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ABSTRACT

Let US be the class of all ultrametric spaces generated by labeled star graphs. We
prove that compact US-spaces are the completions of totally bounded ultrametric spaces
generated by decreasingly labeled rays. We characterize the ultrametric spaces which
are weakly similar to finite US-spaces and describe these spaces by certain four-point
conditions.
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1. Introduction

As is known, any finite ultrametric space can be described up to isometry by a Gur-
vich—Vyalyi representing tree [31]. This representation and its geometric interpretation
[36] allow us to find solutions of different extremal problems related to such spaces [17,
18, 26]. Recently, analogues of the Gurvich—Vyalyi representation and its geometric in-
terpretation were also found for totally bounded ultrametric spaces in [20]. The above
mentioned representing trees form a special class of trees endowed with vertex labelings.
Some important properties of infinite trees endowed with positive edge labelings have
been described in |2, 3, 4, 8, 9, 10, 11, 12, 13, 14, 16, 24].

The ultrametric spaces generated by arbitrary nonnegative vertex labelings on both
finite and infinite trees were first considered in [19] and studied in [21, 23]. The simplest
types of infinite trees are rays and star graphs. The totally bounded ultrametric spaces

™ Corresponding author.

E-mail address: oleksiy.dovgoshey@utu.fi (O. Dovgoshey).
Received 06 Apr 2025; Revised 01 Aug 2025; Accepted 22 Aug 2025; Published Online 04 Sep 2025.
DOI: 10.61091 /ojac20-01
(© 2025 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/ojac20-01
https://www.combinatorialpress.com/ojac
mailto:oleksiy.dovgoshey@utu.fi
https://doi.org/10.61091/ojac20-01
https://creativecommons.org/licenses/by/4.0/

2 DOVGOSHEY ET AL.

generated by labeled almost rays have been characterized in [28]. Furthermore, paper [27]
contains a purely metric characterization of ultrametric spaces generated by labeled star
graphs.

The main goal of this paper is to give a metric description of compact ultrametric spaces
generated by labeled star graphs.

The paper is organized as follows. In Section 2 we collect together some definitions and
facts related to ultrametric spaces and trees.

Section 3 contains the formulations of two problems that initially motivate our study.

The finite ultrametric spaces generated by labeled stars are considered in Section 4.
Theorem 4.3 shows that Conjecture 4.1 of |27] is true. A semimetric modification of
Theorem 4.3 is given in Theorem 4.7.

Theorem 5.1, the first result of Section 5, describes up to isomorphism all labeled star
graphs that generate compact ultrametric spaces. Compact ultrametric spaces generated
by labeled star graphs are described up to isometry in Theorem 5.2. In Theorem 5.3 we
prove that Conjecture 4.2 of paper [27] is true.

Our last result, Theorem 5.6, shows that the completions of totally bounded ultrametric
spaces generated by decreasingly labeled rays coincide with compact ultrametric spaces
generated by labeled star graphs.

The final Section 6 contains two new conjectures.

2. Basic definitions and preliminary results

Let us start from the fundamental concept of semimetric spaces introduced by M. Fréchet
in [30].

Definition 2.1. Let R* = [0,00). A semimetric on a non-empty set X is a symmetric
function d: X x X — R* such that d(z,y) = 0 if and only if x = y. A semimetric d is
called a metric if the triangle inequality

d(z,y) < d(z,z)+d(z,y),
holds for all x,y, 2z € X. If we have the strong triangle inequality,
d(z,y) < max{d(z, z), d(z,y)},
for all x,y, 2 € X, then d is an ultrametric.

The object of our study is a certain family of compact, and in particular finite, ultra-
metric spaces. A standard definition of compactness is usually formulated as: A subset S
of a metric space is compact if each open cover of S has a finite subcover.

