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Abstract
In this paper we give a short interval version of the Balog—Ruzsa theorem concerning bounds for

the L; norm of the exponential sum over r-free numbers. In particular, when r =2, for H > N %"E,
we have the lower bound result
/1;

and for H > N %ﬁ, we have the upper bound result

J

As an application, we show that the L, norm of the exponential sum Z|n

doc>>H%,

> wme(na)

|n—N|<H

da < H3.

> wme(na)

|n—N|<H

_N|<Hﬂ(n)e(na) has the

lower bound > H¢ when H > NT/*.

1. Introduction

For an integer r > 2, we say an integer n is r-free if it has no factor d > 1 which is an r-th power. In
1998, Briidern, Granville, Perelli, Vaughan and Wooley [3] studied bounds of the L; norm for the
exponential sum over r-free numbers and gave the first non-trivial bounds. In 2001, Balog and Ruzsa
[2] improved on the bounds and gave the best possible bound for the L; norm of the exponential sum
over r-free numbers.

Let r > 2 be fixed and a,, be the characteristic function of the r-free integers, that is

a = 1, ifnis r.—free, (1.1
0, otherwise.

Balog and Ruzsa [2] proved that
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2 Y.-C. SUN

THEOREM 1.1 (Balog—Ruzsa). Let N > 2. Then

1 N
NM<<f
-

1
da < N,

Zane(na)

One can get the following short interval version of Theorem 1.1 immediately by just following
Balog—Ruzsa’s original arguments (we will provide the proof in this paper).

THEOREM 1.2 Lete>0and N > H > N3¢, Then

Hnt <<f z a,e(na)
T

|n—N|<H
The most interesting case is r =2, since it is related to the square-free numbers and the Mobius
function u(n). In this case, Theorem 1.2 works for interval length H = N34+,
For the lower bound, we can improve the exponent from 3/4 to 9/17 and get that

1
da << H~1,

THEOREM 1.3 Lete>0and N > H > NT*. Then

JL2 e

[n—N|<H
In the upper bound case, we can improve the exponent 3/4 to 18/29 and get that

doc>>H%. (1.2)

THEOREM 1.4 Lete>0and N > H > N+, Then

J

ReEMARK. The exponents 5 = O 529... in Theorems 1.3 and % =0.620... in Theorem 1.4 should be
compared with the exponent =0.75 in Theorem 1.2.

d(x<<H3

D, Mn

|n—N|<H

As a corollary of Theorem 1.3, one can obtain a lower bound for the L; of the short interval
exponential sum of the Mobius function.

THEOREM 1.5 Lete>0and N > H > NT*. Then

f| 3 0

|n—N|<H
Balog and Ruzsa [2] obtained the above for H =N and Theorem 1.2 would yield it for H > N 3awe,
We will show how Theorem 1.3 implies Theorem 1.5 in the end of this section.

doc>>H6
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 3
REMARK. Let us also remark the early work of Balog and Ruzsa [1], where they gave a weaker
lower bound N'/#/logN for both square-free number case and Mdbius case. Their work can be

easily extended to the following short interval result.

THEOREM 1.6 Let € >0 and N > H > N°. If the interval [N,N +H| contains > H square-free
numbers, then
/T

where b, denotes the Mobius function or the indicator function of square-free numbers.

1

Hs
da>——,

b,e(no) logN

N<n<N+H

The assumption in Theorem 1.6 has been proved for much shorter intervals than those in
Theorem 1.3, for example see [4] which proves that one can take any H > N 1/5 logN.

Balog—Ruzsa’s argument utilizes the Fejér kernel, which has many good properties (see [9]) and
has many applications in number theory (see [8]).

Let e(x) := ™. The Fejér kernel F(c) is the Cesaro mean of the Dirichlet kernel Dy (ct) =
Z|n|<N e(na) and is defined by

.2
n sin” (TN« . 1
Fla)= ) (1—U> e(na>=¥ Smm{N,iz}. (1.3)
=N N N sin”(7x) N
For the short interval case, we need to introduce a short interval version of the Fejér kernel, which is
motivated by the perspective of the Fourier analysis. For convenience we first introduce some notions

in Fourier analysis.
Let A C Z be finite. For f : A — C, we define the Fourier transform f : T — C of f by

Jla)= 3, f(n)e(na).

neA

Iff,g: A — C, we define the convolution of f and g to be

frgn)= ) f(x)8(y),

X+y=n

A basic property involving Fourier transform and convolution is that

Frgl@) =f@)g@).

Similarly, we define the convolution of the Fourier transform as

e 2(a) = f Fa-BeB)dB=Rla). (1.4)
T
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4 Y.-C. SUN

Now the Fejér kernel F (o) can be described through the ‘Fourier language’.

