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NAIMARK DILATIONS OF QUBIT POVMS AND JOINT
MEASUREMENTS

JUHA-PEKKA PELLONPAA, SEBASTIEN DESIGNOLLE, AND ROOPE UOLA

ABSTRACT. Measurement incompatibility is one of the cornerstones of quantum theory. This
phenomenon appears in many forms, of which the concept of non-joint measurability has re-
ceived considerable attention in the recent years. In order to characterise this non-classical
phenomenon, various analytical and numerical methods have been developed. The analytical
approaches have mostly concentrated on the qubit case, as well as to scenarios involving sets of
measurements with symmetries, such as position and momentum or sets of mutually unbiased
bases. The numerical methods can, in principle, decide any finite-dimensional and discrete joint
measurability problem, but they naturally have practical limitations in terms of computational
power. These methods exclusively start from a given set of measurements and ask whether
the set possesses incompatibility. Here, we take a complementary approach by asking which
measurements are compatible with a given measurement. It turns out, that this question can
be answered in full generality through a minimal Naimark dilation of the given measurement:
the set of interest is exactly those measurements that have a block-diagonal representation in
such dilation. We demonstrate the use of the technique through various qubit examples, leading
to an alternative characterisation of all compatible pairs of binary qubit measurements, which
retrieves the celebrated Busch criterion. We further apply the technique to special examples of
trinary and continuous qubit measurements.

PACS numbers: 03.65.Ta, 03.67.—a

1. INTRODUCTION

The act of measurement is in the core of any physical theory. In quantum theory, this
process provides a window between the microscopic and macroscopic worlds. It is through this
fundamental action that one collects new data, verifies and falsifies predictions, and ultimately
develops novel theoretical models. Given its fundamental position and strong mathematical
grounds, the theory of quantum measurements keeps naturally lending itself to open questions,
such as the measurement problem [1], uncertainty relations [2, 3], and practical applications of
quantum information theory [4, 5, 6]. In this article, we contribute to a specific open question
of characterising a central quantum-to-classical border within quantum measurement theory,
that is, the threshold between sets of measurements that allow and do not allow a simultaneous

readout.
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In quantum theory, the traditional description for the act of measurement is given through
Hermitian operators, also called observables. By now, it is self-evident that such presenta-
tion differs from classical physics, in that whereas all classical measurements can be performed
simultaneously, this is no longer true in the quantum scenario. Such discrepancy sets funda-
mental limitations on the possibility of coding information about non-commuting quantities
into a quantum state, as shown by the famous preparation uncertainty relations of Heisenberg
and Robertson.

By now, the quantum information theoretic representation of quantum measurements has de-
viated from the notion of observables due to the introduction of more general positive operator-
valued measures (POVMs for short). POVMs offer various advantages over their predecessors
in that they, e.g., better capture realistic measurement implementations [1, 7], can perform bet-
ter in discriminating quantum states [8, 9], and offer various fine-tuned notions of measurement
incompatibility [10, 11, 12, 13, 14, 15].

For our purposes, a central property of POVMs is that of joint measurability. This is a
generalisation of the notion of commutativity of observables. In short, joint measurability
asks whether the measurement data of a given set of measurements can be classically post-
processed from the data of a single measurement. On the conceptual level, joint measurability
has found various applications in, e.g., quantum correlations [16, 17, 18, 19, 20], contextuality
[21], quantum state discrimination [22, 23, 9, 8], quantum communication [24], and quantum
thermodynamics [25]. Hence, the task of characterising sets of measurements that allow a
simultaneous readout has become an important and actively investigated problem not only
from the foundational, but also from the practical perspective [26, 27, 28, 29], see also [30] for
a recent review.

Typically, one is interested in characterising the sets of measurements that allow a joint
measurement. Here, we take a slightly complementary approach by using a technique that
characterises those measurements that are jointly measurable with a given POVM. The tech-
nique is based on a minimal Naimark dilation, i.e., representing POVMs as observables in a
larger space, and it connects to the sole notion of incompatibility possessed by observables,
i.e., non-commutativity. Namely, the set of POVMs that are jointly measurable with a given
POVM turns out to be exactly the set of those measurements that have a block-diagonal rep-
resentation in a minimal dilation of the given POVM. Such block-diagonal measurements are
characterised by the commutant of the relevant observable in the minimal dilation space. We

want to stress out that this technique has appeared in the past in conceptual works including
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some of the authors [31, 32, 33] and that connections between joint measurability and commu-
tativity in some dilation space have been reported independently in [34, 31, 35, 36]. However,
the works [32, 33] did not concentrate on explicitly characterising joint measurability of given
sets of POVMs and the works [34, 35, 36] did not specify a single generally applicable Naimark
dilation. Some of the involved dilations even require one to know some joint measurement
before the construction of the dilation, i.e. one gets the dilation only after one has solved the
problem of joint measurability. Here, we stress that one can simply use a minimal dilation of
the involved measurements in order to solve the problem of joint measurability. We further
note that this dilation is fully constructive. The investigation of joint measurability criteria
arising from this process is the main contribution of this manuscript.

Although the minimal dilation technique applies even to infinite-dimensional systems, cf.
Ref. [31], we concentrate on the qubit case for simplicity. In this setting, the technique provides
an alternative way of obtaining the celebrated Busch criterion for joint measurability of two
unbiased qubit measurements [37] and gives a full characterisation of those qubit effects that
are (pairwisely) compatible with a given qubit effect. Moreover, we compare the technique to
that of Ref. [38] in the case of two symmetric three-valued qubit POVMs, and provide examples
of compatible pairs and triplets of continuous qubit POV Ms.

