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ARTICLE INFO ABSTRACT

AMS 2020 subject classifications: It is well-known that, in Gaussian two-group separation, the optimally discriminating projection
primary 62H12 direction can be estimated without any knowledge on the group labels. In this work, we
secondary 62F12 gather several such unsupervised estimators based on skewness and derive their limiting
Keywords: distributions. As one of our main results, we show that all affine equivariant estimators of the
Asymptotic normality optimal direction have proportional asymptotic covariance matrices, making their comparison
Fisher’s linear discriminant straightforward. Two of our four estimators are novel and two have been proposed already
Gaussian mixture earlier. We use simulations to verify our results and to inspect the finite-sample behaviors of

Limiting efficiency
Third moment

the estimators.

1. Introduction

Assume that our observed sample xi,...,x, is i.i.d. from the p-variate normal location mixture,
X~ Ny, 2) + e N,y ), )

where the mixture weights «;,a, > 0, a; + @, = 1, are fixed, the means are distinct, u; # u,, and X is positive definite.

The objective of this work is to study the estimation of a vector u, |lu|| = 1, such that the univariate projection u'x offers the best
possible separation between the two mixture components/classes. In case we had observed also the group labels y;,...,y, € {-1,1},
this problem would be trivially solvable by the classical linear discriminant analysis which says that the Bayes optimal projection
direction is 6/]0||, where @ := X~'h, for h = u, — u,. However, we approach this problem in an unsupervised (“blind”) fashion
where the class labels are not known to us, meaning that the estimation is carried out solely based on x;,...,x, and utilizing the
usual class-specific estimators of u;, u,, 2 is not possible.

Interestingly, the optimal direction 6/]|0]| is still estimable even in the unsupervised context in several different ways, as described
in the earlier literature: [1] showed that if min(e;,a,) < 3 — \/5) /6, the projection direction attaining maximal kurtosis among all
projections exactly corresponds to 6/|0|| (up to sign) while if min(a;, ) > (3— \/5) /6 it is the projection direction attaining minimal
kurtosis. [2] proved that the eigenvectors of a specific fourth-moment matrix have the same property. [3] estimated the optimal
direction as a singular vector of a matrix of third standardized cumulants and [4] achieved the same using the skewness vector
defined in [5]. Most recently, [6] compared several projection pursuit-based estimators from an asymptotic viewpoint, through their
limiting efficiencies. In this context, limiting efficiency refers to the “ratio” between the asymptotic covariance matrix of /|0 and
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the asymptotic covariance matrix of the supervised LDA-based estimator. In this work, we continue this line of research, by deriving
the limiting efficiencies of a total of four skewness-based unsupervised estimators of 6/|0||: a novel moment-based estimator, the
estimators proposed by Loperfido in [3,4], and a novel joint diagonalization -type estimator, called 3-JADE. We note that some of
these earlier works have considered more general models than (1), e.g., elliptical location mixtures [1] or location mixtures of weakly
symmetric distributions with proportional covariance matrices [4]. However, while narrower, the normal mixture has the advantage
of being analytically tractable enough to allow the comprehensive study of the deeper asymptotic properties of the methods. In fact,
up to our best knowledge, limiting distributions of the unsupervised estimators of 6/|/0|| have earlier been considered only by [6],
and even this was in the context of model (1).

We next provide a summary of the main findings of this work: (i) Three of the four estimators we consider are affine equivariant,
meaning that the projections given by them are essentially unaffected by the coordinate system of the original data, see Section 3
for the precise definition. This property (affine equivariance) turns out to be such strong that it almost completely determines the
asymptotic behavior of an estimator, and we show that the asymptotic covariance matrices of all affine equivariant estimators of
0/||0|| are proportional to each other. This unified form makes it easy to compare two affine equivariant estimators through their
corresponding constant factors. (ii) As a sort of complement to the previous point, we show that the non-affine equivariant method
of moments estimator does not have an asymptotic covariance matrix of the described form. This goes to show that the requirement
of affine equivariance cannot be dropped in the corresponding result. (iii) We show that the estimator proposed in [3] and the novel
3-JADE are equally efficient not only to each other, but also to a skewness-based projection pursuit estimator proposed earlier in [6].
(iv) We establish that the fourth considered estimator, proposed in [4], is strictly less efficient than the estimators mentioned in
the previous point. (v) In a simulation study we confirm the limiting distribution results of the affine equivariant estimators and
observe that, from the estimators discussed in this paper, the novel 3-JADE approach seems to be the best unsupervised estimator
from a practical point of view. Finally, up to our best knowledge, out of the seven theorems and five lemmas included in the main
text, only Lemmas 2, 3 and 5 have been included in earlier literature (in one form or another), see the corresponding parts of this
manuscript for details.

The paper is organized as follows: the four considered estimators are treated individually in Sections 2, 4, 5, 6. Section 3 is
devoted to studying the implications of affine equivariance to the estimation. In Section 7 we present our simulation studies and
Section 8 contains discussion about the results.

As the symmetric mixture with «; = a, has skewness zero, we exclude this case and make throughout the paper the assumption
that a; > a,. For a non-zero vector v € R?, we use P, := vv'/||v||*> and Q, := I, — P, to denote the orthogonal projections
to the subspace spanned by v and to its orthogonal complement, respectively. The standard basis vectors of R? are denoted as e,
k € {1,..., p}. The following quantities are encountered often enough for them to warrant their own notation z := h' ~'h, § := ajay,
y := a; — a,. Finally, we note that most of the methods we consider estimate a population quantity that is only proportional to 6
and the normalization by ||0|| is thus done to facilitate a comparison between the different methods. From a practical point of view,
the normalization only affects the scale of the projection x'6/||0|| and not its direction, and is, as such, without loss of generality.

2. Method of moments estimator

We first consider a simple method of moments estimator, based on the following second and third moments of the observed
mixture,

C,(x)=C, :=E[{x—EX)}{x-Ex)}"], ¢;(x) = ¢; := E[{x - E®)}{x — Ex)}T {x — EX)}].

It turns out that these two moments together contain enough information to estimate the discriminating direction 6/|0||, as shown
in the next lemma.

Lemma 1. We have

0= (Cz _ ﬂl/3y72/3||c3”74/3c3c3'|')71ﬁ71/3y71/3”c3”72/3c3.

Lemma 1 states that, if one knows the mixing weights a;, a,, the moments C,, ¢; can be used to construct 6. As such, a natural
sample method of moments estimator of 0 is then obtained as

O = (= BRI I ey B P e 17 s,
where the sample second and third moments are
1% 1%
G = DX —Rx-%)", &= - D =R = %) (%, = %)
i=1 i=1
As the main result of this section, we give the limiting distribution of the normalized estimator 8y;.

Theorem 1. We have, as n — o,

om _ 0\, _ w447 o T )
ﬁ(néMu ||e||> N”<°’{w'”2 GE }Q"Z Qo+ 4 Qo(Z+ P Qo ).

where o, := (1 + p7)2/(||h||*F2(1 — 4p)||6%|)) and w, := 2tr(Z?) + 4phT Zh + f(1 — 4p)||h]|*.
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The method of moments estimator is not entirely satisfactory. The main drawback is that its use requires knowing the true
mixture weights a,, @, making it very impractical. Moreover, its limiting distribution in Theorem 1 is rather cumbersome and
difficult to interpret. In the next section, we show that better-behaving estimators are obtained by restricting one’s attention to
affine equivariant functionals in a specific sense.

3. Affine equivariant estimators

Let now g(x) € R”? be a functional of (the distribution of) the random vector x that is affine equivariant (AE) in the sense that
g(ATx+b) = A~!g(x) for all b € R? and all invertible A € RPP. The above form of affine equivariance guarantees that the projection
yielded by an AE functional is (up to location) unaffected by the coordinate system of the data,

gATx+b)T(ATxy +b) = g(x) "%y + g(x) ' (A™)Th,

where g(x)Tx, is the projection in the original basis and g(x)"(A~1)Tb is a location artifact that does not depend on the projected
point x.

We next show that the limiting distributions of all affine equivariant estimators of 6/||6|| are identical apart from a single degree
of freedom. Note that, even though we consider only skewness-based estimators in this work, this result is wider and indeed applies
to all AE estimators of the optimal direction. Below, é(x,-) denotes a functional (statistic) of the sample x,...,X,.

Theorem 2. Assume that (i) @(x[) is affine equivariant, and (ii) for every h and X, there exists a non-zero constant B such that
\/Z{@(xi) — BO} admits a limiting normal distribution. Then, there exists C = C(h, X) > 0 such that, as n — oo,

ox) 0 r _
O 0\ x (0,0 Qyx! ) ,
‘/;{ 1ol Tel } ’ ( e 20 Q0

We note that ® = X~'h in Theorem 2 is technically also a function of h and X, but to keep the exposition more readable, we
have not made this explicit. Theorem 2 essentially states that every affine equivariant estimator of 6/||0|| that admits a limiting
distribution has the same limiting covariance matrix up to a constant. This result makes comparing different AE estimators of 6/||0||
considerably easier as it is sufficient to compare the corresponding factors C only. Recall that we assumed in Section 1 that the
mixture weights a,, a, are fixed. As such, while our notation does not explicitly show it, the constant C depends also on the mixture
weights for any given estimator. Note also that the method of moments estimator in Section 2 is not affine equivariant and thus its
limiting covariance matrix in Theorem 1 reveals that, if the assumption of affine equivariance is dropped, then the form postulated
in Theorem 2 might no longer hold.