1 — 1. R
F@=yl-en " leyy=yleenl-sy
1 Z ( )2 sin*(TNa) <min {N 1 } (1.5)
= — eln = 1 s T A (- .
A e % Nsin® (7)) Nllat]]?

Let us introduce some properties of the difference of two Fejér kernels, which will be used in
Section 5 to prove the upper bound case of Theorem 1.2 and Theorem 1.4. By the difference of
the two Fejér kernels, we mean

1 — —
& (o m "I o sy — g ¥ Ty ) (16)
From (1.3) and (1.5) one can easily get
1 (1 1 —1,_yn *1,
K\ (- k) T Ak k) < L 8T -4 )
_ min{l’ N+K —|n| }e(m) _ sinz(n(N+Kt)02c) —sin?(7Ka)
Sk K K sin” (7a)
in(77(2N +K)a) sin(7K 1 1
_sin(z(2N +K)a)sin(nKa) min{N+K,—, 2}. (1.7)
K sin”(7ma) lloell” K flex]|

Now we define our short interval version of the Fejér kernel Fy,(«), For convenience we can
assume that both N and H are even integers. We write

1 —
FH(a):ﬁl(#’W]*l[Wv%J)(o{)' (1.8)

Similar to (1.5), our Fy (a) also has two explicit formulas and an upper bound. Namely,

h |n—N|
Fy(a)=e(Na) 1——)e(ha)= 1- e(na) (1.9)
g |/1|st< H) In—;ISH< H )
and then
1 in*(mH
Fpy(a) = He(Na)w (1.10)
. 1

REMARK. Using this F;; we can reserve almost all properties from Fejér kernel, but from (1.10) we
can see that this F'j; is not always real, which might be the only property it loses from Fejér kernel.
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 5

Recall the definition of a, from (1.1) and let g,(a) = Zln—N|<H a,e(na). Before proving our

results, we should notice that ||g, ||, and ||F}, * g, ||, are comparable. Namely, we have

[1Fp o &1l Sff|FH(a_ﬁ)||gl(ﬁ)|dﬁda$||81||L1||FH||L1 < g1l - (1.12)
TIT

The last inequality immediately follows from (1.10). Note that a, = u*(n) when r=2 in (1.1). Thus,
for Theorem 1.3 and the lower bound case of Theorem 1.4, it suffices to find a lower bound for
[Fy % &1l - The above idea can also be used to deduce that Theorem 1.5 implies Theorem 1.3.

Proof that Theorem 1.3 implies Theorem 1.5. Define

py () = p(n) 1, _nj<n-

Then we have

@)=Y une(na),

|n—N|<H

and by (1.4) we have

pipy (@) = g * gy ().
Similar to (1.12), we have
lecti e, = 2 * gl << g1z, -
Now by Theorem 1.3, ||,L;§;||L1 > H'3, and the claim follows. O
The rest of the paper is organized as follows. In Section 2, we collect some auxiliary lemmas con-
cerning the Riemann zeta function, Dirichlet polynomials and van der Corput bounds. In Section 3,
we will prove a key lemma, which improves Lemma 1 of [2], using an analytic approach and van der

Corput bounds. Then in Sections 4 and 5, we will follow Balog’s and Ruzsa’s arguments to prove
our lower bound and upper bound results.

2. Some auxiliary lemmata

LEMMA 2.1 (Perron’s formula). For R(s) > 1, let

where a, = O(¢(n)), ¢(n) is non-decreasing. Let a >0 and as ¢ — 1%,

n=1
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6 Y.-C. SUN

Then if ¢ > 1 and x is not an integer, we have

1 c+iT X x¢
gan =5 . f(s)?ds+0 (T(c— 1)a)
L0 (¢(2x)xlogx> L0 (qb(N)x)
T Tlxll )

Proof. See [10, Lemma 3.12].
LEMMA 2.2 Let € > 0. Suppose that % <o<Ll+candt>1. Then
(o +it) = O(13179)%),
Proof. See [10, Chapter 5, in particular, (5.12), Theorem 5.5 and the convexity of x(c).]

LEMMA 2.3 For T > 2, we have

T 2
/ §(§+it>’ < TlogT.

-T

Proof. See [10, Theorem 7.2(A)].

LeEMMA 2.4 For T,N > 2 and any complex number a, we have

[

Proof. See [6, Theorem 9.1].