2. JOINT MEASURABILITY

We describe quantum measurements as POVMs. In the case of a discrete (finite dimensional)
measurement, these are essentially sets of positive semi-definite matrices E = (Ey, Es, ..., Ex)
that sum to the identity operator, i.e., Zf\il E; = 1. In the continuous case, a POVM is a
normalised (weakly) o-additive map from a o-algebra A C 2% to the set of positive operators
of a Hilbert space. A discrete POVM B = (By, B, ..., By) is called jointly measurable with
E, if there exists a third POVM N = (V;;) with i € 1,..., N and j € 1, ..., M such that

M
(2.1) E; =) Ny
j=1

N
(2.2) B;j =Y Ny
=1

for all 7 and j. Otherwise, the POVMs E and B are called incompatible. The POVM N is
called a joint or parent POVM. This definition generalises directly to continuous POVMs by
replacing the sums in Eq. (2.1) and Eq. (2.2) with (total) sets as well as the singletons i and
j with measurable sets, i.e., two POVMs E and B (defined on o-algebras A C 29 and B C 2%)
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are jointly measurable if there is a POVM N defined on the product o-algebra A ® B C 29%=
such that E(X) =N(X x =) forall X € A and B(Y) =N(Q xY) forall Y € B.

For basic examples of jointly measurable POVMs, one can choose E and B commuting, i.e.,
[E;, Bj] =0 for all 4 and j, in which case N;; = E;B; = \/FJEZ\/E is clearly a joint POVM.

For a non-commuting example one can take noisy spin measurements defined by

1 1
E :—(]li— )
+1 B \/501

1 1
B :—(]li— )
+1 9 \/503

In this case, a joint POVM is given by
N = 1[]1 + Lo, —l—jag)], ij = +1.
4 V2
One can further show [37] that this joint POVM is optimal in the sense that if one increases
the length of the Bloch vectors of Ey; or B4y, the measurements become incompatible.

In the above examples, the (optimal) joint POVM is rather simple to find. Some techniques
for finding joint POVMs for more complex scenarios have been reported in the literature based
on a so-called adaptive strategy [39] and other ansétze [40, 41, 42]. Such techniques typically do
not use auxiliary systems. In the following, we map the problem of finding joint measurements
into a problem of characterising a commutant in a minimal Naimark dilation space. This
provides further natural ansatze for joint measurements. We focus our attention to the qubit

case and demonstrate the technique by building optimal and suboptimal joint measurements

for various scenarios.

3. NAIMARK DILATIONS OF DISCRETE QUBIT POVMSs

Let ‘H be a two-dimensional (qubit) Hilbert space. By fixing an orthonormal basis {¢1, p2} C
H we may identify H with C? via unitary operator U : H — C* U :=|(1,0)) (1] + (0, 1)) (pa],
where the vectors (1,0) and (0,1) constitute the standard basis of the Hilbert space C. In
what follows, we identify any operator O : H — H with the operator (2 x 2-matrix) UOU* on
C? and study only matrices. Clearly, each 2 x 2-matrix M corresponds to a unique operator
U*MU on H.

We say that a positive semidefinite 2 x 2-matrix F is an effect if 1 — E is also positive
semidefinite; here 1 is the identity matrix. Any effect E can be written in the form

3

1 1
E=2-) eo,=-("l+e- o)==
2; ) el 4ie2 0 —¢?

eV +ed el —ie?
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where (e, ¢!, €2, e%) = (% e) € RY, |le]| := /(e)2 + (e2)? + (€3)2 < min{e®, 2 — €}, and

10 01 0 —i 1 0
0'0:]12 s o1 = s 09 = 5 and 03 =

01 10 v 0 0 -1

are the Pauli matrices [1, Chapter 14]. In particular, e* = tr[Fo,], p = 0,1,2,3, ¢ € [0,2],
and |e’| < [le] <1, j = 1,2,3. The eigenvalues of E are 1(e” + |le]|) € [0,1] so that E is of
rank 1 if and only if €® = |le|| # 0. Especially, E is a rank-1 (resp. rank-2) projection exactly
when €° = |le]| =1 (resp. € = 2 and ||e|| = 0).

Define then the parameters

B = ¢wiwwwwww>a

4le]]

+ o 1 .2 e’ £ e
TE) = e ”)¢Mwwmiﬂec’

if [le|] # |e*|, and
1+sgne® [ed =+ |ed|

3.1 H(E) = >0,
(3.) *(B) ! e
gip) = L JOElE]
2 2
if |le|| = |€?] (ie., e = ¢€* = ) here sgnz := 1 when > 0 and —1 otherwise. Clearly,
ctH(E)c (B )+d+( )d~(E) = 0. We can write the spectral decomposition £ = E* + E~ where
e[ 1P F@EE) _oxgel 1 (Nl e i)
AE(BE)dH(E)  |d*(E)? 2 20lell \ (e +ie?) el F e

are rank-1 or zero effects. If ||e|| = 0 then £ = (°/2)1 and one has E* = (e°/4)(1 4 a3) by
Eq. (3.1); only in this degenerate case the spectral projections are not unique. Note that F # 0
is of rank 1 if and only if E- =0 (i.e., E = ET or ¢ (E) = d (F) = 0). Finally, if M is a
positive semidefinite rank-1 matrix then M can be written in the form

lc|> @d

cd |d|?

M=

where the complex numbers ¢ and d are unique if we assume that either ¢ > 0 and d € C or
c=0and d > 0 (that is, (¢,d) € (Ry x C) U ({0} x R) where R, is the set of positive reals).
Let E= (E), By, ..., Ey) be an N-valued POVM of C?, i.e., the non-zero effects

Ze 0, = 0]1+e2 o), i=1,2,...N,
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sum to the identity matrix 1. Write, as above, E; = E;" + E; where

(BN (B (E)
H(E)d*(E;) | (E)P

1

Let m; € {1,2} be the rank of E; and form the multiplicity or rank vector of E,
m := (my,ma,...my)

whose ('-norm is ||ml||;, = SN m;. If E; is rank-1 (m; = 1) define c( ;) == ¢"(E;) and
d(E;) := d"(E;). If E; is of rank 2 (m; = 2) define ¢(E ( ~(E;)) and d(E;) =
(d™(E;),d”(E;)) which satisfy the orthogonality relation c+(EZ-)c (E,) + d+(E,-)d*(E,~) = 0.