There exists a simple interdependence between the compactness of a set and the so-
called convergent sequences. Let us remember that a sequence (z,),eny of points in a
metric space (X, d) is said to converge to a point a € X if

lim d(z,,a) = 0. (1)

n—oo
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When (1) holds, we write

lim z, = a.
n—oo

Recall that a point a € X is a limit point (or equivalently, an accumulation point) of a
set A C X if there is a sequence (a,),en of different points of A such that
lim a, = a.
n—o0

Proposition 2.2. A subset A of a metric space is compact if and only if every infinite
sequence of points of A contains a subsequence which converges to a point of A.

For the proof of Proposition 2.2 see, for example, Theorem 12.1.3 in [38].
Let (X, d) be a semimetric space. An open ball with a radius r > 0 and a center c € X
is the set
B,.(c) ={z € X : d(c,z) <r}.

A subset O of a metric space (X, d) is called open if for every point p € O there is an
open ball B such that
pe B CO.

Proposition 2.3. Let (X, d) be a compact metric space. Then, for every open subset O
of X, the set X \ O is also compact.

The last proposition follows directly from Theorem 12.2.3 of [38].

Definition 2.4. A subset A of a metric space (X, d) is called totally bounded if for every
r > 0 there is a finite set {z1,...,2,} C X such that

i=1

Recall also that a sequence (z,)n,eny of points in a metric space (X,d) is a Cauchy
sequence iff
nlggl@ d(zp, xm) = 0.
m—r0o0

Proposition 2.5. A subset A of a metric space (X,d) is totally bounded if and only if
every infinite sequence of points in A contains a Cauchy subsequence.

See, for example, Theorem 7.8.2 in [38].
Let (X, d) and (Y, p) be semimetric spaces. Recall that a bijective mapping ® : X — Y
is an isometry if the equality

d(z,y) = p(®(z), ®(y)),

holds for all z,y € X.
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Let (X,d) be a metric space and let A C X. A subset S of A is said to be dense in A
if for every a € A there is a sequence (s,)nen of points of S such that
a = lim s,,.
n—oo

A metric space (X, d) is complete if every Cauchy sequence of points of X converges to
a point of X.

Definition 2.6. Let (X, d) be a metric space. A metric space (Y, p) is called a completion
of (X,d) if (Y, p) is complete and (X, d) is isometric to dense subspace of (Y, p).

Proposition 2.7. The completion (Y, p) of a metric space (X, d) is compact if and only
if (X,d) is totally bounded.

For the proof, see, for example, Corollary 4.3.30 in [29].
Let (X,d) be a semimetric space. Below we denote by D(X) the set of all distances
between points of (X, d),
D(X) :={d(z,y) : x,y € X}. (2)

The next definition gives us a generalization of the concept of isometry.

Definition 2.8. Let (X, d) and (Y, p) be semimetric spaces. A bijective mapping ®: X —
Y is a weak similarity if there is a strictly increasing bijection f: D(Y) — D(X) such that
the equality

d(z,y) = f(p(2(x), 2(y))) ,
holds for all z,y € X.

Remark 2.9. The notion of weak similarity was introduced in [25].

We will say that semimetric spaces (X, d) and (Y, p) are weakly similar if there is weak
similarity X — Y.
The next proposition follows directly from Definition 2.1 and Definition 2.8.

Proposition 2.10. Let (X,d) be an ultrametric space and (Y, p) be a semimetric space.
If (X,d) and (Y, p) are weakly similar, then (Y, p) is also an ultrametric space.

Let us now recall some concepts from graph theory.

A simple graph is a pair (V, E) consisting of a non-empty set V' and a set E whose
elements are unordered pairs {u, v} of different points u,v € V. For a graph G = (V, E),
the sets V = V(G) and E = E(G) are called the set of vertices and the set of edges,
respectively. A graph G is finite if V(G) is a finite set. A graph H is, by definition, a
subgraph of a graph G if the inclusions V(H) C V(G) and E(H) C E(G) hold. In this
case, we simply write H C G.

