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This thesis studies realization-dependent transformations in the generalized rate-
operator quantum-jump formalism for open quantum systems. The aim is to ex-
amine whether these transformations can be used to steer the deterministic part of
individual quantum trajectories toward a prescribed fixed target state, while pre-
serving the physicality of the stochastic trajectories. This question is motivated by
state-preparation tasks, where a quantum system must be driven to a known state
quickly and with high probability, as in qubit resetting, qubit initialization, and the
preparation of resourceful states.

The theoretical part of the thesis introduces the basic framework of quantum me-
chanics, open quantum system dynamics, master equations, and stochastic quantum
trajectories. The numerical part focuses on qubit dynamics and compares two ex-
amples: pure dephasing dynamics and Pauli master equation dynamics. For each
fixed transformation, the simulations check the positivity condition, the attraction
toward the target state, and the survival probability of the deterministic no-jump
evolution.

The results show that the simple fixed transformation considered for pure dephasing
does not provide simultaneous attraction and positivity. In contrast, for Pauli master
equation dynamics, fixed transformations are found that steer the deterministic
trajectory toward the target while keeping the generalized rate operator positive.
Because the isotropic Pauli master equation treats all directions on the Bloch sphere
equally, the specific choice of the target state is just a reference direction, and the
result carries over to any pure target state by symmetry. The survival probability
analysis shows that steering can be achieved with quite high no-jump probability
for the suitable parameter choices. The results suggest that realization-dependent
transformations can provide useful trajectory level control in suitable open system
dynamics.

Keywords: open quantum systems, non-Markovian dynamics, quantum jumps,
stochastic unravelings, rate operator
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Introduction

No real quantum system is perfectly isolated from its surroundings. Interactions with
the environment introduce effects like dissipation, decoherence, and the gradual loss
of information from the system to its surroundings. The theory of open quantum
systems deals with exactly this situation by focusing on the reduced state of the
system rather than tracking the full system-environment state. The evolution is
then typically described by a quantum master equation for the density operator [1].

The Markovian approximation assumes that the environment has no relevant
memory of the system, which simplifies the description considerably. In many sit-
uations this approximation works well enough, but this is not always the case. In
non-Markovian dynamics, memory effects can feed back into the later evolution of
the system in ways that the Markovian picture misses entirely. These effects show
up in questions about information flow, the divisibility of dynamical maps, and
whether time-local master equations with temporarily negative decay rates can still
be physically valid [2].

Quantum trajectory methods offer a different angle on open-system dynamics.
Rather than working only with the density matrix, the evolution can be written
as an ensemble average over stochastic pure-state trajectories. In quantum-jump
approaches,; the state evolves deterministically between sudden jumps, which makes
the connection between master equations, stochastic processes, and individual real-
izations much more concrete. It also turns out to be a practically useful framework
for numerical work [3].

This thesis focuses on the generalized rate-operator quantum-jump formalism
with realization-dependent transformations. The key idea is that different stochastic
unravelings can correspond to the same master equation, while the transformation
modifies the deterministic part of each individual trajectory. The question studied

here is whether this freedom can be used to steer deterministic trajectories toward a



chosen target state, without violating the positivity of the generalized rate operator.
Positivity matters because the eigenvalues of the rate operator determine the jump
probabilities and cannot be negative. The problem is studied for qubit dynamics,

with particular attention to pure dephasing and Pauli master equation dynamics [4].

1 Foundations of quantum mechanics

1.1 Hilbert space formulation

The pure states of a quantum system are represented by a vector [¢) in the Hilbert

space. Pure states are normalized, so

(W) = 1. (1)

Since the inner product defines orthogonality, one can construct an orthonormal
basis {|¢;)} satistying (¢;|¢;) = ;;. Any state of the system can then be written as

a linear combination of the basis states

) = Zcz‘|¢z’>a (2)

1

where the coefficients ¢; are complex numbers. The basis states also define the
identity operator through the completeness relation I =) . |¢;)(¢;|.
Physical observables are represented by linear operators acting on the Hilbert

space. If A = A" is an observable, its eigenvalues and eigenvectors satisfy

Albn) = an|dn)- (3)

where the eigenvalues a,, are real, and the eigenvectors ¢, can be chosen to be
mutually orthogonal.

The expectation value of an observable A in the state |¢) is given by

(4) = (Y]A]). (4)



and this relation connects the mathematical description of the state with measurable

physical quantities [5].

1.2 Density matrices

The Hilbert-space description in terms of state vectors is sufficient for pure states,
but in many physical situations a more general formulation is needed. The system
may be entangled with another system, or only statistical information about its
preparation may be available. In such cases, the state cannot be described by a
single state vector. Instead, it is described as a mixed state, which is written as a
convex combination of pure states.

For a pure state [¢), the corresponding projector operator is

By = [) (4] ()

For mixed states, the state-vector description is replaced by the density-operator
formalism. If the system is prepared in the pure state |¢;) with probability p;, the

corresponding mixed state is described by a density operator
o= 3 pilun) (Wi, (6)

where the probabilities satisfy the normalization condition ), p; = 1, p; > 0. The
density operator contains the complete statistical description of the quantum system.