Now the vectors

c:i= (c(By),e(B), ..., c(Ex)),  d:=(d(E),d(E),... d(Ey))

belong to the minimal Naimark dilation space Clmlx, Indeed, define an isometry J. g4 : C? -

Clmih via

c1 dy
Co do
Jea = [€)((1,0)] +[d)((0,1)] = .
Clml Dl
where we have denoted briefly ¢ = (c1,...,¢jm),) and d = (di, ..., d|jm,). Especially, ¢ and
d are orthonormal vectors (i.e., [|c[| = [|d|| = 1 and (c|d) = 0), J}4Jca = 1, and JeaJ} 4 =
lc){c| + |d){d| is a projection on CI™ll  In addition,

(Ciadi) S (R+ X C) U ({O} X R+)

foralli =1,2,... ||m];. Let {bk};l;nlul be the standard (orthonormal) basis of Cl™ll. Define
Ky:=0, K, := 22:1 my, © € {1,..., N}, and projections
K;
Pro= > |by){bl
k=1+K; 1

so that P = (P, ..., Py) is a projection valued measure (PVM). Since E; = J; ;P;J.q the triple
(Clmih P J. 4) is a minimal' Naimark dilation of E, see, e.g., Ref. [1].

It should be stressed that any orthonormal vectors ¢, d € CI™lt can be used to define
an isometry Jeq = [c)((1,0)| + [d){(0,1)| and POVM E via E; := J; P J.q but m is not

necessarily the multiplicity vector of E. It may happen that some m; = 2 but the rank of Ej is

1Clearly, the vectors P;c and Pid, i = 1,..., N, span Cl™l1
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0 or 1. However, if E is a rank-1 POVM (i.e., m; = 1 so ||m||; = N) then one has the following

uniqueness result.

Proposition 1. Let N be a positive integer. Then there is a bijection between the set of
N-valued rank-1 POVMs and the set of orthonormal vectors ¢, d € CV such that (¢;, d;) €
(Ry xC)U ({0} xRy) foralli =1,2,..., N.

Example 1. In this example, we characterise all N-valued qubit POVMs whose multiplicity
vectors m have the same length ||m||; = 4 using the above dilation technique. We have the
following nontrivial cases m = (1,1,1,1) [N = 4], m = (2,1,1), m = (1,2,1), m = (1,1,2)
[N = 3], and m = (2,2) [N = 2]. In all these cases, the dilation space is C* and the isometry

c dy

¢y do

cy dy

where (¢;, d;) € (Ry xC)U ({0} xRy), i = 1,2,3,4, are such that ||c|| = ||d|| = 1 and (c|d) = 0.
By varying ¢ and d we get all POVMs with ||m||; = 4. The above cases differ on the definition
of the projections P;:

e m=(1,1,1,1)| Now P; = |b;)(b;] for all i, e.g.,

0 000 0
0 000 0
Ps = [b3)(bs| = <0 01 0) =
1 0010
0 0000
and
000 0\ (¢ dy
C1 Cy C3 C 0000 co d cal2 Tad
By = JiqPsJca = _1 _2 _3 _4 2 92 |3_| 303
di dy d3 dy 0010 e ds cady |ds?
000 0/ \cy dy
Similarly,
lci|? @d,;

Ciai |di‘2
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for all = 1,2, 3,4, and one can check that

: : > @di lel* {cld) 10

> Bi=) ol e = — 1.
=1

i=1 31'01' ’di|2 <d|c) HdH2 0 1

o | m =(2,1,1)| The cases m = (2,1,1), m = (1,2,1), and m = (1, 1,2) are essentially

the same, so we study only the first one. Now P; = |by){(b;| + |b2) (2|, P> = |b3)(bs|, and
Py = |bs)(bs| showing that

al? ¢d LY csl?  csd cu|? cud
E1:|1’ 11_|_\2| 2do E2:|3’ 3d3 E:M\ ady

_ _ ) _ ) 3 _
c1d; ’dﬂz cads |d2|2 03d3 ’Cll3|2 cady |d4|2

Note that Ej is of rank 2 exactly when ¢;dy # cod; (which we must assume).

e M — (2, 2) Now P1 = |b1><b1‘ + |b2> <b2|, P2 = |bg><b3’ + ’b4><b4| so that

El: |Cl_|2 Eldl " ’CQ_|2 Egdg ’ E2: |03_’2 Egdg |C4_|2 E4d4
c1d; |d1|2 cady |d2|2 csds |d3|2 cady |d4|2

Further assumptions c¢ydy # cody and c3dy # cy4ds yield rank-2 effects F; and Es.

Example 2. In this example, we study 2-valued qubit POVMs. It is easy to see that we have

(essentially) the following cases:

e m=(1,1) Now

a1l ed eo)? Cod 1— el —cd
R T (A N (SR
Cldl ‘d1|2 CQdQ |d2|2 —Cldl 1-— ‘d1‘2
where (¢;,d;) € (Ry x C) U ({0} x Ry), i = 1,2, are such that ||c|| = ||d|| = 1 and
(c|d) = 0.
e m=(2,1)| Now

El _ |Cl_|2 Eldl i |CQ_|2 Egdg , E2 _ |C3_|2 Egdg
c1d; |d1|2 cady |652|2 c3ds3 |d3|2
where (¢;,d;) € (Ry x C) U ({0} x Ry), ¢ = 1,2,3, are such that |[c| = |d| = 1,
<C|d> = 0, and Cldg 7é Cle-

e |/m = (2,2) | See the preceding example.
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4. JOINTLY MEASURABLE DISCRETE QUBIT POVMSs

Let E = (E1, Fs, ..., Ey) be an N-valued qubit POVM with the multiplicity vector m and
the minimal Naimark dilation (Cl™l: P, Jea) as before. To characterise all qubit POVMs B
jointly measurable with E, one can pick any POVM F = (Fy, Fs, ..., Fy) of the dilation space
Clm™l such that each effect Fj is decomposable? with respect to P, that is,

where F; = (Fj1, Fia, ..., Fi) is a POVM of C™ (whose identity operator is P;). Now it may
happen that an effect Fj; is zero. In the case m; = 1 the POVM F; ‘is’ just a sequence of
numbers f;; > 0 (i.e., F;; = fi;P;) such that and Zj | fij = 1, whereas in the case m; =2, F;
is a qubit POVM. The jointly measurable POVM B = (By, By, ..., By) is of the form

N
B = JigFjJea= Y JiaFijJed
and the joint POVM is N = (NV;;) where
Nl] - J;dFl'ch,d'

Indeed, since Z;‘il F;; = P, one sees that Zj\il Nij = J:4PiJea = E; and Zf\il Ni; = B;. It
can be shown that we get all compatible POVMs B by using this Naimark dilation technique [31].
This follows easily since any effect N;; of a joint POVM is majorised by E; = (PiJea) Pidea
so that there exists an effect Fj; < P; for which N;; = JealijJed holds. Next we study the
structure of the effects IV;;.

