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2 Department of Computing, University of Turku, Finland
{kakype, jomivi}@utu.fi

Abstract. In the contemporary data landscape characterized by multi-
source data collection and third-party sharing, ensuring individual pri-
vacy stands as a critical concern. While various anonymization methods
exist, their utility preservation and privacy guarantees remain challeng-
ing to quantify. In this work, we address this gap by studying the utility
and privacy of the spectral anonymization (SA) algorithm, particularly
in an asymptotic framework. Unlike conventional anonymization meth-
ods that directly modify the original data, SA operates by perturbing the
data in a spectral basis and subsequently reverting them to their original
basis. Alongside the original version P-SA, employing random permu-
tation transformation, we introduce two novel SA variants: [J-spectral
anonymization and O-spectral anonymization, which employ sign-change
and orthogonal matrix transformations, respectively. We show how well,
under some practical assumptions, these SA algorithms preserve the first
and second moments of the original data. Our results reveal, in partic-
ular, that the asymptotic efficiency of all three SA algorithms in co-
variance estimation is exactly 50% when compared to the original data.
To assess the applicability of these asymptotic results in practice, we
conduct a simulation study with finite data and also evaluate the pri-
vacy protection offered by these algorithms using distance-based record
linkage. Our research reveals that while no method exhibits clear superi-
ority in finite-sample utility, O-SA distinguishes itself for its exceptional
privacy preservation, never producing identical records, albeit with in-
creased computational complexity. Conversely, P-SA emerges as a com-
putationally efficient alternative, demonstrating unmatched efficiency in
mean estimation.

Keywords: Anonymization - Limiting distribution - Privacy protection
- Singular value decomposition - Utility

1 Introduction

Various anonymization techniques and privacy protocols, such as k-anonymity
[17], I-diversity [10], t-closeness [12], and differential privacy [6], have been pro-
posed to protect data privacy. While these tools are conceptually simple, their
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deeper mathematical properties are often intractable, meaning that the related
anonymization methods generally lack proven theoretical guarantees, particu-
larly regarding utility preservation, although some attempts have been made,
see, e.g., [BI20/TUT4]. As a result, decision-makers encounter uncertainty when
determining acceptable privacy thresholds for data disclosure, compounded by
the trade-off between privacy and utility. Therefore, there exists a pressing need
for theoretical results addressing the utility preservation of anonymization tech-
niques, alongside their privacy guarantees.

In this work we study the utility and privacy of the spectral anonymization
(SA) algorithm of Lasko and Vinterbo [9] in the asymptotic framework where the
sample size of n of the observed data grows without bounds. Given an observed
data matrix X,, € R"*P with n observations of p variables, SA anonymizes it as
follows: Letting H,, := I, —(1/n)1,1/, be the n X n centering matrix, we first find
the singular value decompostion (SVD) of the centered data H,X,, = U,D,V,.,
where the matrix of left singular vectors is U, = (un1 | -+ | unp) € R™*P.
Note that the subscript n in all quantities serves to remind that our viewpoint
is asymptotic (i.e., n — oo0) and that we are in fact dealing with sequences
of data matrices (X1, X2,...). Let then P,,...,P,, € R™*" be ii.d. random
permutation matrices sampled uniformly from the set P, of all nxn permutation
matrices. Denoting by Upo 1= (Ppitni | -+ | Paplnp) the matrix of permuted
singular vectors, the spectral anonymization of X, is

Xop = UnoD,V, 4+ 1,20, (1)

where Z,, := (1/n)X]1,. Note that each column of U, is permuted indepen-
dently, meaning that U, is not, in general, a simple row permutation of U,.
Intuitively, SA uses a very simple form or perturbation (permuting observa-
tions), which by itself would not guarantee anonymity, but since it is applied in
another basis (given by the right singular vectors V},), anonymity in the original
basis is reached. Technically, any basis could be used, but the spectral basis given
by the SVD is particularly appealing as the matrix U,, has uncorrelated columns,
implying that, after returning to the original basis, the anonymized data has ap-
proximately the same first and second moments as the original data. As argued
also by [9], since many standard statistical methods, such as regression, discrim-
inant analysis, support vector machines, k-means clustering, etc., are based on
means and correlations, this preservation of resemblance (moments) can be seen,
more or less, as equivalent to the preservation of general data utility.