Recall from Section 1 that if, in addition to the data x,,...,x, € R?, we also knew the labels y,,...,y, € {—1,1} indicating the
group memberships, then supervised methods could be used to estimate 6/||0]||. In such a scenario, the Bayes optimal estimator is
given by the classical linear discriminant analysis (LDA) estimator, and in [6, Theorem 1] it was shown that this estimator also has
a limiting covariance proportional to QX ~'Q,, with the coefficient C equal to C = (1 + fz)/(f7). As LDA is indeed supervised, this
value thus serves as a lower limit for the constant C in the current unsupervised estimation scenario, since one cannot really expect
to surpass the performance of LDA in the absence of label information.

As our second result of this section, we derive a “shortcut” for finding the constant C for affine equivariant estimators of a
particular form. Namely, we assume for the remainder of this section that

0x;) = G712 xpa(C, 7 2 (x)(x; — %)), )

where 1 is a unit-length estimator/functional that transforms as @(0x;) = Oi(x;) for any orthogonal p X p matrix O. Theorem 2.1
in [7] can be used to show that any such estimator 0 is indeed affine equivariant, see also the proof of Lemma 2.

Theorem 3. In addition to the assumptions of Theorem 2, assume that (iii) @(x,-) is of the form (2), and (iv) for every m, we have

#i=1/n {ﬁ(éz‘l/z(zi)(zi —7) - 1} =0p1),

(|||

where z; ~ ) N ,(—a;m, L) + &, N, (aym, L)). Then, as n — oo, we have

1 m . . -
_ | — t C,(z,)-C 1 ATE w N0, ),
L+/T+pr <||m|| ® > Vivee(Cy(z) = Co@) + V1 + fr - tTE = N(0.C)

where t € R? is any unit-length vector satisfying m't = 0.

Theorem 3 states that if one has for t a linearization of the form f = (1\/5) Z,’;l [g(z;) — E{g(2)}] + 0p(1) for some g : R? - R,
then the univariate central limit theorem can be used to find C. We use this result (or its suitable variant) to find the constants C
for all the methods considered in the subsequent sections.

We conclude the section by examining more closely the transformation x — C;]/ 2(x){x — E(x)} that was used also in (2). This
mapping, which is known as standardization or “whitening” is typically used as preprocessing in many multivariate methods [8].
One of its benefits is that if some orthogonally equivariant methodology is applied to whitened data, then the full procedure is
affine equivariant, see the proof of Lemma 2 for an example of this. From a heuristic viewpoint, the role of the standardization is
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Fig. 1. The three panels contain, from left to right: (a) The contour plot of a normal mixture x in (1) for some specific choices of a;,a,.h, . (b)
The contour plot of the standardized C;l/ 2(x){x — E(x)}, which demonstrates the result of Theorem 4 that the direction w joining the two groups
centers is indeed the one with the least variation. (c) The same as in the previous panel but for a mixture with larger value of z, yielding an
even smaller variation in the direction w.

to remove from the data any effects that are artifacts of the used coordinate system, to allow better focusing on the deeper features
of the data. Our next result demonstrated this fact in the context of the normal mixture (1). The result is rather simple but, as far
as we are aware, previously unknown, most likely due to the non-identifiability of the result up to orthogonal transformations.

1/2

Theorem 4. We have C; x){x — E(x)} = Oz for some orthogonal p X p matrix O and

T ﬁT T T ﬁT T
z~aN, <—a2 T +ﬂrw’l" -7 +ﬂTww > + N, <a] N +ﬂrw’I" - mww > ,
where w = =~'/?h/|| =~/?h||.

Theorem 4 shows that, after the standardization, the normal mixture is such that (a) the two groups means are separated along
the direction Ow, and (b) the variation of the data is one in every direction orthogonal to Ow and strictly smaller in the direction
Ow. This effect has been demonstrated in Fig. 1. Note that the whitening does not change the standardized distance between the
group means. That is, {z/(1 + f0)}w'[I, — {Bz/(1 + p)}ww' ] 'w = h™ >~ 'h. However, what the whitening does is to essentially
position the data in an optimal coordinate system for the detection of the linear discriminant direction Ow.

4. Affine equivariant method of moments

Motivated by the previous section, we next improve the method of moments estimator by obtaining an affine equivariant version
of it through the whitened observation described in the previous section. That is, we first define x,, = C;l/ 2(x){x—E(x) 1, and then take
Or(x) := C;l/ 2(x)c3(xw). The resulting estimator is then the same one that was already studied in [4]. Additionally, [9] investigated
the closely related quantity c;(x,,), known as the canonical skewness vector, in a model-free context.

It is not immediately obvious that this results in an affine equivariant estimator, so, for completeness, we provide a proof. See

also [9, Theorem 3] for an equivalent result for the canonical skewness vector.

Lemma 2. The functional 6(x) is affine equivariant.

Having established the affine equivariance, we next show that 6,(x) indeed estimates 0, up to scale, obtaining a quantitative
version of Theorem 1 in [4]. Lemma 2 simplifies this task by essentially allowing us to consider only the case X =1,,.

Lemma 3. We have

Brz
Or(x) = ———0.
T ey
The corresponding sample estimator is obtained by simply replacing the population moments with their empirical counterparts
and we denote it by 0. Its affine equivariance follows similarly as for @4(x) in Lemma 2. Loperfido did not consider the asymptotic
properties of the estimator in [4] and, to complement his work, we next derive the limiting distribution of & . In presenting this
and the remaining limiting covariance matrices, we use the notation that

pr* + 67 +2
P —4p)rd
The significance behind the quantity C,, is that it is the asymptotic C-constant of the estimators discussed later in Sections 5 and 6
(see Theorems 6 and 7). As such, Theorem 5 below reveals that the estimator @)R is strictly less efficient than either of these. We

Cy :=(1+p7) 3)
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note that, interestingly, the C-constant corresponding to the skewness-based projection pursuit studied in [6, Theorem 3] is also
equal to C,.

Theorem 5. We have, as n - oo,
éR 7 ( ; B >
n| ———— | = N, [0.C——=QyZ7'Qy ).
\/—< 16l ||e||> P\ e T

2(p+ D(1 + po)*
P —4pd

5. Third order blind identification

where

C=Cy+

As our second affine equivariant estimator, we consider the third-moment based estimator proposed originally by Loperfido
in [3]. Denoting again the standardized observation by x,, = C;l/ 2(x){}i{—E(x)}, Loperfido defines the estimator 6; (x) = C;l/ 2(x)u(x),
where u(x) is the leading unit-length eigenvector of the matrix

T(x,,) = [B{(X,, ® x,)x] }]T[E{(x,, ® X,,)x] }].

The vector 6; (x) was further studied under skew-normal scale mixtures in [10] and under a model-free context in [11]. The latter
connected 6; (x) to several classical measures of multivariate skewness, with the particular consequence that the vector 6; (x) does
not, in general, coincide with the direction yielding maximal univariate skewness. However, this equivalence holds in some special,
structured cases, such as in the current normal location mixture [3,6], independent component models [11], and skew-normal scale
mixtures [10].

The original work [3] did not consider the limiting distribution of the estimator 6, (x), and the purpose of this section is to derive
this result under the normal mixture. But first, we will show an alternative form for the matrix B(x,,) that connects the estimator
to fourth-order blind identification (FOBI) [12], a seminal method of independent component analysis.

Lemma 4. Defining T, (x) := E(xx"e,x"), we have

p
T(x,) = Z T, (x,)>.
k=1

The matrices T, (x,,) can be seen as the third-order counterparts of the matrices B [13, page 379], which are summed over i, j to
obtain the matrix used in FOBI. As such, since Loperfido did not name his estimator, we propose calling 6; (x), due to this connection,
as the third-order blind identification (TOBI) estimator. See also [14] for a similar skewness-based estimator that achieves affine
equivariance by first applying FOBI to the data.

The next result shows the Fisher consistency of 6; (x), serving as a quantitative, population counterpart to [3, Proposition 3].

Lemma 5. We have,

1
N —
{z(1 + po)}1/2
for some sign s € {—1,1}.

0,(x)=s

The arbitrariness of the sign in Lemma 5 is caused by the fact that eigenvectors are unique (at most) only up to sign. This is
taken into account later in our limiting results by considering a sign-corrected version of the sample estimator.

Denoting C, = C,(x;), the sample TOBI-estimator is then defined as 8, (x,) := C 124, where i is any leading eigenvector of the
matrix

)4
T(C; P - %) = Y, (€ x, - %))
k=1

where T,(x;) := (1/n) Yo, xx]e.x'. That the TOBI-estimator is affine equivariant is proven in the next result.

Lemma 6. For any invertible A € RP*? and any b € R?, we have, almost surely 9L(ATx,~ +b) = sA*léL(xi), for some sign s € {—1,1}.