If m; = 1 then N;; = fi;E;. If m; = 2 then we can identify the qubit effect Fj; with the

matrix

—Z b1+ £y 0)
0 1 2 ¢3 0

where (f3, fi;, 7, f5) = (£ fi;) € R and [|fil] < min{f}},2 — f3}. Indeed, since now

Pyr= 30 ey be) (Dl
LS v e

2That is, F and P commute: [F;,P]=0.
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where Y; = [(1,0))(bg, 1| + |(0,1))(bk,| is an isometry. From the equations

2 = 2 =
* V*o Vo o ‘CK1‘71| CKz‘*ldKifl ‘CKi CKidKi
JeaYi o0YiJed = _ ) _ )
Cr;—1dK,—1 |dKZ~71 ck,dr;, |dKi
. CK;CK;—1 t CK,—1CK, dK,Cr,—1 + dg,_1Ck,
‘]c,d)/i UlYiJC,d =

b

CKZEKiq + CKFJKZ» dKiEKiq + dKiani

T YoV ; —CK;CK;—1 + CK,—1Ck, —di,Cx,—1 + dK,~1Ck;,
e dli O21idJed —

_CKiC_iKifl + CKiflaKi _dKiaKifl + dKiflaKi

2 - 2 -
TV oY — lcri1® Cr-1di e |® Cxdi,
c.d*' i 314 C,d_

CKi—laKi—l |dK¢—1|2 CKiaKi ‘dKz 2

one can calculate
3
* 1 * *
Nij = JealijJed = B Z f,f; “JeaYi 0uYided
p=0

Next we give some examples.

4.1. Compatible effects. In this section we take advantage of the method presented above
to derive the criterion on joint measurability of two two-valued (unbiased) qubit POVMs first
presented by Paul Busch in 1986 [37].

Fix a two-valued qubit POVMs E = (FEy, Es), Ey + E5 = 1, and all related notions as in
Section 3. Note that E is fully determined by the (nontrivial) effect E; which we denote briefly
by E. Next we characterise all two-valued qubit POVMs B = (B, 1 — B) (i.e., effects B) which

are jointly measurable with E. We have (essentially) three cases:

e |m = (1,1)|Let eq, es € [0, 1] be arbitrary and

e O
B = szd ! Jc,d = €1E1 -+ €2E2 = 62]1 + (61 — eg)E
0 €9

showing that the effects £ and B commute.

o m=(2,1)|Let F = u Ji be any effect and ez € [0, 1]. Then
Jar fa2
Jiu fiz 0 o Jiu fiz 0 1 dy
" €1 C2 C3
B=Jea|l fa foo 0|Jea= i @ Jor fa2 O cy dy

0 0 €3 0 0 €3 C3 dg
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o m=(2,2)
Let F' = fu he and G = g g be any effects so that
for fo2 921 g22

f 11 f 12 0 0 f 11 f 12 0 0 c dy

0 0 Ci Cy C3 C 0 0 ¢y d

B— J(:d f21 f22 Jc,d _ _1 _2 _3 _4 f21 f22 2 a2
0 0 g11  gi2 dy dy d3 dy 0 0 g11 912 c3 ds

0 0 g21 g2 0 0 921 g2 ¢y dy

Consider then an unbiased two-outcome qubit POVM (E,1—E). Up to an irrelevant unitary,
one can write

_IT+e-o0 1+aos

E

2 2
where e = (0,0,a) and |a] < 1. The case |a] = 1 is trivial so that we restrict to |a| < 1 in
the following. Therefore we have m = (2,2) and, by using the general procedure introduced

previously, we write

1000 V30

010 0 0 la
E=J J where J =

0000 0 /4

000 0 la

2
Now let us consider another (possibly biased) two-outcome qubit POVM (B, 1 — B) jointly

measurable with (£, 1 — E). We know that

F 0
(4.1) B=J J,
0 G

where F' and G are two qubit effects. In the Pauli basis, equation (4.1) gives

+a
b=y a2 L
P=yi—a Lo

3 _ -4 fo—q°
[ 0" ="F"ta

( bO _ f0+90 ) f3+93
2 2

where B = (°1 4+ b-0)/2 and similarly for F' and G. Define m(x) := min{z,2 —z}, z € [0, 2].
Then we can use (/)2 + (/2% + (/% < (P, (6 + (22 + (6% < m(g")F, and the
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e N (PN (P-4 £0— g%\’
(E52) + (552) + (552 e 25

cd@i(-a) (m(f0)+m(90))2+ <a.f0—90)2+2a,f3—93.f°—90]

Cauchy—Schwarz inequality to get

e’ +b>—(e-b)?=a>+(1—ad?

L 2 2 5 5
_ . 2
<ar -y | (ML (o SDEY g 2o |2
<a*+(1—-a?) —m(f0)+m(g;)+|f0_90|]2gl’

so that in the end we have the following (equivalent) inequality [1, Prop. 14.1]:

le+b|+|e—b]|=vVe2+b2+2e-b+ Ve +b>—-2e-b<|l+e-bl+|l—e-b=2

Thus, we have proven that any qubit effect B compatible with E satisfies the above Busch’s
criterion [37]. Actually, this holds for any compatible pair of (possibly biased) qubit effects [1,
Prop. 14.2].

