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Abstract

We report the detection of mHz quasiperiodic oscillations (QPOs) in four Nuclear Spectroscopic Telescope Array
observations of 4U 1626—67 during its recent spin-down episode. By using a novel method based on the Hilbert—
Huang transform, we present the first QPO-phase-resolved timing and spectral analysis of accreting X-ray pulsars
in low-mass X-ray binaries. Broadband QPO waveforms have been reconstructed and exhibit approximately
sinusoidal shapes, with fractional amplitudes that vary with energy. In addition, we find that spin pulse profiles
exhibit stable shapes between different QPO phases with different instantaneous fluxes, while the fractional rms is
distinct for different observations. In this source, both QPO-phase-resolved and averaged spectra can be modeled
with a negative and positive power-law exponential model, and their spectral evolutions show a similar trend,
suggesting that the QPO modulation is caused by accretion rate variability instead of a geometric obscuration.
These results provide new constraints on accretion physics in strongly magnetized neutron stars and the
underlying mechanisms of QPOs.

Unified Astronomy Thesaurus concepts: X-ray binary stars (1811); Accretion (14); Binary pulsars (153); X-ray
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1. Introduction

As an ultracompact low-mass X-ray binary, 4U 1626-67
harbors an accreting X-ray pulsar with a spin period of ~7.7 s
and a low-mass companion of <0.02 M, (F. K. Li et al. 1980;
J. Middleditch et al. 1981; D. Chakrabarty et al. 1997). Since
its discovery by Uhuru in 1972 (R. Giacconi et al. 1972), it has
undergone several torque reversals, switching between spin-up
and spin-down episodes, accompanied by significant changes
in luminosity (e.g., D. Chakrabarty et al. 1997; A. Camero-A-
rranz et al. 2010). Notably, during the spin-down phase, 4U
1626-67 exhibits prominent quasiperiodic oscillations (QPOs)
around 47 mHz in the power density spectra (PDSs), which
however are less pronounced during the spin-up phase
(D. Chakrabarty 1998; C. Jain et al. 2010). QPOs are
noncoherent signals that are widely observed in X-ray binaries
across different types of compact objects, including white
dwarfs, neutron stars, and black holes, although their under-
lying mechanisms might be distinct (e.g., R. Wijnands &
M. van der Klis 1999; B. Warner 2004; A. R. Ingram &
S. E. Motta 2019; H. Manikantan et al. 2024). In accreting
X-ray pulsars, the physical origin of QPOs is still unclear.
M. van der Klis et al. (1987) suggested that QPOs might be
attributed to the obscuration by blobs in the inner part of the
accretion disk. In this case, the QPO frequency corresponds to
the Keplerian frequency. Alternatively, M. A. Alpar &
J. Shaham (1985) proposed a beat frequency model, which
suggests that the spatial configuration of the neutron star’s
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magnetic field will change as matter flows inward from the
accretion disk, resulting in fluctuations in the accretion rate
and producing the observed QPO phenomenon. It predicts that
the QPO frequency equals to the difference between the spin
frequency and the Keplerian frequency at the Alfvén radius.

The broadband spectra of 4U 1626—67 have been studied by
different authors (e.g., A. Camero-Arranz et al. 2012;
R. Sharma et al. 2023), and its spectral shape during the
spin-down period is somewhat softer than that during the spin-
up period (I. Yi & E. T. Vishniac 1999). A cyclotron resonance
scattering feature (CRSF) around 37 keV has been detected in
both spin-up and spin-down phases, suggesting its magnetic
field of ~4 x 10'>G (M. Orlandini et al. 1998; A. D’Ai et al.
2017). Previous studies predominantly focus on the time-
averaged spectra, and investigations regarding QPO-modu-
lated emission are relatively rare. This is due to the difficulty
of determining the QPO phase given that the QPO frequency is
variable, unlike coherent periodic signals. Recently, a method,
based on the variational mode decomposition (VMD) and the
Hilbert-Huang transform, has been developed and success-
fully applied to QPOs in black hole systems (Q. C. Shui et al.
2023, 2024c; Q.-C. Shui et al. 2024a, 2024b). This technique
allows for the adaptive decomposition of signals into
independent components, enabling the separation of QPO
modulations from other variabilities. In this paper, we apply
this method to QPOs in a highly magnetized X-ray pulsar 4U
1626-67 and perform QPO-phase-resolved studies.