Note that the affine equivariance in Lemma 6 holds only almost surely as it requires the leading eigenvalue of the matrix
T(C;l/ z(xi — X)) to be simple. Proceeding as in the proof of Lemma 6, it is straightforwardly checked that also the population-level
TOBI-estimator enjoys the analogous form of affine equivariance (without the “almost surely”-part).

The main result of this section, the limiting distribution of TOBI, is given next.

Theorem 6. We have, as n — oo,
o) < 6 (vogaen)
n| ———-— | » N, (0.Co——=QyX7'Qy |,
\/_< 16, 1 ||9||> P\ e e
where C is defined in (3).
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6. Novel 3-JADE estimator

To conclude our collection of estimators, we next propose a novel alternative to 6,,, 0 and 6; . Using the matrices T,, we define
this estimator as 6y := C; 1/ 2(x)u where

P
u = argmax Z {VTTk(xw)v}z. ©)
veRP|Ivli=1 =t
The proof of Lemma 7 later reveals that the maximizer in (4) is indeed unique, up to a sign change. The underlying idea behind ; is
that, essentially, it is to TOBI what the classical method known as joint approximate diagonalization of eigenmatrices (JADE) [15]
is to FOBI. Whereas FOBI finds the eigendecomposition of a matrix formed by summing fourth cumulant matrices, JADE jointly
diagonalizes these cumulant matrices, see [13]. The relationship between 6; and TOBI is the same, with the exception that we
search in (4) for a single projection only (JADE finds p simultaneously). As such, we call the estimator 6; the (one-step) 3-JADE
in the following. The following lemma shows the Fisher consistency of 3-JADE, i.e., that it is capable of estimating the linear
discriminant direction.

Lemma7. We have 0; = s{z(1 + f7)}~'/20 for some sign s € {—1,1}.

The sample estimator &; is defined analogously, using the sample moments instead of population ones. The next result then
shows that the estimator is affine equivariant, and is given without proof as it can be derived using the techniques presented in the
Proof of Lemma 6.

Lemma 8. For any invertible A € R’ and any b € R?, we have, QJ(ATxi +b)=A"! 9] (x;), where

P R 2
0;(x;) € argmax Z (VTTkV)
veR?,|Ivl|l=1 (=

and ’i‘k is the sample version of T, (x,,), k € {1,...,p}.

JADE-3 being a novel method, we next present an optimization algorithm for solving the optimization problem (4). Then, after
obtaining the estimate @& as described below, the final 3-JADE estimate is found as §; = C,~!/2{1. Denoting the sample versions of
the matrices Tj(x,,) as Ty, the Lagrangian of the objective function in (4) and its gradient are

)4 )4
=Y @ Tu?-iwu-1, V@ =4) @ Twhu- 24,
k=1 k=1

respectively. Letting u, denote a unit-length null point of the gradient, and multiplying by u! from the left shows that A =
2¥"_ (ulT,u,)?. Hence, any solution u, needs to satisfy

P P
Z(uITkun)Tku,, = Z(uITkun)zun,
k=1 k=1

implying that

@ T,u,)T,u,. (5)

P
u, x

k=1

Motivated by the fixed point Eq. (5), we propose next the Algorithm 1 for estimating .

Algorithm 1 3-JADE

: Initialize u,;

: while not converged do

su, < Zzzl(unTTkun)Tkun;
u,

u, « —;
" lla, 11?

: end while

g s W N =

Finally, we conclude the section with the limiting normality of 3-JADE, showing that it, like TOBI, has a limiting efficiency
exactly equal to the skewness-based projection pursuit studied in [6, Theorem 3].

Theorem 7. We have, as n — oo,

éJ 6 ( 7 h )
— —— | »WN,[0,C,——QyZ R
‘/;< X ||9||> ANUTTER

where C is defined in (3).
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Fig. 2. Convergence of C to C (dashed black lines) for the estimators 6, 6,, 6, and 6, based on M = 10000 data sets of size n. Note that both
axes have a log scale.

As a summary of our results concerning the limiting distributions of the affine equivariant methods (Theorems 5, 6 and 7), the
superior methods are TOBI and 3-JADE, both having exactly the same limiting covariance matrix. As routines for the computation
of eigendecompositions are efficient and widely available, from a purely asymptotic viewpoint using TOBI is preferable over the
other methods. However, since the finite-sample properties of the methods can still differ, we next compare their behaviors under
simulated data.

7. Simulations

The simulations involve a total of six estimators, 6;p4,0,,.0x,0;.0;,0p, corresponding to linear discriminant analysis, the
estimators discussed in Sections 2, 4, 5, 6 and the skewness-based projection pursuit estimator studied in [6], respectively. The first
goal of the simulation study is to verify the constants C for the affine equivariant estimators 6y,0;,0;,6p. Of these, the final three
all share the same constant C = C, defined in (3). Due to the methods’ affine equivariance we consider in the first simulation only
the case with ¥ = I, and E(x) = 0 in model (1).

Let X", m € {1,..., M} correspond then to M realized data matrices consisting of i.i.d. samples of size n from this distribution
for a given vector h. Then it can be shown that for any affine equivariant estimator é(X;") and for any unit-length vector t € R?
such that tTh = 0, we have, as n — o,
tTOX™)
e
Using this result, we compute for a wide range of sample sizes for a = a; € {0.15,0.30,0.45} and h such that r € {12,48} with p=3
for Oz, 6;, 8; and 6, the corresponding € with M = 10000. The results are shown in Fig. 2 and illustrate clearly the correctness
of the derived constants. The convergence rate to the true value seems however slower when the distribution is more “symmetric”,
which is as expected, since in the perfectly symmetric case a = 0.50, the optimal direction is no longer estimable using skewness. In
cases under consideration, 0y is the least preferred estimator while for the asymptotically equivalent estimators, it seems that 6,
exhibits more variation for small sample sizes than expected compared to 6; and 6, which behave quite similarly. The results also
demonstrate that a larger = does not make the task for all methods easier.

While this simulation shows that the methods have the expected variation in the limit, we are also interested in how well they
actually estimate 6 for finite samples. For that purpose, we follow [6] and use as a performance measure the maximal similarity
index (MSI) which corresponds to the inner product between the normalized true and estimated directions. MSI takes values in [0, 1]
where 1 indicates that the two vectors point in the same direction and the estimation works perfectly.

In this second simulation, besides LDA, we included also the non-affine equivariant 6,, and for a fair comparison therefore chose
for each data set a random matrix ¥ which is of the form = = AAT where A is a p x p matrix where all elements are independently
drawn from MN(0, 1). For all combinations of p = {3,10}, n € {500, 1000,2000,4000}, « = a; € {0.05,0.07,...,0.49} and h such that
7€ {1,...,20} we sampled M = 1000 data sets and Figs. 3 and 4 provide the obtained average performances.

¢ = nVar |:
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Fig. 3. Average MSI values for the different estimators for a range of «’s and 7’s and different sample sizes based on M = 1000 when p = 3.
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The figures demonstrate that LDA is much better than all unsupervised methods. The moment estimator 6,, which requires
the knowledge of « seems also to make use of this additional knowledge and clearly outperforms 6. Maybe a surprise is then
that this extra knowledge seems insufficient to outperform 6;, 6;, and 0p, which all perform very similarly. When comparing
0,, 0,, and 0, an important feature to point out is that all methods except 6, and 6, always produced estimators. 8, using 6,
as an initial value, had 0.11% and 1.65% convergence failures when p = 3 and p = 10 respectively while 6p, as implemented
in the R package ICtest [16], had 4.36% and 7.52% convergence failures respectively. For more details of the convergence
problems of 6, see also Fig S1 in the Supplement. The code for reproducing the results from the simulation study is available
at https://github.com/uradojic/Unsupervised-linear-discrimination-using-skewness.

Thus, to conclude the simulations, it seems that the novel estimator 0; is the unsupervised estimator based on skewness, which
can be recommended for the estimation of the linear discriminant in practice. It belongs to the best estimators under consideration,
has hardly any convergence issues, and converges quickest to the limiting distribution.


https://github.com/uradojic/Unsupervised-linear-discrimination-using-skewness
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Note that both the simulations and theoretical aspects addressed in this study focus on scenarios where the dimension remains
fixed while the sample size increases. This approach is adopted because LDA is well-known to underperform in high-dimensional
settings [17]. Consequently, there is little rationale to expect that unsupervised methods, like the ones considered here, would be
effective under these conditions. For readers interested in exploring this further, an additional simulation in the Supplement confirms
these limitations. Although the results are suboptimal, they still surpass however random guessing.

