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ABSTRACT

This licentiate thesis considers various hybrid methods for solving systems of non-
linear equations. Extensive numerical experiments confirm a research hypothesis
that one particular form of hybridization of the conjugate gradient algorithm with
Newton’s method outperforms other hybrid strategies considered in the thesis. Al-
though the findings are preliminary and the computational experiments have certain
limitations, this study offers solid insights by highlighting the most promising hy-
bridization techniques for further research and potential advancements in solving
nonlinear systems.

KEYWORDS: Newton’s method, iterative algorithm, descent direction, conjugate
gradient, nonlinear optimization.
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TIIVISTELMÄ

Tässä lisensiaatintyössä tarkastellaan erilaisia optimoinnin hybridimenetelmiä
epälineaaristen yhtälöryhmien ratkaisemiseksi. Numeeriset testit vahvistavat
tutkimushypoteesin, jonka mukaan eräs konjugaattigradienttimenetelmän ja New-
tonin algoritmin hybridisaatiomuoto toimii paremmin kuin muut opinnäytetyössä
tarkastellut hybridistrategiat. Vaikka tulokset ovatkin vasta alustavia, luovat ne
hyvän lähtökohdan epälineaaristen yhtälöryhmien ratkaisemiseen soveltuvien opti-
moinnin hybridimentelmien jatkokehitystyölle.

AVAINSANAT: Newtonin menetelmä, iteratiivinen algoritmi, laskeva suunta, kon-
jugaattigradientti, epälineaarinen optimointi.
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Symbols and Acronyms

Rn Real n-dimensional space

R Set of real numbers

N Set of natural numbers

B(x; r) Open ball with a radius r and a center point x

{xk} Sequence of vectors x1, x2, x3, . . .

⌈ ⌉ Ceiling function

xT y Inner product of x and y

∥ · ∥ Vector norm

(A)ij Element of the matrix A in row i of column j

AT Transpose of the matrix A

A−1 Inverse of the matrix A

det(A) Determinant of the matrix A

I Identity matrix

∇f(x) Gradient of the function f at x

J(xk) Jacobian matrix at xk

∂
∂xi

f(x) Partial derivative of function f : Rn → Rm with respect to xi

∂f(x) Generalized Jacobian matrix of the function f : Rn → Rm at x

Bk Approximation of the Jacobian matrix at xk

T (x) Tangent line at x ∈ R

H(x) Hessian at x

Hk Hessian at the kth iteration

H−1
k Inverse of Hessian at the kth iteration
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Ik Length of interval of uncertainty at the kth iteration

F Fibonacci series

λk Step length at the kth iteration

dk Descent direction at the kth iteration

conv S Convex hull of the set S

int S Interior of the set S

f ′(x; d) Directional derivative of the function f at x in the direction d

|||·||| Matrix norm

ϵ Predefined positive tolerance

N Maximum number of iterations

A ⪰ 0 A is positive semidefinite

A ≻ 0 A is positive definite
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Introduction

Solving systems of nonlinear equations is a fundamental problem in applied math-
ematics, engineering, and scientific computing. Unlike linear systems, where robust
and well-established techniques guarantee solutions, nonlinear systems often require
more nuanced approaches due to their complexity and potential for multiple solu-
tions, divergence, or non-existence of solutions. This thesis outlines the primary
methodologies for tackling systems of nonlinear equations, emphasizing theoretical
foundations, numerical techniques, and practical considerations.

For systems of linear equations, all techniques are generally divided into direct
methods and iterative methods. Direct methods, such as Gaussian elimination, QR
decomposition, and matrix inversion, provide solutions in a finite number of steps,
given that the problem is well-posed and numerical stability is ensured. In contrast,
iterative methods, including the Jacobi method and the conjugate gradient method,
are particularly well suited for large, sparse systems because of their computational
efficiency and scalability.

A system of nonlinear equations consists of multiple interdependent equations
involving unknown variables. The objective is to find values for these variables
that satisfy all equations simultaneously. Nonlinear systems are inherently more
complex than linear systems due to the presence of nonlinearity, which can manifest
as powers, trigonometric functions, or other non-linear relationships.

While analytical solutions are rare for nonlinear systems, they can be pursued
when specific conditions apply. Common approaches include:

• Substitution method: Solving one equation for a variable and substituting it
into others, though this quickly becomes impractical for larger systems.

• Graphical methods: Visualizing solutions by plotting functions, feasible only
for systems with two or three variables.

• Symbolic computation: Using algebraic manipulation tools like Gröbner bases
or software such as Mathematica or Maple to find exact solutions.

Analytical methods are limited to small systems with well-behaved functions. There-
fore, in this thesis, we focus on another big class of methods known as iterative
numerical methods. For most practical problems, numerical techniques are the
preferred approach. These methods iteratively approximate the solution until con-
vergence criteria are met.

For complex systems, iterative numerical methods provide approximate solu-
tions. These methods involve iteratively improving an initial guess until the solution
satisfies a predefined accuracy.
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• Newton’s method: This method refines the solution by approximating the
system as a simpler one near the current estimate. It is highly efficient when
the initial guess is close to the true solution. However, it requires additional
computations and can fail if the guess is too far off or the problem is poorly
conditioned.

• Quasi-Newton methods: These methods reduce computational overhead by
approximating the relationships between variables rather than recalculating
them at every step. They are widely used in optimization problems.

• Fixed-Point iteration: This approach transforms the system into a form in
which variables can be successively updated. Convergence depends on the
specific properties of the equations and transformation.

• Trust-Region methods: These methods improve stability by limiting the degree
to which the solution is adjusted in each step, ensuring that the process remains
reliable even for difficult systems.

A system of nonlinear equations can often be solved indirectly by reformulating
it as a single objective unconstrained optimization problem [56]. One of the first
alternative methods to the classical Newton-based iterative numerical methods was
the conjugate gradient method. This approach was first proposed by Hestenes and
Stiefel in 1952 [36]. The conjugate gradient algorithm is based on a series of con-
jugate directions that are generated so that, for example, in the linear cases, they
are mutually orthogonal. This enables efficient convergence towards the solution
of the linear system. However, this algorithm was not widely used until the early
1960s when Fletcher and Reeves [30] improved it. In this variant, the definition of
conjugacy is slightly altered. Instead of seeking exact conjugacy, it allows for a more
relaxed criterion for conjugacy. This improves convergence behavior, and it can be
especially beneficial when dealing with ill-conditioned or nearly linearly dependent
systems [30].

Another important innovation occurred when the idea of hybridization of several
methods was met with attention. Hybridization involves combining two or more
optimization methods, algorithms, or strategies into a unified framework to leverage
the strengths of each component.

In 1970, Powell [47] introduced a hybrid method that integrated the conjugate
gradient and Newton’s methods. This approach, designed to solve unconstrained
optimization problems, demonstrated greater efficiency than either method alone,
especially when applied to non-linear optimization problems with a large number of
variables. Over the years, researchers have continued to develop and refine hybrid
methods, contributing to their growing applicability and effectiveness in solving
unconstrained optimization problems [54, 56].

Several factors influence the success of solving nonlinear systems:

• Initial guess: The choice of the starting point is critical for methods like New-
ton’s. A poor guess can lead to divergence or convergence to an unintended
solution.
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• Scaling: Rescaling the equations or variables ensures that numerical compu-
tations remain stable and efficient.

• Stopping criteria: Clearly defined conditions, such as the size of adjustments
or the accuracy of the solution, prevent unnecessary computations.

• Software tools: Modern computational tools like MATLAB, Python libraries,
and dedicated solvers significantly simplify the process.

This work focuses on solving systems of nonlinear equations by reformulating
them as unconstrained optimization problems and employing a hybrid approach that
integrates multiple established optimization techniques. Specifically, we investigate
the combination of the Gradient (G), Conjugate Gradient (CG), Newton’s (N),
and Quasi-Newton (QN) methods. These methods are organized into two groups:
the first includes the gradient and conjugate gradient methods, while the second
encompasses Newton’s and quasi-Newton methods. These methods were selected
for their compatibility, enabling seamless integration without significant additional
computational effort.

The primary objective of this research was to identify the optimal combination
of these methods. By selecting one method from each group, we constructed four
distinct hybrid algorithms, enabling a comparative analysis based on performance
metrics such as iteration count, function evaluations, and computational efficiency.
Among these, the hybridization of the Conjugate Gradient and Newton’s methods
(referred to as CGN) emerged as the most robust optimization algorithm, leveraging
the strengths of both approaches. Additionally, the CGN algorithm demonstrated
effectiveness in solving small- to medium-scale nonlinear optimization problems.
However, for large-scale problems, its computational cost becomes a limitation due
to the requirement of computing the Hessian matrix at each iteration.

This thesis is structured as follows: Chapter 1 outlines the foundational defini-
tions and concepts essential to the study. Chapter 2 focuses on nonlinear equations
involving one or multiple variables and explores various solution techniques. Chapter
3 provides an overview of methods for unconstrained optimization. Chapter 4 details
hybridization strategies for addressing systems of nonlinear equations by reformulat-
ing them as unconstrained optimization problems. Finally, Chapter 5 examines two
practical applications in which the hybrid conjugate gradient and Newton (CGN)
algorithm is expected to demonstrate potential utility based on empirical results
obtained in Chapter 4.
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Chapter 1

Preliminaries

This chapter presents basic definitions to be used throughout the thesis. For more
details on the theory related to the specified definitions, we refer to [1, 7, 11, 44].

Definition 1. A function F : Rn → R is said to be
convex if

F (λx + (1 − λ)y) ≤ λF (x) + (1 − λ)F (y) for all x, y ∈ Rn and λ ∈ [0, 1] (1.1)

strictly convex if

F (λx + (1 − λ)y) < λF (x) + (1 − λ)F (y) for all x, y ∈ Rn, x ̸= y and λ ∈ (0, 1)
(1.2)

strongly convex if

F (λx + (1 − λ)y) ≤ λF (x) + (1 − λ)F (y) − m

2 λ(1 − λ)∥x − y∥2 (1.3)

for all x, y ∈ Rn, x ̸= y and λ ∈ (0, 1). In addition, m > 0 is called a strong
convexity constant.

Definition 2. The inner product in the n-dimensional real Euclidean space Rn can
be defined as

xT y =
n∑︂

i=1
xiyi

where x, y ∈ Rn and xi, yi ∈ R.

Definition 3. The vector norm for a column vector x in the n-dimensional real
Euclidean space Rn can be defined as

∥x∥ = (xT x) 1
2 .

Definition 4. An open ball with a center x ∈ Rn and a radius r > 0 is denoted by
B(x; r), that is

B(x; r) = {y ∈ Rn | ∥y − x∥ < r}.
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Definition 5. Suppose that {xk} is a sequence in Rn converging to x∗.
1) The sequence {xk} is said to converge linearly if there exists c ∈ (0, 1) such

that
∥x∗ − xk+1∥ ≤ c∥x∗ − xk∥ for all k sufficiently large.

2) The sequence {xk} is said to converge superlinearly if

∥x∗ − xk+1∥
∥x∗ − xk∥

→ 0 as k → ∞.

3) The sequence {xk} is said to converge quadratically if there exists c ∈ (0, ∞)
such that

∥x∗ − xk+1∥ ≤ c∥x∗ − xk∥2 for all k sufficiently large.

Definition 6. A function F : Rn → R is said to be nonlinear if it does not satisfy
the principle of superposition, that is

F (x1 + x2 + . . . + xl) ̸= F (x1) + F (x2) + . . . + F (xl)

for some combination of x1, x2, . . . , xl ∈ Rn.

Definition 7. The vector ∇F (x) is called the gradient vector of the function F :
Rn → R at x ∈ Rn and it is defined as:

∇F (x) =
[︂

∂F (x)
∂x1

, . . . , ∂F (x)
∂xn

]︂⊤
,

where the components ∂F (x)
∂xi

for i = 1, . . . , n, are called the partial derivatives of the
function F .

Definition 8. In vector calculus, the Jacobian matrix is the matrix of the first order
partial derivatives of a vector-valued function. Suppose F : Rn → Rm is a vector-
valued differentiable function. Then at a point x ∈ Rn the Jacobian matrix J(x) of
F = (F1, . . . , Fm) is a m × n matrix whose ith row is given by the gradient vector
∇Fi composed of partial derivatives ∂Fi

∂xj
(x) = ∂Fi

∂xj
(x1, x2, . . . , xn), in other words

J(x) =

⎡⎢⎢⎢⎢⎢⎣
∂F1
∂x1

(x) ∂F1
∂x2

(x) · · · ∂F1
∂xn

(x)
∂F2
∂x1

(x) ∂F2
∂x2

(x) · · · ∂F2
∂xn

(x)
... ... . . . ...

∂Fm

∂x1
(x) ∂Fm

∂x2
(x) · · · ∂Fm

∂xn
(x)

⎤⎥⎥⎥⎥⎥⎦ .

Definition 9. The matrix H(x) is called the Hessian matrix of the function F :
Rn → R at x, and it is defined to consist of the second-order partial derivatives of
F . That is,

H(x) =

⎡⎢⎢⎢⎣
∂2F (x)

∂x2
1

· · · ∂2F (x)
∂x1∂xn

... . . . ...
∂2F (x)
∂xn∂x1

· · · ∂2F (x)
∂x2

n

⎤⎥⎥⎥⎦ .
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Definition 10. The system of equations can be written as:

a11x1 + a12x2 + · · · + a1nxn = b1,

a21x1 + a22x2 + · · · + a2nxn = b2,

...
am1x1 + am2x2 + · · · + amnxn = bm,

where aij represents the coefficients of the variables x1, x2, . . . , xn, and bi represents
the constants on the right-hand side. The augmented matrix for this system is given
by:

⎡⎢⎢⎢⎢⎣
a11 a12 · · · a1n b1
a21 a22 · · · a2n b2
... ... . . . ... ...

am1 am2 · · · amn bm

⎤⎥⎥⎥⎥⎦ .

In this matrix, the first n columns form the constraints matrix, and the final
column represents the constants from the right-hand side of the equations.

Definition 11. A function F : Rn → R is locally Lipschitz continuous at a point
x ∈ Rn if there exist scalars L > 0 and ϵ > 0 such that

|F (y) − F (z)| ≤ L∥y − z∥ for all y, z ∈ B(x; ϵ).

A vector valued function F : Rn → Rm is locally Lipschitz continuous at a point
x ∈ Rn if Fi is locally Lipschitz continuous at x for all i = 1, . . . , m.

Definition 12. A function F : Rn → R is Lipschitz continuous on a set U ⊂ Rn if
there exists a scalar L > 0 such that

|F (y) − F (z)| ≤ L∥y − z∥ for all y, z ∈ U.

A vector valued function F : Rn → Rm is Lipschitz continuous on a set U ⊂ Rn if
Fi is Lipschitz continuous on U for all i = 1, . . . , m.

Definition 13. The convex hull of a set S ⊆ Rn is

conv S = {x ∈ Rn | x =
k∑︂

i=1
λixi,

k∑︂
i=1

λi = 1, xi ∈ S, λi ≥ 0, k > 0}.

Definition 14. Let F : Rn → Rm be locally Lipschitz continuous at a point x ∈ Rn.
Then the generalised Jacobian of F at x is the set

∂F (x) := conv{A ∈ Rm×n | ∃ {xi} ⊂ Rn\ΩF such that xi → x and J(xi) → A},

where ΩF is a set in Rn that contains all nondifferentiable points.
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Definition 15. Let A be a m × n matrix, then matrix norm of A can be defined as

|||A||| :=
(︄

m∑︂
i=1

∥ai∥2
)︄ 1

2

,

where ai ∈ Rn is the ith row of A.
Definition 16. The classical directional derivative of F : Rn → R at x ∈ Rn in the
direction d ∈ Rn is defined by

F ′(x; d) = lim
t↓0

F (x + td) − F (x)
t

.

If F is differentiable at x, then the directional derivative, which exists in every
direction d ∈ Rn, is a linear operator on d. In other words, we have the relation

F ′(x; d) = ∇F (x)T d,

where ∇F (x) ∈ Rn is the gradient vector of F at x. Shapiro [53] proved that a
locally Lipschitz continuous function F : Rn → R is directionally differentiable at x
if and only if

lim
∥d∥↓0

F (x + d) − F (x) − F ′(x; d)
∥d∥

= 0.

Definition 17. In algebra, a matrix A ∈ Rn×n is called positive definite if

xT Ax > 0 for all x ∈ Rn, x ̸= 0.

A matrix A ∈ Rn×n is called positive semidefinite if

xT Ax ≥ 0 for all x ∈ Rn.

In numerical analysis, an iterative method is called convergent if the error mea-
sure of successive iteration points xk defined as a distance between computed and
true value for some vector-valued function F : Rn → Rm with true solution x∗ tends
to zero. In other words, we need to have

lim
∥xk−x∗∥↓0

∥F (xk) − F (x∗)∥ = 0.

It means that as xk gets arbitrarily close to x∗, the values of F (xk) get arbitrarily
close to true value F (x∗).

Iterative methods are termed locally convergent if they guarantee convergence
to an optimal solution, provided the initial point is sufficiently close to the solu-
tion. Methods used for nonlinear equations and systems, such as Newton-based
approaches, typically exhibit only local convergence. If the initial guess is poorly
chosen, the method may converge slowly or fail to converge altogether.

Globally convergent iterative methods are those that converge from any initial
point. Achieving global convergence often necessitates using conservative step sizes,
which can slow down the rate of convergence. Iterative methods for solving systems
of linear equations typically exhibit global convergence. A thorough understanding
of both the local and global convergence properties of numerical methods is crucial
for choosing appropriate algorithms and assessing their reliability and efficiency in
addressing specific problems.
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Chapter 2

Solving Nonlinear Equations

Solving systems of equations is a fundamental problem in applied mathematics. Nu-
merous robust and efficient techniques are available for addressing systems of linear
equations. Significant progress has also been achieved in finding techniques that
extend Newton’s method to solve systems of nonlinear equations. These techniques
are particularly appealing as they retain the fast local convergence properties inher-
ent to Newton-based methods for smooth equations. In this chapter, we provide a
short review of the methodology suitable for solving systems of nonlinear equations.

2.1 Nonlinear equations
In mathematics, a system of nonlinear equations is a set of equations where one or
more terms have, for example, a variable of degree two or higher and/or there is a
product or other more complex forms of combining variables in at least one of the
equations. Nonlinearity is a broader concept that includes any equation that cannot
be written as a linear combination of variables. Nonlinear equations are solved as
part of many simulations of physical processes. Generally, we seek for values of n
variables, (x1, x2, . . . , xn) = x ∈ Rn to satisfy m nonlinear equations

F (x) =

⎛⎜⎜⎜⎜⎝
F1(x)
F2(x)

...
Fm(x)

⎞⎟⎟⎟⎟⎠ = 0, (2.1)

where F1, F2, . . . , Fm : Rn → R are twice continuously differentiable functions. Many
direct and indirect optimization-based methods (see [54, 56]) have been developed
for solving (2.1). The solution of a system of nonlinear equations can rarely be
given by a closed-form expression, so one must use iterative methods to approximate
the solution numerically. The output of such an iterative method is a sequence of
approximations to a solution. The value of such methods is measured in terms of
the computational cost of obtaining the successive term of the sequence {xk} and
the convergence rate. We define linearisation of equation (2.1) at an iteration point
xk by

F (xk) + J(xk)zk = 0 ∀ k= 0,1,. . . (2.2)

11



where zk = xk+1 − xk and J(xk) is the Jacobian matrix of F at xk. If J(xk) is
a nonsingular square matrix, then the determinant is nonzero and J(xk) has an
inverse. The linear approximation (2.2) gives the Newton-Raphson iteration

xk+1 = xk − J(xk)−1F (xk). (2.3)

Equation (2.3) is a generalization of the method proposed in 1669 by Sir Isaac
Newton, who first used the iteration

xk+1 = xk − F (xk)
F ′(xk) ∀ k=0,1,. . . (2.4)

to solve a cubic equation F (x) = 0 with a single-valued function F (x) := x3 −2x−5
of one variable x. In 1690, Raphson first employed the formula (2.3) to solve a
general cubic equation [49]. Then Cauchy (1829), Fourier (1890), and Fine (1916)
established convergence theorems of Newton’s method for different cases [18, 26, 31].
In 1948, Kantorovich established a convergence theorem [39], referred to as the
Newton-Kantorovich theorem, which is the main tool for proving the convergence
of various Newton-type methods.

There are various Newton-type methods for solving nonlinear equations. Dembo
et al. [23] proposed an inexact Newton’s method that solves the linear equations
(2.2) approximately. Another efficient approach is approximating the Jacobian or
the inverse of the Jacobian that satisfies the secant equation

Bk+1zk = F (xk+1) − F (xk),

where Bk+1 is an approximation of the Jacobian matrix at point xk+1. For highly
nonlinear problems, these Newton-based schemes tend to fail or require a carefully
chosen starting point to produce a solution [9]. The reason is that unless starting
points are close enough to a potentially optimal solution, the iterates may converge
to another local minimum of the function.

2.2 Solving a single nonlinear equation with one
variable

In this section, we first deal with the simplest problem of solving a single equation
F (x) = 0 with only one variable. Algorithms for one-dimensional problems are
the basis of algorithms for higher-dimensional problems. For example, Newton’s
method has analogs for higher-dimensional problems. Other algorithms, such as the
bisection method, are strictly one-dimensional.