2

it
5 an

0<n<N

dt=(T+O(N)) Y la,|*

0<n<N

]

LEmMMA 2.5 (van der Corput bounds). Suppose that (p, q) is an exponent pair defined by [6, (8.57)

and (8.58)], f(x) behaves like a monomial so that

9 ()l =, FM

for every j >0, any x € [M,2M] and some F > M. We define {(x) := {x} — } and let I = [a,b] C

[M,2M]. Then

P 1+2g

Z ¢(f(m)) < Fra M2 *e

mel

for any € > 0.
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 7

Proof. By [5, Theorem A.6], there exist coefficients §(r) < |r|~! such that

P(x) <R '+ Z B(r)e(rx).

1<|r|<R

Thus,

DU(f(m) <MR™'+ ) 1

mel 1<r<r "

> el )]

mel

By [6, (8.58)], we obtain that

z P(f(m)) < MR+ Z 1(;-F]W—l)[71‘/[q+%+e’

mel 1< <k "

< MR~ + FPMa—P+5+¢' Rp .

We choose R so that R+ = M3+P—=4=¢' F—p , and the claim follows. O

REMARK. We will only need the lemma for the exponent pair (p,q) = (%, ﬁ)

3. Key lemmas

We recall that a,, = qun'u(d)' Let z >y > 1 be any real number. For n # 0 we define ¢, = ¢,(y,z) as
a middle part of the above sum, namely

c,= . pu(d). (3.1
yidlgz

LEMMA 3.1 Forany 1 <K <N and 1 £y <z we have

D le,P <Ky NV (3.2)
N—K<n<N

Furthermore, for r=2 and y < K'27¢ we have

D e <Ky +NB TS, (3.3)
N—K<n<N
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8 Y.-C. SUN

Proof. In fact (3.2) is [2, Lemma 1], so we just need to prove (3.3). For r =2, we have

2 2 _
S bz ¥ (NP= Y R
N—K<n<N N—K<nSN g2 N_K<”5Ndlz,d%|n
y<d=z y<d;<z

< > > D1

N=K<n<N W2|n (hd})?,(hd})?|n
(d].d3)=1
y<hdi’ <z

<y T
N=K<n=<Np=2d?d3a
y<hd;<z

(3.4)

So we only need to show that (3.4) is < Ky~! + N %“y_%. We first split d;, i into dyadic ranges,
so we consider the sum over d; ~ D, and h ~ H with y < HD; < z and then add those sums later.

Before proving the upper bound for (3.4), let us explain how we use two different techniques
depending on the size of D; and H. Without loss of generality, we can assume that D, >> D, and also
notice that D{H > y. If D, is large, we can use an analytic approach to give a good upper bound

(see (3.7)). If D, is small, we can use the hyperbolic trick and the van der Corput method.

For convenience we can assume that neither N nor N — K is an integer (for example using |N | + %

and [N — K| +1 toreplace N and N — K). By Lemma 2.1, with 7= T, < N,

2, 1
N—K<h*d?d3a<N
di~Dyh~H
I+e+iTy Ars s
1 N*—(N—-K)

270 ), ei, §

- () (32) (37)

We move the line of integration to R(s) = . The residue of

¢(s)P(2s)ds + O(N¢),

where

N’ = (N-K)*

R LP(s)
ats=11is O(K(HD,D,)™").
By Lemma 2.2,
l 1+E+i7}) NS _ (N_K>S
— - P(2s)d.
27 ), . s $(s)P(2s)ds
5+iTy
N° 1(_
< max —71,;"""(HD,D,)!" « N°.
%SUS1+E 0
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 9
Similarly,

1 1+E—iT() N_y _ (N _K)_S

e
i, s

$(s)P(2s)ds < N°.

Hence the remaining task is to estimate the integral when R (s) = % We have

1 %"’iTO NS — (N _ K)v

— P(2s)d
27 ), . s S(s)P(2s)ds
2~y
1 Ty N%+it _ <N_K)%+it 1
= — g”(—+it) P(1+2it)dt
27i _1, 5 +it 2

dt

oo 4 N2 1 .
< min < KN Z,W ’{(§+lt)P(l+2ll>

_TO
K|, /1 1, /1
<Nz (f f‘g (E”t) P(1+2ir) dt+/ f‘g (E”t) P(1+2it)
vk NV vzl |

Using a dyadic trick to deal with the second term in the bracket, we have

1 1
/ m|§ (2+it>P(1+2it)‘dt<</
[t|>N/K N

1 27
< f ﬁ
N>T>N/K T

Hence (3.5) is at most

dt). (3.5)
1 ||

/ 1dTdt
Il Jy2

%‘g (%m) P(1+2it)

>|t|>N/K

dudT .