2. Observations and Data Reduction

The Nuclear Spectroscopic Telescope Array (NuSTAR) is a
space-based X-ray observatory launched by NASA in 2012,
capable of observing X-rays in the energy range of 3—79 keV.
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Figure 1. A representative segment of the lightcurve for the obsID 90901318002 with a bin size 7.7 s.
g P gl g
Table 1
Summary of NuSTAR Observations
ObsID Date Exposure Rate (3-10 keV) Rate (10-79 keV) K a
(yyyy-mm-dd) (s) (ctss™h (cts s™h
90901318002 2023-05-02 27,422 4.18 £ 0.01 2.33 £ 0.01 5 1000
90901318006 2023-06-04 18,468 3.40 + 0.02 1.90 £ 0.01 6 900
90901318008 2023-06-22 22,332 3.31 £ 0.01 1.68 £+ 0.01 5 1500
90901318010 2023-07-05 18,449 2.98 + 0.01 1.55 £ 0.01 5 1000

Note. Two rate columns give the background-subtracted count rates combining FPMA and FPMB modules in the energy ranges of 3—10 and 10-79 keV with 1o

errors for each observation. The last two columns K and a are parameters used for performing the VMD.

Equipped with two focal plane modules (FPMA and FPMB)
which are operated simultaneously, NuSTAR can provide
high-resolution imaging and spectroscopy (F. A. Harrison
et al. 2013). In this paper, we studied four NuSTAR
observations of 4U 1626-67 carried out during its recent
spin-down episode when QPOs appear (Table 1).

Data reduction was carried out using the NuSTAR Data
Analysis Software in HEASOFT (version 6.32.1) with CALDB
(version 20240520). We calibrated and screened the event files
using the NUPIPELINE task and employed the NUPRO-
DUCTS task to extract lightcurves and spectra. The source and
background spectra were extracted from circular regions of
equal radius (80”). The source region was centered on the
source position, while the background region was placed away
from the source. All lightcurves in the following were
background-subtracted after combining FPMA and FPMB
modules. During spectral analysis, we grouped the spectra
using the FTGROUPPHA task. We followed the optimal
binning scheme proposed by J. S. Kaastra & J. A. M. Blee-
ker (2016) with more than 25 counts in each bin using
grouptype=optmin and groupscale=25. All uncer-
tainties quoted in this paper correspond to a confidence level
of 90%.

3. Results
3.1. Decomposition of QPO Signals

We first inspected overall lightcurves for each observation
with a bin size of 7.7 s (i.e., the period of the pulsar) and found
that they remain generally stable although with intrinsic
variations (Figure 1). Therefore, we treated each observation
as a whole to perform the timing analysis. We then extracted

lightcurves in the energy range of 4—79 keV with a bin size of
1 s and calculated their power spectra using a Python package
Stingray’ (D. Huppenkothen et al. 2019) in the frequency
range of 0.002-0.5Hz. We show the results in Figure 2.
Generally, the four power spectra exhibit a similar shape,
which presents a strong QPO around 47 mHz, consistent with
previous papers (R. Sharma et al. 2023, 2025; M. Tobrej
et al. 2024).

We used the VMD technique to decompose the original
lightcurves into a set of intrinsic mode functions (IMFs), and
each IMF corresponds to variations of a narrow frequency
band (see Appendix A). This method has been successfully
used to separate QPO signals in black hole X-ray binaries (e.g.,
Q. C. Shui et al. 2023), and we followed the same approach
here. We performed this calculation using an open source
Python package Vmdpy® (for details, see Appendix A;
V. R. Carvalho et al. 2020). During the decomposition, there
are two parameters, K and a, where K means the number of
independent components and both K and a influence the
frequency width in the power spectrum. Following Q. C. Shui
et al. (2023), we determined the combination of K and a by
comparing the power spectra of the resulting IMFs with those
of the original lightcurve. In practice, we initially set a trial
value of K with variable @, and incremented it until the QPO
component could be separated. We found that K=35 is
generally the minimum value to identify coherent pulsations,
the QPO component, and its harmonic unambiguously. After
determining K, we adjusted the value of a to make sure that
one IMF’s PDS can match the QPO of the original lightcurve.