2.2.1 Bisection method
The bisection method, or bisection search, is the simplest and most robust way to
find the root of a function with one variable. It does not require the considered
function to be differentiable but merely continuous on its domain. The method
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is based on a simple topological result called the Intermediate Value Theorem: if
F : R → R is a continuous function of argument x on the interval a ≤ x ≤ b such
that F (a) < 0 < F (b) then there exists at least one x∗ ∈ (a, b) such that F (x∗) = 0,
and this holds similarly in the case F (b) < 0 < F (a).

Figure 2.1: First iteration of the Bisection method.

Computational algorithm

The bisection search algorithm involves the iterative division of an interval in which
a root is known to exist, as shown in figure 2.1. Initially, the algorithm selects an
initial interval [a, b] in which the function F changes its sign. Subsequently, the
bisection procedure generates intervals [ak, bk] for k = 1, 2, 3, ... that progressively
decrease in size, halving with each iteration, following an exponential rate of decrease
given by:

|bk − ak| = |b − a|
2k−1 , k = 1, 2, . . .

where ak and bk can be calculated from the following computational steps in Algo-
rithm 1:
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Algorithm 1: Bisection method [6]
Input: Initial interval [a, b], tolerance ϵ > 0, maximum number of iterations

N
Output: Approximate solution x∗

1 Calculate F (a) and F (b)
If F (a)F (b) ≥ 0

OUTPUT: (’No root in [a, b], or the root is trivially at a or b).
Go to step 4.

Else set k = 1, ak = a, bk = b, and compute midpoint xk = ak+bk

2 .
2 While (k ≤ N)

If F (ak)F (xk) = 0 then the root is at x∗ = xk and go to step 4.
Else if F (ak)F (xk) < 0, then the root lies in (ak, xk)

If |F (xk)| > ϵ then set (ak+1, bk+1) = (ak, xk) else x∗ = xk and
go to step 4.

Else if F (ak)F (xk) > 0, then the root lies between (xk, bk).
If|F (xk)| > ϵ then set (ak+1, bk+1) = (xk, bk) else x∗ = xk and

go to step 4.
Update iteration counter k = k + 1.
Recompute midpoint xk = ak+bk

2 .
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

Here we discuss an example. Given the function F (x) = x5 − 3x3 + 2.5x − 0.6, we
see graphically

Figure 2.2: Plot of F .

that there are three positive roots for F (x) = 0 (Figure 2.2). We solve equation
F (x) = 0 with initial interval [1, 2], maximum number of iterations N = 50 and
tolerance ϵ = 10−6. The bisection method took 20 iterations to reach the solution
x∗ = 1.38. Computation results are shown in Table 2.1.
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Table 2.1: Solution of F (x) = x5 − 3x3 + 2.5x − 0.6 = 0 with the initial interval [1,2]
using the bisection method.

Convergence

Although the convergence rate of the bisection method may seem good, it converges
slowly toward the solution because it halves the intervals. Another disadvantage
is that it requires the exact evaluation of F (x), as a computed approximation may
not be continuous on x on a fine scale due to the wrong sign. When implementing
a code of the bisection method, it is important to consider this potential issue by
either verifying consistency among the indicated signs of F and rejecting further
bisection beyond a certain point or by utilizing a calculated error estimate for the
computed values of F .

Theorem 1. [15] Suppose that F is a continuous function on [a, b] such that F (a) ·
F (b) < 0. The bisection method produces a sequence {xk} that approximates the
root x∗ of F with

| xk − x∗ |≤ b − a

2k
, where k ≥ 1.

Proof. Let [a, b] be the initial interval and x∗ be a root of F in this interval. For
each k ≥ 1, we define

xk = bk + ak

2 .

Different signs of F at ak and bk guarantee that at least one root exists in the
interval [ak, bk]. Now, recursively producing values ak and bk as in Algorithm 1 for
each k ≥ 1, we have

bk − ak = b − a

2k−1 .
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Since the actual solution F (x∗) = 0 satisfies x∗ ∈ [ak, bk] for all k ≥ 1, we have

| xk − x∗ |≤ 1
2(bk − ak) = b − a

2k
.

Therefore, the sequence {xk} converges to x∗ with a rate of convergence O(1/2k),
that is,

xk = x∗ + O(1/2k).

If we need to know the number of steps for the desired accuracy ϵ we can calculate
it from

b − a

2k
≤ ϵ,

which simplifies to:

k ≥
⌈︄

log((b − a)/ϵ)
log(2)

⌉︄
. (2.5)

Inequality (2.5) gives the minimum number of iterations required to achieve the
accuracy ϵ. For example, if b − a = 1 and ϵ = 0.001, then from (2.5), we can
calculate that k ≥ 10.

2.2.2 Newton-Raphson method
Newton’s method is one of the simplest and widely used iterative methods to solve
equations. It is also known as the Newton-Raphson method, and it is faster and
more efficient than the bisection method.

Figure 2.3: Tangent at point xk to get new iteration point xk+1 for Newton-Raphson
method.
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Newton-Raphson method requires the evaluation of both the function F and its
derivative, denoted by F ′, at arbitrary points. We assume that F has at least one
(real) root and start with an initial guess, say x0, sufficiently close to the exact root
x∗. The next iterate x1 is given by the point at which the tangent line to F at
(x0, F (x0)) crosses the x-axis. We denote by T the tangent line to F at point x0,
such that,

T (x) = F (x0) + F ′(x0)(x − x0). (2.6)

The new iterate x1 is the point where this tangent line intersects the x-axis. Thus
we have

0 − F (x0) = F ′(x0)(x1 − x0)

which gives

x1 = x0 − F (x0)
F ′(x0)

, (2.7)

as the basic Newton’s method. If xk+1 represents the next iterate, it corresponds to
the point where the tangent line to F at (xk, F (xk)) intersects the x-axis as shown
in figure 2.3. In general, Newton’s method for finding a root is given by iterating
(2.7) repeatedly, that is,

xk+1 = xk − F (xk)
F ′(xk) ∀ k ≥ 0 (2.8)

provided F ′(xk) is non-zero. A suitable way to terminate the method is using error
tolerance ϵ > 0 or the maximum number of iterations N .

Computational algorithm

Algorithm 2: Newton-Raphson method [6]
Input: Starting point x0, tolerance ϵ > 0, maximum number of iterations

N
Output: Approximate solution x∗

1 Set k = 0
2 While (k < N)

Calculate F (xk) and F ′(xk).
If F ′(xk) is close to zero then

OUTPUT: (’Method failed to converge’)
Go to step 4.

Else set yk = −F (xk)/F ′(xk) and update xk+1 = xk + yk

Check,
If |xk+1 − xk| < ϵ then update x∗ = xk+1 and go to step 4.
Else update iteration counter k = k + 1

3 End while
OUTPUT: (’Method failed to converge after N iterations’)

4 Stop
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Example with Matlab

Here, we take the same example F (x) = x5 − 3x3 + 2.5x − 0.6 = 0 that we used in
the bisection method. Since the convergence and efficiency of Newton’s method are
highly dependent on starting points, we solved the equation using different starting
points. As Tables 2.2 and 2.3 show, for the tolerance ϵ = 10−6 and maximum
number of iterations N = 50, Newton’s method converges in 7 steps when the
starting point is 2, whereas it took 12 iterations when the starting point is 5. In
both cases, we reached the same solution.

Table 2.2: Solution of F (x) = x5 − 3x3 + 2.5x − 0.6 = 0 using the Newton-Raphson
method with the starting point x0 = 2.

Table 2.3: Solution of F (x) = x5 − 3x3 + 2.5x − 0.6 = 0 using the Newton-Raphson
method with the starting point x0 = 5.

Convergence

Sometimes, the Newton-Raphson method does not converge if the initial guess x0 is
not sufficiently close enough to the exact root x∗; in other words, it is not globally
convergent. So, while choosing x0, one should check that F ′(x0) is not close enough
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to zero. If F ′(x0) is nearly zero, the tangent line becomes almost parallel to the x-
axis, resulting in x1 being significantly distant from x∗. Due to this, the method may
diverge. Before proving the convergence theorem of the Newton-Raphson method,
we need to prove the following lemma.

Lemma 1. [44] For an open interval D, let F : D → R be differentiable such that
F ′ is Lipschitz continuous on D. Then for any x, y ∈ D

|F (y) − F (x) − F ′(x)(y − x)| ≤ γ(y − x)2

2 ,

where γ > 0 is the Lipschitz constant of function F ′ on the domain D.

Proof. From calculus, we know that F (y)−F (x) =
∫︁ y

x F ′(z)dz. Equivalently, we can
write

F (y) − F (x) − F ′(x)(y − x) =
∫︂ y

x
[F ′(z) − F ′(x)]dz. (2.9)

By the change of variables

z = x + t(y − x), dz = dt(y − x),

equation (2.9) becomes

F (y) − F (x) − F ′(x)(y − x) =
∫︂ 1

0
[F ′(x + t(y − x)) − F ′(x)](y − x)dt.

Further, by applying the triangle inequality in the above integral part and the Lip-
schitz continuity of F ′, we have

|F (y) − F (x) − F ′(x)(y − x)| ≤ |y − x|
∫︂ 1

0
γ|t(y − x)|dt = γ|y − x|2

2 .

Theorem 2. [44] For an open interval D, let F : D → R be differentiable, and F ′

be Lipschitz continuous and bounded from below on D. Assume that for some ρ > 0,
we have |F ′(x)| ≥ ρ for all x ∈ D. If F (x) = 0 has a solution x∗ ∈ D then there
exists some η > 0 such that: if |x0 − x∗| < η, then the sequence {xk} generated by

xk+1 = xk − F (xk)
F ′(xk)

exists and converges quadratically to x∗, as

|xk+1 − x∗| ≤ γ

2ρ
|xk − x∗|2 k = 0, 1, . . .

where γ is the Lipschitz constant of function F ′ on the domain D.

Proof. Let τ ∈ (0, 1) and η̂ be the largest radius of open interval around x∗ that is
contained in D. Define η = min{η̂, τ(2ρ/γ)} and select x0 such that |x0 − x∗| ≤ η
and thus x0 ∈ D. The Newton’s method calculation (2.7) is of the form

x1 = x0 − F (x0)
F ′(x0)

.
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From this, we can obtain

x1 − x∗ = x0 − x∗ − F (x0)
F ′(x0)

= x0 − x∗ − F (x0) − F (x∗)
F ′(x0)

= 1
F ′(x0)

[F (x∗) − F (x0) − F ′(x0)(x∗ − x0)].

Then from Lemma 1,
|x1 − x∗| ≤ γ

2|F ′(x0)|
|x0 − x∗|2

and by the boundness assumption that |F ′(x)| ≥ ρ for all x ∈ D, the above implies

|x1 − x∗| ≤ γ

2ρ
|x0 − x∗|2.

Since |x0 − x∗| ≤ η ≤ τ 2ρ
γ

, we have |x1 − x∗| ≤ τ |x0 − x∗| < η and x1 ∈ B(x∗; η).
Similarly, we can prove the desired result by iterating on k. Thus, for all k = 0, 1, ...,
we have xk ∈ D and

|xk+1 − x∗| ≤ γ

2ρ
|xk − x∗|2.

The condition to provide a non-zero lower bound for F ′(x) in D means that F ′(x)
must be non-zero at each x ∈ D for Newton’s method to converge quadratically.
If F ′(x) = 0 for some x ∈ D, then F has multiple roots, and Newton’s method
converges linearly. Quadratic convergence is very fast, but unfortunately, it is local
behaviour. If the initial guess is not close to x∗, there is no guarantee that xk → x∗

as k → ∞. The local convergence rate of Newton’s method is governed by the error
in the approximation (2.6). Then (2.7) implies that |x1 − x0| = O(|F (x0)|). If we
put x1 instead of x in equation (2.6), then together with the Taylor series error
bound, we have

F (x1) − T (x1) = O(|x1 − x0|2)

and since T (x1) = 0, implies that

|F (x1)| = O(|F (x0)|2).

This means that there exists a constant c > 0 such that

|F (x1)| ≤ c|F (x0)|2.

The same reasoning can be applied to the general xk. This means that the residual
at the next iteration is roughly proportional to the square of the residual at the
current iteration.

2.2.3 Secant method
The secant method serves as an alternative to Newton’s method when the derivative
F ′ is not explicitly available. This approach is often referred to as a derivative-free
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method. It also converges faster than the other derivative-free methods, such as bi-
section or false position methods [15]. The secant method is based on approximating
the function F using a straight line, called a secant, that connects two points on the
graph of the function. Thus, the method starts with two initial guesses, x0 and x1,
which are ideally close to the actual root x∗.

The first iterate x2 is obtained as the intersection of the secant line passing
through (x0, F (x0)) and (x1, F (x1)) with the x-axis. In slope–intercept form, the
equation of this line is

y = F (x1) − F (x0)
x1 − x0

(x − x1) + F (x1) (2.10)

The root of this linear function, that is the value of x such that y = 0 is

x = x1 − F (x1)
x1 − x0

F (x1) − F (x2)
.

We then use this new value of x as x2. Similarly, x3 is determined to be the point
where the secant line passing through (x1, F (x1)) and (x2, F (x2)) intersects with the
x-axis and so forth. Writing this process in iterative form, with setting x = xk+1
and y = 0 in the equation (2.10) and using secant line from (xk−1, F (xk−1)) and
(xk, F (xk)), we obtain

xk+1 = xk − F (xk)(xk − xk−1)
F (xk) − F (xk−1)

∀ k ≥ 1, (2.11)

where F (xk) − F (xk−1) ̸= 0. Equation (2.11) is also obtained if in the formula of
the Newton-Raphson method (2.8), the derivative F ′(xk) is replaced with a finite
difference approximation based on the two most recent iterates, as follows:

F ′(xk) ≈ F (xk) − F (xk−1)
xk − xk−1

. (2.12)
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Computational algorithm

Algorithm 3: Secant Method [6]
Input: Starting points x0, x1, tolerance ϵ > 0, maximum number of

iterations N .
Output: Approximate solution x∗

1 Set k = 1
2 While (k ≤ N)

Calculate F (xk−1) and F (xk).
If F (xk−1) = F (xk) then

OUTPUT: (’Method failed to converge’)
Go to step 4.

Else calculate xk+1 = xk − F (xk)(xk−xk−1)
F (xk)−F (xk−1) .

Check,
If |xk+1 − xk| < ϵ then update x∗ = xk+1 and go to step 4.

Update iteration counter k = k + 1.
End while
OUTPUT: (’Method failed to converge after N iterations’)

3 Stop

Example with Matlab

We take the same example F (x) = x5 − 3x3 + 2.5x − 0.6 = 0 with x0 = 1, x1 = 2,
the tolerance ϵ = 10−5 and the maximum number of iterations N=50. The secant
method took 6 iterations to reach the solution x∗ = 0.93. Note that this solution is
different from the Newton-Raphson method 2.3. Computation results are shown in
Table 2.4.

Table 2.4: Solution of F (x) = x5 − 3x3 + 2.5x − 0.6 = 0 with x0 = 1 and x1 = 2
using the secant method

Convergence

The secant method has a convergence rate that is similar to Newton’s method,
even though the secant method is not as fast as Newton’s method. Specifically, the
secant method exhibits superlinear convergence under some specific assumptions.
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Although, same as in Newton’s method, there is no universal guarantee that the se-
cant method converges from any initial point, typically, the secant method is popular
because secant iteration has less function evaluations than a single Newton iteration.
The search for the solution in the secant method is similar to the bisection method,
in a sense that after each iteration, one of the previous two interval endpoints from
the previous iteration is replaced by the new root estimate.

Theorem 3. [35] Let D be an open interval, F : D → R be differentiable, and xk

be the sequence produced by the secant method. Assume that the sequence converges
to a root of F (x) = 0. This implies that xk → x∗ and F (x∗) = 0. Moreover, assume
the root x∗ is regular: F ′(x∗) ̸= 0. Then, the sequence converges to the root x∗

superlinearly.

Proof. See Lemmas 1.2, 2.1, and 2.2 in [35] for detailed proof.

2.3 Solving a system of nonlinear equations with
several variables

Systems of nonlinear equations can often be approximated by linear systems. When
this is not possible or yields unsatisfactory results, the problem must be tackled
directly. Computational methods for finding the solution of the system of nonlinear
equations are an important part of engineering, physics, chemistry, computer science,
and economics [56].

In Subsection 2.3.1, we discuss Newton’s method for a system of nonlinear equa-
tions as the multi-dimensional extension of the method discussed in Subsection 2.2.2.
It is one of the basic methods for solving systems of nonlinear equations. This
method converges quadratically to a root if we have a good initial guess. It may fail
to converge if the initial guess is far from the root. Two drawbacks of this method
are its computational cost and slow convergence in the case of a bad initial guess.

Subsection 2.3.2 presents the inexact Newton method, which improves Newton’s
method by inducing a special forcing term to control the level of accuracy. In
addition, limitations of the inexact Newton method are discussed.

In Subsection 2.3.3, we discuss the quasi-Newton method, which is a more so-
phisticated variant of Newton’s method, trying to improve the computational cost.
Calculating and inverting the true Jacobian matrix is computationally expensive,
especially for high-dimensional problems. Approximating the Jacobian reduces this
burden significantly. In quasi-Newton methods, the Jacobian is approximated by
a matrix Bk, which is updated iteratively at each step. The approximation matrix
Bk or its inverse B−1

k may become ill-conditioned, reducing numerical stability and
potentially slowing convergence. The Sherman-Morrison formula is introduced be-
cause it provides an efficient way to update the inverse approximation B−1

k directly
without explicitly inverting Bk. This removes the need to compute Bk and its in-
version at each iteration. On the other hand, quasi-Newton methods have some
disadvantages since they do not converge quadratically like Newton’s method. An-
other drawback of this method is that it does not have the self-correcting property
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of Newton’s method. Thus, it does not correct itself for rounding errors with con-
secutive iterations. This might cause a slight inaccuracy in iterations compared to
Newton’s method.

In the following, we consider the system of m nonlinear equations (2.1) with
n variables. If m < n, then the system (2.1) has fewer equations than unknown
variables. Such a system is called an underdetermined system [22]. In the case m >
n, (2.1) has more equations than unknown variables, and the system is considered
overdetermined system [22]. Lastly, for the case m = n, (2.1) has the same number of
equations as the number of unknown variables, and the system is called determined
system.

In the systems of linear equations, underdetermined systems either have no so-
lution (so-called inconsistent systems) or an infinite number of solutions. Overde-
termined systems may sometimes have solutions if one or more equations are linear
combinations of others. Determined systems, on the other hand, possess a unique
solution if the rank of the system (i.e., the rank of the augmented matrix) equals
the rank of the constraint matrix and matches the number of variables.

In this subsection, we focus exclusively on determined systems. Next, to solve
the system (2.1), we present the following methods, which extend the techniques
discussed in the previous section to higher dimensions.

2.3.1 Newton’s method
Newton’s method is a powerful numerical technique for solving systems of n nonlin-
ear equations

F (x) =

⎛⎜⎜⎜⎜⎝
F1(x)
F2(x)

...
Fn(x)

⎞⎟⎟⎟⎟⎠ = 0, (2.13)

where

x =

⎡⎢⎢⎢⎢⎣
x1
x2
...

xn

⎤⎥⎥⎥⎥⎦ ∈ Rn

is the vector of variables and F1, F2, ..., Fn : Rn → R are twice continuously dif-
ferentiable functions. Newton’s method iteratively refines an initial guess x0 to
approximate the solution x∗, which satisfies F (x∗) = 0.

Newton’s method for a system of nonlinear equations is an extension of Newton’s
method 2.2.2 with one variable. It aims to iteratively approximate (or correct) the
solution by linearizing the system at each iteration, using the Jacobian matrix to
guide the update steps toward the root. For a small correction zk ∈ Rn at the
current iterate xk ∈ Rn, we approximate F using a Taylor expansion

T (xk + zk) ≈ F (xk) + J(xk)zk

where J(xk) is the Jacobian matrix of F at xk.
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At the root x∗ we should have F (x∗) = 0. Therefore, utilizing this condition in
the linear approximation gives

F (xk) + J(xk)zk = 0. (2.14)

If J(xk) is nonsingular, equation (2.14), yields

zk = −J(xk)−1F (xk). (2.15)

The next iterate is then given by

xk+1 = xk + zk for k = 0, 1, . . . (2.16)

which is the natural generalization of the one-dimensional formula (2.8). In practical
computations, evaluating J(xk)−1 is typically more costly than solving (2.14). When
∥xk − x∗∥ is small enough, we can write the Taylor approximation error bound in
terms of norms:

∥F (xk+1) − T (xk+1)∥ = ∥F (xk + zk) − (F (xk) + J(xk)zk)∥ = O(∥zk∥2). (2.17)

The last equality holds since every component of the vector F (xk+1) − T (xk+1) has
Taylor’s approximation error bound equal to O(∥zk∥2) (see Lemma 1). We also see
from (2.15) that,

∥zk∥ = ∥ − J(xk)−1F (xk)∥ ≤
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

−J(xk)−1
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

∥F (xk)∥ ≤ c1∥F (xk)∥, (2.18)

where

c1 = sup
x∈B(xk;δ)

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
−J(x)−1

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
(2.19)

is a bound relating to Newton’s step and some δ > 0 defines the neighbourhood of
xk where Jacobian J(x) is nonsingular. Inequalities (2.17) and (2.18) together with
T (xk+1) = 0 imply that

∥F (xk+1)∥ ≤ c∥F (xk)∥2,

where c combines the bound c1 relating to Newton’s step with a bound on the second-
order Taylor remainder. This shows that the residual ∥F (xk)∥ converges to 0 at
the quadratic rate. Showing quadratic convergence typically requires nonsingularity
and continuity of the Jacobian, and a sufficiently close starting point assumption.
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Computational algorithm

Algorithm 4: Newton’s Method [6]
Input: Starting point x0, tolerance ϵ > 0, maximum number of iterations

N
Output: Approximate solution x∗

1 Set k = 0.
2 While (k < N)

Calculate F (xk) and J(xk).
If J(xk) is singular

OUTPUT: (’Method failed because of singularity’)
Go to step 4.