In a chosen basis, the diagonal elements of the density matrix p;; represent the
populations, that is, the probabilities of finding the system in the corresponding
basis states. The off-diagonal elements p;;,¢ # j, describe the coherences between
different basis states. The density matrix gives a more general description than a
state vector and is especially useful when discussing mixed states and open quantum
systems. The density operator has several important properties: it is Hermitian,

positive, and has unit trace

pl=p,  p>0, Tr(p)=1 (7)



These properties imply that the eigenvalues of p are non-negative and sum to one.
Therefore, they form a probability distribution, in agreement with the spectral de-
composition of the density operator.

A pure state is a special case of the density matrix description, and the density

matrix satisfies the condition

P’ =p. (8)

This property can also be expressed in terms of the purity of the state, which is
defined as the trace of the squared density operator. For mixed states, purity is

smaller than one
Tr(p?) < 1. (9)

and for a pure state the purity is one.
The expectation value of an observable A can also be written in terms of the
density matrix. If A is an observable represented by a Hermitian operator, the

expectation value in the state p is given by
(A) = Tr(pA). (10)

This expression is valid for both pure and mixed states and generalizes the expec-

tation value formula of the Hilbert space formulation [1, 5.



1.3 Qubit systems and Bloch sphere

10)

1)

Figure 1. Bloch sphere representation of a qubit state. Pure states lie on the surface
of the sphere, while mixed states correspond to points inside the sphere. The black
arrow denotes the Bloch vector r that specifies the state of the system.

The simplest nontrivial quantum system is a two-level quantum system, commonly
referred to as a qubit. A qubit can be realized in several physical systems, such as
the spin of an electron, the polarization of a photon, or two internal energy levels of
an atom. Mathematically, the state space of a qubit is the two-dimensional Hilbert
space C?.

A convenient orthonormal basis for this space is

0) = ;)= : (11)

and an arbitrary pure state of a qubit can then be written as a linear combination



of these basis states
[¥) = al0) + [1), (12)
where o and [ are complex coefficients satisfying the normalization condition
ja* + 18] = 1. (13)

Since an overall global phase has no physical significance, the state of a qubit

can be parametrized using two real parameters. A common parametrization is

[9) = cos (g) |0) + €' sin (g) 1), (14)

where 0 < # < 7 and 0 < ¢ < 27. This parametrization provides a geometric
representation of qubit states known as the Bloch sphere.
In this representation, each pure state corresponds to a point on the surface of

a unit sphere whose cartesian coordinates are given by

x = sin 6 cos ¢, (15)
y = sinfsin ¢, (16)
z = cosf. (17)

The state of a qubit can be described by the density matrix

pz%([—i—l‘-a), (18)

where r = (r,,7,,7,) is the Bloch vector, with components
ri =Tr(poy), i=x9,2, (19)

satisfying |r| < 1. I represents the identity operator and o = (0., 0y, 0,) are the
Pauli matrices. Pure states correspond to |r| = 1 and lie on the surface of the Bloch
sphere, whereas mixed states correspond to |r| < 1 and lie inside the sphere, as

shown in Figure 1 [6].



1.4 Quantum evolution

The time evolution of an isolated quantum system is unitary. If the system is initially

in the state [¢(0)), then the state at time ¢ is

[ (1)) = U1)[(0)). (20)

where the operator U(t) forms a one-parameter family of unitary transformations
that describe the continuous time evolution of the quantum state [6].
The unitary time evolution of the quantum state is generated by the Schrodinger

equation. For a state vector |¢(t)) the equation of motion is given by

. d
th—[¥(8)) = H(t)[¢(1)), (21)

where H is the Hamiltonian operator of the system. For a time-independent Hamil-

tonian, the unitary evolution operator can be written in the exponential form
U(t) = e /N, (22)

thus the Hamiltonian operator acts as the generator of the unitary time evolution
of the quantum state [5].

The time evolution can also be expressed in terms of the density matrix formalism
introduced earlier. If the initial state of the system is described by the density

operator p(0), the state at time ¢ evolves according to

p(t) = U()p(0)U(1). (23)

Differentiating this expression with respect to time and using the Schrodinger equa-

tion leads to the Liouville-von Neumann equation

dp 1

sl (24)

which is the equation of motion for the density operator of a closed system [1].



2 Open quantum system dynamics

No real quantum system is perfectly isolated from its surroundings. Interaction with
the environment introduces irreversible effects, such as dissipation and decoherence,
that cannot be captured by the unitary evolution.

The theory of open quantum systems focuses on the system of interest alone,
tracing out the environmental degrees of freedom to obtain a reduced description.
The resulting equation of motion for the reduced density operator is called a master

equation, and it forms the central framework of open quantum system dynamics [1].

2.1 System—environment interaction

To describe an open quantum system, one considers a total Hilbert space of the

system and environment
H="HsHE, (25)

where Hg and H g are the Hilbert spaces of the system and environment respectively.
Since the combined system is closed, its evolution remains unitary, governed by the

Hamiltonian

H(t)=Hs(t) ® Ig + Is @ Hp(t) + Hy(t), (26)
where Hg(t) is the Hamiltonian of the system, Hg(t) is the Hamiltonian of the
environment, and H/(t) describes the interaction between them [1].
2.1.1 Reduced dynamics

Since all observables of interest act only on the system, the relevant state is the

reduced density operator

ps = Tre(p), (27)



where p is the density operator of the total system and Trg denotes the partial trace
over the environmental degrees of freedom. Expectation values of system observables

are then computed as
(A) = Trs(Aps), (28)

where A is an observable acting on the system’s Hilbert space [1].
If the total system evolves unitarily with the operator U(t), the reduced density

operator at time ¢ is

ps(t) = Tra[U(p(0)U ()] (29)

Differentiating this expression with respect to time and taking the partial trace over

the environment yields the exact equation of motion

DO _ Ly (1 (1), 0). (30)

Although this equation is exact, it is generally not closed in terms of pg(t) alone,
since it depends on the state of the total system p(¢). Additional approximations

are usually needed to obtain a tractable equation for the reduced dynamics [1].

