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String theory is the prime candidate for the theory of everything. However, it must
be defined in ten dimensions to be consistent. To get 4D physics, the 6 other dimensions
should be curled up in a small compact manifold, this procedure is called string com-
pactification. In this thesis, we will review different compactification schemes proving
that in absence of flux, the compact manifold must be a Calabi Yau manifold. Then, we
review compactifications with flux using generalized complex geometry. We then dis-
cuss some applications in cosmology like the swampland project and the cosmological
models derived from it. Finally, we discuss some open questions in the field.
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1 Introduction

String theory is currently the most promising candidate for the theory of every-
thing but it contains a conformal anomaly which means an inconsistency in the
theory. To cancel this anomaly bosonic string theory must be defined on a 26
dimensional spacetime and superstring theories have to be defined on a 10 di-
mensional spacetime. But we know that we live in 4 dimensions so we have to
reduce the dimensions of string theories spacetimes to 4. The way to do this is to
assume that the ambient spacetime manifold of the string theory is a product of
two manifolds: a 4 dimensional non compact manifold which will represent the 4
dimensional spacetime we observe, and a higher dimensional compact manifold
(22 dimensional in the case of bosonic string theory and 6 dimensional in case
of superstring theories) representing an internal space which we can not observe
because the compact manifold is too small for us to observe in low energy, this
procedure is called a string compactification.

String compactification models usually give rise to massless scalar fields with no
potentials on the 4 dimensional manifolds, these scalars are called moduli and are
problematic from the physical point of view because they can mediate long range
forces which are not observed in nature. To solve this problem, additional structures
are added to the ambient manifold namely differential forms called fluxes. Fluxes
induce potentials to moduli so that they can not mediate long range forces, this
process is called moduli stabilization. String compactifications on manifolds with
fluxes are called flux compactifications.

On studying string compactification models on a certain manifold, there are
three main steps:

1. The study of the possible compactification manifolds and their geometry i.e.
we study which manifold we can compactify the theory on to give a realistic
4 dimensional particle physics theory, and the spectrum of this low energy 4
dimensional model since the geometry of the internal manifold affects the 4
dimensional low energy model.

2. The classification of vacua in the compactified model i.e. to study what are
the possible vacua can arise from the theory and see which one makes a
physically viable 4 dimensional model. This step is particularly important if
we want to construct cosmological models from the compactification model
as we will see in chapter 8.

3. The study of moduli spaces of the compactification models. This is very
important because the geometry of the moduli space dramatically affects the
4 dimensional model and it also gives hints of which flux should we introduce
to stabilize the moduli.
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In this thesis we focus on step 1, and only get in touch with step 2 in chapters 7 and
8.

In chapter 3, we review some mathematical concepts that will be used through-
out the thesis. In chapter 4, we introduce some string compactification models and
study the low energy 4 dimensional models arising from them and their spectra,
since there are many compactification models, we introduce the most generic ones
so the reader can follow the same procedure with other similar models. We study
the process for bosonic string theory as a toy model, type II and heterotic super-
string theories. Then, we present some challenges to the aforementioned models
leading to choosing the compactification manifold to be a Calabi Yau. In chapter 4,
we review the basic theory of Calabi Yau manifolds as an introduction to chapter
5, on Calabi Yau compactification i.e. string compactifications with the internal
manifold to be Calabi Yau. There we show that a realistic low energy model from
string compactifications without flux must arise from a Calabi Yau compactifica-
tion in case of heterotic supertring theories, we also present the compactification
schemes of bosonic strings, type II superstring theories and non supersymmetric
string theory. However, as mentioned earlier, this does not stabilize the moduli
in the theory thus, flux must be added. In chapter 6 we review generalised com-
plex geometry which is the math used in flux compactifications. In chapter 7,
we study different models of flux compactifications showing how flux can break
supersymmetry leading to realistic low energy models. In chapter 8, we discuss
the swampland project which was designed to test whether a low energy model is
consistent with quantum gravity, in this case string theory, and we present some
vacua from string compactification models motivated by the swampland conjecture
representing possible realistic cosmological models. In chapter 9, we present some
open problems and what are the directions of research at the moment.

2 Mathematical Tools

2.1 Basic Category theory

2.1.1 Categories and functors

Category theory was founded by Eilenberg and Maclane in 1945 [1] as a step to
define natural transformations between mathematical structures. Category theory
can be though of as a unifying scheme that takes a bird’s eye view on all mathemat-
ical structures, for example we can define sets and functions between them, groups
and homomorphisms preserving group structure, topological spaces and continu-
ous maps (preserving the topological structure), rings and ring homomorphisms,
vector spaces and linear transformations, etc. The main idea is a structure and a
map preserving it thus, we can unify them calling the structure "objects" and the
maps "morphisms" and the whole system of objects and morphisms as Category.
There are two equivalent ways to properly define Categories. The first uses the
notions of metagraphs and metacategories as presented in[2]. A recent way defines
Categories directly by some axioms. In this thesis, we use the second approach.

Definition: A Category C consists of:

7



Category

A B

C

f

Figure 1: A graphical representation of a Category.

1. Objects denoted by capital letters A,B,... collectively denoted by obj(C).

2. morphisms between objects denoted by small letters f,g,... . Morphisms
between A and B in the category C are denoted by C(A,B) or Hom(A,B). A is
called the domain and B the codomain. The collection of all morphism in the
category C is denoted by Hom(C)

Satisfying the following axioms:

1. Composition of morphisms is defined i.e. the mapC(A,B)×C(B,C)→ C(A,C)
; ( f , g)→ f ◦ g is defined.

2. Associativity of morphisms i.e. ∀ f ∈ C(A,B), g ∈ C(B,C) and h ∈ C(C,D) ;
( f ◦ g) ◦ h = f ◦ (g ◦ h).

3. The existence of identity morphism to each object i.e. ∀A ∈ C ∃ 1A ∈ C(A,A);
∀ f ∈ C(A,B) f ◦ 1A = f = 1B ◦ f .

A morphism f from A to B is called invertible if there exists another morphism g
from B to A such that f ◦ g = 1B and g ◦ f = 1A.

Graphically, we can consider objects as points and morphisms as arrows as
shown in fig.1

Examples :

1. Set: The Category of sets (sets are objects and functions are morphisms).

2. Grp: The category of groups (groups are objects and homomorphisms are
morphisms).

3. Ab : the category of abelian groups.

4. Top : The category of topological spaces with contineous maps as morphisms.

5. Vectk: The category of vector spaces over the field k with linear transforma-
tions as morphisms.
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A B

C D

f

gh

I

Figure 2: This is an example of a diagram in category theory, this id labeled in the
text by "Diagram 2".

Definition: A category is called small if the collection of objects and the collec-
tion of morphisms form sets. If a category is not small, it is called large.

Example: Any finite category is small.
Non-Example: The category of sets (Set) is a large category because the collec-

tion of sets is not a set.
Definition: A Monoid is a category with one object.
Example: A group is a monoid (the set is the object and group operation between

elements are morphisms )such that every element has an inverse.
Next we consider mapping between categories.
Definition: A Covariant functor F from a category C to a category A is a

mapping assigning objects in C to objects inA, and morphisms in C to morphisms
inA, satisfying the following axioms:

1. F(1A) = 1F(A) for all A in C.

2. ∀ f , g ∈ Hom(C) F( f g) = F( f )F(g) so called covariant.

Examples:

1. The assignment of a fundamental group to topological spaces is considered
as a covariant functor from Top to Ab

2. An important example for string theory is that moduli are defined as covariant
functors from the category of schemes to the category of sets as defined later.

2.1.2 Diagrams

Calculations using category theory uses diagrams modelling objects as points and
morphisms as arrows. This method helps writing definitions and theorems in a
more compact way which is easier to handle.

Definition.A diagram is called commutative if composition rules does not de-
pend on a path in the diagram.

Example: The statement "Diagram 2 commutes" (assuming every arrow is in-
vertible)is equivalent to the conditions: f = g−1

◦ I ◦ h , g ◦ f = I ◦ h , h = I−1
◦ g ◦ f ,

I = g ◦ f ◦ h−1 , g = I ◦ h ◦ f −1 and the inverse counterparts of these conditions.
This representation is the representation used throughout the thesis.

9



s(C) t(C)

s(C’) t(C’)

τc

t(f)s(f)

τc′

Figure 3: This Diagram represents the action of natural transformations if it com-
mutes. It is refered to in the text by "Diagram 3".

2.1.3 Natural Transformations

Natural transformations are transformations between functors between two spec-
ified categories. It can be thought of as morphisms between functors motivating
the definition of functor categories. We will not discuss functor categories in this
thesis.

Definition: Let s and t be functors from the category C to the category A, and
let C be an arbitrary object in C, and f be a morphism in C mapping C to C’. A
Natural transformation τ : s → t is a mapping assigning to each object C in C an
arrow from s(C) to t(C) such that diagram 3 commutes.

A natural transformation with every object τc is invertible is called a natural
equivalence.

Example: The most famous example of a natural transformation is a determi-
nant of matrices with entries in an arbitrary commutative ring, which is a natural
transformation between two functors from the category of commutative rings to
the category of groups.

2.1.4 The Duality principle

The informal statement of the duality principle is that any result can be deduced
from category theory has a dual statement where all arrows are reversed i.e. do-
mains and codomains of all morphisms are interchanged.

Definition: For any category C, we can define its opposite category denoted by
C

op consisting of the same objects but all arrows are reversed. If C = Cop then it is
called self dual.

Definition: A functor of the form G:Cop
→ A is called a contravariant functor

from C toA.
It is called contravariant because the composition rulein this case is G( f ◦ g) =

G(g) ◦ G( f ), because all morphisms in C are reversed. Note that a functor from Cop

toAop is covariant because the composition rule is reversed two times.
Example: The assignment of cohomology groups to each topological space is a

contravariant functor form Top to Ab.
The formal duality principle: For any sentence in the language of category

theory following from axioms of categories, there is a dual statement which also
follows from the same axioms.
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2.1.5 Yoneda lemma

Yoneda lemma is considered one of the most important results in category theory. It
basically says that we can identify arbitrary objects in arbitrary categories knowing
only their relations with other categories, for example, we can identify a topological
space by knowing how the other topological spaces are mapped to it continuously.

Definitions:

1. Assume that C is a locally small category. We define the HomC(−,C) as a
contravariant functor from a category C to Set, sending an object d in C to the
set Hom(D,C) the set of all morphisms from D to C, and sending morphisms
in C to functions in Set according to the following rule :
If f : D → E is a morphism from D to E in C, Then HomC( f ,C) is a function
from Hom(E,C) to Hom(D,C) as the composition of the morphism form E to
C and f.

2. Let F be a covariant functor from C toA (locally small categories). F induces
a function

FC,A : HomC(C,A)→ HomA(F(C),F(A))

F is called faithful if FC,A is injective, and is called full if FC,A is surjective. If
FC,A is bijective then F is called Fully faithful.

3. We denote the category of all functors from C to A, with morphisms are
natural transformations, by Func(C,D).

4. Let C be a locally small category. Yoneda functor is defined as h : C →
Func(Cop,Set), mapping objects as C → Hom(−,C) and morphisms as a co-
variant version of definition 1(note that Yoneda functor is covariant).

Lemma(Yoneda): Let C be a locally small category. For every object C in C and
for every functor F in Func(Cop, Set), there is an isomorphism

Hom(hC,F) � FC,

where h is the Yoneda functor. Moreover, the isomorphism is natural in the sense
discussed before.

Theorem: The Yoneda functor is fully faithful.
Yoneda’s lemma tells us that all information of an object in a category, say an

unknown manifold we want to study, is entirely embedded in the set of functors
with other objects, in our example if we know how to map other manifolds to this
unknown manifold, then we can determine its structure entirely.

2.2 Manifolds

Here, we assume the reader to be familiar with the definition of real and complex
manifolds, tangent and cotangent spaces, tensors and lie groups. This section
follows the analysis of Ref [3,4].
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π−1(U)

U

U × Rk

π1

φ

π

Figure 4: This diagram’s commutativity represents the condition of local trivializa-
tion existence and it is refered to in the text by "Diagram 4".

2.2.1 De Rham cohomology.

Definition:A differential ω form is called exact if there exists another differential
form Ω such that dΩ = ω, and is called closed if dω = 0.

It is easy to prove that the vector space of exact forms is a subspace of the vector
space of closed forms. Their quotient is called De Rham cohomology, denoted by
Hk(M) (k is the degree of the forms and M is the manifold).

Proposition: If the dimension of the manifold is n then k > n =⇒ Hk(M) = 0.
An important property of de Rham cohomology is that we can define H∗(M) =⊕n
k=0 Hk(M) which can be shown to be an anticommutative graded ring over R.

Thus, De Rham cohomology is a contravariant functor from the category of C∞

manifolds to the category of anticommutative graded rings.

2.2.2 Vector bundles

Definition: A smooth k-dimensional vector bundle is a pair of smooth manifolds
E (called the total space), and M (called the base) with a surjective map π : E→ M
(called the projection), such that

1. ∀p ∈M Ep = π−1(p) (called a fiber of E over p) is a vector space.

2. ∀p ∈ M ∃ a neighborhood U of p such that U and the product U × RK are
diffeomorphic i.e. there exists a mapping ϕ : π−1(U) → U × Rk such that ϕ
is a diffeomorphism and diagram 4 commutes. In this case ϕ called a local
trivialization of E,

3. The restriction ϕ|Ep : Ep → {p} ×Rk is a linear isomorphism.

The idea of defining vector bundle is to associate a vector space to every point
in the manifold, or equivalently, parameterizing a family of vector spaces by a
manifold.

Examples:

1. The tangent bundle of a smooth manifold is the disjoint union of all tangent
spaces of every point in the manifold.

2. The cotangent bundle of a manifold is the disjont union of cotangent spaces
of the manifold.

12



Definition: Let π : E → M be a vector bundle over M. A section of E is a map
F : M→ E such that π ◦ F = IdM. A section is called smooth if F is smooth.

Examples:

1. A section over the vector bundle of a manifold is a vector field i.e. the vector
space of derivations on the manifold.

2. A section over the cotangent bundle is a covector field i.e. the vector space of
one forms on the manifold.

2.2.3 Dolbault Cohomology

On a complex manifold, at least locally, we can define coordinates as in real mani-
folds, the difference is that coordinated in this case can be divided into holomorphic
coordinates zi and antiholomorphic coordinates z̄i, for example a differential form
can locally be written as

ω = f (z1, z2, ..., zp, z̄1, z̄2, ..., z̄q)dz1 ∧ dz2 ∧ ... ∧ dzp ∧ dz̄1 ∧ dz̄2 ∧ ... ∧ z̄q.

This has an important consequence on the cohomology theory, that is the De Rham
complex is now bigraded not just graded as in the real case. Thus, we have to define
a holomorphic and antiholomorphic differentials, cohomologies, dimensions and
so on.

Notations: Let M be a complex mainfold, we denote the bigraded complex
vector bundle of all forms with p holomorphic and q antiholomorphic coordinate
dependence i.e. of bi degree (p,q) by Ωp,q and Γ(Ωp,q,M) is its space of sections.

We begin with defining adequate differential operators. Beginning with taking
the exterior derivative of a generic differential form and by the chain rule, we
can see that the exterior derivative can be decomposed into holomorphic and
antiholomorphic parts

dω = ∂ω + ∂̄ω

where ∂ is the holomorphic part i.e. a differential acting only on the holomorphic
part of ω, and ∂̄ is the antiholomorphic part which leads to the formal definition of
Dolbeault operators.