Let zk = −J(xk)−1F (xk)
Set xk+1 = xk + zk

Check,
If ∥xk+1 − xk∥ < ϵ then update x∗ = xk+1 and go to step 4.

Update iteration counter k = k + 1.
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

The system of equations

F (x1, x2) =
(︄

x3
1 + 3x2

2 − 21
x2

1 + 2x2 + 2

)︄
= 0 (2.20)

is solved using Newton’s method with the different starting points, tolerance ϵ =
10−6, and maximum number of iterations N = 50. Results are presented in Tables
2.5-2.6. In Table 2.5 starting point is (1, 1)T and we reached solution (1.64, −2.34)T

in 18 iterations while in Table 2.6 starting point is (1, −1)T and we reached solution
(1.64, −2.34)T in 6 iterations. In both cases, we reached the same solution but with
different numbers of iterations.
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Table 2.5: Solution of a system of nonlinear equations using Newton’s method with
starting point (1, 1)T .

Table 2.6: Solution of a system of nonlinear equations using Newton’s method with
starting point (1, −1)T .

Convergence

In practice, Newton’s method can be challenging to use because of its lack of ro-
bustness, particularly its sensitivity to the choice of the initial guess and potential
divergence. The method may demand some ingenuity to find a starting point x0
close enough to x∗ to obtain convergence. It is often difficult to know whether a
system of nonlinear equations even has a solution.

While Newton’s method can suffer from extreme ill-conditioning of the function
F , it exhibits some robustness due to its affine invariance. In other words, the
method is invariant under affine transformations, such as G(y) = AF (By), where
A and B are invertible n × n matrices. This means that Newton’s method works
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identically with the original equations F (x) = 0 and the transformed equations
G(y) = 0. We now state the following results, which are analogous to the one-
dimensional case (see subsection 2.2.2). For the proof of Lemma 2 and the following
theorem, we refer to [25].

Lemma 2. Let F : Rn → Rn be continuously differentiable in an open convex set
D ⊂ Rn, and let J be Lipschitz continuous on D. Then for any x, x + p ∈ D we
have

∥F (x + p) − F (x) − J(x)p∥ ≤ γ

2∥p∥2,

where γ > 0 is the Lipschitz constant of J on D.

The local quadratic convergence of Newton’s method for systems of nonlinear
equations is proved in the following result. The techniques of the proof are similar
to those in the one-dimensional case (see subsection 2.2.2).

Theorem 4. Let F : Rn → Rn be continuously differentiable in a open convex set
D ⊂ Rn. Assume that there exists an exact solution x∗ ∈ Rn and r, β > 0, such that
B(x∗; r) ⊂ D, F (x∗) = 0, J(x∗)−1 exist with |||J(x∗)−1||| ≤ β, and J is Lipschitz
continuous with constant γ > 0 on B(x∗; r). Then there exists ϵ > 0 such that for
all x0 ∈ B(x∗; ϵ) the sequence {xk} generated by

xk+1 = xk − J(xk)−1F (xk), k = 0, 1, . . .

is well defined and quadratically converges to x∗,i.e.

∥xk+1 − x∗∥ ≤ βγ∥xk − x∗∥2, k = 0, 1, . . . (2.21)

Proof. We need to choose ϵ > 0 such that J(x0) is nonsingular for any x0 ∈ B(x∗; ϵ).
Let

ϵ = min
{︃

r,
1

2βγ

}︃
. (2.22)

We first prove that J(x0) is nonsingular. From ∥x0 − x∗∥ ≤ ϵ, the Lipschitz conti-
nuity of J at x∗ and (2.22), it follows that⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

J(x∗)−1[J(x0) − J(x∗)]
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

≤
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

J(x∗)−1
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

|||J(x0) − J(x∗)|||

≤ βγ∥x0 − x∗∥ ≤ βγϵ ≤ 1
2 .

Thus by Lemma 3.1.20 in [25], J(x0) is nonsingular and
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

J(x0)−1
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

≤ |||J(x∗)−1|||
1 − |||J(x∗)−1[J(x0) − J(x∗)]|||

≤ 2
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

J(x∗)−1
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

≤ 2β.

Therefore x1 is well defined and

x1 − x∗ =x0 − x∗ − J(x0)−1F (x0)
=x0 − x∗ − J(x0)−1[F (x0) − F (x∗)]
=J(x0)−1[F (x∗) − F (x0) − J(x0)(x∗ − x0)].
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Then, using Lemma 2

∥x1 − x∗∥ ≤
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

J(x0)−1
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

∥F (x∗) − F (x0) − J(x0)(x∗ − x0)∥

≤ 2β
γ

2∥x0 − x∗∥2 = βγ∥x0 − x∗∥2

which shows that the above inequality (2.21) holds for k = 0. Since ∥x0 − x∗∥ ≤
1/(2βγ), we have

∥x1 − x∗∥ ≤ 1
2∥x0 − x∗∥ < ϵ.

The inequality (2.21) holds similarly for the remaining k = 1, 2, . . . and induction
steps can prove it.

2.3.2 Inexact Newton methods

One drawback of Newton’s method is the necessity to solve the Newton equation
(2.14): J(xk)zk = −F (xk) at each iteration. Computing the exact solution using a
direct solver can be expensive if the number of unknowns is large [23] and may not
be justified when xk is far from x∗. Therefore, it seems reasonable to use an iterative
method and to solve (2.14) only approximately. For this purpose, we can consider
the class of inexact Newton methods that compute an approximate solution to the
Newton equation.

To be precise, an inexact Newton method is any method that, given an initial
guess x0, generates a sequence {xk} of approximations to x∗ as follows:

xk+1 = xk + zk (2.23)

where zk satisfies
J(xk)zk = −F (xk) + rk.

Above rk is the residual and the approximate solution zk is determined such a way
that

||rk||/||F (xk)|| ≤ ηk

where the non-negative forcing sequence {ηk} [2] is used to control the level of
accuracy. This means that when we solve the Newton equation with the selected
iterative method, we stop as soon as this requirement is fulfilled.

Here, ηk may depend on xk, and ηk = 0 directly yields the classical Newton’s
method. The convergence of the inexact Newton method depends on the choice
of the forcing terms ηk. The inexact method is locally convergent under the weak
assumption that the forcing sequence {ηk} is uniformly less than one [23]. Almost
the same convergence speed as Newton’s method can be attained with the inexact
Newton method simply by setting the terms ηk small enough [4].
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2.3.3 Quasi-Newton methods
A significant drawback of using Newton’s method to solve a system of nonlinear
equations, as presented in equation (2.1), lies in the substantial computational cost
required at each iteration. Specifically, each iteration necessitates the evaluation of
the partial derivatives of F at x, as well as solving a system of linear equations
involving the resulting Jacobian matrix. In many cases, obtaining exact evaluations
of the partial derivatives can be inconvenient or, in some situations, impossible.
While software packages such as Matlab and Mathematica provide predefined solvers
and functions, the challenge of computing the Jacobian matrix remains.

Broyden’s method [13] is a quasi-Newton method designed to address this issue
and efficiently solve nonlinear equations F (x) = 0. Unlike Newton’s method, which
requires the computation of the Jacobian matrix and its inverse at each iteration,
Broyden’s method seeks to reduce the computational burden by calculating the Ja-
cobian only once, at the first iteration. For subsequent iterations, rank-one updates
are performed instead of recalculating the Jacobian. The quasi-Newton method can
be viewed as a generalization of the secant method, replacing the derivative with
the approximate Jacobian Bk at the iteration k ≥ 1, which is determined using the
secant equation (2.11)

Bk(xk − xk−1) ⋍ F (xk) − F (xk−1).

When the exact evaluation of the Jacobian is not feasible, alternative techniques,
such as finite difference approximations, can be used to approximate the partial
derivatives at x ∈ Rn, such as

∂

∂xk

F (x) ≈ F (x + ekh) − F (x)
h

where h is a small positive number and the vector ek ∈ Rn is the vector with 1 at
the kth coordinate and 0 elsewhere. This strategy has led to the development of
quasi-Newton methods. During the first iteration k = 0, the method uses Jacobian
J(x0) at the initial solution x0 to provide x1. However, as the method progresses,
the Jacobian matrix J(x1) in Newton’s method is replaced with an approximate
Jacobian B1 that satisfies the condition:

B1(x1 − x0) = F (x1) − F (x0). (2.24)

To define B1 uniquely, we require that:

B1s = J(x0)s whenever (x1 − x0)T s = 0. (2.25)

This requirement is needed to guarantee that in directions s orthogonal to step
(x1 − x0)T , the new matrix B1 should not change from the old matrix J(x0). In the
direction (x1 − x0)T , we force B1 to deviate from J(x0) to match the new difference
in F . By (2.24) and (2.25) we can uniquely define

B1 = J(x0) + F (x1) − F (x0) − J(x0)(x1 − x0)
∥ x1 − x0 ∥2 (x1 − x0)T .
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Now, we can replace J(x1) in the first Newton’s iteration with the approximated
matrix B1. The general update rule (2.15) becomes:

xk+1 = xk − B−1
k F (xk) for all k ≥ 0 (2.26)

which is defined as the generalization of (2.2). The approximation of the Jacobian
matrix Bk can be calculated at each iteration by the general formula

Bk = Bk−1 + yk−1 − Bk−1zk−1

∥ zk−1 ∥2 zT
k−1, for all k ≥ 1 (2.27)

where yk−1 = F (xk) − F (xk−1) and zk−1 = xk − xk−1.
As already seen, quasi-Newton methods use matrices Bk to approximate Jacobian

matrices Jk. In many of these methods, the calculation of equation (2.26) does
not require the computation of derivatives. Additionally, many of these methods
use a straightforward formula to derive B−1

k from B−1
k−1, resulting in a relatively

low computational cost. Broyden also suggested the use of the Sherman-Morrison
formula to update the inverse of the Jacobian approximation (2.27) directly. The
Sherman-Morrison formula is specifically suitable for methods that involve rank-one
updates, like Broyden’s method. A rank-one update refers to modifying a matrix
by adding or subtracting a matrix of rank one.

Broyden referred to equation (2.26) as "the fundamental equations of quasi-
Newton methods" in [14]. Following Dennis and Schnabel [25], most authors have
adopted the term "quasi-Newton method" to encompass all methods of the form
given by equation (2.26).

Sherman-Morrison Formula

Let B be an invertible n × n matrix and let x and y be n-dimensional column
vectors. If B−1 is the inverse of B, the Sherman-Morrison formula gives that the
inverse of B + xyT exists, provided that 1 + yT B−1x ̸= 0 and

(B + xyT )−1 = B−1 − B−1xyT B−1

1 + yT B−1x
.

The Sherman-Morrison formula allows for to calculation of B−1
k directly from B−1

k−1,
eliminating the need for a matrix inversion with each iteration. Taking the inverse
of equation (2.27) on both sides, we get

B−1
k =

(︄
Bk−1 + yk−1 − Bk−1zk−1

∥ zk−1 ∥2 zT
k−1

)︄−1

=B−1
k−1 −

B−1
k−1

(︄
yk−1−Bk−1zk−1

∥zk−1∥2 zT
k−1

)︄
B−1

k−1

1 + zT
k−1B

−1
k−1

(︄
yk−1−Bk−1zk−1

∥zk−1∥2

)︄

=B−1
k−1 −

(B−1
k−1yk−1 − zk−1)zT

k−1B
−1
k−1

∥ zk−1 ∥2 +zT
k−1B

−1
k−1yk−1− ∥ zk−1 ∥2

=B−1
k−1 + (zk−1 − B−1

k−1yk−1)zT
k−1B

−1
k−1

zT
k−1B

−1
k−1yk−1

.

31



This computation involves only matrix-vector multiplications at each step and
therefore requires only O(n2) arithmetic calculations [15]. The calculation of Bk is
bypassed, as is the necessity of solving F (x) = 0.

Computational algorithm

Algorithm 5: The Broyden method [6]
Input: Starting point x0, tolerance ϵ > 0, maximum number of iterations

N .
Output: Approximate solution x∗.

1 Set k = 0.
Calculate u0 = F (x0) and B0 = J(x0).
Set z0 = B−1

0 u0 and update x1 = x0 + z0 and k = 1.
2 While (k < N)

Calculate uk = F (xk)
Set yk−1 = uk − uk−1
Calculate pk = zT

k−1B
−1
k−1yk−1

Update Bk = Bk−1 + 1
pk

[(zk−1 − B−1
k−1yk−1)zT

k−1B
−1
k−1]

Calculate zk = −B−1
k uk and update xk+1 = xk + zk.

If ∥ zk ∥< ϵ then x∗ = xk+1 and go to step 4.
Update iteration counter k = k + 1.

3 End while
OUTPUT: (’Method failed to converge after N iterations’)

4 Stop

Example with Matlab

The system of equations

F (x) =
(︄

x3
1 + 3x2

2 − 21
x2

1 + 2x2 + 2

)︄
= 0, (2.28)

is solved using the Broyden method with the starting point (1, 1)T , tolerance ϵ =
10 −6 and maximum number of iterations N = 50. The results are presented in the
following Table 2.7. Broyden method reached the solution (1.64, −2.34)T , which is
the same one as obtained in Tables 2.5 and 2.6 with the Newton’s method, but the
number of iterations is higher than in the Newton’s method.
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Table 2.7: Solution of a system of nonlinear equations using quasi-Newton method
with starting point (1, 1)T .

Convergence

Previously described Broyden’s method has local superlinear convergence [14, 15, 24]
to a solution under specific conditions, such as the smoothness and differentiability
of the function F , the non-singularity of the Jacobian at the solution x∗, and an
initial approximation x0 close to x∗. The convergence is characterized by:

lim
k→∞

∥xk+1 − x∗∥
∥xk − x∗∥

= 0

where xk+1 and xk are successive approximations of x∗. However, superlinear con-
vergence is slower than the quadratic convergence of Newton’s method, potentially
requiring more iterations to reach a solution. This trade-off underscores the impor-
tance of assumptions like a good initial guess and accurate Jacobian approximations
for the method’s success.
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Chapter 3

Methods of Unconstrained
Optimization

In an indirect optimization approach, the system of nonlinear equations (2.1) can
be reformulated as the following unconstrained optimization problem

min
x∈Rn

f(x) := 1
2∥F (x)∥2, (3.1)

where ∥ · ∥ means the Euclidean norm. If the minimum x∗ of (3.1) exists with
f(x∗) = 0, then it corresponds to the solution of (2.1). The necessary condition for
x∗ to be a minimum is that ∇f(x∗) = 0. Thus, the problem of finding the minimum
of f can now be converted into solving a system of nonlinear equations

∇f(x) = 0. (3.2)

While the formulation (3.2) is conceptually appealing, solving the system directly
is not always practical due to the nonlinearity, potential ill-conditioning, and com-
plexity of the problem. Although (3.2) gives a necessary condition for a minimum,
it does not guarantee that the solution is a global minimum. The unconstrained
optimization problem may have multiple local minima, and local methods can be
guaranteed to converge to a local minimum rather than a global one.

Suppose the objective function is

f(x) = x3
1 + x2

2 + 5x2
1x2 (3.3)

and the gradient of f is

∇f(x) =
⎡⎣∂f(x)

∂x1
∂f(x)
∂x2

⎤⎦ =
[︄
3x2

1 + 10x1x2
2x2 + 5x2

1

]︄
.

Setting this gradient to zero gives the system of nonlinear equations:⎧⎨⎩3x2
1 + 10x1x2 = 0

2x2 + 5x2
1 = 0.

(3.4)

The condition (3.4) is necessary for identifying potential extremum points. How-
ever, it is not sufficient to determine whether a point is a minimum, maximum,
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or something else, such as a saddle point. Additional tests, such as examining the
second-order derivatives or using other optimization methods, are necessary to clas-
sify extremum points properly. Solving the system (3.4) would yield the unique
real-valued optimal solution x∗ = 0 with f(x∗) = 0 that minimizes the original
objective function (3.3). Thus, we have obtained a solution for the original system
of nonlinear equations.

Unconstrained optimization refers to the process of minimization or maximiza-
tion of an objective function without any constraints. The objective function can
have either one variable or several variables. In the first half of this chapter, we
focus on one-dimensional problems and the methods used to solve them. The multi-
dimensional case is discussed later in the chapter.

3.1 Basic definitions
We start with basic definitions and results (see [7, 9, 11]).

Definition 18. Let Q be an n × n symmetric matrix. The vectors d1, ..., dn ∈ Rn

are called conjugate directions if they are linearly independent and if dT
i Qdj = 0 for

all i ̸= j .

Definition 19. A vector x∗ ∈ Rn is a local minimum of a function f : Rn → R if
there exist δ > 0 such that for all x ∈ Rn satisfying ∥x − x∗∥ ≤ δ we have

f(x∗) ≤ f(x)

and x∗ ∈ Rn is a global minimum if

f(x∗) ≤ f(x) for all x ∈ Rn.

Definition 20. A vector x∗ ∈ Rn is a local maximum of a function f : Rn → R if
there exist δ > 0 such that for all x ∈ Rn satisfying ∥x − x∗∥ ≤ δ we have

f(x) ≤ f(x∗)

and x∗ ∈ Rn is a global maximum if

f(x) ≤ f(x∗) for all x ∈ Rn.

Next, we present some optimality conditions. These conditions are crucial for un-
derstanding and solving optimization problems because they provide the necessary
and sometimes sufficient conditions under which a solution can be considered opti-
mal. The first condition presented is known as the first order necessary optimality
condition (see [9, 11]).

Theorem 5. If x∗ ∈ Rn is a local minimum of a function f : Rn → R and f is
continuously differentiable in an open neighbourhood of x∗, then

∇f(x∗) = 0.
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The previous result means that the gradient of f at x∗ needs to be zero. This
indicates a stationary point, meaning that there is no first order change in f at x∗.
In other words, x∗ is a point where the gradient vanishes.

This next condition is known as the second order necessary optimality condition
(see [9, 11]).

Theorem 6. Assume that a function f : Rn → R is twice continuously differentiable
in an open neighbourhood of x∗. If x∗ ∈ Rn is a local minimizer of a function f ,
then

∇f(x∗) = 0,

and
H(x∗) ⪰ 0,

where ⪰ 0 means that the matrix H(x∗) is positive semidefinite.

Theorem 6 means that the Hessian matrix of f at x∗, denoted here by H(x∗),
should be positive semidefinite (see Definition 17, Chapter 1). To verify positive
semidifiniteness, one can check if all the leading principal minors of the matrix are
non-negative [38], which is equivalent to verifying that the eigenvalues of the matrix
are non-negative. If the Hessian is positive semidefinite, the function does not curve
downwards in any direction around x∗. If the Hessian is negative in some (any)
direction, x∗ could be a saddle point (or local maximum) rather than a minimum.

Theorem 7. [9] Suppose that a function f : Rn → R is twice continuously differ-
entiable in an open neighborhood of x∗ ∈ Rn. If

∇f(x∗) = 0,

and
H(x∗) ≻ 0,

then x∗ is a local minimum of f . Here ≻ 0 means that the matrix H(x∗) is positive
definite.

Theorem 7 is known as the second order sufficient optimality condition. While the
second order necessary condition requires the Hessian to be positive semidefinite,
the second order sufficient condition requires the Hessian to be positive definite.
This implies that the function f curves upward in all directions around x∗. This
guarantees that x∗ is indeed a local minimum.

3.2 Direct search methods in one-dimensional do-
main

Here we start by discussing direct search methods to solve unconstrained optimiza-
tion problems in the one-dimensional domain. We are presenting these methods
here for the sake of completeness in the methodology section, but not all of them
will be used in the hybrid methods, which will be discussed in Chapter 4.
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The term direct search was first suggested by Hooke and Jeeves in 1961 [37].
Direct search methods do not need any information about function derivatives, and
they rely solely on sequential evaluations of f at the iteration points xk. The function
values f(xk) are then used to guide the search towards an optimum.

Direct search methods are mostly applied when either the objective function is
not differentiable or the cost of the derivative computation is too high in practice.
That is why these direct search methods are sometimes referred to as derivative-free
methods.

We first define some properties of functions needed in this section (see [9, 10]).
Definition 21. Let S be a non-empty convex set in R. A function f : S → R is said
to be strictly quasiconvex function if for each x1, x2 ∈ S, x1 ̸= x2 with f(x1) ̸= f(x2),
we have

f(λx1 + (1 − λ)x2) < max{f(x1), f(x2)},

for all λ ∈ (0, 1).
Definition 22. A function f : S → R is said to be unimodal if it has only one local
minimum or maximum in the given domain S ⊆ R. Unimodal functions may be
nondifferentiable or even discontinuous.
Definition 23. Interval of uncertainty can be defined as the closed interval [a, b] ∈ R
where a < b within which we expect a local optimum of the function f to lie.

