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ABSTRACT

Spin can influence the dynamics of the already chaotic black hole triplet system. We follow this problem
in two sets of simulations: first, the Agekian—Anosova region (or region D), and second, using Pythagorean
triangles. We use ARCcode, an N-body code that performs numerical integration of orbits. This code includes
post-Newtonian corrections, which we include up to the 2.5th order. In set one of our simulations, we fix
the masses of the black holes at 10° M. Then we run the simulations first without any spin added and after
by initialising spin on one of the black holes. We find that after including spin into the system, 12.9% of
the simulations changed outcomes. Either the systems went from having all black holes merging to having a
black hole escaping the system, or vice versa. In the second set of simulations, we expanded into Pythagorean
triangles as initial positions of black holes, stemming from Burrau’s three-body problem. We varied the masses
of the black holes from 10° M,-10'2 M. Black holes in these systems were given spin in normalised units
ranging from 0 to ~ 0.95. We find that intermediate mass black holes in the range of 10* My-10° M,
were influenced the most by spin, particularly in their lifetimes. We also find that simulations, initialised as

2-dimensional, become 3-dimensional.

1. Introduction

The detection of black hole mergers is becoming more and more
commonplace in modern astrophysics, because of the advanced Laser
Interferometer Gravitational-Wave Observatory (LIGO) and the Euro-
pean gravitational wave observatory systems (Abbott et al., 2019,
2021). The mergers of stellar mass black holes (SBH) have dominated
earth-based detections, but it is expected that, with space-based de-
tectors like the Laser Interferometer Space Antenna (LISA), finding
mergers of intermediate mass black holes (IMBH) as well as super-
massive black holes (SMBH) could be possible (Rhook and Wyithe,
2005). One theory of the origin of these mergers is via isolated bi-
naries (McMillan and Portegies Zwart, 2001; Belczynski et al., 2002).
However, a triplet origin (a system of three black holes) is also a viable
theory, as two black holes can merge due to the gravitational influence
of the third (Rodriguez and Antonini, 2018). Triplet SBH systems can
form from isolated triplet star systems (Vigna-Gémez et al., 2021).
IMBHs have, so far, been hard to detect, but recent advances have
been made by Peilfker et al. (2024). Triplet IMBH systems can form

within globular clusters (Sigurdsson and Hernquist, 1993; Vitral and
Mamon, 2021), and the hierarchical merging of galaxies can potentially
lead to the formation of triplet SMBHs (Valtonen, 1996; Hoffman and
Loeb, 2007; Kollatschny et al., 2020; Yadav et al., 2021), since most
massive galaxies host a SMBH at their core (Kormendy and Richstone,
1995). With such rapid advancements in the field of gravitational wave
physics, the study of the dynamics of triplet black hole systems is
necessitated.

But triplet systems, and the wider three-body, are complex and
chaotic. Recent strides have been made to develop a solution to the
three-body problem, both analytically (Heggie and Rasio, 1996; Stone
and Leigh, 2019; Hamers and Samsing, 2019; Ginat and Perets, 2021),
and numerically (Szebehely and Peters, 1967; Monaghan, 1976; Hut
and Bahcall, 1983; Hut, 1983, 1993; Heggie and Hut, 1993; Goodman
and Hut, 1993; McMillan and Hut, 1996; Heggie et al., 1996). We are
interested in the configurations proposed by Burrau (1913), known as
Burrau’s problem of three bodies. This problem, though popularised by
Burrau, was initially brought to his attention by Ernst Meissel (Peetre,
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1995; Valtonen et al., 2016a). In this problem he describes three bodies
placed at the vertices of a 3,4,5 Pythagorean triangle with masses re-
flecting the side of the triangle opposite to each body. Meissel believed
the problem to have a periodic solution while Burrau was unable to
find, more rigorously, any proof of this. The evolution of such a system
was later studied extensively by both Szebehely and Peters (1967)
and Valtonen et al. (1995). In the work of the former, they integrated
the orbital motion computationally and found that eventually such a
triplet system would end in a bound binary and an escaping body.
Valtonen et al. studied, from a relativistic approach, the influence of
mass variation from 10° My to 10° M, in five different cases. They
found that for smaller mass systems, binary formation and escape was
how the system would typically end, but for larger masses, mergers
would take place instead.