Definition: Let M be a complex manifold, the Dolbeault operators on its charts
are defined as

∂ : Γ(Ωp,q,M)→ Γ(Ωp+1,q,M),

∂̄ : Γ(Ωp,q,M)→ Γ(Ωp,q+1,M).

such that each operator is a derivation.
The next step is to define a cohomology with respect to Dolbeault operators,

defining holomorphic and antiholomorphic closed and exact forms is similar to the
real case, so the general cohomology group is defined as the quotient

Hp,q(M) =
ker(∂̄(Γ(Ωp,q,M))

Im(∂̄(Γ(Ωp,q−1,M)))
,
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Similar to Betti numbers, the complex dimensions of Doulbeault cohomology
groups are called Hodge numbers

hp,q(M) = dimC(Hp,q(M)),

which will be used extensively in chapter 4 and 5 in Calabi-Yau compactifications.

2.2.4 Integrability

Definition: Let M be an almost complex manifold with almost complex structure
J. If the lie bracket of any two holomorphic vector fields is holomorphic, then J
is said to be integrable. An integrable almost complex structure is said to be
a complex structure and an even dimensional manifold M equipped with the
complex structure is called a complex manifold.

Theorem: Let M be an almost complex manifold with almost complex structure
J. J is integrable if and only if the Nijenhuis tensor defined as

NJ(X,Y) = [X,Y] + J[X, JY] + J[JX,Y] − [JX, JY],

where [X,Y] is the lie bracket of the vector fields X and Y, vanishes for any two
vector fields.

We now define an important type of complex manifolds namely Kahler mani-
folds. Firstly, we observe that to any almost complex structure J provided that the
metric g is hermitian, we can associate a hermitian 2-form defined by ω(X,Y) =
g(X, JY).

Theorem: Let M be a complex manifold with a complex structure J, a hermi-
tian metric g and an associated hermitian 2-form ω, and let ∇ be the Levi-Civita
connection, then the following statements are equivalent ;

1. ∇ω = 0

2. ∇J = 0

3. dω = 0

The manifold satisfying these conditions is called a Kahler manifold.

2.2.5 Chern Classes

The motivation to define Chern classes is the question of whether or not two vector
bundles on a manifold are isomorphic. Chern classes give a necessary condition
on the existence of such isomorphism i.e. if two bundles do not have equal Chern
classes, they are not isomorphic.

Definition: Let E→M be a vector bundle over a manifold M with connection
form ∇whose curvature form is R∇. The total Chern class is defined as

c(E, t) = det(I +
i

2π
R∇)

The total Chern class can be expanded as

c(E, t) =
M∑

n=0

cn(E)
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where M ≤ max(dim(M), rk(E)) and cn(E) is called the nth Chern class.
In this thesis, only the first chern class is important and is given by c1(E) =

i
2π tr(R∇). We can see that the first chern class has a direct relation to the curvature
of the manifold, and also the canonical bundle. This relation allows to define an
interesting subclass of Kahler manifolds called Calabi-Yau manifolds as follows.

Theorem: Let M be a compact Kahler manifold of complex dimension n. The
following statements are equivalent:

1. M has a trivial canonical bundle.

2. The holomorphic bundle TM(1,0)
→M has a vanishing first chern class.

3. M has holonomy SU(n/2).

4. M is Ricci flat.

The manifold satisfying these conditions is called Calabi-Yau manifold.
The theory of Calabi-Yau manifolds is presented in more details in chapter 4.

2.3 Algebraic geometry

In this section I will review the basic theory of sheafs and schemes. I assume
the knowledge of algebraic and projective varieties, Noetherian rings, projective
geometry. This section will follow Ref [5,6].

2.3.1 Singularities and Blowups

We begin by reviewing the concepts of singularities in affine varieties and how to
resolve them.

Definition:Let V be an irreducible variety, a point in V is called singular if the
dimension of its tangent space is greater than the dimension of the variety.

In case of curves (one dimensional varieties), singular points take the form of
self intersections, cusps or multiples of them.

A way to resolve a singularity i.e. replacing the singular curve with a regular
one, is by blowing up the singularity. This is done by introducing additional
coordinates then express the curve in terms of the new extended coordinate system
which results in a regular curve and an additional exceptional curve.The procedure
is as follows:

Given a curve in the coordinate system {xi} ; i = 1, 2, ..., dim(X) where X is the
ambient space.

1. Introduce additional projective coordinates {yi} and impose the constraints
xiy j = x jyi for i, j = 1, 2, ..., dim(X). This defines a closed subvariety S⊂ V×Pn−1

2. Define the blowup map σ : S→ V to be the first projection.

3. To blowup a singularity z ∈ V consider the map σ−1 : V → S, the image of
every regular point is itself while the image of z is z × Pn−1, and the resulting
curve in non singular.

15



The image of the singular point is mapped to its projectified tangent space i.e. since
the point has infinitely many tangents, every tangent is mapped to a point in the
additional dimensions we introduced, or equivalently each tangent is mapped to a
point in an exceptional curve.

Example: Consider the curve y2 = x3 + x2, the curve has a singularity (self
intersection) at (0, 0). To blow up the singularity, firstly we define a new projective
coordinate t, then impose the condition xt=y. Substituting in the curve we get
x2(t2

− x − 1) = 0 i.e. two curves: a non singular curve t2
− x − 1 = 0 and an

exceptional curve x = 0.
If the resulting curve is again singular, we iterate this procedure until it is resolved.
If it will take infinite number of iterations, it can be resolved by Newton’s rotating
ruler method which is beyond the scope of this thesis.

Example: Consider the curve (x2 + y2
− 1)2 = 0 which represents two coincident

unit circles whose center is at the origin, each circle is called a branch of the curve
i.e. the curve consists of two coincident branches each one of them is a unit circle
whose center is at the origin. This curve has a singularity in every point since
every point is an intersection point between the two branches i.e. a self intersection
of the curve. This curve’s singularities can not be resolved by a finite number of
blowups because each singularity requires a blowup and there are infinite number
of singularities. The singularities of this curve can be resolved by Newton’s rotating
ruler method.

2.3.2 Sheafs

Definition: Let X be a topological space. Suppose we associate a set F (U) (called
a section of the presheaf) to every open set U ⊂ X , and a map ρV

U : F (V)→ F ((U)),
for every V containing U, satisfying the following:

1. U = ϕ =⇒ F (U) is a singleton.

2. ∀ open subset U of X, ρU
U is the identity map.

3. ∀ open sets U ⊂ V ⊂W, ρW
U = ρ

V
U ◦ ρ

W
V .

This system of sets and maps is called a presheaf, and is denoted by F .
If all the sets F (U) are groups, rings, fields,... ,then the presheaf F is called a

presheaf of groups, rings, fields,... .
Note that the three conditions in the definition are exactly the condition in the

definition of a functor discussed in section 1. This leads to a more general definition
for a presheaf.

Definition: An S-valued presheaf on a small category C, where S is a category,
is a contravariant functor from C to S. We recover the previous definition if we set
C = Top(X)(The category of open sets in the topological space X).

Definition: A presheaf F on a topological space X is a sheaf if ∀ open set U ⊂ X
and ∀ open cover of U (U = ∪αUα), the following conditions are satisfied:

1. Let s1 and s2 be arbitrary elements of F (U). Then, ∀UαρU
Uα

(s1) = ρU
Uα

(s2) =⇒
s1 = s2.
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2. Let Sα ∈ F (U). ∀Uα,Uβ ⊂ U, ρUα

Uα∩Uβ
(sα) = ρUβ

Uα∩Uβ
(sβ) =⇒ ∃s ∈ F (U); sα = ρU

Uα

for each Uα.

Basically a presheaf is a construction to associate data to open sets in a topological
space, a data can be groups so the presheaf is a presheaf of groups, or rings so
the presheaf is a presheaf of rings and so on. A sheaf is when this data can be
"glued" together throughout the topological space, and can be restricted to smaller
sets without distortion i.e. the total data equals the sum of data restricted in each
subset.

Example: An important example of a sheaf is the presheaf of rings on Spec(A)
the topological space of all prime ideals of a ring A. This sheaf is called the structure
sheaf on Spec(A), and is denoted by OA.

Non-Example: An example of a presheaf that fails to be a sheaf is the presheaf
where F (U) is the set of constant maps from U to a set M. This presheaf fails to
meet the second condition in the definition of a sheaf.

2.3.3 Schemes

Definition:Let X be a topological space, and let OX be a sheaf of rings on X, A
Ringed space is the pair (X,OX). In this case the sheaf OX is called the structure
sheaf of X. Obviously, ringed spaces form a category.

Definition: A Scheme is a ringed space (X,OX) such that every point x has a
neighborhood U (called an affine neighborhood of x)satisfying the condition that
the ringed space (U,OX|U) is isomorphic to Spec(A) for some ring A.Schemes form
a category

Examples:

1. Spec(A) itself is a scheme for any ring A.

2. Any polynomial with real coefficients determines a scheme in the real projec-
tive space, called a projective hypersurface.

Definition: A scheme X with a morphism from it to another scheme S is called
an S-scheme.

From the definition we can see that a scheme is the most general construction
we can do projective geometry on. It can be considered as the algebraic counterpart
of a manifold (Manifolds are locally homeomorphic to Rn, and a scheme is locally
isomorphic to Spec(A)). We define schemes because Manifolds can not be used in
algebraic geometry because here we are dealing with ratios of polynomials which
is far less easier to deal with than smooth functions.

2.3.4 Moduli

Moduli are one of the most important objects in the theory of deformation of
complex structures and consequently string theory. Physically, Moduli are massless
fields with no potential, so they can take any value without requiring energy but
each value can deform the complex structure to give different physical outcomes.
In this thesis, we will deal with it in a more mathematical way.
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Definition: A Modulus M is a contravariant functor from the category of
schemes to the category of sets sending every S-scheme to the set of classes of
isomorphic families of S(such a space whose points are isomorphism classes is
called moduli space), and sending every morphism to its pullback.

Example: Consider the scheme of all annuli, two annuli are conformally equiv-
alent (isomorphic in the scheme) is the ratio of the outer radius to the inner radius
is equal in both annuli. This can be reformulated into the statement: for every pos-
itive number greater than one, there is an infinite set of equivalent annuli having
the outer to inner radius ratio equal to this number. Thus, the moduli space for
annuli is the set [1,∞], and the outer to inner ratio is a modulus.

2.4 Cobordisms

Cobordisms are mathematical objects emerged to answer a question of whether a
given manifold is a boundary of a higher dimensional manifold. This tool will be
useful later when discussing the swampland project as cobordisms are related to
global symmetries in supergravity theories as will discuss later in chapter 9 in detail.
In this section we will briefly introduce cobordisms and cobordant manifolds and
their category theory generalisation.

Definition: Let M and N be two n dimensional smooth, compact manifolds.
M and N are called cobordant if there exists an n + 1 dimensional manifold with
boundaries W, called the cobordism joining M and N, and two embeddings i : M→
∂W, and j : N→ ∂W such that

1. i(M) ∩ j(N) = ϕ

2. ∂W = i(M) ∪ j(N)

Figure 5: Here M and N are two dimensional cobordant manifolds due to the
existence of the 3 dimensional manifold W whose boundaries are comprised entirely
of M and N without them intersecting.

Definition: Let M be n dimensional smooth compact manifold, the set of all n
dimensional manifolds cobordant to M is called the cobordism class of M, and is
denoted by [M].
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Clearly the set of cobordims classes of n dimensional manifolds equipped with
the disjoint union as an operation is an Abelian group (with the identity is [ϕ] and
the inverse of each element is the element itself). Thus, the set of cobordisms classes
of n dimensional manifolds is also a category denoted by Bordn whose objects are
n dimensional manifolds and a morphism from a manifold E to a manifold F is the
n + 1 dimensional manifolds defining the cobordism between them.

3 String compactifications

In this chapter we review some compactification models of superstring theories
without flux. As type I superstring theory is just type II superstring theory on an
orbifold, it is sufficient to consider only type II and heterotic syperstrings.

3.1 compactification of type II string theory on a circle

The easiest compactification scheme is to compactify on S1 leading to a 9D the-
ory. While it is not realistic, it serves as a tool to understand more sophisticated
compactifications. Compactifications on circles and tori are reviewed in [7-10].

In this scheme the 10D underlying manifold of the theory is written asM10 =
M9 × S1 whereM9 is a non compact 9D manifold.

Since one dimension is compact, its momentum must be quantized. On a circle

X9(σ + l, t) = X9(σ, t) + 2πRω

where X9 is the coordinate along the compact dimension, l is the length of the string,
R is the radius of the circle, σ and t are the parameters of the parameter space, and
ω is the winding number i.e. the homotopy class of the string.

The momentum is then p9 =
k
R where k is an integer. On decomposing into left

and right moving modes, the momenta are

pL =
k
R
+
ωR
α′

pR =
k
R
−
ωR
α′

with mass formulae

M2
L =

p2
L

2
+

2
α′

(NB +NF + E0)

M2
R =

p2
R

2
+

2
α′

(N̄B + N̄F + Ē0)

where NB is the left moving bosonic mode number, NF is the left moving fermionc
mode number and E0 is a constant, the quantities with bars are their right moving
counterparts. Note that there are no tachyons in the spectrum.

We now focus on the massless modes. In the original 10D theory, the space is
9D so the symmetry group is SO(8), after the compactification the non compact
space is 8D so the symmetry group must be SO(7) i.e. we need to decompose the
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representations of SO(8) into representations of SO(7) to get the particle content
after compactification.

The Neveu Schwartz (NS) sector is decomposed as 8V → 7 ⊕ 1 where 8V is the
vector 8D representation of SO(8) and 7 is the vector representation of SO(7). For
Ramond (R) sector the decompositions are 8S → 8 and 8C → 8 where 8S and 8C are
the chiral representations of SO(8) of left and right movers respectively, and 8 is
the spinor representation of SO(7). Note that all information about chirality is lost
in the process because no chirality can be defined in odd dimensions, this indicates
that compactification on a circle can not result in a chiral theory.

Deducing the particle content can be done by taking tensor products of NS and
R sectors to form the full string contents:
- NS-NS sector:

(7 ⊕ 1) ⊗ (7 ⊕ 1) = 27 ⊕ 21 ⊕ 7 ⊕ 7 ⊕ 1 ⊕ 1

i.e. a graviton, a KR field, two vector fields and two scalar fields.
R-NS sector:

8 ⊗ (7 ⊕ 1) = 48 ⊕ 8 ⊕ 8

i.e. one Rarita- Schwinger field and two spinor fields. and same for NS-R sector.
R-R sector:
IIA:

8 ⊗ 8→ (1 ⊕ 7) ⊕ (21 ⊕ 35)

i.e. A scalar, one form and a three form.
IIB:

8 ⊗ 8→ (1) ⊕ (7 ⊕ 21) ⊕ (35)

i.e. a scalar, two form and a four form.
This field contents means that the theory has 32 supercharges (N = 8 supergravity
in 4D) which is the maximal supersymmetry, we can then conclude that circle
compactifications can not break any supersymmetry. Thus compactification on
circles and spheres without flux can not give a realistic particle physics theory.

3.2 Toroidal Compactification of type II superstrings

In this section we study the case of compactification on square tori of dimension
d which are products of d circles. Firstly, we define parameters on tori. Since a
torus is a product of circles and a circle can be considered as a line segment with its
endpoints identified i.e. a quotient space. Therefore, we can define a torus also as
a quotient space as follows:
Firstly, define the equivalence relation ∼ on Rd ,where d is the number of compact
dimensions, by

Xi
∼ Xi + 2πRi

where Ri is the radius of the circle in the ith compact dimension comprising the
torus and i runs over the compact dimensions.

A torus is defined as the quotient space Rd/ ∼. In the case that all Ri are equal
the torus is called a square torus.
By this definition we have d compact dimensions, this means that there are d
quantized momenta Pi =

k+i
R where ki are integers. Additionally, in this case we
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have winding number ωi for every compactified dimension measuring how many
times the string is wrapped on it, this number coincides with the homology class
of a circle.