" hutps: //github.com/StingraySoftware /stingray /tree/v1.1.2

8 htps://github.com /vrcarva/vmdpy
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Figure 2. Left: PDSs of four NuSTAR observations of 4U 1626-67. Right: a representative PDS (black line) constructed for the observational ID 90901318002,
together with PDSs of individual IMFs after the decomposition. The IMF1 (yellow line) corresponds to the QPO signal we considered. Here we assumed K = 5 and

a = 1000 (see text).

In Figure 2, we show an example of the decomposition, where
the IMF1 represents the QPO component. In Table 1, we list
the combination of K and a used in the paper. We note that
although the selection of K and a is artificial, as shown in
Appendix B, it has little influence on the reconstructed QPO
signals.

3.2. QPO Waveforms

Once the IMF that corresponds to the QPO component had
been decomposed, we could determine its instantaneous QPO
phase for a given time through the Hilbert transform
(N. E. Huang et al. 1998; Q. C. Shui et al. 2024d). Then we
folded the original lightcurve according to the resulting QPO
phase to obtain QPO waveforms. In Figure 3, we present an
example using the data from the observational ID
90901318002. Using QPO phases obtained above, energy-
dependent QPO waveforms can be constructed as well. In this
paper, we selected energy bands of 3-5, 5-7, 7-9, 9-12,
12-15, 15-24, 24-32, 3240, and 40-78 keV. Generally, QPO
waveforms in different energy bands have a similar shape. To
quantify the amplitude of modulation, we calculated their
fractional rms’ following V. S. Dhillon et al. (2009):

ms =

JELlp, = PP = o3 1/N
p 9

ey

where p is the average count rate and p; and o, are the count
rate and its error for the phase bin i of the QPO waveform,
respectively. As shown in Figure 4, the fractional rms
increases with energy in all four observations, i.e., QPOs are
more significant for hard X-rays. In addition, we found that
this increasing trend seems to be flatten above 15keV,
and there are large error bars above 30keV due to poor
statistics.

3.3. Spin Pulse Profiles at Different QPO Phases

As suggested by J. M. Kommers et al. (1998), QPOs can
modulate the instantaneous amplitude of coherent pulsations,
as indicated by the detection of sidebands in power spectra.
Therefore, in this study, we explored the variation of spin
pulse profiles at different QPO phases. In practice, we first

° Fora comparison with the conventional method, see Appendix C.

Rate (cts/s)

O.bO 0.'25 0.'50 0.'75 l.bO l.'25 l.:SO l.'75 2.60
Phase (QPO cycles)

Figure 3. The QPO waveform reconstructed by folding the 4-79 keV
lightcurve according to the instantaneous phase obtaining from the HHT using
the data from ObsID 90901318002. Here we divide the QPO cycles into 32
phase bins and present two QPO cycles for clarity.

estimated the spin period for each observation using the
EFSEARCH'? task. Then we folded the lightcurves extracted
from six QPO phases as defined in Section 3.4. We found that
although the absolute amplitudes of pulse profiles are
modulated by QPOs, their shapes are very similar across
different QPO phases, regardless of the instantaneous fluxes
(Figure 5). Moreover, when comparing the pulse profiles
across different observations, the pulsed fractions (see the right
panel of Figure 5), calculated using Equation (1), were notably
different, even for some QPO phases with similar flux levels.

3.4. Spectral Analysis

The X-ray continuum spectrum of 4U 1626-67 can be
described by either a negative and positive power-law
exponential (NPEX) model or a combination of a blackbody
model and a power-law model (e.g., A. Camero-Arranz et al.
2012; R. Sharma et al. 2023). In this work, we adopted the
NPEX model, i.e.,

F(E) = N(fE- + E*¥)exp(———), @

cut

19 hitps:/ /heasarc.gsfc.nasa.gov /xanadu /xronos /help /efsearch.html
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Table 2
Best-fit Spectral Parameters of 4U 162667 in Four Observations Using the const"tbabs*cyclabs™(npex+Gaussian) Model
Model Parameters Units 90901318002 90901318008 90901318006 90901318010
NPEX Eecu keV 9.01+993 9.50708¢ 9.967972 10.37+95¢
« 0.4950:03 0.557004 0.5250:%3 0.617007
f 107 6.02719 3134138 472717 266703

Norm 1073 797193 7.02%92 6.56797] 6.72+037

Cyclabs Eeye keV 36.10503 36.69703 35215934 36.2270%
Depth 2424017 213599 2264018 2.607928
Width keV 6.45+03 6.1070% 7.96798 5.8050%3

