are now ready to begin constructing graphs to prove which combinations are realizable. Our first construction
takes care of the large majority of the possible combinations.

Define the graph G;;n, as follows (see Fig. 4(a) for an example of the graph G,;, where s = 4 and t = 2). Let
Gs, s > 2, be such that V(Gs) = {v1, ..., vs2}, the vertices vy, ..., vs form a clique, vy is adjacent to vy, and v, is
adjacent to vy, ..., vs (but not to vy). The graph G, t > 1, is defined as G;; = G; V K;, where V(K;) = {uq, ..., u}.
Note that |V(Gs)| = s + ¢t + 2. The graph Gstm, m > 0, (if m = 0, then G » = Gs) is constructed from G, and Py,
V(Pm) = {p1, ..., Pm}, by adding an edge between v, and p;.

In the following lemmas n is the order of the graph in each particular case.

Lemma 14. Let s > 2, t > 1, m > 0. The graph Gsm has s edge basis forced vertices and edim(Gs; m) =S+t =n—m — 2.

Proof. Let us first consider the case where m = 0. We will show that edim(Gs() = s + t by using Theorems B and D.
Notice that for v, there does not exist a vertex w € V(G;) such that V(G;) \ N(vs+1) € N(w). Indeed, in order to cover
both vs,1 and vs,, the vertex w should be adjacent to both but no such vertex exists. Thus, in the case where t = 1,
edim(G;s 1) = edim(G; v Ky) = |[V(Gs)] — 1 = s+ 1 due to Theorem B. We can prove the claim for ¢t > 2 by using Theorem
D. Notice that the edge v v,y is the only edge in Gs with vs;; as an endpoint. The set {vy, vs;1} does not dominate vs,.
Thus, G ¢ G. Since K; is also clearly not in G, we have edim(G; ;) = edim(Gs VK;) =s+2+t —2 = s+t due to Theorem
D.

We will then show that the edge basis forced vertices of G ; are precisely the vertices vy, ..., vs.

Suppose to the contrary that there exists an edge metric basis R of G, that does not contain v; where i € {1, ..., s}. Let
vj = vy ifi 7 1and v; = v, if i = 1. Consider the edges vjv; and vjuy for some uy € V(K;). Notice that d(w, vjv;) = d(w, vjug)
for all w € V(Gs;) \ {v, ug}. Since v; ¢ R, we have uy € Rforall k € {1,...,t}. Now v; ¢ R for some | # i, since
[R| = s+t = n — 2. However, now d(w, uv;) = d(w, uv;) for all w € V(Gs¢) \ {vi, vi} = R, a contradiction. Therefore, the
vertices vy, ..., vs are edge basis forced vertices of G; ;.

To show that no other vertices are edge basis forced vertices, consider the sets Ry = V(G;;) \ {vs41,uj} and Ry =
V(Gs,t) \ {vs42, Uj} where u; € V(K;). Both of these sets are edge metric bases of Gs,¢ due to Lemma 10. Indeed, the only
common neighbor of vs;¢ and u; is vq, but vy is not adjacent to vy, € N(u;). Similarly, there does not exist any vertex in
N(vs42) NN(u;) = {va, ..., vs} that would be adjacent to vs,; € N(u;). Therefore, the sets Ry and R, are edge metric bases
of Gg ;.

Let us then consider the case where m # 0. When we consider the path P, to be added to G;; one leaf at a time,
we obtain edim(Gs ;) = edim(Gs;) = s+t =n —m — 2 due to Lemma 12 and the edge metric basis R, above. Recall
that v, is an edge basis forced vertex, so it is in all edge metric bases of G, . Now d(vy, vsy1p1) = 2, d(v2, pipis1) =i+ 2
and d(v,, e) < 1 for all e € V(G; ;). Consequently, every edge metric basis of G is also an edge metric basis of G ;,; in
particular Ry and R, are edge metric bases of G, ,. Therefore, by Lemma 12(iii), the edge basis forced vertices of G n
are exactly the same as those of Gs;. O

Lemma 14 shows that whenn > 5 and 2 < f < k < n — 2, all combinations of n, f and k are realizable. Notice that
the graph G, ; has @ +25s+2 = @ — n + 2 edges, which shows that the upper bound of Theorem 7 is sharp for
alln > 5.
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We have already realized the majority of the possible combinations of n, f, k with Lemma 14. What we have left are
the extremal cases where f = 1 or f = k. We will first turn our attention to the case where f = 1. By modifying the
graph G, ; we can take care of most of the combinations where f = 1 as the following lemma shows.