¢ (% +it> P(1+2if)

dr. (3.6)

1 1
<<N%logN sup / §’<7+it>P(1+2it)
|t|<T 2

N/K<T<N T

By Cauchy—Schwarz inequality and Lemmas 2.3 and 2.4, we deduce that (3.6) is

1 1
1 2 2 2
<NilogN sup - (f dt) (/ |P(1 +2it)|2dt>
Nik<T<N T f|<T le|<T
1

1

| 1 | 2n) )\’

<«N2logN sup —(TlogT)2((T+0O(D,D,H))? > .
NIK<T<N D\DyH<n<D,D,H !

(5 +i)

<N (D,D,H)"210g"> N +K 2 1og ' N, (3.7)
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10 Y.-C. SUN

where 7;(n) = ), 1 and C,,C, > 0 are absolute constants. Hence, we have

n=nynyn;
2 !

N—K<h*d?d3a<N
di~Dh~H

<K (HD,D,)™" +K210g®' N+ N (D,D,H)~2 + N 1og®2 N + N*
_1
<K(HD,D,)™" +Ky™'=¢ + N2y=1D; ? log®* N + N*, (3.8)

since y < K2~ and D,H>y.
On the other hand, (3.4) is no more than

> 152; >, L. (3.9)

dy,dy N=K<n<N p=p2d?d?q N=K ~p2q< N _
|4 22 Sz
y<hd;<z % 12

min{éll‘dz} <hs max{d.dy}

Without loss of generality, we can assume that d; < d,, and then by the hyperbolic trick, the inner
sum on the right-hand side of (3.9) is at most

2 IR DI

N—-K N 1 1 1
NoK <a N I Nk 1 i
2a) RRE=SREE  asS(pp)Y (FE)ShS(hn)?

‘We use the standard van der Corput method to handle 2, and Z,, respectively. Recalling the definition
of (x) = {x} — 1 in Lemma 2.5, we have

K N-K N
> = [ | = _
= 2 weatleae) (e
jTShS(WV
1 N N—-K
<Ky '—+0 — - ) 3.10
Taatll| l‘p(hzd%d%)*, 1“’(h2dfd§) 310
jTShs(dl;V?)? %Shﬁ(ﬁ%)j

Let (p, g) be an exponent pair (see Lemma 2.5) satisfying 1 + 2g — 4p > 0. Using dyadic trick and

Lemma 2.5 with F = W, we have
12
N N
S v(g) <o |3 ()
T <h<(A)3 ay SM<M<2M< (@) €(M.M]
1 dle
P oie l+2q+2p+€
N p+l 1+2¢g—4p N 6(p+1)
<logN ma M 20 & [ ——

£ " g(d.za@) (d%d%)

y N
TlgMngszMgz(@)

€202 aunf ¢} uo Josn myn L Jo Ausioniun Aq 26€92 1 2//10PEEY/YIEWD/EB0L 0 L/10P/a]01E-80UBAPE /Y ewlb/woo"dno-ojwapese//:sdny Wwoly papeojumoq



ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 11

Thus
2(p+q)+1
1 N To(p+1) TE
<Ky ——+ | 55 . 3.11
< () 4D
Similarly, for all exponent pairs (p,q), we have
1 1 1 1
N 2 N—-K\? N—-K\? N 2
2, = — | —— E— — —
: }N % (arz) ~ () ((m%d%) ) v ((m%d%) )
Slaa
| ! %
1
<KN73 (0] . 3.12
3<d1d2>%+ Z 1¢<( d2d2> ) + Z 1¢(< d2d2> ) ( )
as(47)3 as( A 22 )3

2,2
dd2

As above, we split a to dyadic ranges a ~ A and use Lemma 2.5 with M =A and F = (- )12 We
172

obtain
5 < KN-} 1 ( N )23’&3’6'“
<KN 35—+ | 55 .
’ (dydy)3  \did3

Let Zb represent the sum over powers of two and let D be a parameter to be chosen later. Hence
by (3.8), (3.9), (3.11) and (3.13) we get the following upper bound for (3.4)

DIERED JAD YN TS 3 Y

N—K<h?d?d2a<N ~ D2SDN-k<i?d?d3a<N  D2>DN-K<h?d}d3a<N

(3.13)

y<hd;<z y<hd;<z y<hd;<z
d~D, dy~D,
d,<d, d,<d,
b b -1 —l—¢ O €
<> 1+ > (K(HD\Dy)™'+Ky™ '+ N2*y=2D,* + N
Dy<Ddy~Dy N=K <2< N Dy>D
d\<d, d4 = T didy Dy <D,
%5},5‘;; Yy<HD;<z
1 2
1 h 2(p+q) +l o p+4q+2 1 1 b 1
<Ky~ + Ky~ log? N+ N o0 DTS N2y TipT 4 ' K(HD\D,)". (3.14)
Dy>D
D, <D,
y<HD;<z

b
We first calculate Z DD K(HD,D,)™" in (3.14), writing D; =2",D, =2" and H = 2",
y<<lHD,-<2<Z