2.2 Quantum master equations

Solving the full microscopic dynamics of the total system is generally impractical,
since the environment contains a large number of degrees of freedom. Instead, one
derives an effective equation of motion for the reduced state alone. This is the
quantum master equation, which provides the framework for describing dissipation,

decoherence, and relaxation in open quantum systems [1].
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2.3 Markovian master equations

The Markovian approximation is justified when the bath correlation time 75 is much

shorter than the relaxation time 7 of the open system. If the condition
B <L TR (31)

is satisfied, the environmental correlations decay before they can influence the future
evolution of the system, and the reduced dynamics becomes memoryless. Therefore,
the future evolution depends only on the present state of the system. One also
typically assumes weak system-environment coupling [1].

The reduced dynamics then become local in time and can be described by a
Markovian master equation. In the time-homogeneous case, this equation takes the

form

dps(t)
dt

= ,Cps(t), (32)

where L is the generator of the reduced dynamics. For a quantum dynamical semi-

group, the generator can be written in the Lindblad form

o = g o0+ ok (st g {Ehps0}) (39

where H is an effective Hamiltonian of the system, Lj are operators describing the
different dissipative channels, and ~; are the corresponding decay rates. The first
term generates coherent unitary evolution, recovering the Liouville-von Neumann
equation (24) when the additional dissipative terms are absent |1, 7|.

Let V(t) denote the dynamical map taking the initial reduced state pg(0) to
the state pg(t). The map must preserve the basic properties of a density operator.
In particular, it must preserve the trace and map positive operators to positive

operators

ps >0 — V(pg) > 0. (34)
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This property is called positivity and ensures that the evolved state yields nonneg-
ative probabilities for all measurement outcomes. Dynamical maps V' (t) generate a

one-parameter semigroup
V(t1)V (t2) = V(t1 + ta), V(0)=1. (35)

This semigroup property expresses the Markov character of the evolution. Under

suitable mathematical conditions, there exists a generator £ such that
V(t) = e~ (36)

so the Lindblad equation is precisely the differential form of a quantum dynamical
semigroup [7].

Beyond the Markovian regime, the generator becomes time-dependent, and the
decay rates may turn temporarily negative. This is the signature of non-Markovian

memory effects [2].

2.4 Positivity and complete positivity

Having introduced the master equation for the reduced dynamics, one must still
require that the corresponding dynamical map is physically admissible. For open
quantum systems, positivity alone is not sufficient. If the system is entangled with
another system that does not take part in the evolution, the positivity of V(¢) on
the system alone does not guarantee a physical outcome on the enlarged state. The
map must therefore remain positive under extension to any auxiliary system. Thus

V(t) is called completely positive if
(V(t) ® I.)(0) > 0 (37)

for every positive integer n and for every positive operator o on the enlarged Hilbert
space Hs®C", where I,, denotes the identity map on the ancilla. Complete positivity

is therefore a stronger condition than just positivity [8, 9.
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This distinction is also important when one considers the evolution between
intermediate times. If the inverse of the dynamical map exists, one can define the

intermediate map
V(t,s)=V(t)V(s), t>s5>0, (38)
so that
V(t) =V(t,s)V(s). (39)

where V (¢, s) describes the intermediate evolution from time s to time ¢. The evolu-
tion is called P-divisible if the intermediate map V (¢, s) is positive for all t > s > 0,
and CP-divisible if V' (¢, s) is completely positive for all ¢ > s > 0 [2, 10].
Divisibility is directly connected to two widely used measures of non-Markovianity:.
The so-called BLP criterion identifies non-Markovian behavior through a temporary
increase in the trace distance. The trace distance between two states p; and ps is

defined as

1
D(/Obp?) = ETI‘ ’pl - le ) (4())

where |A| = VAT A. Since the trace distance measures the distinguishability of quan-
tum states and is contractive under completely positive maps, a temporary increase
in D(V(t)p1,V(t)p2) can be interpreted as a backflow of information from the en-
vironment to the system and therefore signals non-Markovian behavior. The RHP
criterion instead identifies non-Markovianity with a breakdown of CP-divisibility,
which can equivalently be witnessed by a temporary increase of entanglement be-
tween the open system and an isolated ancilla. The two criteria therefore characterize
different aspects of non-Markovian behavior: the BLP approach through informa-
tion flow, and the RHP approach through the divisibility structure of the dynamical

map |11, 12].
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2.5 Pure dephasing dynamics

In pure dephasing, phase coherence is lost without any change in the level popu-
lations. In the eigenbasis of the system Hamiltonian, the diagonal elements of the
density matrix remain fixed while the off-diagonal elements decay in time [1, 13].

A standard time-local model of pure dephasing for a qubit is

D L {H, A+ (1) 0202 — ) (41)
where H = %Jz is the system Hamiltonian and ~,(¢) is the time-dependent de-
phasing rate. The evolution is governed by a single time-dependent decoherence
channel. Therefore, the notions of P-divisibility and CP-divisibility are equivalent,
and both hold if and only if v,(¢) > 0 [2, 14].