8. Discussion

We briefly comment on possible avenues for future research. While [6] considered the asymptotics of kurtosis-based projection
pursuit for estimating the discriminating direction, the limiting behaviors of other kurtosis-based estimators, such as [2], are still
unknown. As such, a natural continuation of this work would be to conduct an equivalent study of fourth moments instead of third,
see [13] for such a study under the independent component model. Another possible extension would be to allow for elliptical
mixtures instead of normal ones. As elliptical distributions have a similar joint moment structure as the multivariate normal, it is
reasonable to expect that analogous results could be derived for them. A third option would be to assume that the observed mixture
contains k > 2 components and estimate a k — 1 dimensional subspace that best separates them; see [18, Theorem 4] for a related
Fisher consistency result. [19] considered the latter two problems under the finite mixtures of weakly symmetric distributions only
differing in their means and showed that directions maximizing skewness of the projection can indeed be used in these situations.
Interestingly, eigenvectors of particular, symmetric third-order tensors are shown to be consistent for the separating direction. As the
asymptotic distribution of such vectors is beyond the scope of this paper, we find it to be an interesting venue for future research.
Finally, a natural continuation is to study the high-dimensional asymptotics of the methods in a scenario where p = p, — « as
n — oo. Such a study was conducted for the projection pursuit estimator in [6] and the tools involved there could prove useful also
for the methods considered in the current work.
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Appendix A. Proofs of technical results

We present the proofs grouped by section. Throughout the proofs, the various estimators such as @), will be presented without
a subscript. It will always be clear from the context which estimator we are working with.

A.1. Proofs of the results in Section 2

In the proofs, we denote the estimator, for simplicity, by  (instead of 8,;). Additionally, to simplify the notation and without
loss of generality (since all our procedures involve centering), we also impose the condition E(x) = 0, implying that u; = —a,h and
u, = a;h for some non-zero h € R”. The Bayes optimal projection direction is then as in the main text, 6/||6|, where 6 := =~ 'h.

Proof of Lemma 1. Straightforward computation reveals that C, = X + ghh" and for the third moment ¢; one can use, e.g., [20],
to see that ¢y = fy||h||>h. Consequently, §='/3y=1/3||e;]|=*/3¢; = h, from which the claim follows. []

Before proving Theorem 1, we first present three auxiliary lemmas: Lemma 9 obtains the joint limiting distribution of C, and
&, in terms of which the limiting distribution of 8 is expressed in Lemma 10. Lemma 11 collects different moments of order up to
the sixth that are required in finding the limiting covariance matrix of the method of moments estimator.

Lemma 9. Asn — oo,

vee(Cy) = vee(C)\ _ 1 ¥ x; ®x,) - Ex ®Xx)
ﬁ( ¢ ) - Vn ; ((x.x,.Tx,. — E(xx'x)) — QE(xx") +E(xTx)1p)x,.> +op(D).

G —C i
converges in distribution to the normal distribution with the covariance matrix
o= <91.1 91.2)
0,1 03

the blocks of which are given in the proof of the lemma.
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Proof of Lemma 9. We denote the non-centered counterparts of C, and ¢; by
1% 1y
o T P T
Cyp = p Z x;x; and €y = m Zx[xi X;.
i=1 i=1

As E(x) = 0, linearization coupled with the fact that \/Zi = Op(1), reveals that \/;(Cz -C) = ﬁ(éoz — C,) +0p(1), allowing us to
ignore the centering for the second moment. For the third moment, we have that,

V(&5 — ¢3) = Vn(@gs — ¢3) — 2 <£ ZX,xf) \/nx — (% Zx,Tx,.> Vnx + 0p(1) = V(@ — ¢3) — By/nk + 0p(1),
i=1 i=1

where B :=2X +2phhT + (2, + ﬂ||h||21p. Note that all terms in the expansion that involve more than one instance of x are op(1)

as y/nk = Op(1).
Consequently, the limiting covariance matrix of (vec(C,), ¢3) is

< 0 Ip 0>V< 0 I 0>T’
-B 0 1, -B 0 I,
where the (p+ p? + p) X (p+ p* + p) matrix V is the covariance matrix of the random vector (x,x ® x,xx ' x), a block matrix with blocks

Vi =Cov(x) =E(xx")=C,, V,,=Cov(x®x)=E{x®x)(x®x)'} -Ex®XEx®x),

Vi, =Cov(x,x®x) =E{xx®x)"}, V,3=Cov{(x®x),xx'x} = E{(x®x)x'xx'} - Ex ® x)Exx'x)",

V3 = Cov(x, xx'x) = BE(xx'xx"), Vi = Cov(xx'x) = B(xx xx'xx') — E(xx ' x)E(xx"x)".

The formulas for these six blocks are computed in Lemma 11, and they can be substituted to

o= Voo -V, BT +V,,
“\-BV;,+V;, BV BT-V; BT-BV ;+V;;)’

to obtain the final limiting covariance matrix. []

Lemma 10. We have,

Vn® - 6)= -0 @ Z-H)\/n{vec(Cy) — vec(Cy)} + {(1 + ) Z7! + BOOT }AV/n(E; — ¢3) + 0p(1),

where
13— _ 2 13- _o/3 hhT
A= g By Bl IR, = 27y P 172 S
[h|
Proof of Lemma 10. We denote by h := p=1/3y=1/3||¢;|-2/3¢; the sample third-moment estimator of h. Standard asymptotic

linearization shows that \/n(||&;]1% - lle[I?) = 2c; \/n(&; — ¢3) + 0p(1), and, consequently, by the delta method, we get

P _ 2 _ R
V(&I = lles1 %) = =S lles I e] y/n(@; — e3) + 0p(1).
Using this, the asymptotic linearization of h is

Vil =) = 73y B {/n1& 1177 = Hles 17 )es + lles 1722 V/n(@; = €3)) + 0p(1) = Ay/n(é; — ¢5) + 0p(1),
where A is as in the statement of the lemma.

Denote next £ := €, — phh™. Then, we have \/n(¥ - 2) = /n(€, — Cy) — PAV/n(@; — c)h™ — phy/n(é; — ¢3)TAT. To
obtain a linearization for the inverse ﬁfl, we observe that 0 = \/;(25:71 -L) = Vn(E - Z)f71 + Z\/Z(ifl -z, giving
ﬁ(ﬁ_l -2 =-3""/n(X - £)Z7" + 0p(1). Hence, & has the linearization,

Vi@ -0 =-="'\/u(E - £ "h+ = /uth — h) + 0, (1),

and plugging in our earlier expressions for \/;(il —h) and \/ﬁ(i — %) now yields the claim. []

Lemma 11. Let x follow the mixture distribution (1) with u, = —a,h and u, = a,h for some h € RP. Then we have the following moments.
Cov(x) = X+ phh’, Cov(x,x ®x)=fyh(h®@h)T,
Cov(x, XX 'x) = tr(Z)X + 232 + 2phh" = + 28 >hh" + §||h||*>Z + ftr(Z)hh" + (1 — 38)||h|*hh",
Covx®x)= (I, +K, ,(Z® £+ phh" ® £+ pZ ®hh") + (1 —4p)hh” @ hh"
Cov{(x ® X),xx"x} = By {tr(Z) + (1 - 3A)[|h|*}(h @ Wh" +287{(I, ® )+ (Z ®1,)}(h @ h)h"

+2fy(h @ Wh" = + fy[h]*(h ® 2) + By W] (£ ® h),

Cov(xx'x) = 4ptr(Z)Zhh" + 88X%hh' +48y|h||>Zhh" + [2tr(Z?) + {tr(Z)}?](Z + phh")
+4{tr(£)Z +22? +2phh" X + ptr(X)hh" +24Zhh" + fy|lh|*hh" + glh[*Z} =

10
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+B{2te(D)|[h]]* + 4hT Zh}{ X + (1 - 3p)hh" } + (1 = 3p)[[h[*{ X + (1 - 3p)hh"),

where K, , is the (p, p)-commutation matrix.

Proof of Lemma 11. Let y; ~ N, (-ah, X) and y, ~ N, (a;h, Z) be independent random vectors such that x = By; + (I — B)y,,
where B ~ Ber(a,) is independent of y, and y,. Then, using the law of total expectation, we get E{/(x)} = ¢;E{f(y)} + %E{f(¥2)}-
We now treat each of the six claims one-by-one:

1. Cov(x) = X + phh' follows straightforwardly from the basic moment formulas for multivariate normal distribution.
2. The (i, j)-element of E{(x ® x)x'} is a,E{(y; ® YDi¥);} + RE{(y2 ® ¥2)i(y2); ) where we take i = i(k,l) = (k — 1)p + 1, for
k.1 =1,...,p. In that case, (x ® x); = x;x;. Focus now on the first expectation.

p
7]
E1,,',j =E{(y; ® Y1),'(Y1)j} = E(J’kauyl,j) = E(yl,kyLz)ﬂLj + Z stE { Wg(yLk’)’u)} >
s=1 s

where the last equality holds due to multivariate Stein’s identity [21, Lemma 1] with g(y; 4, ;) = ¥, x¥1,- Applying simple
algebra we obtain that E;;; = Zypu; + pyghyir; + Zjgiyy + ZjH; - Finally, since aypu; + appu, = 0, we obtain that
E{x®x)x"} = f(a; — %)(h @ h)hT.

3. Using again the law of total expectation and by Theorem 2.3.8(vi) in [22], Cov(xx'x,x) = E(xx"xx') equals

tr(Z)X +2X% +2phh" X +28>hh" + g||h||>2 + ptr(Z)hh" + (1 — 38)||h|*hh",
where we have used the fact that o’ + o] =1 - 3.