While permuting is possibly the most direct form of perturbation one can
apply in the spectral basis, it is not the only option, and as our first main contri-
bution, we propose two novel forms of SA, called J-spectral anonymization and
O-spectral anonymization. The original SA defined in will in the sequel be
denoted as P-SA, to distinguish it from these variants. In J-SA, the transfor-
mation matrices used to perturb U, are drawn uniformly from the set J,, of all
n X n sign-change matrices (diagonal matrices with diagonal elements £1) and
in O-SA these matrices are drawn from the Haar uniform distribution on the set
O,, of all n x n orthogonal matrices [I6]. The resulting spectral anonymizations
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Fig. 1. Tllustration of the effects of P-SA (blue), J-SA (orange) and O-SA (yellow)
to the original data (green/darkest), with numerical labels corresponding to the row
indices of original data, in a scenario with n = 10 and p = 2. P-SA and [J-SA occasion-
ally result in unwanted overlap, wherein a row in the anonymized data matches another
row in the original dataset. In the case of [7-SA, this occurrence is due to coincidental
alignment of signs with those in the original singular vectors, causing the observation
to be duplicated (overlap of same indices), whereas for P-SA, random permutation
of values may cause another row to align with one in the original dataset (overlap of
different indices). Conversely, O-SA induces arbitrary rotations in the spectral space
that prevent exact matches altogether with probability 1.

of X,, are denoted by X,, 7 and X,, o, respectively. Figureillustrates the effect
of the three perturbations in a simple bivariate scenario.

As our second main contribution, we investigate the earlier observation,
stated also by Lasko and Vinterbo [9], that P-SA approximately preserves the
means, variances, covariances, and linear correlations of the original data X,,.
In this work, we quantify this statement in an asymptotic framework. While
SA itself makes no distributional assumptions and is applicable to any contin-
uous data, we derive our results, for simplicity, under the assumption that the
rows of X,, are sampled i.i.d. from the normal distribution N,(u, X) for some
fixed 4 € RP and positive definite covariance matrix Y. Extensions to other dis-
tributional assumptions are investigated through simulations in Section [3| and
discussed further in Section @l As the multivariate normal distribution is en-
tirely determined by its means and covariances, evaluating the resemblance of
anonymized data with respect to these moments is equivalent to assessing general
data utility in the present scenario.

As our third main contribution, we conduct a simulation study that investi-
gates how well the three forms of SA preserve utility and privacy under a wide
range of data scenarios and sample sizes. We are not aware of an equally extensive
benchmarking study having been carried out for the original SA of [9], although
[8] compared the prediction utility of SA to that of a private Bayesian factor
model. Also, closely related to this, [3] conducted a simulation study assessing
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utility loss when anonymizing data using another form of spectral anonymization
based on factor analysis and principal component analysis.

In Section [2] we present our results on the asymptotic utility of the three
forms of SA. The corresponding finite-sample behavior is studied using simula-
tions in Section [3.1] whereas finite-sample privacy preservation is investigated in
Section In Section [d] we conclude with discussion. The proofs are presented
in Appendix [A] and Appendix [B] contains additional simulation figures.

2 Asymptotic utility

We divide our theoretical results in two parts, investigating first how well the SA-
methods preserve the first moment (mean vector) and then doing the same for
the second moment (covariance matrix). Recall from Section [1| that we assume
the rows of X,, to be i.i.d. from N,(p, X). Throughout this section we impose
the following technical condition on the covariance matrix X, which guarantees
that the singular spaces of H,, X,, are asymptotically identifiable up to sign. This
assumption is mild and practically always satisfied for continuous real data.

Assumption 1 The eigenvalues of X are distinct.

The classical central limit theorem gives for Z,, (the mean of the original
data) the following limiting distribution as n — oo:

Vil = 1) ~ N (0, ),

where ~» denotes convergence in distribution. As our first result in this section,
we derive the limiting distributions of the sample means z,, p, Zy, 7, Zn,0 of the
different spectral anonymzations of X,,.

Theorem 1. Under Assumption[l], we have the following, asn — co.

Vii(Eap — 1) = Vi — ) ~ Ny (0, Z)
Vit(Eng — ) ~ N, (0,2)
V(a0 — 1) ~ Ny (0,2)

Two estimators of the same parameter can be compared based on the “magni-
tudes” of their limiting covariance matrices (“smaller” covariance matrix implies
more accurate estimator). Thus, Theorem [I| shows that P-SA yields mean esti-
mation efficiency equivalent to the original data (in fact, the two estimators are
always exactly the same). Whereas J-SA and O-SA incur a cost in efficiency.
Interestingly, this extra cost has a very simple form and the asymptotic efficiency
of these two methods compared to mean estimation from the original data turn
out to be exactly one half (due to the factor 2 in front of X).