More generally, pure dephasing occurs when the interaction Hamiltonian com-
mutes with the system Hamiltonian, so that the interaction is diagonal in the en-

ergy eigenbasis and cannot drive transitions between levels. A standard microscopic

model is the pure-dephasing spin-boson model

H = Hg+ Hp + Hiy, (42)
fuw

HS' = _OUZ7 (43)
2

Hp =Y hwblby, (44)
k

Hint =0, Z <gkbk + gaL> ) (45)

k

where bz and by are bosonic creation and annihilation operators and g are coupling
constants. Since [Hg, Hi,| = 0, the interaction does not change the level populations
and leads only to dephasing. Dephasing can also be modeled through stochastic
fluctuations of the level splitting [1, 14].

Solving the master equation in the eigenbasis of o, the populations are

poo(t) = poo(0) (46)

p11(t) = p11(0), (47)
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while the coherences evolve as

po1(t) = por (0)e~0t=2Jo 2= ar (48)

pro(t) = pro(0)eiot=2Jo =) dr. (49)

Superpositions are therefore destroyed while the populations remain unchanged. In
the Markovian case, where ~,(t) = 7., the decay reduces to the simple exponential

factor e~%ot=27=t |2 13.

2.6 Pauli master equation dynamics

The Pauli master equation is a time-local master equation for a qubit in which the

jump operators are the Pauli matrices

3
> w(t) (oep(t)or — p(t)) | (50)
where 01 = 0,, 09 = 0y, and o3 = 0,. The coefficients v, () are real time-dependent
rates that control the strength of the three dissipative channels. Non-negative rates
correspond to CP-divisible Markovian evolution, whereas temporarily negative rates
indicate non-Markovian behavior [10].

When all rates satisfy () > 0, the dynamics is CP-divisible. P-divisibility is

weaker, requiring only

Yi(t) + () >0,  iF#]. (51)

so temporarily negative rates therefore do not necessarily mean that the dynamics

are unphysical [10, 15].

3 Stochastic Quantum Trajectories

The dynamics described by a master equation can often be represented as an ensem-

ble of stochastic pure-state realizations. This representation is called an unraveling
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of the master equation. Unravelings offer both a trajectory-level picture of the dy-
namics and a numerically efficient alternative to directly evolving the full density

matrix. The reduced density operator is recovered as the ensemble average

ps(t) = Eflv (@) (@@, (52)

where E denotes the average over stochastic realizations. In the quantum-jump
picture, each realization evolves deterministically between randomly occurring jumps
1, 3.

For Markovian master equations with non-negative rates, the unravelings are
constructed by the Monte Carlo wave-function method. The jump probabilities are
determined by the rates and jump operators appearing in the master equation [16].

In the non-Markovian regime, the construction of quantum-jump trajectories be-
comes more subtle. Time-dependent rates become temporarily negative, and this
affects how the stochastic unraveling can be constructed and interpreted. The con-
nection between quantum jumps and non-Markovianity is therefore related to the
divisibility properties of the dynamical map [3, 17].

Quantum-jump unravelings are not the only possible stochastic description. Dif-
fusive unravelings also exist, where the stochastic state changes continuously rather

than through sudden jumps [4].

3.1 Quantum jump unravelings and stochastic evolution

In the quantum-jump unraveling of the Lindblad equation (33), each realization
consists of deterministic evolution interrupted by random jumps. The continuous

part of the evolution is generated by the effective non-Hermitian Hamiltonian
ih +
K=H-— > wLiLy, (53)
k

where H is the system Hamiltonian, L are the Lindblad operators, and ~; are the

decay rates. Starting from a normalized state [¢(¢)) at time ¢, the unnormalized
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no-jump state after a short time interval 4t is

[Go(t + 66)) = (1 - —Kat) (1), (54)

Since K is non-Hermitian, the norm of the state decreases during this evolution.
This loss of norm determines the jump probability [16].

A jump in channel k occurs during the interval dt with probability

pi(t) = ot (WO LLLele(1)), (55)

after which the state is

0l1)) — ot + o1)) = D) (56)
VOILLL 6 (1)
If no jump occurs, the state is renormalized
ot + 6t)) (L= §K0t) () (57)

0= sEs) )l

Averaging over realizations recovers the reduced density operator as in Eq. (52)
1, 16].

The Monte Carlo wave-function method applies when the decay rates remain
nonnegative. In the non-Markovian regime, master equations may contain time-
dependent rates that become temporarily negative, so that the standard jump in-

terpretation can no longer be applied directly [17].

3.2 Rate operator formalism

The rate-operator formalism extends the standard quantum-jump picture beyond
the regime where all decay rates are nonnegative. In the Monte Carlo method, jump
probabilities are fixed directly by the rates and operators in the master equation,
which fails when rates turn negative |3, 4].

The jump part of the master equation is

Z Ya(t) La(t)pLL(1), (58)
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and for a normalized state |¢(t)) with projector

Py(t) = [() (4 ()] (59)

the rate operator is defined

Wy (t) = (I = Py(t)) Ji[Py ()] (I = Py(t)) - (60)

For P-divisible dynamics, Wy(t) is positive semidefinite. Its eigenvalues are then
nonnegative and determine the jump probabilities, while its eigenvectors determine

the corresponding post-jump states. The spectral decomposition can be written as

Wy(t) = Z A j ()| Dy (1)) Dy i (D)]- (61)

The jump

V() — |¢w.;(t)) (62)

occurs with probability

pi(t) = Ay ;(t) dt. (63)

The operators L, (t) and rates 7,(t) thus enter only through Wy(t), rather than
determining the jumps directly as in the Monte Carlo method (3, 4].