The Lagrangian for this theory is given by

S =
1

2π

∫
∞

0
d2σ[

1
2α′

Gi j(γµν∂µXi∂νX j) +
1
α′

Bi j∂σ1X
i∂σ2X

j],

where Gi j is a symmetric 2 form (graviton), Bi j is an antisymmetric 2 form (KR
field), σ1, σ2 are the parameters of the parameter space of the worldsheet, Xi are the
coordinates on the worldsheet and γµν = diag[1,−1].

Since this compactification does not alter any oscillatiory mode (because it is
already periodic), it is sufficient to work on the zero modes, i.e. we can expand the
coordinates as follows

Xi = xi
0 + ẋiσ1 +

2πR
l
ωiσ2,

where l is the length of the string. Here we set σ1 to be the time coordinate and σ2

to be the parameter on the string at a fixed time.
Substituting in the Lagrangian and integrating, we get

S =
l

2π
[

1
2α′

Gi j(ẋiẋ j
− (

2πR
l

)2ωiω j) +
2πR
lα′

Bi jẋiω j]

The canonical momentum is then given by

pi =
l

2πR
Gi jẋ j + Bi jω

j,

But the quantization condition is pi =
ki
R , equating and solving for ẋ j we get

ẋ j =
2πR

l
Gi j(

ki

R
− Kikω

k)

substituting back to get the worldsheet coordinates and after some algebra we get
the left and right moving sectors of the momentum

pL,i =
ki

R
+

Rω j

α′
(Gi j − Bi j),

pR,i =
ki

R
+

Rω j

α′
(−Gi j − Bi j).

Note that the momenta are no longer parameterized by one integers but two. Thus,
they form a 2D lattice where D is the dimension of the compact torus used. This
lattice is even, self dual and is called Narain lattice.

To prove this, first define the coordinates of the lattice to be (pL, pR). In the
Lorentzian signature scalar product, the product of any two points in the lattice is
even.
Proof: Let (pL, pR) and (p′L, p

′

R) be two arbitrary points in that lattice, the inner
product is

(pL, pR) · (pL, pR) = 2
∑

i

[kiω′i + k′iω
i]
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which is an even integer.
The self dual part is obvious because the theory must be modular invariant

which is a well known symmetry that holds in string theory.
The moduli space of the theory can be deduced from this lattice description

(equivalent lattices correspond to equivalent theories). Narain lattices by definition
are unique up to SO(d, d) transformations, but in this case each point in the lattice
used here is invariant under SO(d)×SO(d) because mass states of the theory depends
only on the sum of squares of momenta as will deduced afterwards. Additionally,
two lattices are give the same theory if they are T dual i.e. invariant under T duality
group SO(d, d,Z) (Remember that T duality change the sign of the right movers only
so the point in the lattice will be transformed by an integer value). From this we
can say that the moduli space of the theory is the quotient group

SO(d, d)
SO(d) × SO(d) × SO(d, d,Z)

.

Now we deduce the field content of the theory: From the formulae for momenta
deduced earlier, we can derive the mass formulae for left and right movers to be

M2
L =

2
α′

(NF +NB + E0) +
p2

L

2
,

M2
R =

2
α′

(N̄F + N̄B + E0) +
p2

R

2
.

The field content is derived from the level matching condition as in the usual string
theory. Here we only stress on the fact that the field content has 32 supercharges
i.e. N = 8 supergravity in 4D, this is because tori are just products of circles and
we saw in the previous section that compactifications on circles can not break any
supersymmetry, thus, the theory will be maximally supersymmetric.

3.3 Compactification of type IIB superstrings on AdS5 × S5

Compactification on AdS5 × S5 particularly is an interesting model because it was
proven to be exactly dual to N = 4 super Yang Mills theory by two independent
methods: the first method was by using AdS/CFT correspondence, and was shown
to be the case by Metsaev and Tseytlin[11], and the second was by considering a
stack of N coincident D3 branes in the limit N→∞[12] and studied further in [13].
This means that the field content and the supersymmetry of the theory is already
known. Here we review the action, equations of motion and some properties.

Firstly, note that the symmetry group is the super lie group PSU(2, 2|4) whose
super lie algebra has no representations in terms of supermatrices but in terms of
quotients of supermatrices, for more mathematical properties see[14-16].

The action is unique and consists of two terms: the metric term and the Wess
Zumino term. The metric term is as usual

S1 = −
R

4πα′

∫
d2σ[
√

−hhµνGµν],
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where R is the radius of the metric of AdS5 × S5, hµν is the inverse of the worldsheet
metric. It can also be written in terms of a one form J1 defined in[17] as

S1 =

√
λ

16π

∫
str(J1 ∧ ⋆J1),

where λ = R4

α′2 , str is the supertrace, and ⋆J1 is the Hodge dual to J1.
The Wess Zumino term is proportional to the only non zero psu(2, 2|4) invariant

two form namely str(J2 ∧ J3). Thus, the total action is given by

S =
√
λ

16π

∫
str(J1 ∧ ⋆J1) −

√
λ

8π

∫
str(J2 ∧ J3).

The invariance under PSU(2, 2|4) induces a conserved current which is given by

J = J1 + ⋆J3.

The equations of motion coincide with the conservation of the dual of the current
namely d ⋆ J = 0, in terms of Ji we get

d ⋆ J1 + dJ3 = 0.

The general features of this theory is that its bosonic part coincides with the standard
sigma model on AdS5 × S5, the theory has local κ symmetry which is responsible
of removing half of the supersymmetries, that is why this model hasN = 4 super-
symmetry instead of N = 8. The analysis of kappa symmetry is beyond the scope
of this thesis for more details see[18]. Another feature is that the theory reduces
to the usual type IIB superstring theory in the limit R → ∞. For more detailed
analysis of these type of models see[19-21].

Other compactifications to AdS space exist and are numerous, for example there
are compactifications on orbifolds to AdS like AdS5 × S5/Z2 but this type of models
were rules out due to Dirac quantization rule of charges which will be discussed
in chapter 7. Other models include compactifications on various combinations of
circles, tori and other manifolds are reviewed in[22] and references therein.

3.4 Compactification of heterotic strings on a circle

In this section we review the compactification of heterotic superstrings on a circle
without Wilson lines, compactifications with Wilson lines are presented in[9].
Heterotic strings are combination of bosonic left movers and superstrings as right
movers. Thus, we repeat the analysis in section 3.2 with the adequate changes and
show that using heterotic string theory can eliminate half of supercharges in the
same compactification model.

Once again, compactification on a circle means that one coordinate must satisfy

X9(σ + l, t) = X9(σ, t) + 2πRω,

where X9 is the compact dimension, σ and τ are the parameters parameterizing the
string’s worldsheet, l is the length of the string, R is the radius of the circle and ω
is the winding number.
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The corresponding momentum is quantized as in type II case with the difference
that the left moving part is bosonic and is 26 dimensional. Thus, the left moving
momentum consists of two parts: 10D part similar to the superstring momentum
discussed before, and an additional internal 16D momentum denoted by Pint =√

2
α′P where the

√
2
α′ factor is added for future convenience.

The momenta of the 10D part are given by

pR =
k
R
+

Rω
α′
,

pL =
k
R
−

Rω
α′
,

where pR and pLis the right and the left moving momenta respectively and the
square of the mass is given by

M2
R =

p2
R

2
+

2
α′

(N̄B + N̄F + E0),

M2
L =

p2
L

2
+

P2
int

2
+

2
α′

(NB − 1) =
p2

L

2
+

2
α′

(NB + P − 1),

where MR and ML are the right and left movers’ mass respectively.
Note that in the case of bosonic strings the momentum shift is known to be -1
which is the reason why bosonic string spectrum has tachyons, in cases of heterotic
E8 × E8 and SO(32) strings tachyons do not exist. Also, the left mover’s mass has a
contribution from the internal momentum but no fermionic contribution as it is a
bosonic sector.

We now derive the particle content and prove that this theory has half the
number of supercharges of its type II counterpart. The decomposition of SO(8) for
right movers is done as before namely, 8V → 7 ⊕ 1 and 8C → 8. As before, chirality
is lost i.e. it is not possible to obtain chiral theories from this compactification
scheme. For the left movers we do not have Ramond and Neveu-Schwartz sectors,
the lowest energy particle states are as follows:

1. αi
−1|0 > where i − 1, 2, ..., 10 are the 10D states propagating with the right

moving superstring sector and is decomposed as αi
−1|0 >→ 7 ⊕ 1.

2. αI
−1|0 > where I = 11, 12, ..., 26 are the 16D states in the internal space of the

bosonic sector which decompose as αI
−1|0 >→ 1, as they are in a different

space so no gauge group affects them.

3. |P >I which are the on shell momentum states (remember that bosonic string
states are specified by two parameters: energy and momentum), these states
also decomposed as |P >I→ 1 as it is in the internal space.

To get the whole particle content of the heterotic theory, we take tensor products
of each superstring state with each bosonic string state

8V ⊗ α
i
−1|0 >→ (7 ⊕ 1) ⊗ (7 ⊕ 1) = 27 ⊕ 21 ⊕ 7 ⊕ 7 ⊕ 1 ⊕ 1
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i.e. a metric, a KR field, two vectors , a scalar and a dilaton.

8V ⊗ α
I
−1|0 >→ (7 ⊕ 1) ⊗ 1 = 7 ⊕ 1

i.e. a spinor and a scalar.

8V ⊗ |P >I→ (7 ⊕ 1) × 1 = 7 ⊕ 1

i.e. a vector and a scalar.

8C ⊗ α
i
−1|0 >→ 8 ⊗ (7 ⊕ 1) = 48 ⊕ 8 ⊕ 8

i.e. a Rarita-Schwinger field (gravitino) and two spinors.

8C ⊗ α
I
−1|0 >→ 8 ⊗ 1 = 8

i.e. a spinor.

8C ⊗ |P >I→ 8 ⊗ 1 = 8

i.e. a spinor.
This particle content is a 9D supergravity with 16 supercharges so in 4D we get

N = 4 supergravity, this is half the supersymmetry of type II on a circle due to the
fact that bosonic states never decomposes to spinors, this results in decreasing the
number of spinors, so the number of supercharges by half.

3.5 Toroidal compactification of heterotic superstrings

We generalize the previous section to tori (products of circles). As in the case of
type II superstrings we consider square d dimensional tori.
The action of the theory is a mixture between actions on the 10D space of super-
strings and the internal bosonic 16D space and is given by

S =
∫

d2σ[GIJη
µν
− BIJϵ

µν]∂µXI∂νXJ,

where I, J are indices in the internal space, µ, ν are indices on the superstring space,
ϵµν is the totally antisymmetric tensor in the superstring space, ηµν is the inverse of
the Minkowski metric in the superstring space, σ1 and σ2 are the parameters in the
parameter space and the derivatives are on superstring space coordinates.

Following similar calculations to section 3.3, the momenta are given by

PI =

√
2
α′

PI

pL,i =
ki

R
+

Rω j

α′
(Gi j − Bi j),

pR,i =
ki

R
+

Rω j

α′
(−Gi j − Bi j),

where PI is the internal momentum in the 16D internal space of the left movers and
the index I runs over this space and ωi are the winding numbers.
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These results are similar to that of type II but with extra internal momentum for the
bosonic extra 16D internal space. The extra momentum is a part of the left moving
sector i.e. the quantized left moving momentum space is 16 + d dimensional not d
dimensional as the right moving momentum space.

The next step is to deduce the moduli space of the theory. The momenta
form a d(d + 16) Narain lattice with coordinates represents left and right moving
momenta (so the dimension of the lattice is the product of dimensionalities of the
two momentum spaces).

As the mass spectrum only depends on the magnitude of vectors in the lattice,
the lattice is unique up to SO(16+d, d) rotations, but left and right moving momenta
rotate in the groups SO(16 + d) and SO(d) respectively i.e. each point is invariant
under the group SO(16+ d)× SO(d). Considering also the T duality group SO(16−
d, d,Z), we get the moduli space

SO(16 + d, d)
SO(16d) × SO(d) × SO(16 − d, d,Z)

.

Finally, the mass spectrum is given by

M2
L =

2
α′

(PIPI +NB − 1) +
p2

L

2
,

M2
R =

2
α′

(N̄F + N̄B + E0) +
p2

R

2
,

here the index I is being summed over.
The particle content of the theory is deduced similar to the last section, it gives

a 9D supergravity with 16 supercharges i.e. N = 4, 4D supergravity which is half
of the number of supercharges of type II toroidal compactification.

It is worth mentioning that the resulting theory is not chiral (no chiral fermions
can be found in the spectrum) because on decomposing group representations,
chiral representations with different chiralities decompose to the same lower di-
mensional group, so the chirality is lost, this happens in circle and toroidal com-
pactifications because only rotation groups are used.

3.6 Motivation for Calabi Yau compactifications

In all the previous compactifications, there are some problems:

1. There are too many supercharges; a realistic model of particle physics must
be at most N = 1 supersymmetric in 4D which is not true in circle, toroidal
compactifications and compactifications to AdS spaces discussed before.

2. The models discussed before can never produce chiral fermions which were
observed in nature (this can also be done in some orbifold compactifications[23-
25] but it is beyond the scope of the thesis).

To solve these problems we must choose another suitable manifold to compact-
ify on. In their renowned paper[26] Candelas, Horowitz, Strominger and Witten
showed that this manifold must be a Calabi-Yau manifold.
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The paper studies heterotic string compactification on Calabi-Yau manifolds.
They proved that N = 1 4D supersymmetry requires the manifold to have SU(3)
holonomy, and it must be Ricci flat to eliminate the conformal anomaly as we will
discuss in chapter 5.

Other results show that Calabi-Yau manifold compactifications can produce
chiral fermions and generations of particles similar to the standard model (the
number of generations is equal to half of the manifold’s Euler characteristic). Thus,
it is the best candidate to compactify on without turning on any flux.

Note that in any of the previous compactification schemes turning on flux can
break supersymmetry and introduce chiral fermions which gives us a realistic
models without dealing with complicated manifolds like Calabi-Yau manifolds,
flux compactifications are discussed in detail in chapter 7.

4 Calabi Yau manifolds

In this chapter we present the basic theory of Calabi-Yau manifolds, we study
Calabi-Yau three fold specifically because it has real dimension 6 which is suitable
for compactifying 10D string theory to 4D particle physics theory. We also review
some specific examples of Calabi-Yau manifolds and their moduli spaces which
will be used to construct models of particle physics in the next chapter.

4.1 The basic theory

Recall from chapter 2 that a Calabi-Yau manifold is defined as a Ricci flat Kahler
manifold, from now on we only consider compact manifolds. In this section we state
some useful facts about Calabi-Yau manifolds, and introduce Calibrated geometry
which will be used in model building of string compactifications.

An important fact for a Calabi-Yau n-fold is that Ricci flatness is equivalent to
the existence of a covariantly constant (n, 0) form which, as will see in the next
chapter, means that there is at mostN = 2 supersymmetric theories on Calabi-Yau
manifolds, this also means that

hn,0 = h0,n = 1,

where hp,q are the Hodge numbers, the full Hodge diamond of a Calabi-Yau three
fold is displayed in [27].

4.1.1 Calibrated Geometry

Calibrated geometry was first introduced by Harvey and Lawson[28].
Definition: Let (M, g) be a Riemannian manifold and TxM is the tangent space

to a point x ∈ M. An oriented tangent k-plane on M is a k dimensional subspace
of TxM for some x equipped with an orientation.

Oriented k planes inherit metrics from the ambient manifold as the restriction
of g on the planes. Since they are orientable, they have a volume form which can
be defined similar to volume forms in Riemannian manifolds (using the inherited
metric).
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Definition:Let ϕ be a closed form on a Riemannian manifold (M, g), ϕ is called
a Calibration on (M, g) if for every oriented k plane V on M, ϕ|V ≤ volV, where ϕ|V
is restriction of ϕ on V and volV is the volume form on V. A Riemannian manifold
equipped with a calibration is called Calibrated manifold.

