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Abstract
Pairwise learning is a specialized form of supervised learning that focuses on predicting
outcomes for pairs of objects. In this paper, we formulate the pairwise learning problem as a
difference of convex (DC) optimization problem using the Kronecker product kernel, �1- and
�0-regularizations, and various, possibly nonsmooth, loss functions. Our aim is to develop an
efficient learning algorithm, SparsePKL, that produces accurate predictions with the desired
sparsity level. In addition, we propose a novel limited memory bundle DC algorithm (LMB-
DCA) for large-scale nonsmooth DC optimization and apply it as an underlying solver in
the SparsePKL. The performance of the SparsePKL-algorithm is studied in seven real-
world drug-target interaction data and the results are compared with those of the state-of-art
methods in pairwise learning.

Keywords Pairwise kernel learning · Nonsmooth DC optimization · Bundle methods ·
DCA · �0-pseudo-norm · Zero-shot learning

1 Introduction

Pairwise learning corresponds to the supervised learning setting with the aim of making
predictions for pairs of objects.Datawith pairwise observations naturally arise, for instance, in
recommender systems [20, 31, 42], information retrieval [29], drug-target interaction (DTI)
prediction [6, 39], and link prediction in social networks [47, 49] to mention but a few. In this
paper,we formulate the pairwise learning problemas a difference of convex (DC) optimization
problem using theKronecker product kernel, �1- and �0-regularizations, and various, possible
nonsmooth, loss functions. Our aim is to create a learning algorithm—SparsePKL —that
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produces accurate predictions with the desired sparsity level. In particular, we aim to solve
the realistic form of the DTI problem called zero-shot learning. It corresponds to predicting
labels for such drug-target pairs where neither the drug nor the target is encountered during
the training phase.

In addition, we propose a novel limited memory bundle DC algorithm (LMB- DCA)
for large-scale nonsmooth DC optimization and apply it as an underlying solver in the
SparsePKL algorithm. We would like to emphasize that the proposed LMB- DCA is not
the well-known DCA [27, 41] with the limited memory bundle method (LMBM) [15, 16]
as an underlying solver but rather the LMBM modified to solve DC optimization problems
using the DCA as a backup.

Using a learning algorithm that produces accurate predictions with a sparse model offers
benefits such as interpretability, efficiency, better generalization to new data, scalability, and
robustness to noise. These advantages make sparse models desirable in various applications
(see, e.g., [10, 11, 18, 24, 50, 54]), allowing for improved understanding, computational
efficiency, and reliable predictions.

In practice,we tackle the problemof finding sparse solutions by adding an �0-pseudo-norm
as a penalty for the pairwise kernel learning problem. Note that basically the �0-pseudo-norm
simply counts the number of nonzero components of a vector, and the optimization problems
involving this pseudo-norm as it is are known to be NP-hard. Therefore, we instead use the
continuous formulation of the �0-pseudo-norm [11, 13] based on the polyhedral k-norms.
This allows us to control the sparsity of the solution vector. It is worth of noting that the
resulting problem is a nonsmooth DC optimization problem.

Applying the �0-pseudo-norm in sparse optimization is not a new idea. However, to our
knowledge, the continuous formulation of the �0-pseudo-norm has been applied to a regres-
sion problem utilizing kernel transformations only in [37], where the LMBM-Kron�0LS
algorithm for sparse pairwise kernel learning problems is introduced. The differences between
the SparsePKL algorithm proposed here and the LMBM-Kron�0LS algorithm introduced
in [37] are that the SparsePKL algorithm

• utilizes the exact DC formulation of the sparse pairwise kernel learning problem and
solves it with the novel LMB- DCA;

• applies a double regularization scheme instead of the sole �0-pseudo-norm (see,
Sect. 5.1); and

• solves the pairwise kernel learning problem with the user-specified sparsity percentage
and with the selected loss function such as the squared loss, squared epsilon-intensive
loss, epsilon-intensive squared loss, epsilon-intensive absolute loss, and absolute loss.

In contrast to the last point, the LMBM-Kron�0LS algorithm applies only the squared loss
and aims to find a solution as sparse as possible while maintaining satisfactory prediction
accuracy with respect to the non-sparse reference solution. Although, finding a solution as
sparse as possible may sound like a good idea, it also makes the LMBM-Kron�0LS algorithm
rather complex and time-consuming.

The contribution of the paper is three-fold:

1. to introduce a novel algorithm LMB- DCA for large-scale nonsmooth DC optimization;
2. to present a novel algorithm SparsePKL to solve sparse pairwise kernel learning prob-

lems; and
3. to compare different, possible nonsmooth, formulations of the loss functions when seek-

ing sparse solutions.

The paper is divided into two main parts. The first part considers nonsmooth and DC
optimization (Sects. 2 and 3) whereas the second part is devoted to pairwise kernel learn-
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ing problems (Sects. 4–7). More precisely, we first give some preliminaries to nonsmooth,
DC, and sparse optimization in Sect. 2 and then we propose a new LMB- DCA for solving
large-scale nonsmooth DC optimization problems in Sect. 3. In Sect. 4, we present the basics
of pairwise learning problems and kernel methods including Kronecker product kernels.
Section5 focuses on the model formulation by recalling the used loss functions with their
(sub)gradients and introducing the double regularization procedure used. Further, in Sect. 6
we propose a new SparsePKL algorithm for solving pairwise kernel learning problems with
the desired sparsity of the solution. This algorithm applies the LMB- DCA as an underly-
ing solver at each iteration. In Sect. 7, we give numerical results for the new SparsePKL
algorithm and compare the obtained results against the state-of-the-art methods Kronecker
product kernel regularized least squares (KronRLS) and Kronecker support vector machine
(KronSVM) [1, 38] and against the LMBM-Kron�0LS algorithm [37]. Further, we evaluate
the LMB- DCA as a standalone optimization method by comparing it with the well-known
DCA. Finally, Sect. 8 concludes the paper. The notations used throughout the paper are listed
in Table 1.

2 Preliminaries

We start with a short introduction to nonsmooth and DC optimization. An interested reader
can find more details, for example, from [3, 8, 19, 28, 36, 41, 43]. In addition, we recall the
basic idea of sparse optimization and define the continuous formulation of the �0-pseudo-
norm.

In what follows, we denote by R
n the n-dimensional Euclidean space, by a�b =∑n

i=1 aibi the inner product of vectors a, b ∈ R
n and by B(a, ε) the open ball at a ∈ R

n

with a radius ε > 0. The associated �2- and �1-norms are denoted by ‖a‖2 = (a�a)1/2 and
‖a‖1 = ∑n

i=1 |ai |, respectively.

2.1 Nonsmooth optimization

A function J : Rn → R is nonsmooth if there are one or more points a ∈ R
n such that J

fails to be differentiable at these points. Typically these points are encountered at extremes
of nonsmooth functions [3]. In nonsmooth optimization, we try to find a minimizer (or
a maximizer) of the problem, where at least one of the objective functions involved is
nonsmooth.

A function J : Rn → R is convex if for all a, b ∈ R
n and λ ∈ [0, 1] we have

J (λa + (1 − λ)b) ≤ λJ (a) + (1 − λ)J (b).

Further, a function J : Rn → R is locally Lipschitz continuous if at every a ∈ R
n there

exists L > 0 and ε > 0 such that

|J (b) − J (c)| ≤ L‖b − c‖2 for all b, c ∈ B(a, ε).

For example, both convex and smooth functions always satisfy this property. Whenever a
function J : Rn → R is locally Lipschitz continuous, the Clarke subdifferential at a point
a ∈ R

n can be calculated with the formula [3, 8]

∂ J (a) = conv
{
lim
i→∞ ∇ J (ai ) | ai → a and ∇ J (ai ) exists

}
,
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Table 1 Notations

H Hypothesis space (e.g. reproducing kernel Hilbert space)

D, T Spaces of drugs and targets

X Input space, i.e., space of drug-target pairs

Y Label space

d ∈ D, t ∈ T Drugs and targets

Xd , Xt Sets of observed drugs and targets, Xd⊆D, Xt⊆T
nD, nT Numbers of unique drugs and targets

n Number of observed data, usually n >> nD + nT
x = (d, t) Input variable, drug-target pair

y ∈ R
n Labels, label y is assosiated with pair x

X = (x1, . . . , xn) ∈ (X n)� Set of inputs

Y = (y1, . . . , yn)� ∈ R
n Set of labels

L Loss function

f : X → R Prediction function

p = f (X) ∈ R
n Predictions

a ∈ R
n Dual coefficient (variable)

J (.) Objective function for optimization

J1(a), J2(a) DC components of J , i.e. J (a) = J1(a) − J2(a)

∇ J (a) Gradient of J at a

∂ J (a), ∂c J (a) Subdifferentials of J at a

ξ (Sub)gradient, ξ ∈ ∂ J (a)

C Regularization function

λ, ρ, ρ1, ρ2 Regularization parameters

k (Maximum) number of non-zero elements, k ∈ {1, . . . , n}
‖a‖2, ‖a‖1, ‖a‖0 �2-norm (Euclidean), �1-norm, and �0-pseudo-norm

‖a‖[k] Polyhedral k-norm

kD : D × D → R, kT : T × T → R Kernel functions for drugs and targets

kD,T : (D × T ) × (D × T ) → R Pairwise kernel function (also Kronecker product kernel)

K ∈ R
n×n Pairwise kernel matrix for training,

Ki, j = kD,T ((di , ti ), (d j , t j )), i, j = 1, . . . , n

S1–S4 Experimental settings

where “conv” is the convex hull of a set and each vector ξ ∈ ∂ J (a) is called a subgradient.
By using this subdifferential, it is easy to derive a necessary optimality condition for a∗ ∈ R

n

to be a local optimizer, namely, 0 ∈ ∂ J (a∗) [3]. Any point satisfying this condition is called
stationary. Note that stationarity can also be a sufficient condition for global optimality, but
only when the considered function is convex.

