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Abstract

Motivated by the image denoising problem and the undesirable stair-casing effect of the total
variation method, we introduce bounded variation spaces with generalized Orlicz growth.
Our setup covers earlier variable exponent and double phase models. We study the norm and
modular of the new space and derive a formula for the modular in terms of the Lebesgue
decomposition of the derivative measure and a location dependent recession function. We
also show that the modular can be obtained as the I'-limit of uniformly convex approximating
energies.
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1 Introduction

In PDE-based image processing, a function u : 2 — R represents the gray-scale intensity
at each location of an image. Edges of objects correspond to discontinuities of # and make
this field challenging for function spaces and the calculus of variations. The space BV of
functions of bounded variation has proven to be useful in the field. We refer to the book [3]
by Aubert and Kornprobst for an overview. The classical ROF image restoration/denoising
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model [43] calls for minimizing the energy

inf / |Dul| + |u — f|*>dx,
ueBV(Q) Jo
where f € L%() is the given, corrupted input image that is to be restored. The fidelity
term |u — f|? forces u to be close to f on average, whereas the regularizing term |Du|
limits the variation of u. This model suffers from a stair-casing effect that leads to piecewise
constant minimizers [8, 34]. For a recent overview of autonomous variants of the model we
refer to [41]. Recession functions are often used in relaxation including in image processing
(see, e.g., [2, 41]) and there is a well-developed theory in the case of functionals of linear
growth, e.g. [42, Chapter 11]. However, since we consider the non-autonomous case without
assuming linear growth, our recession function depends on x and so acts as an unbounded
weight on the singular part of the function. Handling the transition between areas of finite
and infinite recession function is the critical innovation of this article.

Image restoration has also been approached with non-autonomous energies that treat
different locations differently. The first such model, by Chen, Levine and Rao [9], involves
the minimization of

min /soczr(x,lDul)+|u—f|2dx, (1.1)
ueBV(Q) Jo

where the regularizing term has variable exponent growth for small energies and is given by

L _4p(x)
P when t € [0, 1],
¢Clr(xat) = {P(X)l 1 h 1
t—1+ a0 Whents > 1.
The variable exponent p : 2 — (1, 2] is a function bounded away from 1 (i.e. p~ :=inf p >

1) which should be chosen close to 2 in smooth areas of the image and close to 1 near likely
edges to avoid stair-casing as well as blurring. Since ¢(x, ) ~ t as t — 00, this model can
be analyzed in the classical BV-space. Furthermore, using the Lebesgue decomposition of
the derivative measure Du, Chen, Levine and Rao define

/ @etr (x, | Dul) dx := / @etr (x, [Vul) dx + | D*u|(R2),
Q Q

where V%u is the density of the absolutely continuous part of the derivative. They prove for
instance that

/ @clr (x, |Dul)dx = sup / wdive = p’l(x) wl” ) dx 1:2)
Q weCH (R, [w| <178

and use this duality formulation to prove existence and properties of minimizers of (1.1). The
reason why we call this a duality formulation and the rationale behind the term p,%x) |w |1’/(X)
will become clear once we introduce a more general framework.

Subsequently, Li, Li and Pi [36] proposed an image restoration model in the variable
exponent space W70 (Q) with energy Opy(x, 1) =17 @) and p~ > 1. The last restriction
implies that the problem involves only reflexive Sobolev spaces and that the minimizers
are C19, so theoretically it is ill-suited to the image processing context. Harjulehto, Histo,
Latvala and Toivanen [26, 27] considered the same energy without the restriction p~ > 1.
In this case, a relaxation procedure shows that the “correct” energy for BV-functions is

/pr(-)(x, |Dul) dx := /pr(‘)(x, IVeéul)dx + |D*ul({p = 1})
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provided | D*u|({p > 1}) = 0, analogously to the Chen-Levine—Rao formula (1.2).

More recently, double phase energies have attracted the attention of many in the field of
non-standard growth [4, 6, 11, 14, 18, 37, 38]. Most important for image processing is the
version ¢g,(x, 1) =1t + a(x)t? witha > 0 and powers 1 and 2. Harjulehto and Histo [22]
considered this energy with the interpretation

/dep(x,lDul)dx :=/prdp(x,IV”uI)derIDSuI({a:O})

provided | DSu|({a > 0}) = 0. For instance they showed that it is the '-limit as ¢ — 0% of
the uniformly convex approximating energies given by ¢, (x, 1) := 1'% + a(x)%.

The purpose of the present article is to introduce a general model which covers all these
cases as well as countless variants like the perturbed variable exponent model and the Orlicz
double phase model (see [31, 32] for a list on variants with references). Generalized Orlicz
spaces, also known as Musielak—Orlicz spaces, have been widely studied recently (see, e.g.,
[10, 20, 33, 44, 45]). We consider a generalized ®-function ¢ :  x [0, co) — [0, co] which
may have linear growth at infinity at some points and superlinear growth at others. The dual
space in the linear case is L which can be seen in the restriction |w| < 1 in (1.2). This
space lacks several nice properties but it is nevertheless very concrete. However, to deal with
the general case we consider the space L?" (€2) given by the conjugate function ¢*. Now the
linearity of ¢ means that ¢* is not doubling; in fact, it is not even finite. Consequently, we can
neither use the theory of doubling ®-functions, nor the concreteness of the space L>°(2).
Fortunately, the theory of non-doubling variable exponent and generalized Orlicz spaces has
been developed in [15, 21] and we know for instance that the maximal operator is bounded
irrespective of doubling. Nevertheless, we need new types of approximation estimates that
handle the transition between the L!-, L?- and L°-regimes without extra constants which
can ruin an argument in the non-doubling case. These techniques require subtly stronger
assumptions on ¢, as the usual (A1) does not suffice (see Example 4.3).

Duality is a commonly used strategy in BV-spaces and image restoration. We use it to
define appropriate norms V,, and modulars gy, and study their properties in Sect. 4. To our
knowledge, this is the first time that the duality approach has been used to define a modular
in a Sobolev-type space. In Sect. 5, we consider approximation with respect to V,, and the
new space BVY¥(Q2) which generalizes BV (£2). The main result (Theorem 6.4) provides the
formula

oV () = 0, (17°ul) + / ol dID*ul
Q

for the modular in terms of the recession function ¢. : € — [0, co] defined by

@l (x) := lim sup ol 1) .
t—00 t

To see that our recession function depends on x and so acts as an unbounded weight on the
singular part of the function consider the example ¢(x, t) := t?*) where ¢/, = 1 in the set
{p = 1} and ¢/, = oo elsewhere. This also shows that the continuity of ¢ does not ensure
the continuity of ‘Péo- Furthermore, this makes the non-autonomous case much more difficult
than the autonomous case, where the space BV reduces to classical BV- or Sobolev spaces
(see Corollary 6.5).

Using this formula we conclude the paper in Sect. 7 by showing the I'-convergence of
regularized functionals from [16] to gy ,. We start with background (Sect. 2) and auxiliary
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results (Sect. 3). A critical tool of independent interest is the Young convolution inequality
with asymptotically sharp constants (Corollary 3.4).

2 Background
2.1 Notation and terminology

Throughout the paper we always consider a bounded domain 2 C R”, i.e. an open and
connected set. By p’ := % we denote the Holder conjugate exponent of p € [1, co]. The
notation f < g means that there exists a constant ¢ > 0 such that f < cg. The notation
f ~ g means that f < g < f whereas f >~ g means that f(¢/c) < g(t) < f(ct) for
some constant ¢ > 1. By ¢ we denote a generic constant whose value may change between
appearances. A function f is almost increasing (more precisely, L-almost increasing) if there
exists L > 1suchthat f(s) < Lf(¢) forall s < . Almost decreasing is defined analogously.
By increasing we mean that the inequality holds for L = 1 (some call this non-decreasing),
similarly for decreasing.

Consider a function || - || : X — [0, co] on a real vector space X and the following
conditions:

(N1) ||f]l = 0 implies that f = 0.
(N2) llafll = lall| f|| forall f € X anda € R;
IN3) If+gl <IfIl+lglforall f,g e X.
(N3) IIf +el SIfI+ gl forall f, g€ X.

We use the following terminology for || - ||:

(NT) (N2) (N3) (N3
Quasi-seminorm v v
Seminorm v v
Quasinorm v v v
Norm v v v

2.2 Generalized Orlicz spaces

We first define types of modulars that generate our spaces. Note that our terminology differs
from Musielak [39]. Our justification is the following: a quasi-semimodular generates a
quasi-seminorm, a semimodular generates a seminorm, etc.