Luminosity 10%erg s~ 4294392 3.12+99) 3.47199) 2.8810%3

¥*/d.of. 265/251 308,233 248/228 199/218

Note. We assumed a distance of 10 kpc to calculate the luminosity.

where the positive power index 3 was fixed to 2, representing 50

the Wien portion of the thermal distribution (T. Mihara 1995). % :ggggigggz

The CRSF has been reported around 37 keV, and we modeled @ 90901318006

it using a cyclabs component following A. D’Ai et al. (2017). __40] [ 90901318010 T

Above 60 keV, there might be a CRSF harmonic, although the §

detection is not significant due to limited statistics (W. Coburn g

et al. 2002). As suggested by R. Sharma et al. (2023), we =301

included another absorption component gabs to describe this g

harmonic and fixed its centroid energy and width at 65.9 and B

9keV, respectively. To account for the Fe Ko fluorescence L 201

line, we employed a Gaussian emission line model and fixed

its energy and width to 6.4 and 0.1 keV, respectively. We also 10

used the tbabs model (J. Wilms et al. 2000) for the 1

photoionization absorption of the interstellar medium, and
the equivalent hydrogen (Ny) was fixed at 0.096 x 10** cm >
(HI4PI Collaboration et al. 2016). In addition, a const model
was used to adjust the inner calibration between instruments,
and we set the FPMA value to 1. We found that this model
could well describe the average spectra for all four observa-
tions. The best-fit parameters are listed in Table 2.

According to QPO phases determined by the Hilbert—-Huang
transform (HHT), we could perform phase-resolved spectral
analysis and investigate spectral evolution with QPO phases.
In practice, we divided each observation into six QPO phases
and extracted their corresponding spectra. Then we fitted these
phase-resolved spectra using the same model mentioned
above. Due to poorer statistics, the width and depth of the
fundamental CRSF and its harmonic cannot be well con-
strained. Thus we set their values to the best-fit parameters
obtained from phase-averaged spectra. We show resulting
spectral variations in Figure 6. In all observations, the CRSF
energy E.. and E, do not present significant changes for
different QPO phases. On the other hand, the flux and
normalizations N, f exhibit similar modulations compared to
the QPO waveform, where the flux was estimated in the energy
range of 4-79 keV (see Equation (2) for definitions of N, f).
Conversely, the spectral index « is clearly anticorrelated with
the flux, i.e., the spectrum is harder for a larger flux.

To describe the flux-dependent evolution, we performed
linear fits for all parameters (Figure 7). We found that E_
remains approximately constant at 36.0 keV in the flux range
of (1.5-5.0) x 10710 erg cm 2s~ ! In addition, we found that
the spectral evolution with the QPO-modulated flux is well

3 1'0 30 78
Energy (keV)

Figure 4. The evolution of the fractional rms of QPO waveforms with energy
in four observations of 4U 1626-67.

consistent with the parameters obtained from average spectra
(yellow points) that vary at a much longer timescale. This may
suggest that spectral variations during QPOs and those
detected among different observations have the same under-
lying reason, i.e., changes of the accretion rate.

4. Discussion

QPOs have been widely detected in low-mass X-ray binaries
hosting either neutron stars or black holes. In this paper, we
report their properties in a unique highly magnetized low-mass
X-ray binary 4U 1626-67 during the recent spin-down
episode. Among four NuSTAR observations, we found that
power spectra have a similar shape, and a prominent QPO
component presents around 47 mHz, consistent with previous
reports (e.g., R. Sharma et al. 2023; M. Tobrej et al. 2024).
Using the HHT method, we successfully constructed QPOs’
waveforms, which appear as a sine-like modulation. The QPO
amplitude generally increases with energy, although this trend
seems to be saturated at high energies (i.e., E = 15keV; see
Figure 4).