In what follows, we will use the standard definitions of paths and cycles, see, for exam-
ple, [7, Section 1.3]. A graph G is connected if for every two distinct u,v € V(G) there is
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a path P joining u and v in G,
u, v € V(P)and P C G.
A connected graph without cycles is called a tree.

Definition 2.11. A tree T is a star graph if there is a vertex ¢ € V(T), the center of
T, such that ¢ and v are adjacent for every v € V(T) \ {c} but for all u,w € T we have
{u,w} ¢ E(T) whenever u # ¢ and w # c.

An infinite graph R of the form

V(R) ={x1,2Z2, ..., Tn, Tns1,- -}, (3)
E(R) = {{z1, 22}, ..., {xn, Tps1}, .- ]y (4)

where all z,, are assumed to be distinct, is called a ray [7]. If (3) and (4) hold, we will
write R = (x1,22,...,%,,...). It is clear that every ray is a tree.

In what follows, by a labeled tree T'(1) we will mean a tree T equipped with a labeling
LV(T) — R*.

Let T'(1) be a labeled tree. As in [19] we define a mapping d;: V(T) x V(T) — RT by

0, if u=w,

dy(u,v) = (5)

max [(w), otherwise,
weV (P)

where P is the path joining v and v in 7.
The following result is a direct corollary of Proposition 3.2 from [19].

Theorem 2.12. Let T' = T(l) be a labeled tree. Then the function d; is an ultrametric
on V(T) if and only if the inequality

max{l(u),l(v)} >0,
holds for every edge {u,v} of T.

In what follows, we also will say that an ultrametric space (X,d) is generated by a
labeled tree T(1) if the equalities X = V(T') and d = d; hold, where d; is defined as in (5).

Definition 2.13. An ultrametric space (X, d) belongs to the class US if (X, d) is gener-
ated by some labeled star graph.

The following theorem was proved in [27].

Theorem 2.14. Let (X, d) be an ultrametric space. Then the following statements are
equivalent:
(i) (X,d) € US.
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(ii) There is xy € X such that
d(l'()’%) < d(y,l’), (6)

whenever x,y € X and

To # T F Y. (7)
The next proposition can be considered as a partial refinement of Theorem 2.14.

Proposition 2.15. Let (X,d) be an ultrametric space and let xy € X. If, for z,y € X,

inequality (0) holds whenever we have (7), then (X, d) is generated by a labeled star graph
S(l) with the center xo and the labeling | : X — R* defined as

l(z) = d(x,xo),
for each v € X.

The proof of this proposition coincides with the second part of the proof of Theorem
2.1 1in [27].

3. Motivating problems

The four-point ultrametric spaces (X4, dy) and (Yy, ps) depicted in Figure 1 below do not
belong to US.

Fig. 1. (X4,d4) and (Yy, p4) are not US-spaces by Theorem 2.14

The next conjectures were formulated in [27].

Conjecture 3.1. The following statements are equivalent for every finite ultrametric
space (X*, d*):
(i) (X*,d*) ¢ US.
(ii) (X*,d*) contains a four-point subspace which is weakly similar either to (X4, ds) or
to (}/47 p4)

Conjecture 3.2. Let (X,d) be an infinite US-space generated by a labeled star graph
with a center ¢, let Xy := X \ {c}, and let dy be the restriction of d on the set Xy x Xo.
Then the following statements are equivalent:

(i) (X,d) is compact.
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(ii) (Xo,do) is generated by a labeled ray R(l), R = (z1,%2,...,Tpn,...), such that
lim {(x,) =0,
n—0o0

and
l(xy) > Wxpsr) >0,

for every n € N.

4. Finite US-spaces

The main goal of the present section is to describe finite US-spaces by the above four-point
condition.

Let (X,d) be an ultrametric space generated by the labeled star graph S(I) with a
center ¢ and let Y be a subset of X such that

ceY. (8)
Then using Definition 2.11 and formula (5) with 7'(I) = S(l) it is easy to see that
(Y, d|yxy) € US, (9)
where d|yy is the restriction of the ultrametric d on the set Y x Y.