2.2 DC programming

In DC programming, we consider problems where all functions can be stated as a difference
of two convex (DC) functions. The general unconstrained DC problem is given with

minimize
a∈Rn

J (a), (1)
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where J : Rn → R is DC. Formally, a function J : Rn → R isDC if there exists two convex
functions J1, J2 : Rn → R enabling us to write

J (a) = J1(a) − J2(a) for all a ∈ R
n .

Inwhat follows, J1− J2 is called aDCdecomposition, where the separate convex functions J1
and J2 areDCcomponents. Note that one or both of theDCcomponents can be nonsmooth and
that aDC function has infinitelymany different DC decompositions. Altogether DC functions
constitute an important and wide subclass of nonsmooth nonconvex functions including, for
example, every convex, concave, and twice continuously differentiable function [19, 21].

Before stating some optimality conditions for the DC problem (1), we need to introduce
a subdifferential for convex DC components Ji : Rn → R, i = 1, 2. The subdifferential at a
point a ∈ R

n is given as a set [2, 3]

∂c Ji (a) =
{
ξ ∈ R

n : Ji (b) − Ji (a) ≥ ξ�(b − a) for all b ∈ R
n
}
, i = 1, 2.

Each vector ξ i ∈ ∂c Ji (a) is called a subgradient of Ji at a for i = 1, 2. From the above
definitions, we see that ∂c Ji (a) = ∂ Ji (a) for i = 1, 2. Thus, to simplify the notations we
denote the subdiffereantial of the convex DC component Ji , i = 1, 2, also with the Clarke
subdifferential ∂ Ji (a).

For the problem (1), the most commonly used necessary optimality condition is criticality
requiring that at a point a∗ ∈ R

n the condition

∂ J1(a
∗) ∩ ∂ J2(a

∗) 
= ∅
is fulfilled. Note that a stationary point is always critical. However, the inverse result does not
necessarily hold. This is due to the fact that at a point a ∈ R

n for a DC function J = J1 − J2
we can only guarantee a result [3]

∂ J (a) ⊆ ∂ J1(a) − ∂ J2(a) (2)

and equality in the relationship happens onlywhen J1 or J2 is differentiable. Thus, only differ-
entiability of J1 or J2 together with criticality ensures also stationarity. In DC programming
algorithms, the goal is typically find only a critical point [23, 27, 28].

2.3 �0-pseudo-norm and sparse optimization

Optimization problems seeking sparsity of the solutions have recently received broad atten-
tion. They are applied, for instance, in regression analysis (see, e.g. [4, 11, 34]), sparse
principal component analysis (see, e.g. [17, 53, 55]), and signal and image processing (see,
e.g. [24, 30, 54]). In this subsection, we recall the DC formulation for sparse optimization
problem [11, 13].

In sparse optimization, we consider a cardinality-constrained optimization problem:
{
minimize

a∈Rn
J (a)

subject to ‖a‖0 ≤ k,
(3)

where J : Rn → R, ‖a‖0 is the �0-pseudo-norm that simply counts the number of nonzero
components of a vector, and k ∈ {1, . . . , n} represents the maximum allowed number of
non-zero elements. Due to the non-convex and discontinuous nature of the �0-pseudo-norm,
solving the problem (3) is known to be NP-hard [35]. As a result, the �0-pseudo-norm in (3)
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is often replaced with its tight convex relaxation, the �1-norm [11]. However, this kind of
relaxation deteriorates the control over the desired sparsity level and, thus, we propose taking
advantage of the continuous formulation of the �0-pseudo-norm [11, 13]. We rely to the class
of polyhedral k-norms ‖a‖[k] defined as the sum of k largest components (in modulus) of
the vector a. The fact that polyhedral k-norms are intermediate between �1- and �∞-norms,
allows us to derive the following equivalence, valid for 1 ≤ k ≤ n:

‖a‖0 ≤ k ⇐⇒ ‖a‖1 − ‖a‖[k] = 0.

It is noteworthy that the cardinality-constraint in (3) is defined by a discontinuous function
whereas the exact reformulation ‖a‖1 − ‖a‖[k] is a continuous one, although both describe
the same feasible set [11, 13].

We remind that ‖a‖1 − ‖a‖[k] ≥ 0 for all a ∈ R
n and, thus, we transfer the cardinality-

constrained problem (3) into a penalty function formulation:

minimize
a∈Rn

J (a) + ρ
(‖a‖1 − ‖a‖[k]

)
(4)

with a penalty parameter ρ > 0. Assuming that the original objective function J in (4) is a
DC function with the decomposition J = J1 − J2 (note that a convex function is trivially
DC with J1 = J ), formula (4) can be written as a DC optimization problem:

minimize
a∈Rn

Ĵ (a) = Ĵ1(a) − Ĵ2(a),

where Ĵ1(a) = J1(a) + ρ‖a‖1 and Ĵ2(a) = J2(a) + ρ‖a‖[k].

3 Limitedmemory bundle DC algorithm

In this section, we propose a novel LMB- DCA for solving the large nonsmooth DC opti-
mization problem (1). The backbone of the newmethod is the LMBM [14, 16] developed for
general large-scale nonsmooth optimization. TheLMBM is a bundle-typemethod character-
ized by the use of serious and null steps together with the simple aggregation of subgradients.
In addition, the search direction is calculated by the limitedmemory variable metric approach
[5] (the limited memory BFGS (L-BFGS) update after a serious step and the limited mem-
ory SR1 (L-SR1) update, otherwise). Thus, the LMBM avoids solving the time-consuming
quadratic direction finding problem appearing in standard bundle methods (see, e.g. [2, 26])
as well as storing andmanipulating largematrices as is the case in the standard variablemetric
methods. These aspects make the LMBM suitable for solving large-scale nonsmooth opti-
mization problems. Namely, the number of operations needed for the calculation of the search
direction and the aggregate values is only linearly dependent on the number of variables.

The basic idea of the new LMB- DCA is very simple: we use the original LMBM, but
instead of a subgradient ξ ∈ ∂ J (a) at a point a ∈ R

n we substitute it with the subgradient
difference ξ1 − ξ2, where ξ1 ∈ ∂ J1(a) and ξ2 ∈ ∂ J2(a), unless we encounter an issue. The
issue may arise when the difference of subgradients of the DC components does not belong
to the subdifferential of the original function (see, Eq. (2)). In practice, this is noted by the
failure in the line search procedure or by many consecutive null steps. In these cases, we
switch to solve a subproblem similar to the one used in DCA [27, 41]. In what follows, we
describe different components of the LMB- DCA in more detail.

The fundamental idea behind the LMBM is to calculate the search direction using the
classical limitedmemory variablemetric scheme dh = −Gh∇ J (ah), whereGh is the limited
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memory variablemetric update that represents the approximation of the inverse of theHessian
matrix,∇ J (ah) is a gradient of function J at a point ah , and h is an iteration index. However,
since for a general nonsmooth objective J the gradient does not necessarily exist, an aggregate
subgradient ξ̃ h ∈ ∂ J (ah) is employed instead in the LMBM. Here, since also the subgradient
of the DC function may be unknown, we go one step further and employ the (aggregate)
subgradient difference. Therefore, the search direction is given by

dh = −Gh ξ̃ h, (5)

where ξ̃ h = ξ h1 − ξ h2 with ξ h1 ∈ ∂ J1(ah) and ξ h2 ∈ ∂ J2(ah) if the previous step was a serious
step. However, if the previous step was a null step, ξ̃ h is an aggregate subgradient difference
(see, Eq. (10)). In what follows, we simply denote the subgradient difference by ξ h for all
h = 1, 2, . . ..

The role of the matrix Gh is to accumulate information from the previous iterations. Note,
however, that the large matrix Gh is not formed explicitly. Instead, we store only a few (say
m̂c) correction vectors obtained at the previous iterations of the algorithm and use these
vectors to implicitly define the product Gh ξ̃ h . In the smooth case, the correction vectors are
given by sh = ah+1 − ah and uh = ∇ J (ah+1) − ∇ J (ah). Nevertheless, in the LMBM —
as well as in the proposed LMB- DCA —we may have ah+1 = ah due to the usage of null
steps and we use an auxiliary point bh+1 (described in detail below) instead of ah+1 when
updating sh . In addition, since the (sub)gradient does not necessarily exist for nonsmooth DC
objective the correction vectors uh are computed using the difference of the subgradients of
DC components, that is, the vectors are given by sh = bh+1−ah and uh = ξ h+1−ξm , where
m is the index of the last serious step. These correction vectors are append into correction
matrices Sh and Uh , respectively. If h > m̂c, we first delete the oldest correction vectors
from these matrices.