Lemma 15. Let Gg’t (t > 1, £ > 2) be the graph obtained from G, and P, by adding an edge between p; and v,. The graph
Gg’[ contains exactly one edge basis forced vertex, and edim(G‘é,t) =t+2

Proof. We consider the graph Gét to be constructed from G, by adding the vertices of the path P, one by one as leaves
starting from vq; the graph G" 5. 1s illustrated in Fig. 4(b). The graph G, has two edge basis forced vertices, v; and v,
and edim(G,;) = t + 2, according to Lemma 14. By iterating Lemma 12 we obtain edlm(Gg ) = t 4 2. The first added
leaf p; might be (and, by Lemma 13, actually is) an edge basis forced vertex, but (recall that' we have ¢ > 2) the second
added leaf p, is not according to Lemma 13 since d(w, v1) < d(w, py) for all w # p;. The vertex v, is an edge basis forced
vertex of Gé.t due to Lemma 12(iii) and no other edge basis forced vertices exist due to similar arguments as in the proof
of Lemma 14. O

We haven =t + £ + 4 for G .- Thus, all combinations of f, k,n where f = 1,n > 7 and 3 < k < n — 4 are realizable
due to Lemma 15. We will then cover the cases where f = 1 and k = n — 3 or n — 2 by constructing a new graph family.

Let Wi, be the graph constructed as follows (see Fig. 5(a)). Let s,t > 2 and y € {0, 1}. Denote the vertices of the
complete graph Kgi;yq1 as follows: V(Ksyr41) = {x,uq, ..., Us, wq, ..., we}. The graph Wi, is the graph obtained by
adding two vertices vy and v; to K1 such that vy is adjacent to all ui (and no others) and v, is adjacent to all w; (and
no others). The graph W ; is obtained from W o by adding a leaf v3 to u;.

Lemma 16. Let s, t > 2 and y € {0, 1}. The vertex x is the only edge basis forced vertex of W; ; , and edim(W;; ) = s+t+1 =
n—y—2.

Proof. Let us first consider the case where y = 0, i.e. the leaf v3 is not present.
We will first show that edim(W; ;o) > s+t + 1 = n — 2. For this purpose, let R be an edge resolving set of W . The

vertices u; are twins, and thus |[R N {uy, ..., us;}| > s — 1. Analogously, we have |[RN {wq, ..., w}| > t — 1. Furthermore,
RN {vi,u;} # ¥ foranyj € {1,...,s} since we may choose w = u; (i # j) in Corollary 11. Similarly, R N {vy, w;} # @
for any j € {1, ..., t}. Thus, in conclusion, we obtain that (i) [R N {vq, uy, ..., us}| > s and (ii) [RN {vy, wq, ..., w}| > t.

Consequently, edim(W; ;o) > s+t =n—3.

Suppose that edim(W; ;o) = s+t = n—3, and let R be an edge metric basis of W ; o with s+t vertices. Now x ¢ R due to
(i) and (ii). This implies that u; € R for any i since by choosing w = u; (i # j)in Corollary 11, we obtain that RN {x, u;} # 9.
Similarly, it can be shown that w; € R for any i. Thus, in conclusion, we have R = {uy, ..., us}U{w1, ..., w}; in particular,
v; and v, do not belong to R. Hence, R N {v1, x} = ¥ contradicting Corollary 11 (with the choice of w = u;). Therefore,
edim(W;s ;) > s+t + 1= n—2 and if there exists an edge resolving set of cardinality s+ ¢ + 1, then x is in all such sets,
i.e., it is edge basis forced.

What remains to be shown is that edim(W;(o) < s+ t + 1 and that no vertex other than x is an edge basis
forced vertex. We will prove both of these claims by finding suitable edge resolving sets with the aid of Lemma 10.
Let Ry = V(Wi 0) \ {v1, wi} and Ry = V(Ws0) \ {v2, y;} wherei e {1,...,t} andj € {1, ..., s}. Notice that no mutual
neighbor of v; and wj is adjacent to v, € N(w;), and no mutual neighbor of v, and u; is adjacent to vy. Thus, both R; and
R, are edge resolving sets of W; ;o for any i and j. In conclusion, edim(W; ;o) =s+t 4+ 1=n — 2 and x is the only edge
basis forced vertex of W o.