The following example shows that (9) can be false if ¢ ¢ Y.

Example 4.1. Let (X, d) be the ultrametric space generated by the labeled star graph
S(l) depicted in Figure 2 and let

Y =X\ {c}.
Then, using Theorem 2.14, we obtain

(Y,d|yxy) ¢ US.

Fig. 2. The unique point xg satisfying (6) for all z,y € Y which satisfy (7), is the center of the labeled
star graph S(I)

In the case of finite Y, condition (8) is not necessary for membership (9).
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Proposition 4.2. Let (X,d) be an US-space. Then (Y,d|yxy) is also an US-space for
every finite non-empty Y C X.

Proof. Let S(I) be a labeled star graph generating (X, d), let ¢ be the center of S, and
let Y be a finite non-empty subset of X. Since Y is finite, there is a point y* € Y such
that

(y*) < Uy), (10)

for each y € Y. Now, using Definition 2.11 and formula (5) with T'(I) = S(I) we obtain
the equality

d(yi, y;) = max{l(c), {(y:), L(y;)},
for all different v;,y; € Y. The last equality and (10) give us

whenever y* # y; # y;. Hence (Y, d|yxy) € US holds by Theorem 2.14.

The following theorem shows, in particular, that Conjecture 3.1 is true.

Theorem 4.3. Let (X,d) be a nonempty ultrametric space. Suppose that either X is
finite, or X has a limit point. Then (X, d) is an US-space if and only if (X, d) contains
no four-point subspace which is weakly similar to (Xy,dy) or to (Y, ps).

Proof. The theorem is trivially true if
card X < 3.
Let us consider the case when
card X > 4.

Suppose that (X,d) € US. Then, by Theorem 2.14 there is a point g € X such
that d(z,y) = max{d(x,xg),d(y,zo)} for all z,y € X. Let us define [ : X — R by
[(x) = d(x,z0) for every z € X. For all distinct z,y, z,w € X we have

d(z,y) = max{l(z),(y)} < max{l(z),l(y),(2),l(w)}
= max{d(z, z),d(y,w)},

and, in particular, {z,y, z, w} is not weakly similar to (X4, dy) or (Y4, ps)-
Now, suppose that (X, d) ¢ US. Define [ : X — R* by

[(z) = inf d(z,y).
y#z

If d(xz,y) = max{l(x),l(y)} for all distinct z,y € X, we can choose zo € X such that
[(xo) is minimal (if X has a limit point xg, I(z¢) = 0 is minimal) and then (X, d) € US
by Theorem 2.14. Therefore, there are distinct x,y € X such that

d(z,y) # max{l(z), l(y)}-
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Clearly, max{l(z),l(y)} < d(z,y) by definition of [. Since z # y, we have max{l(z),(y)} <
d(x,y). Therefore, there are z,w € X such that z # z, d(z,z) < d(x,y), w # y, and
d(y,w) < d(x,y). It is also clear that the relations z # y and w # x and z # w hold, since
otherwise we would have d(z,y) > max{d(z, z),d(z,y)}. Hence, x,y, z, w are distinct. We
have

d(z,y) = d(z,w) = d(z,y) = d(z,w),

by the strong triangle inequality. It follows that {x,y, 2z, w} is weakly similar to either
(X4, dy) (if d(zx, 2) # d(y,w)) or to (Yy, ps) (if d(z, 2) = d(y, w)).
The proof is completed. O

The following lemma easily follows from Theorem 4.1 of [37], see also Theorem 4.4 and
Proposition 4.1 in [21].

Lemma 4.4. Let (X,d) be a four-point ultrametric space. Then the following statements
are equivalent:

(i) (X,d) is generated by a labeled tree.

(ii) There is a point xog € X such that

d(xg, ) = max{d(p,q) : p,q € X},

for each x € X \ {zo}.
Theorem 4.3 and Lemma 4.1 give us the following.