The search direction dh in (5) is not necessarily a descent one.1 Thus, we apply the line
search procedure that generates a null step instead of a serious step whenever necessary or
indicates that neither the condition for a serious step nor the condition for a null step can be
reached. We first determine a new auxiliary point bh+1 = ah + thRd

h , where thR ∈ (0, tmax ] is
a step size with an upper bound tmax > 1. A necessary condition for a serious step is to have

J (bh+1) ≤ J (ah) − εL t
h
Rwh, (6)

where εL ∈ (0, 1/2) is a line search parameter, and wh > 0 represents the desirable amount
of descent of J at ah . If the condition (6) is satisfied, we set ah+1 = bh+1 and call this step
a serious step. If the current search direction is not good enough, that is, the value of the
objective at the auxiliary point bh+1 is not decreased enough, either the null step occurs or
we need to enter the DCA procedure since there is an issue during the line search procedure.
In the case of a null step, we have

−βh+1 + (ξ h+1)�dh ≥ −εRwh, (7)

where εR ∈ (εL , 1/2) is a line search parameter, ξ h+1 is the subgradient difference computed
at bh+1, and βh+1 is the subgradient locality measure given by

βh+1 = max
{ ∣

∣
∣J (ah) − J (bh+1) + (sh)�ξ h+1

∣
∣
∣ , γ ‖sh‖2

}
(8)

with the distance measure parameter γ > 0. In addition, we set ah+1 = ah but information
about the objective function is increased since we store the auxiliary point bh+1 and the

1 This is a common feature in nonsmooth optimization.
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corresponding auxiliary subgradient difference ξ h+1, and use them to compute the new
aggregate values. More precisely, if the condition (7) is satisfied and the maximum number
of consecutive null steps is not yet reached (implying that we do not have serious problems
with the subgradient differences), we proceed to the aggregation procedure similar to that of
the original LMBM — and very different from the one used with standard bundle methods
(see, e.g. [2, 26]). That is, we determinemultipliers λhi (i ∈ {1, 2, 3}) minimizing the function

ϕ(λ1, λ2, λ3) = [λ1ξm + λ2ξ
h+1 + λ3ξ̃

h] �Gh[λ1ξm + λ2ξ
h+1 + λ3ξ̃

h ] (9)

+ 2(λ2β
h+1 + λ3β̃

h),

and satisfying λhi ≥ 0 and
∑3

i=1 λki = 1. Here, ξm is the subgradient difference at the current
point am = ah (m denotes the iteration index of the last serious step), ξ h+1 is the subgradient
difference at the auxiliary point bh+1, and ξ̃ h is the current aggregate subgradient difference
from the previous iteration (ξ̃1 = ξ11 − ξ12 ). In addition, βh+1 is the current subgradient
locality measure and β̃h is the current aggregate subgradient locality measure (β̃1 = 0). The
new aggregate values can then be computed as

ξ̃ h+1 = λh1ξ
m + λh2ξ

h+1 + λh3 ξ̃
k and β̃h+1 = λh2β

h+1 + λh3 β̃
h . (10)

This simple aggregation procedure gives us the possibility to retain the global convergence
without solving the complicated quadratic direction finding problem appearing in standard
bundle methods (see, e.g. [2]). Moreover, only one trial point bh+1 and the corresponding
subgradient difference ξ h+1 need to be stored instead of n + 3 subgradients typically stored
in bundle methods. Finally, we point out that the aggregate values need to be computed only
if the last step was a null step. Otherwise, we set ξ̃ h+1 = ξ h+1 and β̃h+1 = 0.

On the other hand, if the condition (7) is not satisfied during the line search procedure
or the maximum number of consecutive null steps is met, we solve the convex subproblem
similar to the DCA to escape the current problematic iteration point. This yields a problem

minimize
a∈Rn

J̄h(a) = J1(a) − [J2(ah) + (ξ h2 )�(a − ah)], (11)

where ξ h2 ∈ ∂ J2(ah), which is also solved with LMBM. This means that in the subproblem
we are linearizing the second DC component J2 at the current iteration point ah . One main
benefit of this is that the solution ah+1 of the subproblem (11) always satisfies

J (ah+1) ≤ J̄h(a
h+1) ≤ J̄h(a

h) = J (ah).

Thus, we should always use ah as a starting point in the LMBM when we solve (11).
Furthermore, if J̄h(ah+1) < J̄h(ah) we know that a better solution is found for the original
objective J and a serious step can be performed. However, if J̄h(ah+1) = J̄h(ah) is satisfied
we know that 0 ∈ ∂ J̄h(ah) implying that ξ h2 ∈ ∂ J1(ah). This guarantees the criticality of the
current iteration point ah and we can terminate the execution of the whole LMB- DCA with
ah as its solution.

Remark 1 The original LMBM is globally convergent for locally Lipschitz continuous func-
tions [16]. Therefore, if ξ h1 − ξ h2 ∈ ∂ J (ah) for all h also the proposed algorithm converges to
a Clarke stationary point. This is the case, for instance, if either J1 or J2 is a smooth function.

Remark 2 If we stop at Step 3 of the LMB-DCA with m = h (i.e. the previous step was a
serious step), we have found a point ah that (approximately) satisfies 0 = ξ h = ξ h1 − ξ h2 .
Thus, we can say ah is a critical point.
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Algorithm 1 LMB- DCA

Input: A starting point a1 ∈ R
n , the final accuracy tolerance ε > 0, descent parameters

εL ∈ (0, 1/2) and εR ∈ (εL , 1/2), the upper bound tmax > 1 for serious steps, the
distance measure parameter γ > 0, the number of stored corrections m̂c ≥ 3, and the
maximum number of consecutive null steps n0max ≥ 0.

Step 0. (Initialization) Compute J (a1) = J1(a
1) − J2(a

1) and ξ1 = ξ11 − ξ12 , where ξ11 ∈
∂ J1(a

1) and ξ12 ∈ ∂ J2(a
1). Initialize the correction matrices S1 and U1 as empty

matrices and set b1 = a1, β1 = 0, and
h = 1.

Step 1. (Serious step initialization.) Set ξ̃h = ξh and β̃h = 0. Set m = h.
Step 2. (Direction finding) If h = 1, set d1 = −ξ1 and go to Step 3. Else, compute

dh = −Gh ξ̃h

by the L-BFGS update if m = h (use at most m̂c correction vectors in Sh and Uh )
and by the L-SR1 update, otherwise.

Step 3. (Stopping criterion) Compute

wh = −(ξ̃h)�dh + 2β̃h .

If wh < ε, then stop with ah as the final solution.
Step 4. (Line search and auxiliary step) Determine the step size thR ∈ (0, tmax]. Evaluate

bh+1 = ah + thRd
h and ξh+1 = ξh+1

1 − ξh+1
2 ,

where ξh+1
1 ∈ ∂ J1(b

h+1) and ξh+1
2 ∈ ∂ J2(b

h+1). Set sh = bh+1 −ah = thRd
h and

uh = ξh+1 − ξm (recall that m is the index of the last serious step). Append these
values to Sh and Uh and denote the results as Sh+1 and Uh+1, respectively.

Step 5. (Serious step) If

J (bh+1) − J (ah) ≤ −εL t
h
Rwh ,

set ah+1 = bh+1, J (ah+1) = J (bh+1), βh+1 = 0, h = h + 1, and go to Step 1.
Step 6. (Null step)

Calculate the locality measure βh+1 by (8). If h − m < n0max and −βh+1 +
(dh)�ξh+1 ≥ −εRwh , set ah+1 = ah and go to Step 7. Else, go to Step 8.

Step 7. (Aggregation.) Determine multipliers λhi ≥ 0 for all i ∈ {1, 2, 3}, ∑3
i=1 λki = 1 that

minimize the function (9), where Gh is calculated by the same updating formula as
in Step 2.
Compute ξ̃h+1 and β̃h+1 as in (10). Set h = h + 1 and go to Step 2.

Step 8. (DCA step) Find a solution ah+1 to the convex optimization problem (11). If
J (ah+1) = J (ah), then stop with ah (or ah+1) as the final solution. Otherwise
compute ξh+1 = ξh+1

1 − ξh+1
2 with ξh+1

1 ∈ ∂ J1(a
h+1) and ξh+1

2 ∈ ∂ J2(a
h+1).

After this set sh = ah+1 − ah and uh = ξh+1 − ξm and append these values to
Sh andUh and denote the results as Sh+1 andUh+1, respectively (i.e. overwrite the
previous update made in Step 4). Update h = h + 1 and go to Step 1.

Remark 3 The DCA is proved to be globally convergent to a critical point [27, 41]. In prin-
ciple, the DCA just successively solves the subproblem (11) and updates the iteration point.
Thus, if we enter Step 8 of the LMB-DCA infinitely many times, the proposed algorithm
converges to a critical point due to the repeated execution of the DCA step. In addition, if
the execution of the LMB-DCA is stopped at Step 8, then we directly have a critical point.
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Remark 4 To guarantee the global convergence in the original LMBM, the sequence {wh}
has to be nonincreasing in consecutive null steps and matrices (Di )−1 for all i = 1, . . . , h
need to be bounded. This leads to a more complex algorithm that is described in detail in
[16].

4 Preliminaries for pairwise kernel learning

In this section, we provide the theoretical background on pairwise learning problems and
kernel methods.

4.1 Pairwise learning problem

The goal of supervised learning (e.g., regression and classification) is to learn an unknown
prediction function f : X → Y from a set of training samples {(xi , yi )}ni=1 each consisting
of an input xi ∈ X and its corresponding label yi ∈ Y such that f can correctly predict a label
for a new object x ∈ X unseen during the training phase. Here, the label space is Y = R for
regression and Y = {0, 1} for classification problems. In what follows, we consider almost
solely the regression problems.

In pairwise learning, the training input consists of pairs of objects x = (d, t) and their real
valued labels y. We call these objects drugs d ∈ D and targets t ∈ T , but they can represent
various other objects in different applications. Different fields often consider divergent but
related pairwise prediction tasks.2 Nevertheless, the two most fundamental assumptions of
pairwise learning are given below [48].

Assumption 1 (Pairwise data assumption) Both the drugs and the targets tend to appear
several times as parts of different inputs in an observed data set.

Assumption 2 (Nonlinearity assumption) The predicting functions are usually not linear
combinations of functions depending only on drugs or targets.

Assumption 1 means that the same drug di may belong to two (or more) different samples
(di , t j ) and (di , tk)whileAssumption 2means thatwe do not have global ordering of drugs (or
targets). More precisely, the opposite of Assumption 2 would mean that if f (d, t) = fd(d)+
ft (t) for some functions fd and ft , then f (di , t j ) > f (dk, t j ) would imply f (di , tl) >

f (dk, tl) for all drugs and targets. In other words, there would always be a single drug that
would be the best choice for all targets (and vice versa).