Definition: Let N be a k dimensional oriented submanifold of a calibrated
Riemannian manifold M, then every tangent space is an oriented k plane of M. We
call N a Calibrated submanifold if ϕ|TxN = volTxN for all x ∈ N.

From this definition we can conclude that a calibrated submanifold admits the
minimum volume out of all submanifolds in the homology class, this is due to the
fact that its volume equals the restriction of the defined calibration which is less
than or equal to volume forms of any homology equivalent submanifold.

Now we apply these definitions on Calabi-Yau manifolds.
Definition: Let (M, J, g,Ω) be a Calabi-Yau manifold, then it is automatically

calibrated with calibration Re(Ω), a k dimensional submanifold N is called Special
Lagrangian submanifold if it is also calibrated with respect to Re(Ω).

Equivalent Definition: Let (M, J, g,Ω) be a Calabi-Yau manifold with Kahler
form ω and let N be a k dimensional submanifold, then N is called Special La-
grangian if ω|N = Im(Ω)|N = 0.

Calibrated geometry is very important to construct compactifications models
with Wilson loops as flux, we will not get into their details but refer to them in
chapter 7.

4.2 Example

4.2.1 K3 surfaces

In this section we follow the analysis of [29] to introduce K3 surfaces and their
moduli spaces.

Definition:A Complex K3 surface is a compact connected complex manifold
with complex dimension 2 (hence real dimension 4) such that it has a trivial canon-
ical bundle and h1,0 = 0. Clearly any complex K3 surface is a Calabi Yau manifold.

Examples:

1. A smooth projective A quartic quartic surface is a K3 surface.

2. A projective quartic surface with the maximal number of 16 singular points
is a K3 surface called Kummar surface.

Non example: A torus is not a K3 surface.
For the purpose of model building we require an additional structure on the

used K3 surface, the reason will be clear in the next chapter. The resulting surface
is called polarized K3 surface which is defined as follows.

Definition: A polarized K3 surface of degree 2d is a K3 surface X with an ample
line bundle L which is primitive such that L2 = 2d.
Now we study moduli spaces of K3 surfaces. We state the proposition without
proof.

Proposition: Let (X,L) be a polarized K3 surface then, its moduli space exists
and is of the form of a Deligne Mumford stack.
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5 Calabi Yau compactifications

In this chapter we show why compactifications on Calabi Yau manifolds without
flux give the most phenomenologically plausible low energy particle physics theo-
ries than compactifications any other manifolds (also without flux). We also discuss
the problems this scheme faced resulting in the introduction of flux compactifica-
tions and the use of new mathematics namely, generalised complex geometry.

We study the aforementioned topics in the cases of type II superstrings (type
I theories can be viewed as type II theories on an orbifold), heterotic superstrings
and heterotic non supersymmetric string theories. Then, we briefly review some
explicit models on specific Calabi Yau manifolds.

5.1 Compactifications of bosonic strings as a toy model

In this section we present the technique used in [30] and use it on bosonic string
theory as a toy model so that we can quote its results in the later sections.
We begin with the Polyakov action in D dimensions describing a string propagating
on an ambient manifoldM:

S = −
1

4πα′

∫
d2σ
√
γ[(γαβGMN(X) + iϵαβBMN(X))∂αXM∂βXN + α′ΦR],

where M,N = 1, 2, ...,D, α′ is the Regge slope, α, β = 1, 2, d2σ = dσ1dσ2 such that σ1

and σ2 are the parameters used to parameterize the world sheet, γαβ is the induced
metric on the world sheet, γ = detγαβ, GMN is the metric of the ambient manifold,
ϵαβ is the totally antisymmetric tensor i.e. the permutation symbol, BMN is an
antisymmetric tensor field i.e. Kalb-Ramond field, ∂α = ∂

∂σα , XM are the coordinates
on the ambient manifold, Φ is a scalar field i.e. the dilaton and R is the Ricci scalar
of the world sheet.

In this chapter we use complex coordinates as parameters i.e. σ1 = z and
σ2 = z̄ because they are more convenient in the later transformation to superstring
models. In this case we use the notations ∂1 = ∂ = ∂z and ∂2 = ∂̄ = ∂z̄. We also use
the conformal gauge γαβ = e−2ηδαβ, where η is a function of the parameters σ1 and
σ2. In this case R = −4∂∂̄ηe−2η.
The action in this gauge reads

S = −
1

4πα′

∫
d2ze(d−2)η[(GMN(X) + iBMN(X))∂αXM∂βXN + α′Φ(−4∂∂̄η)], (1)

where d is the dimension of the target space, but since in string theory the target
space is the world sheet i.e. 2 dimensional therefore, the exponential factor cancels
from the action.

For this theory to be conformally invariant i.e. conformal anomaly free, the
expectation value of the trace of the energy momentum tensor must vanish. Cal-
culating the mentioned quantity we get

< Tρρ >= (−
1

2α′
βG

MNGαβ
−

i
2α′

βB
MNϵ

αβ)∂αXM∂βXN + 2βΦ∂∂̄ηe−2η,
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where ρ = 1, 2, Gαβ is the pulled back metric to the world sheet, and the beta
functions βG, βB and βΦ are given by

βG
MN = α

′(RMN + 2∇M∇NΦ −
1
4

HMPQHPQ
N ) +O(α′2), (2)

βB
MN = α

′(−
1
2
∇

PHPMN + ∇
PΦHPMN) +O(α′2), (3)

βΦ = α′(
D − 26

6α′
−

1
2
∇

2Φ + ∇MΦ∇
MΦ −

1
24

HMNPHMNP) +O(α′2), (4)

where H = dB is the field strength of the field B, ∇M is the covariant derivative, D is
the dimensions of the ambient manifold and RMN is the Ricci tensor of the ambient
manifold. For the details of the calculations see[31-34].

We require that < Tρρ >= 0 i.e. all the beta functions must be zero for the theory
to be anomaly free. Turning off all flux i.e. H = 0 we get the requirements

RMN + 2∇M∇NΦ = 0, (5)

D − 26
6α′

−
1
2
∇

2Φ + ∇MΦ∇
MΦ = 0. (6)

So far we were using a general D dimensional manifold as an ambient manifold
for the theory and we need to compactify all the extra dimensions to get a 4
dimensional particle physics theory i.e. the ambient manifold must be decomposed
as MD = M4 ×MD−4, where M4 is a 4 dimensional manifold called the external
manifold which we take to be Minkowskian, and MD−4 is a (D-4) dimensional
manifold called the internal manifold, and we require that the internal manifold
to be compact. Also, we impose the condition ∇2Φ = 0 otherwise we will have a
fifth long range force which is not observed in nature. This implies that ∇MΦ is a
constant and since the internal manifold is compact Φ must attain a maximum on
MD−4 i.e. ∇MΦ = 0 at this point so on the whole manifold. Using these requirements
in equations 4 and 5, we get

Rab = 0,

D = 26

where a, b run over the internal manifold’s coordinated, this means that the internal
manifold is Ricci flat and the spacetime dimensions must be 26.

Since bosonic string theory has no fermions in its spectrum therefore, it has no
spinor fields so the internal manifold may not be Calabi Yau. However, bosonic
string theory can not be used to construct a realistic model of particle physics at
low enegies but used just as a toy model for calculations needed later as we will
see in the next few sections.

5.2 Type II superstring theories Compactifications on Calabi Yau
manifolds

In this section we will repeat the analysis in the previous section in the case of type
II syperstring theories.
The first step is to introduce superpartners for the bosonic variables. We define the
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Rarita-Schwiger field ψM to be the superpartner of GMN called a gravitino, and χM

to be the superpartner of XM called the gaugino.
The next step is to define an action which is invariant under local supersymmetry

transformations. To do this step we need to define new variables, first of all
the introduction of a fermionic variables implies the introduction of fermionic
coordinates on the world sheet, we denote them by θ and θ̄. Fermionic coordinates
are Grassmannian numbers i.e. they satisfyθ2 = θ̄2 = 0, the theory of Grassmannian
numbers is beyond the scope of this thesis, for more details see[35]. Accordingly,
we define a new derivative operators as follows

D = ∂θ + θ∂z.

D̄ = ∂θ̄ + θ̄∂z̄.

where ∂θ = ∂
∂θ and ∂θ̄ = ∂

∂θ̄
.

We decompose the superfields according to Grassmannian numbers theory as fol-
lows:

XM(z, z̄, θ, θ̄) = XM(z, z̄) + θχM(z) + θ̄χ̄M(z̄),

GMN(z, z̄, θ, θ̄) = GMN + θψ
M(z) + θ̄ψ̄(z̄).

Noting that in the complex coordinates and their Grassmannian counterparts all
gamma matrices vanish except γz

θθ and γz̄
θ̄θ̄

, and both are equal to the identity
matrix. We can use the action (1) directly with the following transformations

XM
→ XM(z, z̄, θ, θ̄),

GMN → GMN(z, z̄, θ, θ̄),

∂→ D, ∂̄→ D̄,

η→ η(z, z̄.θ, θ̄),

d2z→ d2zd2θ,

where d2θ = dθdθ̄.
The action then reads

S = −
1

4πα′

∫
d2zd2θ[(GMN(z, z̄, θ, θ̄)+iBMN(z, z̄, θ, θ̄)))DXM(z, z̄, θ, θ̄))D̄XN(z, z̄, θ, θ̄))

+α′Φ(−4DD̄η(z, z̄, θ, θ̄)))]. (7)

This action is clearly invariant under supersymmetry transformations. For the
explicit form of the transformations (without flux) see[33].

With similar calculations to the previous section, the expectation value of the
energy momentum tensor is given by

< Tρρ >= (−
1

2α′
βG

MNGαβ
−

i
2α′

βB
MNϵ

αβ)DXMD̄XN + 2βΦDD̄ηe−2η,

where the beta function are given by

βG
MN = α

′(RMN + 2∇M∇NΦ −
1
4

HMPQHPQ
N ) +O(α′2), (8)
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βB
MN = α

′(−
1
2
∇

PHPMN + ∇
PΦHPMN) +O(α′2), (9)

βΦ = α′(
D − 10

4α′
−

1
2
∇

2Φ + ∇MΦ∇
MΦ −

1
24

HMNPHMNP) +O(α′2), (10)

where H = dB is the field strength of the field B, ∇M is the covariant derivative but
replacing the ordinary derivative with the previously introduced supersymmetric
derivative, D is the dimensions of the ambient manifold and RMN is the Ricci tensor
of the ambient manifold.

Similar to the previous section we turn off all fluxes and require that all the beta
functions to vanish. This gives us the conditions

D = 10,

RMN = 0,

i.e. the theory is anomaly free only in 10 spacetime dimensions, and the ambient
manifold is Ricci flat.

The next step is to assume that the ambient manifold is of the formM4 ×M6,
whereM4 is Minkowski space. The condition on the internal space is

Rmn = 0,

where m,n = 1, 2, ..., 6.
On the other hand the supersymmetry transformation for ψM can be used to

derive another condition on the internal manifold as follows:
The transformation is

δψM = ∇Mϵ,

where ϵ is the supersymmetry parameter and a similar condition for ψ̄, we continue
the analysis withψ only and it should be understood that there are similar equations
for ψ̄.

Since the action is supersymmetric therefore, δψM = δψ̄ = 0. Thus

∇Mϵ = 0. (11)

And since the ambient manifold was decomposed into internal and external man-
ifolds, the spinor ϵ must also be decomposed to an internal part and an external
part

ϵ = ξ ⊗ ρ.

where ξ is a spinor in the externam Minkowsli space and ρ is a spinor in the internal
manifold.
Substituting in eq.(11) and noting that the covariant derivative vanish on the
Minkowski space, we get the condition

∇mρ = 0.

This means that there exist two covariantly constant spinors on the internal man-
ifold(one from ψ and one from ψ̄). Thus, The internal manifold is a 6D complex
manifold with two covariantly constant spinors which is Ricci scalar i.e. a Calabi
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Yau manifold.
The problem with this result is that there are two covariantly constant spinors on
the manifold, this means that the resulted particle physics theory in 4D will be
N = 2 supersymmetric which is not plausible phenomenologically as discussed
before in chapter 4.

Another concern is that Calabi Yau manifolds have large moduli spaces which
are translated into the spectrum as massless fields with no potential. This means
that the vacuum expectation value of these fields can change without any energy
cost i.e. freely, this kind of fields was not observed in nature moreover, the masses
of particles and vlues of coupling constants in the 4D theory depend on the vacuum
expectation value of the moduli. Thus, we need to fix moduli values, this process is
called moduli stabilization and require some flux to be turned on motivating new
type of compactifications called flux compactifications which will be disussed in
chapter 7.

5.3 Heterotic superstring theories compactifications on Calabi Yau
manifolds

In this section we repeat the procedure in the previous section in the case of heterotic
superstring theories.

The superpartners are to be introduced similar to the previous section but in this
case we introduce one Grassmannian coordinateθ, that is because in heterotic string
theory only the left movers are supersymmetric, we also use complex coordinates.
To define an appropriate action we begin with defining new supersymmetric values
similar to the previous section. We define a derivative operator

D = ∂θ + θ∂z,

and supersymmetric variables as follows:

XM(z, z̄, θ) = XM(z, z̄) + θχM(z),

GMN(z, z̄, θ, θ̄) = GMN + θψ
M(z).

The action is defined using (1) with the following transformations

XM
→ XM(z, z̄, θ, (̄θ)),

GMN → GMN(z, z̄, θ),

∂→ D,

η→ η(z, z̄, θ),

d2z→ d2zdθ,

The action then reads

S = −
1

4πα′

∫
d2zdθ[(GMN(z, z̄, θ) + iBMN(z, z̄, θ)))DXM(z, z̄, θ))∂̄XN(z, z̄, θ))

+α′Φ(−4D∂̄η(z, z̄, θ)))]. (12)
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The expectation value of the energy momentum tensor is given by

< Tρρ >= (−
1

2α′
βG

MNGαβ
−

i
2α′

βB
MNϵ

αβ)DXM∂̄XN + 2βΦD∂̄ηe−2η,

where the beta function are simmilar to the beta functions in equations 8,9,10 but
with only half of the derivatives are supersymmetric. Equating them to zero we
get

D = 10,

RMN = 0.

i.e. the theory only anomaly free in 10 spacetime dimensions and the ambient
manifold is again Ricci flat.
Decomposing the manifold into an external and internal partM =M4×M6, where
M4 is a Minkowski space andM6 is compact, the condition on the internal manifold
is

Rmn = 0.

The transformation is
δψM = ∇Mϵ,

where ϵ is the supersymmetry parameter.
The action is supersymmetric therefore, δψM = 0. Thus

∇Mϵ = 0. (13)

The ambient manifold was decomposed into internal and external manifolds thus,
the spinor ϵ must also be decomposed to an internal part and an external part

ϵ = ξ ⊗ ρ.

where ξ is a spinor in the externam Minkowsli space and ρ is a spinor in the internal
manifold.
Substituting in eq.(13) we get the condition

∇mρ = 0.

On the contrary of the previous section, here there exists only one covariantly
constant spinors on the internal manifold. Thus, The internal manifold is a Calabi
Yau manifold.

This compactification scheme gives N = 1 supersymmetric 4D theory which
is phenomenologically plausible but the issue of moduli is still a problem for this
scheme as well.

5.4 Non-Supersymmetric string theory compactifications on Cal-
abi Yau manifolds

Non supersymmetric string theories are theories resulting from supersymmetry
breaking of heterotic superstring theories, the most famous non supersymmetric
string theory is the SO(16) × SO(16) which is the theory resulted from supersym-
metry breaking of E8 × E8 heterotic string theory, or equivalently its T-dual the
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SO(32) heterotic string theory. The details of non supersymmetric string theories
are beyond the scope of this thesis, for more details see[36].

We will not repeat the procedure again, instead we describe how to get non su-
persymmetric string theories compactifications from heterotic string theories com-
pactifications. The relation between the two type of theories’ compactifications is
shown in fig.5 below. To complete our description we state how to break super-
symmetry in heterotic string theories, then the rest will be similar to the previous
two sections.