In Chitan et al. (2021), some of the authors re-analysed this work
and extended the mass ranges from 10° My to 102 M, for initial
configurations of all Pythagorean triangles with hypotenuse <100pc.
It was found that as the mass increased, the fraction of mergers also
increased and the lifetimes of the triplet systems decayed exponentially.
Distinctions were also made between triangles that were close to a
hierarchical configuration and those that were not, using the definitions
proposed by Anosova et al. (1990). Here hierarchical triangles are
the triangles where there a distinctive inner binary and a third body
orbiting from far away is obvious. For non-hierarchical triangles, this
distinction is less obvious. In the more hierarchical type triangles in
the study, merging dominated even from low mass black holes (10°
M,-10% M) and their evolution was more predictable than that of the
more non-hierarchical triangles. The more non-hierarchical triangles,
like the 3,4,5, exhibited a more chaotic nature. We also saw that there
was a transition from escape dominated dynamics to merger dominated
dynamics in such triplet systems as was shown by Valtonen et al.
(1995). Boekholt et al. (2021) also studied the same 3,4,5 Pythagorean
configuration using the code BRUTUS with 2.5th order post-Newtonian
(pN) terms and 1pN cross terms. They also replicated the transition
from escapes to mergers in such triplet systems.

All black holes in the triplet systems studied were kept as non-
rotating in Chitan et al. (2021). But, we expect black holes to ro-
tate. Kerr (1963) studied mathematically this more realistic case of
rotating black holes. Following the no-hair theorem, a fully isolated
black hole can be described by only three parameters — its mass, M,
its spin, J (Israel, 1967, 1968; Hawking, 1972), and its charge (which
we do not consider here). We take the next step here, in this paper, by
including an analysis of the effect of spin in black hole triplets.

As gravitational wave physics and the study of black holes become
more prominent in modern astrophysics, it is important to consider
what the effect of spin will have on black hole dynamics. Idealised
Schwarzschild black holes are much ‘easier’ to deal with than their
much more realistic Kerr counterparts. However, almost all astrophysi-
cal bodies do rotate and the relativistic effects associated may have an
impact on the evolution of n-body systems. One of the major effects of
having a rotating black hole in the system is relativistic frame-dragging.
The spacetime around the rotating black hole would be dragged and
therefore affect other orbiting bodies (in this case the other two black
holes of our triplet system). From this comes the Lense-Thirring effect
whereby the argument of periapsis as well as the longitude of the
ascending node precesses due to the frame-dragging effect of a rotating
body in the system (Lense and Thirring, 1918; Ciufolini and Pavlis,
2004).

Fang et al. in a series of papers looked at hierarchical triplet systems
with a rotating SMBH and inner binary comprised of SBHs (Fang and
Huang, 2019; Fang et al., 2019; Fang and Huang, 2020). The typical
von Zeipel-Kozai-Lidov oscillations imposed in such systems are with
respect to non-rotating bodies. Fang et al. compared the evolution of
triplet systems in the hierarchical formation with and without SMBH
spin in order to compare the effect of the von Zeipel-Kozai-Lidov
oscillations to other effects that may be introduced due to the spin of
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the SMBH. They found that there were significant differences in the
evolution of the inner binary black hole system when spin was included
— depending on the initial orbital angles, the merger time of the binary
could be lengthened or shortened if spin was present (Fang et al., 2019).
They also conducted numerical simulations to show that the effect of
spin could be detectable by the upcoming LISA. This could potentially
lead to new ways of observing the spin effect in triplet systems as well
as the spin parameters of SMBHs (Fang and Huang, 2020).

Kidder (1995) discusses in depth the effect of spin on a coalescing
binary in the pN regime. They show that one of the major contributions
of these spin terms to the orbital dynamics is that they are not confined
to the orbital plane. They then result in the precession of the orbital
plane if the spin vector is not aligned perpendicular to the orbital
plane. They also demonstrate the spin contribution to energy loss as
well as the angular momentum loss in gravitational radiation, where
they show that the spin-orbit contribution can be significant. The role
of spin in the evolution of such systems can be expected to have a
significant effect. This provides the motivation to test this effect via
numerical simulations on not binaries but on the more complex but
also astrophysically common triplet systems.

In this paper, we extend the work of Chitan et al. (2021) by
allowing the most massive black hole in the triplet system to rotate
and conducting numerical simulations using ARCcode. The spin vector
as well as the masses of the black holes are varied. This is presented
in the following sections — in Section 2 we will focus on the method
and dataset. In Section 3, the results for the effect of increasing spin
vector and increasing mass will be presented and discussed.

2. Setup

The units that we use are astronomical units (AU) for distance (~ 1.5
%10 km), solar masses (M) for mass (~ 2 x10%°kg) and years (yr) for
time (~ 3 x107 s). One astronomical unit is the distance between the
Earth and the Sun and a solar mass is the mass of our Sun. In some cases
we use time in terms of crossing time of a system where the crossing
time is given by Eq. (1) (Valtonen and Karttunen, 2006). Here G is the
gravitational constant, M is the total mass of the system and E,, is the
energy of the system.