4. Observe first that E{(x ® x)(x ®x)' } = E{(xx') ® (xx')}. Then using again the law of total expectation and Theorem 3.1(v) in
von Rosen [23], we obtain that

E{(x®x)x®x) "} = Z® X+ vec(Z)vec(X)" +K, (X ® X)+ X @hh' + f(h @ hyvec(Z)"
+ PK,,(hh" ® X+ T @hh") + pvec(X)h®h)T + phh’ ® = + f(1 —3/)hh” @ hh",
where K, , is the (p, p)-commutation matrix. Furthermore, E(x ® x) = vec{E(xx")} = vec(Z) + f(h ® h), giving
Ex ® MExX®x)" = vec(Z)vec(X)T + pvec(Z)(h @ )" + fth ® hyvec(Z)T + f2h @ h)h @ h)".

Finally, Cov(x @ x) takes the form (I» +K,, X ® X+ fhh" ® X+ AZ @ hh") + (1 — 4f)hh” @ hhT.

5. For i = i(k,l) = (k—1)p+1, B{(x®X)x"xx"}, ; = E(|[x]|*x;x,x;). Due to the law of total expectation, we have E{(x @ x)x"xx"} =
@ E{(y; @ Y)Y V1Y } + :E{(¥2 ® ¥2)y, ¥»¥, }. We focus now on the first expression in this sum, denoting it by E; ;(y) and
omitting the subscript “1” in the following.

By multivariate Stein’s lemma, with g(y) = |ly||>y,;, the quantity E; ;(y) equals,

)4
E(lyIPyvDm; +2 Y, 2B + Z3Boyllyl®) + 2, Gyl

s=1

=E(lyIP(y ® y)iu)) +2¢] ZE{y(y ® y);} + E{(e] )i llyllI*} +E{3(Ze))llylI*)
=[E(lyl*G®y}u"l,; +2E{y @)y } 2], + [Z ®EQyy 'y, + [EGy'y) ® Z, . (A1)
Furthermore, again applying multivariate Stein’s lemma with g(y) = ||ly||>y, and i = i(k, [), we obtain

)4
E{llyIPy ® ¥);} = BUYIPy)me +2 Y S By + Zi By 1P,

s=1
giving
E{llyIPy®@iu" = B{lylIP (e ®y)}u" +2E(Zy @ y)u' +E(llylI*)vec(Z)u"
={tr(D)Lz + Ul +2Z L) +2(0, ® )} (u® wu' + {tr(X)L, + |ul*Le + 2 Z @ L) }vec(D)u', (A.2)

where we have used the fact that E(||y||®y) = 2Zu + || u||> 4 + tr(Z)u by Stein’s lemma. The three final terms in (A.1) contribute
the following quantities to the final sum, respectively,

2E{x®x)x }Z=2fy(h®@Mh'X, X ®Exx'x)=fy|[h|>(Z®h), Exx'x)® X = fy|h|*h® X).

The contribution of the term corresponding to (A.2) can be obtained with the help of the formula af +a§ = 1-2p, and putting
now all four terms together and subtracting E(x ® x)E(xx"x)" gives the claim.

6. We focus first on E(x) = E{(x"x)*xx" } = &, E(lly, [I*y;¥]) + @E(lly2*y,¥; ). Then, dropping the subscript “1” for convenience,
the (i, j)-element of the y,-part equals, by Stein’s lemma with g(y) = |ly||*y;,

14
E{ Y2y} = BTy ey +4 ) S By IRy + By I,

s=1

11
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implying E(llyll*yy ") = E(llylI*y)u" +4E(llyll’yy D2 +E(llyl|*) 2. Using Stein’s lemma with g(y) = [ly||* we get

P
E(llyll*y,) = EdlylI)p; +4 Y, SEAyIPy,),

s=1

further implying that E(|ly||*y) = E(llyl*)u + 4ZE(yy'y). Hence, we have the identity E(|ly||*yy") = 4ZE(yy y)u' +
4E(lylI’yy D)X + E(llylI*)(Z + upu"). We next inspect the above three terms one-by-one (using the moment formulas derived
earlier in the proof):

— The first one equals,
AZE(yy 'yu" =4r(X) Zup’ + 82 up" + 4\ pul*Eup’ = 4D, + 22 + || ul’L) Zup"
— The second one equals,

4E(llyIPyy )= = 4E(llylI>uy )X + 8ZE(yy ") Z + 4E([lyl) =?
=8uu’ 2% + 4| ulPup" Z +4tr(X)pp’ Z+ 823 + 8Zuu" T + 4tr(Z) X% + 4| ) > 22
=D +227 +2up" T+ e(Dpup” +2Zpp" + plPup” + ulF 2} 2.

— The third one equals,

E(lyI(Z + pp") = 2tr(Z?) + {tr(2)}* + 2te ()| pll? + 4p" Zp + |l *1(E + pp).

Therefore,

E(llyll*yy") = 4{tr(D)L, + 22 + [|ull’L} Zup" +4{tr(2) 2 + 22 +2up" T+ te(Z)up" +2Zpup’
+ P pp” + 1?22 + [2t0(22) + {tr (D)} + 2t ()| pll* + 4u" Zp + |l *1(E + pp).

Thus, finally, using o) +a = 1 - 54+ 56% and &} + a3 = 1 - 3p,

E(|Ix||*xx ") = 4ptr(Z)Zhh" + 842%hh" +48(1 — 3A)||h||>ZhhT + [2tr(Z?) + {tr(Z)}?](Z + phh")
+4{tr(2)Z +22% +2phh" X + ptr(X)hh" +2pZhh + p(1 — 3p)|h[I*hh" + g|h[*Z} =
+ A{2tr(Z)||h|> + 4hT Zh}{Z + (1 = 3/)hh" } + B|Ih|*{(1 =382 + (1 - 58 + 56°)hh" }.

Subtracting now f2y?||h||*hh™ and using y?> = 1 —4p and 1 — 64 + 94% = (1 — 3p)? yields the claim. []

Proof of Theorem 1. By the delta method, the normalized estimator has

ﬁ(e 9):@(1 99T>x/2<9—9>+op<1>.

e el TR

Denoting the projection matrix onto the orthogonal complement of 6 by Qg, we thus have, by Lemmas 9 and 10 (using their notation)
that
1

:—“9”2 Q0" ® 270, ;(0® Z7HQq - 1 Qo607 ® 2710 LAT((1+ pr) X! + p00T }Qq

el
1 - - 1 - -
—WQG{(I +0)Z7 + pOOT A0, (0 ® Z7)Qq + WQG{(I +B0)Z7 + pOOTIAO,,AT{(1 + pr)Z7" + pOOT }Q.
The expressions for the matrices @, , are given in Lemma 9 as functions of the blocks V,, ,, which themselves are computed
in Lemma 11. Plugging everything in above and simplifying (using the fact that Q460 = 0 whenever possible) gives then the desired
expression. []

M

A.2. Proofs of the results in Section 3

Lemma 12. Let the assumptions of Theorem 2 hold and let
z~ oy Ny(—ay Z7'?h, L) + ay N,y (a; Z7'/?h, 1)

Using the notation m := X~'/>h, we then have

N ]/2 . 0 .
‘/;{|9(2 z) 6 }=%Q921/2\/;{ o) _£}+OP<1>.

02z el 6| mll

Proof of Lemma 12. By affine equivariance, the left-hand side can be expanded as
0z'"’z) o | 6z) m 16|l 0 6@l (Im]|
nd —— "= _ L L= 31/2/y — - — b —————— + ——\/n{ —————— - & (A.3)
‘/—{ 6z 2z llell v 6@l lmll | | ==128G))  llmll Vi 1Z7126@))  lIell

12
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By Slutsky’s lemma, the first term on the RHS of (A.3) equals

ml 6z) m
—X - — 1).
el \/;{ 1oy il [ o0

Let now H be a constant such that 9(z,.) —p Hm. Then, the \/Z—part of the second term on the RHS of (A.3) can be written as

1 A 1 1
—_— Oz)|l - H H - 1. A4
Frq V1@l = Himil) + ||m||\/2{ TR e } +op(l) (A4)

The delta method shows that the second term in (A.4) has the form
[[m|]

YT V1271201 — H2(1011%) + 0p(1) = —

llml

ITIE V/n{b(z) - Hm}TZ 'm + 0p(1).

Finally, 1/n{8(z,) — Hm} can be written as

R 0@z, m m -
0(z;) — Hm) = - L H|m| + — 0@zl — Hllm||} + op(1).
Vn{b(,) m} \/;{ loyl i } [lm]| il V{116l lm|l} + 0p(1)

Collecting everything to (A.4), we see that the second term on the RHS of (A.3) is

il g7 12 { fe) _m }+0P<1>.

R 10zl [ml]

Putting now everything together to (A.3), we obtain the claim. []

Lemma 13. Letu; € R?, |lu,|| = 1, be fixed and asumme that that B € RP? is a symmetric matrix satsfying
B=0BO',
for all p x p orthogonal matrices O for which Ou, = u,. Then, there exists a,b € R such that

B =auju; + 51, - ululT).