We next conduct an analogous study of covariance matrix estimation. We
denote the sample covariance matrices produced by the three forms of SA as
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S, Py Sn, 7, Sn,0. As a baseline, Theorem 1 in [I8], shows that the limiting dis-
tribution of S, the sample covariance matrix of the original data, is

Vvee(S, — Z) ~ Ny (0, (ZY2 @ ZV2) (12 + K, ) (ZY? @ 212,

where vec(-) denotes column-wise vectorization, ® is the Kronecker product, K,
is the (p,p)-commutation matrix [7] and the square root matrix X/2 := 0A/
is computed using the eigendecomposition X~ = OAO'.

[Vhes)

Theorem 2. Under Assumption [l we have for A € {P,J,O} the following,
as n — co.

Vvec(Sp 4 — X) ~» N (0,(ZV2 @ DY) (20,2 + 2K, — 2V,) (2?2 @ £Y/2Y),
where V, := diag{vec(I,)}.

Theorem offers us two insights: (a) All three forms of SA are equally efficient
in covariance estimation. (b) Assume next that O = I, in the eigendecomposition
Y = OAO’ (since the rotation O only fixes the coordinate system in which
the data is observed, this choice does not limit our interpretations). Then, for
instance when p = 2, the limiting covariance matrices of S,, and S, 4 take the
forms:

22 0 0 0 22 0 0 0
0 MAz MAg 0 1 0 2\ M2 2\ 0 0 )
0 MdaMAs O an 0 20022\ 0 |7 (2)
0 0 0 22 0 0 0 22

respectively, where A1, Ao are the marginal variances of the data. We observe
that the elements (1,1),(4,4), giving the asymptotic variances of the sample
variances, are equal in the two matrices, meaning that the estimation of vari-
ances is equally efficient in original data and in SA-generated data. Whereas,
the elements (2,2),(2,3),(3,2),(3,3) in the matrices (2)), corresponding to the
asymptotic variances and covariances of the sample covariances are two times
larger for SA than for the original data. Thus, we conclude that SA makes the
estimation of the cross-terms in the covariance matrix X more difficult. This is
entirely natural considering that each column of U, is in SA mixed indepen-
dently of each other, compromising our ability to detect interactions (sample
covariances) between the columns, but leaving the marginal distribution (sam-
ple variances) of each column intact. For arbitrary rotation O, the equivalent
interpretation holds, only this time in the coordinate system specified by O.

3 Simulations

To complement the earlier asymptotic results, in this section we study the finite-
sample utility of P-SA, J-SA and O-SA through a simulation study. As dis-
cussed in Section [ achieving the exact limiting distribution necessitates an



6 K. Perkonoja and J. Virta
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Fig. 2. The relative error of the empirical covariance matrices of sample mean (solid
line) and sample covariance (dotted line) compared to their asymptotic covariance
matrices for P-SA (blue), J-SA (orange), and O-SA (yellow), when original data
(green/darkest) is sampled from a normal distribution meeting the Assumption
Sample size is presented on a logarithmic scale.

infinite sample size. Therefore, our focus in Section [3.1]is to evaluate how good
of an approximation the limiting distribution is for finite sample sizes. Rather
than directly comparing empirical distributions to the limiting distribution, we
examine the similarity between the empirical covariance matrices and their lim-
iting counterparts. Moreover, since P-SA, J-SA and O-SA are designed for
data anonymization, we evaluate their capability in protecting privacy in Sec-
tion by employing distance-based record linkage. The source code used for
conducting the simulation study presented in this work is available on GitLab
https://gitlab.utu.fi/kakype/asymptotic-utility-of-spectral-anonymization.git.