T, = GM>*(2| Ey|)~*/? )

ARCcode was provided by Prof. Seppo Mikkola (Mikkola and
Aarseth, 1993, 1996; Mikkola and Tanikawa, 1999; Mikkola and
Aarseth, 2002; Mikkola and Merritt, 2006, 2008; Hellstrom and
Mikkola, 2010; Mikkola and Tanikawa, 2013a,b) where we used up to
2.5th order pN corrections for 3-body simulations. The spin—orbit terms
(which are presented at the 1.5 pN order (Barker and O’Connell, 1975))
used in the numerical integration are explained in detail by Valtonen
et al. (2010) and by Mikkola (2020a). This is summarised briefly in
2.1.

2.1. Code implementation

ARCcode conducts orbital numerical integration of the system of
triplets based on initial conditions placed by the user. For this work we
conduct simulations with post-Newtonian corrections up to the 2.5th
order.

This code performs orbital integration using a logarithmic Hamilto-
nian leapfrog method. The transformed equations of motion for both
the time and co-ordinates are obtained from the logarithmic Hamilto-
nian (a full derivation is presented in Mikkola and Tanikawa (2013b)).
Using the leapfrog algorithmic method, these equations can be solved
approximately.

The pN equations developed by Mora and Will (2004) and further
explained in Mikkola (2020b) which are used for integration (up to the
2.5th order) are listed here. Here, we consider two bodies m; and m,
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with separation, r and relative velocity, v, where m = m, +m,; n = '"'ln'z"z
andn= .
The pN equations used, up to 2.5th order, are as follows:
A :2(2+)1)(m)—(1+311)U2+1.5;1f2 @
r
_ 3 m 2 4
=3 (12+29n) : ) —nG-dno
+ (24250 +2) (m)f2+1.571(3—411)02i‘2 &)
r
=8,mi(am z)
A2'5_5nrr(3 r+3U 4
B =2Q2-nt (5)

B, = —%r’[(4+4111+8112) (?) —n(5+4m P +3G+2) 2] (6)

o= ta(2)(2)

Then, the total effect on the acceleration of the bodies is given by
the following:

A = Ay [S* + Ay /et + Ay 5/ ®

B, =B, /c* + By/c* + By 5/ (C)]
Which is then written in the acceleration term as:

L m .

F=fy-3 (Ajn + Biyv) + %50 + X (10)

The term, %go is the spin-orbit contribution and %, is the quad
rupole-monopole term. Both describe the effect of spin on the accel-
eration of the body. From Barker and O’Connell (1975) and described
in Valtonen et al. (2010) these terms are defined as follows:

figo = % <@> <1+—\/1__4’1>><;([(12[s1 (nxv)])n

c3r 4
+[(9+3vT=an) | (nxs)) - [7+ V=] (vxsl>] an

3,2
23G mim

o (50507 = 1) n =2 s3] 2

Xo=x

In the spin—-orbit and quadrupole-monopole terms, y represents the
spin parameter and s, represents the spin of the black hole.

2.1.1. Constraints
ARCcode does not use cross terms which over relativistic timescales

become necessary for describing the evolution of systems (Will, 2014a,b).

However, for this study our aim is to see via the use of ARCcode, if
there is any measurable effect of the inclusion of spin. Here, we focus
on studying the influence of spin on the final outcomes of the triplets
statistically.

We also limit the case to where only one of the black holes in our
triplet system has spin. This is because ARCcode allows only one of the
black holes to rotate within a given simulation. However, in numerical
integration, if one black hole is much bigger than the others, then the
spin of the smaller black hole is considered negligible (Mikkola, 2020b).
In our simulations, though the masses are on similar scales we always
choose the largest black hole to be the rotating one of the three.

2.2. Initial conditions

All black holes begin with zero initial velocity and only one of them
is allowed to rotate — this is the biggest black hole in each triplet
system. The magnitude of the spin vector is kept to <1 in normalised
units as a spin magnitude =1 results in zero surface gravity of the
black hole and the theoretical naked singularity which theoretically
cannot exist (Bardeen et al., 1973; Wald, 1999). All bodies start with
co-ordinates limited to the xy-plane. Timescales were kept as in Chitan
et al. (2021), with the crossing times of systems being utilised for
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y
9,
M, M,
_. 0,0 x
0.5 0.5

Fig. 1. A sketch of the initial placements of black holes in the Agekian—-Anosova
homology region (region D). Black holes M, and M, are fixed on the negative and
positive x-axis respectively, while black hole M;, varies within the bounded region
(x-axis, y-axis and circle arc), making up the unique simulations. This describes phase
space for the zero initial velocity, equal mass three body system. This was used for the
setup of simulations of set one of our study.

comparisons of lifetimes.