To break supersymmetry in heterotic string theories we use certain topological
twists, the theory of topological twists is beyond the scope of this thesis for more
details see[37]. In the upcoming discussion, we follow [38]:
Firstly, we divide the fermionic and bosonic variables into to two categories: the
variables in the non supersymmetric theory and will be labeled by the subscript
A and variables not in the non supersymmetric theory which are labeled by the
subscript X if they belong to the E8 × E8 theory, or Y if they belong to the SO(32)
theory. This categorization is displayed in figure 1 in Ref[38].
Now we define the supersymmetry breaking twists as follows:
From E8 × E8 theory we apply the twists

XM
A → XM

A , XM
X → −XM

X ,

χM
A → −χ

M
A , χM

X → χM
X .

Here we assumed that all gauginos have positive chirality.
From SO(32) theory we apply the twists

XM
A → XM

A , XM
Y → −XM

Y ,

χM
A → −χ

M
A , χM

Y → χM
Y .

Here we assumed that all gauginos have negative chirality.
Applying these twists to the heterotic string action, we get a non supersymmet-

ric string theory. Then we calculate the expectation value of the energy momentum
tensor, equate the beta functions to zero, decompose the ambient manifold then
deduce a condition on the internal manifold. This procedure has a caveat that after
the twist there are no preserved spinors on the internal manifolds. Thus, we can
not derive any restrictive conclusion on it unless we consider manifolds with line
bundles, this indeed gives the restriction we need to conclude that the manifold
must be Calabi Yau, but since the line bundles are considered as background flux
(because they are on the manifold itself not derived from the theory), twists and
flux compactifications will be discussed in more detail in chapter 7.
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6 Generalized Complex geometry

Generalized complex geometry was introduced by Hitchin[39] and Gualtieri’s PhD
thesis[40]. The main motivation is to give a geometric meaning to the B-field in a
rigorous way. In this chapter we review the basic theory following [41].
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6.1 G-Structures

Firstly, we set up the notation used. Throughout this chapter let M be a compact
manifold with local patches Uα, E be a bundle over M with fiber F and section s,
TM be the tangent bundle over M, T∗M be the cotangent bundle over M.

As discussed in chapter 2, the bundle E is locally a product M × F but globally
it can be a much more complicated structure. Therefore, we must define transfor-
mations to see how does the fiber transform from one patch to other neighbouring
patches, in this way we may be able to examine global properties of the bundle.
These transformations are called transition functions, and they play a key role
in defining G-structures as we will see. It is easy to see that the set of transition
functions with the composition of functions for a group, this group is called the
structure group. The other key concept to define a G-structure is the tangent frame
bundle.

Definition: The tangent frame bundle denoted by FM associated to TM is a
bundle over M whose fiber at each point p ∈ M is the set of ordered basis of the
tangent space of M at this point TPM.

Let’s describe this bundle in a more practical way, consider two different patches
Uα and Uβ which are nieghbourhoods of a point p ∈ M with local trivializations
(p, ϵα) and (p, ϵβ) respectively, where ϵα and ϵβ are the local basis for TpM on the
patch Uα(β), physicists call them local frames of reference. Now suppose there is
an overlap between the two patches, then the relations between the bases on the
two patches are

ϵα = ϵβtαβ,

where tαβ are the transition function from Uα to Uβ.
But from differential geometry we know that the relations between basis on different
patches are given by

ϵα =
∂x
∂x̄
ϵβ,

where x =(x1, x2, ..., xn) such that xi are the normal coordinates over Uα, and x̄ is
the same for Uβ. Thus ∂x

∂x̄ is the Jacobian matrix that transforms one set of normal
coordinated to the other.

Equating the last two equations we see that the group transition functions i.e.
the structure group can be represented as a group of linear transformations i.e. the
structure group is GL(n,R). On the other hand the basis ϵα can also be considered
as a matrix (as each element for example ϵ1 is an element of the basis i.e. a vector).
Thus, ϵα ∈ GL(n,R). Then, collectively the fiber of the frame tangent bundle is
GL(n,R). This gives an equivalent definition for the tangent frame bundle.

Equivalent definition: A tangent frame bundle is the principal bundle whose
fiber is the structure group.

We are interested in the cases where there exists an invariant structure over the
manifold M, i.e. the same on all patches, this implies that the transition functions
that change this invariant structure must be excluded leaving a subgroup G of
the old structure group as the reduced structure group or equivalently, a reduced
tangent frame bundle over M.

Definition:A manifold M has a G-structure if it is possible to reduce its structure
group to the group G, and the invariant used to do so is called the G-invariant.
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Example: Suppose we have a globally defined linear transformation

J : TM→ TM,

such that
J2 = −Id,

i.e. an almost complex structure. In this case every matrix preserving this structure
is a block matrix of two diagonal blocks each one is an n

2 ×
n
2 complex matrices. This

implies that the group of all matrices preserving J is isomorphic to GL(n
2 ,C) i.e. an

almost complex manifold always has a GL(n
2 ,C) structure.

6.2 Elements of generalized complex geometry

The procedure is to replace the tangent bundle with the sum of the tangent and
the cotangent bundle TM→ TM⊕ T∗M called the generalized tangent bundle, and
repeat everything in complex geometry with it.

We define a generalized tangent vectorX as a sum of a tangent vector and a one
form

X = X ⊕ ξ,

where X ∈ TM is called the vector part, and ξ ∈ T∗M is called the one form part.

6.2.1 The metric and the volume form

On the generalized tangent bundle we can define a metric in a natural way, unlike
the tangent bundle, as follows: given two generalized vectors X = X ⊕ ξ and
Y = Y ⊕ η, we define the canonical metric by

I(X,Y) =
1
2

(ξ(Y) + η(X)).

It is easy to see that this metric has a signature of (n,n), and is defined globally on
the manifold thus, it reduces the structure group to O(n,n).
Additionally, this metric comes witha natural volume form defined as

volI =
1

(d!)2 ϵ
i1i1,,,in∂xi1 ∧ ... ∧ ∂xin ∧ ϵi1i1,,,indxi1 ∧ ... ∧ dxin ,

where ϵi1...in and ϵi1...in are totally antisymmetric permutation symbols and ∂xi j =
∂

∂xi j
.

Since there are two multiplied permutation symbols in the volume form therefore,
the volume form does not depend on the orientation thus, the structure group
is reduced once more to the transformations that do not change orientation i.e.
SO(n,n). This means that the generalized tangent bundle comes naturally with an
SO(n,n) structure on its base manifold.
The generators for SO(n,n) are[

A 0
0 (A−1)T

]
, eB =

[
Id 0
B Id

]
, eβ =

[
Id β
0 Id

]
,
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where A is the structure group of the tangent bundle, B is a two form, β is a two
vector.
it is easy to see that the action of eB is

eB(X ⊕ ξ) = X + (ξ − B · X),

where · is the interior product i.e. contraction. Similarly for eβ

eβ(X ⊕ ξ) = (X − ξ · β) + ξ.

The actions of eB and eβ are usually called twists.

6.2.2 (Twisted) Courant bracket

The Courant bracket in generalized complex geometry is the counterpart of the Lie
bracket in differential geometry, it is defined as follows

Definition: Let X = X ⊕ ξ and Y = Y ⊕ η be two generalized vector fields, their
Courant bracket is given by

[X,Y]C = [X,Y] +LXη − LYξ −
1
2

d(η · X − ξ · Y),

where [X,Y] is the Lie bracket of X and Y, LX is the Lie derivative with respect
to X, d is the exterious derivative and η · X is their contraction. This operation is
well defined but it fails as a generalization of a Lie bracket because it is not a Lie
bracket itself because it does not satisfy the Bianchi identity. To fix that we define
the twisted Courant bracket by a closed three form H as follows

[X,Y]H = [X,Y]C + (H · X) · Y.

It is called "twisted" because it satisfies

[eBX, eBY]H−dB = eB[X,Y]H.

This is indeed a Lie bracket unless H = 0 it would be a Courant bracket.
Physically, we interpret B as the B-field in string compactifications and H to be

its field strength i.e. a flux. Thus, if we turn on fluxes on compactifying we can use
use generalized complex geometry to give a geometric meaning to the flux H as the
twist in the internal manifold and for the B-field as the action of the coordinated
due to this twist, in the language of field theories H is a physical field and B is its
potential.

6.2.3 Polyforms and pure spinors

Definition: A polyform ϕ is the formal sum of forms of different dimensions.
The interior product of polyforms and generalized tangent vectors is defined as

X · ϕ = X · ϕ + ξ ∧ ϕ,
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where X = X ⊕ ξ.
Now let’s compute the action of an anticommutator of two generalized tangent
vectors on a polyform, the resukt is

{X,Y} · ϕ = 2I(X,Y)ϕ.

This is interesting because it means that generalized tangent vectors form a Clifford
algebra (act as gamma matrices in quantum field theory language). Thus, polyforms
transform in the spin representation of Spin(n,n), we can use this to define different
kinds of spinors like Majorana-Weyl spinors with a rigorous geometrical meaning
but this is beyond the scope of this thesis.

Another interesting fact is that polyforms come with a natural bilinear form
called Mukai pairing defined as follows:
Let ϕ1 and ϕ2 be two polyforms, their Mukai pairing is

< ϕ1, ϕ2 >= ϕ1 ∧ σ(ϕ2)|top,

where σ is the operator reversing all indices of the polyform and |top denotes the
projection of the top form i.e. the form with dimension n. This pairing is equivalent
to the charge conjugation matrix in classical or quantum field theory.
Note that Mukai pairing is invariant under twisting i.e.

< eBϕ1, eBϕ2 >=< ϕ1, ϕ2 > .

So far we dealt with general polyforms and shown that they transform as spinors,
now we define a special class of polyforms called pure spinors.
Firstly we need to define the null space of a polyform which is a similar to null
spaces in linear algebra.

Definition: Let ϕ be a polyform, the null space of ϕ is the subbundle

Lϕ = {X;X · ϕ = 0},

i.e. all generalized tangent vectors annihilating ϕ.
Definition: A subbundle L is called isotropic if for every two generalized tangent

vectors X and Y in L
I(X,Y) = 0.

Definition: We say that L is maximally isotropic if its rank equals half the rank
of the generalized tangent bundle.

Definition: A polyform ϕ is called a pure spinor if its null space is maximally
isotropic.

A pure spinor and its isotropic null space induce a decomposition of the space
of all polyforms as follows

Λ∗T∗M ⊗ C =
⊕

−n/2≤k≤n/2

Uk,

where
Uk = Λ

n/2−kL · ϕ,

where we denote Λ∗T∗M to be the space of all polyforms and Λn/2−k to be the space
of all n/2 − k dimensional sections of L · ϕ, this means that Uk is what we get be
applying an antisymmetric product of n/2 − k generalized tangent vectors of L on
ϕ. This decomposition is called a filtration.

40



6.2.4 Twisted exterior derivative, generalized complex structures and integra-
bility

Now we define the analogue of the exterior derivative in generalized complex
geometry i.e. the twisted exterior derivative.
Given a polyform ϕ, its twisted exterior derivative is given by

dHϕ = dϕ +H ∧ ϕ,

which satisfies
d2

H = 0.

Definition: A pure spinor ϕ is called a generalized Calabi Yau a la Hitchin if

dHϕ = 0,

i.e. it is closed under twisted exterior derivative.
Now we introduce generalized complex structures.

Definition:A generalized almost complex structure is a map

J : TM ⊕ T∗M→ TM ⊕ T∗M,

satisfying
J

2 = −Id,

and that the metric is Hermitian with respect to J i.e.

I(JX,JY) = I(X,Y)

for every generalized tangent vectors X and Y.
The previous two conditions reduce the structure group to U(n/2,n/2). Note that
we can define a generalized almost complex structure J from an almost complex
structure J as follows:

J =

[
−J 0
0 JT

]
.

This structure decomposes the bundle into two, each of which corresponds to an
eigenvalue of J namely i and -i, the bundle corresponds to i is called LJ and the
other is L̄J . The integrability of such structure can be studies using two different but
equivalent approaches, the first straightforward one is analogous to the integrability
of complex structures studied in chapter 2:

Definition: The generalized almost complex structure J is integrable if LJ is
involutive under twisted Courant bracket i.e.

X,Y ∈ Γ(LJ ) =⇒ [X,Y]H ∈ Γ(LJ ).

The other way is to firstly notice that we can associate a complex pure spinor with
isotropic null space to every generalized almost complex structure, and this null
space is the i eigenbundle of the generalized complex bundle. we denote this
associated spinor by ϕJ .
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Theorem: An almost complex generalized bundle is integrable if and only if its
associated spinor satisfies

dHϕJ = X · ϕJ ,

for some generalized tangent vector X.
This can be used as an equivalent definition of integrability. As in the case of

complex geometry, an integrable generalized almost complex bundle is called a
generalized complex bundle.

6.3 Generalized Calabi Yau manifolds

In this section the aim is to define the generalized Calabi Yau geometry which is of
utmost importance in flux compactifications as we will see the next chapter.

As we have seen in the previous chapter the existence of a globally defined
spinor on the internal manifold i.e. some preserved supersymmetry, forces the
geometry to be Calabi Yau i.e. to have SU(n/2) holonomy group on its patches. In
the G-structure language we say that supersymmetry forces an SU(n/2) structure
on the internal manifold. Here we define the generalized version of this situation.
We begin by defining the U(n/2) ×U(n/2) structure as follows:

Definition: A U(n/2) × U(n/2) structure consists of two generalized almost
complex structures J1 and J2 such that they commute and the metric −IJ1J2 is
positive definite. This structure is called H twisted generalized Kahler structure
if the two generalized almos complex structures are H integrable.

Theorem: The generalized tangent bundle has a U(n/2) × U(n/2) structure if
and only if there exists pure spinor bundlesΨ1 andΨ2 such that they satisfy:

1. Ψ2 ∈ Γ(U0), where Ui is a filtration associated toΨ1. Equivalently,Ψ1 ∈ Γ(V0),
where Vi is a filtration associated toΨ2.

2. The metric on the generalized complex structures to which Ψ1 and Ψ2 are
associated is positive definite.

The obstruction of introducing globally defined spinors on this structure is the
overall factor ambiguity of ψ1 and Ψ2, to remove this ambiguity we reduce the
structure group to SU(n/2) × SU(n/2) be imposing the normalization condition

< Ψ1, Ψ̄1 >=< Ψ2, Ψ̄2 >= 0,

where < . > is the Mukai pairing and Ψ̄i is the complex conjugate ofΨi. In this case
Ψ1 andΨ2 are globally defined, physically this means that there is some preserved
supersymmetry in the resulting theory. We can now define the generalize Calabi
Yau geometry which will be used in the next chapter.

Definition: A generalized Calabi Yau geometry a la Gualtieri is an SU(n/2) ×
SU(n/2) structure such that

dHΨ1 = 0,

and
dHΨ2 = 0.

This geometry is also called twisted generalised Calabi Yau geometry.
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This will be used to model the compactification manifold of string theory with
flux, this is remarkable because it allows us to describe fields and fluxes in string
theory in a purely geometric way as we will see in the next chapter.

7 Flux compactifications

In the fifth chapter we saw that string compactifications have some problems like
non broken supersymmetry and the fact that these types of compactifications give
rise to moduli which can be interpreted as a long range force carriers. To deal
with these problems, we have to turn on some fluxes to give potentials to the
moduli in order to stabilize them. In this chapter we discuss some models of
flux compactifications. Since this topic is very diverse with many models being
proposed, we only discuss the most generic model in each string theory type and
refer to other models.

7.1 Fluxes and charges

By a flux we mean a differential form defined on the manifold in question. Fluxes
representing potentials introduced in the theory whose field strength satisfy a
certain Bianchi identity as we will see. We present the different types of potential
forms (i.e. fluxes) below.