3.1 Finite-sample utility

We explore the impact of finite data on convergence, considering sample sizes
n = {25, 50, 100, 200,400, 800, 1600} and number of variables p = {2, 3,6}, re-
flecting plausible real-world scenarios. For each combination of n and p, we
sample original data X,; from N,(u, X), where o = (3,3,...,3) € R? and ¥
represents a diagonal matrix with elements (p,p — 1,...,1) to fulfill Assump-
tion [Il Additionally, we explore the consequences of deviating from normality
and Assumption [I] by generating three alternative datasets: X2, X3 and X4,
whose rows are sampled i.i.d. from N, (p, I,), Poisson(A1) and Poisson(Az), re-
spectively, where Ay = (p,p—1,...,1), Ao = (1,1,...,1) € RP and Poisson(c)
denotes a distribution with indepedent Poisson(cy)-distributed marginals. Note
that, by the equivariance properties of the mean and covariance matrix, restrict-
ing our attention to data with uncorrelated variables is without loss of generality.
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Each dataset was sampled M = 10000 times and anonymized using P-SA,
J-SA and O-SA, respectively. However, due to the O(n3) complexity of O-SA,
we opted to perform this form of anonymization only for sample sizes n < 400.
Subsequently, empirical values were computed according to the left-hand sides
of Theorems (I and [2| and the relative errors (RE) of their covariance matrices
across the M datasets were then calculated. By our theoretical results, these
values approach zero as n — oo. For instance, in the case of sample mean
(Theorem [1)) and P-SA, the calculated value is

[Covnr (Vi@ p — 1) — X|lr
REjn = . 3
1Z]l#

where p and X are the mean and covariance parameters derived from the afore-
mentioned data distributions, and ||-|| p represents the Frobenius norm. Figures|2]
and [3] illustrate the results for normally distributed data, with corresponding
representations for Poisson distribution found in Appendix

As predicted by Theorems[I]and [2] all curves in Figure 2] approach zero when
n grows (notably, even with small sample sizes, the convergence for the sample
mean is eminent). There are no discernible differences in the convergence among
P-SA, J-SA, and O-SA towards their asymptotic covariance matrices. The rel-
ative error for the sample covariance depends on p, higher dimensions requiring
a larger sample size for the RE to converge. When Assumption [1] is violated,
Figure 3| indicates that the empirical covariance matrix of the sample covariance
matrix converges to a different constant than outlined in Theorem [2] This implies
that Assumption [I] is necessary for our results to hold. Similar results were ob-
tained regarding deviation from the normality assumption (Appendix7 where
the sample covariance curves, even for the original data, failed to converge to
zero. Hence, the results in Section [2] are not guaranteed to hold if the normality
assumption is discarded, see Section [ for further discussion of this point.

3.2 Privacy

In addition to assessing empirical convergence with finite data, we wanted to
evaluate the privacy provided by P-SA, J-SA and O-SA. We used distance-
based record linkage, akin to the approach outlined in [4], with the distinction
that all variables were utilized to compute the shortest Euclidean distance (EUC)
between an anonymized record and any original record. The mean distance across

all m=1,..., M simulated datasets was then calculated as follows:
1 1
BEUCA = 7 > - ijin [ m),i.a = Z(m).jll2,

m=1 i=1

where (,,) ;4 denotes the ith observation vector in the mth anonymized data
and z(,,); denotes the equivalent for the mth original data. The distances were
computed to the unstandardized data, aligning with the common practice of
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Fig. 3. The relative error of the empirical covariance matrices of sample mean (solid
line) and sample covariance (dotted line) compared to their asymptotic covariance
matrices for P-SA (blue), J-SA (orange), and O-SA (yellow), when original data
(green/darkest) is sampled from a normal distribution violating the Assumption
Sample size is presented on a logarithmic scale.

publishing datasets in their original scale. This anticipates potential linkage at-
tempts by adversaries with external data sources. EUC 4 embodies the privacy-
utility trade-off, where values closer to zero indicate better utility to the original
data but also imply higher privacy risk, with a distance of zero denoting es-
sentially identical datasets. Consequently, higher values signify stronger privacy
protection. Results of this comparison for normally distributed data meeting
Assumption [I] are depicted in Figure [4

While all SAs demonstrated comparable performance, O-SA exhibited the
best privacy protection, consistently yielding higher distances compared to P-
SA and J-SA, as illustrated in Figure [l These findings remained consistent
across all simulation settings (results not shown). However, EUC 4 is never pre-
cisely zero, as this would imply essentially complete equivalence between the
anonymized and original data, which is highly unlikely for the given SAs. Yet,
these algorithms can produce some matches by chance, as demonstrated in Fig-
ure [[] and for any individual, a direct match would constitute a privacy vio-
lation. Therefore, we supplemented our analysis by evaluating the proportion
of matches, i.e., correctly linked records, relative to the sample size across all
simulated datasets m=1,...,M:

Matches,, 4 = 1 i L if ming [|[2on),4 = Tm),jll2 <6,

" “— |0 otherwise,
where the tolerance § was set to 1076, Results for normally distributed data
meeting Assumption [I| are presented in Figure [5] with a lower proportion indi-
cating better privacy protection (fewer matches).
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Fig.4. EUC4 when the original data is sampled from normal distribution meeting
Assumption The y-axis illustrates the mean distance EUC 4 between records in
anonymized data and any record in the original data across all datasets, while the
x-axis denotes the sample size on a logarithmic scale. The number of variables p is
distinguished by different linetypes and each anonymization approach is represented
by a unique color.