We formulate the problemof learning the prediction function f as the regularized empirical
risk minimization problem

f ∗ = argmin
f ∈H

L(p, y) + λC( f ), (12)

where p = f (X) ∈ R
n are the predicted and y ∈ R

n are the correct outputs for the training
set, X = (x1, . . . , xn) ∈ (X n)� is the set of inputs, L is a convex non-negative loss function,
and λ > 0 and C are the regularization parameter and function, respectively. In addition, H
is the hypothesis space.

The standard formulation of problem (12) is called RLS or ridge regression. It is obtained
by choosing a squared loss to loss function L(p, y) = ‖y − p‖2, a Euclidean norm for

2 This leads to the need for different experimental settings, see [39, 48] and Sect. 7.1.
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regularization λC( f ) = λ
2‖ f ‖2H, and the reproducing kernel Hilbert space (RKHS) as the

hypothesis space H.

4.2 Kernel methods

Nowadays kernel methods are the de facto methods in supervised learning [1]. They provide
a powerful framework for learning complex patterns in data by implicitly mapping it into a
higher-dimensional feature space [22]. Kernel methods can be used when the training data
either have explicit feature vectors or implicit feature vectors are defined via positive semi-
definite kernel functions. Furthermore, when both drugs and targets have their own feature
representation or kernel, we can use a pairwise kernel to define a kernel for the pair. The
simplest pairwise kernel is obtained by concatenating the feature vectors of drugs and targets
and applying a standard kernel (like polynomial kernel) into this combined feature vector.
However, the simplest kernel thatmodels actual pairwise interactions between drug and target
features is the pairwise Kronecker product kernel [48]. It also allows generalization for such
new pairs where neither the drug nor the target occur in the training set — a setting known
as zero-shot learning [1].

Let kD : D×D → R and kT : T ×T → R denote positive semidefinite kernel functions3

defined for drugs and targets. Then the Kronecker product kernel for the drug-target pairs
kD,T : (D × T ) × (D × T ) → R is defined as a product of these two base kernels. That is,

kD,T ((d, t), (d ′, t ′)) = kD(d, d ′)kT (t, t ′).

Further, let K ∈ R
n×n denote the pairwise Kroneker product kernel matrix con-

taining all the kernel evaluations between the drug-target pairs such that Ki, j =
kD,T ((di , ti ), (d j , t j )), i, j = 1, . . . , n. By choosing RKHS associated with kD,T as the
hypothesis space, the generalized representer theorem [44] implies that the minimizing func-
tion f in (12) can be given as:

f (d, t) =
n∑

i=1

ai kD,T ((di , ti ), (d, t)),

where ai is a component of the vector a ∈ R
n of dual coefficients and index i goes trough

all observed drug-target pairs. In addition, the predictions for the training data can be given
with the kernel matrix as p = Ka [48].

It is worth noting that Assumption 1 implies that if n is the number of observed data
and nD and nT are the numbers of unique drugs and targets in the data, respectively, then
n >> nD + nT . This fact is used to develop computational short-cuts tailored specifically
to pairwise learning problems in [1, 48]. More precisely, the large kernel matrix K need
not be computed explicitly but the matrix–vector product Ka can be computed implicitly in
O(n (nD + nT )) time using a sparse Kronecker product multiplication algorithm known as
the generalized vec trick (GVT). This computational shortcut can be applied to speed up any
optimization approach whose computational complexity is dominated by multiplications of
a pairwise kernel matrix with a vector.

3 In this work, the kernel functions kD for drugs and kT for targets come from the chemical structure and
sequence similarity matrices, respectively.
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5 Model formulation

In this section, we introduce the model we are using. We consider the regularized empirical
risk minimization problem (12) with various loss functions described in detail in Sect. 5.2.
In addition, instead of just replacing the most commonly used squared regularization term
with the �0-pseudo-norm as in [37], we apply a double regularization scheme. It is worth
mentioning that we end up with a nonsmooth DC optimization problem.

5.1 Double regularization

As pointed out in Sect. 4, the standard formulation of the pairwise kernel learning problem
(12) is to use the squared loss with the squared regularization. In [37], the squared regular-
ization is replaced with the �0-pseudo-norm. However, the direct use of the �0-pseudo-norm
may lead to a situation where the largest nonzero dual coefficients are left without any reg-
ularization. That is, in the continuous representation of the �0-pseudo-norm the polyhedral
k-norm cancels out the k largest dual coefficients from the �1-norm. Therefore, we use the
�1-norm as a double regularization to provide regularization for all dual coefficients. The
�1-norm is selected (instead of the usually used �2-norm) as it supports our effort to produce
sparse solutions.

We consider the double regularized empirical risk minimization problem in a form

minimize
a∈Rn

J (a) = L(Ka, y) + ρ1‖a‖1 + ρ2(‖a‖1 − ‖a‖[k]) (13)

with ρ1, ρ2 > 0. This formula is both nonsmooth and nonconvex. However, function J (a)

can be written as a DC function, which allows us to compute the subgradients of convex DC
components separately. The DC formulation of the problem (13) is

minimize
a∈Rn

J (a) = J1(a) − J2(a),

where J1(a) = L(Ka, y) + (ρ1 + ρ2)‖a‖1 and J2(a) = ρ2‖a‖[k].
The (initial) double regularization parameters ρ1 and ρ2 in (13) are given by the formula

ρ1 = ρ2 = 1

n2
· L(p1, y)

‖a1‖1 ,

where a1 ∈ R
n is the user-specified starting point and L(p1, y) is the value of the loss

function in that point (remind that p1 = Ka1). Parameter ρ1 is fixed while parameter ρ2
is used as a penalty parameter and increased at every iteration of the proposed SparsePKL
algorithm until the feasible solution with respect to the desired sparsity level is obtained.
More details of this will be given in Sect. 6.

5.2 Loss functions and their (sub)gradients

We use the following loss functions with (13):

• Squared loss: L(p, y) = 1
2

∑n
i=1(pi − yi )2;

• Squared epsilon-intensive loss:L(p, y) = 1
2n

∑n
i=1 max(0, |pi − yi |−ε)2, where ε > 0;

• Epsilon-intensive squared loss:L(p, y) = 1
2n

∑n
i=1 max(0, (pi −yi )2−ε), where ε > 0;

• Epsilon-intensive absolute loss: L(p, y) = 1
n

∑n
i=1 max(0, |pi − yi | − ε), where ε > 0;

• Absolute loss: L(p, y) = 1
n

∑n
i=1 |pi − yi |.
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Fig. 1 Illustration of different loss functions with the selection ε = 1

These loss functions are illustrated in Fig. 1.
The gradients ζ = ∇L(p, y) and subgradients ζ ∈ ∂L(p, y) of the above-mentioned

loss functions with respect to the predictions are given below. Note that it is enough to find
one subgradient ζ from the subdifferential ∂L(p, y) at each point p to apply a nonsmooth
optimization method.

• Squared loss: ζi = pi − yi , i = 1, . . . , n.

• Squared epsilon-intensive loss: ζi =

⎧
⎪⎨

⎪⎩

0, if |pi − yi | < ε,

pi − yi − ε)/n, if pi − yi≥ ε,

(pi − yi + ε)/n, otherwise.

• Epsilon-intensive squared loss: ζi =
{
0, if (pi − yi )2 < ε,

(pi − yi )/n, otherwise.

• Epsilon-intensive absolute loss: ζi =

⎧
⎪⎨

⎪⎩

0, if |pi − yi | < ε,

1/n, if pi − yi ≥ ε,

−1/n, otherwise.

• Absolute loss: ζi =

⎧
⎪⎨

⎪⎩

1/n, if pi − yi > 0,

0, if pi − yi = 0,

−1/n, otherwise.

As pointed out the gradients and subgradients above are givenwith respect to predictions p.
In the case ofKronecker product kernelmethods, the loss function isL(p, y), where p = Ka.
Due to this, the loss function can be written in the form f = g ◦ h where h : Rn → R

n

and g : Rn → R are given with formulas h(a) = Ka and g(p) = L(p, y). In addition,
h is linear and continuously differentiable, whereas g is convex and thus subdifferentially
regular. These properties guarantee that the (sub)differential of f with respect to a can be
computed via (generalized, see e.g. [3] Theorem 3.20) chain rule as

∂ f (a) = ∇h(a)�∂g(h(a)) = K�∂L(p, y).

This means that K�ζ , where ζ = ∇L(p, y) or ζ ∈ ∂L(p, y), is a (sub)gradient of the loss
function with respect to the dual variable a.
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5.3 Subgradient of double regularization

The final point in this section is to give subgradients of the regularization part in (13). A
subgradient η of (ρ1 + ρ2)‖a‖1 with respect to the dual variable a is given by

ηi =

⎧
⎪⎨

⎪⎩

(ρ1 + ρ2), if ai > 0,

−(ρ1 + ρ2), if ai < 0,

0, otherwise.

Next, let us denote by I[k] = {i1, . . . , ik} ⊆ {1, 2, . . . , n} the index set of k largest (in
modulus) components of a. The subgradient ϑ of ρ2‖a‖[k] with respect to the dual variable
a is given by

ϑi =

⎧
⎪⎨

⎪⎩

ρ2, if ai ≥ 0 and i ∈ I[k],
−ρ2, if ai < 0 and i ∈ I[k],
0, otherwise.

When we combine the previous information, the subgradients ξ1 ∈ J1(a) and ξ2 ∈ J2(a)

are obtained in the model (13) with respect to the dual variable a using the formulas

ξ1 = K�ζ + η and ξ2 = ϑ.

Furthermore, utilizing these subgradients we obtain the subgradient difference ξ1−ξ2 for the
objective J in (13). This is enough for calculations since the proposed method LMB-DCA
does not need the exact subgradient of J .

6 Sparse pairwise kernel learning

In this section, we propose the pairwise kernel learning algorithm SparsePKL as Algo-
rithm 2 and give some details of its implementation.