The decomposition of the master equation into jump and deterministic parts
is not unique. For an arbitrary time-dependent operator C(t), one can define a

transformed jump term

Tl = Alp)+ 5 (C0p+ pC' (1), (64)

with a corresponding transformation of the deterministic part, leaving the full master

equation unchanged. This leads to the transformed rate operator

RE() = JIP(0)] = AIPo(0)] + 5 (COPLD + POCT(D) . (69
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where C(t) is the same for all stochastic realizations. When R (t) is positive semidef-
inite, its eigenvalues and eigenvectors define the jump probabilities and post-jump
states. Different choices of C(t) therefore yield different unravelings of the same

master equation [4, 18].

3.3 Realization-dependent transformations

The state-independent transformation of the previous section can be extended by
allowing Cy(t) to depend on the current stochastic realization. The generalized rate

operator then takes the form

Rolt) = HIPu(0)] + 5 (Cld Po0) + PO (D)) (66)

and the corresponding deterministic evolution is generated by the state-dependent

non-Hermitian Hamiltonian

~.

Kolt) = H(H) ~ 570 — 5Colt), (67)

where I'(t) = 3" 7a(t) L}, (t) Lo(t). The dependence on the current realization makes
the deterministic part of the dynamics nonlinear [4].
Since Cy(t) appears only through its action on |1)(¢)), it is convenient to define

the unnormalized vector

[Py (1)) = Cy(B)](1))- (68)

in terms of which the rate operator reads

Ry(t) = ) Ya(t)La(t)Py(t)LE(t) + % (124 () (D (@) + [0 (@) (Pu(B)]) . (69)

Compared with the state-independent transformation, the additional freedom to
let |®,(t)) depend on the current stochastic realization gives greater control over
the stochastic trajectories, and makes it possible to construct unravelings for some

non-P-divisible dynamics [4].
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4 Deterministic steering of quantum trajectories in
the generalized rate operator formalism

The central question is whether the realization-dependent transformation can ac-
tually be used to steer the deterministic part of individual stochastic trajectories.
This is motivated by a broader and practically relevant problem of how to drive a
quantum system toward a prescribed target state. Applications include state initial-
ization, resetting protocols, and preparing resource states for quantum technologies.
The goal here is not to build a full state-preparation protocol, but to use a fixed
target state as a concrete way to test how much control the transformation gives
over the trajectory level.

The realization-dependent transformation enters directly through the effective
non-Hermitian Hamiltonian, so different choices of the transformation immediately
change how the deterministic part of the evolution behaves. The main constraint is
that the generalized rate operator has to stay positive semidefinite, since its eigen-
values play the role of jump probabilities and cannot be negative. The set of states
where this condition holds defines the positivity domain, which for a qubit has a

natural geometric picture on the Bloch sphere [4].

4.1 Overlap ratio and attraction

For a fixed realization-dependent transformation, the overlap ratio measures whether
the deterministic evolution moves the current state |¢(t)) toward the reference di-

rection

)
R N ¥ OO (70)

If [¢p(t +0t)) is the state after one deterministic step, the overlap ratio is defined
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as

(g = L0+ BN -
(0(0) @o(0)]

When 7(t) > 1, the deterministic evolution is locally attractive toward |®,(t)), when

r(t) < 1 it is repulsive, and r(t) = 1 means the overlap is unchanged to first order
in 6t. Since only terms up to first order in 0t are retained, r(f) > 1 signals local
attraction during a single short step and does not imply long-time convergence.
Attraction alone is not sufficient for a valid unraveling. The generalized rate
operator must also remain positive semidefinite, so the central question is whether

both conditions can be satisfied simultaneously.

4.2 Pure dephasing dynamics

Positive Rate Operator Region Attractive Region: r>1

0.0 0.5 10 L5 0.0 0.5 Lo L5
4 4

Figure 2. Parameter regions for the fixed-direction transformation in the pure de-
phasing case. The left panel shows where the rate operator remains positive, while
the right panel shows where the overlap ratio satisfies r > 1. The regions do not
overlap, so positivity and attraction are not obtained simultaneously for this ansatz.

The pure dephasing case serves as a concrete test of whether a simple transformation
vector can produce local attraction while keeping the rate operator positive. The

dephasing rate is

7:(t) > 0. (72)
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giving the master equation

d
L =u(t) (02p0. — ). (73)

Pure states are parametrized as
11(0)) = cos 0|0) + sin6|1), (74)

where 0 < ¢ < 7. The transformation vector is fixed in the direction
[Dy) = Al+), (75)

where A € R and |+) = %.