Proof of Lemma 12. Choose the unit-length vectors u,, ... ,u, such that U = (u, ... ,u,) € RP*P is an orthogonal matrix. Parametrize
then B := URU'. Choosing now O such that OU = (u;, —u,,...,u,), we obtain the equation UT(OU)R(OU)"U = R, which shows
that all elements expect (2,2) in the second row and column of R must be zero. Similarly we can show that all other off-diagonal
elements of R must be zero as well. Taking then O to be such that it permutes two of the columns u,, ..., u, of U, we find that the
final p — 1 diagonal elements of R must be equal. Hence, R = diag(a, b, ..., b) for some a, b € R, yielding the claim. []

Proof of Theorem 2. Under our assumptions, Lemma 12 implies that

\/;{ 0(x;) 0 }=HQ92_1/2\M{ 0(z,) m }+0P(1)’ (A5)

ool 116l 10| il

where m and z; are as in Lemma 12. Now, the distribution of z; is invariant to all orthogonal transformations Oz; where O is such
that Om = m. Lemma 13 then states that the limiting covariance matrix of

\/; é(z[) _
6@yl liml
has the form
mm”" ( mm”" >
a +C|(I, - s
(Im]|2 7 |m]p?

for some a,C € R. Hence the limiting covariance matrix of (A.5) is

mll? T T ml?
[Im]| Qez_uz{amm +C<Ip mm )}2_1/2()0:0“ I Qp='Qp,

el fmi|? [[m|2 i

concluding the proof. []

For the proof of Theorem 3, we need the following lemma.

Lemma 14. Forany a >0 andu € R?, |ju|| =1,

-1 1
({1, ® @, + aw)} + {4, +ewD @1} = 5 [, ®, + @+ n{(r,-—%

o) @ (4 - i) ]

13
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Proof of Lemma 14. The statement is proven by direct multiplication. The Sherman-Morrison formula implies that I, — {a/(a +
D}uu’ = (I, + cuu")~!. If we denote now

A={I,® (I, +euu’)} + {(I, +auu’) @1,},

: [I”®If’+(a+l){(1”_ailuu-r)®(l”_ailuu-r)}]’

B=——
2a+2)

then

Aa+2AB=1,® 0, +aw)+ @+ D { (1, - —S=w' )@} +d,+a) @1+ @+ D {1,® (I,- —~—w')}

=Ip+al,@u')+(@+ DL —eu)@L, + L, +au) @I, + (@ + DI, —al, ® (uu’)
=2a+2)1,.

Thus, AB=1,®I,=1,. As A and B are square matrices, every left inverse is also a right inverse, concluding the proof. []

Proof of Theorem 3. We have C,(z) = I, + #|lm|>ww" where w := m/||m||. Denoting d = (1 + f|lm[*)~" € (0,1), we then have
C,@' =1,- (1 —dww' and C,(z)"'/? = I, - (1 — d"/*)ww". Consequently, dropping the parenthetical references to the data,
||(A9(z,-)||2 = ATCAz‘lﬁ —,d. Let now t € R? be any unit-length vector satisfying m"t = 0. Then, by the proof of Theorem 2, we have

oz, m
t7 L —— % w N(0,0).
ﬁ{ 1o nmn} 00

This further gives tT\/;: {@(zi) —d'2w} ~ N'(0,dC). The left-hand side of this can be expanded, using Slutsky’s lemma, to obtain

tT/n(C, 7% — C, Py + t Ty /n(@ — w) + 0p(1). (A.6)
Linearizing the equation /n(C,”'/2C,C,™/2 —1,) = 0 and using the formula vec(AXBT) = (B ® A)vec(X), we get

1/2

Vivee(€, 2 = €71 = —((€)* @ 1) + @, ® €/ 71(C ' © €5 /)y /avee(€, — ) + 0p(D).

2
Now, C;/z =1, + (d 2 — hwwT and, using Lemma 14, we get
4 1/2 .
tT/n(C,72 - ¢, P yw = -d—_tT\/Z(c2 — C)w +op(1).
144d-1/2
Plugging in to (A.6) now yields the claim. []

Proof of Theorem 4. Let R := C;l/z(x)zl/z. Then R"R =1, — {(7)/(1 + pr)}ww" where w = =~'/?h/|| Z~/?h]|. Consequently, the
unique symmetric positive definite square root of RTR is P := L-{1-(1+ p7)"'/2}wwT. Consequently R = OP for some orthogonal

72(x){x — E(x)} can be written as

matrix O. This implies that C,
C,"*®{x - E®} =RZ"’x = 0z,

where z is as described in the theorem statement. []
A.3. Proofs of the results in Section 4
Proof of Lemma 2. Let A and b be an invertible p x p -matrix and p-vector, respectively. Then

-1/2
2

-1/2

6Ax+b)=C )

(ATx +b)e;(C, “(ATx + b)AT {x — EX))).

As shown in the proof of Lemma 6, C; 2ATx +b) = uc; 172(x)(A~1)T, for some orthogonal matrix U that makes C; 12(ATx + b)
symmetric. Therefore, (ATx + b),, = Ux,,. Furthermore, it is straightforward to show that for any orthogonal matrix O, ¢;(Ox) =

Oc;(x). And finally, since U is such that C;l/ %(ATx + b) is symmetric, we can write C;l/ 2ATx+b) = A’ICE 172(x)UT, which finally
gives

0ATx +b) = C;'*ATx + b)es(ATx + b)) = A1 C; *(W)es(x,) =A™ o). O O

Proof of Lemma 3. By AE, it is sufficient to assume that
Z~a .A/'p(—azm, L)+ az./\/'p(a,m, L),

and show that 6(z) is proportional to m := X~!/?h. Now, by the proof of Theorem 3, we have C,(z)~!/2 =1 — (1 — d'/2)ww" where
d =(1+ p|lm|*>)~" and w := m/||m||. Hence,

2, ~ ) Ny(—ayd"*m, Cy(2)™") + ay N, (@ d"*m, Cy(2) ™),

and, by Lemma 11, we have ¢;(z,) = fyd*/?mm™m. The claim now follows, after recalling that z = h" X~'h = |m|%. [J

14
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Throughout the remainder of this section, without loss of generality, we assume x ~ a;N(-a,m,L) + a, N (¢;m,1)), where
m := ¥~'/2h. For simplicity of the notation, we denote A := C,"'/2(x) and A := C,"!/2(x,) := (% >k iT> -1/2, where %; = x; — %.
We also use the notation 4% = (1 + fz)~! where we recall that 7 = ||m||%.

Lemma 15. Under the above assumptions E(xx' A%x) = fyA%rm.
Proof of Lemma 15. To prove the statement we use the fact that the moments of the multivariate normal mixture are convex
combinations of the moments of its normal components, as well as the multivariate Stein’s lemma [21] with g(x) = x'A?x. By

further observing that tr(A’mm") = m"A’>m = 4%z, we obtain the claim. []

Proof of Theorem 5. We start by the linearization of \/ﬁ(é - 0);

V/n(0 - 0) = \/n(Ae; — Acy) = \/n(A — A)é; + Av/n(&; — ¢3) = V/n(A — A)es + Av/n(é; — ¢3) + op(1). (A7)
Since ¢; = AE(xx" A%x), Lemma 15 implies that ¢; = fy43rm. Thus,
V(@ — 6) = y A7 +/n(Am — Am) + A\/n(@; — ¢3) + 0p(1). (A.8)

Denote now I = fyA’z1/n(Am—Am) and II= A+/n(é; —c;), and let us focus first on the expression II. We again begin by linearization,
this time of &;:

n
\/;(63 —6)= \/; <% Z Ax%,TATAX, — Cz)
i=1

n (A.9)
:\/Z(A—A)%Flii 2%, + A= ZXXT\/_(AZ AYg, +A\/_<£; i—c3>.
We examine now all three expressions in (A.9) separately.
Vn(A - A) - Z %% A%%; = \/n(A — A)E (xxTA%X) + 0p(1) = fyA2z+/n(Am — Am) + 0,(1). (A.10)

Furthermore,
n n
Al Y %&] V/n(A2 - A, = Al Y %vec {ij\/ﬁ([sz - Az)f(i} = AE{x(x ® x) }y/nvec (A2 - A2) +op(1)
n n
i=1 i=1

= fyAm(m ® m)y/nvec <A2 - Az) +op(1),

which turns out to be a negligible term in the expression for the limiting covariance of the estimator standardized to unit norm as
Am « m and since the final linearization will in the end by multiplied from the left by Q,Z~!/2, giving Qo Z~'/>m = 0. Thus, we
ignore this term in the sequel. Finally, we focus on a final term in (A.9).

n n n n
Avn <% Y %% A - c3> =/n(&y5 - ¢5) — A\/ZX% D &A%, - A\/ﬁ% Y x XA - A\/Z% Y xx A%
i=1 i=1 i=1 i=1

+o0p(1), (A.11)

where &3 = ﬁ > Ax;xTA%x;. Since, 1/nX = 0p(1) and £ = 0p(1),
A\/;i% Z %[ A%%, = A\/nXE(xTA%X) + 0p(1) = pAy/nX,
i=1
since Ax is standardized to have a unit covariance matrix. Furthermore,
A\/_% Z xxTAX = A\/_% Z X% A%, = AE(xx)A2/nk + 0p(1).
i=1 i=1

Observe first that E(xx") = I+ pmm". As above, since we are interested in the limiting covariance of the normalized estimator
0/110]|, we can neglect any term starting with m, or Am for that matter, as any such term will vanish in the end. For the same
reason, multiplication with matrix A from the very left, has the same impact to the final limiting covariance as multiplication by
an identity, and can therefore be omitted. Hence, as before, we can write

A\/_< Zxx A% —c3> = V(&5 — ¢3) — (p + 2)V/nx + 0p(1). (A.12)

=1

Therefore, we obtain
Vn(® - 0) = py 4% (4 + Dry/nAm — Am) — (p + 2)y/nX + /(&) 3 — ¢3) + 0p(1). (A.13)

15
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As for the final part of the hnearlzatlon, we focus on the first term in the sum in (A.13) and express it as a linear function of
v/n(Cy, — C)m, where €y, = = Zl L X;X]. As in the proof of Theorem 3,

VivecA —=A) = -1, ® A~ + A7 @ 1,71 (A ® A)y/nvec(Cy, — Cy) + 0p(1).