Ky > > (2m2m2h0) =1

n220n1§n2+0(l)h0210g2(22,—'1)—0(l)

which is no more than
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12 Y.-C. SUN

<Ky™' Y2 3 1<Kyl (3.15)

ny >0 n<ny+0(1)

Then we choose the exponent pair (p,q) = (%, ﬁ), see [6, (8.16)=(8.17)],and D=N 2%+ey‘2%, which
yields that

N P N1reym12p) N ey (3.16)
Hence, the claim follows from (3.4), (3.14), (3.15) and (3.16). U

We can easily get the following lemma using Lemma 3.1.

LEMMA 3.2 Let N> K > 1, y=K=1 and z=Nr. Then

> e, o)l <K
N—K<n<N

provided that

9
NT*  ifr=2,

K> o
{Nzrl*f ifr>3.

REMARK. The proof of Lemma 3.1 is motivated by the methods used in dealing with the Dirich-
let divisor problem, see for example [7]. In the above proof, we combine analytic methods with
hyperbolic trick and van der Corput bounds. If we only use the analytic approach, we can also get a
non-trivial result but the length K must be longer than N 5*¢ in Lemma 3.2, which is weaker than our
result. On the other hand, if we just use the hyperbolic trick and van der Corput bound, we cannot get
any non-trivial improvement. The exponent % is determined by the exponent pair (p,q) = (3, ;).
One could use a stronger exponent pair to obtain a similar result for slightly smaller K, but the
improvement would not be very significant.

4. Proof of the lower bound case of Theorem 1.2 and Theorem 1.3

In this section we will prove the lower bound ||Fy; * g, |, > H AT which, by the argument in the end
of Section 1, implies Theorem 1.3 and Theorem 1.5. We first define a ‘g-analog’ of Fj; as

1 & a |n—N|
Fi(a) =S F, (oc—f> - (1— )e(na).
q ; q |n—;|SH H
n=0 (mod q)
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 13

Lety=H#T and z=N7. By (1.4) and (1.9), we have

Fora@= Y (1= et

|n—N|<H
In—N|
= 1-— c,(1,y)e(n
ln_;lg( ) eulty)etna)
In—N|
+ 1- c (v, z)e(na)
2 (-
: |n—N|
= u(dy)Fi¥ () 1- 2220 e (v.2)e(na). (4.1)
déy# 0 Fy (@ +|n_%|:SH< 7 ) y.z)e(na

For the second term, we will use Lemma 3.1 to handle it. Now we follow Balog—Ruzsa’s argument
to deal with the first term. We denote the first term of (4.1) by g,(a) and transform it to

0503

dy<y 0
d
D) z M)y (a-22).
do<ym|dj aol- 0 0
m”|ag

(ag/m" dg/m")r-free

Writing dy = md and a, = m"a and noticing that u(d,) = u(m)u(d)1, 41, we obtain

dr

0=-340 3 B Y py(a- )

d=y (r:lniiy)/‘ﬂ (a,d(rl):rl-free
= Z u(d)b,G,(a “4.2)
d<y
where
p(m)
ba= 2 S
m<y/d m
(m.d)=1
and
1 & a
Gyl@)= 5 % Fu (oc - E) . 4.3)
(a,d")r-free

€202 aunf ¢} uo Josn myn L Jo Ausioniun Aq 26€92 1 2//10PEEY/YIEWD/EB0L 0 L/10P/a]01E-80UBAPE /Y ewlb/woo"dno-ojwapese//:sdny Wwoly papeojumoq



14 Y.-C. SUN

It is clear that

2 7 5
<1- (——1<1—Zd’<bd<1+z <= <z,
6 < 6 =3

1
3 4.4)

and by (1.10) we have

|Fy(B)] = =, whenever |fB||<=—— 4.5)

_2H

DT

To show that |F| is large, we must define a set with positive density in T, in which |F}| is large. For

any d <y, we define the set
a 1 a 1
Xy = ———, —+—.
= U [d’ 2H’ dr 2H]

1<a<d"
(a,d")r-free

For any fixed d <y and two distinct 1 < a;,a, < d" the distance between 3+ and 22 is at least

1 1 1
= 4.6
7y (4.6)
Thus we have
a; 1 q 1} {az 1 a, 1
i e L_ - D, g 47
& 2Hd T 2H N a2 a o) T2 @.7)

In Balog-Ruzsa’s argument, their F(a) is non-negative, so they can just pick up one large term
F(a— %) in the sum of G,(a) directly as the lower bound of G,(«). However, since Fy(«) is not
always non-negative, we must be more careful.