Definition 2.1 Let X be a real vector space. A function ¢ : X — [0, co] is called a quasi-
semimodular on X if:

(1) o(0x) =0;

(2) the function A — o(Ax) is increasing on [0, co) for every x € X;

3) o(—x) = o(x) forevery x € X;

(4) there exists 8 € (0, 1] such that p(B(ax + (1 — @)y)) < ap(x) + (1 — a)o(y) for
every x, y € X and every « € [0, 1].
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If (4) holds with B = 1, then o is a semimodular. A (quasi-)semimodular is called a
(quasi)modular provided o(x) = 0 if and only if x = Ox.

Definition 2.2 If o is a quasi-semimodular in X, then the modular space X, := {x € X |
lx]lo < oo} is defined by the quasi-seminorm

Ix 1o ::inf{x > O‘QG) < 1}.

The next definitions are from [21]. Our previous works were based on conditions defined
for almost every point x € €2. In this article we also use singular measures, so the assumptions
are adjusted to hold for every point, following [30]. We denote by L°(£2) the set of measurable
functions in €2.

Definition 2.3 We say that ¢ : Q x [0,00) — [0, o0] is a weak ®-function, and write
¢ € (), if the following conditions hold for every x € Q:

@(-, | f]) is measurable for every f € LO(R).

t — @(x, t) is increasing.

e ¢o(x,0) = lim ¢(x,t) =0and lim ¢(x,t) = oco.
t—0t —00

° @ is L-almost increasing on (0, co) with constant L independent of x.

If ¢ € ®,(€2) is additionally convex and left-continuous with respect to ¢ for every x € €,
then ¢ is a convex ®-function and we write ¢ € ®.(€2). If ¢ does not depend on x, then we
omit the set and write ¢ € ®y, or ¢ € .

Since the range of ¢ is [0, oo], convexity can be defined as usual by the inequality
p(x, 0t + (1 =0)s) < Op(x, 1) + (1 —0)p(x,s)

including the case oo < 00. As we deal with conjugates of linear growth at infinity, it is
crucial that we allow extended real-valued ®-functions. Chlebicka, Gwiazda and colleagues
(e.g. [7, 10]) have considered the case of non-doubling N-functions; however, this is not
sufficient here since N-functions exclude L'- and L>°-spaces which are needed.

Definition 2.4 Let ¢ € ®(2) and g, (f) 1= / o(x,|fl)dx forall f e L9(). The set
Q

LY(Q) = (L%(R)),, = {f € L) | 0p(Af) < 00 for some A > 0}

with quasinorm given by || flly := |1 f o, is called a generalized Orlicz space. We use the
abbreviation [[v], = H [v] H(p for vector-valued functions.

We observe that ||- ||, is aquasinormin LY (Q2) if ¢ € ®(£2),andanormifg € ®(2)[21,
Lemma 3.2.2]. We define two Sobolev spaces; the space L1-¢ is sometimes denoted by V! L?,
indicating the that first variation Vu belongs to L¥. Note that wheQ) = LL29(Q)NLY ().

Definition 2.5 Let ¢ € @, (). A function u € W!(Q) belongs to the Sobolev space
Whe(Q) if |ul, [Vu| € L?(2) and to the Sobolev space LV?(Q) if |Vu| € L?(2). The
spaces are equipped with the (quasi)norms

lullwie@) = llully +IVully and |ullpreq) = lullpiq) + IVullLe@)-
When ¢ in a sub- or superscript is replaced by a real number (e.g., L7 or 05), this is an

abbreviation for the ®-function ¢(x, 1) = t”.
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3 Auxiliary results
3.1 Regularity conditions for harmonic analysis and PDE

We say that w : [0, 00) — [0, 0o] is a modulus on continuity if it is increasing and w (0) =
lim;_, g+ w(t) = 0. Note that we do not require concavity and allow extended real values.
For ¢ : Q x [0, 00) — [0, 00) and p, g > O we define some conditions:

(A0) There exists B € (0, 1] such that ¢(x, ) < 1 < ¢(x, %) for every x € Q.
(A1) Forevery K > 0 there exists 8 € (0, 1] such that, for every x, y € €,

K
p(x, Bt) < @(y, 1) +1 when ¢(y, 1) € [0’ Ix _y|n]'

(VA1) Forevery K > O there exists amodulus of continuity w such that, forevery x, y € €,

K
p(x, m) <o) +o(x —yl) when ¢(y, 7)€ |:0, m]

% is L p-almost increasing in (0, oo) for

(alnc), There exists L, > 1 such that t —
every x € Q.
(aDec), There exists L, > 1 such that r 200 g I, -almost decreasing in (0, 00) for
q q q g

19
every x € Q.

We say that (alnc) holds if (alnc),, holds for some p > 1, and similarly for (aDec).

If o € ®yW(RQ), then (-, 1) &~ 1 implies (A0), and if ¢ satisfies (aDec), then (AO)
and ¢(-, 1) ~ 1 are equivalent. For instance, ¢(x,?) = t? always satisfies (A0), since
¢(x,1) = 1. Assumption (Al) is an almost continuity condition; in the variable exponent
case @(x, 1) 1= tPW) it corresponds to log-Hélder continuity of L 21, Proposition 7.1.2].
Finally, (alnc) and (aDec) are quantitative versions of the V; and A; conditions and measure
lower and upper growth rates.

Note that the definition of (A1) differs slightly from [21, 28], where it is assumed that

1
o(x, Bt) < ¢(y,t) when ¢(y,t) € |:1, ﬁ}

and x and y belong to the ball B. If ¢ satisfies (A0), then this is equivalent to

o(x,Bt) < e(y,t)+1 when ¢(y,t) € |:0, %]

and if ¢ satisfies (aDec), then we can equivalently add in the K, as well, see [29, 32].

The “vanishing (A1)” condition (VA1) is a continuity condition for ¢ which was introduced
to prove maximal regularity of minimizers [31]. In the variable exponent case it corresponds
to vanishing log-Holder continuity. We need the following weaker version of (VA1) where
at least one of the points has to belong to the set {¢,, < oo} defined using the recession
function:

Definition 3.1 We say that ¢ € ®,,(R2) satisfies restricted (VA1) if it satisfies (A1) and for
every K > 0 there exists a modulus of continuity w such that

K
9 Trammn) S 90n 0 +olx —y) when ¢(y,1) € [0’ lx — yl”}

for every x, y € Q with ¢/ (x) < oo or ¢/ (y) < 00.
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In [26, Sect. 3], it was shown that log-Holder continuity in the variable exponent case
was not sufficient for BV-type spaces and a strong log-Holder continuity condition was
introduced. As mentioned above, ¢(x, t) = ™) satisfies (A1) if and only if Lis log-Holder
continuous. We now prove a corresponding connection between restricted (VA1) and strong
log-Holder continuity. For simplicity, only the case of finite exponents is considered.

Proposition 3.2 Let ¢(x, t) := 1P be a variable exponent energy with p = Q — [1, c0).
Then restricted (VA1) is equivalent to the strong log-Holder continuity of % i.e. log-Holder
continuity with

lim [1 - 555

log [ V‘ =0
uniformly iny € {p = 1}.

Proof The connection between log-Holder continuity and (A1) was established in [21, Propo-

sition 7.1.2], so it only remains to consider the vanishing log-Holder continuity around the

set {p = 1}. Suppose that p(y) = 1 or, equivalently, ¢/ (y) < co. Then ¢(y,1) = ' =1

First we assume restricted (VA1) with K = 1 and modulus of continuity @. Choosing
= |x — y|™" > 1 and denoting r := |x — y|, we have

(t55)"" = 0. 5567) < @00 + o) < (1 + o).

Taking the logarithm of the equivalent inequality 7™ =1 < (1 + w(r))?®H! | we find that

1= 5t [ log sy < SRS log(1 + (1) < 3 log(1 + w(r)) — 0

as r — O7. Thus p is strongly log-Holder continuous.
Assume conversely that p is strongly log-Holder continuous so that

0p(r) = sup 1——|log =2 — 0
’ ye(p=1}, x€B(y) ’ p(")| [x—yl

as r — 07 To establish the restricted (VA1)-condition when p(y) = 1, it is enough that
PO <1+ o).

The inequality is trivial if # € [0, 1]. So let # > 1. The left-hand side is increasing in ¢ so the

worst case is when t = ﬁ and we can choose w based on the estimate
wp(r) log K+n log }
1 log K-+nlog 7
1 1 < (fn) el _ | =, loef @p(r) — 1 < eUogK+m0p () _ 1 —: ()
r
when r < -. The strong log-Holder continuity ensures that this tends to zero when x — y.