Now, since C, = I, + fmm’" is a rank-1 perturbation of identity, and C,m = 4~?m, we obtain A~'m = Cl/ m = A~'m, giving
A7l =1,+ (4" = )(mm")/7. Lemma 14 then implies that
- 1 —1
LA +ATI QI — I, +47ARA),
a1,® ®1)" = s, 81, ®A)

further giving

V/nvec(A — A) = {A®A+471(A?® A%} V/nvee(Cy, — C,). (A.14)

2(A Ly
Unvectorizing (A.14) glves

\/_(A n= 2(Al+1)

Same as above, we can ignore the multiplications by A and A? from the left, and finally obtain

{A\/'(c02 CyA + 47 A2 /n(Cy 5 — CZ)AZ} +op(1).

N —_A2

Vi - Am = A+1
Plugging (A.15) into (A.13) gives

V(@ - 6) = —(p + 2)v/nx — pya*c/n(€Cy5 — C)m + /n(&y 5 — €3) + 0p(1), (A.16)

showing that 8, and consequently 8/||0||, has a limiting normal distribution.

To conclude the proof, we still compute the constant C in the limiting covariance matrix. We have 6 = fyr4*m and ||0]> =
f2y?73 48, Consequently, the proof of Theorem 3 reveals that t71/n(@ — 8) ~ N'(0, f2y%7>43C), for any unit-length vector t satisfying
t"m = 0. By working in an orthogonal basis given by (m/|m||,t,us, ... ,u,), where the final p—2 vectors are arbitrary, we thus have,
by the CLT and (A.15) that

— Cy)m +0p(1). (A.15)

Ao a8C = Var(—(p+ )X, — frA* 02X Xy + Xp (AP X7 + X2 + X3+ + X)),

where X| ~ ay N (—7' /2, 1) + oy N (72, 1), X, ... . X, ~ N(0,1) and all these variables are independent of each other. We have
the moments E(X;) = 0, E(X?) = 1+, E(Xf) = By7r3/? and E(X?}) = p(1-3p)7*+6p7 +3, allowing us to simplify the above equation
to p2y*0348C = 2p+ 1 — %2 457° + A*E(X}). Observing now that y? = 1 — 4p, the desired limiting normal distribution follows. []

A.4. Proofs of the results in Section 5

Proof of Lemma 4. Letting y,z denote independent copies of x,,, the right-hand side writes as E{y(y®y) (z®z)z" } = E{(y z)?*yz" }.
Whereas, the left-hand side takes the form Y7_ E(yy'e,y'ze[zz") = E{(y'z)’yz'}, proving the claim. []

Proof of Lemma 5. Letting A := C;]/ 2, we have
T, (A(x — E(x))) = AE{(e] AX) - xx }A = fiy(e] Ah)Ahh"A,
by the moment formulas used also in deriving Lemma 11. Consequently,

p
TAX - Ex))) = Z T, (Ax)? = f%y*(hTA%h)’AhhT A.
k=1

By the Sherman-Morrison formula,
1

A’h=(Z+phh")y'"h=——0, h"A?h= —"—,
(2 +puh) 1+ p7 1+ p7
where 7 = h" Z~'h. Thus, u = sAh/||Ah|| for some sign s, and
12y - g AZh = s{z(1 + pr)}"/20,

u=
2 * AR
completing the proof. []

Proof of Lemma 6. We have C,(ATx; +b) = ATC,(x,)A. Consequently, by Theorem 2.1 in [7],
CATx; +b)712 = VG, (x)™/2A™T, (A.17)

where V is the unique orthogonal matrix that makes VC,(x;)~!/2(A~!)T symmetric. Hence, writing X, := x; — X,
q g 2\ & Y’ g i i

T,(C,ATx; + b 2AT(x; — %) = 1 Z VC,x) V%% Cy(x) 2V e %] Cy(x) 712V
nia
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Consequently,

n n
TCHATx, +D)2AT(x, - 0) == 3 3 VE 060 2%,8] €500 %,8] C06) 71 %,5] Cx) 2V T
=1 =1
=VI(C,x) ™ 2(x;, —x)V'.

As the normal mixture is absolutely continuous w.r.t. the Lebesgue measure, the matrix T(Cz(xi)‘l/ 2(x;—%)) has almost surely distinct
eigenvalues. Thus, almost surely,

a(ATx; + b) = sVi(x,),
for some sign s. The desired result now follows by combining the above with (A.17). [

We begin with an auxiliary result that shows how to obtain the limiting distribution of the leading eigenvector of an estimator
that converges to a rank-one matrix. Its proof is exactly analogous to the proof of Theorem A.1.2 in [6] and we refrain from including
it here.

Lemma 16. Assume that the n-indexed sequence H of estimators, taking values in the set of symmetric p X p matrices, satisfies
ﬁ(I:I —whhT) = Op(1) for some w > 0 and h € R?, ||h|| = 1. Then, letting @ denote any leading eigenvector of H, we have,

Vi(sa—h) = L (1~ hhT) y/n(f — yhh")h + 0,(1),
W
for some n-indexed sequence of signs 3.

Let now z ~ a; N (—a;m,L) + a; N'(aym,1,), where m := ¥~'/?h. We next provide a linearization of the estimator 3,8, (z,),
omitting, for convenience, both the signs §, and the parenthesis notation specifying the sample we use to be z,.

Lemma 17. We have

\/;( —{t(1 + o))~ 1/? m) =— Tmil <Qm 5 Tllﬂm“2> { Z(m 2,)Z; — (1+ﬂr)m}
— Qi+ ——Q, v/ {}l Y 'z, 2, —ﬂyfzm} +op().
i=1

where A% := 1/(1 + ) and Qy, is the projection onto the orthogonal complement of m.

ﬂJ/TA3||m|| Bre 2Allmll

Proof of Lemma 17. Linearization and Lemma 16 together give,

Vi (8, = {z(1 + p)}™/’m) = \/n(A - A) i+ \/_< )+0p(1)
= /(A ~ &)+ mef(

where A := C 12 =, Czl/2 =: A, A = %2734 is the leading (and only non-zero) eigenvalue of T, 4 = (1 + #r)~/? and Q,, is the
projection onto the orthogonal complement of m.

As our first task, we obtain an expression for the second part of (A.18) by linearizing T: \/Z(T -T) = i= A \/Z(’i‘k -TOT, +
T, \/Z(Tk —Ty)} +0p(1). Now, T, is proportional to mm", meaning that Q,,T, = 0, allowing us to ignore the second term inside the
sum above (as it later gets plugged in into (A.18) and canceled by Q,, there). We thus next linearize \/;(Tk —T,), which essentially
amounts to replacing each A with (A—A)+A and splitting each x; —%. In this, we use the fact that Am = Am, obtained by simplifying
A(I + pmmT)A — A%, Thus, any resulting terms in the linearization that are proportional to identity or that start with either “m” or
“Am” get later canceled by the projection Q,, and, ignoring them, we obtain,

|
> iy P *18)

|m|| ImII2

Vn(t, - T)) =% Z Az, - 7)(z; —2) Aey(z; —1)TA — \/nT,
n =1

n
=v/n(A - A)E(zz" Ae,z")A — Av/nze] — e, \/nzTA + % Y Az, Aeyz] A — /iy + 0p(1).

i=1

Using the facts that E(zz" Ae,z") = fyAmm'e,m' and T, = fyA*mm'e,m",

P n
Z V(T =TT, = VA — A2y A mm’ — pyra’Avy/nzm™ + \/n <ﬁy451 Z Azz]mz'mm" - T> +o0p(1).
n
k=1 i=1
Plugging now in to (A.18), and using Q,,A = Q,,, we get

m' m
A—-A - —_—
VA = A Q'“‘[< ||m||2) mi]

we thus get,

IImII

17
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1 o T N2y g2
= Vi = A + 3Qm VA - Freag VP 5 24||m||Q“‘\/_<"g‘(m e m>'

What remains now is the simplification of the terms involving \/E(A — A). For these, linearizing the relation ﬁ(AézA -L)=0
yields

IImII ﬂ}'TA3I|mI|

12 1/2

AV/n(C, - CA = —+/n(A - A)C, Vn(A = A) + op(1).
Using \/ﬁ(éz -Cy= \/Z(Coz — C,) +0p(1) from the proof of Lemma 9 and vectorizing gives
1, ® CY* + €} ®1,)\/nvec(A — A) = —(A ® A)y/nvec(Cy, - C,).

