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Abstract

The current paper presents an introduction to a special issue focusing on mathematical flexibility, which is an important aspect of
mathematical thinking and a cherished, but capricious, outcome of mathematics education. Mathematical flexibility involves the
flexible, creative, meaningful, and innovative use of mathematical concepts, relations, representations, and strategies. In this
introduction we discuss the most relevant theoretical, methodological, and educational considerations related to mathematical
flexibility, which form the background of the empirical studies presented in the special issue. Collectively, these studies provide a
broader understanding of the mathematical flexibility, its subcomponents, influences, and malleability.

Keywords

flexibility, adaptivity, solution strategies, mathematical representations, conceptual knowledge, domain-general skills, domain-specific skills

Mathematical flexibility is an important aspect of mathematical competence (Newton et al., 2020) and a cherished,
but capricious, outcome of mathematics instruction. It involves the flexible, creative, meaningful, and innovative use
of mathematical concepts, numerical relations, and mathematical representations and strategies and therefore requires
a blend of procedural and conceptual knowledge, of skill and understanding (Baroody, 2003; Schneider et al., 2011),
together with various motivational and affective dispositions (Krutetskii, 1976). It is an indicator of deeper mathematical
understanding and key for the development of later mathematical competence and success (Kieran, 1992; Krutetskii,
1976; Star et al., 2015). It is therefore not surprising that it has increasingly received attention from cognitive and
educational psychologists as well as mathematics educators (Heinze, Star, et al., 2009).

This special issue presents current research aimed at advancing our scientific insight into mathematical flexibility.
In this introduction, we review some major theoretical, methodological, and educational issues in the domain of
mathematical flexibility and forecast the empirical studies in this special issue, that each address some combination of
these three aspects of the study of mathematical flexibility
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Theoretical Issues

In our consideration of mathematical flexibility we focus on two main theoretical issues: first, the variety of definitions
of mathematical flexibility, and second, the relations between mathematical flexibility and cognitive and non-cognitive
factors.

Definitions

Mathematical flexibility is defined in various ways in the literature, ranging from rather narrow to quite broad.
A common conceptualization focuses on the use of various strategies to solve mathematical problems. Within this
strategy-focused conceptualization there are two different perspectives on what constitutes mathematical flexibility. In
the first, narrow, perspective, flexibility only refers to the knowledge and use of various strategies (Heinze, Marschick,
et al., 2009; Hickendorff, 2020; Schneider et al., 2011; Verschaffel et al., 2009). In the other perspective, mathematical
flexibility is conceptualized broader, as an overarching construct involving both knowledge and use of various strategies
as well as the ability to apply the most appropriate strategy on a given problem (Blote et al., 2001; Newton et al., 2020;
Star & Rittle-Johnson, 2008; Star & Seifert, 2006).

However, this focus on strategy use does not present a full picture of what mathematical flexibility entails (Threlfall,
2009; Verschaffel et al., 2009). For instance, the knowledge and ability to use multiple mathematical representations
(including graphical, tabular, verbal, and symbolic ones) and to adaptively switch between them within and between
problem situations is another well-investigated aspect of mathematical flexibility (Acevedo Nistal et al., 2009; Heinze,
Star, et al., 2009). Furthermore, a broader conceptualization of mathematical flexibility introduces the notion that indi-
viduals can also show flexibility in understanding of and reasoning about both concepts and procedures in connection
with each other (Baroody, 2003), for instance with the well-connected knowledge of numerical characteristics and
relations, termed adaptive number knowledge (McMullen et al., 2017).

In this special issue we did not start from an a priori definition of mathematical flexibility, but instead aimed to
include a versatile repertoire of research using various conceptualizations of the term. All studies give insights into
certain aspects of mathematical flexibility, which we conceived of as the flexible, creative, meaningful, and innovative
use of mathematical concepts, relations, strategies, and representations, including how task, subject, and/or contextual
factors may affect students’ flexibility.

Relations With Mathematical Flexibility

Theoretical models and research findings suggest that mathematical flexibility is related to several cognitive and
non-cognitive factors.

Within the cognitive factors, a distinction can be made between domain-specific and domain-general factors. One
relevant domain-specific factor is conceptual understanding, and the question is how strategic flexibility is related
to students’ understanding of the underlying mathematical principles (Baroody et al., 2009; Peters et al., 2012; Rittle-
Johnson et al., 2001). Some authors have already explored this relationship in the case of flexible switching between
counting on from the first or from the second addend in problems such as 2 + 7 = _ and 6 + 2 = _ on the one hand,
and their understanding of the commutativity principle of addition on the other (Baroody & Gannon, 1984). For other,
more complex, mathematical principles such as the inversion principle (i.e. n + m - m = n; Rasmussen et al., 2003),
the relationship with strategy flexibility has so far remained largely unexplored. Evidence does suggest that algebra
conceptual knowledge predicts later strategic flexibility (Schneider et al., 2011).