3.2.1 Dichotomous search
Let us consider a strictly quasiconvex, unimodal, and continuous function f : R →
R. It needs to be minimized over the initial interval of uncertainty [a, b]. In the
dichotomous search method, at each iteration, portions of the interval of uncertainty
that do not contain the minimum are eliminated. In addition, we need at least two
function evaluations to reduce the interval of uncertainty, unlike in the bisection
method, where we determine a root of a function (see subsection 2.2.1). At the
iteration k, two points λk and µk are placed close to the middle of the interval of
uncertainty [ak, bk] such that

λk = ak + bk

2 − ϵ and µk = ak + bk

2 + ϵ

where ϵ > 0 is a small tolerance. After this we evaluate function values at λk and
µk and check whether f(λk) > f(µk) in which case the new interval is [ak+1, bk+1] =
[λk, bk]. If f(λk) < f(µk) then the new interval is [ak+1, bk+1] = [ak, µk]. The global
optimum belongs to the new interval due to the property of strict quasiconvexity
for unimodal functions (see Theorem 8.1.1 [9]). If f(λk) = f(µk), then the new
interval of uncertainty is reduced directly to [λk, µk], However, in practice, such
exact equality is unlikely to occur due to limitations in numerical precision and the
nature of the function evaluation.

As we have seen, the dichotomous method requires two function evaluations at
each iteration. The length Ik of the final interval of uncertainty [ak, bk] at iteration
k can be calculated approximately by the equation

Ik = I0

2k
,
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where I0 = b − a is the length of the initial interval of uncertainty. The method is
named for the fact that, at each iteration, the length of the interval containing the
minimum is approximately halved. The exact length of the interval of uncertainty
at iteration k is given by

Ik = 1
2k

I0 + 2ϵ
(︂
1 − 1

2k

)︂

where ϵ > 0 is the small distinguishable tolerance used in the method. The distin-
guishable tolerance represents the smallest interval length within which two function
values can be numerically distinguished from each other. In dichotomous search, as
already seen, the reduction ratio is approximately (0.5)k, reflecting the exponential
reduction in the interval length and demonstrating the halving characteristic of the
method [9].

Computational algorithm

Algorithm 6: Dichotomous search [9]
Input: Initial interval of uncertainty [a, b], tolerance ϵ > 0, maximum

number of iterations N
Output: Approximate solution x∗

1 Initialize k = 0 and set ak = a, bk = b
2 While (k < N)

If |ak − bk| < ϵ then
Set x∗ = ak+bk

2 and go to step 4
Else

calculate λk = ak+bk

2 − ϵ and µk = ak+bk

2 + ϵ
If f(λk) > f(µk) then

Update ak+1 = λk, bk+1 = bk

Else
Update ak+1 = ak, bk+1 = µk

Update iteration counter k = k + 1
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

A strictly quasiconvex, unimodal, and continuous function f(x) = x2 − 7x + 12
is minimized using the dichotomous search with starting interval [2, 4], tolerance
10−6, and the maximum number of iterations N = 50. The function attained the
minimum value −0.25 at point 3.5. The results are presented in Table 3.1.
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Table 3.1: Minimization of the function f(x) = x2 − 7x + 12 with the initial interval
[2, 4] using the dichotomous search.

3.2.2 Golden section method
The golden section search method is one of the most efficient methods for finding
the global minimum of unimodal continuous functions. This method was developed
by the famous statistician Kiefer [40] in 1953. He also invented the Fibonacci search
method, which we discuss in the next subsection.

The golden section search method reduces the interval of uncertainty enclosing
the optimum by a constant factor at each step, requiring two function evaluations
in the first iteration and only one additional function evaluation in subsequent iter-
ations. Let us consider an unimodal continuous function f : R → R where we need
to find the global minimum in [a, b]. At iteration k the calculation of the two points
λk and µk within the interval of uncertainity [ak, bk] can be defined as follows:

λk = ak + (1 − α)(bk − ak) and µk = ak + α(bk − ak), (3.5)

where α ∈ (0, 1). The new reduced interval of uncertainty [ak+1, bk+1] depends on
f(λk) and f(µk). If f(λk) < f(µk) the new interval is [ak, µk] and otherwise it is
[λk, bk]. We can easily prove that at each iteration, only one new point needs to
be calculated, as the second point coincides with one of the previously computed
points. Specifically, λk+1 aligns with µk, or µk+1 aligns with λk. This characteristic
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optimizes the computational process by reducing the number of new function eval-
uations required per iteration while efficiently updating the interval of uncertainty.

The main point to observe in the golden section search method is that the ratio
of two adjacent intervals of uncertainty is a constant α. In simple words, this means

Ik

Ik+1
= Ik+1

Ik+2
= · · · = α,

where Ik = bk − ak for all k ≥ 0. To calculate this constant, we use equation (3.5)
and

µk+1 = ak+1 + α(bk+1 − ak+1)
and get (see the proof of Theorem 8) the equation

α2 + α − 1 = 0

which has solutions α = 0.618 and α = −1.618. Since α ∈ (0, 1), the positive α is
selected and it is called golden ratio.

Computational algorithm

Algorithm 7: Golden section search [9]
Input: Initial interval of uncertainty [a, b], tolerance ϵ > 0, α = 0.618,

maximum number of iterations N
Output: Approximate solution x∗

1 Initialize k = 0, ak = a, bk = b
2 While (k < N)

Calculate λk = ak + (1 − α)(bk − ak) and µk = ak + α(bk − ak)
If |ak − bk| > ϵ then

If f(λk) > f(µk) then
Update [ak+1, bk+1] = [λk, bk]
Set λk+1 = µk and µk+1 = ak+1 + α(bk+1 − ak+1)
Calculate f(µk+1)

Else
Update [ak+1, bk+1] = [ak, µk]
Set µk+1 = λk and λk+1 = ak+1 + (1 − α)(bk+1 − ak+1)
Calculate f(λk+1)

Update iteration counter k = k + 1
Else

Set x∗ = ak+bk

2 and go to step 4
3 End while

OUTPUT (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

A continuous unimodal function f(x) = x2 − 7x + 12 is solved using golden section
method with starting interval [2, 4], α = 0.618, tolerance 10−6 and the maximum
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number of iterations N = 50. The function attained the minimum value −0.25 at
point 3.5, which is the same as obtained with the dichotomous search 3.1. The
results are presented in Table 3.2.

Table 3.2: Minimization of function f(x) = x2 − 7x + 12 over interval [2, 4] using
golden section method.

Convergence

Next, we state the convergence result for the golden section search.
Theorem 8. [48] Let S be a closed interval [a,b] and f : S → R be a continuous
and unimodal function. Then the golden section method converges to the unique
minimum x∗, and the convergence rate is linear.
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Proof. Since f is continuous and unimodal on the closed interval [a, b], there exists
a unique minimum of that function by definition. As the number of iterations of the
golden section method approaches infinity, the sequence of intervals [ak, bk] generated
by the method converges to a single point x∗, so we have

lim
k→∞

|bk − ak| = 0.

Since the interval size is consistently reduced and the minimum is always retained
within the interval as k tends to infinity, the continuous function values at the
endpoints of these intervals converge to the function value at x∗, and the point x∗

is the minimum. This means that

lim
k→∞

f(ak) = lim
k→∞

f(bk) = f(x∗).

Thus, the golden section method is guaranteed to converge to the optimal solution
within the closed interval [a, b] when the considered function is unimodal and con-
tinuous on the interval. The golden section search method does not require strict
quasiconvexity.

For the rate of convergence, let I0 = b − a represent the length of the initial
interval of uncertainty, and let λ0 and µ0 be two interior points within this interval.
The current interval is updated based on the function evaluations at λ0 and µ0,
progressively reducing the interval length in a ratio α such that I1 = αI0.

Figure 3.1: First two intervals of uncertainty for the golden section method.

Thus from figure 3.1, we can write

I1 = µ0 − a = b − λ0, (3.6)

which can also be written as

µ0 − a = α(b − a), (3.7)

b − λ0 = α(b − a). (3.8)
In other words, α specifies the accuracy ratio and the convergence rate. Now let
us assume that f(λ0) < f(µ0), then the new interval of uncertainty changes to
[a1, b1] = [a, µ0]. New point λ1 ∈ [a, µ0] is located at distance I2 from µ0. Similarly
µ1 = λ0 is located at distance I2 from a. Thus we have

I2 = λ0 − a = µ0 − λ1.
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Since the decrease ratio α remains constant for each new interval, we obtain

λ0 − a = α(µ0 − a), (3.9)

µ0 − λ1 = α(µ1 − a).

Thus, if we put values λ0 and µ0 from (3.7) and (3.8) into (3.9), we get

b − α(b − a) − a = α[a + α(b − a) − a], (3.10)

which yields
(b − a)(1 − α − α2) = 0.

Since (b − a) is the length of the initial interval and it cannot be zero, we need to
have

1 − α − α2 = 0.

Solutions for this equation are α = 0.618 and α = −1.618. We can not accept a
negative value for α as we want to reduce the interval of uncertainty. We accept
only value

α = −1 +
√

5
2 ≈ 0.618.

In general form we have
Ik+1 = αIk.

To reconcile with the definition of linear convergence for {xk}, we can simply bound
|xk − x∗| with Ik. So the same linear factor α serves as a linear convergence rate for
the sequence {xk}.

3.2.3 Fibonacci method
The Fibonacci search method is also a direct search method. It is more efficient than
the dichotomous method 3.2.1 and the golden section method 3.2.2. This method is
also used to find the global minimum of a continuous and unimodal function over the
provided initial interval of uncertainty [a, b]. Similarly to the golden section method,
the Fibonacci method does not require strict quasiconvexity. The Fibonacci search
method is a refinement of the golden section search algorithm, originally developed
by Kiefer, designed to locate the maximum or minimum of an unimodal function
within a specified interval.[40]

We consider the problem where f : R → R is continuous and unimodal in the
interval [a, b]. The Fibonacci method also reduces the interval of uncertainty at each
iteration to locate the global minimum. As well as the golden section search method,
the Fibonacci method also needs two functional evaluations at the first iteration and
only one functional evaluation for the successive iterations. But the main difference
arises when we calculate new points λk and µk at the iteration k. In the golden
section method, the value of α is constant at every iteration, but in the case of the
Fibonacci search method, α is the ratio of two consecutive Fibonacci numbers, so it
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varies at every iteration. Let n be the number of function evaluations done in the
method. For example at iteration k = 1, 2, ..., n − 1 value of αk is defined as follows:

αk = Fn−(k+1)

Fn−k

where Fk for all k = 1, 2, 3, . . . is from the Fibonacci series. In general Fk is defined
as follows

F0 = F1 = 1 and Fk+1 = Fk + Fk−1 ∀ k = 1, 2, 3, . . .

so we get the sequence 1,1,2,3,5,8,13,21,. . . .
At the beginning of the iteration k, the original interval of uncertainty [a, b] is

reduced to [ak, bk]. So, like in the golden section method, we need to calculate two
points λk and µk such that ak ≤ λk ≤ µk ≤ bk. These points are obtained with the
formulas

λk = ak + Fn−(k+1)

Fn−(k−1)
(bk − ak) (3.11)

and
µk = ak + Fn−k

Fn−(k−1)
(bk − ak) ∀ k = 1, 2, . . . , n − 1 (3.12)

where n is the maximum number of iterations. Note that always λn−1 = µn−1 and
thus we need to decrease or increase during the iteration n − 1 either λn−1 or µn−1
with ϵ to decrease the current interval [an−1, bn−1]. The new interval [ak+1, bk+1]
depends on f(λk) and f(µk). If f(λk) < f(µk), the new interval of uncertainty is
[ak, µk]. Otherwise it is [λk, bk]. Suppose that [ak+1, bk+1] = [λk, bk]. In this case,
when we move on to execute the iteration round k+1, only one function evaluation is
required as λk+1 coincides with µk. The point µk+1 can be calculated using equation
(3.12) when we replace k with k + 1 and this gives

µk+1 = ak+1 + Fn−(k+1)

Fn−k

(bk+1 − ak+1) ∀ k = 1, 2, 3, . . . , n − 2.

Similarly, if the new interval of uncertainty is [ak+1, bk+1] = [ak, µk], then µk+1 = λk

and λk+1 can be obtained by updating k with k + 1 in (3.11).
One key point for the Fibonacci search method is the total number of iterations

n required for the desired length of the interval of uncertainty. From equation (3.12)
we can see that

µk − ak = Fn−k

Fn−(k−1)
(bk − ak).

If f(λk) < f(µk) the new interval of uncertainty is [ak+1, bk+1] = [ak, µk], so we get

bk+1 − ak+1 = µk − ak = Fn−k

Fn−(k−1)
(bk − ak).

On other hand if f(λk) > f(µk) the new interval of uncertainty is [ak+1, bk+1] =
[λk, bk], so we get

bk+1 − ak+1 = bk − λk = Fn−k

Fn−(k−1)
(bk − ak).

45



Both cases reduce the interval length proportionally. It shows that the length of
the interval at the iteration k + 1 is proportional to the length of the interval at the
iteration k. Therefore, during the iteration n, we obtain

bn − an =
(︄

n−1∏︂
k=1

Fn−k)

Fn−(k−1)

)︄
(b1 − a1). (3.13)

Since
n−1∏︂
k=1

Fn−k

Fn−(k−1)
= Fn−1 · Fn−2 · · · · · F1

Fn · Fn−1 · · · · · F0
= 1

Fn

so we can write (3.13) in more simpler way as

bn − an = 1
Fn

(b1 − a1).

Thus, the number of iterations must be chosen in such a way that b1−a1
Fn

≈ ϵ.

Computational algorithm

Algorithm 8: Fibonacci search method [9]
Input: Initial interval of uncertainty [a, b], tolerance ϵ > 0, maximum

number of iterations N , F0 = F1 = 1
Output: Approximate solution x∗

1 Initialize k = 1, ak = a, bk = b
2 Compute the smallest integer n ≥ 2 such that

Fn := Fn−1 + Fn−2 ≥ b − a

ϵ

3 Calculate λk = ak + Fn−2
Fn

(bk − ak) and µk = a + Fn−1
Fn

(bk − ak)
4 While (k ≤ N)

If |ak − bk| > ϵ then
If f(λk) > f(µk)

Update [ak+1, bk+1] = [λk, bk], λk+1 = µk,
µk+1 = ak+1 + Fn−(k+1)

Fn−k
(bk+1 − ak+1)

If λk+1 = µk+1, set µk+1 = µk+1 + ϵ.
Calculate f(µk+1)

Else
Update [ak+1, bk+1] = [ak, µk] and µk+1 = λk,
λk+1 = ak+1 + Fn−(k+2)

Fn−k
(bk+1 − ak+1)

If µk+1 = λk+1, set λk+1 = λk+1 − ϵ.
Calculate f(λk+1)

Update iteration counter k = k + 1
Else

Set x∗ = ak+bk

2 and go to step 6
5 End while

OUTPUT: (’Method failed to converge after N iterations’).
6 Stop
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Example with Matlab

A continuous unimodal function f(x) = x2 − 7x + 12 is solved using the Fibonacci
method with starting interval [2, 4], tolerance 10−6, and the maximum number of
iterations N = 50. The function attained the minimum value −0.25 at point 3.5,
which is the same as obtained with the dichotomous search 3.1 and golden section
method 3.2. The results are presented in Table 3.3.

Table 3.3: Minimization of function f(x) = x2 − 7x + 12 over interval [2, 4] using
Fibonacci method.

Convergence

The next theorem gives the convergence result for the Fibonacci search.
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Theorem 9. [48] Let S be a closed interval [a, b] and f : S → R be a continuous
and unimodal function. Then the Fibonacci search method converges to the unique
minimum x∗, and the convergence rate is linear.

Proof. Since f is continuous and unimodal on the closed interval [a, b], it follows from
the definition that f has a unique minimum in this interval. The Fibonacci search
method systematically reduces the interval of uncertainty [ak, bk] at each iteration,
ensuring that the minimum x∗ is retained within the reduced interval.

As the number of iterations k → ∞ the length of the intervals [ak, bk] converges
to zero:

lim
k→∞

|bk − ak| = 0.

Since function f is continuous, the function values at the endpoints of the intervals
[ak, bk] approach the function value at the unique minimumizer x∗. During each
iteration, the Fibonacci search method computes two new points λk and µk, which
are used to reduce the interval based on the function values at these points. This
process ensures that the sequence of intervals shrinks around x∗.

Figure 3.2: Fibonacci method new interval of uncertainty.

Assume, that a new search interval is [ak+1 = ak, bk+1 = µk]. At each iteration,
the interval of uncertainty is reduced by the factor of rk. So, Ik+1 can be calculated
as

Ik+1 = rk(bk − ak) = rkIk for k = 1, 2, 3, . . . (3.14)

where original interval I1 = (b − a). Similarly, we can get

Ik+2 = rk+1(bk+1 − ak+1) = rk+1Ik+1. (3.15)

Now if we look Figure 3.2 we can get the relation

µk − λk = bk+1 − µk+1. (3.16)

In addition, from Figure 3.2, we see that we can write the left side of equation (3.16)
as

µk − λk =(bk − ak) − (λk − ak) − (bk − µk)
=(bk − ak) − (1 − rk)(bk − ak) − (1 − rk)(bk − ak)
=(bk − ak)(2rk − 1)

(3.17)
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and the right-hand side of (3.16) can be written as

bk+1 − µk+1 =(1 − rk+1)(bk+1 − ak+1)
=(1 − rk+1)rk(bk − ak).

(3.18)

By combining equations (3.17) and (3.18) we get

2rk − 1 = (1 − rk+1)rk (3.19)

which simplifies to
rk+1 = 1 − rk

rk

. (3.20)

This can also be written as Fibonacci numbers

rk+1 =
1 − Fn−k

Fn−k+1
Fn−k

Fn−k+1

= Fn−k−1

Fn−k

(3.21)

So when k = 0 the value of r1 is

r1 = Fn−1

Fn

.

We can write the length of the interval of uncertainty at the last iteration n as

In =rn−1In−1

=Fn−1Fn−2...F1

FnFn−1...F2
I1

= 1
Fn

I1.

(3.22)

To reconcile with the definition of linear convergence for {xk}, we can simply bound
|xk − x∗| with Ik. So the same linear factor 1

Fn
serves as a linear convergence rate

for the sequence {xk}.

Both the Fibonacci search and golden section search methods exhibit linear
convergence with similar rates, as the Fibonacci sequence ratio asymptotically ap-
proaches the golden ratio.

3.2.4 Comparison of search methods in one-dimensional do-
main

The reduction ratio measures the efficiency of direct search methods by quantify-
ing the rate of reduction in the interval of uncertainty per iteration. Analyzing
the reduction ratio reveals the efficiency of methods in narrowing the interval of
uncertainty and approaching the optimal solution. The ratio is defined as follows:

length of the interval of uncertainty after n function evaluations are taken
length of the interval of uncertainty at the beginning
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Assuming that a function f : R → R is continuous, unimodal, and strictly quasi-
convex on the interval [a, b], each method discussed in this section will, within a
finite number of steps, produce a point x such that the final interval of uncertainty
satisfies |x − x∗| < If , where If is the length of the final interval of uncertainty and
x∗ is the minimum point over the interval. Specifically, given the desired accuracy
represented by If , the required number of function evaluations n can be determined
as the smallest positive integer that satisfies the following relationships [9]:

Dichotomous search method: (1/2)(n/2) ≤ If

b − a

Golden section method: (0.618)(n−1) ≤ If

b − a

Fibonacci search method: Fn ≥ (b − a)
If

.

Using the above expressions, we can calculate the required number of function
evaluations based on the ratio (b − a)/If . For a fixed ratio (b − a)/If , the fewer
evaluations that are needed, the more efficient the algorithm. It is clear that the
Fibonacci method is the most efficient, followed by the golden section method and
then the dichotomous search method. Additionally, note that for large n, 1/Fn

approaches (0.618)(n−1), making the Fibonacci search method and the golden sec-
tion method nearly identical in performance. Among derivative-free methods for
minimizing continuous, unimodal, and strictly quasiconvex functions over a closed
bounded interval, the Fibonacci search method is the most efficient, requiring the
fewest function evaluations [9].

3.3 Gradient-based search methods in multi-
dimensional domain

Next, we discuss methods in the multi-dimensional domain. We consider a class of
methods known as gradient-based methods, in which the calculation of gradients or
Hessian matrices is the key to solving optimization problems. For example, the well-
known Newton-Raphson algorithm is a gradient-based method since it uses the first
and second derivatives of the function (i.e., the gradient and the Hessian matrix).
However, if the objective function contains discontinuities (i.e., it is typically not
differentiable at its minimizers or maximizers), these methods do not perform well.

Gradient-based optimization methods iteratively refine a solution to minimize a
differentiable objective function f . Starting from an initial guess x0, each iteration
typically computes the gradient ∇f(xk) at the current iteration point xk, which in-
dicates the direction of steepest ascent. The negative gradient or another computed
direction dk is used to update the solution, with the step length λk determining the
extent of movement. The updated iteration point is given by

xk+1 = xk + λkdk.
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Generally, the search direction dk needs to satisfy
∇f(xk)T dk < 0, for k = 0, 1, ...,

since this ensures that dk is a descent direction at xk [56]. Exact line search chooses
λk to minimize the function f exactly in the direction of dk. That is

λk = arg min
λ>0

f(xk + λdk). (3.23)

To solve the problem (3.23), one can use any of the methods discussed previously in
this chapter. This iterative process is repeated until convergence criteria, such as a
small norm of the gradient or negligible change in function value, are met. Gradient-
based methods, such as gradient descent and Newton’s method, are widely applied
due to their efficiency in solving unconstrained optimization problems, particularly
for smooth and convex functions. All the descent methods, either directly or indi-
rectly, use the gradient vector to find the best search directions. Additionally, it is
essential to note that the efficacy of a gradient-based method hinges significantly on
the starting point.