Let us then consider the case where y = 1. Notice that the vertex u; is in some metric bases of Ws;o. Thus, we
have edim(W;; 1) = edim(W;;0) = s+t + 1 = n — 3 according to Lemma 12. The vertex x is also an edge basis
forced vertex of W;; ; by Lemma 12(iii). In what follows, we will show that there are no other edge basis forced vertices.
Recall that according to Lemma 12 the set R[u; <« vs] is an edge metric basis of W;, ¢ for any edge metric basis R of

W 0 that contains u;. The sets V(W 0) \ {vi, wi}, i € {1,...,t}, and V(W;;0) \ {v2, 4}, j # 1, are such edge metric
bases of Wi, (due to R; and R, above). Consequently, none of the vertices vy, v;, w; and u; are edge basis forced
vertices for any i € {1,...,t} orj € {1,...,s}. To show that v is not an edge basis forced vertex, consider the set

R = V(Ws1) \ {ug, v2, v3} = V(Ws0) \ {u1, v2}. Since the set R is an edge metric basis of W o, it is an edge metric
basis of W;, 1 if the edge vsu; is resolved from all other edges in W;; 1 (see Lemma 12). The vertices u; and v are not
adjacent, and thus the edge vsu; is the only edge with neither endpoint in R. Therefore, the set R is an edge metric basis
of Ws 1, and v3 is not an edge basis forced vertex of W, ;. O

All combinations where f = 1 and 3 < k < n — 2 are thus realizable by Lemmas 15 and 16 for all n > 8. The
combination where f = 1 and k = 2 will be considered after the following lemma, because we will base the construction
on the same graph as the following graph which gives us the realization result to almost all cases where f = k.

Let H be the house graph, that iS, V(H) = {Ul, ey U5LE(H) = {l)1l)2, V1V3, VU3, VU4, U3Vs5, 1)41)5}. Letﬁt, t>0 (lft =0,
then H; = H) be the graph obtained from H and K;, V(K;) = {u4, ..., ut}, by connecting each vertex of K; to v, v3 and vy
with an edge. Let H; , (t, m > 0) (if m = 0, then H; , = H;) be the graph obtained from H; and Py, V(Pn) = {p1, ..., Pm}
by adding an edge between v; and p;. See Fig. 5(b) for an example of the graph H; ;, (with ¢ = 2). Notice that the case
f = k means that the graph has a unique edge metric basis.
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(b)

Fig. 5. Examples of the graphs W, , and H; , with s =t = 2. The black vertices are edge basis forced vertices. The number of vertices in the dotted
area varies with s and t.

Lemma 17. Let t,m > 0. The graph H;, has a unique edge metric basis {vs, vs, Uy, ..., us}. In particular, edim(H; ) =
t+2=n—m-—3and H; ;, has t + 2 edge basis forced vertices.

Proof. We will first prove that the set R = {v4, vs, Uy, ..., u;} is an edge resolving set of H; . It is enough to consider
pairs of edges where both endpoints are not in R and pairs of edges with one common endpoint in R. The edges with
neither endpoint in R, namely v1vy, v1v3, vov3, v1p7 and p;p;1 Where i € {1, ..., m} (if m > 0), are resolved from each
other by v4 and vs. Pairs of edges with the same endpoint in R and the other endpoints not in R are also resolved by
vs. Indeed, all such pairs are of the form u;v,, ujvs where i € {1,...,t} (no such pairs exist if ¢ = 0), and we have
d(vs, ujv,) = 2 # 1 = d(vs, u;v3). All other edges are resolved by their endpoints. Thus, the set R is an edge resolving set
of H; ;p and edim(H; ) <t + 2.

We will then show that edim(H; ) > t + 2. Choosing w = v, in Corollary 11, we observe that every edge resolving set
of H; » must contain vz or vg4. Similarly, with the choice w = vs, it follows that v, or vs belongs to each edge resolving
set. Therefore, every edge resolving set of H; ,, contains at least two vertices that are not in V(K;).

Assume that R is an edge resolving set that contains exactly two vertices not in V(K;). We claim that |R| =t + 2. We
will first show that those two vertices must be v4 and vs. Suppose to the contrary that v, ¢ R. By the previous paragraph,
v3 € R, and either v, or vs belongs to R. If v; € R (and vs ¢ R), then the edges vyv, and v,v4 are not resolved, and
otherwise vs € R (and v, ¢ R) leads to a contradiction due to the edges vyv3 and v,vs. Suppose then that v4 € R and
vs ¢ R (and thus v, € R and v3 ¢ R). Now, the set R cannot resolve the pair vqv,, vyv3, a contradiction. Thus, vg, vs € R

and no other vertices v; or p; are in R. Suppose that u; ¢ R for some i € {1,...,t}. Now the edges v4v, and vau; are
not resolved; the distance from vs and uj, j # 1, to both of these edges is 1. Consequently, R = {vs, vs, Uy, ..., u¢} and
R =t +2.