Corollary 4.5. Let (X,d) be a finite ultrametric space with

card X < 4. (12)

Then the following statements are equivalent:
(i) (X,d) € US.
(ii) There is a labeled tree T'(1) such that (X, d) is generated by T(l).

The next example shows that the number 4 is the best possible constant in inequality
(12).

Example 4.6. The five-point ultrametric spaces generated by labeled trees T'x(lx) and
Ty (ly) (see Figure 3 below) do not belong to US.

The next result is a semimetric modification of Theorem 4.3.
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OO @@ @ nw

T i) xr3 x4 T
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Fig. 3. The ultrametric space (V(Tx),d;, ) contains the four-point subspace {z1,x2, x4, 25} which is
isometric to (X4, dy). Similarly, (V(Ty),d;,) contains the subspace {y1,y2, ¥4, ys5} which is isometric to
(Y4, pa)

Theorem 4.7. Let (X, d) be a finite semimetric space with
card X # 3. (13)

Then the following statements are equivalent:

(i) (X,d) e US.

(ii) Each four-point subspace of (X,d) is weakly similar to an US-space.

(iii) Each four-point subspace of (X, d) is weakly similar to an ultrametric space gener-
ated by a labeled tree.

Proof. (i) = (ii). The validity of this implication follows from Proposition 4.2.

(ii) = (iii). Each labeled star graph is a labeled tree. Thus, implication (ii) = (iii) is
true.

(iii) = (i). Let (iii) hold. It follows from Definition 2.1 and condition (13) that the
semimetric space (X, d) is ultrametric iff every four-point subspace of (X, d) is ultrametric.

Therefore, by Proposition 2.10, each of statements (ii) and (iii) implies that (X,d) is
ultrametric. Now, using Corollary 4.5, we see that statements (ii) and (iii) are logically
equivalent.

To complete the proof, it suffices to note that, for the ultrametric space (X, d), state-
ment (ii) implies statement (i) by Theorem 4.3.

[

The following example shows that restriction (13) is really necessary.

Example 4.8. Let (X, d) be a three-point space consisting of the vertices of a right tri-
angle on the Euclidean plane. Then statements (ii) and (iii) of Theorem 4.7 are vacuously
true, but statement (i) of this theorem is false.

5. Compact US-spaces

Let us start with a characterization of infinite labeled star graphs S(I) which generate
compact US-spaces.
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Theorem 5.1. Let (X, d) be an infinite US-space generated by a labeled star graph S(I)
with a center c. Then the following statements are equivalent:
(i) (X,d) is compact.
(ii) The equality
l(c) =0, (14)

holds and the set
A ={rx e X :l(z) > e}, (15)

18 finite for each € > 0.
Proof. (i)= (ii). Let (X,d) be compact. If (141) does not hold, then we have
Z(C) = to,

for some ty > 0.
Definition 2.11 and formula (5) with T'(I) = S(I) give us the inequality

dy(u,v) > to, (16)

for all distinct u, v € X.

Let (u,)nen be an arbitrary sequence of distinct points of X. Since (16) holds for all
distinct u, v € X, the sequence (u,),en has no convergent subsequence. Thus, (X, d) is
not compact by Proposition 2.2.

Suppose now that the set A, is infinite for some ¢y > 0. Then there is a sequence
(an)nen of distinct points a,, € A. As above, using formula (5) and Definition 2.11 we see
that the inequality

d(tp, Up) > €o,

holds for all distinct n, m € N. Thus, (u,),eny has no convergent subsequence, and,
consequently, (X, d) is not compact by Proposition 2.2.
(ii)= (i). Let (ii) hold and let X := X \ {c}. Then equality (14) and Theorem 2.12
imply the inequality
I(x) >0, (17)

for every x € Xj. Let (g,)nen be a strictly decreasing sequence of positive real numbers
such that
lim ¢, = 0. (18)

n—oo

Then from limit relation (18) and inequality (17) we have the equality

Xo = J A... (19)

neN

Now using the finiteness of A. and formulas (15), (19) we see that X is countably
infinite and there is a bijection between N and X given by a sequence (x,),en such that

lim {(x,) =0, (20)

n—o0
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and
0 < lxnt1) < l(xn), (21)

for each n € N. Now, using (5) and (141) we obtain the equality
d(c,z,) = l(xy), (22)
for every n € N. Equalities (20) and (22) give us

lim d(e, z,) = 0.