3.3.1 Steepest descent method
The steepest descent method is an iterative gradient-based method for finding the
minimum or maximum of a differentiable function. It was first proposed by Cauchy
in 1847 [19], so sometimes it is also referred to as Cauchy method. The method
seeks to minimize a function f : Rn → R by iteratively updating the current guess
xk ∈ Rn in the direction of the negative gradient −∇f(xk), which represents the
steepest descent direction of the function at each point. The steps are adjusted by
a step size (i.e., learning rate) to ensure progress toward the minimum. In general
form, the new iterate can be written as

xk+1 = xk − λk∇f(xk). (3.24)
The optimum step length λk can be calculated by solving

min
λ>0

f(xk + λdk)

where dk = −∇f(xk).
The computational load of the method is low because it requires only one gradient

at each iteration, so it belongs to the category of first-order methods. When we
use the search direction −∇f(xk) (antigradient), the method is called the steepest
descent, as it aims to minimize the function by moving in the direction of the
steepest decrease. Conversely, if the search direction is selected as ∇f(xk), the
method approaches the local maximum, and it is known as the steepest ascent.

The steepest descent method is typically effective during the initial stages of
optimization, with its performance heavily influenced by the choice of the start-
ing point. Unfortunately, when approaching a stationary point, the method often
exhibits poor performance by taking small, nearly orthogonal steps. In [9], the
authors have discussed some ways to overcome the difficulties of zigzagging by de-
flecting the gradient. Rather than moving along d = −∇f(x), we can move along
d = −D∇f(x) or d = −∇f(x) + g, where D is an appropriate matrix and g is an
appropriate vector (see Subsections 3.3.3 and 3.3.4).
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Computational algorithm

Algorithm 9: Steepest descent method [9]
Input: Starting point x0, tolerance ϵ > 0, maximum number of iterations

N
Output: Approximate solution x∗

1 Set k = 0
2 While (k < N)

Calculate ∇f(xk) and dk = −∇f(xk).
If ∥∇f(xk)∥ < ϵ

Set x∗ = xk and go to step 4
Else

Find optimal λk by solving

min
λ>0

f(xk + λdk)

Set xk+1 = xk + λkdk

Update iteration counter k = k + 1
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

For the purpose of diversifying a set of test problems, we selected a different test
problem from Subsection 2.3.1-2.3.3. A function f(x) = x2

1 + 1
2x2

2 + 3 is minimized
using the steepest descent method with starting point (1, 1)T , tolerance 10−6 and
the maximum number of iterations N = 50. The function attained the minimum
value 3 at point (0, 0). The results are presented in Table 3.4.
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Table 3.4: Minimization of the function f(x) = x2
1 + 1

2x2
2 + 3 with the starting point

(1, 1) using the steepest descent method.

Convergence
Next, we discuss the convergence of the steepest descent method. Recall that a
cluster point of a sequence {xk} in the Euclidean space Rn is a point x̄ such that,
for every neighbourhood V of x̄ there are infinitely many natural numbers k such
that xk ∈ V.

Theorem 10. [27] Let f : Rn → R be continuously differentiable on the set S =
{x ∈ Rn | f(x) ≤ f(x0)}, where x0 is the starting point and suppose that S is a
closed and bounded subset of Rn. Then every cluster point x̄ of the sequence {xk}
constructed by Algorithm 9 satisfies ∇f(x̄) = 0.

Proof. The proof of this theorem is done by contradiction. By the Bolzano-Weierstrass
theorem (also known as the sequential compactness theorem) [8], at least one cluster
point of the sequence {xk} must exist. Let x̄ be any such cluster point. Without
loss of generality, assume that

lim
k→∞

xk = x̄

but that ∇f(x̄) ̸= 0. This being the case implies that there exists a value λ̂ > 0
such that (x̄ + λ̂d) ∈ int S and δ = f(x̄) − f(x̄ + λ̂d) > 0 when d = −∇f(x̄).
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Now lim
k→∞

dk = d. Then since (x̄ + λ̂d) ∈ int S and (xk + λ̂dk) → (x̄ + λ̂d), for
k sufficiently large we have

f(xk + λ̂dk) ≤ f(x̄ + λ̂d) + δ

2 = f(x̄) − δ + δ

2

Since dk = −∇f(xk) is a descent direction at xk, it follows that f(xk+1) < f(xk) <
· · · < f(x0). Thus, we have

f(x̄) < f(xk + λkdk) ≤ f(xk + λ̂dk) ≤ f(x̄) − δ + δ

2 ,

which is, of course, a contradiction, since δ is positive. Thus ∇f(x̄) = 0.

Under the assumptions of the theorem, the steepest descent method converges to
a stationary point, and this is a necessary optimality condition for a local minimum
(see Theorem 5).

3.3.2 Newton’s method
Newton’s method (also known as the Newton-Raphson method) is one of the most
fundamental methods in numerical unconstrained optimization. Over time, many
variations and modifications of this method have been developed. Normally, this
method is used to find the root of a real-valued function using a gradient (see Sub-
section 2.3.1), but we can also use it to solve an unconstrained optimization problem
under certain conditions. The method requires gradient and Hessian matrix infor-
mation at each iteration. However, for large-scale problems, this can pose challenges
due to computational complexity or the infeasibility of exact calculations. Another
drawback of Newton’s method is that the starting point x0 must be sufficiently
close to the local minimum for convergence, so the method doesn’t guarantee global
convergence.

Let function f : Rn → R be twice differentiable, and assume that the Hessian H
of f is continuous. Let us consider the approximation function

g(x) = f(xk) + ∇f(xk)T (x − xk) + 1
2(x − xk)T H(xk)(x − xk),

where H(xk) is the Hessian matrix of f at the iteration point xk. A necessary
condition for minimization of g is ∇g(x) = 0 and we get

∇g(x) = ∇f(xk) + H(xk)(x − xk) = 0

implying that
xk+1 = xk − H(xk)−1∇f(xk).

Note that if H(xk) is positive definite then −H(xk)−1∇f(xk) gives us a descent
direction dk. The line search (3.23) is not used in Algorithm 10, meaning that the
step length is always one.
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Computational algorithm

Algorithm 10: Newton’s method [9]
Input: Starting point x0, tolerance ϵ > 0, maximum number of iterations

N
Output: Approximate solution x∗

1 Set k = 0
2 While (k < N)

Calculate ∇f(xk) and H(xk)
If ∥∇f(xk)∥ < ϵ then set x∗ = xk and go to step 4

Else
calculate dk = −H(xk)−1∇f(xk) and xk+1 = xk + dk

Update iteration counter k = k + 1
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

The system of equations

F (x) =
(︄

x3
1 + 3x2

2 − 21
x2

1 + 2x2 + 2

)︄
= 0,

can be presented as an unconstrained minimization problem with the objective func-
tion f(x) = 1

2(f1(x)2 + f2(x)2) where f1(x) = x3
1+3x2

2−21 and f2(x) = x2
1+2x2+2.

This optimization problem is solved using Newton’s method with the starting point
(1.5, −1.5)T , tolerance ϵ = 10−6, and maximum number of iterations N = 50. The
function attained minimum 0 at point (1.64, −2.34). Results are presented in Table
3.5.

Table 3.5: Minimization of function f(x) = 1
2(f1(x)2 + f2(x)2) where f1(x) = x3

1 +
3x2

2 − 21 and f2(x) = x2
1 + 2x2 + 2 with starting point (1.5, −1.5)T using Newton’s

method.
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The problem previously addressed using the Newton-Raphson method in Sub-
section 2.3.1 is revisited here with a different starting point, as the starting point
used in Subsection 2.3.1 does not lead to convergence. Consequently, solving the
problem as a system of equations or as an optimization problem may yield different
solutions, emphasizing the sensitivity of convergence to the choice of initial starting
points.

Convergence

Newton’s method is a natural choice for solving systems of nonlinear equations when
these problems are reformulated as (3.1) because it generalizes well to the multi-
dimensional case. For more details regarding the convergence of Newton’s method,
please refer to [45].

Theorem 11. [45] Suppose that f : Rn → R is twice differentiable and that the
Hessian H is Lipschitz continuous in a neighborhood of a solution x∗ ∈ Rn at which
the sufficient conditions (Theorem 2.4 [45]) are satisfied. Consider the iteration

xk+1 = xk − H(xk)−1∇f(xk).

Then,

• if the starting point x0 ∈ Rn is sufficiently close to x∗, the sequence of iterates
converges to x∗;

• the rate of convergence of xk is quadratic; and

• the sequence of gradient norms ∥∇f(xk)∥ converges quadratically to zero.

Proof. Please refer to Theorem 3.5 [45] for a detailed proof.

3.3.3 Quasi-Newton methods
Davidon presented the first quasi-Newton method in the mid-1950s [21]. He used the
quasi-Newton method in place of the coordinate descent method to solve long opti-
mization calculations. Long optimization calculations refer to optimization problems
that are difficult and time-consuming to solve due to their size and complexity, re-
quiring many iterations or sophisticated methods to reach a solution. Quasi-Newton
methods are directly inspired by Newton’s method, which uses second-order informa-
tion. These methods are widely used in optimization, particularly when dealing with
nonlinear problems where the exact calculation of the Hessian matrix (second-order
derivatives) is computationally expensive or infeasible. Quasi-Newton methods build
an approximation to the Hessian matrix using only gradient (first-order derivative)
information, which is significantly less computationally demanding. Quasi-Newton
methods are also known as variable metric methods because they iteratively update
an approximation of the Hessian matrix or its inverse, which defines the metric used
to measure distances and gradients in the optimization process.
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The general idea of quasi-Newton methods can be summarised in the following
steps:

1. Optimization Goal:

• The objective is to find x∗ that minimizes a nonlinear function f : Rn → R.
The optimal point satisfies the condition:

∇f(x∗) = 0.

2. New iteration point with Hessian Approximation:

• Quasi-Newton methods avoid directly computing the Hessian matrix H(xk)
at the current iterate xk. Instead, the method iteratively approximates the
inverse Hessian matrix H−1

k and updates the solution with formula

xk+1 = xk − B−1
k ∇f(xk),

where B−1
k is the current approximation of H(xk)−1.

3. Iterative Update Formula for Hessian Approximation:

• As already mentioned, we do not compute the inverse Hessian directly in
the quasi-Newton methods. Instead, we update it iteratively based on the
observed changes in gradients and the position of new iteration points. The
inverse Hessian matrix may be updated using, for example, the BFGS or DFP
formulas.

Broyden-Fletcher-Goldfarb-Shanno method

The basic idea of the BFGS (Broyden-Fletcher-Goldfarb-Shanno) method was given
by Broyden in 1965 [13] and later updated by Fletcher, Goldfarb, and Shanno in
1970 [28, 32, 52]. The BFGS method is one of the most efficient versions of the
quasi-Newton method for solving unconstrained optimization problems. It is used
in many solvers because of its efficiency and convergence speed.

The BFGS method begins with a starting point x0 and iteratively updates the
estimate by refining the approximation of the Hessian matrix, aiming to improve
the solution at each step. The ordinary BFGS method generates a sequence {xk}
by the iteration scheme

xk+1 = xk + λkdk,

where dk is a search direction and λk is a step-size used to control how far along
the search direction dk the algorithm moves from the current point xk. The value
of λk is typically obtained through line search, a procedure that seeks to minimize
the function f along the direction dk. Formally, λk is chosen to satisfy:

λk = arg min
λ>0

f (xk + λdk) .

The search direction dk can be obtained by solving Bkdk = −∇f(xk). In it, Bk is
an approximation of the Hessian matrix, updated using the following formula

Bk+1 = Bk + ykyT
k

yT
k sk

− BksksT
k Bk

sT
k Bksk

, for k = 0, 1, . . . ,
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where yk = ∇f(xk+1) − ∇f(xk) and sk = xk+1 − xk. In addition, B0 is an ini-
tial positive definite matrix, often chosen as the identity matrix. Alternatively, if
available and computationally practical, the exact Hessian matrix can be used.

Computational algorithm

Algorithm 11: Broyden-Fletcher-Goldfarb-Shanno method [9]
Input: Starting point x0, tolerance ϵ > 0, initial positive definite matrix

B0, maximum number of iterations N
Output: Approximate solution x∗

1 Calculate ∇f(x0) and set k = 0
2 While (k < N)

If ∥∇f(xk)∥ < ϵ then
Set x∗ = xk and go to step 4

Else
Calculate dk by solving Bkdk = −∇f(xk)
Find optimal λk by solving

min
λ>0

f(xk + λdk)

Set xk+1 = xk + λkdk and calculate ∇f(xk+1)
Update yk = ∇f(xk+1) − ∇f(xk)

and sk = xk+1 − xk

Update Bk+1 = Bk + ykyT
k

yT
k

sk
− BksksT

k Bk

sT
k

Bksk

Update iteration counter k = k + 1
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

The system of equations

F (x) =
(︄

x3
1 + 3x2

2 − 21
x2

1 + 2x2 + 2

)︄
= 0,

can be presented as an unconstrained minimization problem with the objective func-
tion f(x) = 1

2(f1(x)2 + f2(x)2) where f1(x) = x3
1+3x2

2−21 and f2(x) = x2
1+2x2+2.

This optimization problem is solved using the BFGS method with the starting point
(1.5, −1.5)T , tolerance ϵ = 10−6, and maximum number of iterations N = 50. The
function attained the minimum value 0 at point (1.64, −2.34), which is the same as
obtained with the Newton’s method 3.5. The results are presented in Table 3.6.
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Table 3.6: Minimization of function f(x) = 1
2(f1(x)2 + f2(x)2) where f1(x) = x3

1 +
3x2

2 − 21 and f2(x) = x2
1 + 2x2 + 2 with starting point (1.5, −1.5)T BFGS method.

Davidon-Fletcher-Powell method

The earliest and one of the best methods to approximate the inverse of the Hessian
was first proposed by Davidon (1959) [21] and later developed by Fletcher and Powell
(1963) [29]. The main difference between the BFGS and DFP(Davidon–Fletcher–Powell)
methods is that in DFP, we try to approximate the inverse of the Hessian, while in
BFGS, we approximate the Hessian itself.

The DFP method being described as a "general class of quasi-Newton methods"
means that it represents a specific strategy within the broader quasi-Newton frame-
work. Like the BFGS method, the DFP method also generates a sequence {xk} by
the iteration scheme

xk+1 = xk + λkdk,

where the search direction is obtained by dk = −Dk∇f(xk) instead of solving
Bkdk = −∇f(xk) as in the BFGS method and optimal λk by solving

min
λ>0

f(xk + λdk).

Essentially, the negative gradient direction is modified using Dk, which is n × n
symmetric positive definite matrix that approximates the inverse Hessian. This ap-
proach is also referred to as rank two correction procedure because the approximated
inverse of the Hessian matrix Dk is updated by adding two symmetric matrices of
rank one each. In some sources, the DFP method is sometimes referred to as a "vari-
able metric method" because it can be interpreted as choosing the steepest descent
step in a transformed space, where the transformation is based on the Cholesky
factorization of the matrix Dk [34].
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Computational algorithm

Algorithm 12: Davidon-Fletcher-Powell method [9]
Input: Starting point x0, tolerance ϵ > 0, initial positive definite matrix

D0, maximum number of iterations N
Output: Approximate solution x∗

1 Calculate ∇f(x0) and set k = 0
2 While (k < N)

If ∥∇f(xk)∥ < ϵ then
Set x∗ = xk and go to step 4

Else
Calculate dk = −Dk∇f(xk)
Find optimal λk by solving

min
λ>0

f(xk + λdk)

Set xk+1 = xk + λkdk and calculate ∇f(xk+1)
Update yk = ∇f(xk+1) − ∇f(xk)

and sk = xk+1 − xk

Update Dk+1 = Dk + sksT
k

yT
k

sk
− DkykyT

k Dk

yT
k

Dkyk

Update iteration counter k = k + 1
3 End while

OUTPUT: (’Method failed to converge after N iterations’)
4 Stop

Example with Matlab

The system of equations

F (x) =
(︄

x3
1 + 3x2

2 − 21
x2

1 + 2x2 + 2

)︄
= 0,

can be presented as an unconstrained minimization problem with the objective func-
tion f(x) = 1

2(f1(x)2 + f2(x)2) where f1(x) = x3
1+3x2

2−21 and f2(x) = x2
1+2x2+2.

This optimization problem is solved using the DFP method with the starting point
(1.5, −1.5)T , tolerance ϵ = 10−6, and maximum number of iterations N = 50. The
function attained the minimum value 0 at point (1.64, −2.34), which is the same as
obtained in the Newton’s method (3.5) and the BFGS method (3.6). The results
are presented in Table 3.7.
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Table 3.7: Minimization of function f(x) = 1
2(f1(x)2 + f2(x)2) where f1(x) = x3

1 +
3x2

2 − 21 and f2(x) = x2
1 + 2x2 + 2 with starting point (1.5, −1.5)T DFP method.

Convergence

Let f : Rn → R be a convex and twice differentiable function satisfying the following
three conditions:

1. ∇f is Lipschitz continuous on Rn with parameter L > 0.
This condition implies that the Hessian is bounded above, ensuring that f is
sufficiently smooth so that the error in a quadratic approximation is controlled.

2. f is strongly convex (see equation (1.3)) with parameter m > 0.
This ensures that the curvature is not too flat and provides a uniform rate of
descent in a neighborhood of the minimizer.

3. H is Lipschitz continuous on Rn with parameter M > 0.
The condition further controls the change in curvature. This smoothness prop-
erty is crucial for establishing that the quasi-Newton approximations (whether
in the BFGS or DFP update) remain close to the true Hessian, at least asymp-
totically.

Then, both BFGS and DFP converge globally [16]. Furthermore, for all k ≥ k0, we
have

∥xk − x∗∥ ≤ ck∥xk−1 − x∗∥,

where ck → 0 as k → ∞. Here k0 and ck depend on L, m and M . This means that
quasi-Newton methods have a superlinear convergence rate [46] (see Definition 5).

3.3.4 Conjugate gradient method
The conjugate gradient method was originally proposed by Hestenes and Stiefel in
1952 for solving a system of linear equations [36]. It was originally suggested as a
direct search method for solving a system of linear equations, but later, due to the
preconditioning technique, it is now considered an iterative method. An extension
of the conjugate gradient method for solving a system of nonlinear equations and
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unconstrained optimization problems was suggested in [29, 30]. The conjugate gra-
dient method is not as efficient as the quasi-Newton methods. However, it is quite
effective when the problem is sufficiently large.

The basic idea of the conjugate gradient method is to start with a starting point
x0 ∈ Rn and generate a sequence {xk} by setting

xk+1 = xk + λkdk for k = 0, 1, . . .

where dk is search direction and λk > 0 is step length. The initial search direction
d0 can be defined as

d0 = −∇f(x0)
and for subsequent search directions, we use the formula

dk+1 = −∇f(xk+1) + αkdk,

where αk > 0 is a deflection parameter. For a quadratic objective function directions
dk, k = 0, 1, 2, . . . are conjugate. The deflection parameter can be calculated by one
of the three formulas named Fletcher Reeves (FR), Polak-Ribiere (PR), or Hestenes-
Stiefel (HS) as follows:

αk(FR) = ∇f(xk)T ∇f(xk)
∇f(xk−1)T ∇f(xk−1)

(3.25)

αk(PR) = ∇f(xk)T (∇f(xk) − ∇f(xk−1))
∇f(xk−1)T ∇f(xk−1)

(3.26)

αk(HS) = ∇f(xk)T (∇f(xk) − ∇f(xk−1))
dT

k−1(∇f(xk) − ∇f(xk−1))
. (3.27)

Unlike in the previous methods, the step length is now searched with an inexact
line search. In an unconstrained minimization problem, the Wolfe-Powell conditions
are a set of inequalities for performing the inexact line search. The Wolfe-Powell
rule states that during each iteration k the step length λk along the direction dk,
must satisfy

f(xk + λkdk) ≤ f(xk) + ρλk∇f(xk)T dk (3.28)
and

∇f(xk + λkdk)T dk ≥ σ∇f(xk)T dk (3.29)
for some parameters ρ ∈ (0, 1) and σ ∈ (ρ, 1), which are fixed in advance. Each
value λk can be determined through an iterative search to satisfy Wolfe conditions
(3.28) and (3.29). Condition (3.28) ensures that if the algorithm is taking a larger
step length, then it has a larger decrease in function value. In simple words, this
condition keeps an upper limit on step length. On the other hand, (3.29) makes
sure that the algorithm does not take an excessively short step, effectively setting a
lower bound on the step length. Both conditions ensure an optimal step length, as
a small step length may not guarantee convergence, while a larger step length could
lead to faster convergence. If

|∇f(xk + λkdk)T dk| ≤ σ|∇f(xk)T dk| for fixed σ ∈ (ρ, 1), (3.30)
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then (3.28) and (3.30) together form the so-called strong Wolfe conditions [45]. The
only difference with the Wolfe-Powell rule is that we no longer allow the derivative
ϕ′(λk) to be too positive where ϕ(λ) = f(xk + λdk) [45]. Hence, we exclude points
that are far from the stationary points of ϕ.