We focus first on the Agekian—Anosova homology region, also re-
ferred to as region D. This forms set one of our simulations. This region
describes the phase space region for zero initial velocity, equal mass
three body systems (Anosova and Orlov, 1984; Anosova and Nebukin,
1991; Anosova et al., 1994). In this space, two bodies are fixed at co-
ordinates (0.5, 0) and (—0.5, 0) while the third body is placed in the
region within the unit circle centered at (—0.5, 0) and bounded by the
x and y axes. This is shown in Fig. 1. By varying the position of Mj;
within this bounded region, a complete run of simulations is made. The
bounded region was sampled by constructing 1000 circles centered at
(-0.5,0) with decreasing radii. The upper limit for the radii was that of
the initial unit circle and the lower limit was 0. Only quadrant one (x
> 0, y > 0) was considered. Each of these circle arcs were constructed
of individual points with an angular stepsize of 0.01. These points for
all of the circles created the set of positions in which the M; body
was placed during simulations. For each run, there were 8094 different
positions of M, making 8094 individual simulations per run.

In set one, we run simulations with all Schwarzschild black holes.
Then, we re-run the simulations with a black hole M3, having a spin
magnitude near unity (~0.95, with spin orientation [0.55 0.55 0.55]).
The spin magnitude was kept along the diagonal for simplicity and
not to introduce extra variability in an already complex system. We
also wanted to observe motion of our system in 3-dimensions therefore
our spin values are not aligned in any one plane. To fully cover the
geometrical Agekian-Anosova region we also repeated simulations with
M; fixed at (-0.5,0) and then fixed at (0.5,0). A summary of this is
provided in Table 1. The results of the last two runs are provided in
the Appendix.

Set two of our simulations come from the Pythagorean triangles and
Burrau’s problem. We conducted in-depth simulations including both
increasing spin and increasing mass (See Table 2 for list of triangles
and Table 3 for spin and mass setups). The typical 3,4,5 triangle is
provided in 3,4,5. The black holes are initialised such that their masses
are multiples of the side of the triangle they are opposite from. When
we configure the triangles, the masses of the black holes that we are
studying are multiplied by the value given by the particular triangle.
The most massive black hole is the one that spin is added to. The
distances, shown as ‘d’ in Fig. 2, were kept at 206265 AU in our
simulations. This value is equivalent to 1 parsec.

In our previous study (Chitan et al., 2021) we used an informal
method of classifying the triangles into either more hierarchical, or less
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A summary of set one simulations. Following the setup shown in Fig. 1. Each Run consists of 8094 individual
simulations where M, and M, stay fixed on the negative and positive x-axis, respectively, but M; moves
each time within the bounded region. An initial run was conducted where none of the black holes had
spin, as a control. To cover the Agekian-Anosova region fully, we also conduct runs three and four where
the spinning black hole is fixed at M, and M,, respectively. Black hole mass is fixed at 10® M, with the
spinning black hole being more massive at 107 M,, for each case.

o8}

Run Black Hole Position Spin Vector Mass (10° M) (x,y) Position
M, [0 0 0] 1 (-0.5,0)
One M, [0 0 0] 1 (0.5,0)
M; [0 00] 10 varying within region D
M, [0 0 0] 1 (-0.5,0)
Two M, [0 0 0] 1 (0.5,0)
M, [0.55 0.55 0.55] 10 varying within region D
M, [0.55 0.55 0.55] 10 (-0.5,0)
Three M, [0 0 0] 1 (0.5,0)
M; [0 0 0] 1 varying within region D
M, [0 0 0] 1 (-0.5,0)
Four M, [0.55 0.55 0.55] 10 (0.5,0)
M; [0 0 0] 1 varying within region D
Table 2
A list of the Pythagorean triangles used for set two of this study. We classify them into
3M hierarchical or non-hierarchical based on the angle between the hypotenuse and the
second longest side of the triangle. If the angle is < 30 °, it is considered hierarchical.
Triangle Classification Angle (°)
3,4,5 Non-Hierarchical 36.87
5,12,13 Hierarchical 22.62
7,24,25 Hierarchical 16.26
8,15,17 Hierarchical 28.07
9,40,41 Hierarchical 12.68
11,60,61 Hierarchical 10.39
12,35,37 Hierarchical 18.93
13,84,85 Hierarchical 8.80
16,63,65 Hierarchical 14.25
20,21,29 Non-Hierarchical 43.60
5d 4d 28,45,53 Non-Hierarchical 31.89
33,56,65 Non-Hierarchical 30.51
36,77,85 Hierarchical 28.07
39,80,89 Hierarchical 28.07
48,55,73 Non-Hierarchical 41.11
65,72,97 Non-Hierarchical 42.08
Table 3