Conversely, if we take any unbiased two-outcome qubit POVM such that e?+b* < 1+ (e-b)?,

the following choice gives rise to valid positive F' and G satisfying equation (4.1):

fO=¢"=0"=1 (unbiased)

that is, £ and B are compatible. Finally, we note that there exist incompatible (biased) effects
E and B such that e* + b*> < 1+ (e - b)? holds. For instance, take e’ = /15/4, e = (0,0, €°),
b’ =1, and b = 1(1,0,0) to get e* + b*> — (e - b)? = 1. If the corresponding (rank-1) effects

had a joint POVM, i.e., E = Ny; + N3 and B = N1 + Noy, then N3 < E and Nyp < B yield
Ni; = 0 so that

1 [7=2v15 -1
NQQZ]I_E_B:_ \/_
8 —1 7

is not positive (since 7 — 2v/15 ~ —0.7).
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4.2. Three-valued symmetric POVM. Our symmetry group is the (additive) cyclic group
Z3 = {0,1,2} equipped with the addition modulo 3, e.g., 1 +2 = 0 (mod 3). It operates on
itself: any k € Zjz corresponds to a permutation (i.e., bijection) by(¢) := k + ¢ (mod 3) for all

( € Z3. Furthermore, Zs acts in C? via the unitary representation k +— Uy := R(2kw/3) where

cosf) —sind
R(0) := € SO(2)

sinf cos0

is the rotation matrix. Hence, we get the mutually commuting unitaries

1 (-1 —/3 1( —1 3
UO = ]]., U1 U* == \/_ ) U2 U* (U1)2 -5 \/_

2 V3 -1 2\ -v3 -1

Let |[+) = (1,0) and |—) = (0,1) denote the eigenvectors of o3. Define a 3-valued covariant
POVM E with effects By := 2Ui|+)(+|Uy, k € Zs, and its noisy version E*, X € [0,1], via
E} = AE,+ (1 —=MN1/3, ie.,

B - ap 0\ _1(1+x 0 o L[2=A =B 1 2-0 VA
0

Y

@) 3\ 0 1-2A o ovBy 24a )T T 6B 24
where a} := (1 4+ )\)/3. One can also write

1 A 1 3A A
E(/)\Zg]l‘f‘gU?n E{\:§]l—\/€: 6

Let n € [0,1] and define a POVM B” via

V3 A

01 — —03.

3 7 6

2 1
Bg:ng‘_><_‘+(1—n)gﬂa BTI UanUk7 ke Zs.

It is shown in Appendix A that POVMSs E* and B” are jointly measurable when
>\2
n < -
2(1-vV1-N)

If we assume that 7 = A then one must have A < 4/5 = 0.8. This, however, is not the optimal

value, as can be seen analytically by using the joint measurement characterisation of Ref. [38],

which gives A < 0.866.

5. EXAMPLES OF JOINTLY MEASURABLE CONTINUOUS QUBIT POVMS

Suppose that two qubit POVMs E and B (defined on o-algebras A C 2% and B C 2%) are
jointly measurable with a joint POVM N. Now a Naimark dilation of E can be constructed as
follows: Let u: A — [0, 1] be a probability measure such that E is absolutely continuous with
respect to it. For example, p(X) = 2tr [E(X)] is fine. Then, by the Radon-Nikodym theorem,
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E has a qubit density D, i.e., one can write E(X) = [, D(z)du(z), x € X, where each D(x) is
positive semidefinite 2 X 2 matrix and « — D(z) is p-measurable [43]. By using the spectral
decomposition of D(x), also = m is p-measurable and one can define an isometry J
from C? into L?(u) ® C?, where L?(u) is the Lebesgue (Hilbert) space,® via

J (x) :==+/D(x) , (c1,c0) €C*, z€Q.
Co Co
Now, for all X € A, one gets E(X) = J*P(X)J where P is the canonical spectral measure
defined by

P(X) ,lvz)l (I‘) — XX(ZL')@/Jl(ZE) : ¢1’ wz c LQ(,M),
¥ X (@)a(2)

and x, is the characteristic function of the set X € A. The obtained Naimark dilation is not
necessarily minimal® (since the rank of D(x) can be 0 or 1) but we can still write, for all X € A

and Y € B,

N(X x V) = /X VD@F.(Y)y/D@)du(),  B(Y) = / VD@)F.(Y)y/D{)du(a),

where each F, is a qubit POVM?® on B [31, 33]. In the next examples, E and B are given and we
try to find N by assuming that each F, is absolutely continuous with respect to the probability
measure v of B (e.g., v(Y) = 1tr[B(Y)]); now N is absolutely continuous with respect to the
product measure p X v and has a qubit density with respect to it. This method is easy to
generalise for three (or more) jointly measurable POVMs as follows.

In the rest of this section, we study a single-mode optical field (i.e., a harmonic oscillator)
in the case of a single photon. We use the position representation of the position (quadrature)
operator () (with the spectral measure Q) where the number states |n) are represented as the

Hermite—-Gauss functions

—1)»
hn(z) := —Hn(ac)e_%“”2 = (-1) e2”
V2rl/T
where H,, is a (normalised) Hermite polynomial. Hermite polynomials H,, are given by the

recursion relation Hy(x) = 1, Hi(x) = 2z, and H,1(x) = 2¢H,(x) — 2nH,_1(x) or by the

3Consisting of equivalence classes of p-square integrable complex functions on 2.
4The only drawback of non-minimality is that, for a given N, the POVMs F, are note necessarily unique.

5Actually7 one needs some reqularity conditions for the measurable spaces, e.g., they are standard Borel [33].