6.1 Pairwise kernel learning algorithm

The pairwise kernel learning algorithm SparsePKL aims to produce predictions with the
desired sparsity of the solution. This is done by solving the double regularized risk mini-
mization problem (13) with an increasing penalty parameter ρ2. With ρ2 large enough, the
problem (13) has a solution abest which is feasible with respect to the �0-pseudo-norm con-
straint ‖a‖0 ≤ k (see, Eq. (3)). Nevertheless, if the desired sparsity level is not achieved
within the maximum number of iterations given by the user, the SparsePKL algorithm
returns the sparsest infeasible solution obtained so far (denoted by asis) with the warning.

The above-mentioned double regularized risk minimization problem (13) is solved with
the LMB- DCA. To accelerate the solution process the problem is solved using a little bit
smaller value of k than the user-specified sparsity level would imply (see Steps 0 and 1 of
Algorithm 2). The reason for this is that the penalty-based optimization methods tend to slow
down considerably near the boundary of the feasible region. Naturally, we accept the solution
whenever the desired sparsity level is achieved (see Step 3 of Algorithm 2).

4 In this work Gaussian kernels for drugs and targets are used but other kernel functions can be applied as
well. The pairwise interactions between drug and target features are modelled via the pairwise Kronecker
product kernel matrix K .
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Algorithm 2 SparsePKA
Input: Give data x = (d, t) ∈ X with labels y ∈ Y and divide it to training, validation, and test sets.

Choose the loss functionL and the desired sparsity percentage nz%describing the amount of
nonzero variables. Select the kernel functions kD and kT for drugs and targets, respectively4.
Select i tlmbdca

max > 0, the maximum number of iterations used with LMB- DCA after which

the predictions are (re)validated and i t pkamax > 0 the maximum number of iterations used here.
Select ε > 0 for epsilon-intensive loss functions (default ε = 0.01) and δ1 > 1 for penalty
parameter updating.

Step 0. (Initialization) Set a starting point a1 = 1/n ∈ R
n and the desired number of nonzero

components k = nz% · n. Set k′ = 0.99k. Compute p1 = Ka1 via GVT and the (initial)
double regularization parameters ρ1 and ρ12 by

ρ1 = ρ12 = 1

n2
· L(p1, y)

‖a1‖1
.

Set j = 1, C Ibest = 0, nzsis = n, and the solution feasibility t = false.
Step 1. (Double regularized riskminimization problem)ApplyLMB-DCA(Algorithm1) tominimize

the double regularized riskminimization problem (13) starting froma j with the regularization

parameters ρ1 = ρ1 and ρ2 = ρ
j
2 , and k = k′. Stop Algorithm 1 after i tlmbdca

max iterations
unless it has already terminated due to criticality. In the latter case, set t = true. Denote the
obtained solution by a j+1 and the number of nonzero components in it by nza .

Step 2. (Validation) If nza ≤ k compute the C-index C Ival w.r.t. the validation data and, if C Ival >

C Ibest , set C Ibest = C Ival , abest = a j+1, and nzbest = nza . Otherwise, if nza ≤ nzsis ,
set nzsis = nza and asis = a j+1.

Step 3. (Termination with the feasible solution) If j > i t pkamax , set t = true. If t = true and nzbest ≤ k,
stop with abest as a best solution. Compute and return the predictions and C-index w.r.t. test
data. Otherwise, set t = false.

Step 4. (Termination with an infeasible solution) If j > i t pkamax , stopwith an infeasible solution asis .
Compute and return the predictions and C-index w.r.t. test data, and the obtained sparsity
level nzsis with warning of infeasibility.

Step 5. (Feasibility achieved) If nza ≤ k, set ρ j+1
2 = ρ

j
2 , j = j + 1 and go to Step 1.

Step 6. (Update penalty parameter) Set ρ
j+1
2 = δ jρ

j
2 , δ

j+1 = max(1.1, δ j /2), j = j + 1 and go
to Step 1.

At every iteration of the SparsePKL algorithm the predictions are validated using a
separate validation set and an evaluation metric called the concordance index (C-index) [12].
The C-index is a rank-based performance measure that is defined as the probability that
the predictions for two sample points are in the same order as their real labels. In the case
of binary interaction labels, the C-index is equal to the widely used metric area under the
receiver operating characteristic curve (AUC) [39].

Remark 5 One might expect that the number of nonzero variables would decrease at each
iteration of the SparsePKL algorithm. However, this is not necessarily the case in penalty-
based methods with changing penalty parameters and, especially, when the DCA step of
LMB- DCA is employed (see Step 8 of Algorithm 1) the number of nonzero variables may
increase. Therefore, if the desired sparsity is not yet achieved in Step 2 ofAlgorithm2,we save
the sparsest infeasible solution asis obtained so far and the number of nonzero components
nzsis in it.
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6.2 Implementation

TheSparsePKL algorithm is implemented using a combination of Python and Fortran 95 via
the F2PY interface generator. The GVT from RLScore https://github.com/aatapa/RLScore
[38] is applied to compute Kronecker product kernels implicitly. The k-norm is computed
using the bisection method (mostly) without sorting or copying the data. Here, we employed
the source code by PierU available at https://stackoverflow.com/questions/75975549/find-
and-modify-highest-n-values-in-a-2d-array-in-fortran. The source code of SparsePKL —
including LMB- DCA and all the above-mentioned loss functions — is available at https://
github.com/napsu/sparsePKL.

7 Numerical experiments

Now we are ready to compare the proposed algorithms SparsePKL and LMB- DCA with
some state-of-the-art methods in pairwise kernel learning and DC optimization. We start this
section by describing the data sets and different experimental settings for data and continue
with some implementation details of the algorithms used. Finally, we give the results of our
experiments.

7.1 Data and experimental settings

Numerical experiments are run on seven real pairwise drug-target data sets whose character-
istics are presented in Table 2. These datasets are selected for three key reasons:

1. Pairwise kernel methods were originally introduced for biomedical interaction prediction
and are most widely used in this domain. The datasets used in this study serve as standard
benchmarks in the field.

2. The datasets exhibit diverse characteristics, including variations in size, label type (con-
tinuous or binary), and sparsity.

3. The datasets provide feature representations for both drugs and targets, which are essen-
tial for pairwise learning using the Kronecker kernel. While open-source drug-target
interaction (DTI) datasets with these properties are scarce, they are crucial for achieving
meaningful generalization in zero-shot learning scenarios.

Each data consists of three matrices Xd ∈ R
nD×nD , Xt ∈ R

nT ×nT and Y ∈ R
nD×nT , where

the first two are feature matrices for drugs/compounds and target kinases, respectively, and
the last one is the drug-target interaction affinity matrix. For Davis, GPCR, IC, and E all
pairwise interactions are known, whereas Metz, KiBA, andMerget are naturally sparse. That
is, interaction information is available only for a small subset of all possible drug-target pairs.
The numbers of drugs (nD), targets (nT ), and their known interactions (n) are presented in
Table 2. For more details of the data sets, we recommend the references provided in Table 2.

According to [39, 40, 45], we can divide pairwise prediction tasks into different exper-
imental settings based on the assumptions regarding the overlap between the training data
and the new pairs for which predictions are needed. The four distinct settings can be defined
as

• x ∈ S1 if and only if d ∈ Xd and t ∈ Xt

• x ∈ S2 if and only if d ∈ Xd but t /∈ Xt

• x ∈ S3 if and only if d /∈ Xd but t ∈ Xt
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Table 2 Data set characteristics

Data set nD nT n Label type References

Davis 68 442 30,056 Continuous [9]

Metz 1421 156 93,356 Continuous [33]

KIBA 2111 229 118,254 Continuous [46]

Merget 2967 226 167,995 Continuous [32]

G protein-coupled receptor (GPCR) 223 95 21,185 Binary [51]

Ion Channels (IC) 210 204 42,840 Binary [51]

Enzymes (E) 445 664 295,480 Binary [51]

• x ∈ S4 if and only if d /∈ Xd and t /∈ Xt .

Setting S1 corresponds to missing value imputation as both the drug and the target are
encountered in the training set. SettingsS2 andS3 correspond tomultilabel learning problems,
where the aim is to predict the labels for novel targets and drugs, respectively. Setting S4 is
the most challenging setting called zero-shot learning. It corresponds to predicting labels for
such pairs where neither the drug nor the target occurs in the training set. For more details
about splitting the data in different settings, we refer to [39].

All data sets are divided five times to separate, randomly selected, training, validation,
and test sets (1/3, 1/3, and 1/3) addressing the separate experimental settings accordingly.
In what follows, we report the average result obtained under each setting in each data set.
Naturally, the same sets are used with all learning methods.

7.2 Methods

The following pairwise kernel learning algorithms are used in our experiments:
CGKronRLS: We apply the state-of-the-art method CGKronRLS [1] as a benchmark
for non-sparse solutions. CGKronRLS has demonstrated strong real-world performance,
ranking among the top-performing methods in the IDG-DREAM Drug-Kinase Bind-
ing Prediction Challenge [7]. CGKronRLS uses the conjugate gradient (CG) method
to solve the standard RLS formulation of the pairwise kernel learning problem (12).
That is, it applies the squared loss ‖y − p‖2 as a loss function and the Euclidean
norm λ

2‖ f ‖2H for regularization. The regularization parameter λ is selected from the grid
{2−10, 2−5, 2−4, 2−3, 2−2, 2−1, 20, 21, 23, 24, 25, 210}. The tuning of λ is made separately
for each data set and each setting. In CGKronRLS, the C-index of the validation data is used
to select the best solution with an early stopping procedure [52].

CGKronRLS is implemented in Python/Cython and it belongs to RLScore [38] — the
regularized least-squares machine learning algorithms package— available at https://github.
com/aatapa/RLScore.