Now, C2/ = (I, + pmm")!/2 =1, + amm" /|m||> where « = /1 + 7 — 1, meaning that Lemma 14 gives

IV P e mm' __a mm’
L ®C, L) = [IP@I"“"“){(I" a+1||m||2>®<1" a+1||mllz>}]'

Now, as A = (I, + pmmT)1/2 = L+{(0+ po)~1/2 — 1ymmT /||m||?, we get
1

-0-p)e (b-o- o) ]
) [A®A+(a+l){<l (a A)” z) @ (L -a-ams ) b

Thus, by vectorizing and carrying out the Kronecker-multiplications, we get

{”m T®( +%Qm>}ﬁvec(A—A)=—;{lm T®<Qm 41 mm >}\/_vec(C02 Cy) +op(D),

] (d+po02 \ lml 201+ $7) jjm]?
after which unvectorizing yields the claim. []

12

1,®C°+C)* 1) A®A) =

Proof of Theorem 6. We now obtain the limiting normality and constant C in exactly the same way as in Theorem 5. As such,
we point out only the main steps here. The ”t-argument” together with the linearization in Lemma 17 shows that the constant C
satisfies

1 1
A2C=Var{—AX X, - X, + X%x }
Y gy m) T prrAlm| T2

where X, X, are as in Theorem 5. []
A.5. Proofs of the results in Section 6

Proof of Lemma 7. By affine equivariance, without loss of generality we can assume that the common group covariance is X =1,
and the group means are —a,m and a;m, with m = 2~ 1/2h. As shown in Lemma 11, we have T,(x,,) = ﬂyAg(e m)mm’, where
=1/(1 + pr) and we have used C, 2m = Am. Using this notation

(VT (x,)v)? = 22 A7 (vIm)*,

Mw

k

implying that this sum is maximized at v = +m/||m||. Consequently, 6; = C;l/ 2m/ [[m|| = sAm/|jm||. The result now follows via
affine equivariance. []

The proof of Theorem 7 is based on a suitably linearized Taylor expansion of the gradient of the Lagrangian and the remainder
of this section focuses on that, under the assumption of a standardized mixture. Even though 3-JADE satisfies only a weaker version
of affine equivariance (Lemma 8), this assumption (standardized mixture) is justified by the following: (i) Arguing as in Theorem
2, we see that the limiting behavior of 8;(x,)/||6;(x,)|| is determined by the limiting behavior of 8;(z;)/||8;(z,)|| where 8,(z,) is some
sequence of 3-JADE estimators for the standardized mixture z;. (ii) Below we show that all sequences @J (z;) of 3-JADE estimators
for z; have the same limiting distribution. Hence, the weaker form of affine equivariance is not an issue and we may use Theorem
3 to compute the limiting constant C.

The gradient V#,(u,) (with the Lagrangian multiplier plugged in) has the following first-order Taylor expansion around the
population optimum u = m/|lm||: 0 = VZ,(u) + VT VZ,(u)(u, — u) + O(||u, — u||?), further allowing us to write

- V/nV£, (@) = Hy/n(u, —w) +0,(1), (A.19)

where H is an a.s. limit of VTV, (u); for more technical details on the expansion see e.g. [6]. That u, converges in probability to
u (up to sign) follows from the standard M-estimator argument over compact spaces. Lemma 19 gives a closed-form expression for
H, while Lemma 18 comprises the auxiliary results needed for the calculation of H. The proof of the latter is omitted as it follows
the same argument as that of Lemma 11.

1/2

Lemma 18. Letting u := m/7z'/* = m/||m||, we have

Ti(x,) = fyA(e{mmm", T (x,)u=pra’c"*(efmm and u'T,(x,)u=fyac(e/m).

18
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Lemma 19. Let V'V, (u) be the gradient of V¢,(u) that is given in (5). Then the a.s. limit H of VT V¢, (u) evaluated at u = m/z'/?
exists and is given by

mm’
= —4p7y* 4% (I + :
" lmi2

Proof of Lemma 19. It is straightforward to verify that

P
1 . . . . N . N
ZVTVf,,(u) =) <2TkuuTTk +@ T, - 4@ T,u)T,uu’ - (uTTku)21p> .
k=1

The law of large numbers implies that VT VZ,(u) —»,, H, where

p
iH =Y (2T T, + @ TwT, - 4@ T,w T’ - @ T,u)L,).
k=1
Using auxiliary Lemma 18, let us now simplify the four sums in H:
)4 )4
Z TkuuTTk = %72 A% mm" Z ekeme = %2 A°’mm",
k=1

P P
Z(uTTku)Tk = ﬁzyzAﬁr <mT Z ekezm> mm' = ﬂzyzAﬁrzmmT,
k=1

k=1

P
z:(uTTku)TkuuT = %2 4%’mm”",
k=1

P )4
Z(uTTku)ZIp = 2y2 45,2 <mT z eke2m> I, = 22 4°7°L,
k=1 k=1

Plugging these back into the expression for H gives
T
H = 45252453 <Ip + ﬂ) . O
T

Lemma 19 additionally implies that H has only two distinct eigenvalues: —8#%y247* belonging to m/||m||, and —45%y% 4573 with
multiplicity p — 1. This further implies that H is a regular matrix and that for any unit-length vector t such that t"m = 0, we have
tTH—l — (—4ﬂ2]/2A6T3)_1tT.

Proof of Theorem 7. Eq. (A.19) together with Lemma 19 imply that \/ﬁ(un —u)=-H"! ﬁVf,,(u) +0,(1). To show that \/Z(un —u)
indeed has a limiting normal distribution, we start by linearizing the terms in \/;an(u).
1 p o p . p . p . .
ZVf,,(u) = Z(uTTku)Tku - Z(uTTku)zu = Z(uTTku)Tku + Z{uT(Tk - Tu}T,u
k=1 k=1 k=1 k=1

» p
- Z(UTTkll)zll - Z{uT(Tk — Tk)u}zu -2

k=1 k=1 k

{u"(Ty - THu} T, wu

M-~

)4
@"Tu)(T, - T)u+ Z(uTTku)Tku Z u'(F, - TouTeu+ Y {u" (T, - Toul(dy, - Tu
1 k=1 =1 k=1

P
- Z(UTTku)zu - Z{uT(Tk - Tk)u}zu -2

k=1 k=1 k

M«:

k:

{uT(’i‘k - Tk)u}(uTTku)u.

M=

Since u is a solution to optimization problem (4), we have Zizl(uTTku)Tku - izl(uTTku)zu =0, further giving

)4 )4 )4
Alr\/ﬁwn(u) = Y @ T /n(T, - Tou+ Y {u"v/n(Ey, - Tou)Tu+ Y (u”v/n(E, - Toul(, - Tpu
k=1 k=1 k=1
)4

- Z{uT\/_(Tk Toua" (T, — T uu Z u/n(t, - THu}@ T,
k=1 =l
Additional linearization and the law of large numbers imply that T, — T, = op(1), allowing for simplification in the upper
linearization, i.e.,

P p P
ViV, =4 @ Twy/n(T, - Tou+4 Y (u'v/n(T, - T)u)T,u -8 Z{uT\/'(Tk —Tou) @  Twu + op(1).
k=1 k=1
The asymptotic normality of \/— n(T, —T,) discussed in the proof of Lemma 17 now implies that \/— n(u, —u) is also asymptotically

normal. Consequently, Theorems 2 and 3 can be used to obtain the precise form of the asymptotic covariance matrix of the 3-JADE
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estimator. The former gives the matrix up to proportionality (due to AE) and the latter allows finding the method-specific constant
C. This constant requires obtaining an expansion of t™/n(u, — u) = ~tTH~'1/nVZ,(u) + 0p(1), which we will do next.

As shown after Lemma 19, or any unit-length vector t such that t'm = 0, we have tTH™! = (-442y24%¢3)~1t7, further implying
that tT4/n(u, — u) can be written as

P p P
B2 48777 [ Y @ T y/n(Ty - Tou+ Y {u”y/n(T, - TouTou =2 Y {u”y/n(Ty - Toul @ Tewu | +o0p(1).
k=1 k=1 k=1
AstTu = 0, and Tt = 0, the final two terms in the upper expansion vanish, leaving tT+/n(u, — u) = ﬂy;—%z it V(T -
Tk)u}(eZm) + 0p(1). Plugging in the expression for \/Z(’i‘k —T,) from the proof of Lemma 17, we get

t' \/— (u, —u) =
Invoking now Theorem 3 and its proof, we have

TG, =~ Cu - By Arr 3/2\/_T_ By A2 By A213/2 ty/n ZZ'(ZT“)Z_M““ ~ N(©,0).

Consequently, the asymptotic variance constant C satlsﬁes, by the CLT, that

- 1 1 2
C = Var <—X1X2 - Gy A X, + Gy X1X2> s

n

By 27T /n(A — Ay — 72T \/nz + 42" 2T\ /n 1 Y z,(z] w? = fyzm | > +o0p(D).
n

By A3L2
ﬂA i=1

where X, X, are as in the proof of Theorem 5. Computing the variance now yields the claim. [J
Appendix B. Supplementary data

Supplementary material contains additional numerical experiments and simulation results including Fig. S1-S3.
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2025.105524.
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