Another relevant domain-specific factor is overall mathematical performance. Although several studies showed that
students who show more mathematical flexibility in a particular task domain tend to have higher levels of overall
mathematical ability (Hickendorff et al., 2010, 2018; Newton et al., 2020; Torbeyns et al., 2006, 2017), there is not
much strong empirical evidence that being flexible when solving a particular mathematical task actually leads to
significantly higher performance on that task. Recently, Van Der Auwera, Torbeyns, and colleagues (2022) found that
elementary school children who flexibly switched between direct subtraction and subtraction-by-addition when solving
multi-digit mental subtraction problems performed better on this mental subtraction task both for accuracy and speed
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than children who systematically applied one of these strategies. However, Torbeyns and colleagues (2017) found no
performance advantage of children who flexibly switched to the compensation strategy on problems such a 573 - 299
= _, compared to children consistently using the same strategy. Fazio and colleagues (2016) found that high-performing
university students could be successful on fraction comparison tasks, even when using questionable strategies. However,
low performers were not able to reliably switch to more advantageous strategies when given the option. In sum,
high mathematical performance may be a predictor of mathematically flexible behavior, but research findings are
inconclusive regarding whether being flexible on a task results in higher performance on that task. This issue is taken
up in the current special issue, as Garcia-Coppersmith and Star (2022) investigate this complex relationship between
strategy selection and accurate execution.

Besides domain-specific factors, there are also domain-general cognitive factors that are likely related to mathemat-
ical flexibility. There is ample research evidence that executive functions (shifting, inhibition, and working memory)
are important for developing mathematical proficiency (Cragg & Gilmore, 2014). In the current special issue, Eaves and
colleagues (2022) address the role of domain-general (working memory, inhibition, and switching) and domain-specific
(calculation skill and understanding of the order of operations) skills in the identification of the associativity shortcut on
problems such as 16 + 38 — 35 = _. Furthermore, Van Der Auwera, De Smedt, and colleagues (2022) examined the role of
domain-general skills (updating, inhibition, and shifting) in individual differences in strategy efficiency and adaptivity.

Turning to the relation with non-cognitive factors, we first consider the role of gender. Not all studies report gender
differences in students’ flexibility, but if they do it is in favor of boys (Hickendorff et al., 2010, 2018; Timmermans et al.,
2007). Girls are found to be relatively more inclined to use the standard strategies taught in the mathematics curriculum,
whereas boys are relatively more inclined to use innovative strategies and representations that may be more efficient
(e.g., task-specific shortcut strategies; Hickendorff, 2018) but may also be more risky (e.g., using mental computation on
problems that put heavy demands on working memory such as 864: 36 = _; Hickendorff et al., 2010). Multiple studies in
the current special issue address the role of gender.

Affective factors may also be related to mathematical flexibility. One affective factor is mathematics anxiety, which
is known to be negatively related to mathematics performance on routine tasks (Dowker et al., 2016). However, little is
known about the relation between mathematics anxiety and tasks that require flexible and adaptive behavior for which
students can rely less on their routine behavior. In the current special issue, Halme and colleagues (2022) investigate the
relation between mathematics anxiety on the one hand and routine and adaptive number knowledge on the other. While
various scholars have made a plea to pay more attention to the role the aesthetic pleasure derived from the beauty
or elegance of mathematics (e.g., Krutetskii, 1976), these kinds of affects have been investigated rarely in relation to
students’ mathematical flexibility.

Despite their importance (Verschaffel et al., 2009), little research has focused on the influence of contextual factors
on flexible choice of strategies or representations in the domain of mathematics. One of the first studies showing
that children switch both strategies and representations according to the socio-cultural context was done in Brazilian
street vendors (Nunes Carraher et al., 1985). Depending on the context — selling on the street or doing mathematics
in school - the children not only switched strategies (from mental computation to algorithmic procedures) but also
representations (from internal to external representations). Reviews of the (limited) research addressing the influence of
the socio-cultural context on the kind of strategies or representations students choose to apply on a given mathematical
task and the flexibility of these choices concluded that there is at least limited evidence for contextual influences, but
that more research should be conducted to examine these factors futher (Ellis, 1997; Verschaffel et al., 2009). Recently,
Hickendorff (2020) manipulated the context in which students had to solve multidigit subtraction problems: a mental
or a written computation approach, or or free choice between the two. Allowing or requiring written computation
decreased the likelihood that students adaptively switched strategies, which suggests that also the context within a
classroom (the socio-mathematical norms) affects mathematically flexible behavior.
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Methodological Issues

An important question, of course, is how to assess mathematical flexibility. Given the variety of conceptualizations of
the construct (Newton et al., 2020; Verschaffel et al., 2009), it is not surprising that different assessments have been used.