To define a charge, consider an n-form flux Fµ1µ2...µn , this represents the field
strength of an (n-1) potential. We define the charge of the mentioned flux by

Q =
∫
∂Σ

Fµ1µ2...µn−10,

whereΣ is the manifold the flux is defined on, and ∂Σ is its boundary defined when
setting the nth coordinate to a value, without loss of generality we can set it to zero.

7.1.1 Dirac quantization rule

In string theory charges due to a flux are defined on D branes are represented by
currents through the strings attached to these branes. Thus, be charge conservation
the strings must form a closed loop or the branes must be wraped on closed cycles,
this must be satisfied by all the flux in the compactification scheme to be viable,
this condition leads to Dirac quantization condition∫

Σn

Fn = 2πN,

where Fn is an n-form flux, Σn is an n cycle and N is a natural number. For more
details on different approaches to derive this condition see[42].

The most important consequence (of Dirac quantization condition is that it
rules out some compactifications for example the compactification on AdS× S5/Z2,
to solve this issue we have to introduce orientifolds with fractional charges to satisfy
the conditions, these type of compactifications are beyond the scope of this thesis,
for more details and how orientifolds of different dimensions are introduced see
[43].
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7.1.2 Types of fluxes

In this section we present the types of fluxes derived from string theory action
directly i.e. not introduced by hand on the manifold.

Remember that superstring theories have two sectors: Neveau Schwarz (NS)
sector and Ramond (R) sector each of which has its own potential forms. We focus
here on the massless section of both sectors, in NS massless sector there is the
metric tensor, the Kalb Ramond field (B) and the dilaton (Φ), the metric can not be
considered as a flux because it is a property of the manifold so the fluxes here are
B and Φ, we will discuss the dilaton flux later.
we define the field strength form of B as follows

H = dB,

which satisfies the Bianchi identitiy dH = 0.
For the massless R sector we have different potentials according to the theory, in

this thesis we use the democratic formulation [44]. In this sector (called RR sector
because it is derived from R sector of left and right movers) we can define three
types of field strength forms

1. Fn = dCn−1 +meB,

2. F(10)
n = dC −H ∧ C +meB,

3. F(10) =
∑

n F(10)
n ,

where C in both cases is the potential with the right rank, and m is the mass
parameter m = F0. The Bianchi identity of the flux are given by

1. dFn = 0,

2. dF(10)
n = 0,

3. dF(10) = H ∧ F(10),

with another condition imposed by the democratic formulation

F(10)
n = (−1)[n/2] ⋆ F(10)

10−n,

where [n/2] is the integer part of n/2.
Finally, we address the dilaton which is a scalar field i.e. a zero form, in theories

allowing zero forms flux in their RR sector, the dilaton is combined with the form
to form one flux for example in type IIA superstring theory, there is an RR zero
form C0 then the total flux will be τ = C0 + ieΦ. In theories who do not allow zero
form potentials the dilaton will represent the topological term in the action i.e. the
coupling constant for gravitational interactions as usual in string theory.
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7.2 Compactifications on Twisted tori

We saw in chapter 3 that toroidal compactifications results inN = 8 supesrymmetric
low energy models which is too much supersymmetry for a realistic model and
the fact that a torus can not induce chiral fermions. These two problems can be
solved by introducing an additional geometric structure to the torus, namely a
twist, which is equivalent to turning on a flux in the string model. In this section
we briefly review the resulting low energy model and the challenges it faces.

7.2.1 Twisted tori

We begin by defining a twisted torus mathematically as follows: Let M be a d
dimensional manifold with coordinates xi, we equip the manifold M with a basis
of non vanishing one form σm i.e. a rank n tensor T on M can be written as T =
Tµ1µ2...µnσ

1σ2...σn where Tµ1µ2...µn are the tensor’s components and µi = 1, 2, ..., d ∀i ∈
{1, 2, ...,n}. This manifold with the one form basis is called a twisted d dimensional
torus by a group G if

1. The coordinated xi satisfy periodicity conditions: xi is identified to xi + 2πRi

where Ri is the radius of the torus in the ith direction (as each direction is a
circle as the case of ordinary torus).

2. the form basis satisfy the structure equation

dσm +
1
2

f m
npσ

n
∧ σp = 0,

where the quantities f m
np are the structure constant of a lie group G representing

the twisting as will be explained later, these quantities satisfy the Jacobi
identity

f q
[mn f t

p]q = 0.

where [mnq] is a commutator of indices.

To describe twisted tori are we have to note that a torus has two classes of non
contractible closed curves, and a vector field defined on the torus can be trans-
formed along the curves in a well defined manner. The main idea of twisting is to
transform a vector field defined on the torus by the action of the group G wherever
it is transformed along a non contractible closed curve, it is similar to holonomy
but for finite (not infinitesimal) non contractible curves, a simple example is shown
in figure 6 below.

Note that when the twisting group G is the trivial group, all the structure
constants are zero and we recover the ordinary torus.
From this definition we can easily see that in the context of string theory, a twisted
torus can be thought of as a torus with flux turned on [45], and from this we study
the compactification on this geometry as flux compactification on a torus.
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Figure 6: A simple example of a twisted torus when the twisting group G is the
rotation group, a vector field defined on this twisted torus will be rotated each time
it revolves along a non contractible curve i.e. one rotation alone the curve will be
equivalent to an action of the rotation group.

7.2.2 The compactification model

To perform a compactification of bosonic string theory on these type of tori, we
use generalised geometry discussed in chapter 6 to get an O(d, d) invariant theory
where d is the dimension of the twisted torus.

Firstly, we define the Lie algebra of symmetries of the theory as

[Zm,Zn] = f p
mnZp − KmnpXp,

[Xm,Zn] = − f m
npXp,

[Xm,Xn] = 0,

where Xn are the generators of the gauge transformations of the flux, Zn are the gen-
erators of the diffeomorphisms on the twisted torus, f n

mp are the structure constants
of the underlying Lie group of the twisted torus, and Knmp are constant coefficients
satisfying the integrability conditions Kt[mn f t

pq] = 0.
To define a generalised geometry we define the generalised vector

TA = (Zm,Xm),

where A = 1, 2, ..., 2d, which is an O(d, d) vector as it satisfies

[TA,TB] = f C
ABTC.

Secondly, we write the Lagrangian as

L = R ⋆ I +
1
2
⋆ dϕ ∧ dϕ −

eaϕ

2
⋆ F ∧ F,

where R is the Ricci scalar of the manifold Md+4 = M4 × Td such that Td is the d
dimensional twisted torus, I is the identity form, ϕ is the dilaton and F = dB where
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B is the Kalb Ramond field.
Now we separate the internal space i.e. the twisted torus from the internal
Minkowski space and write the metric as

ds = gµνdyµdyν + gmndxmdxn,

where gµν is the minkowski metric with µ, ν = 1, 2, 3, 4, yµ are the coordinates on
the Minkowski space, gmn is the internal metric where m,n = 1, 2, ..., d.

In this formalism we note that the external component of the Kalb Ramond field
Bµν transforms as a two form, the internal components Bmn transforms also as a
two form and Bm transforms as a d vector additionally, there is another d vector Am

representing the connection form on the torus. From these fields we can construct
the generalised metric

M
AB =

[
gmn

−Bmngnp

−Bmpgnp gmn + gpqBmpBnq

]
,

along with the generalised vectors

A
A =

[
Am

Bm

]
,

representing the internal vector due to the connection on the generalised geometry
and

F
A =

[
Fm

Gm − BmnFn

]
,

where Gm is defined in [46], this generalised vector representing the flux.
Using all these variables we can write the Lagrangian of the compactified theory

as
L = eϕ(R ⋆ I + ⋆dϕ ∧ dϕ +

1
2
⋆ G3 ∧ G3 +

1
4

LACLBD ⋆DMAB
∧DMCD

−
1
2

LACLBDM
AB ⋆ F C

∧ F
D
−

1
12
M

AD
M

BE
M

CFtABCtDEF

+
1
4
M

ADLBELCFtABCtDEF),

where G3, DMAB and LAB are defined in [45].
This models bosonic string theory on twisted tori, for supersymmetric counter-

parts see[46-50], the resulting theories contains chiral fermions solving the problem
in toroidal compactifications without flux however, the supersymmetric models
give N = 4 supersymmetric low energy models after adding flux which is an im-
provement compared to the N = 8 theories without flux, but still has too much
supersymmetry to be a realistic model. For models with additional flux are intro-
duced see[45].

47



7.3 Compactifications of type II superstrings on Generalized Cal-
abi Yau manifolds

In this section we review compactifications of types IIA and IIB superstring theories
with flux on manifolds with SU(3) structure, we focus on flux compactifications
leavingN = 1 unbroken supersymmetry, and prove that any consistent such theory
is equivalent to a compactification on generalised Calabi Yau manifold reviewed in
chapter 6.

7.3.1 Torsion classes

In this section we define torsion classes for manifolds with SU(3) structure, as fluxes
leading to N = 1 supersymmetric low energy effective models are completely
specified by the manifold’s torsion classes[51].
From basic differential geometry, we know that to any manifold we can define
a torsion tensor. On manifolds with SU(3) structure, the torsion tensor Tm

np ∈

Λ1
⊗ (su(3) ⊕ su(3)) can be decomposed into tensors of different representations as

follows
Tm

np = (1 ⊕ 1) ⊗ (8 ⊕ 8) ⊗ (6 ⊕ 6̄) ⊗ 2(3 ⊕ 3̄),

where the bar represents the adjoint representation. We call the first term i.e. 1 ⊕ 1
the first torsion class of the manifold, obviously it represents a complex scalar
and is denoted by W1. The second term is a complex (1, 1) form, it is called the
second torsion class and is denoted by W2. The third term is a real formal sum of
forms (2, 1) + (1, 2) and is denoted by W3. The last term is in fact two copies of a
representation so is two classes, one is a real one vector and one is a real one form,
the former is called the fourth torsion class, denoted by W4, and the later is called
the fifth torsion class denoted by W5.

For a manifold with both complex structure J and a symplectic structure Ω we
can write [52]

dJ =
1
2

Im(W̄1Ω) +W4 ∧ J +W3,

dΩ =W1J2 +W2 ∧ J + W̄5 ∧Ω.

Having written the differentials of the complex and symplectic structures in terms
of torsion classes, we can classify manifolds with SU(3) structures only by knowing
their torsion classes as in [52], this will be used in the next section to specify the
types of manifolds used in the compactifications we are considering.

7.3.2 Type II compactifications with flux

Firstly, we answer the question: why do we consider only manifolds with SU(3)
structure? The answer is that we require that the manifold is Calabi Yau if all the
fluxes vanish to match the results in chapter 5. Thus, an SU(n) structure is required
and we take n = 3 so the manifold will be 6 dimensional.
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Now, we write the supersymmetry transformations and derive theN = 1 solu-
tions. For type II superstrings, the supersymmetry transformations are

δψM = (∇M +
1
8

HMNPΓ
NPΓ11 +

eΦ

16

9∑
n=0

1
n!

FN1N2...NnΓ
N1N2...NnΓMΓ

[ n
2 ]

11 σ
1)ϵ,

δλ = (ΓN∂Nϕ +
1
2
ΓMPQHMPQΓ11 +

1
8

eϕ
9∑

n=0

(−1)n

n!
(5 − n)FP1P2...PNΓ

P1P2...PNΓ[n/2]
11 σ1)ϵ

for type IIA and

δψM = (∇M −
1
8

HMNPΓ
NPσ3 +

eΦ

16
[
∑
n odd

1
n!

FN1N2...NnΓ
N1N2...NnΓMσ

1+

∑
n even

i
n!

FN1N2...NnΓ
N1N2...NnΓMσ

2])ϵ,

δλ = (ΓN∂Nϕ −
1
2
ΓMPQHMPQσ

1 +
eϕ

8
[
∑
n odd

(−1)n

n!
(5 − n)FP1P2...PNΓ

P1P2...PNσ1+

i
∑
n odd

(−1)n

n!
(5 − n)FP1P2...PNΓ

P1P2...PNσ2])ϵ

for type IIB, where ψM are the two gravitinos, λ is a vector containing the two
dilatinos, ϵ is the supersymmetry parameter i.e. supersymmetry spinor, Γ are the
Dirac matrices in different dimensions, F are the RR fluxes, H are the NS fluxes, ϕ is
the dilaton, ∇ is the covariant derivative, σi are the Pauli matrices. Note that when
all fluxes vanish we get the results in chapter 5.

As explained before, we can split the supersymmetry Weyl spinors into internal
and external parts as follows

ϵ1 = ξ1
+ ⊗ η+ + ξ

1
−
⊗ η−,

ϵ2 = ξ2
+ ⊗ η− + ξ

2
−
⊗ η+,

for type IIA, and
ϵ1 = ξ1

+ ⊗ η+ + ξ
1
−
⊗ η−,

ϵ2 = ξ2
+ ⊗ η+ + ξ

2
−
⊗ η−,

for type IIB, where ξ1,2 are the 4D spinors, η1,2 are the 6D spinors and the subscripts
+ and − label the chirality of the spinors.

This setup in general gives N = 2 supersymmetry as discussed in chapter 5,
here we can adjust the fluxes so that the two spinors are not independent i.e. we
require the 4D spinors to be proportional then solve for the vacuum solutions
using the adjusted flux, in practice we impose the condition that the 4D spinors are
proportional then solve for the fluxes representing the required vacua.
The imposed conditions are

ξ1 = aξ,
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ξ2 = bξ,

where a and b are complex functions. This means that the two 4D spinors are
proportional to a common spinor and thus the resulting vacuum will preserve one
globally defined spinor i.e. N = 1 supersymmetric.

Substituting in the supersymmetry transformations and equate to zero, we get
a set of equations relating possible fluxes with the torsion classes presented in
the previous section, after rather tedious calculations[53] we get the set of N = 1
solutions in terms of torsion classes as following tables taken from[51]

Figure 7: The set of allN=1 solutions of type IIA superstring theory. The columns
represent the solutions and the rows represent the fluxes in each representation.

Figure 8: N=1 so;utions for type IIB superstring theory with the last column is
displayed separately
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2abW3 = eϕ(a2 + b2) ⋆6 F(6)
3 ,

(a2
− b2)W3 = −(a2 + b2) ⋆6 H(6)

3 , (*)

2abH(6)
3 = −eϕ(a2

− b2)F(6)
3 ,

where ⋆6 is the 6 dimensional Hodge star operation and the superscript represents
the representation the flux in,

eϕF(3̄)
3 =

−4iab(a2 + b2)
a4 − 2ia3b + 2iab3 + b4 ∂̄a,

eϕF(3̄)
5 =

−4iab(a2
− b2)

a4 − 2ia3b + 2iab3 + b4 ∂̄a,

H(3̄)
3 =

−2i(a2 + b2)(a2
− b2)

a4 − 2ia3b + 2iab3 + b4 ∂̄a,

W4 =
2(a2
− b2)2

a4 − 2ia3b + 2iab3 + b4 ∂̄a, (**)

W̄5 =
2(a4
− 4a2b2 + b4)

a4 − 2ia3b + 2iab3 + b4 ∂̄a,

∂̄A =
4(ab)2

a4 − 2ia3b + 2iab3 + b4 ∂̄a,

∂̄ϕ =
2(a2 + b2)2

a4 − 2ia3b + 2iab3 + b4 ∂̄a.

These represent all possible N = 1 supersymmetric low energy models from
type II superstring theory.

7.3.3 Generalised geometry formulation

In this section we derive all the previous results using generalised geometry re-
viewed in chapter 5, we prove that all the solutions can be encoded in 4 equations
and are compactifications on twisted generalised Calabi Yau manifolds.

Here we have a complex structure J and a symplectic structure Ω on a gener-
alised manifold with SU(3) ⊕ SU(3) structure. In this case we can define two no
where vanishing bispinors[54,55]

Φ+ = η+ ⊗ η
†

+,

Φ− = η+ ⊗ η
†

−
.