O-SA did not produce any matches, as illustrated in Figure [p| with a pro-
portion of zero observed across all datasets. Conversely, both P-SA and [J-SA
approaches resulted in matches, with the former indicating a lower frequency
compared to the latter. However, as p increased, the number of matches de-
creased, ultimately leading to no matches for P-SA and approximately rate
of 0.03 for J-SA. This trend remained consistent across all simulation scenar-
ios, with the Poisson distribution exhibiting slightly higher match proportion
than the normal distribution, and deviations from Assumption 1 having only a
marginal effect (results not shown).

4 Conclusion

Based on our findings with finite data, none of the three methods demonstrated
clear superiority in utility convergence. However, concerning privacy, O-SA out-
performed P-SA and J-SA by never generating identical records. Hence, we
advocate for employing O-SA for data anonymization, notwithstanding its com-
putational intensity compared to P-SA and J-SA. For a dataset size of n = 1000
and p = 6, the runtime for O-SA is on average 2.44 seconds, while for P-SA and
J-SA, it is 0.002 and 0.001 seconds, respectively (using AMD Ryzen 5 5600X).
The complexity of SVD is the same as for principal component analysis, mean-
ing that the method scales well. In practical scenarios, data anonymization is
typically a one-time operation, mitigating concerns over computational over-
head, and all SA algorithms can be applied to larger datasets (both in terms of



10 K. Perkonoja and J. Virta

Data P J o
n=25 n=50 n =100 n =200 n =400

10000
8000

6000 ©

4000 N
2000
0
10000
@ 8000

2 6000 °

© [
+ 4000
0O 2000
]
10000
8000

6000 °

4000
2000

00 02 04 0600 02 04 0600 02 04 0600 02 04 0600 02 04 06
Proportion of matches relative to sample size

Fig. 5. Histograms of match proportions when the original data is sampled from normal
distribution meeting Assumption The y-axis represents the number of simulated
datasets while the x-axis indicates the proportion of matches relative to the sample
size, with different SAs represented by distinct colors. Sample sizes n > 400 have been
omitted here, as they introduce no new information.

n and p) provided the data is continuous. However, ensuring asymptotic utility
(Section necessitates additional assumptions. Should computational efficiency
become paramount, P-SA emerges as the secondary choice (no matches in our
simulations with p = 6). In case privacy is given secondary priority, then P-SA
offers superior mean estimation efficiency to its two competitors (Theorem [1))
and should be used. Nonetheless, further research is warranted to evaluate these
SA algorithms using empirical real-world data and utility scenarios.

Our simulations showed that Assumption [I] cannot be dispensed with. SA
is based on perturbing the singular vectors of H, X,, and, intuitively, the role
of Assumption [1}is to ensure that these vectors are asymptotically identifiable.
Similarly, application to Poisson-distributed data revealed that our conclusions
do not directly extend outside of normality. However, we expect that equivalent
results could be obtained also under other distributional assumptions, with suit-
able techniques of proof. And while we chose to derive our theoretical results
under the normality assumption due to the ubiquitousness of the Gaussian dis-
tribution, the SA-method itself remains applicable also outside of normal data.

A prospective research direction would be to conduct analogous studies for
competing methods, enabling utility and privacy comparisons between the meth-
ods. E.g., data shuffling [I1] and correlated noise addition [I5] have been shown
to preserve second-order statistics. Unlike SA, data shuffling and noise addition
use distributional assumptions as part of their data generation and their im-
pact on the methods’ utility could be quantified with results such as Theorem
and [2| For categorical data, Post-randomization Method (PRAM) leads to un-
biased estimates of univariate moments, see, e.g. [I5], and also seems applicable
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to asymptotic analysis. However, PRAM operates on a single variable at a time
and more elaborate techniques are required to preserve the dependency struc-
tures between multiple categorical variables. Finally, investigating modification
constraints, such as selectively altering the first j columns of U,, presents a
compelling research area, especially for high-dimensional datasets.
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A Proofs of technical results

Proof of Theorem[1. We begin with the P-SA. Denoting Y,, := X,, p, we have
Un = %Yriln = %VnDnUT’Loln + Z,,. Observing now that U/ ,1,, = U/ 1,, and that
VoDnU/ 1, = 0, the desired result follows from the central limit theorem.