LEMMA 4.1 Let 1 <£d LY. For any a € X;, we have that
1 H
G > (1 1))—.
Gale)] > 5 (1+0(1)

— L a4 11 Thus by (4.5),

Proof. For any a € X, by (4.7) there is a unique a such that a € [ — 557, 5 + 35

(4.3), (1.11) and (4.6), we have, forany d <y and a € X,

H 1 a_ H 1 1
|Gd(“)|22dr_ﬁ 2 FH(“_EN‘M dr 2 Hla— %2

1<a, <d" 1<a, <d"
(ay,d")r-free (ay,d")r-free
a)#a a #a
JH 1 1 H 1L 2
C2dr o dn ey HOSG =) 20T d HHE -
(ay,d")r-free
a)#a
H-0(H#") 1 H
>—— 72> (1+0(1))—. 4.8
Rt “8)
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 15
O

REMARK. To deal with ) <4 <o |F(a—%t)|, one might consider to use the Cauchy—Schwarz

inequality and then use the large sieve inequality. However, this method may fail.

Since the sets X'; are not necessarily disjoint for different d <y, we cannot directly calculate the
size of U 4 X,. In order to overcome this obstacle, we define pairwise disjoint ¥, which have the
similar size as 2XU;. We define

H
Yg= Q@€ Xy 231Gy (@) < 5 (4.9)
d'<y
d'#d

LEMMA 4.2 The sets Y, defined in (4.9), for d <y, are pairwise disjoint.

Proof. Suppose that 1 <d; <d, <ysuchthata € ¥, NY,, # &. By Lemma4.1 and (4.9), we have

H H
|G, (@) = (1+0(1)) 2 and |Gy (a)| < 204"
which contradict each other. O
Incasea € Y,, (4.2), (4.8) and (4.4) imply that
g2 ()] = by|Gy(a)| — Z by |Gy (@) >> - (4.10)
d' <y
d'#d
Now we estimate the sizes of X; and Y. First, it is easy to see that
1 & dr 1
sy =pll(5)
a=1 pld
(a,d")r-free
and therefore
dr d"
— X, <L (4.11)

H H

Next, we estimate the size of Z;, =X, \ Y,. If « € Z, then

H H

Gal@)| = (1+0(1) 57 and 351Gy (@)]2 30
d' <y
d'#d
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16 Y.-C. SUN

This immediately implies that

2
/lGd a)| Y, |Gy (a |dcx>|Zd|40d2r. (4.12)

d'<y

Now we follow the argument of Balog—Ruzsa to prove a ‘quasi-orthogonality” property of |G, (@)].
Namely,

LeEMMA 4.3 (Quasi-orthogonality). Forany 1 <d, <d, <y, we have

flGdl (@)|Gy, (@) da < 1.
B
Proof. First by (1.11) we observe that

1F kL, =f|FH(a)|da<< 1.
T

By (1.11), for any a € T, we have

f \F (B) | e+ B)1dB “.13)
T

(IFu (B)| +Fpg (a+B))min{|Fy (B)], |Fy (a+ )| }df

IA

A
%%%#\,

<|FH<5>|+|FH<oc+ﬁ>|>min{H, B s i 98

(Bl e B)min{ #, s L

. 1
(IFy(B)]+ |Fyy(ct+ )] ymin {H,m}dﬁ

1
<min {H, 7} . (4.14)
Hla|?
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 17

By (4.3) and (4.14) we have

f Gy (@)]G,, (@)lde

ay a
—)F, —-2)d
4 Fnla= )| da

Fy(a—

1 dy dy
<
~dids Zl Z fw

(ay.dy)r-free (ap,dy)r-free

I i 1
< mindH,— 4 (4.15)
qE L X { H||;;r—zg||2}

(ay.dy)r-free (ay.dj)r-free

We can write

a_af_ I
di dyl  |di.d3]
where m is the member of the residue class
d; di .
ay——=—~—ay,—~—— (mod [d],d}])
(dpdy) P (d]dp) e

with least absolute value. Note that m =0 does not appear because d, # d, and (a,,d}),(a,,d}) are
r-free. Given a non-zero |m| < [d},d}]/2 the above holds when

which happens for exactly (df,d5) choices of @; (mod d}). When m and a, are fixed, a, is uniquely
determined. In (4.15), we get that

dr’dr dr,dr 2
/ G, (@G, ()l < %) min {H, i }
T 192 1<m<iaap) "
r r 1
< 1+M >, <L
7. d5] V<m<[d].d3)/H H w5/ "
U
By (4.12) and Lemma 4.3, we have
d2r
12,] < sz (4.16)