This energy dependence of QPOs’ rms suggests spectral
variations across different QPO phases. Indeed, we found
positive or negative correlations between spectral parameters
and flux based on the QPO-phase-resolved spectroscopy. What
is interesting is that these correlations are well in agreement
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Figure 6. Results of the QPO-phase-resolved spectroscopy for four observations, i.e., 90901318002 (blue), 90901318006 (red), 90901318008 (green), and
90901318010(cyan). Gray dashed lines represent QPO waveforms in the energy band of 4-79 keV.

with those obtained from QPO-averaged spectra (i.e., compar-
ing yellow points with others in Figure 7). This suggests that
the QPO modulation may reflect actual changes of the
accretion rate rather than the obscuration effect. If this is the
case, QPOs will offer an independent probe to study the short-
term variability of the accretion rate. We note that the HHT
method presented in this paper is analogous to the traditional
“pulse-to-pulse” analysis, in which pulses of different
intensities are divided into multiple groups (e.g., D. Klochkov
et al. 2011; Q. C. Shui et al. 2024e). Its advantage lies in its

capability to decompose components in the frequency domain,
even for short timescales when the statistical noise dominates
and the instantaneous flux cannot be accurately estimated in
the time domain. If QPOs are due to accretion rate changes, the
evolving photon index with the QPO-modulated flux (a in
Figure 7) is in agreement with the spectral hardness evolution
found at low luminosities of six transient X-ray pulsars
(K. A. Postnov et al. 2015). This suggests that 4U 1626-67
remains in the subcritical regime even around QPO peaks. In
addition, the centroid energy of cyclotron lines keeps constant
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QPO-phase-resolved spectral parameters.

over different QPO-phase-resolved fluxes (Figure 7), implying
that the line-forming region is always at a relatively low
altitude, as expected in the subcritical regime (see Figure 9 in
R. Staubert et al. 2019).

On the other hand, the accretion rate is not the only factor
affecting the properties of the observed emission. For example,
in many sources temporal and spectral properties are not
exactly the same when comparing the rising and decay phases

Zhou et al.
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Figure 8. The magnetospheric radius R, calculated from Equation (3)
assuming k = 0.5. Different shadows indicate the distance range (5-13 kpc)
we considered in this paper. The shadow widths correspond to the flux range
(1.54.5 x 1071° erg cm 257! calculated from the broadband spectral
analysis. The solid and dot lines present two radii with the local Keplerian
frequency v = vns + Vgpo and v = vns — Vgpo based on the beat frequency
model, and their intersections with shadows are possible solutions.

of outbursts for a given luminosity (e.g., V. Doroshenko et al.
2017; Y. F. Hu et al. 2023). The origin of this hysteresis effect
is still unknown. A plausible reason is changes of the accretion
disk structure and its interaction with the magnetosphere of the
neutron star (see discussions in L. D. Kong et al. 2021). In our
study, we find that within each observation, the spin pulsed
fractions are nearly independent of QPO phase, despite
variations in flux. On the other hand, for a given QPO flux
level, the pulsed fractions differ noticeably across different
observations (Figure 5, right panel). This may suggest that the
pulsed fraction is more sensitive to the disk structure than to
the instantaneous accretion rate. When comparing different
observations, the disk structure, e.g., the thickness of the flow
outside the magnetosphere, might be different due to the pileup
of backflows (see below), leading to different pulsed fractions.
Although the formation mechanism of QPOs is poorly
known, it is believed that they are probably attributed to
interactions between the accretion matter and the neutron star
magnetic field. Unlike the cases in wind accreting systems,
such as Vela X-1, where QPOs may originate from the
quasiperiodic structure in the stellar wind of the companion
star (I. Kreykenbohm et al. 2008), QPOs in 4U 162667 are
more likely caused by the variability of the accretion disk. In
disk accretion systems, the QPO frequency is usually
interpreted by either the Keplerian frequency (14) at the inner
disk radius (M. van der Klis et al. 1987) or the beat frequency
between the neutron star spin frequency (vns) and v, ie.,
vgpo = | — vns| M. A. Alpar & J. Shaham 1985).
Moreover, 4U 1626-67 is unique among neutron star low-
mass X-ray binaries due to its strong magnetic field, which
truncates the accretion disk at the magnetospheric radius

1
N
Rm:k(—m“ _2)7, 3)
MM

where p = %BR3 is the magnetic dipole moment, M is the

mass of the neutron star, M is the accretion rate, and k = 0.5
for a disk accretion (P. Ghosh & F. K. Lamb 1979). Assuming
an isotropic radiation, the accretion rate can be estimated as



THE ASTROPHYSICAL JOURNAL, 994:46 (10pp), 2025 November 20

IFCO

1.26Rco

Zhou et al.