On the other hand, if p(x) = 1 in the (VA1)-condition, then we need

t

< t tp(‘)
1+ o) +o),

which holds since sup,5o(1 — 7)) = p(N ™" (p(y) = D < 1 = 55 < @, (1) < 0 ()
for all small r > 0. O
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3.2 Inequalities with sharp constants

Analogues of Jensen’s inequality [21, Theorem 4.3.2] and Young’s convolution inequality
[21, Lemma 4.4.6] are known in the generalized Orlicz space under the (A1) assumption,
but only with constants 8 < 1. Here we show that the (VA1) assumption lets us choose the
constant 8 — 17 at the price of restricting to a small ball. The next result is an improvement
of [30, Theorem 2.3]. Note that we do not assume (aDec). This makes the proof more difficult
but is critical to the application in this article.

Theorem 3.3 (Jensen’s inequality) If ¢ € () satisfies (VA1) and p is a probability
measure in the ball B = B, with |B| ||ﬁ||oo =:m < o0, then

_ 1
(10 fyg 1140 < [ s 00

where w be the modulus of continuity from (VA1) with K := moy(f) +2 and r > 0 is so
small that w(r) < IBI

Proof We define 7y := meQ | fldu. By [21, Lemma 4.3.1], there exists 8 > 0 such that

wE(ﬂ/ Ifldu></ o(x, f)dp.
BN BN

If t9 = oo, this implies that the right-hand side of the claim is infinite so there is nothing to
prove. Thus we may assume that #y < oco.
Denote by ¢’ the left-continuous function, increasing in s, with

1
go(x,t):/ ¢ (x,s)ds.
0

Such a function exists since ¢ is convex in the second variable. Fix xo € B with

1 / 1 nN— 1
o ? (%0, T 10) < @5 (e )

and assume 8 < 1+ ) is so small that ¢ (xp, Bty) < |B|.
We define i € @ by

t
i) = /0 ¢/ (xo, min(s. Bio}) ds:

Y is convex since v’ is increasing. Furthermore, ¥ (8t) = ¢(xq, Bt) if t < f9. Whent < 1o
we consider two cases to show that

Y (B1) < o(x, 1) + o)
forx € B:ifp(x, t) < |B| this follows from (VA1) and otherwise it follows from ¢ (xg, 8t) <
% < ¢(x,t). When t > ty we estimate

Y (Bt) = Y (Bto) + Bt — 10)¢' (x0, Bto) < @(x, 10) + (1) + (t — 10)(¢) 5 (t0)
< p(x, 1) + o (r) + (t — 10)¢(x, 10) < ¢(x, 1) + @(1),

where we also used the convexity of ¢ in the last step.
It follows from Jensen’s inequality for v that

w(xo,ﬂro)=w(ﬂ/ Ifldu> </ w<ﬂ|f|)du<f o, 1 fD i + ().
BN BN BN
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This is the claim once we show that we can choose 8 = Since the integral on

1
I+w(r)”

the right-hand side can be estimated by %Q(p( f) = %‘f and w(r) < ﬁ, the inequality
gives p(xg, Bto) < KT_‘l. To summarize, we have shown that ¢(xg, Bfy) < % implies

¢(xo, o) < K5l
We next investigate how large we can make 8. Consider the set

© = {0 € 0. 1] p(x0. zi50) < &

Since @(xg,t) — 0 when t — 07, the set is non-empty. If §; € ® with 6 6, then
the left-continuity of ¢(xo, -) implies that 6y € ®. If sup® = 1, then this means that the
previous Jensen inequality holds for § = W and the claim is proved. Suppose then that
B :=sup ® € (0, 1). For 8y < 0, this implies that

% K-1 K 0
‘/’(XO, 1+T(r)t0) S T <7 < ‘/’(XO, H-T(r)to)'

Since ¢(xp, -) is convex, such discontinuity is only possible if the right-hand side equals
infinity for every 6 > 6. If ¢ (xo, 1+#(r)to) = 00, then
00 = ¢'(x0, Tmg710) < (1 + @)@ 5 (mg10)

by the choice of xp. It follows that ¢(x, f9) = oo for every x € B. The set A := {x €
B | |f(x)| = to} has positive u-measure since fy is the w-average of |f|. Thus also
meQ o(x,|f])du = 00, so the claim holds in the form co < oo in this case. ]

The convolution in the next result should be understood as
fEnx) = /Q FOnx —y)dy

to account for the fact that f and ¢ are only defined in Q2. Extending ¢ outside 2 while
preserving (VA1) is non-trivial, but luckily that is not needed here.

Corollary 3.4 (Young’s convolution inequality) Let ¢ € ®.(2) satisfy (VA1) and n be the
standard mollifier. Then there exists a modulus of continuity w such that

0o (T / *15) < 0p(f) + @(8)

forevery s > 0.

Proof We may assume that g, (f) < oo since otherwise there is nothing to prove. Let w be
the modulus of continuity from (VA1) with K := mg,(f) +2 and let r > 0 be so small that

(r) < 7. Thus Theorem 3.3 yields

_(1f =n,(x)]
By(m) < (oG, ) *n)(x) + o(r).
This yields
_ A 1f *n,(x)] m 1
%,( T+ o) )< B Joe P D B S BT

Thus we obtain by (VA1) that

Lf o nr (0] — (1 =00l
‘P<x’ m) < wB"(W) +o(r) < (@, f)*n)(x) + 20(r).
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We integrate this over 2 and use Fubini’s Theorem to conclude that
oo (G *1r) < / @, f) % dx +2]Q0(r) < / o, f)dx +2IQ o ().
Q Q

This gives the claim with the modulus of continuity @ (r) := max{2w (r)+w N2, 2|2 o)}
when o (r) > \317 we set @(r) := o0o. O

3.3 Associate spaces and conjugate modulars

The associate space is a variant of the dual function space which works better at the end-points
p = 1and p = co. We define the associate space (L?(2)) C LO() by the norm

lullLe @)y == sup /uvdx.
lp<t /o

According to [21, Theorem 3.4.6], (L¥(R2)) = L‘/’*(Q) for ¢ € ®(2), where

©*(x, 1) := sup(st — p(x, 5)).

s2>0
The conjugate function ¢* has the following properties:

o If ¢ € ®yW(R), then p* € P(RN), so ¢* is always convex and left-continuous [21,
Lemma 2.4.1].

For p, q € (1, 00), ¢ satisfies (alnc), or (aDec), if and only if ¢* satisfies (aDec), or
(alnc),, respectively [21, Proposition 2.4.9].

Ifp € ®c(Q), then p* (x, 22 < p(x, 1) [21, p. 35] and ¢** = ¢ [15, Corollary 2.6.3].
If ¢ satisfies (AO) or (A1), then so does ¢* [21, Lemmas 3.7.6 and 4.1.7].

Every ¢ € @, can be represented as

t
(1) =/0 ¢'(r)dr.
The function ¢’ : Q x [0,00) — [0, 00) can be the left-continuous left-derivative, the

right-continuous right-derivative, or something in between. Additionally, it is known that
(1) ~ tg'(¢) if @ satisfies (aDec) [23, Lemma 3.3].

3.4 Functions of bounded variation
A function u € L' () has bounded variation, denoted u € BV(), if
V(u, Q) := sup { / udivw dx l w e Cé(Q; R™), |lw| < 1} < 00.
Q

Such functions have weak first derivatives which are Radon measures which we denote Du.
By [1, Proposition 3.6], V (u, 2) equals the total variation |Du|(€2) of the measure Du,
defined as

1Dul(A) = sup S |Du(Ar)|
UA,':AlZ
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where the supremum is taken over finite partitions of A by measurable sets A;. Furthermore,
we use the Lebesgue decomposition

Du = D%u + D’u,

where D“u is the absolutely continuous part of the derivative and D*u is the singular part.
The density of D%u is the vector valued function V?u such that

/w~dD“u=/ w-V%udx
Q Q

for all w € C§°(2; R"). The space BV has the following compactness-type property [1,
Proposition 3.13]: if sup; (||u1- 1@ +|Du; |(Q)) < 00, then there exists a subsequence and
u € BV(2) such that

ui, - win L'(Q) and |Du|(Q2) < liminf |Du;, |(S2).
J j—o00 J

We refer to [ 1] for more information about BV spaces. The next lemma shows that the equality
V(u, Q) = |Du|(R2) holds separately for the singular part.