n—o0

Thus, (x,)nen is a convergent sequence in (X, d).

Let us consider an arbitrary sequence (Y, )men of points of X. According to Proposition
2.2, to complete the proof it is sufficient to verify that (y,,)men contains a convergent
subsequence. The existence of such subsequence is obvious if the range of (Y, )men is
finite. Otherwise, using the finiteness of the set A. for all £ > 0, we can find a subsequence

(Ymy, Jken Of (Ym)men such that
d(c7 ymk) = l<ymk) < €k7
for all k£ € N. Equality (18) then implies that

lim d(c, ym,) = 0.

n—oo

Thus, (Ym, )ren is a convergent subsequence of (Y, )men-
The proof is completed.

The following theorem is a corollary of Theorem 4.3.

Theorem 5.2. Let (X,d) be a compact ultrametric space. Then (X,d) is an US-space if
and only if (X, d) contains no four-point subspace which is weakly similar to (X4, dy) or

to (3/4’ p4)

Proof. Theorem 4.3 holds for every nonempty ultrametric space, except the infinite
discrete spaces. The compact space (X, d) cannot be infinite and discrete. Thus, Theorem

4.3 gives us the desired result.
O

The next theorem shows that Conjecture 3.2 is true.

Theorem 5.3. Let (X, d) be an infinite US-space generated by a labeled star graph S(I)
with a center ¢, let Xo := X \ {c}, and let dy be the restriction of d on the set Xy x Xo.
Then the following statements are equivalent:
(i) (X, d) is compact.
(i) (Xo,do) is generated by a labeled ray R(I*), R = (x1,%2,...,Tp,...), such that
lim [*(z,) =0,

n—oo
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and
(xn) > 1" (xpy1) > 0,

for every n € N.

Proof. We will prove that conditions (i) and (ii) are both equivalent to a third condition
(iii), which states that the set {x € X : d(z,c) > ¢} is finite for every € > 0.

Suppose that condition (iii) does not hold. Then there are a positive number € > 0 and
an infinite sequence (x,,),en of distinct points x,, € X such that d(x,,c) > ¢ for all n € N.
It follows from formula (5) with T'(l) = S(I) that d(z,,y) > € holds for all n € N and
y € X \ {z,}. Thus, the sequence (z,),en has no convergent subsequence, so condition
(i) does not hold by Proposition 2.2.

Suppose that condition (ii) holds. Let € > 0. Then for all but finitely many n € N
we have [*(x,) < €, since nh_)ngol*(:cn) = 0. Tt follows from Proposition 2.15 and (ii) that
d(zp,c) < d(xn, xpe1) = *(x,) for all n € N, so condition (iii) holds.

Suppose that condition (iii) holds. Every open ball around c is cofinite, so every open
set containing c is cofinite. This easily implies condition (i). Every Y C X also satisfies
condition (iii), so for given y, € Y \ {c} the set {y € Y : d(y,c) > d(y.,c)} is finite.
This implies that if ) # Y C X, then there exists y € Y such that d(y, c) is maximal.
We define a sequence z,, of points in X, inductively. For all n € N, let z,, be a point
x € Xo\ {z1,..., 2,1} such that d(z,c) is maximal (X, \ {x1,..., 2,1} # 0, since X is
infinite). This is a sequence of distinct points by construction, in particular, its range is
infinite. Given z € Xy, the set {y € X : d(y,c) > d(x,c)} is finite, so d(x,,c) < d(z,c)
for some n € N. Hence © € {z1,...,2, 1} by the definition of x,. Therefore, the
equality Xo = {z,, : n € N} holds. Let us define I* : Xy — R* by I*(z) = d(z,c).
We have the inequality [*(z,) > [*(z,4+1) by the definition of z,, and nh—>r£10 I*(x,) =0
follows from condition (iii) since the points x, are pairwise distinct. If m < n, then
d(zpm, x,) = max{l*(z,,), *(z,)} since (X,d) € US, so since (I*(z,))nen is a decreasing