The generalized rate operator is then

Ry = 1:(0)0-Pao+ 5 (8) (0] + ) (@) (76)

The positivity of the rate operator is checked via the smallest eigenvalue

Amin(Ry) > 0. (77)
The effective Hamiltonian is
)
Ky = =5 (=01 +18y)(¥]). (78)

so the unnormalized no-jump state after one step is

e+ 60) = (1= 292 ) jwio) - Fiaw). (79)

The overlap ratio is evaluated between the normalized version of this state and

normalized transformation state

[(aet -+ 801D
(0B

where |1get (t+6t)) denotes the normalized deterministic state obtained from |2V (¢+

r(0,\) =

(80)

0t)). The deterministic evolution is attractive when

r(0,)) > 1. (81)
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A numerical simulation was run for ~,(f) = 1 and d¢t = 0.01, but the sign
conflict seen in the results is not specific to these values. These parameters are
representative choices only, and the same qualitative conflict appears for arbitrary
positive 7,(t). Figure 2 shows that the positivity and attraction conditions are not
satisfied in the same parameter region. The rate operator remains positive primarily
for A > 0, while attraction toward |+) requires A < 0. The origin of this conflict is

the deterministic correction term

—%AH). (82)

For A < 0, this adds a component in the |+) direction, increasing the overlap with
the reference state, but simultaneously pushes R, outside the positivity domain.
For A > 0 the rate operator can remain positive, but the correction points away
from |+) and produces no attraction. The fixed-direction ansatz |®,) = A|+) is
therefore too restrictive: simultaneous positivity and attraction cannot be achieved

for this test case.
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4.3 Pauli master equation dynamics

Comparison of Positivity and Attraction Regions

Rate operator positive
Attractive region, r > 1

D Simultaneous region

0.0 0.5 1.0 15

4

Figure 3. Parameter regions for the fixed-direction transformation in Pauli master
equation dynamics, where —4y < X\ < 4~. The figure compares the positivity of the
generalized rate operator with the attraction condition » > 1 in the (6, \) plane.
The blue region shows where the generalized rate operator is positive, the orange
region shows where the deterministic step is attractive with » > 1, and the green

region shows where both conditions are satisfied simultaneously.

The Pauli master equation is used as a second paradigmatic model for the generalized

rate operator construction. In contrast to the pure dephasing case, the dynamics

contains all three Pauli channels

y(¢
Yalt) =7y (t) = 7:(t) = % v >0,
and when H = 0, the master equation is
dp _(t) ¢

where 0y = 0, 09 = 0y, and 03 = 0.

The generalized rate operator is

Ry =05 6P+ L (0 (0] + ) @)
k=1

(83)

(84)

(85)
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and the positivity condition is checked at every time step from the smallest eigen-

value,
Amin (Ry) > 0. (86)

The jump part of the generalized rate operator is

Since

23: 7<t>0’7m =1, (88)

the deterministic part is generated by
1
Ky = =5 (VO +124){¥]) - (89)
For a normalized state, the unnormalized deterministic state after one time step is

therefore

e+ 60) = (1= 190 ) wie - o) (90)

The normalized deterministic state is then used to evaluate the overlap with the
target state |+).

Unlike in the case of pure dephasing dynamics, the rate operator can stay pos-
itive and the overlap ratio attractive » > 1 simultaneously. For the positivity and
attraction check, the same transformation ansatz Eq. (74) and state Eq. (75) were

used. The numerical parameters are set as
~(t) =1, ot = 0.01, —4y < X < 4. (91)

For each parameter pair (0, \) defining the state in Eq. (74) and the transformation
in Eq. (75), the smallest eigenvalue of R, is used to test positivity. The attraction

condition is tested with the overlap ratio. The result is shown in Figure 3. Unlike
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Comparison of Positivity and Attraction Regions in the Complex A Plane

4F

| | Rate operator positive
Attractive region, r > |

D Simultaneous region

Im(Ad)

2k

L ! L
-4 -2 0

Re(l)

=15
=

Figure 4. Parameter regions in A € C for Pauli master equation dynamics with
0 = /6 and x = 7/3. The blue region shows where the generalized rate operator is
positive, the orange region shows where the deterministic step is attractive with » >
1, and the green region shows the overlap where both conditions hold simultaneously.
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in the pure dephasing case, the Pauli master equation has a nonempty region where
the generalized rate operator is positive and the deterministic step is attractive at
the same time.

To check whether the coexistence of positivity and deterministic attraction is
restricted to real transformation parameters, the analysis is next extended to the

complex \ plane. Now the state is parametrized as
11(0, X)) = cosf0) + eXsinf [1), (92)

where y € R is a phase parameter. The transformation is the same as in Eq. (75),

but the parameter X is allowed to take complex values
reC, A =R +iI(N). (93)

The same parameter values as in Eq. (91) are used, with the fixed state parameters

chosen as

b=<  x=73 (94)
which give unequal populations and a nonzero relative phase. These values are
used as a representative nontrivial state, avoiding the cases of basis states and real
superposition states. The overlap between the positivity region and the attraction
region in the complex A plane is shown in Figure 4. This overlap corresponds to the
parameter regime where the rate operator remains positive while the dynamics is
simultaneously attractive.

The central result is that, for the Pauli master equation, positivity of the rate
operator and attractive deterministic evolution can hold simultaneously. This con-
trasts with the pure dephasing case, where the same transformation ansatz did not
produce an overlap between the positivity and attraction regions. For real values of
A, the overlap region in Figure 3 already demonstrates that the attractive behavior

is compatible with positivity of the rate operator. Extending the analysis to com-

plex A and including a relative phase y in the state parametrization shows that the
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coexistence of the two conditions still holds. The relative phase reshapes the overlap
region in a nontrivial way, as shown in Figure 4. The precise dependence on Y is
beyond the scope of this thesis.