5M
" ®

3d

Fig. 2. A sketch of the 3,4,5 triangle, one of the Pythagorean triangles used for the
initialisation of set two simulations. The placement of the black holes are represented by
the black dots at the vertices of the triangle. The mass of each black hole is multiplied
by the length of the side of the triangle opposite to it.

hierarchical, depending on the angle between the hypotenuse and the
second longest side of the triangle. If there was an angle > 30°, the
triangle was considered a non-hierarchical triangle and if the angle was
< 30°, a hierarchical triangle. This is shown in Table 2.

The effect of increasing spin was the focus for set two. We were
interested in seeing how the effect of spin varied across the different
masses of the black holes, shown in Table 3. For these simulations, we
increased the masses of the black holes from 10° M, to 1012 M, in
increasing factors of 10. The intermediate mass range of 10* M, to
107 M, was especially interesting since this is where most variability
in the outcomes of our systems might be expected. Because of this
we conducted ‘zoomed’ in simulations of this region, by increasing the
mass not by factors of 10! M, but, by factors of 1002 M,,. Furthermore,
from our first study of the Pythagorean setup in Chitan et al. (2021),

A summary of set two simulations for the Pythagorean triangles. For these simulations,
the masses of the black holes as well as the spin magnitude are increased for each of
the Pythagorean triangle setups we used.

log;o(Mass (M)

0,1, 2 3,4, 4.2, 44,
4.6, 4.8, 5, 5.2, 5.4, 5.5,
5.6, 5.8, 6, 6.2, 6.4, 6.6,
6.8, 7, 8, 9, 10, 11

Spin Vector

[0 0 0], [0.05 0.05 0.05], [0.1, 0.1, 0.1], [0.15,
0.15, 0.15], [0.2, 0.2, 0.2], [0.25, 0.25, 0.25],
[0.3, 0.3, 0.3], [0.35, 0.35, 0.35], [0.4, 0.4, 0.4],
[0.45, 0.45, 0.45] [0.5, 0.5, 0.5], [0.55 0.55 0.55]

the mass of 10°3 M, was where we found that triplets switched from
escape dominated dynamics to merger dominated dynamics, so we also
conducted extra simulations for this specific mass.

In the first of run of set two simulations, we increased the mass
of the black holes from 10° M to 10'2 M, in increasing factors of
10. For the second run we zoomed in more closely to the mass range
of 10* Mg, to 107 M,, in increasing factors of 102 M. For the third
run we focused only on the 10°5 Mg, mass since this mass was found
to be the mass of our black hole triplets at which triplets preferred a
merger outcome to an escape outcome (Chitan et al., 2021). For each
of these simulations, the most massive of the black holes was the one
given an initial spin. This spin varied from [0,0,0] to [0.55,0.55,0.55]
increasing with [0.05,0.05,0.05]. As with set one, spin magnitudes were
kept along the diagonal for simplicity and to observe 3-dimensional
motion. The summary of the set two simulations is given in Table 3.
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3. Results
3.1. The effect of spin in set one

For set one of our simulations, we made use of the Agekian—-Anosova
region. This was summarised in Table 1. This setup involved fixing two
of our black holes on the x-axis and varying the position of the third
black hole within the bounded region shown in Fig. 1. The two main
scenarios we focus on here are: 1. when the most massive black hole
spins and 2. when none of our black holes have spin. These correspond
to Run One and Run Two in Table 1.

The first thing that we notice are the lifetimes of our systems,
i.e. how long does it take a triplet to become just a binary? This happens
either when two black holes merge or when one black hole escapes. We
find that there are some noticeable changes in the lifetimes with the
addition of spin. This is shown by the colour plot of Fig. 3. This figure
plots each initial setup; each point represents where the spinning black
hole started off within the bounded region of the Agekian—Anosova
mapping. The colour of the points refers to how big of a difference there
is in lifetime between the spin and no spin runs. There appears to be a
more well-defined region (the green portion) which feels the influence
of spin more strongly than the outer portion. The red dots show that, in
some cases, the inclusion of spin changes the lifetime of the system by
30 orders of magnitude. The three-body problem is inherently chaotic.
A small change in initial conditions can result in a large change in the
final outcome. This is what we see here in some of our simulations. The
green portion of the plot describes more non-hierarchical setups which
are known to be even more unpredictable than the hierarchical ones.