Computational algorithm

Algorithm 13: Conjugate gradient method [9]
Input: Starting point x0, tolerance ϵ > 0, maximum number of iterations

N , parameters ρ ∈ (0, 1) and σ ∈ (ρ, 1)
Output: Approximate solution x∗

1 Set k = 0
2 While (k < N)

Calculate ∇f(xk)
If ∥∇f(xk)∥ < ϵ then

Set x∗ = xk and go to step 4
Else

Calculate

dk =
⎧⎨⎩−∇f(xk), k = 0

−∇f(xk) + αkdk−1, k ≥ 1

where αk is fixed to be one of the variants (3.25), (3.26) or (3.27)
Find λk > 0 satisfying Wolfe conditions (3.28) and (3.29)
Update xk+1 = xk + λkdk and iteration counter k = k + 1

3 End while
OUTPUT: (’Method failed to converge after N iterations’)

4 Stop

Example with Matlab

For the purpose of diversifying the sample problem, we have selected a different test
problem. A function f(x) = x2

1 + 1
2x2

2 + 3 is minimized using the conjugate gradient
method with starting point (1, 1)T , tolerance 10−6 and the maximum number of
iterations N = 50. The deflection parameter αk, is determined using the Fletcher-
Reeves (FR) formula as given in equation (3.25), with the parameters ρ = 0.001 and
sigma = 0.9. Function attained the minimum value 3 at point (0, 0), which is the
same as in the steepest descent method 3.4. The results are presented in Table 3.8.
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Table 3.8: Minimization of function f(x) = x2
1 + 1

2x2
2 + 3 with starting point x0 =

(1, 1)T using conjugate gradient method.

Convergence

The following lemma and theorem present theoretical justification for the conver-
gence of the conjugate gradient method.

Lemma 3. [34] Suppose that f : Rn → R is continuously differentiable. Let dk ∈ Rn

be a descent direction at the current iteration point xk ∈ Rn, and assume that f is
bounded below along the ray xk + λdk where λ > 0. If 0 < ρ < σ < 1, then there
exists an interval of step lengths satisfying Wolfe condition (3.28) and (3.29), and
the strong Wolfe conditions (3.28) and (3.30).

Proof. Please refer to Lemma 3.1 [34].

Theorem 12. [34] Suppose that f : Rn → R is continuously differentiable, Lipschitz
continuous and bounded on Rn and each λk satisfies (3.28) and (3.30) with 0 < ρ <
σ < 1

2 . Then
lim inf

k→∞
∥∇f(xk)∥ = 0, (3.31)

where {xk} is a sequence of approximate solution generated by Algorithm 13.
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Chapter 4

Hybrid Methods

All the iterative numerical methods discussed in the preceding chapters to solve a
system of equations yield approximate solutions, as in most cases, exact solutions
cannot be determined. These methods involve successive approximations of the
solution that progressively converge towards the true solution of one equation or a
system of equations.

It is well known that Newton’s method is one of the most traditional methods
for solving either one equation or a system of equations, but its convergence is very
sensitive to the starting point. To overcome the starting point problem and achieve
faster convergence, many adaptive hybrid methods have been proposed [12, 56].
Some of these algorithms are complex and computationally expensive (requiring
high processing time and significant computing power), but they are still widely
used as modern computing systems continue to become more affordable.

In this chapter, we consider a system of nonlinear equations (2.1) formulated in
Section 2.1. As mentioned at the beginning of Chapter 3, in an indirect optimization-
based approach, the system of nonlinear equations (2.1) is first reformulated as the
optimization problem (3.1) before it can be solved.

In this chapter, we propose a hybrid algorithm to solve the system of nonlinear
equations (2.1) as the optimization problem (3.1). We generally follow the idea of
hybriziation as a combination of two search algorithms [56]. The suggested algo-
rithm is a combination of Newton’s method (see Subsection 3.3.2) and the conjugate
gradient method (see Subsection 3.3.4). We use Newton’s method to increase the
convergence rate and the conjugate gradient method to satisfy global convergence
and low memory requirements. During each iteration of the hybrid method, the step
length is determined in the direction that is the combination of both Newton’s and
conjugate gradient directions.

4.1 Preliminaries
To make this chapter self-contained, we start with a brief reminder of the general
idea of the iterative numerical method. It is well known that, with a given starting
point x0, optimization methods generate a sequence of estimates {xk}, progressively
approaching a solution within a specified tolerance. The main behavior of the al-
gorithm is that at every iteration k, the iteration point xk moves steadily towards
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the neighborhood of a local minimizer. Execution of the algorithm can be stopped
when xk satisfies the stopping criterion

∥∇f(xk)∥ < ϵ,

where ϵ is a predefined positive tolerance parameter. In this case, xk is the approx-
imate solution. Let xk be the iteration point, dk be the search direction, and λk be
the step length at kth iteration. Then the next iteration point xk+1 can be obtained
by

xk+1 = xk + λkdk.

Multiple strategies have been employed to find a suitable step length from the current
iterate to the next one, with two commonly used approaches being the trust region
method and line search method. This thesis focuses solely on the line search strategy,
leaving other methods for future exploration.

4.1.1 Search direction
In Subsection 3.3, we have already seen different ways to select the search direc-
tion in gradient-based methods. For example, in the steepest descent method (see
Subsection 3.3.1) the search direction is given by dk = −∇f(xk), but for general
gradient-based methods, the search direction can be defined as

dk = −B−1
k ∇f(xk),

where Bk is a suitable nonsingular and symmetric matrix. For Newton’s method
(see Subsection 3.3.2)

dk = −H−1
k ∇f(xk) (4.1)

where Hk is the exact Hessian of f at xk. For the quasi-Newton method (see Sub-
section 3.3.3), Bk is an approximation of the Hessian Hk updated at every iteration.
In the conjugate gradient method (see Subsection 3.3.4)

dk =
⎧⎨⎩−∇f(xk), k = 0

−∇f(xk) + αk−1dk−1, k ≥ 1,
(4.2)

where αk is the deflection parameter. In this chapter, we are using the Fletcher-
Reeves formula (3.25), leading to

αk = ∇f(xk)T ∇f(xk)
∇f(xk−1)T ∇f(xk−1)

although it would be possible to use also (3.26) or (3.27).

4.1.2 Line search
Line search is an umbrella term for a class of one of the most effective conventional
routines incorporated into optimization methods. The line search tries to find the

66



optimal step length λk along the search direction dk after it is specified and fixed.
The accuracy and speed of optimization methods depend on the search direction dk

and step length λk. The direction vector dk decides in which direction we move at
the current iteration point xk, and λk decides how far we move along dk. There are
two types of line search methods to find the step length: exact and inexact ones.

To find λk using the exact line search we need to solve

min
λ>0

f(xk + λdk). (4.3)

To solve (4.3), the methods presented in Subsection 3.2 can be used. On the other
hand, choosing any step length λk which decreases the function value at the next
iterate, such that

f(xk + λkdk) < f(xk) (4.4)

is called an inexact line search. In multi-dimensional real-world problems, finding
the exact step length is difficult, so the inexact line search is quite popular. It is
also computationally less expensive to perform.

Note that the decreasing property of the function value, in other words (4.4),
is not sufficient for the optimization method to converge to the solution, as the
decrease in the function value may sometimes be insufficient. Hence, inexact line
searches typically use some extra conditions to move sufficiently in the direction dk.
There exists a variety of inexact methods to estimate a suitable step length λk, such
as the Armijo rule, the Goldstein rule, and the Wolfe-Powell rule.

In this work, we are using the Wolfe-Powell rules (3.28)-(3.29) during each itera-
tion k, where we start with the initial step length λk = 1, for fixed values ρ ∈ (0, 1)
and σ ∈ (ρ, 1). After this, we decrease λk by some small quantity until we find the
largest value that satisfies the conditions (3.28)-(3.29).

4.2 Conjugate Gradient and Newton (CGN) al-
gorithm

In this section, we present a new hybrid method that combines the Conjugate Gra-
dient (CG) method and Newton’s (N) method to solve (3.1). We denote the combi-
nation as CGN. This hybrid method is based on the method presented in [56], but
instead of the gradient and Newton’s method, it combines the conjugate gradient
and Newton’s methods. The main idea of Algorithm 14 is to use as a search di-
rection a linear combination of the Newton’s direction (4.1) d1,k and the conjugate
gradient direction d2,k (4.2) at xk.

In Algorithm 14, δ0, η, ρ, σ are tuning parameters such that 0 < δ0 < 1,
0 < η < 1, 0 < ρ < 1

2 and ρ < σ < 1. Furthermore, γ1 > 1, γ2 > 1, Λ0 ≥ 1 and
b1 ∈ (0, 1), 1 < b2 < 1

δ0
, b3 > 1 are positive constants. In numerical tests, their

values have been chosen to be similar to those used in [56].
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Algorithm 14: Conjugate Gradient and Newton algorithm (CGN)

Input: Starting point x0, maximum number of iterations N , stopping
tolerance ϵ > 0, initial values δ0 ∈ (0, 1) and Λ0 ≥ 1 of modifiable
parameters δ and Λ, fixed value parameters γ1 > 1, γ2 > 1,
0 < η < 1, 0 < ρ < 1

2 , σ ∈ (ρ, 1), b1 ∈ (0, 1), 1 < b2 < 1
δ
, b3 > 1.

Output: The approximate solution x∗

1 Set k = 0
2 While (k < N)
3 If ∥∇f(xk)∥ < ϵ then x∗ = xk is the solution and go to step 17.
4 If det(Hk) = 0 compute the conjugate gradient direction

d2,k =
⎧⎨⎩−∇f(xk), k = 0

−∇f(xk) + αk−1d2,k−1, k ≥ 1.
(4.5)

where αk−1 is a deflection parameter obtained with (3.25) and go to step
10.

5 Compute the Newton’s direction d1,k that satisfies Hkd1,k = −∇f(xk) and
the conjugate gradient direction d2,k as (4.5)

6 Initialize δ = δ0 and Λ = Λ0. If |f(xk) − f(xk−1)| > γ1 for k ≥ 1 and
∥∇f(xk)∥ > γ2 then set δ = b2δ0 go to step 9.

7 If k = 0 or ∥∇f(xk)∥ ≤ ∥∇f(xk−1)∥, set x̄ = xk + d1,k and go to step 8.
Otherwise go to step 9.

8 If f(x̄) < f(xk) and ∇f(x̄) < η∇f(xk), then set δ = b1δ0.
9 If dT

1,kd2,k ≥ 0 go to step 11.
10 Use the Wolfe-Powell rules (3.28)-(3.29) to calculate a step length λk > 0

along the direction dk = d2,k. Set sk = λkdk and go to step 14.
11 Calculate ξ such that

ξ =
⎧⎨⎩

1
Λ+∥∇f(xk)∥ k = 0

1
Λ+|f(xk)−f(xk−1)| k ≥ 1.

and set dk(ξ) = (1 − ξ)d2,k + ξd1,k.
12 If dk(ξ)T d2,k < δ∥dk(ξ)∥ · ∥d2,k∥ set Λ = b3Λ and go to step 11.
13 (A) Use the Wolfe-Powell rules (3.28)-(3.29) to get λk > 0 along the

direction dk = d2,k and set s̄k = λk(1 − ξ)d2,k + ξd1,k. If
f(xk + s̄k) ≤ f(xk) − τ∥s̄k∥ and λk∥d2,k∥ ≤ T∥d1,k∥ set sk = s̄k.
Otherwise sk = λkd2,k.
(B) Use the Wolfe-Powell rules (3.28)-(3.29) to calculate λk > 0 along the
direction dk = dk(ξ). Set sk = λkdk.

14 Update xk+1 = xk + sk and k = k + 1
15 End while
16 OUTPUT (’Method failed to converge after N iterations’)
17 Stop
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If at any iteration point xk in step 4 of the CGN algorithm det(Hk) = 0, then
the Newton’s direction is not computable. In this case, we proceed only with the
conjugate gradient direction d2,k, and calculate the step length λk at step 10, after
which the next iteration point xk+1 is calculated. In step 7, we follow Newton’s
direction in the case of the first iteration or the iteratively decreasing norm of the
gradient.

When both the Newton’s direction (4.1) and the conjugate gradient direction
(4.2) are available, we compute both and verify whether both directions belong
to the same orthant (that is, they are close enough) in step 9. If the condition is
satisfied, the hybridization process starts; otherwise, we continue using the conjugate
gradient direction. In steps 11-12 (both directions are available), we first calculate
a parameter ξ (regulated by Λ), which is the coefficient of the convex combination
of d1,k and d2,k. After this, we check that the hybrid direction deviates enough
(regulated by δ) from the conjugate gradient direction and if the answer is no, then
we decrease the preference of d1,k in the convex combination in step 11 where the
hybrid direction is calculated. By doing that, we increase the importance of d2,k in
the scalarised hybrid direction dk(ξ). In step 13, two different ways of calculating
the next iteration point have been discussed. The choice between A and B depends
on the optimizer, although both options have been tested numerically. Step 13A is
responsible for determining the step length λk along the direction of the conjugate
gradient. The satisfaction of the conditions in step 13A means that the hybrid
direction is a locally descent direction. In step 13B, the step length λk is determined
along the hybrid direction. In what follows CGN(A) and CGN(B) are versions of
Algorithm 14. In CGN(A), the step length λk is calculated along d2,k, and in the
case of CGN(B), the step length λk is calculated along the hybrid direction.

The convergence of Algorithm 14 should naturally follow from the convergence
property of individual methods used in the hybridization. However, it is left for
future research to provide a more detailed explanation.

4.3 Various hybridizations

In addition to the CGN method described in the previous section, we propose other
hybrids of different methods. Expanding on the idea of combining two methods
originally outlined in [56], we have extended the algorithm discussed in [56] to in-
corporate various hybrids of the Gradient method (G), Conjugate Gradient method
(CG), Newton’s method (N) and quasi-Newton method (QN) (see Table 4.1). The
combined methods are categorized into two groups based on their similarities. To
ensure a comprehensive evaluation, we consider combinations that pair a G or CG
method with an N or QN method, resulting in four possible combinations. Further-
more, each method is analyzed using two distinct hybridization strategies, labeled
A and B, to account for variations in approach.

Please note that [56] has considered only a combination of the gradient and
Newton’s methods (GN). Anyway, for our experiment, we implemented GN(A) and
GN(B) on our own. In the case of other hybrids considered in Table 4.1, Algorithm
14 was modified according to the requirements of separate methods used in it.
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Table 4.1: Hybridizations

Method Group 1 Method Group 2 Stepping direction Method name
Conjugate Gradient (CG) Newton’s (N) Conjugate gradient direction (A) CGN(A)
Conjugate Gradient (CG) Newton’s (N) Hybrid direction (B) CGN(B)
Conjugate Gradient (CG) quasi-Newton (QN) Conjugate Gradient direction (A) CGQN(A)
Conjugate Gradient (CG) quasi-Newton (QN) Hybrid direction (B) CGQN(B)

Gradient (G) Newton’s (N) Gradient direction (A) GN(A)
Gradient (G) Newton’s (N) Hybrid direction (B) GN(B)
Gradient (G) quasi-Newton (QN) Gradient direction (A) GQN(A)
Gradient (G) quasi-Newton (QN) Hybrid direction (B) GQN(B)

In the algorithm version A, a step length λk is calculated only in the direction d2,k

while in version B, a step length λk is calculated in the direction dk(ξ) which is a
convex combination of direction d1,k and d2,k.

As outlined in Appendix D, the GN method follows steps similar to those of the
CGN Algorithm 14 described earlier. However, in step 4 of the GN method, the
direction vector d2,k = −∇f(xk) for all values of k. In other words, the hybrid
direction dk(ξ) is derived as a convex combination of the gradient and Newton’s
directions.

Conversely, in the GQN method given in appendix C, the hybrid direction dk(ξ)
is also a convex combination of the gradient and Newton’s directions. However, since
the quasi-Newton method is used instead of the Hessian matrix Hk, the method
employs an approximated Hessian Bk, which is iteratively updated using the BFGS
method (see subsection 3.3.3).

In the case of the CGQN method given in appendix B, both directions d1,k and
d2,k are involved at every iteration. The hybrid direction dk(ξ) is computed as a
convex combination of the conjugate gradient and quasi-Newton directions.

4.4 Numerical experiments and results
In this section, we show the computational performance of the hybrid algorithms
on the selected test problems discussed in [3, 56]. In order to support the purpose
of this preliminary research experiment, 2 linear and 12 nonlinear problems were
carefully chosen to provide a representative variety of different functions. As noted
in [3], the purpose of that test problem collection is to provide a sufficiently large set
of general test functions for testing an unconstrained optimization algorithm and
conducting comparison studies. In this work, only artificial unconstrained optimiza-
tion test problems are considered as they are relatively easy to manipulate and use
in algorithmic design and testing.

Table 4.2 gives the basic description of test problems where n is the dimension of
the problem and m is the number of functions. Problems P00 and P01 have the same
linear functions but use different starting points. In problems P1-P6, the dimension
n is fixed, while in problems P7-P12, it can vary, so the user can choose different
numerical values for n and m. In our experiments, we have set n = 20, 50 and 100.
Each problem with a different value of n is considered a separate test problem. The
calculations are carried out in Matlab. For termination criteria, we are using the
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stopping tolerance ϵ = 10−6 in condition ∥∇f(xk)∥ < ϵ and the maximum number
of iterations N = 500.

The user-defined parameters (the values are similar to those used in [56] for the
GN algorithm and carefully tested with trial and error technique) for the experiment
are the following: δ0 = 0.001, Λ0 = 1, η = 0.99, ρ = 0.001, σ = 0.9, b1 = 0.9, b2 = 1

b1
,

b3 = 1.1, γ1 = 2, γ2 = 2, τ = 10−10 and T = 1010. However, it is the user’s choice to
take any values within the defined limits.

Table 4.2: Test problems. [3, 56]

Problem Function name Dimension n Number of functions m
P00 Linear functions 21 21
P01 Linear functions 21 21
P1 Helical Valley function 3 3
P2 Powell Singular function 4 4
P3 Wood function 4 6
P4 Watson function 6 31
P5 Variably dimensional function n n+2
P6 Discrete Boundary Value function n n
P7 Extended Rosenbrock function n n
P8 Trigonometric function n n
P9 Axis Parallel Hyper-Ellipsoid function n n
P10 Griewangk’s function n n
P11 Sum of Different Power functions n n
P12 Ackley’s function n n

In Table 4.3, we compare the number of iterations required by GN, CGQN,
CGN, and GQN. The number of iterations in bold font shows the minimum num-
ber of iterations for each test problem. In most traditional optimization methods,
there is typically a consistent relationship between the number of iterations and
function evaluations. However, this relationship becomes less predictable in hybrid
approaches. For example, in the CGN algorithm (Algorithm 14), the computational
behavior varies depending on the availability of the Newton direction d2,k at each
iteration. When this direction is unavailable, the algorithm skips certain computa-
tions and advances solely along the conjugate gradient direction d1,k. As a result,
the ratio between iterations and function evaluations is not maintained uniformly
throughout the optimization process, highlighting the adaptive nature of hybrid
methods.
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Table 4.3: Number of iterations for test problems.

Prob. n CGN(A) CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
P00 21 14 13 * * 15 22 * 41
P01 21 3 3 * * 3 3 * 33
P1 3 17 55 * * 19 28 31 41
P2 4 20 20 27 * 20 26 46 54
P3 4 29 47 * * 10 63 * 88
P4 6 11 12 * * 12 22 27 36
P5 20 8 10 12 10 7 9 9 9

50 9 14 15 25 9 15 12 15
100 11 18 12 26 9 11 9 11

P6 20 2 2 * 43 2 2 95 40
50 1 1 * * 1 1 * 106
100 1 1 * * 1 2 2 187

P7 20 27 68 * * 17 48 * 140
50 20 448 * * * 67 * 153
100 22 35 * * * 65 * 172

P8 20 11 21 185 252 10 12 17 33
50 22 39 * * * 15 19 44
100 * 33 * * 20 * 28 *

P9 20 18 19 47 55 14 14 116 81
50 21 23 79 122 15 15 167 96
100 125 93 178 166 * * 136 350

P10 20 9 12 * 45 13 14 137 137
50 17 34 * 115 16 16 195 211
100 * * * * * * 239 263

P11 20 20 * 5 8 14 * 86 138
50 * * 5 5 * * 44 47
100 * * 5 5 * * 35 83

P12 20 4 7 53 47 5 7 5 7
50 3 5 34 43 3 5 5 5
100 4 5 28 33 4 5 5 5

* means the method failed to converge within the maximum number of iterations.

There exist quite many failures (marked by *). In Table 4.3, cases CGQN(A)
and CGQN(B) had the most failures. In general, algorithmic failures in optimization
and equation-solving methods can often be attributed to three key issues: slow
convergence rate, suboptimal choice of starting point, and potential computational
singularities.

1. Slow convergence rate: Some algorithms may progress toward the solution
at a very gradual pace, particularly when the problem involves ill-conditioned
functions or a landscape with shallow gradients. This slow rate can signif-
icantly increase computational time and make the method impractical for
large-scale problems.

2. Suboptimal choice of starting point: The starting point plays a crucial
role in iterative methods. In most of our test problems, a predefined starting
point was provided. A poor choice can lead the algorithm to converge to a local
extremum instead of the global solution or, worse, prevent it from converging
at all. Sensitivity to the starting point is particularly pronounced in non-
convex problems or when dealing with systems that have multiple solutions.

3. Potential computational singularities: These arise from numerical issues
such as division by values approaching zero, poorly conditioned matrices, or
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inaccuracies in calculating derivatives or Jacobian matrices. Such singularities
can cause the algorithm to break down, fail to update correctly, or produce
unreliable results.