Although the numerical simulation is carried out for the target state |+), this
choice does not represent a physically preferred direction of the isotropic Pauli dy-
namics. The master equation is rotationally symmetric on the Bloch sphere. Choos-
ing |[+) as the target is therefore no different from choosing any other pure state.
This observation is relevant from the perspective of state preparation. If the chosen
target is replaced by |0), the same symmetry argument connects the present steer-
ing problem to ground-state preparation, where dissipation can be used to drive a

system toward a desired stationary or low-energy state [5].
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4.3.1 Simulation of deterministic attraction

Bloch Sphere Trajectories

rank 1: A=0.327, chi=-3.142
rank 11: A=0.327, chi=-3.100
rank 26: A=0.327, chi=-3.250

=== rank 51: A=0.327, chi=-2.933
rank 101: A=0.313, chi=-3.308
rank 201: A=0.287, chi=-3.217

=== rank 401: A=0.247, chi=-3.000

. target |[+>

Figure 5. Bloch-sphere representation of deterministic trajectories for several ac-
cepted fixed transformations. Each coloured curve corresponds to a different param-
eter pair (A4, x). The red marker denotes the target state |+). All shown trajectories
satisfy the positivity condition. The parameter pairs are ranked according to their
integrated survival probability.

The idea is to study how the realization-dependent transformation affects the deter-
ministic part of the unraveling. Pure states are parametrized on the Bloch sphere

as
10(0, p)) = cosB|0) + e sinf|1), (95)
where 0 < 0 < 5 and 0 < ¢ < 27. The transformation vector is chosen as
|Py) = Ae™|+), (96)

where A > 0 is a real amplitude.
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Bloch Sphere Trajectories

= init 1: A=0.327, chi=-3.142, 0=0.999
=== init 2: A=0.327, chi=-3.142, 0=1.000
== init 3: A=0.327, chi=-2.463, 0=1.000
=== init 4: A=0.327, chi=-1.877, 0=0.999
= init 5: A=0.327, chi=2.455, 0=0.999
== init 6: A=0.327, chi=2.149, 0=0.998

init 7: A=0.327, chi=-2.712, 0=0.997
=== init 8: A=0.327, chi=2.935, 0=0.998

. target |+>

1.001.00

Figure 6. Bloch-sphere representation of deterministic trajectories for several dif-
ferent initial states. Each coloured curve corresponds to a different initial state,
with its optimized parameter pair (A, x). The red marker denotes the target state
|+). All shown trajectories satisfy the positivity condition and reach the prescribed
minimum target overlap. For each initial state, the parameter pair was selected by
maximizing the integrated survival probability.
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The transformation parameters A and y are numerically sampled over the pa-
rameter range A € [0,1] and y € [—m,w]. For each pair (A, ), the trajectory is
propagated deterministically and the generalized rate operator is required to remain
positive during the full evolution. In addition, the final overlap with the target state

is required to satisfy

Fltars) = [(+ ]t (tare))|* = 0.96, (97)

where t,,. denotes the arrival time.

The scan was then used to find a fixed transformation that satisfies the positivity
condition and drives the deterministic trajectory toward the target state. Several
accepted trajectories are shown in Figure 5. Each curve corresponds to a different
fixed parameter pair (A, x), which is kept constant throughout the simulation. The
red marker denotes the target state |[4+). All plotted trajectories reach the target-
overlap threshold defined in Eq. (97). The same is presented in Figure 6, but with
different initial states, so one can see how the transformations lead to different
geometries on the Bloch Sphere.

In this simulation, the optimal parameter pair was selected with maximizing the

integrated survival probability. The survival probability is

Poary (t) = [lvae (1)1, (98)

Within the scanned parameter range A € [0,1] and x € [—m, 7] the optimal param-

eter pair was
A =0.3267 X = —T. (99)

The smallest eigenvalue of the generalized rate operator remained positive during
the full trajectory, showing that the positivity condition was not violated.
The attraction of the deterministic trajectory was tested with the overlap ratio

r(t). For the optimal parameter combination, the overlap ratio remained above one
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Overlap Ratio Target Overlap
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Time (1/y) Time (1/y)

Figure 7. Overlap behaviour for the optimal parameter pair in Pauli master equation
dynamics with A = 0.3267 and x = —m, v = 1. The left panel shows the overlap
ratio (), which remains above one during the evolution and therefore indicates local
attraction toward the target direction. The right panel shows the target overlap
|{(+[(t))|?, which increases close to one as the state approaches |+).

throughout the entire simulation. This confirms that each deterministic step moved
the state closer to the target state and is also reflected in the target overlap, which
increased from the initial value to f(t.) = 0.999. The time evolution of both (%)
and f(t) is shown in Figure 7.

The generalized rate operator remains positive along the trajectory, while the
deterministic evolution moves the state along the surface of the Bloch sphere toward
the target state |[+). The overlap-ratio plot confirms that the deterministic evolution
is locally attractive throughout the simulation. The result therefore supports the
conclusion that within the scanned range the Pauli master equation provides enough
freedom for a realization-dependent transformation to improve the deterministic

trajectory without violating positivity.
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4.3.2 Survival probability

Exponential Survival Fit

e recipes
—6 1 —— linear fit

Log survival at arrival

6 8 10 12 14 16
Arrival time tarr (1/y)

Figure 8. Logarithm of the survival probability at arrival as a function of the arrival
time for the accepted fixed transformations. Each point corresponds to one fixed
parameter pair (A, x) that preserves positivity of the generalized rate operator and
reaches the target-overlap threshold.

The final part of the analysis looks at how quickly different fixed transformations
reach the target state and what is the asymptotic survival probability. The survival
probability was tracked through the norm of the unnormalised deterministic state
as in Eq. (98), which tells how much probability weight remains in the no-jump
evolution up to time t. For each fixed transformation, the code checks that the
generalized rate operator stays positive along the trajectory, and records the first
time the target overlap crosses the threshold in Eq. (97). The corresponding value
Priury(tarr) is then used to compare the different transformations against each other.