sequence, we have d(z,,x,) = max I*(x;). Therefore, the labeled ray R(I*) generates

(Xo,dp), so condition (ii) holds.
The proof is completed.

The following lemma is a reformulation of Proposition 3.6 from [28].

Lemma 5.4. Let R = (x1,x9,...) be a ray with a labeling I* : V(R) — RT and let R(I*)
generate an ultrametric space (V(R),d;<). Then the following statements are equivalent:
(i) The sequence (T,)nen is a Cauchy sequence in (V(R),dp).
(ii) Each infinite sequence of points of (V(R),d;=) contains a Cauchy subsequence.

The next lemma is a direct corollary of Lemma 3.19 from [1].

Lemma 5.5. Let (X,d) be a compact ultrametric space and let Y be a compact subset
of X. If (X,d) is isometric to some subspace of the space (Y,d|yxy), then the equality
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X =Y holds.

The next theorem claims that every compact US-space is, up to isometry, the comple-
tion of an ultrametric space generated by a labeled ray.

Let R = (x1,22,...) be a ray with labeling I* : V(R) — R*. We say that [* is a
decreasing labeling if the sequence (I*(z,))nen, is decreasing.

Theorem 5.6. Let (X, d) be an infinite ultrametric space. Then the following statements
are equivalent:

(i) (X,d) is a compact US-space.

(i) (X,d) is the completion of a totally bounded Xy C X generated by a decreasingly
labeled ray.

Proof. (i) = (ii). Let (X,d) be a compact US-space, generated by labeled star graph
S(l) with the center c¢. As in Theorem 5.3 we write

Xo =X \ {C} and do = d|X0><X0- (23)

By Theorem 5.3 the space (Xy, dy) is generated by a labeled ray R(I*), R = (x1,22,...,)
such that [* : V(R) — R* is decreasing and

lim I*(2,) =0, (24)
where
I*(z,) = d(c, x,), (25)

for every n € N. Using (23)—(25) we see that X is a dense subset of (X, d). Moreover,
(Xo, dp) is totally bounded as a subspace of compact space (X, d). Since every compact
ultrametric space is complete, (X, d) is a completion of a totally bounded space Xy C X
generated by R(I*).

(ii) = (i). Let (X, d) be the completion of a totally bounded X, C X generated by the
labeled ray R(I*), R = (1,22, ...) with decreasing labeling [* : V(R) — R*. Then the
space (X, d) is compact by Proposition 2.7. Hence, to complete the proof it suffices to
show that

(X,d) e US. (26)

Proposition 2.5 and Lemma 5.4 imply that (z,,),en is @ Cauchy sequence in (X, d). Since
every Cauchy sequence of points of compact ultrametric space is a convergent sequence
in this space, (x,)nen is a convergent sequence in (X, d).