1.26R.,

Figure 9. A possible configuration of 4U 1626-67, where black lines represent the magnetosphere. The red dashed line marks the corotational radius, and the blue
doted line is the radius above which the strong propeller effect works. Outside the magnetospheric radius, there might be a region with a trapped disk influenced by

the pileup of backflows.
. 47D?F .
M = e where n ~ 0.2, D ~ (5-13) kpc is the range of the
distance to 4U 1626-67 (D. Chakrabarty 1998) and
F ~ (1.5-45) x 1071 erg cm 2s™! is the bolometric flux
range calculated from the broadband spectral analysis.
Given a QPO frequency (vgpo) that equals the Keplerian
frequency at R, the inner disk radius should be R, =
e \2/3 am \/3 .
(ﬂ) Reo ~ 2 R.,, where R, = (—) is the corota-

vQro 4m2Rs
tion radius where the local Keplerian frequency equals the
neutron star spin frequency. However, it is believed that when
R, > R, the magnetic dipole will act like a rotating “propeller,”
preventing from the accretion process onto the neutron star
(A. F. Ilarionov & R. A. Sunyaev 1975). Under this assumption,
most of the mass in the disk is expelled as an outflow, which
conflicts with the observed accretion with QPOs. Thus the
Keplerian frequency model can be ruled out.

On the other hand, when considering beat frequency

2/3

L) ! Reo ~ 0.8 R

UNs + YQpPo

models, the R, is expected to be (

2/3
r ( Uns ) Reo ~ 1.3 R.,. If we consider the “plus”
VNS — VQpro

solution, i.e., R, ~ 0.8R., a possible parameter space is
shown in Figure 8. The mass of the neutron star is expected to
be ~(1.5-2)M., when assuming a distance of 5 kpc, while a
larger distance (e.g., 13 kpc) can be ruled out. In this “plus”
scenario, the magnetosphere interacts with a thin accretion
disk, whose inner radius will move inward at a higher
accretion rate, leading to a higher QPO frequency. In the
literature, this positive correlation between the QPO frequency
and the luminosity has been reported in a few sources
(L. Angelini et al. 1989; M. H. Finger et al. 1996; R. Ma et al.
2022). However, the QPO frequency of 4U 1626-67 appears
consistently around 47 mHz in our study and previous reports
(M. Tobrej et al. 2024), independent of the luminosity. This
challenges theoretical models that are based on the inner disk
radius, such as the aforementioned beat frequency model and
the precession disk model proposed by A. Shirakawa & D. Lai
(2002). In addition, this solution cannot explain why QPOs in
this source are prominent only during the spin-down state
(C. Jain et al. 2010).

In the following, we discuss the “minus” solution in the beat
frequency model mentioned above. Conventionally, only the
“plus” solution is allowed to avoid the “propeller” regime,
while recent studies suggest that the “minus” solution is still

possible with accretion in some cases (for details, see, e.g.,
C. R. D’Angelo & H. C. Spruit 2012; U. Ertan 2021;
A. A. Gengali et al. 2022). This is due to the fact that a
significant propeller happens only if the speed of the rotating
magnetic line exceeds the local escape speed, corresponding to
the region outside 1.26 R.,. Meanwhile, for a magnetospheric
radius between R., and 1.26 R.,, the launched outflow will
return back to the disk, referred to as the weak propeller
regime. As a result, a trapped disk may form as a boundary
region due to the pileup of the backflow with an inner radius
close to R.,. A simplified sketch of the discussed configuration
is presented in Figure 9. We speculate that QPOs in 4U
1626-67 might be generated by the beat frequency model
because the location (i.e., around 1.3 R.,) of the local Kepler
frequency required in the “minus” solution coincidentally
corresponds to the outer edge of the boundary region. In
addition, the boundary region is almost luminosity indepen-
dent. This can naturally explain why the QPO frequency keeps
stable at different luminosities. In the literature, luminosity-
independent QPO frequencies were also reported in Cen X-3,
4U 0115463, and Her X-1 (Y. Z. Ding et al. 2021; Q. Liu
et al. 2022; W. Yang & W. Wang 2025) and explained by an
instability when the accretion disk is truncated near the
corotation radius, similar to our scenario. In addition, the
“minus” solution implies a weak propeller state, in which the
spin-down torque would be significant. This is in good
agreement with the fact that QPOs are associated with the
spin evolution of the source.
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Appendix A
VMD