Lemma3.5 Ifu € BV(SQ), then |D*u|(Q) = sup { / w-dDu ’ w e CHQ: R, Jw| < 1}.
Q

Proof By |Du|(2) = V (u, 2), the definition of the weak derivative and Du = D%u + D*u,
we see that

|Du|(S2) sup (/ w-dD“u—}—/ w-dDSu)
weCH (R, lw|<1 N2 Q2

< sup /w-dD“u—i— sup /w-dDSu
weL® (R, |lw|<1J/Q weL®(Q;R),|lw|<1JQ

= |Dul(Q) + |D*ul($2).

Since | D%u|(2)+|D5u|(2) = |Du|(S2) as D% and D* are mutually singular, each inequality
has to be an equality, and so the claim follows. |

4 Basic properties of dual norms and modulars

In this section we use a duality approach to define a norm and a modular. The “dual norm”
V, is related to the associate space and Holder’s inequality, whereas the “dual modular”
ov,y is related to Young’s inequality. Note that V,, is not the norm generated by ov ; their
relationship is explored in Lemma 4.7.

Definition 4.1 Let ¢ € ®(2). For u € L'(Q), we define the “dual norm”
Vo(u, Q) := Vy(u) :=sup { /Qudivwdx ’ w € Cé(Q; R™), lwllyr < 1}
and the “dual modular”
0V () = sup { /Qudivw — o*(x, |wl) dx ‘ w e Cl; R”)}.

We say that u € L?(2) belongs to BV¥ () if

lullgve := llully + Vy(u) < oo.
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The next example shows that this definition is an extension of the ordinary BV-space, in
which the norm and modular coincide. Example 4.3 shows that interesting things can happen
in the non-autonomous case, which do not appear at all when ¢ is independent of x.

Example 4.2 Let ¢(x,t) := t and consider the corresponding functions Vj and gy ;. Then
©*(x,1) = 00X(1,00)(t) s0 that gy+«(w) < oo if and only if w < 1 almost everywhere, in
which case gy« (w) = 0. Hence Vi (u) = ov,1(u) = [Dul(2) = V(u, Q).

Example 4.3 Let ¢(x,t) := %ﬂ’(") for p : R — [1,00). Then ¢*(x,1) = p,}x)t”/(x)

when p(x) > 1 and ¢*(x,1) = 00x(1,00)(t) When p(x) = 1. Consider the Heaviside
function i = x(0,00) 80 that Dh = §yg), the Dirac measure. Now

ov,o(h) = sup {w(0) — gp+(Jw]) | w € CH()}.

Since w is continuous, there exists for every ¢ € (0, w(0)) a number § > 0 such that

LA | ,
cw) = [ ——w(0) — )P W
0p (w) [“ﬂmm<)s>

Suppose first that p(x) = 1 + gz for small [x]|. Then p'(x) = % + 1 and

_ log(w(0)—¢)

W(O0) — )P = |x| T (w(0) —e).

Hence the previous integral converges if log w(0) < cjog and diverges if logw(0) > cjog
(when ¢ — 07). On the other hand, we can choose w such that 0 < w < w(0) X[—s,5]- From
this we see that infy, gy (w) = 0 when log w(0) < cjog. It follows that

QV,tp(h) = ¢flog,

In the same way we can show that gy (k) = 1if p(x) := 1 + |x|* for some & > 0. This
example shows that gy (1) depends on the behavior of the exponent in a neighborhood of
0, even though the support of the derivative is only {0}.

Remark 4.4 If o, (Jw|) = oo, then [, udivw — ¢*(x, |w|) dx = —oo since [ u div w dx
isfiniteasu € L1(Q)andw € Cé (2; R™). Testing with w = 0, we see that the supremum in
0v,y is always non-negative. Therefore test-functions w with gy« (Jw|) = oo can be omitted
and we obtain the alternative, equivalent formulation

ov,pu) = sup{/ udivw — ¢*(x, lw|) dx ‘ w e C&(Q; R"),Qw*(|w|) < oo}
Q

Note that g+ (|lw|) < oo does not follow from w € Cé (2; R™) as ¢* does not satisfy (aDec).

Remark 4.5 In our definition we use test-functions from Cé (2; R™). This corresponds to
the definition of the usual BV-space. An alternative in duality formulations (e.g. [2, 9])
is C'(Q; R"), which means that the boundary values of the function u also influence the
norm and modular. The restriction |w| < 1 carries over nicely to the boundary and leads
to a boundary term in L'(3€2). This is not the case with 0p*(lw]) < oo. It seems that an
additional boundary term for w of fractional Sobolev space-type is needed in oy , if we want
to obtain appropriate boundary values in the generalized Orlicz case. This remains a problem
for future research.
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Letw e Cé (2; R™) with |w| < 1. Since €2 is bounded and (AO) for ¢ implies (A0) for
¢*, we find that w € L () and lwllyr < cllwlleo < ¢, see Corollary 3.7.10 in [21]. By
the definition of V,,,

/ udivwdx = ||w||¢*/- udivﬁdx < lwllgx Vi (u)
Q Q ¢

and taking supremum over all such w, we obtain that V (u, 2) < ¢V, (u). Since 2 is bounded
and ¢ satisfies (A0), we have L?(Q2) — L1(Q) by [21, Corollary 3.7.9]. Thus BV¥(Q2) —
BV (2) provided ¢ satisfies (A0).

Lemma 4.6 If ¢ € ©,,(2), then V,, is a seminorm and || - ||[gyv is a quasinorm in BV?(Q).
Moreover, if ¢ € (), then || - ||gvy is a norm.

Proof The homogeneity property V,,(au) = |a|V,(u) is clear. Let us show that V,, satisfies
the triangle inequality. If u, v € L' (), then

/(u—i—v)divwdx:/ udivwdx—i—/ vdivwdx < Vy(u) + Vy(v)
Q Q Q

forw € Cé(Q; R") with ||lwll,« < 1. By taking the supremum over such w we have
Vo +v) < Vy(u) + Vy(v).

Note that || - ||, is a quasinorm if ¢ € ®(£2), and a norm if ¢ € ®(£2). Combining these
two results, we obtain the (quasi)triangle inequality for the sum that is || - [gye(q). These
properties also imply that BV¥(Q) is a vector space. O

In [24] we showed that gy , defines a seminorm and so with the Luxenburg method
(Definition 2.2) we obtain a norm || - |lo, ,. We next show that this seminorm is comparable
to V.

Lemmad.7 Ifp € ®,,(Q) and u € BVY(R2), then
lulloy, < Vo) < 2lullgy,,-

Proof. If V,(u) = 0, then Qv,w(%) = 0 for every A > 0 so that |[ull,, = 0. The case
V(1) = oo is excluded by the assumption u € BV?(£2). Since the claim is homogeneous,
the case V,,(u) € (0, 0o) reduces to V,(u) = 1. By the definition of V,, it then follows that

/Qudivwdx < Vo) lwllgr = [wllgr < 14 g+ (Iw));
the last step is a general property of the Luxemburg norm, see [15, Corollary 2.1.15]. Thus

ov,e() < sup (14 0g+(lw]) — gg+(lw)) = 1,
weCH(QiR"), 0% (|w]) <00

and so ||lullo, , < 1. This concludes the proof of the first inequality.

We next establish the opposite inequality 2||u/l o, , =L which s equivalent to Qv,(p(%) >
1 for every A < 1. Since gy+ (Jw|) < 1 when [|w]ly+ < 1, we conclude that

ev,¢<27")>sup{f 2 iy — g (x, |w]) dx wecs(sz;R"xuwnwgl}
Q

> 2V, — 1> 1. O
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The following result is the counterpart of Theorem 5.2 in [17], see also Theorem 1.9 in
[19].

Lemma 4.8 (Weak lower semicontinuity) Let ¢ € ®,,(2), u, uy € LI(Q) with up—u in
LY(Q). Then

Vo(u) < 11m1anW(uk) and vy, o(u) < hmlnfgv(p(uk)

Proof If w € Cé (92; R™), then divw € L*($2) and weak convergence in L!(2) with
lwllex < 1 give

/udivwdx: lim /ukdlvwdx llmme (ug).
Q Q

k— 00

The first inequality of the claim follows by taking the supremum over all such w. Subtracting
0¢*(lw]) < oo from both sides of the equality similarly gives the second inequality. |

5 Approximation properties of the dual norm

In this section we prove a compactness-type property of BV¥ and estimate the V,,-norm of
WIL’Cl -functions by ||Vul|,. We first connect the norm V,, with the associate space (L"Y-
norm of the gradient. One crucial difference between these norms is that in the associate space
norm we test with functions in L¢" whereas in V,, the test functions are smooth. Thus some
approximation is needed, but we cannot use density in L¢" (€2) since ¢* is not, in general,
doubling. We start with a property of lower semicontinuous functions. Although the result is
known, we did not find a reference for these exact properties of the approximating functions,
so we provide a proof for completeness.