Let € >0 be a small fixed constant. By (4.11) and (4.16) we have

r

d
Y41 =12, =124 > T > |X,|, forevery d<ey. 4.17)
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18 Y.-C. SUN

Let
y=|J Y.
d<ey
We have
¢ r+l
YI< D012, < ( y{; =¢l, (4.18)

d<ey

By (4.1), Cauchy—Schwarz inequality and Parseval’s identity, we have

1% g, = f 1% gy (o)l da > f 1% g, (o) da
T Yy

Zflgz(oc)ldoc— (Iyl > |Cn(y,Z)|2> : (4.19)
Y

|n—N|<H

By (4.10), (4.17) and Lemma 4.2,

H e
flgz(a)|da > Z ?'ydl > ey > ecHm,
Y d<ey

and by Lemma 3.2 and (4.18)

1

2
(lyl 2 |Cn(y,z)|2) < e HA,

|n—N|<H

when H satisfies the condition of K in Lemma 3.2. Combining these with (4.19) implies, when € >0
is small enough, [|Fy * g, >H AT, As explained in the beginning of this section, this completes
the proof of Theorem 1.3 and the proof of the lower bound case of Theorem 1.2.

5. Proof of the upper bound case of Theorem 1.2 and Theorem 1.4

In this section, we will prove the upper for the L; norm of the exponential sum over r-free numbers.
This proof does not involve F ;. Instead we involve the difference of two Fejér kernels, see (1.6),
and the argument is essentially same as Balog—Ruzsa’s.
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 19

Let D= H#T, and let S be such that 25-! < D < 25. Note that
S < ! 1 H+1
—1o .
“r+1 &

Recall (3.1) and decompose a,, as follows:

(D275,D2= V) +¢, (D,NT).

M«

a, =

n C

n

1]
—_

S

We have

Z a,e(na)|da

|n—N|<H

J

> ¢, (D.N7)e(nar)|da. (5.1

|n—N|<H

Z ¢, (D275, D27 )e(na)

|[n—N|<H

doc+f
-

The second term can be estimated as in the proof of the lower bound case: The Cauchy—Schwarz
inequality, Parseval’s identity and Lemma 3.2 imply that

J

The remaining task is to estimate the first term. Let K = H2™"* and rewrite

¢,(D,N"")e(na)|da < H'*V), (5.2)

|n—N|<H

¢, (D275, D2~ )e(na) = Z v (D275, D276~ e((n+N)a)
|n—N|<H |n|<H

H+K—
- min{1,+7|n|}cN+n(D2_‘V,D2_(‘Y_1>)e((n+N)oc)

|n|<H+K K
H+K—
-y HEKSl (02 D2 e((n4 W)
H<|n|<H+K
=:23 (S) + 24 (S).

Before estimating each term, let us explain the motivation of this decomposition. The coefficients in
24(s) come from the difference of two Fejér kernels. By involving this difference of Fejér kernels
we can make the coefficient ‘smooth’, which is useful in the later integral. However, the payoff is
that we should add the ‘tails’~Z,(s) from H to H + K. Fortunately, we can control the ‘tails’ using
Lemma 3.1.
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20 Y.-C. SUN

Let us estimate fT %, (s) first. In fact by the Cauchy—Schwarz inequality and Parseval’s identity

1
2

f |z4<s>|das< > |cn+N<D2-aD2-<J-'>>|2>

T H<|n|<H+K

1

=( >+ > |cn(D2—S,D2-<S-'>)|2>. (5.3)

N+H<n<N+H+K N—-H—-K<n<N—-H

For r=2, we have

1 1

D27 =H32™ S HI 2™ < (H2™%)1™8 =K17°,

which implies that (5.3) satisfies the condition of Lemma 3.1. By Lemma 3.1, (5.3) is

1

< (K(Dz—s)l—r+N%+e>§ V=2,
(K(D2~*)I="+N %“)% otherwise,
< {Héz—é +Nw* p=2,

1 K 1 .
H#=1272 + N»*  otherwise.

Thus when H is as in Theorems 1.2 and 1.4, we have

S
Z/|24(s)|doc < H#. (5.4)
s=1JT

The rest argument for estimating the contribution of the 2, (s) part is same as Balog—Ruzsa’s (2.11),
but to make paper self-contained, we write down it.