On the generalised manifold we can consider the two bispinors as two components
of one generalised bispinor i.e. one spinor is conserved so the solutions haveN = 1
supersymmetry.
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Now we substitute in the supersymmetry transformations and equate to zero (the
full calculations are done in [56]), the resulting equations are: For type IIA

e−2A+ϕ(d +H∧)(e2A−ϕab̄Φ+) = 0,

e−2A+ϕ(d +H∧)(e2A−ϕabΦ−) = dA ∧ āb̄Φ̄− −
eϕ

16
[(|a|2 − |b|2)FIIA+ − i(|a|2 + |b|2) ⋆ FIIA−],

where FIIA± = F0 ± F2 + F4 ± F6.
The first equation tells us that any compactification manifold must be twisted
generalised Calabi Yau and the second equation gives information about the type
of twisted generalised Calabi Yau used for each solution i.e. the equation used to
tell us for each choice of flux which manifold must be used.
For type IIB

e−2A+ϕ(d −H∧)(e2A−ϕabΦ−) = 0,

e−2A+ϕ(d +H∧)(e2A−ϕabΦ−) = dA ∧ ābΦ̄+ +
eϕ

16
[(|a|2 − |b|2)FIIB+ − i(|a|2 + |b|2) ⋆ FIIB−],

where FIIB± = F1 ± F3 + F5.
The first equation says that the manifold is twisted generalised Calabi Yau and the
second gives the information about classifications of the solutions.

7.4 Heterotic string theory compactifications with flux

As shown in chapter 4, low energy models of heterotic string theories are already
N = 1 supersymmetric but it is important to consider flux compactifications be-
cause the moduli problem in heterotic string theories are more severe than type II
theories, this is due to the back reaction on the geometry when introducing new
objects; in type II theories back reactions are always controlled and can be dealt
with perturbatively, in heterotic string theories this is not always the case. Thus,
we need to introduce flux to stabilize the moduli in a way that control all possible
changes in the geometry.

In this section we review flux compactifications of a generic heterotic superstring
theory with only H flux turned on.
Following the analysis of [57], we begin by writing down the supersymmetry
transformations and equating them to zero to get

(∇M +
1
8

HMNPΓ
NP)ϵ = 0,

(ΓM∂Mϕ)ϵ = 0,

ΓMNFMNϵ = 0,

the third equation is trivially satisfied in our case as only H flux are on.
Decomposing ϵ into 4D and 6D parts

ϵ = ξ ⊗ η + ξ̄ ⊗ η̄,
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where ξ is the 4D part, η is the 6D part, ξ̄ = (B(4)ξ)∗ and η̄ = (B(6)η)∗, the first two
equations imply the existence of a complex and symplectic forms as follows

Jn
m = −iη†Γn

mη,

Ωmnp = η̄
†Γmnpη.

Substituting in the equations, using the Bianchi identity for the flux, we get

Hmnp = 3Jr
[m∇|r|Jnp],

where the commutator is over m,n, p only and

HmnpJnp = −4Jp
m∂pϕ.

The second equation tells us that the H flux is not primitive unless the dilaton is a
constant but in this case we must impose the condition H = 0 to get a supergravity
solution[58,59], if we require that the flux is non zero we must have a non constant
dilaton so a non primitive flux. In this case we decompose the flux into primitive
and non primitive parts as follows

Hmnp = HP
mnp +HNP

mnp = (Hmnp −
3
4

J[mnHp]rsJrs) +
3
4

J[mnHp]rsJrs,

applying the first supersymmetry transformation we get

HNP = − ⋆ (dϕ ∧ J).

Substituting back into the transformations we get the two equations

H = ⋆e2ϕd(e−2ϕJ),

d(
1
2

e−ϕJ ∧ e−ϕJ) = 0.

Performing the conformal transformation J̄ = e−ϕJ, the second equation will be

d(J̄ ∧ J̄) = 0.

This defines a geometry called the conformally balanced geometry. There is an
important special case where HP = 0, the first condition gives dJ̄ = 0 which is a
geometry related to the Kahler geometry by a conformal transformation so called
conformally Kahler geometry.

To summarize, If the flux has a non zero primitive part a consistent low energy
model with non zero H flux must be due to a compactification on a conformally
balanced manifold, while if the primitive part is zero the compactification manifold
must be conformally Kahler.
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7.5 Non Supersymmetric string theory compactifications with flux

In this section we review flux compactifications of SO(16) × SO(16) heterotic non
supersymmetric string theory, this theory is particularly important because it is the
only non relativistic string theory with no tachyons[60].

It was shown that the low energy effective models of the SO(16) × (SO)(16)
heterotic non supersymmetric string theory are identical to those of E8 × E8 and
SO(32) heterotic supersymmetric string theories[39,61]. Thus compactifications
of this theory can be deduced directly from supersymmetric heterotic theories
compactifications i.e. if we want to compactify with certain flux, we can do the
compactification on the supersymmetric counterpart then apply a supersymmetry
breaking twist as explained in figure 5.

8 Applications to Cosmology

Having discussed string compactifications throughout the thesis, here we present
some applications to cosmology. In this chapter we discuss two important appli-
cations: the swampland project and the cosmological constant problem and the
attempts to solve it by trying to find De Sitter vacua from low energy effective
models of string theory.

8.1 The Swampland project

8.1.1 Introduction

The swampland program was proposed by Vafa[62] to answer an important ques-
tion in effective field theory: Can every effective field theory be embedded in a
consistent high energy theory of quantum gravity? or in string theory, Does every
low energy models come from some consistent string compactification?
The answer to this question is no. There are some constraints that tell us whether the
low energy model is a result of a consistent string compactification (more generally,
a low energy model of consistent quantum gravity theory), these constraints are
called the swampland conjectures. Effective field theories satisfy the swampland
conjectures i.e. can be lifted to a consistent quantum gravity theory are said to be
in the landscape, otherwise the theory is said to be in the swampland.

The swampland conjectures are in fact very restrictive and may be broken for
some theories at high energies. Thus, the swampland conjectures, also called the
swampland constraints, form a cone as drawn in figure 9, that is because the
constraints become stronger and more restrictive as the energy scale goes higher.
For comprehensive review of the project see[63]. The next figure illustrates nicely
the idea of the swampland project.

In the next section we review the swampland conjectures one by one and explain
what are their impact on the physics of string compactifications as well as the
mathematical requirements for the theory to be consistent.
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Figure 9: the horizontal plane represents the space of all low energy effective field
theories, and the vertical axis representing the energy scale. For the theories in the
swampland, the effective field theory description breaks down at certain energy
scale and the high energy theory is not consistent with quantum gravity. For
theories in the landscape many theories also break down at certain point if it breaks
the swampland constraints but all consistent theories with quantum gravity must
be in the landscape.
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8.1.2 Overview on the swampland conjectures

The swampland conjectures can be divided into three groups displayed as rows in
figure 10 below.

1. The first row i.e. the "no global symmetry" hypothesis, the cobordism con-
jecture and the completeness hypothesis, basically tell us that no global sym-
metries are allowed in a quantum gravity theory, gravity breaks all global
symmetries.

2. The second row i.e. the weak gravity conjecture and the distance conjecture
give constraints on the spectrum of the low energy model and describe hoe
the effective field theory breaks down for some theories at high energy scales.

3. The third row i.e. the non supersymmetry AdS conjecture, the De Sitter
conjecture and the AdS distance conjecture dive constraints on the possible
consistent stable vacua allowed for the low energy effective model to be
consistent with quantum gravity.

Figure 10: A schematic diagram showing the relations between the swampland
conjectures.

Now we study the conjectures one by one.

8.1.3 No global symmetries hypothesis

The hypothesis[64-67] states that no global symmetries are allowed in any theory
of quantum gravity.

56



Another equivalent statement: Any symmetry in a consistent quantum gravity
theory must be either broken or gauged.

No global symmetries hypothesis is the most widely accepted among the
swampland conjectures due to strong evidences from physics point of view es-
pecially cosmological arguments however, there is no mathematical proof for it yet.
We motivate the hypothesis by considering the contrapositive argument i.e. what
will go wrong if there are global symmetries in a theory of quantum gravity?

1. The first motivation comes from black hole physics: Assume the existence of
a global symmetry, then by Noether theorem we must have a global charge.
Thus, a black hole can be charged under this symmetry. Upon decay the black
hole will lose mass but not the global charge because Hawking radiation do
not carry global charge, this will form a stable remnant which is not physical
by itself. Moreover, since particles of any group representation carry the
global charge, we can form a black hole easily as the remnant is very light,
doing that we end up with an infinite number of stable black hole remnants
which is of course unphysical[64-68].

2. Another motivation from black hole physics arguing that due to no hair theo-
rem, a black hole can be completely specified by its mass, angular momentum
and gauge symmetry charge. Thus, a global charge can not be measured i.e.
has infinite uncertainty, this means that the black hole has infinite entropy
and that is also unphysical[69].

Now we show that string theory satisfy this hypothesis as follows: It was proven
that there can not be a global symmetry in the target space of a perturbative string
theory even if we begin with a global symmetry in the parameter space[70].

Here we give an outline of the proof: Consider a global symmetry in the pa-
rameter space, the world sheet charge is given by

Q =
1

2πi

∮
( jzdz − jz̄dz̄),

where jz and jz̄ are the currents of the global symmetry. The vertex operators for
the currents are given by

jz∂̄XµeikX,

∂Xµ jz̄eikX.

These operators correspond to massless gauge vector particles on the world sheet.
Thus, a global symmetry in the parameter space is translated into a gauge symmetry
on the world sheet which is the physical space according to string theory.

8.1.4 Cobordism conjecture

The conjecture states that in a consistent N dimensional quantum gravity theory
compactified on a D dimensional internal manifold, all cobordism classes must
vanish[71]. To motivate the conjecture, we ask what will go wrong if a cobordism
class is non vanishing?
The answer is that we will get a global charge so a global symmetry. The global
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charge can be constructed as follows: Assume that we have a non vanishing cobor-
dism class with cardinality M i.e. the compactification manifolds of different ele-
ments of the class are cobordant, then we have M higher dimensional manifolds
each is the cobordism of an element of the class each of which is separate from the
other completely, if we label these cobordism manifolds this label will be a global
charge as no manifold from a certain class can change its class i.e. the label will be
the same whatever interactions or fluxes are added.

An important implication to the cobordism conjecture is that it implies that every
consistent compactification manifold of a quantum gravity theory is a boundary of
some higher dimensional manifold. So we can think of the quantum gravity theory
as this higher dimensional manifold, and every possible low energy effective field
theory is a boundary of this manifold. This is a powerful statement because after
compactification all possible effective field theories will be present but separated
by domain walls.

Figure 11: According to the cobordism conjecture every possible low energy model
of a consistent quantum gravity theory is realised in the 4D space but separated by
domain walls, in the case of a manifold with no boundary, the effective field theory
space ends with the domain wall[72].

Before concluding the section we give two important notes:

1. In mathematics literature, this topic is studied but using bordism not cobor-
dism but the two approaches are exactly equivalent due to Yoneda lemma
discussed in chapter 2(considering bordisms/cobordisms in the categorial
sense). The two approaches are dual and can be transformed to each other at
any point during any proof or argument, in this thesis we use cobordisms.

2. In the case of flux compactifications where there are structures on the com-
pactification manifolds, different types of cobordisms are defined and the
cobordism conjecture apply for every type separately, in some cases we are
required to add certain structures to some compactfications to satisfy the
conjecture, this topic is beyond the scope of this thesis.
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8.1.5 The completeness hypothesis

The hypothesis states that for any low energy model coupled to gravity to be
consistent with quantum gravity, these must exist physical states having all possible
gauge charges consistent with Dirac quantization condition[73].

As usual we ask what can go wrong if this is not the case?
The answer is that we will get a global charge. Let the physical states have only
a subset of the possible gauge charges allowed by Dirac quantization condition.
Then, the left over charges form global charges of the theory. We illustrate this by
an example: assume that the possible charges from Dirac quantization condition of
some gauge symmetry is the set of all positive integers, but the physical states take
only even charge values, then we can consider the gauge symmetry to have only
the even charge spectrum and another symmetry with odd charge spectrum that
acts globally i.e. we can label particles with odd charges and the original symmetry
can not change this charge because interactions are present only within the even
charge realm.

An important consequence of this conjecture is that it requires any continuous
gauge group to be compact otherwise there would be infinite number of physical
states to cover all the possible charges which is not pleasant in a physical theory.
This conjecture has some extensions to consider BPS states and supersymmetry but
this is beyond the scope of the thesis.

8.1.6 The Weak gravity conjecture

This conjecture has two versions[65,74]:

1. The electric version: A gauge low energy theory coupled weakly to Ein-
stein’s gravity is consistent with quantum gravity if there exists an electrically
charged (gauge charged in general) physical state such that its charge to mass
ratio exceeds the charge to mass ratio of an extremal black hole (which by
definition is of order one) i.e.

Q
M
≥

Q′

M′
= O(1),

where Q and M are the charge and mass of the physical state and Q′ and M′

are the charge and mass of an extremal black hole.

2. The magnetic version: The cutoff at which a low energy model breakdown at
is bounded from above by the gauge coupling

Λ ≤ gM
D−2

2
p ,

where g is the gauge coupling constant, Mp is the Planck mass and D is the
dimension of the compactification manifold.

The electric version was proposed to allow the decay of extremal black holes without
resulting in a naked singularity, the reasoning goes as follows: Consider an extremal
black hole, the decay produce can increase or decrease the charge to mass ratio, if
the product has a lower charge to mass ratio there is no problem as it will have a

59



regular horizon and no naked singularity is produced, if the decay product has a
higher charge to mass ratio it will have a naked singularity so it can not be a black
hole thus, must be a particle i.e. a physical state with higher charge to mass ratio
than that of an extremal black hole. Thus, we can see the conjecture as an escape
route for black holes to have a particle to decay to.

A natural question is why do we need extremal black holes to decay at all?
could we conjecture that extremal black holes do not decay?
The answer is no because in this case we will end up with infinite entropy with a
similar argument as we presented in the global symmetry hypothesis.

The magnetic version was proposed to forbid the existence of global U(1) sym-
metry as it would be restored when the gauge coupling constant goes to zero. In
this case according to the conjecture the cutoff will also goes to zero i.e. the theory
would be in the swampland. For theories in the landscape the coupling constant
can not go to zero so we can not restore the global U(1) symmetry. This conjecture
has a lot of evidence from string compactification spectra calculated throughout
the thesis, the explcit calculations are shown in[75-77].

8.1.7 The distance conjecture

Before we state the conjecture we remind the reader that many low energy compact-
ification models of string theory even with flux have large moduli spaces, which
means that there is a large space of possible sets of parameters and this may not
be controlled by the string compactification i.e. the theory can be physically and
mathematically plausible but the moduli space has problematic points at which the
theory is not physical.

In our case there may exist points in the moduli space at which there exists a
global symmetry and the aim of the distance conjecture to make sure that these
points do not cause problems in the low energy theory. We first define a metric on
the moduli space, this is mathematically correct because of the functorical nature
of the moduli i.e. the codomain of moduli functors are schemes as discussed in
chapter 2, this allows us to define a metric and state that the metric is consistent
throughout the compactification process because functors preserve structures (see
chapter 2 for more details). We define the metric in a way that the problematic
points with global symmetries are at infinite metric distance from a generic point in
the moduli space. The distance conjecture assures us that the effective field theory
description does not apply to these points so the low energy model is consistent
with quantum gravity. Having said that we state the distance conjecture: At
infinite metric distance on the moduli space of a low energy effective field theory
there exists an infinite tower of states that becomes exponentially light[78]. The
conjecture does the job as an infinite tower of light states breaks the effective field
theory description.