CGKronSVM: In addition, for binary labelled data sets, we apply CGKronSVM [1], a
hinge loss variant of CGKronRLS, as hinge loss is generally considered more effective for
classification than squared error loss. Notably, in its original introduction [1], CGKronSVM
demonstrated slightly better predictive accuracy than CGKronRLS for binary-labeled data.
CGKronSVM uses CG to solve the SVM formulation of the classification problem. It some-
times produces sparse solutions with an arbitrary level of sparsity. The parameters for
CGKronSVM are selected similarly to CGKronRLS. In addition, CGKronSVM is imple-
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mented in Python/Cython, belongs to RLScore, and is available at https://github.com/aatapa/
RLScore.
LMBM-Kron�0LS: LMBM-Kron�0LS [37] is a nonsmooth optimization-based method
designed for learning sparse models in pairwise interaction affinity prediction. This method
is chosen as a benchmark because, like the proposed approach, it utilizes kernels and the
continuous formulation of the �0-pseudonorm to address sparse pairwise learning problems.
In LMBM-Kron�0LS, the pairwise kernel learning problem (12) is formulated with squared
loss and �0-pseudonorm regularization. The method employs LMBM to efficiently solve
the resulting nonsmooth optimization problem. An early stopping procedure based on the
C-index values of the validation data and the obtained sparsity level is applied.

Note that LMBM-Kron�0LS is unable to find a solution with the predetermined spar-
sity percentage (cf. the proposed method). Instead, it aims to find a solution as sparse as
possible while maintaining satisfactory prediction accuracy with respect to the non-sparse
reference solution. This is done by solving a bi-objective optimization problem. Similar
to [37], we allow a 5% decrease in C-index from the solution obtained with the reference
method CGKronRLS. The main objective of the method is set toMO1 and the starting point
procedure SP1 is used.4 Otherwise, the parameters similar to [37] are used.

LMBM-Kron�0LS is implemented in combination of Python and Fortran 95 via the F2PY
interface. The source code ofLMBM-Kron�0LS is available at https://github.com/pavetsu14/
LMBM-KronL0LS.

SparsePKL: SparsePKL is an implementation of Algorithm 2.We test the algorithmwith
every loss function described in Sect. 5.2. In what followswe call these different formulations

• DRSL—squared loss with double regularization;
• DRSEI—squared epsilon-intensive loss with double regularization;
• DREIS—epsilon-intensive squared loss with double regularization;
• DREIA—epsilon-intensive absolute loss with double regularization;
• DRAL—absolute loss with double regularization.

We employ the same set of parameters for all losses in penalty updating and optimization. The
parameters are chosen to be generally effective across all losses in the Davis data set. Note
that due to automatic definition of the (starting) regularization parameters ρ1 and ρ1

2 (see,
Algorithm 2 Step 0) they are different for different data sets, settings, and loss functions. In
addition, our preliminary experiments showed that DRAL and DREIA tend to produce trivial
feasible solutions a∗ = 0 in binary labeled data with the original starting point a1 = 1/n
(see Algorithm 2, Step 0). Therefore, we used the starting point a1 = 1.0 with these versions
of SparsePKL in the binary labeled data sets GPCR, IC, and E.

There is no early stopping procedure employed in SparsePKL but the algorithm is
terminated if a feasible critical point is found with the LMB- DCA or if the maximum
number of iterations (50 in our experiments) in SparsePKL is reached. The best result is
selected using the C-index of the validation data. For more details of the implementation, see
Algorithm 2 and Sect. 6.2.

As already mentioned the source code of SparsePKL is available at https://github.com/
napsu/sparsePKL.

All the learning algorithms use Kronecker product kernel matrices to compute the predic-
tions p = Ka. The Kronecker product matrices are computed implicitly using the GVT [39,

4 We only used one starting point procedure here due to the fact that even with one starting point procedure the
method is the most time consuming of the methods tested and using also the second starting point procedure
would have doubled the time.
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48] from RLScore. The drug and target kernels are computed via Gaussian RBF kernels5

with the kernel width parameter μ = 105 as recommended in [1].
In addition to these pairwise kernel learning algorithms, we consider two DC optimization

algorithms:
LMB-DCA: LMB-DCA is a Fortran 95 implementation of Algorithm 1. It is capable of
solving any large-scale nonsmooth DC programming problem, although, here it is used as
an underlying solver for pairwise kernel learning. The parameters are chosen to be generally
effective across all losses in the Davis data set. The source code of LMB-DCA is included in
SparsePKL and available at https://github.com/napsu/sparsePKL.

DCA: The DCA software applied here is a Fortran 95 implementation of the renowned
DC programming algorithm DCA [27, 41]. We employ the LMBM to solve the underlying
convex optimization problem at each iteration ofDCA. The parameter selection used is similar
to that of LMB-DCA. The source code of DCA is included in SparsePKL and available at
https://github.com/napsu/sparsePKL.

Computational experiments are carried out on iMac, 4.0 GHz Intel(R) Core(TM) i7
machine with 16 GB of RAM. We use Python 3.7 and gfortran to compile the Fortran codes.

7.3 Results

The results of our numerical experiments are analyzed and evaluated using the C-index, mean
squared error (MSE), sparsity of the solution, and the used CPU time. As already mentioned,
the results are averaged over five different training, validation, and test set splits of each
data. The C-index provides convenient performance metrics when it is more important to
predict the relative order of labels than their exact values, while MSE measures these exact
values. Note that any constant function obtains trivial 0.5 level performance with respect to
the C-index. We say that the sparsity level is zero if the solution is dense (i.e. all variables
are non-zero) and it is 100% if we have a trivial feasible solution a∗ = 0. The CPU times for
the algorithms are averaged over all runs in data. That is, they include computational times
used in all different experimental settings S1–S4 in five different splits.

The results are given in Tables 4, 5, 6, 7, 8, 9 and10 in the appendix and summarized here
in Figs. 2 and 3. We run the proposed SparsePKL with four desired levels of sparsity: 0%
(k = n), 50% (k = n/2), 80% (k = n/5), and 90% (k = n/10). In Fig. 2 we give the C-
indices (blue bar) andMSEs (red line) for different algorithms/loss functions in continuously
labeled data sets. The desired sparsity level used with SparsePKL is 80% and it was
always reached but once with DREIS in Davis data under setting S4. The results obtained
with the other desired levels of sparsity are very similar but with the 90% sparsity, there were
somewhat more infeasible solutions (see Tables 4, 5, 6 and 7). Note that CGKronRLS only
produces dense solutions, while the final sparsity levels obtained with LMBMKron�0LS are
given in the caption of the figure. In Fig. 3, we summarize the corresponding results (see
Tables 8, 9 and 10) for binary labeled data. In addition, we report the results and sparsity
levels obtained with CGKronSVM.

In Tables 4, 5, 6, 7, 8, 9 and10, we use the bold font to emphasize the best result (great-
est C-index or smallest MSE) obtained with any loss function attached to SparsePKL.
In addition, we use a blue pen to emphasize predictions and computational times that are
better with SparsePKL with k = n than those of CGKronRLS and we use a red pen to
emphasize predictions that are better with SparsePKL than those of LMBMKron�0LS. In

5 Our preliminary tests with other kernel combinations resulted in much worse predictions.
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Fig. 2 C-index and MSE of pairwise kernel learning algorithms in data with continuous labels under different
settings (S1 in leftmost and S4 in rightmost abscissa). The desired sparsity level used with SparsePKL is
80%. The sparsity level obtained with CGKronRLS (RLS in figures) is always about 0.0%. The sparsity levels
obtained with LMBMKron�0LS (L0LS in figures) under settings S1, S2, S3, and S4 are a 73.60%, 90.54%,
90.51%, and 90.59%; b 54.63%, 82.38%, 74.44%, and 90.73%; c 59.36%, 71.21%, 88.58%, and 91.68%; d
34.62%, 46.58%, 57.73%, and 78.39%, respectively

the latter, we only compare the results which have approximately the same sparsity levels.
That is, the results we select for SparsePKL depend on the sparsity levels reached with
LMBMKron�0LS. If none of the solutions is better, we use the blue (red) pen to the result
obtained with CGKronRLS (LMBMKron�0LS). Further, in the tables, nz% denotes the per-
centages of the variables that are nonzero at the solution (i.e. it is opposite to the sparsity
level) and the CPU time is given in seconds.

7.3.1 General observations

As expected, the highest prediction accuracy was obtained under the most informative setting
S1 while the more realistic settings S2, S3, and S4 resulted in reduced accuracies (see Figs. 2
and 3). Setting S2 showed often higher accuracy than S3 suggesting that predicting new
targets for drugs is easier than predicting new targeted compounds. Moreover, predicting
labels for unseen drugs and targets (S4, zero-shot learning) was clearly the most challenging
task for all methods. Nevertheless, also in this case, a predicting function was successfully
learned in the majority of the data sets. Further, we note that learning to predict is usually
easier in the binary labeled data sets GPCR, IC, and E than in the continuously labeled data
sets Davis, Metz, KiBA, and Merget. This result is consistent with the one obtained in [39].
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Fig. 3 C-index and MSE of pairwise kernel learning algorithms in data with binary labels under different
settings (S1 in leftmost and S4 in rightmost abscissa). The desired sparsity level used with SparsePKL is
80%. The sparsity level obtained with CGKronRLS (RLS in figures) is always about 0.0%. The sparsity levels
obtained with CGKronSVM (SVM in figures) and LMBMKron�0LS (L0LS in figures) under settings S1, S2,
S3, and S4 are a CGKronSVM: 0.05%, 19.55%, 1.46%, and 76.21%, LMBMKron�0LS: 89.63%, 87.81%,
92.68%, and 88.21%; b CGKronSVM: 0.07%, 0.09%, 0.10%, and 0.48%, LMBMKron�0LS: 87.00%, 51.81%,
89.48%, and 72.26%; cCGKronSVM: 0.24%, 0.16%, 0.81%, and 19.86%,LMBMKron�0LS: 92.00%, 90.22%,
86.64% and 64.62%

One might expect that increasing the desired sparsity level would decrease the obtained
prediction accuracy. Indeed, this is usually the case under settings S1–S3 in continuously
labeled data sets (see Tables 4, 5, 6 and 7). However, in binary labeled data sets (see Tables 8–
10) and/or in zero-shot learning (regardless of the type of the labels) the obtained predictions
with enforced sparsity are often more accurate than the corresponding predictions produced
with dense solution vectors. In the first case, this is just due to the characteristics of the data.
In zero-shot learning, there is a lot of uncertainty involved due to the fact that neither the
drug nor the target has been seen in the training phase. Employing sparse solution vectors
enables us to recognize the most essential drug-target interactions, helping us uncover the
real patterns within the data while disregarding the redundant ones. This, in turn, leads to
improved prediction accuracy.