The number of iterations can depend on the design of the code, so we have
also included the total number of function evaluations reported in Table 4.4 to
analyze the efficiency of each algorithm more precisely. The total number of function
evaluations includes those conducted during the iteration process of the algorithm as
well as additional evaluations required for determining the step length. The number
of function evaluations in bold font in Table 4.4 shows the minimum number of
function evaluations for each test problem.

Table 4.4: Total number of function evaluations.

Prob. n CGN(A) CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
P00 21 73 63 * * 56 57 * 104
P01 21 12 5 * * 9 5 * 73
P1 3 84 336 * * 93 103 150 143
P2 4 78 77 107 * 77 79 205 142
P3 4 204 311 * * 51 239 * 334
P4 6 54 59 * * 52 73 132 100
P5 20 66 61 96 61 60 60 70 60

50 95 115 153 218 94 99 132 99
100 135 161 142 247 113 110 114 107

P6 20 5 4 * 103 3 4 318 94
50 3 2 * * 3 2 * 249
100 3 2 * * 3 2 * 449

P7 20 195 404 * * 89 169 * 419
50 116 9244 * * * 256 * 518
100 126 182 * * * 250 * 648

P8 20 61 119 1112 1553 50 45 85 131
50 188 206 * * * 71 114 208
100 * 214 * * 140 * 196 *

P9 20 54 57 105 157 38 38 242 172
50 71 76 191 278 45 45 349 207
100 307 236 446 388 * * 320 725

P10 20 26 50 * 101 28 30 276 276
50 96 178 * 427 36 36 395 427
100 * * * * * * 491 538

P11 20 43 * 19 22 31 * 175 279
50 * * 15 11 * * 91 98
100 * * 15 11 * * 74 172

P12 20 16 18 109 99 20 17 20 17
50 9 11 71 92 9 11 15 11
100 12 11 60 73 12 11 15 11

* means the method failed to converge within the maximum number of iterations.

4.5 Analysis of the results

In Table 4.3, we have seen that there are some places where the method failed
to converge (marked by *). In this situation, performing analysis directly on the
number of iterations is not informative. Therefore, we introduce a special ranking
system as summarized in Table 4.5.
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Table 4.5: Number of iterations with refined ranks for the test problems.

Prob. n CGN(A) CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
P00 21 2 1 11 11 3 4 9 5
P01 21 2.5 2.5 11 11 2.5 2.5 10 5
P1 3 1 6 11 10 2 3 4 5
P2 4 2 2 5 10 2 4 6 7
P3 4 2 3 11 11 1 4 11 5
P4 6 1 2.5 10 11 2.5 4 5 6
P5 20 2 6.5 8 6.5 1 4 4 4

50 1.5 4 6 8 1.5 6 3 6
100 4 7 6 8 1.5 6 3 6

P6 20 2.5 2.5 11 6 2.5 2.5 7 5
50 2.5 2.5 11 11 2.5 2.5 10 5
100 1.5 1.5 10 10 1.5 4 10 5

P7 20 2 4 11 11 1 3 11 5
50 1 4 11 10 11 2 11 3
100 1 2 11 11 11 3 11 4

P8 20 2 5 7 8 1 3 4 6
50 3 4 10 10 10 1 2 5
100 10 3 11 10 1 10 2 4

P9 20 3 4 5 6 1.5 1.5 8 7
50 3 4 5 7 1.5 1.5 8 6
100 2 1 5 4 10 10 3 6

P10 20 1 2 11 5 3 4 6.5 6.5
50 3 4 11 5 1.5 1.5 6 7
100 10 10 11 11 10 10 1 2

P11 20 4 9 1 2 3 10 5 6
50 9 9 1.5 1.5 10 10 3 4
100 9 9 1.5 1.5 10 10 3 4

P12 20 1 5 8 7 2.5 5 2.5 5
50 1.5 4.5 7 8 1.5 4.5 4.5 4.5
100 1.5 4.5 7 8 1.5 4.5 4.5 4.5

The algorithm with the least number of iterations has the highest rank, starting
with the lowest number 1. In case two or more algorithms have the same number
of iterations, they receive the same ranking, which is the mean value of what they
would have obtained under ordinal ranking. By ranking in this manner, we ensure
that the sum of ranks remains the same as under ordinal ranking. We assign rank
9 to a method when it converges within 750 iterations with the stopping tolerance
ϵ = 10−6. We assign rank 10 if a method converges within 750 iterations when
the stopping tolerance is reduced to 10−3. If a method is not capable of finding an
optimal solution either with an increased number of iterations or with a reduced
value of tolerance, then we assign the lowest rank to it, in other words, the largest
possible ranking value 11.

Table 4.6: Refined ranking averaged for the number of iterations.

Parameter CGN(A) CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
Average 3.05 4.30 8.10 7.88 3.82 4.63 5.88 5.05
Variance 7.33 6.11 10.72 9.05 13.59 8.69 10.68 1.37

SD 2.66 2.43 3.22 2.96 3.63 2.90 3.21 1.15
SD means Standard Deviation

In Table 4.6, we have calculated the average ranking for the number of iterations
based on Table 4.5 and marked the smallest number with bold in the row. We can
say that CGN(A) is the most efficient method with the smallest average rank for the
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number of iterations. From Table 4.4, we see that GQN(B) is the most consistent
hybrid method since it solves almost all the problems without any relaxation except
in P8 when n = 100. In addition, from Table 4.6, we notice that CQN(B) has the
smallest variance and standard deviation of the average ranking.

In evaluating the performance of methods, we assign weighted rankings to empha-
size the significance of failures, particularly when a method is unable to solve even
relatively simple problems. To compute the Weighted Iterative Ranking (WIR),
three Weighted Iteration Parameters (WIPs) are utilized: wip1 = 0.5, wip2 =
0.3, wip3 = 0.2. These weights reflect the relative importance of iteration pa-
rameters in assessing the method’s performance. For example, considering CGN(A)
for problem P5 from Table 4.5 the WIR is calculated as:

WIR = 0.5 × 2 + 0.3 × 1.5 + 0.2 × 4 = 2.25. (4.6)

Similarly, the Weighted Function Ranking (WFR) can be calculated for the
number of function evaluations, using Weighted Function Parameters (WFP) to
emphasize the importance of specific evaluations. For example, considering CGN(A)
for problem P5, the WFP values are chosen as wfp1 = 0.5, wfp2 = 0.3, wfp3 = 0.2,.
Applying these weights, the WFR is determined as:

WFR = 0.5 × 6 + 0.3 × 2 + 0.2 × 5 = 4.6. (4.7)
In the final Grand Rank (GR) calculation, equal weighting of the WIR and the

WFR is applied, with wip = 0.5 and wfp = 0.5. These parameters can be adjusted
by decision-makers according to their priorities. Using these weights, the GR is
calculated as:

GR = 0.5 × 2.25 + 0.5 × 4.6 ≈ 3.43.

This methodology provides a balanced and adaptable framework for evaluating the
performance of methods across multiple criteria.

Table 4.7: Equally weighted grand ranks for test problems.

Prob. CGN(A) CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
P00 3 2 9.5 9.5 3 2 9 5
P01 3 2 9.5 9.5 2 3 8.5 5
P1 1 6 9.5 9 2 3 4.5 4.5
P2 2.5 1.75 5 9 1.75 4 6.5 6.5
P3 2 3.5 9.5 9.5 1 3.5 9.5 5
P4 1.5 2.75 9 9.5 1.75 4 5.5 5.5
P5 3.43 5.5 7.15 6.75 1.58 3.53 4.65 3.43
P6 3.03 2.15 7.75 6 2.28 2.4 8 5
P7 1.75 3.6 9.5 9.35 5.25 2.45 9.5 4.2
P8 3.95 4.3 8.1 8.5 3.65 3.1 3 5.3
P9 2.8 3.4 5 5.9 3 3 7 6.5
P10 3.2 4.5 9.5 6.13 3.5 4 5.25 5.68
P11 6.25 8.5 4.25 1.63 6 9 4 5
P12 1.38 4.18 7.5 7.5 2.6 3.8 4.63 3.8

Average 2.77 3.87 7.91 7.7 2.81 3.63 6.39 5.03

Based on the final GR analysis (Table 4.7), it can be concluded that CGN(A)
is the most reliable and efficient method for the test problems considered. The GR
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was calculated using equal weight parameters wip = 0.5 and wfp = 0.5. Alternative
convex combinations of weights were also examined to assess the stability of the
methods. Table 4.8 shows a convex combination of weights in each column where
wip is used for iteration rank and wfp for function ranks.

Table 4.8: Possible weightings for grand rank calculation.

Parameter C1 C2 C3 C4 C5 C6 C7 C8 C9
wip 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
wfp 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Let us consider only the test problem P5 and generate a GR table for all weight
combinations from Table 4.8. For the CGN(A) method in problem P5, WIR was
2.25 and WFR was 4.6. Thus, with the weights C1, the GR for CGN(A) is

0.9 × 2.25 + 0.1 × 4.6 ≈ 2.48 (4.8)

Table 4.9: Grand ranking with all possible weights for P5.

Weights CGN(A) CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
C1 2.48 5.78 7.03 7.15 1.31 4.38 3.49 4.36
C2 2.72 5.71 7.06 7.05 1.38 4.17 3.78 4.13
C3 2.95 5.64 7.09 6.95 1.44 3.95 4.07 3.89
C4 3.19 5.57 7.12 6.85 1.51 3.74 4.36 3.66
C5 3.43 5.5 7.15 6.75 1.58 3.53 4.65 3.43
C6 3.66 5.43 7.18 6.65 1.64 3.31 4.94 3.19
C7 3.89 5.36 7.21 6.55 1.70 3.09 5.23 2.95
C8 4.13 5.29 7.24 6.45 1.77 2.88 5.52 2.72
C9 4.36 5.22 7.27 6.35 1.83 2.66 5.81 2.48

Next, we plotted the GR for each algorithm with all possible weight combinations
from Table 4.9 to analyze how the weights affect the GR.
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Figure 4.1: Change in grand ranking for P5 after applying weight combinations
C1-C9.

The intersection of lines in Figure 4.1 indicates that grand rankings depend
on the combinations of wip and wfp, but the trends remain relatively stable. We
have made similar observations in other test problems. In some cases, lines have a
positive slope, which means WFR is higher than WIR, and if the slope is negative,
that means WIR is higher than WFR.

4.6 Hypothesis testing
In this section, we check whether all the methods have a statistically significant
difference or not. Let us state two mutually exclusive, Null (H0) and Alternative
(H1) hypotheses:

H0 : Two methods have the same performance.

H1 : Two methods perform differently.

The Wilcoxon signed-rank test [58] is a nonparametric statistical method used
to evaluate the validity of a hypothesis. Unlike the conventional T-test, it does not
assume data normality, making it a suitable alternative when the sample size is
insufficient to establish normality.

As per the grand rank Table 4.7, we can see that CGN(A) is the most reliable
and efficient method, so we test it against all the other methods.
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Table 4.10: Calculated test statistic.

Sum CGN(B) CGQN(A) CGQN(B) GN(A) GN(B) GQN(A) GQN(B)
Pos. Sum 125(-12) 55(-82) 62(-75) 284(147) 227(90) 107(-30) 127.5(-9.5)
Neg. Sum 334(197) 407(270) 400(263) 153(16) 228(91) 358(221) 337.5(200.5)

The Wilcoxon signed-rank test critical value is 137 (since the number of test
problems for rank calculation in Table 4.5 is 30). In this context, the "critical value"
refers to the threshold value used to evaluate the test statistic for the Wilcoxon
signed-rank test. The number 137 comes from a table of critical values for the
Wilcoxon signed-rank test, where the number of test problems (or pairs of observa-
tions) is given as 30. If the calculated test statistic (which is the sum of the signed
ranks of the differences between pairs) exceeds the critical value, the null hypothesis
is rejected, meaning that there is a significant difference between the two methods.
If the test statistic is less than or equal to the critical value, we fail to reject the
null hypothesis, suggesting no significant difference between the two methods.

As Table 4.10 shows, in the case of GN(A) and GN(B), the null hypothesis
cannot be rejected, so there is no statistically significant reason for rejecting the fact
that these two algorithms may produce a similar outcome in terms of the number of
iterations, the number of function evaluations, or the ranks than CGN(A). However,
for all other cases, we can reject the null hypothesis. Thus, we can say that these
algorithms are statistically different than CGN(A).

4.7 Convergence

Convergence percentage Table 4.11 shows a summary of convergence for all algo-
rithms based on Tables 4.3 and 4.5. Note that Table 4.5 also shows the cases where
the method converges to the solution with some relaxation (ranks 9 and 10). Rank
9 is obtained when the convergence happens when we increase the number of itera-
tions from 500 to 750, but keep the tolerance ϵ at 10−6. However, if a method does
not converge with this option, then we decrease the tolerance to 10−3. If conver-
gence happens in this case, then rank 10 is given. If the method fails to converge
in both relaxations, then we give rank 11. GQN(B) returns solutions for almost
all problems except one, although the number of iterations and the total number
of function evaluations are higher than in other algorithms. CGN(A) and CGN(B)
are the most reliable and efficient methods as they have mainly a lower number
of iterations and a lower number of function evaluations than other methods, with
more than 85% convergence and 100% relaxed convergence rates.
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Table 4.11: Convergence percentages of the methods for the test problems.

Algorithm Convergence Relaxed Convergence Not Converging
CGN(A) 86.7 100 0
CGN(B) 86.7 100 0

CGQN(A) 46.7 56.7 43.3
CGQN(B) 53.3 73.3 26.7

GN(A) 76.7 93.3 6.7
GN(B) 80 100 0

GQN(A) 76.7 86.7 13.3
GQN(B) 96.7 100 0

4.8 Graphical output

In this section, we present a few examples of the graphical output to demonstrate
the outcome of the Algorithm 14. We found out that the CGN(A) method is the
most efficient and reliable one on the test problems mentioned in Table 4.2. Let us
analyze the graphical output of this method for the problem P2, which looks simple
visually as we have only four functions.

Figure 4.2: Function values vs. number of iterations for P2

79



Figure 4.3: Error vs. number of iterations for P2

Figure 4.4: Root vs. number of iterations for P2
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Figure 4.2 illustrates the progression of the function values across iterations.
Some values converged to the root immediately, while others required a few itera-
tions to begin converging, reflecting variations in the optimization dynamics. Figure
4.3 shows the error, measured as the norm of the gradient, steadily decreasing and
converging to the user-defined tolerance of 10−6, demonstrating the algorithm’s ac-
curacy. Figure 4.4 highlights the progression of the solution variables, visualizing
their convergence toward the root. For problem P2, the global solution is achieved
since all the function values go to zero, confirming the robustness and reliability of
the CGN(A) algorithm in identifying the optimal solution.

Now, let us consider another problem P8 with the dimension n = 50. Results
for this problem are presented in Figures 4.5-4.7. Similar to P2, a global solution
for P8 is also achieved with all root values equal to zero. The results demonstrate
the robustness and reliability of the CGN(A) algorithm in efficiently converging to
the global solution.

Figure 4.5: Function values vs. number of iterations for P8
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Figure 4.6: Error vs. number of iterations for P8

Figure 4.7: Root vs. number of iterations for P8
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Chapter 5

Real Life Applications and further
research

Optimization techniques are the core of data science and artificial intelligence. An
explicit connection between optimization and machine learning was established in
the 1960s on pattern separation using linear programming [50, 51]. Support vec-
tor machines and kernel learning were developed based on optimization (especially
quadratic programming and duality) techniques during the 1990s [20, 57].

Optimization problems occur in many real-life applications, for example, in en-
gineering, physical sciences, social sciences, and commerce [5, 41, 42]. They are
particularly valuable in various engineering branches like mechanical, aeronauti-
cal, electrical, and chemical engineering [43, 55]. Many practical applications like
robotics, pattern recognition, digital signal processing, and telecommunications can
be solved by using optimization techniques [5, 41].

In this chapter, we describe two possible applications [5] where the presented
hybrid methods, particularly Algorithm 14 from the previous chapter, could be of
potential use and merit. These industrial applications, namely the inverse kinemat-
ics of robotic manipulators and the optimization of dissimilarity in hand-written
text, are relevant to optimization theory [5]. As they fundamentally involve solving
systems of nonlinear equations, these applications present a promising avenue for
evaluating the practical effectiveness of the hybridization techniques considered in
the thesis.

5.1 Engineering application
Typically, an industrial robot is composed of a chain of mechanical links with one
end fixed relative to the ground and the other end, known as the end-effector, free
to move. Manipulators allow motion by moving the joints of each link along its
axis with an electric or hydraulic actuator. One of the main issues with robotics is
the difficulty in describing the position and orientation of the end-effector relative
to the joint variables. There are two types of joints: rotational joints, which allow
the linked robot to rotate, and translational joints, which enable the linked robot to
move along a straight line.

Inverse kinematics for robotic manipulators is essential for finding the joint vari-
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ables that satisfy the desired configuration of the robotic arm during manipulation.
The goal of the robot controller is to generate an acceptable motion of the end-
effector by precisely actuating its joints for a specified task. In inverse kinematics,
we need to find joint angles θi for all i = 1, ..., n where n is the number of joints with
which the manipulator’s end-effector would achieve a prescribed position and orien-
tation. The inverse kinematics of robotic manipulators entails a system of nonlinear
equations that can be transformed into an unconstrained minimization problem and
then solved with an optimization method.

Figure 5.1: A three-link robotic manipulator [5].

Figure 5.1 depicts a 3-joint industrial robot manipulator so we have transformed
vector coordinates x = [θ1, θ2, θ3]T and a system of equations F (x) = 0 where each
Fi(x) = 0 for i = 1, 2, 3. For example, if we know the position of the end-effector
[Px, Py, Pz]T , then we can write the equations in the form

F1(x) = c1(a2c2 + a3c23 − d4s23) − d3s1 − Px

F2(x) = s1(a2c2 + a3c23 − d4s23) − d3c1 − Py

F3(x) = d1a2s2 − a3s23 − d2c23 − Pz

(5.1)

where ci = cos(θi), c23 = cos(θ2 + θ3), si = sin(θi), s23 = sin(θ2 + θ3), ai is distance
from the zi axis to the xi+1 axis measured along the xi axis and di is the distance
from the xi−1 axis to the xi axis measured along the zi axis. The system of equations
(5.1) can be expressed as the unconstrained optimization problem

min
x∈R3

f(x) = F 2
1 (x) + F 2

2 (x) + F 2
3 (x) where x = [θ1, θ2, θ3]T

which can be solved by Algorithm 14.
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Once we know θi for i = 1, 2, 3, the orientation of the end-effector becomes known.
The main advantage of solving inverse kinematics as an unconstrained optimization
problem is that when the desired position is not in the range of the manipulator, the
optimization of f still yields an approximated solution x∗. Although the objective
function value f(x∗) may still not be zero, such an approximated solution can still
be considered satisfactory for most engineering applications.

5.2 Machine learning application
In a digital image, edges characterize object boundaries, so edge detection remains a
crucial stage in numerous applications, principally in pattern recognition [33], com-
putational vision, image registration, computational chemistry, molecular biology,
and medical data [17]. Point pattern matching is extensively used because bound-
aries include the most important part of the structure of the image, and edge detec-
tion could be used to qualify a region segmentation technique. An efficient boundary
detection method should produce a contour image with edges accurately located and
minimal pixel misclassification [5]. Minimal pixel misclassification means correctly
classifying pixels as either belonging to an edge (boundary) or not, with as few errors
as possible.

For example, in a point pattern matching problem, a pattern such as a printed
or handwritten character, numeral, symbol, or even outline of a manufactured part
can be described by a set of points

P = {P 1, P 2, . . . , P n} (5.2)

where
P i =

[︄
pi1
pi2

]︄

is a vector in terms of the coordinates of the ith sample point. If the number of
points n in P , is sufficiently large, then P in (5.2) describes the object accurately
and P is referred to as a point pattern of the object.

Let us consider a database containing N standard point patterns {P1, P2, . . . , PN}
where each Pj is of the form (5.2) and we need to discover the database pattern
that mostly resembles a particular point pattern

Q = {q1, q2, . . . , qn}.

where
qi =

[︄
qi1
qi2

]︄
.

In real-life situations, the perfect match between some P and Q is not possible, so
we use P̃ a transformed version of pattern P . So if the pattern P is given by (5.2)
then

P̃(x) = {P̃ 1, P̃ 2, . . . , P̃ n}

where
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P̃ i = η

[︄
cos(θ) − sin(θ)
sin(θ) cos(θ)

]︄
P i +

[︄
r1
r2

]︄
,

θ is a rotational angle, η is a scaling parameter, r = [r1, r2]T is a translation vector
for i = 1, 2, . . . , n, and x = [η cos(θ), η sin(θ), r1, r2]T . A transformed pattern can be
obtained by solving an unconstrained optimization problem

min
x∈R4

+

f(x) =
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

P̃ (x) − Q
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓2

, (5.3)

where |||·||| means the matrix norm. The optimization problem (5.3) can be solved
by Algorithm 14. Lets assume that x∗ is the minimizer for the problem (5.3) then
the error

e(P̃ (x∗), Q) =
√︂

f(x∗) =
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

P̃ (x∗) − Q
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

is a measure of the dissimilarity between patterns P̃ (x∗) and Q. Obviously, e(P̃ (x∗), Q)
should be close to zero for a perfect match. So, the pattern encoded by vector x∗ is
selected.