The simulation uses the same parameter range for A and x as before, with v = 1,
o0t = 0.01, and 2000 time steps. Only transformations that both preserved positivity
and reached the target-overlap threshold were included to the comparison. To rank

the accepted transformations, the simulation assigns each accepted transformation
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a score

Psurv (tarr>f(tarr)

S =
1+tarr

: (100)

which rewards short arrival times, high survival probability, and large target overlap
at arrival. The score was used to rank the accepted fixed transformations. Since
each parameter pair (A, x) defines one deterministic no-jump trajectory, this also
orders the corresponding trajectories by their speed-survival performance. The nu-
merator combines the survival probability at arrival with the target overlap, so only
transformations that both reach the target reliably and retain enough no-jump prob-
ability get a high score. The denominator penalises long arrival times, meaning that
even if two transformations have similar survival probabilities, the one that gets
there faster is more favourable for state preparation. Large values of S therefore
correspond to transformations that reach the target quickly, with high overlap and a
large remaining no-jump probability. The score is used only as a numerical ordering
criterion.

Figure 8 plots 1og Py (tarr) as a function of ¢,,, for the accepted fixed transforma-
tions. The points fall close to a straight line, which suggests the survival probability

decays roughly as
Psurv(tarr) ~ Ce_reﬂtarra (101)

where C' is a constant and I'wg is an effective decay rate. The fitted rate is 'y =~
1.076, which is very close to v = 1. This suggests that the survival probability
at arrival is primarily controlled by the natural exponential decay of the no-jump
evolution, while the different transformations mainly affect the arrival time to the
target region.

Within the scanned parameter range, changing the transformation mainly affects
the geometry and speed of the deterministic trajectory. The survival probability at

arrival, on the other hand, follows roughly the same exponential dependence on .,
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across all transformations. Faster transformations arrive earlier and therefore retain
more no-jump probability.
The best-performing transformations came from a balance between steering strength

and keeping the generalized rate operator positive. When A is too small the steering
is weak and the trajectory takes a long time to reach the target. When A is too large
the rate operator tends to drift outside the positivity domain. In the parameter scan
phases near y ~ —m were most often associated with the better-performing trans-
formations. These findings show that the generalized rate-operator transformation
gives enough freedom not only to produce an attractive no-jump trajectory toward
the target state, but also to allow transformations with more favourable survival

properties.

5 Conclusion

This thesis studied whether realization-dependent transformations in the generalized
rate operator quantum jump formalism can be used to steer the deterministic part
of individual stochastic trajectories. The motivation comes from a broader state-
preparation problem. In many quantum-technology settings it is important to drive
a system reliably toward a prescribed target state. Practical examples include qubit
initialization and resetting in quantum computation, where the system needs to be
brought to a known state before or during a computational protocol [19], and the
preparation of magic states needed for universal fault-tolerant quantum computation
when combined with Clifford operations [20]. In these settings the relevant question
is not only whether the target state can be reached at all, but also how fast and
with what probability.

The results show that the answer depends strongly on both the structure of the
open-system dynamics and the choice of transformation. For pure dephasing dynam-

ics, the fixed-direction transformation considered here did not produce simultaneous
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attraction toward the target state and positivity of the generalized rate operator.
This does not mean that steering is impossible for all transformations, but it does
show that this particular ansatz does not give enough freedom in the pure dephasing
case.

The situation was different for the Pauli master equation dynamics. Within the
scanned parameter range, fixed time-independent transformations were found that
kept the generalized rate operator positive while steering the deterministic trajectory
toward the target state. The most optimal transformation in the scan reached a high
target overlap while keeping the smallest eigenvalue of the rate operator positive
throughout the full trajectory. These results indicate that, for the Pauli dynamics,
the realization-dependent transformation provides enough freedom for deterministic
trajectory level steering without violating the positivity condition [4].

The survival probability results gave a clearer picture of what the transformations
actually do. The accepted transformations did not just differ in whether they reached
the target state, they also differed in how quickly they got there and how much no-
jump probability was left at arrival. Faster transformations arrive earlier and have
more survival probability, while weaker transformations may stay positive but take
much longer to reach the target. Across the scan, the survival probability at arrival
followed roughly an exponential dependence on the arrival time, which suggests that
the main effect of the transformation was to shift the arrival time rather than change
the underlying decay scale of the no-jump evolution.

Overall, the results suggest that realization-dependent transformations can serve
as a genuine trajectory level control mechanism. The numerical analysis provides
evidence for a potentially feasible state preparation protocol in which deterministic
attraction toward a chosen target state is combined with positivity preservation and
survival probability optimization. The results show that the freedom provided by

the generalized rate-operator formalism can be used to steer deterministic no-jump



36

trajectories while maintaining the positivity condition required for a valid quantum-
jump interpretation. This makes the formalism a promising starting point for future
work on fast and reliable preparation of desired quantum states in open quantum

systems.
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Use of artificial intelligence tools

The free version of ChatGPT by openAl was used as a supporting tool during the
numerical part of this work. Specifically, it was consulted to help identify and
understand value errors in the Python code when the errors could not be resolved
independently. It was also used to support the improvement of the Mathematica

plotting code, in order to improve the clarity and presentation of the plots.
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