Another parameter we consider is how exactly the triplet ends its
lifetime. This happens when wither two of the three black holes merge
or when one of the black holes, after a close encounter, escapes from
the center of mass of the system. The former case, we refer to as a
merger, and the latter, we refer to as an escape. Since the spin can

have an influence on the lifetimes of our systems, as discussed above,
it can potentially have an influence on the final outcomes of the triplets
too. We look at the ‘change in outcome’ of our triplets in Fig. 4. We see
that in 12.9% of our triplets of set one, the final outcome of the triplet
changes when spin is added. This means that if previously the triplet
ended via merger, with the addition of spin it ended via escape instead.

3.2. The effect of increasing spin in set two

We then looked at the Pythagorean triangular configurations for our
set two simulations. This was summarised in Table 3. Unlike set one,
in set two we also varied the masses of our black holes. The masses
ranged from 10° My-10'2 M. Here, we take a look at the changes in
lifetimes of the systems as we did above with the set one simulations.
Since we found that above the mass 10% M, there was no discernible
effect of spin, we focus more on the intermediate mass range. It is at
these masses that we observe some variation in the lifetimes of the
systems that can be attributable to spin. This is shown in Fig. 5, the
zoomed in set of simulations of our intermediary masses. Spin has a
small but noticeable effect on the lifetimes around the 10* My-10°
M,, mass range, with triplets of mass 10** M, appearing to have been
affected the most.

We then focused on two specific masses: 10** My and 105> M.
At 10** M, we observed the most noticeable effect of spin on triplet
lifetimes and at 103> M, we expect to be a transitory mass from escape
dominated dynamics to merger dominated dynamics.

For each of the 16 triangular configurations, two mergers are possi-
ble allowing 32 total merger events possible per black hole spin value
that we simulated. The number of mergers occurring at each spin
value, in increasing spin magnitude, is shown in Fig. 6. Across all spin
magnitudes, the number of mergers stays around 14 (i.e. approximately
40% of the 32 possible mergers occur) for the 10> M, mass. From our
previous study with no spin, at 10%° M, this was slightly higher with ~
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50% of possible mergers occurring. While the difference is very subtle, the overall lifetimes still are affected as was previously discussed. We
it may be that adding spin helps to facilitate escape over merger. At the do note that there is a slightly higher number of mergers (7) in the no
mass of 104* My, triplets are a bit more stable in terms of mergers as spin case, compared to the spin cases. However, this can again be a sign
spin increases. While the final outcome itself does not change too much, of chaos.
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The next defining parameter that we chose to analyse was the 3-
dimensional motion of our triplets. Spin can naturally transform the
2-dimensional motion of a system into 3-dimensional. For our triplets,
all black holes are initialised within the x-y plane. The spin that we
add, however, is 3-dimensional. The magnitude of change from 2-
dimensional motion to 3-dimensional motion can be used as a measure
of how influential spin is. We do this by finding the maximum z co-
ordinate achieved by the spinning black hole while the triplet is intact
i.e. before there is a merger or an escape. We normalise this z value to
the hypotenuse of each triangle and find the average maximum z-co-
ordinate among all triangles at each spin value we simulated. We show
this in Fig. 7. This colour plot has spin magnitude, in increasing values,
on the x-axis and mass on the y-axis. The colour corresponds to the z
value with yellow being maximum and dark blue being minimum.

When there is no spin there is no 3-dimensional motion since the or-
bits are initialised within the x-y plane. We see that around the masses
of 101° M, and 10! M, is where the triplets achieve maximum 3-
dimensional motion. At 1012 M,,, however, there is none. At this mass,
the triplets are so massive that black holes merge almost immediately.
At 1019 M, and 10! M, triplets which have much more predictable
outcomes gain an added layer of complexity in their dynamics.

At the smaller mass units (10° My-102 M), the influence of spin
is not very apparent but as the systems increase in mass, there is an
increase in the maximum z-coordinate achieved by the rotating black
hole. This falls within the mass range of 10* My-10'" M. As the
mass unit increases beyond this, there is still 3-dimensional motion but
much less than the intermediary masses.

We observe maximum z-motion in the intermediate masses in the
non-hierarchical triangles than in the hierarchical triangles. We see this
from Fig. 8 where the 3,4,5 on the left represents the non-hierarchical
triangles and on the right, the 13,84,85 represents the hierarchical
triangles. It is interesting that for the hierarchical triangles, at the larger
masses (108 M, and higher) is where we observe maximum z-motion
before swift mergers and end of lifetimes. It is also more noticeable

in the hierarchical triangles than the non-hierarchical triangles that as
the spin magnitude increases, the maximum z-coordinate also increases.
The major difference between these two types of configurations is the
magnitude of the z-values achieved by the rotating black hole. For the
non-hierarchical triangles, this is an order of magnitude greater than
the hierarchical triangles.