Lemma5.1 Let f : Q — [0, oo] be lower semicontinuous. Then there exist functions w; €
Cl(Q) with 0 < w; < f and w; — f.

Proof We first define
00 .
ﬁ = Z 2_l X{f>2_i/<]'
k=1

If f(x) € 27k, 27 (k + D], then fikx) =27 k. Hence 0 < fi<f andf, /" f. Thus it
suffices to approximate f; and use a dlagonal argument. Slnce {f > 27k} is open, we can
find non-negative functions w "e C0 ({f > 277k}) with w oA X{f>2-ik) s J — 00. Set

= ZZfiwl;’i.

k=1

Since each sum is finite, w; € Cé (€2). Furthermore, w; /" fias j — oo. O

In Theorem 5.2(1) we assume that COl (Q; R") is dense in L® (Q; R"). If @* satisfies
(A0) and (aDec), then this holds by [21, Theorem 3.7.15]. Furthermore, ¢* satisfies these
conditions if and only if ¢ satisfies (A0) and (alnc). In other words, this is exactly the opposite
of the linear growth case that we are interested in. However, in this case we can give an exact
formula for the variation V), in terms of the norm of the associate space.
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The case when ¢* does not satisfy (aDec) is more interesting and involves the technical
difficulties that we expect with BV-type spaces. Now we need to approximate not the test
function but the function itself so the regularity of ¢ matters.

Theorem 5.2 Let ¢ € ®,,(2) and u € Wy, (). Then Vy(u) < [Vl 0% -
(1) IfCé (Q; R") is dense in L¥" (S; R™), then Vo(u) = ||VM||(L¢*(Q))/.
(2) If ¢ satisfies (A0), (Al) and (aDec), then Vy(u) =~ ||Vuly.

Proof Since u € W]L’Cl (£2), it follows from the definition of V,, and integration by parts that

Vo (u) = sup {/ Vu - wdx ‘ w e C&(Q; R"), lwllyx < 1}. 5.3)
Q

The definition of the associate space norm implies that

/;ZVM cwdx < /;2 [Vul |lw|dx < ”V””(Lw*(g))/||w||Lw*(Q)-

Taking the supremum over w € C(%(Q; R™) with [Jw][; o= @ S 1, we conclude that V,, (1) <

”VMH(LW*(Q))"
Under assumption (1), we next show the opposite inequality, ||Vu||( Lo @)y S Vo).

Let w € L‘/’*(Q; R") with [Jw|lox = 1 and let (w;) be a sequence from COI(Q; R™) with
w; — win L ($2; R") and pointwise a.e. Since also w; /||lwj|lo« — win L (S R™), we
may assume that [|w;||,+ = 1. By Fatou’s Lemma,

liminf/ Vu~wjdx>/Vu-wdx,
Q

Jj—00 Q

so it follows from (5.3) that
Vo) > sup{/ Vu-wdx ’ we LY (4 RY), lwllex < 1}.
Q

Leth € LY (2). We set w := %h if [Vu| # 0 and 0 otherwise. This gives

V, () > sup { /Q |Vulhdx ‘h € LY (Q), |hlly < 1} = Vull 10" g2y -

Hence V,(u) = || Vu II(L',,* @) and the proof of (1) is complete.
Then we prove (2). Fix h € Cé (2). Since wg 5 := (%) * s is bounded and converges

to % inL'anda.e.as§ — 0T, itfollows by L'-convergence and dominated convergence

with majorant |Vu| |h| that

\v4 2
lim lim Vu - (wg,sh)dx = lim i hdx = / |Vulhdx.
e—~>0t 5§01 Jq e—0t Jo |Vu| +¢ Q

Since wg sh € Cé (£2; R™), this and (5.3) imply that
Vo (u) = sup { /Q |Vu|hdx‘h € C(])(SZ), Al < 1}.

Let g € L () with lligllyx < 1. Since ¢* satisfies (A0), (A1) and (alnc), the Hardy—
Littlewood maximal operator M is bounded in LY (€2), with some constant c¢y; > 0 [28].
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The function g := zcvle e L?(Q) is lower semi-continuous, lgllgx < 1and g > %.
By Lemma 5.1, we can find h; € C&(Q) with h; — g and 0 < h; < g. By dominated

convergence, with |Vu| g as a majorant, we find that

1
Vo(u) > lim / |Vul| h; dx :/ [Vul|gdx > —/ |Vu|gdx.
i—oo Jo Q M JQ
Since g is arbitrary, this implies that

1 . IVal o
Vy(u) > — sup {f [Vulgdx|g € L (@), gl < 1} =L@
™M Q ™M

By Theorem 3.4.6 and Proposition 2.4.5 of [21], ||Vu||(m* @y = IVullg, so the proof of
(2) is complete. m|

The next lemma is the counterpart of [17, Theorem 5.3] and [19, Theorem 1.17], albeit
with an extra constant c,. The extra constant is expected, since we assume only (A1), cf.
Example 4.3 and Proposition 7.1.

Lemma 5.4 (Approximation by smooth functions) Assume that ¢ € ®,,(2) satisfies (A0),
(A1) and (aDec). Then there exists ¢, > 1 such that for every u € L¥(Q2) we can find
ur € C*(Q) with

ur = uin L(Q) and Vy(u) < lim Vi (up) < cpVy(u).
k—00

If additionally u € WLP(Q) oru € LP(Q), p € [1, 00), then the sequence can be chosen
with uy — u in WHP(Q) or LP(2) as well.

Proof For k € Z., we define

1
Uy = eQ‘d't 00 ,
X {x ist(x )>m—|—k}

where m > 0 is chosen such that U; is non-empty. Set V| := U, and Vj := Ui41\Ui_1 for
k > 2. Let (&) be a partition of unity subordinate to (Vj), i.e. & € Cgo(Vk), 0<& <1
and ) 2, & = lforall x € Q.

Let e > 0 and let  be the standard mollifier. Choose ¢, € (0, &) so small that supp (7, *
(uée)) C Vi,

£
ey &i) —uklly < 5 and g * @VE) —uVrl, <

the last conditions are possible by (A0), (A1) and (aDec) since u € L¥(2) and &, |V&| €
L*(2) [21, Theorem 4.4.7]. Let us define

&

SINCE)

[\S)

o.¢]
e =y ey * (up).
k=1
In a neighborhood of each point there are at most three non-zero terms in the sum, hence
u, € C*(Q).
Since || - ||, is equivalent to a norm, it satisfies a countable quasitriangle inequality [21,
Corollary 3.2.5]. Using u = Y ;.| &u and (5.5) with this inequality, we find that

&

oo o.¢]
IS D ey () —uilly < 3 op =e.
k=1 k=1

liee = lly < | D2y * () — a0
k=1
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Thus u, — u in L¥(2) and so Lemma 4.8 yields

Vo) < ]1m mf Vi (ue).

If we assume u € LP(R2) or |Vu| € LP(R2), then we can add to (5.5) also the requirement

S5 or e (Vugo) = Vs, < 3¢
and estimate in the same way |u; — ull, < € or |[Vu, — Vul|, < &. Thus also u; — u in
LP(2) or WhP(Q), as claimed.