For the J-SA, we first consider the case where the data come from N, (0, A)
for some diagonal matrix A with strictly positive and mutually distinct diagonal

elements. We then write

1
Vin = —=VaDnlUpoln + V. (3)

1
TV Jn

Now, the kth element of D, U1, equals

Y1,

dnkU/nkJnkln = e;gDnUylLJnkln = G;CVéX;LHankln (4)

We next show that X/ H,J,x1,/+/n admits a limiting distribution and is, as
such, stochastically bounded. To see this, we let the ith diagonal element of
Jnk be sy ; ~ Uniform{—1,1} and write ﬁXﬁLHankln = ﬁ S TniSni —
V@, 237" s, . Now, the first term has a limiting distribution (by CLT)
and the second term is o,(1) (by CLT and Slutsky’s lemma). Thus, fixing

the sign of V,, such that V,, —, I,, we have, by that ﬁdnku%kJnkln =

ﬁer;Hankln—i—op(l). Using the same in , we also obtain v/ng, = /nZ,+
ﬁDnUﬁoln + 0,(1). This implies that the kth element of \/ng, has the expan-
sion (\/ﬁgn)k‘ = ﬁ Z?:l zn,ik(l + Sn,i) + O;D(l)' As xn,ik(l + Sn,i)v i = 1a XL
are i.i.d. with mean zero and variance 2Var(z, i), and as @, ;x(1 + sn,;) and
Zn,ie(1 + sp,;) are uncorrelated for k # ¢, the limiting distribution of \/ng,, is
N,(0,24).

Let now Z,, = X,,0" + 1,1 for some p x p orthogonal matrix O and u € RP.
Then, Z,, p = (Xnp — 1,2,)0" + 1,(0Z,, + p)’, thus implying that %Z;L,P 1, =
OLX] ply—0Zy+O0Zn+pand /i (2], pl, — p) = /nOFp, ~ Ny, (0,2040").
This completes the proof for J-SA.
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For O-SA, the proof is similar to J-SA, and we point out only the differ-
ences next. To see that X| H,O,rl,/v/n is Op(1), we observe that O,;l, ~
V/nOpre1 ~ /nu,, where u,, is uniform on the unit sphere S»—1. Moreover, let-
ting X, denote a random variable obeying a y-distribution with n degrees of free-
dom that is independent of u,,, we have b, := xpu, ~ N, (0,1,) and x,,/v/n =
1. Consequently, denoting a generic column of X, by =, ~ N,(0,Al,), we
have (1/v/n)x!, H,Onily, ~ b Hyu, = 2w, — Tpllhu, = by (1//n)alz, —
VT, Zpb L, showing that X! H,O,11,/+/n is stochastically bounded. Hence,

_ ~ 1 I
(Vnn)k = (VnZp)p + bnlinech;zn +0,(1) = NG Zzzl Tnike(1 4 2n) + 0p(1).
The limiting distribution of this is N'(0, 2Var(zy, ;% )), and rest of the proof follows
similarly as for J-SA.

The following lemma is a direct consequence of Proposition 4.1 in [19].

Lemma 1. Let P be uniformly random nxn permutation matriz. Then, E(P) =
(1/n)1,1), E{tr(P?)} = 2 and E[{tr(P)}?] = 2.

Proof of Theorem[3 Starting again with the case of N, (0, A)-distributed data
and using the notation of the proof of Theorem [1} we have

1 1
\/H(Sn,P - A) = \/fﬁ (nYéYn —A- yniUiz) = \/ﬁ (nYriYn - A) + OP(1)7
as v/ng, = Op(1). From Theoremwe have V,,D,, U/ 1,%/+/n = 0,(1), giving
1
\/E(Sn’p - /1) :\/ﬁ (nVTLDTLU',{LOUnODTLV’é - A) + Op(l)7

1 1
=vn (nX,’LHan - A) + ﬁVnDnGnDnV,; +o,(1),  (5)

1 1

where G,, € RP*P has gn ik = 0, gn ke = w1 Thotine, where T, are either

permutation, sign-change or orthogonal matrices, depending on the type of SA.