These differences are typical because non-hierarchical configura-
tions are generally more chaotic and unpredictable than hierarchical
ones (Anosova et al., 1990; Anosova and Orlov, 1992). In all triangles
at the extreme mass unit of 1012 M, systems end almost immediately
without enough time to develop motion in the z-axis. These are the blue
bands that appear in Figs. 7 and 8.

4. Discussion and conclusion

After an initial study on black hole triplets in Chitan et al. (2021),
we wanted to add another level of complexity to the problem by
introducing spin. This is one step in making our black hole triplet
simulations closer to a realistic black hole triplet. We conducted two
main sets of simulations. In the first set we followed the Agekian—
Anosova phase space set up. Here we focused only on simulations with
zero spin and then simulations with maximum spin. The masses of our
triplets stayed fixed at 10° M, with the rotating black hole having a
mass of 10 x 108 M.

From this set one simulations our main takeaway was that adding
spin can greatly increase the lifetimes of our black hole triplets, some-
times by several orders of magnitude (Fig. 3). We observed that there
was a defined region of the Agekian—Anosova region where the life-
times of triplets changed significantly with the addition of spin. This
region favoured a more non-hierarchical setup of triplets which makes
sense since we know that non-hierarchical triplets are more sensitive
to changes in initial conditions that the hierarchical triplets.

From set one, 12.9% of our simulations had an actual change in
their final outcome when spin was added (Fig. 4). This meant that a
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black hole triplet changed the way it ended its life as a triplet. We
defined this ‘end of life’ as either being when one black hole escapes
the system or when two of the black holes merge with each other.
Though > 87% of our triplets did not change their final outcome,
there was still some measurable effect of the addition of spin with
the lifetimes. When we observe these real-life triplets, this sensitivity
should be considered. This is especially so if we try to predict mergers
or escapes of supermassive black holes that are part of triplets.
Building on the first set of simulations, we conducted a second set of
simulations that we using the set up of Pythagorean triangles. These set
two simulations focused on how increasing the spin magnitude would
affect our triplets at different masses. In this way, we had 12 different
spin magnitudes to test (ranging from 0-0.95) and 13 different masses
to look at (ranging from 10° My to 10'2 Mg). Our main findings
from this set of simulations was that it appears that spin has the

greatest effect on black hole triplets at the intermediate mass ranges,
particularly for triplets in the mass range of 10* My-10° M, and
mostly at 10** M. This is based off of the greatest influence of spin on
the lifetimes of the black hole triplets. We also considered the effect on
the mergers to see if they would be either hindered or promoted with
this added spin. We found that at the mass ranges of 10** M, and 10
Mg, the overall fraction of mergers in our Pythagorean ensemble did
not show any significant trends when we increased the spin magnitude.

Our intermediate mass black holes are the most affected because
they fulfil two important criteria:they have large enough masses for
substantive triplet interaction (compared to low mass black holes that
quickly end in escape) and they are small enough that they live for a
while before mergers (compared to the large mass black holes). Since
they interact more strongly over long time periods, the effect of added
spin is more evident. It is important to note that these findings are



A. Chitan et al.

restricted to the distance unit fixed at 1 parsec (206265 AU) within
our simulations.

In addition to examining the effects of spin magnitude and mass,
we also considered the motion in the z-axis in our set two simula-
tions. Specifically, we wanted to determine how much 3-dimensional
motion was present. Since our added spin was not perpendicular to
the x-y plane, we naturally expected our black holes to become 3-
dimensional. Valtonen and Karttunen (2006) showed that when the
initial velocities were kept to zero, the movement of the triplets was
restricted to the plane. They derived statistical distributions from nu-
merical orbital calculations of the binary energy within a triplet system
for both the three-dimensional case and the planar case. They showed
that the 2-dimensional case and the 3-dimensional case were statisti-
cally different — affecting lifetimes and outcomes of triplets. Here, from
our results (Figs. 7), this is corroborated as the inclusion of spin of one
of the black holes results in 3-dimensional motion. We found the black
hole triplets with mass of 10!% Mg, to have the largest z-co-ordinates.
This makes the triplets more complex and their behaviour even more
chaotic and unpredictable.

In the real astrophysical context, the effect of spin in binary systems
has been studied extensively. Stella and Possenti (2009) looked at
binary systems of compact objects and the astrophysical environments
around these compact systems. The surrounding accretion discs of black
holes and neutron stars should be affected by the strong gravity and
potentially the Lense-Thirring effect of these rotating bodies. The Lense-
Thirring effect refers to the small perturbations induced on the orbit of
a test particle around a massive, rotating body (Lense and Thirring,
1918). These effects should be large and noticeable when looking at X-
ray flares from the hot accretion discs. The Lense-Thirring effect then
could potentially be used to determine certain characteristics about
host compact objects.