Fix w € C(]) (€2; R") with [|w]ly+ < 1. Since w has a compact support in €2, only finitely
many of the terms (., * (u&))divw are non-zero. Thus the sums below are really finite
and can be interchanged with integrals and derivatives. Using the definition of u., Fubini’s
Theorem in the convolution, the product rule and ) po; V& = VY 72 & = V1 = 0, we
conclude that

17, * (uék) — ubkllp <

/ ugdivwdx = Z/ (Mg, * (&r))divwdx = Z/ (uéx) div(ng, * w) dx
& k=17 k=17

= Z/ u div (&g (1, * w)) dx — Z/ UVE - (e, * w) dx
k=17 k=17

=Y [ wdivietn swndx =3 [ w- (x @)~ uTE) d.
k=17 k=17

=:1 =11
For 11 we obtain by Holder’s inequality and (5.5) that

o0

Vs —uVE], <> 5

ok T
k=1 k=1 2

As Z,fozl Ek(ng, xw) € Cé (£2; R™) is a viable test function (up to a constant), we obtain that

o0 oo
|I|:‘/udiv(2$knak*w>dx kaﬂak*w
& k=1 k=1

S Vo)M=

< V(p ()

(ﬂ*

Since ¢* satisfies (A0), (A1) and (alnc), maximal operator M is bounded in L“’*(Q) [28].
So the estimates for / and /1 give

‘/ ugdivwdx’ S Vo(u) +&.
Q

Hence V,(u;) S Vy(u) +& — Vy(u) ase — 0T. By choosing a subsequence we ensure
that limy Vi, (uy) exists. m|

A bounded domain Q2 C R” is a John domain if there exist constants 0 < o < 8 < o©
and a point xg € 2 such that each point x € 2 can be joined to xo by a rectifiable curve
y 10, £,] — K parametrized by arc length with y (0) = x, y (¢,) = xo, £, < B, and

1 < Bdist(y(1), 92) forall 7€ 10,¢,1.
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Examples of John domains include convex domains and domains with Lipschitz boundary,
but also some domains with fractal boundaries such as the von Koch snowflake. The next
compactness-type result is the counterpart of Theorem 5.5 in [17], see also Theorem 1.19 in
[19].

Theorem 5.6 Let @ C R” be a bounded John domain and ¢ € ®,,(Q2) satisfy (A0), (Al)
and (aDec). If (ux) is a sequence in BVY(2) with supy, |lu|lpve < oo, then there exists
a subsequence (uk].) and u € BV?(Q) such that Ug, — uin LY () and |lullgye <
liminf [Ju; [|Bve.

Proof By Lemma 5.4, we may choose functions vy € C*°(2) N BV?(2) such that

lug — velly <+ and sup Vo (vg) < 0.

Theorem 5.2(2) for vy € C*°(2) yields that sup, [|Vvill, < 00, so the sequence is bounded
in WL9(Q). Since  is a John domain, the compact embedding Whe(Q) <> L?(Q) holds
[21, 24], and thus (vg) has a subsequence (vx;) converging to some u in L¥(£2). Therefore
lok; — vk, llp < % implies that also uy; — u in L?(2) and, by Lemma 4.8, u € BV¥(Q2).

O

6 Explicit expression for the dual modular

In this section we derive a formula for the “dual modular” gy , from Definition 4.1 in terms
of g, of the derivative’s absolutely continuous part and the singular part with weight given
by the recession function

p(x, 1)

—

@5, (x) = lim sup
=00

Throughout this section, we assume that ¢ € ®.(£2). Then t — @ is increasing and the
limit superior is a limit. Moreover, if the derivative of ¢ with respect to ¢ exists, then it is
increasing by convexity, so lim;_,« ¢'(-, ¢) exists and equals ¢/ by I'Hopital’s rule. The
following lemma illustrates the significance of ¢/ .

In [26, Sect. 3 and Example A.1] it was shown that log-Holder continuity is not suffi-
cient when working in BV?®). Similarly, the (A1) condition (corresponding to log-Holder
continuity) is not sufficient in the next results in view of Example 4.3. Instead, we use the
restricted (VA1) which corresponds to strong log-Holder continuity (Proposition 3.2). Note
that here we need the inequality at every point, since we will use the estimate with the singular
measure D*u.

Lemma6.1 Let ¢ € () satisfy restricted (VAL). If w € C(2) with gy (w) < 00, then
lw| < ¢k

Proof We assume that w > 0 to simplify notation. Suppose to the contrary that w(xg) >
(péo (x0) for some point xo € 2. Since ¢ is convex, t — M is increasing and M <
@4 (xp) for every t > 0. Now ¢/ (xo) < oo and @(xo,1) < @), (x0)t give ¢*(xg,s) >
00X (g1, (x0),00) (5) and @*(x0, w(xp)) = oo. From this and g,+(w) < oo it follows that
w < @l almost everywhere. However, ¢/ need not be continuous, so we cannot directly
conclude that the inequality holds everywhere.
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Let w be from (VA1) for K := 1. Choose ro > 0 and 8 := m
ﬂ3w(x0) < ,82w(x) forevery x € B(xg, ro). Note that ¢*(xo, ,33w(x0)) = ooand p(xp, 1) <
@ho(x0)t < ﬂzw(x)t for all + > 0. Since ¢(xg, -) is finite and convex, it is continuous and
we can find #, with ¢(xg, ) = |x — xo|~". By restricted (VA1),

such that ¢/ (xp) <

o(x, Bto) < 9(xo, 1) + @(r0) = @(xo, 1) + 5 — 1 < BPw(0)i + 5.
By the definition of ¢* and the previous inequalities, we obtain that
¢ (x, w(x) 2 Brow(®) — ¢(x, Br) > (1 = w0t — > oo, 1) — 4.

Since ¢(xg, ty) = |x — xo|™", we conclude that
/‘P*(x,w)a’yZ/ lx — xo| " dy — ¢ = c0.
Q B(x0,r0)

This contradicts the assumption gy (w) < oo and thus the counter-assumption w(xp) >
@4 (x0) was incorrect and the claim is proved. |

We define
TY = {w e CH(L R | 0+ (Iw]) < 00}.

Then the usual test function space of BV is T! since Oc(Jw|) < coifandonlyif |w| < 1a.e.
In the next propositions we first consider the singular and absolutely continuous parts of the
derivative separately. Then we combine them to handle the whole function in Theorem 6.4.

Proposition 6.2 Ler ¢ € ©.(2) satisfy (A0), (aDec) and restricted (VA1). If u € BV(Q),

then
sup / w~dDSu=/<p’ood|Dsu|.
weT? JQ Q

Proof By the definition of the total variation of a measure and Lemma 6.1,

sup/w.stug sup / |w|d|DSu|</(péod|Dsu|.
weTe JQ weTe JQ Q

For the opposite inequality, we define iy : Q@ — [0, oo] by

k
he@) = lim  inf 20K
r—0t yeB(x,r) k

Then Ay is lower semicontinuous with /1, < @ < L. From the first inequality it follows

that @™ (-, hy) < @(-, k) 50 04+ (hi) < 0y(k) < o0 since ¢ satisfies (A0) and (aDec) and
is bounded. Let us show that iy — .. If ¢/ (x) = oo, then since @7 (k) < oo we can use
(A1) in all sufficiently small balls to conclude that

hp(x) = lim  inf — Bl (x) = 00

r—0%t yeB(x,r) k

as k — o0o. If ¢ (x) < oo, then we use the same inequality but now with 8 := from

1
T+ ()
the restricted (VA1) condition; we obtain the desired convergence as f§ — 17.

Note that Ay is increasing in k since ¢ is convex. It follows by monotone convergence that

/(péod|Dsu|: lim /hkdIDSul.
Q k—o00 Jq
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Let ¢ > 0 and assume fQ @, d|D*u| < co. We can find h = hy and K > O such that

K2
/¢god|DSu|</hd|Dsu|+e<Z/ %X{h>%}d|Dsu|+25
Q Q ; Q

j=1

K2

= #IDu|({h > £}) + 2.

j=1

Since A is lower semicontinuous, {2 > %} is open, and hence by Lemma 3.5 we can choose
wj € Cy({h > £} R™) with |w;| < 1 such that

K2 K?
3 1
/<p;od|Déu|<Z—f . wj-dD5u+38:/ <Z%wj>-deu+38.
Q — K Ju=4%) e\
Jj= Jj=
e ——’
=W
Note that w, € Cé(Q; R"™) and
K2 K?
1
|we | gZ;K'wj Z h>K} <
]: :

so that gy« (|we|) < oo. Therefore w, € T% and

/goéod|DSu|</ we -dD°u + 3¢ < sup / w-dD%u + 3e.
Q Q Q

weT?
The upper bound follows from this as ¢ — 0T. If [, ¢/ d|Du| = oo, then a similar
argument gives é < Sup,,ere fQ w - d D%u and the claim again follows. |

In the next result we assume that ¢ is continuous in both variables. Removing this some-
what unusual requirement is an open problem. Similar to the case of V,, in Theorem 5.2(2),
the approximation is made much more difficult by the fact that ¢* is not doubling.