We next show that, for k # ¢, the quantity f,, ke := dnkdnegn ke/v/n is Op(1).
For P-SA, this is seen by writing nfyxe = e, DyU, P!, PoyU,Dpes =

n

e Vo X H, Pl Py Hy X, Vier = e V(X Pl PneXy)Vier — nel. Vo (Tn@),) Vaer,
giving fo, xe = n= 2l V(X! P!, PoeXn)Vier + 0,(1) = nil/zx%’kPAkPMxn,g +

n- nk
op(1), where z, 1 is the kth column of X,,. For the second equality, we have

used ﬁ ' P P X, = Op(1) which holds for the off-diagonal elements by the

n- nk
independence of z,; and x,,. For the diagonal elements, the boundedness is
equivalent to z}, Pz, /v/n = Op(1) when z,, ~ N,,(0,,) and P, is a uniformly
random n X n permutation matrix. Since E(z, P,x,,) = 0, by [2] Theorem 14.4-1],

1 1

—a! Pyx, = NG

NG SD(z), Poxy) - Op(1). (6)
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Now, E(znz, Phxpx,|Py) = tr(Py)I, + P, + P, giving, using Lemma |1} that
Var(z}, Ppxy) = E[{tr(P,)}?] + E{tr(P?)} + n = n + 4. Plugging in to , the
stochastic boundedness of X, P!, P,¢X,//n and f, ¢ now follows.

For J-SA, the reasoning is similar but uses the facts that %X;Jnkt]ngln =
op(1) and %lilJnk,Jngln = 0,(1) where the former holds because Jp¢Jpnx X, ~
X,,. Furthermore, instead of Lemma we use tr(J2) = n and E[{tr(J,)}?] = n.

For O-SA, we similarly have that - X OnOnel,, = 0p(1) and %l’nOnkOMln =
op(1), since OpeOpnr X, ~ X, and since, reasoning as in the proof of Theorem
we have %%OMOMln = %zglzng + 0p(1), where 2,1, zn2 ~ N, (0, I,,) are inde-
pendent of each other. Also, instead of Lemma [1} we use for O-SA the bounds
6(02) < nand E{ (Pyss++ P} < A[B(PE 1 Y24+ [E(P2,, )] 2P,
together with E(P, ;) = 0 and E(P? ;) = 1/n.

Thus, for every form of SA, by (), we have /n(S,.p — 4) = V(2 X, X, —
A)+ﬁDnGnDn+op(l). Writing out the individual elements of B,, := v/n(S,,p—

A), the diagonal and off-diagonal thus read
1
bnkk = \/ﬁ (nx;hkm"»k — Ak) + Op(l), (7)
1

What remains now is to show that by i, bn ke, k,¢ = 1,...,p, k # £, have a
limiting joint normal distribution with the desired covariance matrix. We be-
gin by computing the covariance matrix. For P-SA, direct computation gives
Var(b, kr) = 2A7 and Var(b, ge) = 2M\A\e{1 + (1/n)Etr(P), Poe)} = 2(1 +
1/n) ke = 22X\ + o(1), where we have used the fact that E(P,x) = 1,1}, /n.
Similarly, we obtain the following non-zero covariances (rest of the covariances
are zero): Cov(by, ke, bn.ex) = Var(by, ke) = 2AxA¢ + 0(1). Analogous computation
reveals that the same asymptotic variances and covariances are obtained also for
J-SA and O-SA. Consequently, in each case, the limiting covariance matrix of
Vnvec(S, p—A) is (AYV2@AY2)[21,2 + 2K, , —2diag{vec(I,)}] (A2 @ AY/?). The
form for a general normal distribution now follows with equivariance arguments
as in the proof of Theorem [} That the moments of the limiting distribution actu-
ally are the limits of the moments we computed earlier, is guaranteed by showing
that by, xr and by, ¢ are uniformly integrable. E.g., for b, ¢, this can be done by
denoting A := (1/v/n)z;, y2n e and B := (1/y/n)x;, 17, Trewn,e, using Young’s
inequality to bound E{(A + B)*} < aE(A*) + bE(B*) for some scalars a,b € R
and observing that T,xzp k. ~ N5, (0,1,) for each form of SA. The boundedness
of E(A%) and E(B*) now follows from the moments of the Gaussian distribution.