7.3.2 Comparison with CGKronRLS, CGKronSVM, and LMBMKron�0LS

A quick look at Tables 4, 5, 6, 7, 8, 9 and 10 (see the blue pen) reveals that CGKronRLS is
always the most accurate predictor under the simplest setting S1 and also often in settings
S2 and S3 when no sparsity is required. On the other hand, in setting S4, there is always a
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version of SparsePKL that produces more accurate predictions than CGKronRLS6. As
noted before, the sparsity of the solution vector may give SparsePKL some advantage in
setting S4. However, the above result holds true (but in one data) even if we only compare
the SparsePKL results with k = n. The reason for improved prediction accuracy is most
probably the usage of the nonsmooth optimization solver LMB-DCA that is less sensitive
to all kinds of perturbations than the smooth CG solver. The CPU times used with DRSEI
and DREIS are always significantly smaller than those of CGKronRLS. On the other hand,
CGKronRLS clearly win the other loss functions applied within SparsePKL.

The comparison betweenLMBMKron�0LS andSparsePKL (see the red pen in Tables 4,
5, 6, 7, 8, 9 and 10) reveals that LMBMKron�0LS often finds sparse solutions with a bit more
accurate predictions. More so, if we only compare the results in continuously labeled data
with respect to the C-index. However, in binary labeled data and/or with respect to MSE
different versions of SparsePKL start to look attractive alternatives. It is also worth noting
that most results obtained with SparsePKL are still pretty accurate predictions and the
used computational times are vastly shorter than those of LMBMKron�0LS: for instance, in
Merget DREIS with k = n/2 is about 150 times faster than LMBMKron�0LS. Besides, the
implementation of LMBMKron�0LS seems to be a bit unstable and the method crashed often
with an unknown reason, especially with bigger data sets (the results in tables are averaged
over the successful runs).

In binary labeled data sets CGKronSVM is always the best algorithm with respect to
both the C-index and MSE under setting S1 (sometimes together with CGKronRLS, see
Fig. 3). However, this result does not hold with more demanding settings S2–S4. In addition,
the solutions provided by CGKronSVM are usually not very sparse and they take longer to
compute than those of CGKronRLS and most versions of SparsePKL (see Tables 8–10).

Hence, we conclude that CGKronRLS is a very good predictor if the prediction task
falls under simple settings S1–S3 and no sparsity of the solution is required. Otherwise,
particularly for zero-shot learning, using SparsePKL with a suitable loss function is a
preferable option.

7.3.3 Different loss functions

Nowwe compare different loss functions used with SparsePKL. First, we point out that the
nonlinear losses DRSL, DRSEI, and DREIS usually produce more accurate predictions than
the piecewise linear losses DRAL and DREIA. An exception here is DREIA under setting S1.
In addition, DRSEI and DREIS find these predictions efficiently.

The original LMBM is shown to be best suited for solving highly nonlinear (and non-
smooth) optimization problems [25]. That is, it works better — both in terms of accuracy
and efficiency — in nonlinear than in (piecewise) linear cases. As a successor of the LMBM
the proposed LMB- DCA most probably shares this property, which explains the previous
result. The inefficiency of DRSL is because it never triggers the termination criterion of the
LMB- DCA (see Step 3 of Algorithm 1). Instead, it terminates only when the maximum
number of iterations in the LMB- DCA is reached. This also means that it runs until the
maximum number of iterations in the SparsePKL algorithm (see Algorithm 2) is reached.
Here, an easy fix would be an early stopping procedure using the validation data.

The predictions produced by DRAL are often clearly less accurate than those of the others.
The same is true for DREIA but with less clear deterioration. There are two possible reasons

6 To be precise, in IC data under S4, CGKronRLS produces the most accurate prediction w.r.t. C-index if we
only compare it to SparsePKL results with k = n. However, both DRSL and DRSEI predict better than
CGKronRLS with higher sparsity levels (see Table 9).
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for this. The first one is the used optimization method LMB- DCA as both absolute loss and
epsilon-intensive absolute loss comprise only piecewise linear terms. The second one is the
used starting point. As already mentioned, DRAL and DREIA tend to produce trivial feasible
solutions a∗ = 0 in binary labeled data when the starting point is too small. Although trivial
feasible solutions are not obtained in continuously labeled data, bigger starting points might
work better (givemore accurate predictions) with these loss functions in continuously labeled
data as well but then the number of iterations should be increased in order to get feasible
solutions as the convergence to feasible solutions with these two losses is quite slow.

As a result, we recommend to use SparsePKL with a nonlinear (nonsmooth) loss. More
precisely, apply DRSL under settings S1 and either DRSEI or DREIS with settings S2–S4.

7.3.4 LMB-DCA vs. DCA

Finally, we compare LMB-DCAwith the well-known DCA to show its performance as a pure
optimization method. The DCA applied here employs the LMBM as an underlying solver.
Therefore, the comparison should be quite fair as both solvers are capable of solving large-
scale nonsmooth optimization problems and internal parameter selection is similar. We use
the same data sets as before, with one split to different experimental settings each, and the
epsilon-intensive squared loss as an objective function. The desired sparsity level is set to
50% (if we set k = n we would have a convex problem) but only one fixed value 0.0001 is
used for both ρ1 and ρ2. In practice, this means that we cannot expect to get feasible solutions
in terms of sparsity level. However, we can compare the values of the objectives at the end
of the optimization procedure (the training procedure without intermediate validation).

In Table 3 we report

• n—the number of variables in optimization: in addition to data, this value depends on
the experimental setting we are using;

• J ∗—the obtained value of the objective function;
• nJ1, nJ2—numbers of DC component evaluations used with DCA;
• nξ1, nξ2—numbers of subgradient evaluations for the DC components used with DCA;
• nJ and nξ—numbers of function and subgradient evaluations for LMB-DCA: here nJ =

nJ1 = nJ2 and nξ = nξ1 = nξ2, that is both DC components (subgradients) were
evaluated nJ (nξ ) times7;

• CPU—the used CPU times in seconds.

In the table, bold font is used for the better objective value and for the better CPU time. It is
easy to see thatLMB-DCA outperformsDCA in terms of efficiency. The differences in accuracy
are not as significant. However, there is a clear difference in the sense that LMB-DCA found
slightly smaller objective values in data sets with continuous labels while DCA found smaller
values in data with binary labels (see Table 2). In addition, if we solved a DC optimization
problem with a computationally more expensive second DC component J2, DCA would be
an obvious choice as it uses only very few evaluations of the second DC component.

8 Conclusions

In this paper,we have introduced the sparse pairwise kernel learning algorithm (SparsePKL)
that produces accurate predictions with the desired sparsity level of the solution. The most

7 This is due to the fact that the DCA step (Step 9 in Algorithm 1) was not applied in these experiments.
Nevertheless, it was employed semi-regularly in the experiments of the previous sections.
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Table 3 Comparison of LMB-DCA and DCA

Data Setting n LMB-DCA DCA
J∗ nJ nξ CPU J∗ nJ1 nJ2 nξ1 nξ2 CPU

Davis S1 6638 0.3057 1428 1426 13.56 0.3082 1120 7 1075 7 12.59

S2 3234 0.2881 956 956 2.31 0.2877 1696 10 1617 10 5.06

S3 3404 0.2631 317 317 0.90 0.2575 1647 8 1600 8 5.20

S4 3381 0.3142 1512 1510 3.76 0.3149 1195 9 1111 9 4.00

Metz S1 20, 307 0.2208 1363 1358 86.68 0.2229 1105 6 1053 6 99.43

S2 10, 044 0.2070 1656 1649 20.65 0.2078 1920 14 1741 14 33.55

S3 10, 967 0.1755 1384 1377 19.12 0.1756 1831 14 1646 14 35.34

S4 11, 487 0.2039 1534 1531 22.16 0.2045 1758 9 1669 9 35.84

KiBA S1 26, 593 0.3324 2064 2061 267.18 0.3336 2268 10 2160 10 398.74

S2 14, 177 0.2708 2097 2094 52.72 0.2731 2197 16 1930 16 75.28

S3 20, 315 0.2394 1804 1802 64.61 0.2407 2392 16 2170 16 120.08

S4 20, 909 0.2345 1897 1895 22.16 0.2369 1891 8 1814 8 98.34

Merget S1 37, 085 0.2767 1724 1715 426.11 0.2770 1834 8 1734 8 587.63

S2 19, 728 0.2754 1618 1614 82.65 0.2766 1136 7 1067 7 71.59

S3 20, 435 0.2397 990 985 50.54 0.2398 1426 14 1234 14 89.58

S4 23, 202 0.2478 928 924 54.88 0.2482 1583 20 1226 20 114.84

GPCR S1 4715 0.0139 254 252 1.41 0.0138 470 8 380 8 2.94

S2 2294 0.0195 154 154 0.40 0.0194 387 9 289 9 0.74

S3 2368 0.0125 159 159 0.43 0.0124 415 9 317 9 0.83

S4 2294 0.0133 207 206 0.48 0.0132 406 7 330 7 0.77

IC S1 9486 0.0131 361 357 4.54 0.0129 604 5 546 5 9.08

S2 4692 0.0098 242 241 0.95 0.0098 903 22 528 22 3.56

S3 4760 0.0138 218 212 0.87 0.0138 416 6 338 6 1.87

S4 4760 0.0153 291 286 1.13 0.0155 429 6 375 6 1.95

E S1 65, 675 0.0052 951 905 175.04 0.0048 1408 10 1259 10 333.40

S2 32, 708 0.0049 525 515 20.30 0.0039 936 11 761 11 55.08

S3 32, 856 0.0054 723 710 28.24 0.0051 1493 17 1212 17 86.01

S4 32, 708 0.0056 842 825 32.57 0.0055 1513 18 1259 18 87.55

important reason to seek a sparse solution vector—that is, a vector with only a few nonzero
entries—is that it enables us to recognize themost essential input pairs and omit the redundant
ones. This leads to improved prediction accuracy, especially under the most challenging
experimental setting called zero-shot learning. Moreover, having more zeros in the solution
vector speeds up the prediction process. This is due to the fact that in the prediction phase,
the dominating costs are the kernel matrix multiplications with the sparse dual coefficient
vector.