Since solution strategies are crucial for many conceptualizations of mathematical flexibility, the identification of
the strategies students use is often pivotal to its measurement. A common approach is to let students solve a set of
tasks, for instance arithmetic problems or algebra exercises, and infer their solution strategies from their written work
(e.g., Hickendorff, 2018), their (retrospective) verbal reports (e.g., Torbeyns et al., 2015), and/or their reaction- time data
(e.g., Luwel et al., 2001; Peters et al., 2010). This gives insight in the repertoire of strategies students use. An important
consideration is that there may be a gap between knowing and using different strategies (Blote et al., 2001; Newton et
al., 2020; Star & Rittle-Johnson, 2008; Xu et al., 2017). Strategy knowledge may be assessed by prompting students to
solve the same problem more than once with different strategies or by asking them to evaluate worked-out examples of
different strategies (Rittle-Johnson & Star, 2007).

Moreover, if it is possible to designate certain strategies as innovative or efficient shortcut strategies for particular
tasks (e.g., using the compensation strategy on problems such as 837 — 399 = _), charting to what extent and on
what tasks students use these strategies gives information about whether students make adaptive strategy choices with
respect to task characteristics (Heinze, Marschick, et al., 2009; Heinze et al., 2018). In this special issue, Obersteiner and
colleagues (2022) show that to assess flexible and adaptive strategy use in fraction comparison tasks, the features of the
tasks need to be carefully constructed.

However, strategies that are efficient from the perspective of the task (having the fewest and/or easiest computation
steps) are not necessiraly efficient for individual students, since it requires understanding of relations between numbers
and between operations and/or good mastery of certain (sub)procedures that are part of that strategy (Hickendorff,
2018; Newton et al,, 2020; Torbeyns et al., 2009). This issue can be accommodated by using the choice/no-choice
methodology, a comprehensive method to assess various aspects of strategy use (Siegler & Lemaire, 1997). A major
strength of this method is that it is possible to compare the efficiency of different strategies in an unbiased way using
the no-choice conditions, wherein participants have to use a given strategy to solve all problems. That information can
be used to identify which strategy is most efficient for an individual on a particular problem, and these efficiency data
can be used to assess the extent to which individuals are adaptive to their own strategy efficiency data, or in other
words, to what extent they use the strategy that for them works best on a particular problem. There are, however,
also disadvantages to the choice/no-choice method (Luwel et al., 2009; Threlfall, 2009). Most importantly, it has to be
decided in advance which two, or sometimes three, strategies are focal. As a result the free choice condition is actually
a restricted choice condition and may not fully reflect students’ strategy repertoire and flexibility. In the current special
issue, Hickendorff (2022) implemented an innovative, personalized version of the choice/no-choice method that does
not require restriction of strategy choice, enabling to compare the task-specific strategy to students’ own preferential
strategy. Furthermore, she distinguished between a practical component (what students do) and a potential component
(what students know).

The issue of appropriateness of a particular choice is also relevant in the history of research on representational flex-
ibility. Initially, methodological approaches in this domain mostly conceptualized and operationalized representational
flexibility as choosing the representation that provides the best match to the characteristics of the task to be solved.
But researchers gradually also started to broaden their methodological scope, for instance, by including data-gathering
and/or data-analytic methods that allow the inclusion of students’ abilities, preferences, and affects interacting with
these representations, as well as the context in which such interaction takes place (Acevedo Nistal et al., 2009; Heinze,
Star, et al., 2009).

Beyond examinations of strategy or representational choice, other methods have been developed for examining other
aspects of mathematical flexibility. For example, in examining aspects of students’ abilities that support flexible strategy
choice, McMullen and colleagues (2017) introduced a measure of adaptive number knowledge, the arithmetic sentence
production task, that assesses their ability to create arithmetic sentences from a given set of numbers (e.g. 2, 4, 8, 12, and
32) that equal a target number (e.g. 16). The quantity and complexity of responses is argued to measure the richness of a
students’ knowledge of numerical characteristics and arithmetic relations.
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In sum, there is wide variety in the methodologies used to measure specific aspects of mathematical flexibility, each
of which provides a specific lense with which the topic is studied.