Next, we show that the limiting distribution exists. By the equivariance
properties of the multivariate normal, it is sufficient to consider only the case
A = I,. We begin with O-SA. Letting Qp1, ..., Qnp be random orthogonal ma-
trices uniform from the Haar distribution (and independent of all our other
random variables), we have %, ~ Qni®n, k. Hence, and can be written
2 by = v (L/m), s — 1} + 0p(1) and byse = (1/v/n)a, 1 (QlyQue +
R, Rpp)xne + 0p(1) where Ry = O,,Qni is Haar-uniformly distributed or-
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thogonal matrix and independent of @,;. We then decompose z, 1 = XnkUnk
where xpr ~ Xn and u,i is uniform on the unit sphere and let Xnx1, Xnk2
be independent x,-random variables. Using these we write b, rr and by, ¢ as

bukk = vV/n{(1/n) (XnkUnk)' (Xnktnk) — 1} + 0,(1) and as

kXne 1
M T (Xnklanunk)/(X'ﬂZlQnéunZ)

Xnk1Xne1 V1

XnkXnt 1 /
+ R, ru o Ruetune) + 0,(1).
k2 Xnt2 \/H(Xnk2 nk nk) (Xn 24n n) p( )

b, ke =

Now, above (XnanE)/(XnlenEl) —p 1 and (Xnanl)/(Xnk2an2> —p 1. More-
OVer, XnkUnk, Xnkl@nkUnk and Xnk2Rprunk are independent of each other and
all obey the NV, (0, I,,)-distribution. Hence, by CLT and Slutsky’s lemma, the de-
sired joint limiting normal distribution for by, i and by ke, k, € =1,...,p, k # ¢,
is obtained in the case of O-SA.

For J-SA, joint limiting normality follows from the multivariate CLT, as
Jni, ..., Jnp do not “mix” the observations and retain their i.i.d. nature.

What is thus left is P-SA. In that case, we use the Cramér-Wold device
combined with the CLT for local dependency neighbourhoods [I3, Theorem 3.6].
We demonstrate the proof below in the case p = 2, the general case following
analogously (but with more cluttered notation). That is, the claim holds for p = 2
once we show that S,, := a1 \/ﬁ(%x'x— 1) +a12ﬁl‘l<ln +P)y+a22\/ﬁ(%y’y— 1)
admits a limiting normal distribution where a1, a12, ase are arbitrary constants,
P is a uniformly random n X n orthogonal matrix and z,y ~ N,(0,1,) are
independent of each other and P. Our objective is to use [I3, Theorem 3.6],
where we will take (using their notation) X; = a11(z? — 1)/v/n + a2z (y; +
Ys(i))/ V1 + a2z (y? —1)/+/n, where § is the permutation mapping corresponding
to the permutation matrix P, and o2 = Var(S,) = 2a11 + 2a12(1 + 1/n) + 2azs.

Inspection of the proof of their Theorem 3.6 reveals that the dependency
neighbourhood N; can be taken to be random (as they are for us), as long
as their maximal degree is almost surely some finite D (as it is for us, since
7 (yi+ys(iy) depends on maximally two other terms), when specific modifications
to the proof/result are done: (i) The first term on the RHS of the statement of
Theorem 3.6 can be kept as such, but when deriving it, the sums of the form
“Yjen,” have to be replaced with “3°7_ I(j € N;)”, since N; are random. (i)
In their formula (3.12), we decompose the term Var(32i_; 3- ey, XiX;) as

E{ Var zn:ZXZ-XHP +Var{ E zn:ZXZ-XHP

i=1 jEN; i=1jEN;

n
<14D*Y "E(X}) + Var{Var(S, | P)},
i=1
where the inequality uses the variance bound derived in the proof of [I3] Theorem

3.6] (for our conditioned-upon dependency neighborhoods) and the second term
uses the fact that Var(3o7, X | P) = E(CIL, X ey, XiXj | P).
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Now, as D is fixed, as o2 approaches a non-zero constant when n — oo, and
as the X are identically distributed, the desired claim holds once we show that

E|Xi®> =0(1/n), EX{=o0(1/n) and Var{Var(S,|P)}=o(1). (9)

For the third claim in (9, we have Var(S,, | P) = 2a11+2a12{1+(1/n)tr(P)}+
2a92. Hence,

dai, dai, 2y _ 8aiy
Var{Var(S,, | P)} = WVar{tr(P)} < FE[{tr(P)} |= 3
where we use Lemma taking care of the third claim. Then, as X; equals 1/y/n
times a random variable with all moments finite, X; = (1/v/n){ai1 (2% — 1) +
a1221 (Y1 + Yo (i) +a22(yF — 1)}, the first two claims in (9) also trivially hold. This
conludes the proof in the case p = 2 and the general case is handled analogously.

B Additional figures

Figure [6] shows the results of the utility simulation study in Section [3.1] for
Poisson-distributed data. The top (bottom) row of Figure |§| is analogous to

Figure [2| (Figure [3)).
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