Valtonen et al. (2010) studied in great detail the OJ287 system,
a binary blazar. They concluded that the spin of the primary SMBH
of the 0OJ287 system must influence the orbit of the secondary black
hole around it. Using this, they were able to estimate what the spin
of the primary SMBH should be. They later observed the flares from
this system and were able to conclude that the spin is 0.313 (Valtonen
et al.,, 2016b). The effect of spin on the perihelion precession of the
0J287 system was also studied analytically by Marin and Poveda
(2021) and Martinez (2023b). Here they tried to match the amount of
perihelion precession obtained theoretically to the observational data
by considering the effect of spin. Martinez (2023b) was able to match
closely both theoretical and observational perihelion precession for
both the 0J287 system as well as the Sagittarius A*-S2 system. Previ-
ously, using only a Schwarzschild prescription (Martinez, 2023a), their
theoretical predictions did not align with the observational evidence,
indicating a need to include the effect of spin in binary black hole
models.

Binary systems tend to be less complicated than triplet systems.
Tracing the orbits and predicting the spin based on frame-dragging
effects are difficult, but feasible for binaries. For the triplet system,
these effects, especially on the more non-hierarchical triangles appear
to be greatly chaotic and unpredictable. The overall effect of the
rotating black hole appears negligible when considering the final states
of these systems i.e. mergers and two-body encounters. But, utilising
the orbits of these bodies and the potentially observable Lense-Thirring
effect on the other two bodies of these types of systems to obtain
information about the spin magnitude of a black hole may be quite
difficult. The system may not be constrained to the orbital plane which
may contribute to unpredictable outcomes.

For triplets of SMBHs, which are expected to form hierarchically
via galactic mergers (Valtonen, 1996; Volonteri, 2010; Amaro-Seoane
et al., 2010), unpredictability can potentially be limited due to mass
being the dominant factor, as we see from this study. Real-life SMBH
triplets would tend to form in hierarchical setups and our simulations
of hierarchical triangles show that mergers happen much more quickly
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than the non-hierarchical triangles and therefore behave less chaoti-
cally. Koehn et al. (2023) also looked at SMBH triplets coming from
the cosmological simulation, ROMULUS. The heaviest two SMBHs in
their simulations always merged on a timescale shorter than Hubble
time.

In our study, we included black holes of masses 1 My-3 M, which
are considered to be highly theoretical. There have been a few candi-
dates for the smallest black hole discovered. One of these was found
by Lam et al. (2022) via gravitational lensing, where the object could
either be the smallest black hole found yet or a neutron star of mass
1.6 — 4.4 M. When Sahu et al. (2022) observed this object, however,
they estimated a mass of around 7 My,. Lam and Lu (2023) re-analysed
this object and found that it is closer to 6 M. Raidal et al. (2019) also
studied primordial black holes in the mass range of 0.1 My-10% M,
and their merger rates for potential LIGO detections. In some cases they
found that a single primordial black hole nearby the binary would be
the main disruption of a merger event. Here we find for the most part,
small mass triplet systems end in escape over merger with a remnant
binary pair which would go on to merge with each other.
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Appendix. Agekian-Anosova region extended

To fully cover all the possible geometrical configurations, we also
conduct simulations with spinning black hole first, initialised at (—0.5,
0), Run Three, and then initialised at (0.5, 0), Run Four. In both cases,
the masses of all the bodies remain as previously described and the spin
magnitude on the spinning black hole also is kept at the same value.

For the case where the spinning black hole is kept fixed on the
negative axis, the log,q(lifetime/crossing time) looks like Fig. A.9. The
results in this case appear much different than in the other cases as
most of the simulations are longer living. This is most likely due to the
positioning of the most massive, rotating hole further away from the
other two black holes as compared to the previous cases.

In the scenario where the spinning black hole is kept fixed on the
positive axis, the log;(lifetime/crossing time) of the systems appear
Fig. A.10. Longer living systems cluster to the top left — away from the
more massive rotating black hole, while systems that start off closer to
it (bottom right) end very quickly.
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Data availability

The data underlying this paper is available at https://doi.org/10.
6084/m9.figshare.19735960.v2 (Chitan et al., 2023).

Code by Prof. Mikkola is available at - http://www.astro.utu.fi/
mikkola/

Additional code by authors can be found here - https://doi.org/10.
6084/m9.figshare.13194146.v1.
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