VMD is an adaptive, nonrecursive technique that decom-
poses a signal into a set of IMFs (K. Dragomiretskiy &
D. Zosso 2014). It aims to identify several narrow-bandwidth
signal components whose sum can best reconstruct the original
signal. This method offers improved noise robustness and
mode separation compared to the original empirical mode
decomposition (N. E. Huang & Z. Wu 2008). The core of the
VMD method is solving an optimization problem to
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decompose a lightcurve into several IMFs:

K K
min {a> BWj + H @ = u@) , (A1)

{uic} {wi} k=1 k=1

2

where a is the bandwidth limitation parameter and K is the
number of IMFs. f(¢) and u(f) represent the raw lightcurve and
the contribution from the kth IMF. wy represents the center
frequency of the kth IMF and BW) is its bandwidth. f(7), uy(?),
wy, and BW, can be solved iteratively by the algorithm, while
a and K are two input parameters.

The IMFs are nearly orthogonal in the frequency domain,
and each IMF is narrowband around its center frequency. In
practice, Vmdpy allows for the configuration of several
distinct parameters to perform VMD. In this work, we set
DC =0, tau = 0, and init = 2, along with the values of K and a
as listed in Table 1. Here, DC = 0 indicates that the first mode
is not constrained to be a direct current (zero-frequency)
component, allowing it to capture the most dominant low-
frequency fluctuation freely. Moreover, tau =0 enables the
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noise-tolerance mode, emphasizing robust decomposition in
the presence of noise rather than strict fidelity to the original
signal, and init=2 initializes the center frequencies of the
modes randomly, facilitating an adaptive search for frequency
bands without presupposing their distribution.

Appendix B
Comparing Different Combinations of K and a

As outlined in Section 3.1, the decomposition is somehow
artificial because the QPO in a power spectrum can be
technically reconstructed using different combinations of K
and a. This is due to the fact that both parameters respond to
the QPO width, which leads to an inevitable degeneracy. We
tested different combinations of K and a to decompose the raw
lightcurve. The resulting modulation waveforms are quite
similar, and the evolution of the fractional rms with energy
presents a similar trend as well (Figure B1). This suggests that
a slightly different choice of K and a has only little influence
on the energy-dependent waveform and therefore the QPO-
resolved spectroscopy.
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Figure B1. Left: reconstructed QPO waveforms by the VMD plus HHT technique assuming different K and a parameters. The data are adopted from the
observational ID 90901318010 in the energy range of 4-79 keV. Right: the evolution of the fractional rms with energy, considering different K and a combinations.
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Appendix C
Comparison of rms Calculations

The rms of QPOs is conventionally estimated from power
spectra (for a review, see, e.g., P. Uttley et al. 2014). In this
section, we compare fractional rms values derived from the
HHT with those obtained from the old method. For the latter,
we made calculations using the software Stingray. In
practice, we modeled PDSs with a combination of one power-
law component representing the broadband noise and five
Lorentzian components accounting for the QPO fundamental,
its harmonic, and three coherent pulsations. If a PDS was
calculated using the Miyamoto normalization (T. Belloni &
G. Hasinger 1990; S. Miyamoto et al. 1992), the fractional rms

l + :;,‘:tdBEI
_ 10"7 iH
g : 5
; byt it h'ii'h.-ll* >
|
R R ++=b+iﬁtf++++1*1+*”{l'“ﬁ||hﬁnWM
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Frequency (Hz)
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of a QPO could be obtained by integrating this component
over a frequency range and taking the square root. In
Figure C1, we show the results of ObsID 90901318006 as a
representative example to make the comparison. We divided
the full energy band into four subbands, i.e., 3-7, 7-12, 12-24,
and 24-78 keV, in order to investigate the energy-dependent
fractional rms. In the end, we find that the rms values
estimated from the conventional method and the HHT as
proposed in this paper are well consistent with each other. In
general, the HHT method will provide smaller errors.
However, we caution that this is due to the fact that when
calculating the rms of one energy band, the HHT considers the
information from all energies, which will somehow lead to the
nonindependence between different energy bands.

40 1
@ HHT T
@ old Method

35 1 T

25 A Iii'_"_' - T -

Fractional rms (%)
+
=+
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Figure C1. Left: a representative PDS of observation 90901318006 where the yellow dot line is the model for the fitting. Right: fractional rms values calculated by
using the HHT (red points) and the conventional method based on PDSs (blue points).
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