NAIMARK METHOD FOR COMPATIBILTY 15

Rodrigue’s formula H,(z) = (—1)"¢**d"e~*" /dz". The spectral measure of the rotated (or
tilted) quadrature @y is
QG(X) _ ez@a aQ fzea a __ Z 61 n—m) / n(:c)hm(:c)d:c]n>(m|
n,m=0
for all Borel sets X C R; here a is the lowering operator [1]. Note that the momentum operator
P = Qx/2. The projection of Qy onto the single-photon subspace span{|0), |1)} is the (qubit)
POVM

/ 1 V2xe ™\ e~ dy
X \/ﬁxew 222 \/7_T

whose noisy version is

1 V2ze Y\ 2’ dg / 1 0\ e"da

Q) = (e [ +eo
x \V2re® 222 VT x\o 1] V7
NS ~~ e A ~~ >
noiseless projected Qg the random noise

B / 1 (1—€g)V2ze ™) e =*dg
x \ (1= e)V2re® (1—€)222+¢) VT

where ¢ € [0, 1].
Similarly consider energy H = hw(a*a + %) whose spectral measure is {n} — N, := |n)(n|.
The projected noisy energy POVM has two non-zero effects:

1 0 1 ({1 0 1—€¢/2 0
NE™ = (1) e - /
2
00 01 0 €2
vacuum effect noise effect
0 0 1 ({1 0 €/2 0
Nll)I‘OHO = (1 _ 6) +€ - — /
01 2\0 1 0 1—¢/2
———
1-photon effect noise effect

where € € [0,1]. Next we study joint measurability of POVMs NPre Q™™ and Q™" for
any 0 ¢ {0,7}. It is shown in Appendix B that

o NPrene QF™™, and Q™™ are jointly measurable if
€
g tata—220,

e Q" and Q™" are jointly measurable if

€o+e— 120,
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e NProre and QP are jointly measurable if

2
—— 4+ —22>20,
2—¢

o NP™m° and QF™" are jointly measurable if

2
—— +e—22=0.
2—¢

In the case € = ¢y = €y we find better limits: for example, NP QF*", and Q) " are jointly
measurable if € > 4/7.
Finally, we show in Appendix B that the noisy projected canonical phase

1 et 10
B(X) = (1—e) N ¥ xcpom,
i0 2 2
x \e 1 T x\0 1/ 47

TV TV
the canonical phase the random noise

and NP are jointly measurable if € > 1 — 1/y/2.

6. CONCLUSIONS

We have analysed a method for characterising all measurements that are jointly measurable
with a given measurement. The technique maps the problem of deciding joint measurability
into the problem of finding suitable block-diagonal POVMs in a minimal Naimark dilation space
of one of the involved POVMs. We have demonstrated the use of the technique with heuristic
ansatze. Whereas some of these lead to the optimal noise tolerance, such as in the case of the
celebrated Busch criterion [37], we have shown that in other scenarios, such as symmetric trinary
qubit measurements, an optimal ansatz may be harder to find. We have further presented a full
closed-form characterisation of all qubit effects that are jointly measurable with a given qubit
effect, and extended our analysis to scenarios involving pairs and triplets of continuous qubit

measurements.
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APPENDIX A

Let Ep := A2Ug|4+)(+|U + (1 = A\)1/3, k € Zs. If X # 1, E* is of rank 2 so that its minimal
covariant Naimark dilation consists of the dilation space C? x C2 x C? = C? @ C? @ C?, with
the basis {|k£)} where |04) := (|£),0,0), |[1£) := (0,]|%),0), |24) = (0,0,]%)), the PVM
Py = |k+)(k+ |+ |[k=){(k — |, k € Z3, the isometry

- A * A * A 1+ A
D= AR FHUE + A k=) (=|U;, e = 3
k=0

and the unitary representation

Zs 3k V=Y [bp(0)+) (4] + [be(0) =) (C—].

Indeed, clearly P, = Vi, FyV," is covariant, J U, = V. Jy, and E,;\ = JY Py Jy.

Suppose then that B = (B;) is a qubit POVM which is jointly measurable with E*. For any®
joint POVM N = (Ny;) (i.e.,, 32, Ny = Ep and 3, Ni; = Bj) there exist three unique qubit
POVMs Ak = (flg-k)), k € Z,, such that Ny; = J;‘flgk)JA; here A®) operates in the subspace
spanned by {|k+),|k—)}. By defining matrices

A (k+H AP k) (kAP |k—)
J 7 (k) 7 (k)
(k=[A;7|k+) (k=] A;7 k=)

Y

we get
Ny = J AW I, = Uy (M« AP Uy

where

"y a’ arar 1 1+X V1-X\2
' ak S\VI—N 1-2

and « is the entrywise (Schur) product. One can solve the A-matrices (showing uniqueness):

AW = (U Ny Uy ) x N?

J

where

1+N)"1 1/v/1- )2
1/V1=2 (1—-)\""

N*:=3

60f course, the joint POVM of (E*,F) needs not be unique.
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Note that there may be many A-matrices (i.e., many joint POVMs G) giving the same marginal
_ (0) )\ 77+ (2)) 77+

Bj = (M*x A}”) + Uy (M % A7) Us + Uy (M % A7) Us.

Let B = B" above, where v is a unit vector, n € [0, 1], and
n 2 1 Y] nyr*
Bo:77§’¢><¢\+<1—77)§1, Bk:UkBon7 kEZg.

Since B" is also covariant we may assume that N is covariant, i.e., satisfies Ny 10 = UeNi; Uy
(note that Ny, := %Zizo UfNjys,j+sUs gives the same marginals as N and is covariant).
For ¢ = |—), we guess that
d 0

2
AP = vz AU, A= . doex0, dte=~,
0 e 3

could be a good choice for Ny = Uy (M A x A(()k))U . This determines the rest of the effects by
the covariance condition Ny ¢ = UyNy;U;. Let us solve parameter d from
1{1—=m 0

By = = M % A+ Uy (M« Uf AUL) Uy + Uy (M % Uy AU,) U
0 1+n

B+V1I-X)d+(1-V1I-X)e 0
0 (B+VI-X)e+ (1-V1I-X)d

| =

where e = 2 — d. The solution is

3
N —2(1—v1-X 2
g n(1 1 )\)g)\_zl
3\2 332 3

so that automatically e = % —d € [%, %} when d € [0, %] The condition d > 0 is equivalent to

AM=2n(1-vV1I-=X)>0o0r

)\2
n<2<1_m) =: f(A\)

where f(\) runs from 1 to 3 when A goes from 0 to 1, i.e., the POVMs are jointly measurable

when n € [0, f(A\)]. In this case, one can easily calculate the joint POVM N.