Educational Issues

Although mathematical flexibility is deemed an important objective of mathematics education curricula, fostering it
can be challenging. Mathematical flexibility is something that develops over time, not easily nor quickly (Verschaffel
et al,, 2011), nor equally in all students, and it is related to growth and transfer of conceptual knowledge (Star &
Rittle-Johnson, 2008). Recently, Newton et al. (2020) hypothesized a particular continuum for how students develop
strategy flexibility: first, students are able to demonstrate a preference for (given) efficient strategies (e.g., when
presented worked-out examples of a conventional and a non-conventional, more efficient, strategy, they are able to
select the non-conventional strategy as ‘better’). Next, they gain knowledge of multiple solution strategies (e.g., when
asked to circle all possible steps that could be done next in solving an equation, they identify the conventional and
non-conventional strategy). In the last phases of the developmental continuum, students are able to actually use the
non-conventional, more efficient strategies, when asked to solve a set of problems.

Research has indicated several instructional factors that may promote mathematical flexibility, including stimulating
children to invent, reflect, and discuss strategies or representations (Blote et al., 2001), exposure to multiple strategies or
representations (Rittle-Johnson et al., 2012), comparing worked-out examples (Rittle-Johnson & Star, 2007), and teachers
asking open questions (Star et al., 2015). Mathematics textbooks have been found to differ in their learning opportunities
for mathematical flexibility, and these differences were reflected in students’ flexibility (Sievert et al., 2019). In this
special issue, Schiller and colleagues (2022) addressed the relationship between the presentation of fractions equivalent
to one in mathematics textbooks (e.g., 4/4) and students’ flexible understanding of alternative forms of one.

Some studies have compared direct instruction of different strategies or representations to implicit instruction with
prompts to discover strategies but without explicit instruction (Heinze et al., 2018; Star & Rittle-Johnson, 2008). Both
approaches improved mathematical flexibility and can even be combined. Game-based learning approaches have been
shown to foster adaptive number knowledge (Brezovszky et al., 2019), although these have been compared with business
as usual control conditions and specific mechanisms for support remain unclear. In conclusion, although mathematical
flexibility is notoriously hard to foster, educational practices can stimulate it. In this special issue, Scheibling-Seve and
colleagues (2022) present an intervention study focusing on multiple categorizations and investigated the effect on
students’ propotional reasoning performance and strategy use.

Furthermore, we already discussed research suggesting that the socio-mathematical context affects the likelihood
that students show mathematically flexible behavior. An educational implication is that classrooms probably differ in
the extent to which mathematical flexibility is valued. Factors such as the extent to which accuracy is valued over
speed, the extent to which mental computation is valued over written computation, or the extent to which finding
mathematically elegant approaches or solutions are valued may be factors that teachers can consider in order to
stimulate mathematical flexibility.

An important consideration is the interaction between individual factors and flexibility learning gains. One such
factor is prior knowledge: as discussed earlier, research findings suggest that developing flexibility is very difficult
for students with low prior knowledge. Indeed, students’ prior knowledge has been found to be related to students’
flexibility gains (Star et al., 2015), as was grade level (Brezovszky et al., 2019). However, more research is needed to
determine when, how best, and to whom to provide instruction on mathematical flexiblity. Gender is another relevant
factor. As said, if gender differences in mathematical flexibility are reported, boys show more mathematical flexibility
than girls. However, the intervention study of Star and colleagues (2015) showed that girls had higher flexibility gains
after instruction than boys. Clearly, this calls for further research.
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The Current Special Issue

The proposed special issue provides a broad view of state-of-the-art research on mathematical flexibility. Mathematical
flexibility is examined in different populations (including primary school students, secondary school students, and
adults), in different domains (including whole-number arithmetic, fractions, proportional reasoning, and algebra), and
with different methodologies (verbal reports, online tests, choice/no-choice design). Importantly, the papers also take
on different theoretical perspectives. At the core of most of the studies involved in this special issue is the common
conceptualization of mathematical flexibility as the ability to know and use different strategies and to select the most
appropriate one for a given problem. However, this focus is broadened in several ways: by addressing reasoning about
procedures, formulas, or magnitudes, by zooming in on the complex relationship between strategy use and accuracy, by
attempts to measure whether children know more than they show, by focusing on multiple representations of a problem
situation, by taking the affective side of mathematical flexibility into account, and finally by using a quite different
conceptualization of mathematical flexibility: the flexible understanding of number. Furthermore, the studies shed light
on the roles of domain-general and domain-specific skills play in mathematical flexibility as well as on the effects of an
intervention. Collectively, the special issue aims to provide a broader understanding of the influences, subcomponents,
and malleability of mathematical flexibility. We believe that this collection of empirical papers provides new insights
and provokes new questions regarding the nature of mathematical flexibility. We hope it is of interest to researchers
interested in mathematical cognition and learning and mathematics education alike.
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