Let zp € X be a limit point of the sequence (x,),en,

lim x,, = . (27)
n—0o0
Then the set V(R) U {zo} is a compact subset of (X,d). Using Lemma 5.5 we obtain

the equality
X = V(R) U{zo}, (28)
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because (X, d) is a compact space, and V(R) U {zo} is compact subset of (X, d), and, by

Definition 2.6, (X, d) is isometric to compact subset of the compact set V(R) U {x¢}.
Since the labeling I* : V(R) — R is decreasing, formula (5) with 7'(1) = R(I*) gives us
d(l’n, zm) - dl* (fEn, Im) - max{l* (l’n), l*(xm)} =" (xmin{m,n})a (29)

for all distinct m,n € N.
For every p € X the function

X 35z~ d(x,p) € R,
is a continuous mapping from (X, d) to RT. Hence, (27) implies
lim d(z,,p) = d(xo,p), (30)
n—oo
for each p € X. In particular, using (29) with m = n; and (30) with p = x,,, we obtain
d(x()? mm) = nh—golo d(Q:m ‘Tnl)

:JLI&Z ($min{n1,n}) =1 (xnl)

Smax{l"(zn, ), l(zn)} = d(zn,, Tn),
wherever n € N and n # ny. Thus, the inequality
d(zo, ) < d(y, ), (31)
holds whenever z,y € V(R) U{zo} and x¢ # x # v.

Membership (26) follows from (28) and (31) by Theorem 2.14.
The proof is completed.

Example 5.7. Let us define an ultrametric d*: Rt x Rt — R* as

d*(p,q) = {

0, if p =g,
max{p, ¢}, ifp#q
In [27] it was noted that (RT,d") is an US-space.

Using Theorem 5.3 we can prove that an infinite subset A of R* is the compact subset
of (R*,d") iff A = {t, :n € N}U{0} where (¢,)nen is a strictly decreasing sequence
(tn)nen of points of R* such that the limit relation

lim ¢, =0,
n—oo

holds in the usual Euclidean topology.

Remark 5.8. The ultrametric d* on R was introduced by Delhommé, Laflamme,
Pouzet, and Sauer in [6]. In [33] Yoshito Ishiki wrote: "The space (RT,d") is as sig-
nificant for ultrametric spaces as the space R or R with the Euclidean topology in the
theory of usual metric spaces." Some results related to the ultrametric space (R, d*) can
be found in [15, 22, 32, 34].
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6. Two conjectures

We believe that the following hypothesis is correct.

Conjecture 6.1. Let (X,d) be an infinite ultrametric space. Then the following state-

ments are equivalent:
(i) There is (X*,d*) € US such that (X,d) is isometric to a subspace of (X*,d").
(i) (X,d) contains no four-point subspace which is weakly similar to (X4,dy) or to

(Y4, pa).

We note that Conjecture 6.1 is true by Theorem 5.2 if (X, d) is compact. Moreover,
using Proposition 4.2, it is easy to prove the validity of implication (i) = (ii) for arbitrary
infinite (X, d). Thus, to prove Conjecture 6.1 it suffices to show that (i) = (i) is valid
for non-compact ultrametric spaces (X, d).

The next conjecture gives us a partial generalization of Theorem 5.6.

Recall that a tree T is starlike if it has exactly one vertex with degree greater than 2.

(See, for example, [5, 35]).

Conjecture 6.2. Let (X,d) be an infinite ultrametric space. Then the following state-

ments are equivalent.
(i) (X,d) is the completion of a totally bounded Xo C X generated by a labeled ray.
(i) There is a starlike rayless tree T with a labeling I : V(T) — R such that (X, d) is

a compact ultrametric space generated by T(l).

If T is a star graph, then T is starlike and rayless, but not vice versa, see, for example,

Figure 4 below.

T 15 /

\ 3.2 \ r3,2
\ A}
\ \
o/ Lo/
~ r €T9 9 S b T2 9
Wl ~ 2 X ’ N 1 ’
L2 = N : 3,1 o 3 - 3.1 -
A e / o1 N 5 / ro1
_________ \\\\\ / . - \‘\ .
e -1e 11 — 21,2 C 14
P Ln 1 i
o L T 4
- n.2 Tn+1,1,” 1
Tnn—1 '
o — ‘
Tnn / A
cos Tpg12 S [
’ "
/ ‘ K
) !
Tn+1,n '
Tn+1,n+1

Fig. 4. Trees 177 and T are starlike and rayless
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