Proposition 6.3 Let ¢ € ®.(2) N C(2 x [0, 00)) satisfy (AO) and (aDec). If u € BV(RQ),
then

sup / Véu - w — @*(x, |w|) dx = 0,(|Vul).
Q

weT?
Proof The upper bound follows directly from Young’s inequality:
sup / Véu - w — o*(x, lw])dx < / o(x, |Veul)dx.
weT? JQ Q

For the lower bound we make several reductions. Choose g; € C(€2; R") N LY(£2; R") with
gi — V% pointwise a.e and in L' (£2; R"). Then Fatou’s Lemma and L'-convergence yield

/<p(x,|V“u|)dx<liminf/<p(x,|g,~|)dx and lim/g,--wdx:fvau'wdx
Q i—-oo Jo i—oo Jo Q

when w € T¥. Thus it suffices to show that

/Qw(x, lgh) dx < sup /Qg-w—cp*(x,lwl)dx

weT?

@ Springer



Bounded variation spaces with generalized Orlicz growth... Page210f28 26

forg € C(Q; R")NL?(2; R™). Furthermore, replacing w by %\gﬂ |w| andlettinge — 07, we
see that g - %Ig\'w — |g| lw| pointwise. Thus by monotone convergence the vector-values
of g and w are irrelevant and we need only show that

/¢(x,|g|)dx< sup flgwl—fp*(x,lwl)dx
2 weCl () /¢

for g € C(2) N L?(L2). We also exclude test-functions with g+ (w) = oo by Remark 4.4.

Let ¢’ be the left-derivative of ¢ with respect to the second variable. Then ¢’ is left-
continuous and ¢(x, s) > ¢(x, so) + ¢ (x, 50) (s — so) by convexity. We would like to choose
w := ¢(x, |g|) in the previous supremum. However, this function is not in general smooth
and we cannot use regular approximation by smooth functions since ¢* is not doubling.
Instead we define

mwxr=f o Cr, max(z, DG (t — ) dt = @ # Co(x, 1),

where ¢, is a mollifier in R with support in [0, €]. Since ¢ and ¢’ are increasing in the second
variable and left-continuous, we see that ¥, /' ¢ and ¥, 7 ¢’ as ¢ — 0. Furthermore,
Y. = @ * (£]) is continuous in x since ¢ is and it continuous in 7 as a convolution with a
smooth function. Let v; € Co(2) with 0 < v; < 1 and v; /' 1. By uniform continuity in
suppv;, we can choose § = 8, ; > 0 such that ¥/ (x, [g(x)| v; (x)) —& < YL (v, [gM)|vi(y))
for all x € B(y, 8) and y € Q. Then

we,i 1= max{y; (-, |glv;) — &, 0} e M5 < YL, gD < @'CgD.
Now we; — ¢'(-, |gl]), so we conclude by Fatou’s Lemma that
/ lgle’(x, |g) dx < liminf / |gwe,i| dx.
Q i—00,6—0 Jo
Since ¢ satisfies (A0) and (aDec), we see that

@*(x, lwe i) < @™ (x, ¢ (x, [g]) < Igl@’(x, 1) S @(x, Ig]).

As g € L?(Q) and ¢ satisfies (aDec), g,(g) < o0o. Thus dominated convergence with
majorant co(-, g) yields

fwmdeWM:lm /wmmmmL
Q i—00,e—0 Jo

Since w, is a valid test-function and ¢’ (-, |g|) < oo a.e., this together with “Young’s equality”
[40, Lemma 1.7.3(i)] implies that

sup /Igwl—w*(x,lwl)dleiminf /Igllwa,i|—<p*(x,|ws,i|)dx
Q i—00,e—0 Jq

weCl ()
> [ 16l e gl = o . G, gl d
Q
= [ vtighax.
Q
This completes the proof of the lower bound. O
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We next derive a simple, closed form expression for gy ,. This is the main result of
the paper. Note that the right-hand side expression was also obtained recently in the one-
dimensional case for a modular based on the Riesz variation assuming the (VA1) condition
[30].

Theorem 6.4 Let ¢ € ®.(2) N C (2 x [0, 00)) satisfy (AO), (aDec) and restricted (VA1). If
u € BV(R2), then

oV (1) =g¢<|vau|)+/ ol dID*ul.
Q

Proof Since Du = D%u + D*u, integration by parts implies that

—/udivwdx:/w~dDu=/V“u-wdx+/w-dDSu
Q Q Q Q

for w € T?. Hence the claim follows from Propositions 6.2 and 6.3 once we prove that

sup [/ V“u-w—w*(x,lwl)dx—i—/ w-stu]
weT? LJQ Q

= sup / Véu - w — ¢*(x, lw|)dx + sup / w-dD%u.
Q Q

weT? weT?

The inequality “<” is clear, so we focus on the opposite one.
We assume first that o, (|V¢ul) + fQ ¢L, d|D*u| < oo and fix ¢ > 0. By the definition of
supremum we can choose wi, wy € T? such that

sup / Véu - w — ¢*(x, lwl)dx < / Véu -wy —@*(x, lwi])dx +& < o0
weT¢ JQ Q

and

sup/w-dDSuéfwz-stu+s<oo.
weT? JQ Q

Since u € BV(S2) and w; € T?, we have |V%u| |w;| € L1 () and 0¢* (lw;]) < co. Thus, by
the absolute continuity of the integral, we find § > 0 such that

f Véu - w; — ™ (x, |lwi) dx </ Vel lw;i| + ™ (x, lwi) dx < ¢
\Q \Q

fori € {1,2} and any Q| C Q with |Q2\Q| < é and

‘ / w7 -dD’u
Q\ Q2

for any 2, C Q with [Du|(Q2\22) < §.

Since suppD*u has Lebesgue measure zero, we can find a finite collection of open rect-
angles Q; C Q with |[D*u|(|J Qi) > |D*u|(R2) —d and || J2Q;| < 8. Then we choose
0 e Cé(Q) with0 <0 < 1,0 =1inQ :=JQ;and 6 = 0in Q := Q\|[J20;. Let
we := 0wy + (1 — 0w € Cé (2; R™). Since w; is a pointwise convex combination,

</ Yoo d|D*u| < &
o\

9", lwel) < ¢ ¢, max{lwal, [wil}) < @ C. [wa]) + @™, [wi]).
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This yields that g+ (Jwe|) < ¢+ (Jw2|) + 0+ (Jw1]) < 00, and so w, € T¢. By Lemma 6.1,
|we| < @l,. We obtain that

ov,pu) >/ V“u~ws—¢*(x,|we|)dx+/ we -dD*u
Q Q
2/ Ve - wy —(p*(x,lwll)dx—i-/ wr -dD%u — cg
Q)

Q0

2/ Ve - wq —(p*(x,|w1|)dx+/ wy - dD%u — Se,
Q Q
where

= [Vl g wddr [ it < 3e
oQ Q2
by the absolute integrability assumptions. By the choice of w; and w»,
ov.o(u) > sup / Ve -w — @*(x, lw|)dx + sup / w-dDu — Te.
Q Q

weT? weT?

The lower bound follows as & — 0. This concludes the proof in the case 0, (IV4ul) +
Jo ¥ dID*u| < 0.
When g, (IV*u|) = oo and [, ¢/, d|D*u| < oo, we estimate

sup [/ V“u-w—¢*(x,|w|)dx+/ w-dDSu:|
Q Q

weT?

> sup / Ve - w — ¢*(x, lw|)dx — sup / w-dD’u
Q Q

weT? weT?
= 04(IV?ul) —/ Yoo d|D*u| = 0.
Q

Only the case [, ¢}, d|D*u| = oo remains. By the proof of Proposition 6.2, there exists
we € CJ(Q; R") with

s 1
we -dD’u > —
Q 1
@(.k)

and |we| < == for some k = k.. For any 0 : 2 — [0, 1], we find that

o, k)) . _(¢+(k)

k k
Since the function on the right-hand side is integrable, we can choose §; > 0 such that its
integral over any measurable A with |A| < & is at least — 1. Furthermore, since suppD*u has
measure zero, we can choose # € C;°(£2) as before to have support with Lebesgue measure
at most §; and satisfy

VU - (Owe) = ¢, 10we) = Vi - Owe) - ¢ (- VUl + 0% (0)).

) 1 ) 1
/ng-dD3u>f/w8-dDiu>—.
Q 2 Q 2¢

Then

sup |:/ V“u«w—go*(x,|w|)dx+/ w~dDSu:|
weTe LJQ Q
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1
> / Ow, - dD*u +/ Véu - (Qwg) — o™ (x, 0w, ]|)dx > — — 1.
Q Q 2¢e
When ¢ — o0, the claim follows in this case also. O

As a special case we obtain the following result in Orlicz spaces. Now the recession
function is just a constant, either finite or infinite. As can be seen, we do not obtain any new
spaces in this case, only the classical BV-space or the regular Sobolev space.