APPENDIX B

In this appendix, we study joint measurability of the triplet (NP, Qf™™, Q)™"®) for any
0 ¢ {0,7}. Using a result of [20, Appendix B| we get a joint normalised operator valued
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measure (OVM) G whose effects are

G0} x X xY) = /Y/X @eﬂcz*y? x
(1= ¢/2)[(1 — e0)vZz + (1 — eg)v2ye ) )

1—¢/2
- ((1 —¢/2)[(1 — e0)V2z + (1 — €9)V2ye®] /2 + (1 —€/2)[(1 — €0)2a? + (1 — €)2y% + (1 — €0)(1 — €g)day cos 0 + €0 + €g — 2]

G({1} x X xY) :/ / dedy 2 2
y/Jx T

x €/2 €/2[(1 — €0)V2z + (1 — €9)V2ye ]

€/2[(1 — e0)V2z + (1 — €9)V2ye®®] 1 —¢€/2+¢/2[(1 — e0)22? + (1 — €9)2y? + (1 — €0)(1 — eg)day cos O + eo + g — 2]

Since [, ze " dzr = 0 and Jz 222¢~*"dx/y/T = 1 one gets a joint OVM for Q™™ and Q)™

Gi(X xY) ::G({0,1}><X><Y):G({O}XXXY)+G({1}><X><Y):// dedy —a2_y2
Y JX Q

y 1 (1 — €0)V2x + (1 — €g)V2ye~?
(1 —e0)vV2zx + (1 — €9)vV2ye®® (1 —€0)2z2 + (1 — €9)2y> 4+ (1 — €0)(1 — €g)4xycosd +eg + €9 — 1 7
de _ 2 1 (1 —e0)V2x
G (X xR)=G({0,1} x X xR) = —e® = QP (X),
L xR) =G({0. 1) x X x®) = [ TF (u_m)m (1_60)2z2+60> B ()

GL(X X R) = G({0,1} x X x R) = Q§""(¥).

Similarly, a joint OVM of NP and Qp™"°

dy _.2 1—¢/2 (1 —¢€/2)(1 — eg)V2ye—"°
Ga({0} xY) :=G({0} xRx Y) = [ Lev |
2({0} > ¥) ({0} x R x¥) y VT ((16/2)(169)\/§yei9 e/2+(16/2)[(169)2y2+691})

dy 2

Ga ({1} x V) = G({1} x Bx V) = | N ( ¢/2 /21— co)V2ye™ ) ,

€/2(1 — eg)V2ye®® (1 —€/2) +¢€/2[(1 — €9)2y® + o — 1]

1—¢€/2 0
“/ ) = Np™"°, G2 ({1} x R) = G({1} x R x R) = Ny"™°"°
0 €/2

G2 ({0} xR) =G({0} x RxR) = (

Finally, for NP*"° and Qf™" we get

de 2 1—¢/2 (1—€/2)(1 —e)V2z
G3({0} x X) :=G({0} x X xR) = [ —=e™® ,
3({0} < X) ({0} > X xR) x VT ((1 —€¢/2)(1—e)V2z /24 (1—¢€/2)[(1 —e0)222 + €0 — 1]>

dz _ 2 €/2 €/2(1 — e0)V/2x
G X):=G XxR)= [ —=e @ .
({1} %) ({1} > X ) x VT (6/2(1—60)\/% (1—¢€/2) +¢/2[(1 — e0)232 + €0 —1})

When OVMs G, Gy, Gy, and G are positive, i.e., POVMs? Since these OVMs contain a matrix
inside an integral, the matrix must be positive semidefinite for all values of z and y. But the
left upper corners of the matrices are always non-negative so it is enough to check that the

determinants are non-negative:
For G({0} x X xY) and G({1} x X x Y) the determinants are

2
(1 B %) i +eoteg— 2+ el — €9)22” + eg(1 — ¢9) 2y
>0
>0
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and

EN2 |2—€
(5) ——+eo e — 2+ afl — €0)22” + €9(1 — €9)2y°
N~ ;,0

20 | =55

which are non-negative (i.e., G is a POVM) exactly when

€
—+€0—|—€9—2>O.
2—ce€

The determinant related to G; is
co+eo— 1+ (1—ep)eo22® + (1 — €g)eg2y® > €+ €9 — 1

so that G; is positive exactly when

€c+eg—12=20.

€

5 €+ €g— 2,7 the positivity of G implies the positivity of G; as expected.

Since €g+eg—1 >
Ife<lande=¢ = % then G is positive but G is not.

For Gy we get (from determinants) the positivity conditions

2 2
g o2+ (1 — €g)eg2y® > 0, St —2+ (1 —€)ep2y®> =0
N——" >0

<2/e

showing that Gy is a POVM if and only if

+e—22>0.

2—¢

Note that, since ﬁ +eg—22 55 +e+€— 2.8 clearly G, is positive if G is positive but the

converse does not hold (e.g., if € = %, €o = %, and ¢y < 1). Similarly, G3 is a POVM exactly

when

+60—2>0.
2—c¢€

Example 3. Suppose that € = ¢y = €. Now NP QF™", and Q)™ are jointy measurable

(G) if —2¢* +Te —4 >0, i.e., when

@i(?—ﬁ) ~ 0.72.

"Where the equality holds iff € = 1 (i.e., the effects NoT™ = 11 which commute with everything).
8Where the equality holds iff g = 1 (i.e., Q)" is a trivial POVM which commutes with everything).
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In addition, Q)™ and Q)" are compatible (G;) if

1

27

and NP and Q)™ (or Q)""°) are jointly measurable if 2 > (2 — €)?, i.e., when

€=

€>2—/2~0.59.