Assume then that R is an edge resolving set of H; , that contains at least three vertices not in V(K;). Suppose that
|[R] < t + 2. Now there exists some u;, say uj, that is not in R. The other vertices in V(K;) must be in R since they are
twins. Thus, without loss of generality, the set R consists of the vertices u; where i € {2, ..., t} (if t > 2) and exactly three
vertices not in V(K;). Notice that u; or vs belongs to R by Corollary 11 (choose w = wv3). Since u; ¢ R, we have vs € R.
Similarly, u; or v, belongs to R by choosing w = v3 in Corollary 11, and thus v, € R. Recall that any edge resolving set
must also contain vz or v4. However, none of the vertices vy, ..., vs resolve the pair ujv,, viv,, and neither does any u;
other than u;. Therefore, if an edge resolving set R of H; ,, contains at least three vertices not in V(K;), then |R| > t + 3.

In conclusion, edim(H; ,) = t 4+ 2. Moreover, the unique metric basis of H; ;; is the set {v4, vs, Uy, ..., u¢}, and thus
the vertices vq4, vs, U1, ..., U; are edge basis forced vertices of H; ,. O

Combinations of n, f and k where 2 < f = k < n — 3 are thus realizable due to Lemma 17. The only remaining case
besides the one where f = 1 and k = 2 is the case where f = k = n — 2. The following two lemmas prove that both of
these cases are realizable.

Lemma 18. Let H¢ (¢ > 2) be the graph obtained from the house graph H and P, by adding an edge between p; and vs. The
graph H® contains exactly one edge basis forced vertex, and edim(H*) = 2.

Proof. According to Lemma 17 the graph H has the unique edge metric basis {vg4, vs}. By Lemmas 12 and 13 the edge
metric bases of H are the sets {v4, pi}, i € {1, ..., ¢}, and the only edge basis forced vertex of H is v4. O

Let F;, where s > 2, be constructed as follows (see Fig. 6(b)). Denote V(K;) = {uy, ..., us}. Then F; is obtained from Kj
by adding four vertices vq, vy, v3 and w, and the following edges: vqu; for all i, vyu; for all i # 1, vivs, vovs, wy; for all i,
and wv; for all j.
Lemma 19. Let s > 2. We have edim(F;) = n — 2 and F; has a unique edge metric basis, i.e. n — 2 edge basis forced vertices.
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Fig. 6. Examples of the graphs H¢, £ > 2 and F, where s = 2. The black vertices are edge basis forced vertices.

Proof. Notice that w is a universal vertex, i.e. F; = (F; — w) V w. According to Theorem B, we have edim(F;) = n — 2, since
V(Fs — w) \ N(uy) = {uy, vz, v3} and no vertex of F; — w is adjacent to all three of these.

Let R be an edge metric basis of F;. Suppose that w € R. Since |R| = n — 2, there exist x,y € V(F;) \ {w} such that
X,y ¢ R. However, this contradicts Lemma 10 when w is chosen as the mutual neighbor of x and y. Thus, we have w ¢ R.
By carefully choosing the mutual neighbor in Corollary 11, we obtain the following observations:

e foralli# 1, u; € Ror w € R (v; chosen as their mutual neighbor)
e forallie {1,2}, v; € Ror w € R (u; chosen as their mutual neighbor)
e v3 € Ror w € R (v chosen as their mutual neighbor)

Thus, as w ¢ Rand |R| = n — 2, we have R =V(F,) \ {w,uq}. O

Recall that if a graph G of order n contains f > 1 edge basis forced vertices, then we have 2 < edim(G) < n — 2 and
1 <f < k. As a summary of Lemmas 14-19 (and the discussions above), we obtain the following theorem, which states
that all the previous values can be realized for sufficiently large n.

Theorem 20. If n, k and f are integers such thatn > 8,2 <k <n—2and 1 < f < k, then there exists a graph G such that
n = |V(G)|, k = edim(G) and f is the number of edge basis forced vertices.

6. Concluding remarks

We have presented in this work several results concerning the vertices of a graph that must always be included in any
edge metric basis of such a graph. We next remark some possible research lines that can be considered as a continuation
of our investigation.

e It would be of interest to characterize the classes of graphs having the smallest possible, as well as the largest
possible, number of edge basis forced vertices.

e Since the number of edge basis forced vertices and v-basis forced vertices of graphs are in general not comparable,
it might be interesting to classify the graphs having smaller number of edge basis forced vertices than of v-basis
forced vertices, and vice versa.

e There can be vertices in a graph that are edge basis forced vertices and v-basis forced vertices at the same time. In
this sense, a possible investigation concerning the existence of these kind of vertices would be worthwhile.

e Can we characterize the graphs that have neither edge basis forced vertices nor edge void vertices? A similar question
can be posed for v-basis forced vertices and v-void vertices.
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