5.3 Future research
Up to this point, the CGN algorithm 14 has been evaluated using academic test
problems. The development of the hybrid algorithm opens several promising direc-
tions for future research aimed at strengthening both its theoretical underpinnings
and practical effectiveness. One important avenue involves conducting a rigorous
convergence analysis to determine the conditions under which the method achieves
global convergence, and to characterize its convergence rate—whether it maintains
Newton’s superlinear convergence or exhibits the linear rate typical of CG in certain
scenarios. In future work, we will focus on applying the CGN algorithm 14 to the
problems discussed above and on establishing a formal convergence theorem for the
method.

86



Chapter 6

Summary

Solving systems of nonlinear equations poses significant computational challenges
due to their inherent nonlinearity. In recent years, constructive theories and ad-
vanced algorithms have been developed to enhance the accuracy and efficiency of
solving such systems. Among those, Newton’s method remains a classical approach
but is notably sensitive to the choice of the initial starting point. To mitigate this
limitation, hybrid approaches have been introduced, integrating multiple methods
to achieve improved convergence rates.

This thesis investigates hybrid methods for approximating solutions to systems
of nonlinear equations. The work begins with a comprehensive review of classical
approaches for solving systems of nonlinear equations, followed by an overview of
various techniques employed in nonlinear optimization. Optimization methods are
considered since the systems of nonlinear equations can be reformulated as optimiza-
tion problems. The focus then shifts to the development of novel hybrid algorithms
that utilize Newton’s method, the conjugate gradient method, the quasi-Newton
method, and the gradient method.

A key contribution of this work is the empirical evaluation of computational
efficiency for the new hybrid approach combining the conjugate gradient and New-
ton’s methods. To assess the effectiveness of the proposed hybridization, a series
of numerical experiments has been conducted, complemented by a ranking system
to compare the performance of all presented new hybrids. The results demonstrate
that the hybrid approach combining the conjugate gradient and Newton’s methods
is the most reliable and efficient. It requires fewer iterations, reduces the total num-
ber of function evaluations, achieves a convergence rate of nearly ninety percent,
and attains a one-hundred-percent relaxed convergence rate.

While the findings are preliminary and the computational experiments have cer-
tain limitations, this study provides valuable insights. It identifies the most promis-
ing hybridization techniques for further research and potential advancements in solv-
ing nonlinear systems.
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Appendix A

CGN Algorithm Matlab code

1 clc; clear; close all
2
3 % define the function
4 f1=@(x) x(1)+10*x(2);
5 f2=@(x) sqrt(5)*(x(3)−x(4));
6 f3=@(x) (x(2)−2*x(3))^2;
7 f4=@(x) sqrt(10)*(x(1)−x(4))^2;
8 f=@(x)[f1(x);f2(x);f3(x);f4(x)];
9 F=@(x) 1/2*norm([f1(x),f2(x),f3(x),f4(x)])^2;

10
11 % parameters
12 tol=1e−6; % tolerance
13 maxIter=500; % max iteration number
14
15 delta0 = 0.001;
16 Lambda0 = 1;
17 eta = 0.99;
18 rho = 0.001;
19 sigma = 0.9;
20 b1 = 0.01;
21 b2 = (1/b1);
22 b3 = 1.1;
23 tau = 10e−10;
24 T = 10e10;
25
26 gamma1 = 4;
27 gamma2 = 4;
28 dx = 1e−5;
29 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 % initial guess
32 x0 = [3,−1,0,1]' ;
33 tic
34 f0=0;
35 Fit=F(x0);
36 xold=2*x0;
37 xk=x0;
38 errors=[];
39 Xs = [xk'];
40 Xit=xk';
41 Fs =f(xk);
42
43 falpha_count=0;
44 % Step1
45 for k = 0:maxIter
46 H = hessian(F,xk,dx);
47 gk = grad(F,xk,dx);
48 error = norm(gk);
49 errors =[errors, error];
50 % Step1
51 if error<tol

95



52 break;
53 end
54 % Step 2:
55 if det(H)~=0 % Nonsingular matrix
56 % Step 3
57 d1=−H\gk; % Newton's direction
58 if k>0
59 beta = norm(gk)^2/norm(grad(F,xold,dx))^2;
60 d2=−gk+beta*d2; % gradient direction
61 else
62 d2=−gk;
63 end
64
65 % Step 4:
66 delta=delta0; Lambda=Lambda0;
67 if abs(F(xk)−F(xold))>gamma1 && norm(gk)>gamma2
68 delta=b2*delta0;
69 elseif k==1 || norm(gk)<=norm(grad(F,xold,dx))
70 % Step 5
71 x_bar=xk+d1;
72 % Step6:
73 if F(x_bar)<F(xk) && norm(grad(F,x_bar,dx))<=eta*norm(gk)
74 delta=b1*delta0;
75 end
76 end
77
78 % Step 7:
79 if d1'*d2>=0
80 while 1
81 % Step 9
82 xi=1/(Lambda+abs(F(xk)−F(xold)));
83 dxi=(1−xi)*d2+xi*d1;
84 % Step 10
85 if dxi'*d2<delta*norm(dxi)*norm(d2)
86 Lambda=b3*Lambda;
87 else
88 break;
89 end
90
91 end
92 %−−−−−−−−−−−−−−−−−−−−−−−− Step 11(a)−−−−−−−−−−−−−−−−−−−:
93 % dk=d2;
94 % [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
95 % falpha_count=falpha_count+count;
96 % s_bar=alpha*(1−xi)*d2+xi*d1;
97 % if F(xk+s_bar)<=F(xk)−tau*norm(s_bar)&& alpha*norm(d2)<=T*norm(d1)
98 % sk=s_bar;
99 % else

100 % sk=alpha*dk;
101 % end
102
103 %−−−−−−−−−−−−−−−−−−−−−Step 11(b)−−−−−−−−−−−−−
104
105 % Step 11(b):
106 dk=dxi;
107 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
108 falpha_count=falpha_count+count;
109 sk=alpha*dk;
110 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
111 % Step 12
112 x_new=xk+sk;
113
114 else
115 % Step 8:
116
117 dk=d2;
118 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
119 falpha_count=falpha_count+count;
120 sk=alpha*dk;
121 % Step 12
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122 x_new=xk+sk;
123 end
124
125
126 else % if H is singular, goto step 8
127 % Step 8:
128 if k>0
129 beta = norm(gk)^2/norm(grad(F,xold,dx))^2;
130 d2=−gk+beta*d2; % gradient direction
131 else
132 d2=−gk;
133 end
134 dk=d2;
135 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
136 falpha_count=falpha_count+count;
137 %Step12
138 sk=alpha*dk;
139 x_new=xk+sk;
140 end
141 xold=xk;
142 xk = x_new;
143 Xit =[Xit; xk'];
144 Fs =[Fs,f(xk)];
145 end
146 t=toc;
147 min_f = F(xk);
148 total_f_eval=falpha_count+k;
149
150 %% PLOT
151 fprintf('The optimized value of F(x): %f\n', min_f);
152 fprintf('Elasped time is: %f seconds\n', t)
153 fprintf('Total iteration number is: %i\n', k)
154 fprintf('Total function evaluation at Alpha is: %i\n', falpha_count)
155 fprintf('Total function evaluation is: %i\n', total_f_eval)
156
157 iter=0:k;
158 % plot function values vs iteration
159 plot(iter, Fs);
160 title('Function values vs iteration')
161 xlabel('#iteration')
162 ylabel('f(x)'); grid on
163 legend('f_1(x)','f_2(x)','f_3(x)','f_4(x)')
164
165 % plot the error
166 figure, plot(0:k, errors)
167 title('Error vs iteration')
168 xlabel('#iteration')
169 ylabel('Error'); grid on
170
171
172 % plot the xk
173 figure, plot(0:k, Xit)
174 title('Optimized roots vs iteration')
175 xlabel('#iteration')
176 ylabel('x_k'); grid on
177 legend('x_1','x_2','x_3','x_4')
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Appendix B

CGQN Algorithm Matlab code

1 clc; clear; close all
2
3 % define the function
4 theta=@(x1,x2)1/2/pi*atan(x2/x1)+0.5*heaviside(−x1);
5
6 f1 = @(x) 10*(x(3)−10*theta(x(1),x(2)));
7 f2 = @(x) 10*((x(1)^2+x(2)^2)^0.5−1);
8 f3 = @(x) x(3);
9 f=@(x)[f1(x);f2(x);f3(x)];

10 F = @(x)1/2*norm([f1(x);f2(x);f3(x)])^2;
11
12 % parameters
13 tol=1e−6; % tolerance
14 maxIter=500; % max iteration number
15
16 delta0 = 0.001;
17 Lambda0 = 1;
18 eta = 0.99;
19 rho = 0.001;
20 sigma = 0.9;
21 b1 = 0.01;
22 b2 = (1/b1);
23 b3 = 1.1;
24 tau = 10e−10;
25 T = 10e10;
26
27 gamma1 = 3;
28 gamma2 = 3;
29 dx = 1e−5;
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 % initial guess
32 tic
33 x0 = [−1,0,0]' ;
34 f0=0;
35 xold=2*x0;
36 xk=x0;
37 errors=[];
38 Xit = [xk'];
39 Fs =[f1(xk), f2(xk), f3(xk)];
40 N = size(x0,1);
41 B=eye(N);
42 falpha_count=0;
43 % Step1
44 for k = 0:maxIter
45 %H = hessian(F,xk,dx);
46 gk = grad(F,xk,dx);
47 error = norm(gk);
48 errors =[errors, error];
49 % Step1
50 if error<tol
51 break;
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52 end
53 % Step 2:
54
55 % Step 3
56 d1=B\(−grad(F,xk,dx)); % Newton's direction
57 if k>0
58 beta = norm(gk)^2/norm(grad(F,xold,dx))^2;
59 d2=−gk+beta*d2; % gradient direction
60 else
61 d2=−gk;
62 end
63 % Step 4:
64 delta=delta0; Lambda=Lambda0;
65 if abs(F(xk)−F(xold))>gamma1 && norm(gk)>gamma2
66 delta=b2*delta0;
67 elseif k==1 || norm(gk)<=norm(grad(F,xold,dx))
68 % Step 5
69 x_bar=xk+d1;
70 % Step6:
71 if F(x_bar)<F(xk) && norm(grad(F,x_bar,dx))<=eta*norm(gk)
72 delta=b1*delta0;
73 end
74 end
75
76 % Step 7:
77 if d1'*d2>=0
78 while 1
79 % Step 9
80 xi=1/(Lambda+abs(F(xk)−F(xold)));
81 dxi=(1−xi)*d2+xi*d1;
82 % Step 10
83 if dxi'*d2<delta*norm(dxi)*norm(d2)
84 Lambda=b3*Lambda;
85 else
86 break;
87 end
88
89 end
90 %−−−−−−−−−−−−−−−−−−−−−−−− Step 11(a)−−−−−−−−−−−−−−−−−−−:
91 % dk=d2;
92 % [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
93 % falpha_count=falpha_count+count;
94 % s_bar=alpha*(1−xi)*d2+xi*d1;
95 % if F(xk+s_bar)<=F(xk)−tau*norm(s_bar)&& alpha*norm(d2)<=T*norm(d1)
96 % sk=s_bar;
97 % else
98 % sk=alpha*dk;
99 % end

100
101 %−−−−−−−−−−−−−−−−−−−−−Step 11(b)−−−−−−−−−−−−−
102
103 % Step 11(b):
104 dk=dxi;
105 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
106 falpha_count=falpha_count+count;
107 sk=alpha*dk;
108 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
109 % Step 12
110 x_new=xk+sk;
111
112 else
113 % Step 8:
114 dk=d2;
115 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
116 falpha_count=falpha_count+count;
117 sk=alpha*dk;
118 % Step 12
119 x_new=xk+sk;
120 end
121 yk=grad(F,x_new, dx)−grad(F,xk,dx);

100



122 B=B+yk*yk'/(yk'*sk)−B*sk*sk'*B'/(sk'*B*sk);
123 xold=xk;
124 xk = x_new;
125 Xit =[Xit; xk'];
126 Fs =[Fs;f1(xk), f2(xk), f3(xk)];
127 end
128 t=toc;
129 min_f = F(xk);
130 total_f_eval=falpha_count+k;
131
132 %% PLOT
133 fprintf('The optimized value of F(x): %f\n', min_f);
134 fprintf('Elasped time is: %f seconds\n', t)
135 fprintf('Total iteration number is: %i\n', k)
136 fprintf('Total function evaluation at Alpha is: %i\n', falpha_count)
137 fprintf('Total function evaluation is: %i\n', total_f_eval)
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Appendix C

GQN Algorithm Matlab code

1 clc; clear; close all
2
3 % define the function
4 theta=@(x1,x2)1/2/pi*atan(x2/x1)+0.5*heaviside(−x1);
5
6 f1 = @(x) 10*(x(3)−10*theta(x(1),x(2)));
7 f2 = @(x) 10*((x(1)^2+x(2)^2)^0.5−1);
8 f3 = @(x) x(3);
9 f=@(x)[f1(x);f2(x);f3(x)];

10 F = @(x)1/2*norm([f1(x);f2(x);f3(x)])^2;
11
12 % parameters
13 tol=1e−6; % tolerance
14 maxIter=1000; % max iteration number
15
16 delta0 = 0.001;
17 Lambda0 = 1;
18 eta = 0.99;
19 rho = 0.001;
20 sigma = 0.9;
21 b1 = 0.01;
22 b2 = (1/b1);
23 b3 = 1.1;
24 tau = 10e−10;
25 T = 10e10;
26
27 gamma1 = 3;
28 gamma2 = 3;
29 dx = 1e−5;
30 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
31 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
32 % initial guess
33 tic
34 x0 = [−1,0,0]' ;
35 f0=0;
36 xold=2*x0;
37 xk=x0;
38 errors=[];
39 Xit = [xk'];
40 Fs =[f1(xk), f2(xk), f3(xk)];
41 N = size(x0,1);
42 B=eye(N);
43 falpha_count=0;
44 % Step1
45 for k = 0:maxIter
46 H = hessian(F,xk,dx);
47 gk = grad(F,xk,dx);
48 error = norm(gk);
49 errors =[errors, error];
50 % Step1
51 if error<tol
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52 break;
53 end
54 % Step 2:
55
56 % Step 3
57 d2=−gk; % gradient direction
58 d1=B\(−grad(F,xk,dx)); % Newton's direction
59
60 % Step 4:
61 delta=delta0; Lambda=Lambda0;
62 if abs(F(xk)−F(xold))>gamma1 && norm(gk)>gamma2
63 delta=b2*delta0;
64 elseif k==1 || norm(gk)<=norm(grad(F,xold,dx))
65 % Step 5
66 x_bar=xk+d1;
67 % Step6:
68 if F(x_bar)<F(xk) && norm(grad(F,x_bar,dx))<=eta*norm(gk)
69 delta=b1*delta0;
70 end
71 end
72
73 % Step 7:
74 if d1'*d2>=0
75 while 1
76 % Step 9
77 xi=1/(Lambda+abs(F(xk)−F(xold)));
78 dxi=(1−xi)*d2+xi*d1;
79 % Step 10
80 if dxi'*d2<delta*norm(dxi)*norm(d2)
81 Lambda=b3*Lambda;
82 else
83 break;
84 end
85
86 end
87 %−−−−−−−−−−−−−−−−−−−−−−−− Step 11(a)−−−−−−−−−−−−−−−−−−−:
88 dk=d2;
89 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
90 falpha_count=falpha_count+count;
91 s_bar=alpha*(1−xi)*d2+xi*d1;
92 if F(xk+s_bar)<=F(xk)−tau*norm(s_bar)&& alpha*norm(d2)<=T*norm(d1)
93 sk=s_bar;
94 else
95 sk=alpha*dk;
96 end
97
98 %−−−−−−−−−−−−−−−−−−−−−Step 11(b)−−−−−−−−−−−−−
99

100 % Step 11(b):
101 %dk=dxi;
102 %[alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
103 %falpha_count=falpha_count+count;
104 %sk=alpha*dk;
105 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
106
107 % Step 12
108 x_new=xk+sk;
109
110 else
111 % Step 8:
112 dk=d2;
113 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
114 falpha_count=falpha_count+count;
115 sk=alpha*dk;
116 % Step 12
117 x_new=xk+sk;
118 end
119 yk=grad(F,x_new, dx)−grad(F,xk,dx);
120 B=B+yk*yk'/(yk'*sk)−B*sk*sk'*B'/(sk'*B*sk);
121 xold=xk;
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122 xk = x_new;
123 Xit =[Xit; xk'];
124 Fs =[Fs;f1(xk), f2(xk), f3(xk)];
125 end
126 t=toc;
127 min_f = F(xk);
128 total_f_eval=falpha_count+k;
129
130 %% PLOT
131 fprintf('The optimized value of F(x): %f\n', min_f);
132 fprintf('Elasped time is: %f seconds\n', t)
133 fprintf('Total iteration number is: %i\n', k)
134 fprintf('Total function evaluation at Alpha is: %i\n', falpha_count)
135 fprintf('Total function evaluation is: %i\n', total_f_eval)
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Appendix D

GN Algorithm Matlab code

1 clc; clear; close all
2
3 % define the function
4 theta=@(x1,x2)1/2/pi*atan(x2/x1)+0.5*heaviside(−x1);
5 f1 = @(x) 10*(x(3)−10*theta(x(1),x(2)));
6 f2 = @(x) 10*((x(1)^2+x(2)^2)^0.5−1);
7 f3 = @(x) x(3);
8 f=@(x)[f1(x);f2(x);f3(x)];
9 F = @(x)1/2*norm([f1(x);f2(x);f3(x)])^2;

10
11 % parameters
12 tol=1e−6; % tolerance
13 maxIter=500; % max iteration number
14
15 delta0 = 0.001;
16 Lambda0 = 1;
17 eta = 0.99;
18 rho = 0.001;
19 sigma = 0.9;
20 b1 = 0.001;
21 b2 = (1/b1);
22 b3 = 1.1;
23 tau = 10e−10;
24 T = 10e10;
25
26 gamma1 = 3;
27 gamma2 = 3;
28 dx = 1e−5;
29 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
30 % initial guess
31 tic
32 x0 = [−1,0,0]' ;
33 f0=0;
34 xold=2*x0;
35 xk=x0;
36 errors=[];
37 Alpha=[];
38 Xit = [xk'];
39 Fs =[f1(xk), f2(xk), f3(xk)];
40 falpha_count=0;
41
42 % Step1
43 for k = 0:maxIter
44 H = hessian(F,xk,dx);
45 gk = grad(F,xk,dx);
46 error = norm(gk);
47 errors =[errors, error];
48 % Step1
49 if error<tol
50 break;
51 end
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52 % Step 2:
53 if det(H)~=0 % Nonsingular matrix
54 % Step 3
55 d2=−gk; % gradient direction
56 d1=−H\gk; % Newton's direction
57 % Step 4:
58 delta=delta0;
59 Lambda=Lambda0;
60 if abs(F(xk)−F(xold))>gamma1 && norm(gk)>gamma2
61 delta=b2*delta0;
62 elseif k==1 || norm(gk)<=norm(grad(F,xold,dx))
63 % Step 5
64 x_bar=xk+d1;
65 % Step6:
66 if F(x_bar)<F(xk) && norm(grad(F,x_bar, dx))<=norm(eta*gk)
67 delta=b1*delta0;
68 end
69 end
70 % Step 7:
71 if d1'*d2>=0
72 while 1
73 % Step 9
74 xi=1/(Lambda+abs(F(xk)−F(xold)));
75 dxi=(1−xi)*d2+xi*d1;
76 % Step 10
77 if dxi'*d2<delta*norm(dxi)*norm(d2)
78 Lambda=b3*Lambda;
79 else
80 break;
81 end
82
83 end
84 %−−−−−−−−−−−−−−−−−−−−−−−− Step 11(a)−−−−−−−−−−−−−−−−−−−:
85 % dk=d2;
86 % [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
87 % falpha_count=falpha_count+count;
88 % s_bar=alpha*(1−xi)*d2+xi*d1;
89 % if F(xk+s_bar)<=F(xk)−tau*norm(s_bar)&& alpha*norm(d2)<=T*norm(d1)
90 % sk=s_bar;
91 % else
92 % sk=alpha*dk;
93 % end
94 %−−−−−−−−−−−−−−−−−−−−−Step 11(b)−−−−−−−−−−−−−
95
96 % Step 11(b):
97 dk=dxi;
98 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
99 falpha_count=falpha_count+count;

100 sk=alpha*dk;
101 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
102 % Step 12
103 x_new=xk+sk;
104
105 else
106 % Step 8:
107 dk=d2;
108 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho);
109 falpha_count=falpha_count+count;
110 sk=alpha*dk;
111 % Step 12
112 x_new=xk+sk;
113 end
114 else % if H is singular, goto step 8
115 % Step 8:
116 dk=−gk;
117 [alpha, count]=calc_alpha(F,@(x)grad(F,x,dx), xk, dk, rho, sigma);
118 falpha_count=falpha_count+count;
119 %Step12
120 sk=alpha*dk;
121 x_new=xk+sk;
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122 end
123 Alpha =[Alpha,alpha];
124 xold=xk;
125 xk = x_new;
126 Xit =[Xit; xk'];
127 Fs =[Fs;f1(xk), f2(xk), f3(xk)];
128 end
129 t=toc;
130 min_f = F(xk);
131 total_f_eval=falpha_count+k;
132
133 %% PLOT
134 fprintf('The optimized value of F(x): %f\n', min_f);
135 fprintf('Elasped time is: %f seconds\n', t)
136 fprintf('Total iteration number is: %i\n', k)
137 fprintf('Total function evaluation at Alpha is: %i\n', falpha_count)
138 fprintf('Total function evaluation is: %i\n', total_f_eval)
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