O

Note that G (based on [20]) is not the best possible joint measurement since, e.g., its marginal
G; gives a joint measurement for Qf™*" and Q™" for any 6 only when ¢;+ €y > 1 but we know
that, if 0 =0 or = 7, then Q™" and Q"™ are jointly measurable for all €y, €5 € [0,1]. Let

us try to find a better joint measurement (i.e., we will modify G).
Suppose for simplicity that e = ¢y = ¢y like in the preceding example. Define an OVM via

T f(O[V2z +V2ye®]  f(e)[22% + 2y + 4wy cos 0] + g(e) 7

Gl xxxy) = [ [ e (2 O[VES + Ve ]
yJ/x T h(e) [vV2x + v2ye®®]  h(e)[222 + 2y? + 4zy cos 6] + i(e)

where f, g, h, and ¢ are unknown real functions. Since

G0 xxv) = [ f St 1 0+ HN[V2a-+ VB
’ y/Jx [f(e) + h(e)][V2z + V2ye®®]  [f(e) + h(e)] [222 + 2y% + dzy cos 0] + g(€) +i(e)

we must have

flO+nle)=1—-¢  gle)+i(e)=2¢—1,  2f(e) +g(c) = ¢/2,

that is,

gle) =¢/2=2f(e),  hle)=1—€e—f(e),  i(e)=3¢/2—1+2f(c)

where f(e) is free. The determinants of the matrices inside G’ ({0} x X xY') and G’ ({1} x X xY")
are

[(1—¢/2)f(6) = f(e)"]|[V2z + Vaye ™ [* + (1 - ¢/2)g(c).

[(e/2)h(e) — h(e)?]|V2z + V2ye | + (¢/2)i(e)
which must be non-negative for all z, y € R. Especially, by putting z = y = 0 (or looking the
lower right corners) we get the necessary conditions g(e) > 0 and i(e) > 0, that is, €/4 > f(e) >
1/2 — 3¢/4 which can hold if and only if €/4 > 1/2 — 3¢/4, i.e., e > 1/2.°

9Let us see what happens if we put e = 1 /2 implying

f(y2)=1/8,  ¢(1/2) =0,  h(1/2)=3/8,  i(1/2) =0,
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The next conditions are sufficient for G’ being positive:

e>1/2, €/4 > f(e) > 1/2 — 3¢/4,
L—¢€/2)f() = f()?20 <= 0< f(e) <1-¢/2
(€/2h(e) =M(e)* 20 = 0<h()<e/2 <= 0<l—ec—f(e) <e/2
which reduce to € > 1/2 and min{e/4,1 —¢€/2,1 —€} > f(e) > max{1/2 —3¢/4,0,1 — 3¢/2} or,
equivalently,
1-3¢/2< fle) < e/4, 1/2<e<2/3,
0< f(e) <e€/4, 2/3 <e<4/5,
0< fe) <1 —p¢ 4/5 < e < 1.

To conclude, to find some f(¢) (and a joint POVM G') one must have 1 — 3¢/2 < €/4, i.e.,

€>4/7~0.57...

so we have a better limit. Now f(4/7) = 1/7, g(4/7) =0, h(4/7) =2/7,i(4/7) = 1/7, and the
joint POVM is

G ({0} x X x Y) :/ / dedy _g2_,2 5/7 (1/7)[V2z + v2ye~ ]
yJxom (1/7) [\/51‘ + \/§yei9] (1/7) [2152 + 2y? + 4wy cos 9] 7

G ({1} x X xY) = / / dedy _g2_,2 2/7 2/7) [V2x + V3ye~ )
v/xom (2/7) [\/im + \/iyem] (2/7)[22% + 2y? + day cos 6] + 1/7 '

By using similar methods, we find a better limit € = % and a joint POVM for the pair NP"°
and Qgrono:

/ dy _.» 3/4 (1/4)v2ye
G )= | = 7
5({0} x Y) v Vr <(1/4)\/§yew (1/4)2y? )

, dy _,» 1/4 (1/4)v2ye=*®
G Y)= [ —e™¥ .
2({1} X ) y VT ((1/4)\/§y6i9 (1/4)2y2 + 1/2)

For Q™" and Qp™" this method gives the same limit e = 1/2 as before with a joint POVM

dad 1 2 V2 + v2ye=
G\ (X xY) :// drdy o2y 1 _ v .
yJx T 2 \\V2z + V2ye® 222 +2y2 + daycosl

Finally, we study compatibility of the projected energy (or number) and the canonical phase.

so the second determinant reduce to —(3/64)‘\/533 + \/iye_w’Z which is negative if, e.g., (z,y) = (1,0).
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Let € € [0,1] and denote €' := 1 — e. Define the noisy projected canonical phase [1]: for all
Borel X C [0, 27),

1 e\ g6 1 0\ d9 1 ete ™\ qp
@(X):—GL/ , ——i—e/ ——/ , — >0
x\e? 1 27 x\0 1/ 21 Jx \ete?® 1 2m

(.

Vv Vv
the canonical phase the random noise

for which <I>([O,27r)) = 1. Let ¢ and d be complex numbers in the unit disc, i.e., |¢| < 1 and
|d| < 1. Define a POVM via

M({0} x X) :/ 1—¢/2 | c\/€/24/1— €/2e ¥ %207
x \e/e/2/1 — /2" €/2 2m

(o) = [ VR R
x \dy/e/2,/1 = ¢/2¢% 1—¢/2 2

[For positivity note that, e.g., the determinant of the above matrix is (e/2)(1—¢/2)(1—|d?|) > 0.]
Now M({0} x [0,27)) = N§™"* and M({1} x [0,27)) = N"*™. To get a joint measurement of
NPrene and @ we must have also M({0} x X) + M({1} x X) = ®(X) for all X, i.e., for all §,

( 1—¢/2 ev/e/24/1— e/2e—i@> N ( €/2 d\/e/2+/1 — e/2e—i9> B ( 1 eie—i9>

e\/e/2/1 — €/2e™ €/2 d\/€/2+/1 — ¢/2¢ 1—¢/2 etet? 1
ie, (c+d)\/e/2\/1—¢€/2=¢t=1—cor
1—ce€
c+d= f(e) :=

Velzy/1—e/2

Since |¢ 4+ d| < |¢| + |d] < 2, one has to have f(e) < 2 [i.e., then ¢ and d and M exist; one can
choose, e.g., ¢ = d = f(€)/2]. So to get the smallest possible € (see the next figure) we must
solve equation f(e) = 2. The solution is € = ey, == 1 — 1/v/2 ~ 0.292893.

To conclude, if € > €,,;, then NP and & are jointly measurable.
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FIGURE 1. The function € — f(€) [the red curve].
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