Corollary 6.5 Let ¢ € ®. be independent of x and satisfy (aDec). If u € BV(2), then
ov,o () = 0o (IVul) + ¢, |D*ul(Q) and so

(1) BV#(Q) = BV(RQ) if ¢, < oo;
(2) BVY(Q) = Wh¥(Q) if L, = o0.

7 Precise approximation and I'-convergence

We can now prove a precise approximation lemma for the modular using the formula for
ov ., from the previous section. In contrast to Lemma 5.4 which provides only approximate
equality of the limit we here obtain that the limit exactly equals gy, (1), under appropriately
stronger assumptions on ¢. This is critical for I'-convergence. A similar argument should
also work for V,, with the same assumptions.

Note that we assume (VA1) for ¢*, not only its restricted version. This is used for Young’s
convolution inequality. In [21, Lemma 4.1.7] it was shown that (A1) of ¢ and ¢* are equivalent
provided (A0) holds; the corresponding statement is not known for (VA1).

Proposition 7.1 (Modular approximation by smooth functions) Let ¢ € ®.(2) N C(2 x
[0, 00)) satisfy (AO), (aDec) and restricted (VA1) and assume that ¢* satisfies (VA1). For
every u € L?(R2) there exist uy € C°°(2) such that

up — win LY(Q) and ov ,u) = klim 0o (IVul).
—> 00

If additionally u € L*(S2), then the sequence can be chosen with uy — u in L%(2) as well.

Proof Since the case gy , (1) = oo is trivial, we may assume that gy ,(u) < oo. Let
e € (0, 1). We define &, 7,,, and u, as in the proof of Lemma 5.4 so that V,, (u.) S Vi, (u).
It follows from (aDec), that

min{[ulloy . lulg, } S ov.e@) S max{lully,,, lulg, }.
4 Ov.,p 4 Ov.p

Thus Lemma 4.7 and V(1) S Vi (u) imply that 0, (|Vuel) S ov,ou)? + 1. From The-
orem 6.4 we see that U; can be chosen so large (by choosing m large in Lemma 5.4) that
QV\UT,(/;(”) < ¢&. Then V,(u, Q\Up) < gl/a,

Since u, € C*(R2), V%u, = Vu,. By the proof of Proposition 6.3 with |Vu,| as g, there
exists w, € C(%(Q; R™) with ¢*(x, |we|) < @(x, |Vug|) and

/ o(x, [Vue|)dx < (1 +8)/ Ve - we — @* (x, |we|) dx.
Q Q
By (aDec) of ¢, Theorem 6.4 and the estimates above,

Qrp*(|w£|) < Q(p(|vua|) < QV,(p(”)q + 1.
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Thus [|lwg]lg+ < c. Asin Lemma 5.4, we have

o0 o0
[ v wear =3 [ wdiviectne wwndr= Y- [ e 5 950 — 980 da
2 k=1 2 k=1 2

=:1 =11
and the inequality |/ /| < ce again follows.
We divide the term [ into two parts. Let w be from Corollary 3.4. Using the definition of

v, to the first part of /, and and estimating the second part of / as in Lemma 5.4 but now
with a test-function supported in \Uj, we find that

1] = ‘ [ waviertne swoax+ [ udiv(ka(nSk*weO dx
@ @ k=2

E1lne, * we| —

< 1 * 7) Vo (u, Q\U
ovp (1 + ) + o (T 57 + eVl 20D

Ney * |we| —

< 1 i ——m8m8M8— Vo (u, Q\U

oV (1 wle) + o ({1 5 ) + eV, 2\TD

By Young’s convolution inequality (Corollary 3.4),
g (P LY el < e () + 0(e0) — 0y (el) < w(er) — 0
1+ w(e)

as £ — 07. Combining the estimates, we obtain that

/ p(x, [Vue|)dx < (1 +8)/ Ve - we — @*(x, |wg|) dx
Q Q

+&)(I] — 0o (Jwe|)) + ce

<
<A +8)ov.e((1+wE))u) +c(1Qwler) +e'/9).

By [21, Lemma 2.2.6], there exists a constant g depending on g such that QV,w((l +
w(sl))u) < (I+w(e)Poy,4(u). Ase, g — 07, we obtain that lim sup,_, o+ 0o (IVue|) <

ov,(u). The opposite inequality follows from Lemma 4.8 as in Lemma 5.4. i

In [16], we introduced abstract BV?-type spaces by a limit procedure. We use here the
version with a fidelity term which is most relevant for image processing. For p > 1 and for
agiven f € L2(2), we defined functionals Fy: L%(Q) — [0, co] by

/ o(x, |Vul)? + |lu — f)?dx  whenu € L"*"(Q);
Fp(u) = Q

00 otherwise.

and the limit functional F : L2(€) — [0, co] by
F(u) := inf{liminf/ o(x, [Vugl) + lug — f17dx |ug € LY(Q) N L*(Q)
1—> 00 Q
and ux — u in LQ(Q)}

Note that the energy in F), satisfies (alnc) and (aDec) so it can be studied in a reflexive space
and it is easy to prove existence of minimizers among other things [25].
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We compare F with the corresponding version of gy, including the fidelity term, namely
oY, ) = ov.o) + 02 — f)
= sup { / wdivw — @*(x, [w]) + lu — f1*dx |w e CH(2; R”)}.
Q

Proposition 7.2 Let ¢ € ®.(2) N C(2 x [0, 00)) satisfy (AO), (aDec) and restricted (VA1)
and assume that ¢* satisfies (VA1). Then Q‘];’(p(u) < F(u) forallu € L%() and Q"?w(u) =
F(u) forallu € L*>(Q) N LY ().

Proof. Let us prove first that Q{; (p(u) < F(u). We may assume F(u) < oo and consider

functions ux € L% () N L2(Q) realizing the infimum from F with uy — u in L3(Q).
Weak lower semicontinuity of oy , (Lemma 4.8) and in L? gives

o) () < liminf o (ue).
By Young’s inequality, Q\f,"(ﬂ(uk) < 0p(IVug|) + 02(ux — f) so that
ob,, ) < liminf oy (IVukl) + 02wk — ) = F(aw).

Thus the inequality is proved.
For the opposite inequality, F' (1) < Qé!(p(u), we may assume that Q{;Jp(u) < oo. By
Proposition 7.1, there exist uy € C°°(£2) such that uy — u in L¥(Q2) N L*() and

ov.pu) = lim 0, (|Vul).
11— 00

Since 0, (|Vug|) < oo and ug € L'(R), we see that uy € L#(S), and so, by the definition
of F, using the fact that the limit of the sum is the sum of the limits, we obtain that

Fu) < Timinf (g (IVui]) + 02ux — ) = oy, (). ©

The concept of I'-convergence was introduced by De Giorgi and Franzoni [13], see also
[5, 12]. A family of functionals F), : L2(§2) — [0, oo] is said to ["-converge to F : L2(§2) —
[0, co] in L2() if the following hold for every sequence (py) converging to one from above:

(@) F(u) <liminf F), (u;) foreveryu € L?(Q) and every sequence with u; — u in L2(Q);
1—>00
(b) F(u) > limsup F), (u;) foreveryu € L%() and some sequence with#; — u in L2(Q).
i—00
We conclude by showing the I'-convergence in the situation most relevant to image
processing: convex planar domains. This allows us to simplify the assumptions.

Corollary 7.3 Let Q@ C R? be convex and let @ € D () satisfy (A0), (aDec), and (VA1)
and assume that ¢* satisfies (VA1). Then F, T'-converges to Q]‘;’(p in L2().

Proof To establish the necessary conditions we use some results from references without
defining here all the terms. The references can be consulted if necessary. By [35, Corol-
lary 4.6], C*®(Q) is dense in Wb (Q) if Q is an (e, 8)-domain and ¢ satisfies (A0), (A1)
and (A2). We note that (A2) holds since €2 is bounded [21, Lemma 4.2.3] and Q is an
(e, §)-domain since it is convex.
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Since ¢ satisfies (aDec),, L2(2) C L¥(2) and thus L1?() N L2(Q) — Wh¥(Q).
Since the dimension is 2 we also have W1#(Q) — W11(Q) — L%(Q). Thus C®(Q) is
dense in L1?(€) N L2(Q) with respect to the norm u +— ||ull2 + || Vull,. By density, [16,
Theorem 1.3(2)] yields that F,, ['-converges to F'in L%(€). Since o satisfies (VA1), it belongs

to C(R x [0, 00)). Thus Proposition 7.2 gives F = Q‘];,(p in L2(Q) = L2(Q)NLY(Q). O
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