In string compactifications the conjecture is called the emergent string conjec-
ture: Any infinite metric distance limit in the moduli space of a string compacti-
fication theory is either a decompactification limit i.e. some compact dimensions
become non compact or there exists a weakly coupled string becoming tensionless.

This version has the exact purpose of the general distance conjecture: In the
problematic points of the moduli space we can not use effective field theory.
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8.1.8 AdS distance conjecture

This conjecture is a case of the distance conjecture as flat spaces can be considered
as limits of AdS spaces with the cosmological constant goes to zero. Considering
the space of all AdS vacua and the metric to be such that the zero cosmological
model point is at infinite distance, we get the conjecture:

Any AdS vacuum of a low energy effective model has an infinite tower of states
that becomes light in limit Λ → 0, and the mass scales as |Λ|α such that α is a real
number[79].

8.1.9 Non Supersymmetry AdS conjecture

The conjecture states that there are no stable non supersymmetric vacua in a low
energy model which is consistent with quantum gravity[80,81]. This means that
supersymmetry is the only mechanism that prevents bubbles of nothing to form,
the physics (and math) of bubbles of nothing is beyond the scope of this thesis,
see[82,83] for more details.

We motivate this conjecture using the weak gravity conjecture in flux com-
pactifications case as follows: Assume we have an AdS vacuum of a generic flux
compactification theory with flux Fn on. As discussed in chapter 7 flux are differ-
ential forms and can be thought of as field strengths of some potentials Fn = dCn−1.
Applying the weak gravity conjecture, we must have a state (in this case a brane
od codimension 1) such that

T ≤ QM2
P,

where T is the tension of the brane and Q is the electric charge. Since the space
is non supersymmetric due to the BPS version of the weak gravity conjecture, the
equality is ruled out and we are left with a strict inequality

T < QM2
p.

A brane of codimension one with tension less than its electric charge is an instability
in AdS space.

There is however a loophole in this conjecture is that it does not consider a
general flux nor a generic theory of quantum gravity. Recently, a counter example
was constructed out of type IIA massive supergravity[84]. Massive supergravity
is not a new construction from string theory, in fact there are well known models
of massive gravity from string compactifications on semi compact semi infinite
surfaces[85]. Thus, the non supersymmetric AdS conjecture must be refined, the
attempts to refine it are beyond the scope of the thesis but till date there is no final
form of this conjecture.

8.1.10 De Sitter conjecture

The conjecture states that there are no stable or even metastable De Sitter vacua in
any low energy model consistent with quantum gravity[86,87].

This conjecture has some evidence in specific string compactification models.
Other versions were proposed to weaken it for example to say that apply only
asymptotically. However, there are many attempts to find a De Sitter vacua from
string compactifications as we will discuss in the next section.
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8.2 The possibility of finding De Sitter vacua

Cosmological observations tell us that the universe is expanding i.e. has positive
cosmological constant, in other words it has to be a De Sitter space. Along with
some speculations that the conjecture may not be correct in this form, the conjecture
was modified into what is called the refined De Sitter conjecture[88] : A low energy
model can have metastable or rolling De Sitter vacua but not stable.

There are several refinement to the De Sitter conjecture but will not be discussed
in this thesis[89-93].
The refined version allows us to construct cosmological models from string theory
because a cosmological model does not need to be stable, it is physically viable
to be metastable with decay time larger than the age of the universe, or a rolling
model as some inflation models are.

We now describe some models realising metastable or rolling De Sitter vacua.

8.2.1 Brane world cosmologies

The main idea of brane world cosmologies is that the universe is assumed to be
"printed" on a D brane in the higher dimensional theory. The interactions of open
strings are restricted to D branes due to the boundary conditions of open strings
however, closed strings motion are not restricted. For more detailed review on
brane world cosmology see[94].

A subset of brane world cosmologies are the inflation inducing cosmologies
where we assume there are two D branes one of them hosting the universe, the
separation between the two branes represents a scalar field which drives inflation,
this setup is shown in figure 12 taken from[94]. One of the models realising De

Figure 12: In inflation inducing brane world cosmologies there are two D branes,
the universe is hosted by a D brane with the separation Y between them represents
the inflaton which drives inflation.

Sitter vacuum is the D3- anti D3 model where the universe is on a D3 brane and
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there is an anti D3 brane in the theory with distance Y between them[94], this model
is an inflationary model as explained.

The De Sitter vacuum was constructed by turning on many flux that the tadpole
cancellation condition require the existence of anti D3 branes, this introduces a
potential which has a De Sitter metastable false vacuum, the decay time of this false
vacuum is much larger than the age of the universe so the model is physically viable.
For the detailed calculations see[95]. For other similar brane world cosmologies
with metastable De Sitter vacua see[96-99].

8.2.2 Warm inflation

In the standard inflation scenario after the big bang there was an inflationary period
where the universe expanded exponentially during which there were no particles,
only a scalar field, called the inflaton, with large potential energy with low slope
to support enough inflation. Particle are produced in the reheating phase where
the slope of the potential becomes steep and the energy stored in the scalar field is
converted into a hot soup of particles and antiparticles.

In warn inflation scenarios there is no separate reheating phase[100,101], the
scenario assumes that particles are produced continuously during inflation i.e.
the inflaton decays relatively slowly creating particles all the time not a steep fall
like standard inflation. In such models the potential of the inflaton can form De
Sitter vacua, the condition on the potential to realise De Sitter vacua was derived
in[102,103]. There are attempts to refine the De Sitter conjecture even more to
incorporate Warm inflation models but this is still work under progress[104,105].

8.2.3 Dynamical dark energy models

The main issue with building cosmological models when accepting the De Sitter
conjecture is that the universe is a De Sitter space. Dynamical dark matter models
evade this problem by stating that the universe is in fact not the final vacuum state
and is approaching the final AdS state i.e. it is only temporarily De Sitter[106-108].
These type of models have an important implication that dark energy is not constant
as thought but is changing slowly towards an AdS state i.e. the cosmological
constant is not a constant but a slowly varying function, hence the name of the
model.

8.2.4 Other models

There are other models aiming to either evade the De Sitter conjecture or modify it
to be less restrictive about the De Sitter vacua allowed. Here we list some of these
models.

1. Multi field inflation where the inflation was driven by more than one inflaton
field[109-111].

2. Eternal inflation[112,113].

3. Modified gravity models[114-116].

4. String gas cosmology[117].
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Figure 13: In the standard cosmological constant models the universe in thought to
be in a (false) vacuum state as in the left graph. However, in dynamical dark energy
models the universe is not a vacuum state at all, it is in its way to the final AdS
vacuum. This evades the De Sitter conjecture as the De Sitter state of the universe
is not a vacuum state.

9 Open questions

In this final chapter of the thesis, we will present some open questions in string
compactifications, the swampland project.

It is important to notice that string compactification is an old, well established
field so most of the open problems and research directions are very specific and
technical, and most of them specify to a certain compactification model since each
model has its own challenges. However, we present here some of the general open
problems with minimal technical details.

9.1 Non Relativistic string compactifications

So far we have been discussing relativistic strings i.e. they give Einstein’s gravity
in their first order approximations. Non relativistic string theory was designed to
give Newtonian gravity instead and used Newton Cartan geometry[118,119]. This
theory like its relativistic counterpart is only consistent in 10 dimensions thus, as
explained throughout the thesis, we have to compactify it to get 4D particle physics
theory in this case coupled to Newton’s gravity.

Till now there are no compactification models for non relativistic string theory,
some aspects of the compactification were studied in[120] but a complete model
has never been proposed. Here we quickly review the basic theory then present
our approach to compactify it and the expected results.

We begin with the following sigma model action on the world sheet in curved
spacetime

S =
1

4πα′

∫
d2σ
√

hhαβ∂αXµ∂βXνSµν(X) − iϵαβ∂αXµ∂βXνAµν(X)
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+
√

h[λD̄Xµτµ(X) + λ̄DXµτ̄µ(X) + λλ̄U(X) + α′RΦ(X)],

where α, β = 1, 2, µ, ν = 1, 2, ..., d such that d is the dimension of the ambient
manifold, σα are the parameters of the world sheet, d2σ = dσ1dσ2, hαβ is the metric
on the world sheet, h = det(hαβ), Sµν is a symmetric tensor, Aµν is an anti symmetric
tensor, ϵαβ is the permutation symbol, D and D̄ are the covariant derivatives with
respect to X and X̄ respectively, λ, λ̄, τ and τ̄ are one forms on the world sheet, U(X)
is an unknown function, R is the Ricci scalar of the world sheet andΦ is the dilaton.
This action is invariant under the Stuckelberg type symmetry(with the appropriate
shift in the one forms in the action)

Sµν → Sµν − 2Cα
(µτ

β
ν)ηαβ,

Aµν → Aµν − 2Cα
[µτ

β
ν]ϵαβ,

where ηαβ in the Minkowski metric on the world sheet, the round brackets on
indices means anti commutation and the square brackets means commutation and
Cµ is an arbitrary matrix.

To fix this symmetry we introduce a longitudinal vielbeine τµα (by a longitudinal
direction we mean along the string) such that ταµτ

µ
β = δ

α
β , and impose the condition

τµαSµν = 0 i.e. Sµν is fully transverse. After fixing the symmetry the action can be
written as

S =
1

4πα′

∫
d2σ
√

hhαβ∂αXµ∂βXνEµν − iϵαβ∂αXµ∂βXνAµν

+
√

h(λD̄Xµτµ + λ̄DXµτ̄µ + α
′RΦ).

In this process we defined longitudinal vielbeins, this motivated the definition of
a transverse veilbeine EA

µ where A runs over the d − 2 transverse directions to the
string. The condition is thenn

Sµν = Eµν = δABEA
µEB

ν ,

where the first equality is just a renaming.
The relations between longitudinal and transverse vielbeine are given by

ταµτ
µ
β = δ

α
β ,

ταµEµA = EA
µτ

µ
α = 0,

EA
µEµB = δ

A
B ,

ταµτ
ν
α + EA

µEνA = δ
ν
µ.

This geometry is called torsional string Newton Cartan geometry, and is the
geometry used in the theory of non relativistic strings.

The action on this geometry has a symmetries described by an algebra called
F-string Galilie algebra whose generators are: PA,Pα generating longitudinal and
transverse translations respectively, Mαβ,MAB generating rotations in tranvers and
longitudinal directions respecively, GAα generating Galilei boosts, QA,Qα are two
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generators due to the gauge nature of Aµν, and two new generators to close the
algebra defined as

Hα = c(Pα +Qβτ
β
α),

Nα =
1
2c

(ϵβαPβ +Qα).

The algebra has 10 non zero commutation relations defined in[119].
Finally we describe the open problem and a possible approach to solve it.

The theory is only consistent in (9+1)D i.e, there are 7 transverse space dimen-
sions, we need to compactify the theory such that we have one transverse direction
so that we end up with a 4D theory. A way to approach this problem is to assume
that the ambient manifold is a product of a 4D maximally symmetric external part
and a 6D internal part, then decompose the generators of the F string Galilie algebra
into internal and external parts then calculate what kind of models we can get, it
is expected to get a gauge field theory coupled to Newtonian gravity, the gauge
field theory will vary according to which manifold we choose, for example if we
choose a torus we expect not to get chiral fermions as explained in chapter 3, these
calculations on various types of manifolds are still in progress.

9.2 Moduli stabilization problem

Since we did not discuss moduli in this thesis, we briefly present this problem and
refer to some attempts made to tackle it.

As explained on building compactifications models, we get massless scalars
with no potentials and these are problematic from physical point of view. Thus
we have to induce potentials to fix their vacuum expectation values i.e. stabilize
the moduli. On turning on flux some moduli can be stabilized, in some models
all moduli are stabilized, but a systematic method to stabilize moduli in a generic
model is not yet known. The literature in this topic is extremely vast, for reviews
on moduli stabilization see [121-123].

9.3 The swampland project

The swampland project is still under construction so there are many open problems
within the project[124] and still many things to explore in this area. Here we list
the most interesting five of the open problems(other than the problem of finding
De Sitter vacua as we discussed it earlier):

1. The weak gravity conjecture protects the theory from the problematic points
in the moduli space as discussed before, the inverse question is not yet clear
i.e. if we have a point of infinite metric distance in the moduli space (whether
it is problematic or not), does it corresponds to a weak coupling limit?

2. Mathematically, the weak gravity conjecture is defined only for continuous
gauge symmetries but it is not yet clear how to define a counterpart for
discrete gauge symmetries.
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3. In axion models with low codimension objects there are no extremal black
holes. Thus the main motivation of the weak gravity conjecture does not exist
anymore, so does the conjecture hold in these models?

4. In the distance conjecture we appear to invent a metric to get rid of the
problematic points and it was a successful approach, the question is: is there
a coupling constant that goes to zero at infinite distance limit? if so this will
further justify this approach.

5. The distance conjecture is not yet fully understood in AdS/CFT models.

10 Conclusion

In this thesis we studied string compactifications and how to get low energy 4
dimensional particle physics theories from high energy string theory, as well as
some applications to cosmology.

We studied various string compactifications on non Calabi Yau manifolds and
found that although they give interesting spectra, they can not be realistic models
and should be considered as toy models. For example low energy models from
toroidal compactifications can not host chiral fermions, and compactifications to
AdS5 gives 4 dimensional theories on AdS space which is different from what we
observe i.e. the universe is a De Sitter space. Moreover, the models have too much
supersymmetry.

We also studied compactifications on Calabi Yau manifolds which was proven
to give the right amount of supersymmetry in case of heterotic string theory, and
N = 2 in case of type II string theories. We also reviewed compactifications of
non supersymmetric string theory on Calabi Yau manifold and found that it can
be derived from heterotic string compactifications with an extra topological twist.
These models however uses Calabi Yau manifolds which give rise to many moduli,
since moduli can mediate long range forces, these models can not be realistic models
as they are, we must introduce additional structures i.e. flux to stabilize the moduli.

We then proceeded to study compactifications with flux i.e. flux compactifi-
cations, we found that flux can break supersymmetry and stabilize moduli. We
studied toroidal compactifications with flux, which is equivalent to compactifica-
tions on twisted tori, this gives N = 4 supersymmetric low energy models, still
not realistic but better than the N = 8 models without flux, we also found that
twisted tori can host chiral fermions. we reviewed how to getN = 1 supersymmet-
ric models from type II superstring theories and proved that the compactification
manifold must be generalised Calabi Yau. In the case of heterotic superstring the-
ory, we found that on turning on H flux, the compactification manifold must be
conformally balanced or conformally Kahler depending on whether the flux has
primitive part or no. Additionally, we studied non supersymmetric string theory
compactifications with flux and found that the low energy models derived from it
can be derived from heterotic superstring theory with similar flux with the extra
topological twist we discussed earlier.

We then presented some applications to cosmology. We introduces the swamp-
land project and the swampland conjectures which give strict constraints on low
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energy models to be consistent with quantum gravity, we studied these constraints
one by one and gave hints on various modifications to them. We found that the
constraints are not yet in their final form, and the swampland project is still under
construction which is an active research area at the moment. Then, we introduced
some cosmological models motivated by the swampland project and string theory.
The presented models satisfy the swampland conjectures but come with their own
challenges, these models are also under construction.

Finally, we presented some open problems in the field and some attempts to
solve them. The most interesting one is about non relativistic string theory compact-
ifications. We reviewed the basic theory and the algebra of the theory i.e. F string
Galilie algebra, and its generators. Compactification models of non relativistic
string theory were never been formulated, we also gave our approach to construct
such models which is still in progress. Another interesting problem is the moduli
stabilization problem. Although the main motivation of flux compactifications was
to stabilize moduli, in most models not all the moduli were being stabilized. A
systematic way to stabilize moduli in a generic string compactification model was
being proposed but still under construction. We also listed some open problems in
the swampland program, as explained the project is still under construction thus,
there are many open problems and research ideas in this field and a lot of work to
be done for the project to reach its final form.
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