In addition to the SparsePKL, we have proposed a novel limited memory bundle DC
algorithm (LMB- DCA) for large-scale nonsmooth DC optimization and used it as an under-
lying solver in the SparsePKL. As a pure optimization method, the proposed LMB- DCA
outperforms the well-known DCA in terms of efficiency (unless we would solve a DC opti-
mization problem with a computationally very expensive second DC component) while the
accuracies of these algorithms are similar.
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Wehave evaluated the performance of theSparsePKL with various loss functions in seven
real-life drug-target interaction data sets. The data sets are divided into different experimental
settings S1–S4 (including zero-shot learning) according to [39] and different levels of sparsity
are tested with the SparsePKL. As a result, we recommend to use SparsePKL with a
nonlinear (nonsmooth) loss. More precisely, apply the squared loss under settings S1 (may
be usedwith S2 and S3 in binary labeled data as well) and either the squared epsilon-intensive
loss or epsilon-intensive squared loss with settings S2–S4.

The obtained results are compared against the state-of-the-art methods KronRLS and
KronSVM [1, 38], as well as the LMBM-Kron�0LS algorithm [37] that produces as sparse a
solution as possiblewhile keeping the predetermined accuracyof the prediction.Theproposed
algorithm outperformed the LMBM-Kron�0LS by producing relatively accurate predictions
within only a small fraction of the time used by the LMBM-Kron�0LS. In addition, the
proposed algorithm producedmore accurate predictions than KronRLS and KronSVMunder
the most challenging setting S4. It usually also made it faster.

We conclude that the KronRLS is a very good predictor if the prediction task falls under
the simple settings S1–S3 and no sparsity of the solution is required. Otherwise, particularly
for zero-shot learning, using the SparsePKL with a suitable loss function is a preferable
option.

Appendix A: Detailed numerical results

The results of our numerical experiments are given in Tables 4, 5, 6, 7, 8, 9 and 10. We recall
that the results are averaged over five different training, validation, and test splits of each
data.

In the tables, we use the bold font to emphasize the best result (greatest C-index or
smallest MSE) obtained with any loss function attached to SparsePKL. We use a blue pen
to emphasize predictions and computational times that are better or equal with SparsePKL
with k = n than those ofCGKronRLS. If none of the solutions is better, we use the blue pen to
the result obtained with CGKronRLS. In addition, we use a red pen to emphasize predictions
ofSparsePKL that aremore or equally accurate than those obtainedwithLMBMKron�0LS.

Table 4 Results in Davis

1 DREIS with k = n/20: 1/5 infeasible solution with S4 (nz% ≈ 20.05)
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Table 5 Results in Metz

1 LMBMKron�0LS results are averaged over four successful runs
2 DRSL with k = n/10: 1/5 infeasible solution with S2 (nz% ≈ 10.45) and S3 (nz% ≈ 10.01)
3 DREIA with k = n/10: 1/5 infeasible solution with S1 (nz% ≈ 10.01) and 2/5 infeasible solutions with S3
(nz% < 10.09) and S4 (nz% < 10.15)
4 DRAL with k = n/10: 4/5 infeasible solutions with S1 (nz% < 10.14) and S3 (nz% < 10.12), and 1/5
infeasible solution with S2 (nz% ≈ 10.07) and S4 (nz% ≈ 10.07)

Table 6 Results in KiBA

1 LMBMKron�0LS results are averaged over two successful runs
2 DRSL with k = n/10: 2/5 infeasible solutions with S1 (nz% < 10.12) and 1/5 infeasible solution with S2
(nz% ≈ 10.12) and S4 (nz% ≈ 10.01)
3 DRSEI with k = n/10: 1/5 infeasible solution with S1 (nz% ≈ 10.15) and S3 (nz% ≈ 10.10)
4DREIS with k = n/10: 1/5 infeasible solution with S4 (nz% ≈ 10.13)
5 DREIAwith k = n/10: 4/5 infeasible solutions with S1 (nz%< 10.10) and S3 (nz%< 10.07), 1/5 infeasible
solution with S2 (nz% ≈ 10.05), and 5/5 infeasible solutions with S4 (nz% < 10.22)
6 DRAL with k = n/10: 5/5 infeasible solutions with S1 (nz% < 10.19), 1/5 infeasible solution with S2 (nz%
≈ 10.06), 4/5 infeasible solutions with S3 (nz%< 10.25), and 3/5 infeasible solutions with S4 (nz%< 10.27)
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Table 7 Results in Merget

1 LMBMKron�0LS results are obtained from only one successful run
2 DRSL with k = n/10: 2/5 infeasible solutions with S1 (nz% < 10.19) and 1/5 infeasible solution with S2

(nz% ≈ 10.02).
3 DRSEI with k = n/10: 5/5 infeasible solutions with S1 (nz% < 10.18) and 1/5 infeasible solution with

S4 (nz% ≈ 10.14).
4 DREIS with k = n/10: 5/5 infeasible solutions with S1 (nz% < 10.10), 3/5 infeasible solutions with S2

(nz% < 10.12) and 1/5 infeasible solution with S4 (nz% ≈ 10.09).
5 DREIA with k = n/5: 3/5 infeasible solutions with S1 (nz% < 20.16).
6 DREIA with k = n/10: 5/5 infeasible solutions with S1 (nz% < 10.15) and S4 (nz% < 10.23), and 4/5

infeasible solutions with S2 (nz% < 10.17) and S3 (nz% < 10.09).
7 DRAL with k = n/10: 5/5 infeasible solutions with S1 (nz% < 10.53), 3/5 infeasible solutions with S2

(nz% < 10.26) and S4 (nz% ≈ 10.08), and 4/5 infeasible solutions with S3 (nz% < 10.08)

Table 8 Results in GPCR

1 LMBMKron�0LS results are averaged over four successful runs
2 DRSL with k = n/10: 1/5 infeasible solution with S2 (nz% ≈ 10.11)
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Table 9 Results in IC

1 DRSL with k = n/10: 3/5 infeasible solutions with S1 (nz% < 10.34), 1/5 infeasible solution with S2 (nz%
≈ 10.04) and S3 (nz% ≈ 10.08), and

4/5 infeasible solutions with S4 (nz% < 10.19))
2 DRSEI with k = n/10: 1/5 infeasible solution with S3 (nz% ≈ 10.01) and S4 (nz% ≈ 10.04)
3 DRAL with k = n/10: 1/5 infeasible solution with S1 (nz% ≈ 10.81)

Table 10 Results in E

1 LMBMKron�0LS results are averaged over four successful runs
2 DRSL with k = n/10: 3/5 infeasible solutions with S1 (nz% < 10.07), 1/5 infeasible solution with S2 (nz%
≈ 10.08) and S3 (nz% ≈ 10.03), and 4/5 infeasible solutions with S4 (nz% < 10.06)
3 DRSEI with k = n/10: 2/5 infeasible solutions with S1 (nz% < 10.17) and 1/5 infeasible solution with S3
(nz% ≈ 10.013)
4 DREIS with k = n/10: 1/5 infeasible solution with S2 (nz% ≈ 10.03) and S4 (nz% ≈ 10.07)
5 DREIA with k = n/10: 4/5 infeasible solutions with S1 (nz% < 10.17), 1/5 infeasible solution with S2
(nz% ≈ 10.02) and S3 (nz% ≈ 10.01), and 2/5 infeasible solutions with S4 (nz% < 10.14)
6 DREIA with k = n: The high MSE value under setting S4 could be prevented by validating with the MSE
instead of the C-index. It is due to the fact that the C-index does not care on magnitude of the values but their
order
7 DRAL with k = n/10: 3/5 infeasible solutions with S1 (nz% < 10.10), 5/5 infeasible solutions with S2
(nz% < 10.51), 3/5 infeasible solutions with S3 (nz% ≈ 10.26), and 4/5 infeasible solutions with S4 (nz%
< 10.56)
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Here we only compare the results that have approximately the same sparsity levels. That is,
the results of SparsePKL we use for comparison depend on the sparsity levels obtained
with LMBMKron�0LS. If none of the solutions is better, we use the red pen to the result
obtained with LMBMKron�0LS.

In the tables, nz%denotes the percentages of the variables that are nonzero at the solution,
and CPU times (given in seconds) are averaged over all runs in data. That is, they include
computation of all different settings. In addition, we report the number of infeasible solutions
together with the biggest nz% obtained with SparsePKL as a footnote to each table.

It isworth noting thatLMBMKron�0LS crashedoften (with anunknown reason), especially
with bigger data sets. The results are averaged over the successful runs.
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