LEMMA 5.1 Forany H>0,K > 1,1 <d < H+K and M, we have

Z ) {1 H+K—|n|} (nar) < ,{H+K 1 d }
mingy 1, ————— re(n min > > .
K d |dal|’ K|dal?

|n|<H+K
n=M (mod d)

Proof. See [2, (2.9)]. U
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ON THE BALOG-RUZSA THEOREM IN SHORT INTERVALS 21

Recall the definition of ¢, in (3.1). By the above lemma, we have

fT 124 (5)lde

. H+K-— |n|
= min< 1, ——— Del(niN p
‘/T‘ |n|§ZH+K { K } d’|(Z u(d)e((n+N)a)|do

n+N)
D275<d<D2~s—1)
H+K —|n|
< min< 1, ——— ‘e(na)|da
> [l 3 mn{t T e
D2-s<d<D2=(s=1) YT [n|<H+K

n=—N (mod d")

H+K 1 dr }
< mm , i da
D2- s<d§)2 -1 f dr |dra|’ K|dral?

1 dr }
< det
D2- v<d§)2 (o1 / d' [ET KIIOfII2

1
H 1 2. dr
< — —da+ d—doc
d a + Ka?
D2 S<d<D2 0 &

H
< 1+log — 27°D.
Z - ( og K) <s
D2-5<d<D2~(s—1)

T

So it is easy to see that

N
Z/m )|da < H1. (5.5)
s=1

Hence, the upper bound case of Theorem 1.2 and Theorem 1.4 follows from (5.1), (5.2), (5.5)
and (5.4).

Acknowledgements

The author is grateful to his supervisor Kaisa Matomaiki for many useful discussions, reading the
paper carefully and giving a lot of helpful comments and to Hao Pan and Joni Teraviinen for drawing
his attention to the van der Corput methods. The author wishes to thank the referee for comments.
During the work Y.-C.S. was supported by Edufi funding.

References

1. A. Balog and I. Z. Ruzsa, A new lower bound for the L1 mean of the exponential
sum with the Mobius function, Bull. London Math. Soc. 31 no. 4 (1999), 415-418.
10.1112/S0024609398005414.

€202 aunf ¢} uo Josn myn L Jo Ausioniun Aq 26€92 1 2//10PEEY/YIEWD/EB0L 0 L/10P/a]01E-80UBAPE /Y ewlb/woo"dno-ojwapese//:sdny Wwoly papeojumoq


https://doi.org/10.1112/S0024609398005414

22

10.

Y.-C. SUN

A. Balog and I. Z. Ruzsa, On the exponential sum over r-free integers, Acta Math. Hungar. 90
no. 3 (2001), 219-230. 10.1023/A:1006754512257.

J. Briidern, A. Granville, A. Perelli, R. C. Vaughan and T. D. Wooley, On the exponential sum
over k-free numbers, R. Soc. Lond. Philos. Trans. Ser. A Math. Phys. Eng. Sci. 356 no. 1738
(1998), 739-761. 10.1098/rsta.1998.0183.

M. Filaseta and O. Trifonov, On gaps between squarefree numbers. I, J. London Math. Soc. 45
no. 2 (1992), 215-221. 10.1112/jlms/s2-45.2.215.

S. W. Graham and G. Kolesnik, van der Corput’s method of exponential sums, London Math-
ematical Society Lecture Note Series, Vol. 126, Cambridge University Press, Cambridge,
1991.

H. Iwaniec and E. Kowalski, Analytic Number theory, American Mathematical Society,
Providence, RI, 2004, p. 53.

C. Jia and A. Sankaranarayanan, The mean square of the divisor function, Acta Arith. 164
no. 2 (2014), 181-208. 10.4064/aa164-2-7.

H. L. Montgomery, Topics in multiplicative number theory, Lecture Notes in Mathematics,
Vol. 227, Springer-Verlag, Berlin-New York, 1971.

E. M. Stein and R. Shakarchi, Fourier analysis, An Introduction, Princeton Lectures in Analysis,
Vol. 1, Princeton University Press, Princeton, NJ, 2003.

E. C. Titchmarsh, The Theory of The Riemann Zeta-Function, (eds. D. R. Heath-Brown),
2nd edn. The Clarendon Press, Oxford University Press, New York, 1986.

€202 aunf ¢} uo Josn myn L Jo Ausioniun Aq 26€92 1 2//10PEEY/YIEWD/EB0L 0 L/10P/a]01E-80UBAPE /Y ewlb/woo"dno-ojwapese//:sdny Wwoly papeojumoq


https://doi.org/10.1023/A:1006754512257
https://doi.org/10.1098/rsta.1998.0183
https://doi.org/10.1112/jlms/s2-45.2.215
https://doi.org/10.4064/aa164-2-7

	On the Balog–Ruzsa theorem in short intervals
	1. Introduction
	2. Some auxiliary lemmata
	3. Key lemmas
	4. Proof of the lower bound case of Theorem 1.2 and Theorem 1.3
	5. Proof of the upper bound case of Theorem 1.2 and Theorem 1.4
	Acknowledgements
	References




