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Abstract

This research presents an advanced fractional-order compartmental model designed to delve into
the complexities of COVID-19 transmission dynamics, specifically accounting for the influence of
environmental pathogens on disease spread. By enhancing the classical compartmental framework,
our model distinctively incorporates the effects of order derivatives and environmental shedding
mechanisms on the basic reproduction numbers, thus offering a holistic perspective on transmission
dynamics. Leveraging fractional calculus, the model adeptly captures the memory effect associ-
ated with disease spread, providing an authentic depiction of the virus’s real-world propagation
patterns. A thorough mathematical analysis confirming the existence, uniqueness, and stability of
the model’s solutions emphasizes its robustness. Furthermore, the numerical simulations, meticu-
lously calibrated with real COVID-19 case data, affirm the model’s capacity to emulate observed
transmission trends, demonstrating the pivotal role of environmental transmission vectors in shap-
ing public health strategies. The study highlights the critical role of environmental sanitation and
targeted interventions in controlling the pandemic’s spread, suggesting new insights for research
and policy-making in infectious disease management.

Keywords: mathematical modeling of COVID-19 pandemics, pathogens, environmental effect,
fractional differential equations, numerical simulations.

2010 MSC: 26A33, 34A08, 92D30.

1. Introduction

A comprehensive understanding of the disease transmission dynamics is essential to control
the spread of epidemic diseases and prevent future viral outbreaks. Many advanced mathematical
models have been developed to describe the spread of the virus. In this context, various incidence
functions exist to model virus mutations during infection when infectious individuals’ dynamics
change. Examples include the bilinear incidence or law of mass action described in [I] and [2], the
saturated incidence function in [3] and [4], and the Beddington—-DeAngelis function in [5] and [6].
Other specific nonlinear incidence functions are also used in [7] and [8], and recent developments
in this field suggest utilizing Stieltjes derivatives to model time-varying contact rates and other
parameters [J].

The existing models for studying disease transmission have faced limitations due to their sim-
plistic assumptions of uniform interactions among individuals. Such models overlook the intricate
dynamics involved in disease spread, including the transmission via contaminated environments
and the movement of live viruses. To address these shortcomings, recent research has proposed
new modeling approaches that include environmental pathogens [I0} [IT], 12], showing promise in
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capturing more realistic disease dynamics. However, these advanced models often struggle to fit
real-world data accurately, partly because they omit critical factors such as mortality due to the
virus [10]. Furthermore, the application of fractional calculus, an area with significant potential
for improving model accuracy, has not been thoroughly explored in this context.

Fractional calculus represents a novel method that enhances disease transmission models by
integrating memory effects and long-range dependencies [I3] [I4} [I5] [I6]. This approach, by using
incommensurate fractional derivatives, offers enhanced flexibility, enabling the models to more
accurately reflect the complex and diverse nature of disease spread [I7, [I8]. This complexity
encompasses varying demographics, social behaviors, and intervention strategies that influence
transmission rates. Despite the application of fractional order derivatives in modeling disease
dynamics with considerations for environmental factors and social distancing measures, challenges
remain regarding the mathematical precision and reliability of critical indicators, such as the basic
reproduction number, Ry [13].

In our research, we tackle these challenges by ensuring precise computation of Ry and affirming
the local and global stability of the disease-free equilibrium. We incorporate incommensurate
fractional order derivatives into ordinary differential equations (ODEs) to enhance the depiction
of memory effects. This improvement aims to develop a more flexible model for assessing how past
infections influence future disease transmission. Our model also includes deceased compartments.
This work delves into the existence, uniqueness, and boundedness of the system’s solutions within
the fractional framework. Notably, in our fractional model, the value of Ry is also influenced by
the derivative order, providing a more detailed and accurate understanding of disease transmission
dynamics. Furthermore, we conduct a comparative analysis of Ry in scenarios with and without
environmental pathogens, considering both integer and fractional order models, to underline the
critical role of environmental transmission pathways.

The article is organized as follows: In Section [2) we introduce the structure of our model.
It features Caputo fractional derivatives and delineates various population classes—susceptible,
exposed, symptomatic, and asymptomatic infectious individuals, those in recovery, fatalities, and
a compartment for environmental pathogens, each with its respective coefficients. Section [3]delves
into the mathematical analysis of the model. Here, we explore the existence and uniqueness of
solutions, their boundedness, the derivation of the basic reproduction number, and an examination
of the disease-free equilibrium to assess both local and global stability. Section [4] presents the
numerical findings, including the fitting of the model to real data from South Africa. Additionally,
sensitivity analysis is performed to evaluate the effect of various model parameters and order of
derivatives on the basic reproduction number, which offers valuable insights for controlling the
spread of COVID-19.

2. The fractional-order model

This section presents a modified fractional compartmental model for COVID-19, building upon
the framework originally proposed by [10]. The following system of equations describes the model:
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(1)
The model delineates the dynamics of COVID-19 across seven distinct compartments, represent-
ing the stages of the disease from susceptibility to recovery or death, alongside the environmental
presence of pathogens. These compartments are denoted as follows: Susceptible individuals (.5),
Exposed individuals (E), Asymptomatic infectious individuals (I4), Symptomatic infectious indi-
viduals (Is), Recovered individuals (R), Deceased individuals (D), and Environmental pathogens
(W). Detailed parameter descriptions are provided in Table

Table 1: Description of the parameters and their units.

Parameter | Description Unit
A Rate of new susceptible births per day 1/days
I Daily per capita death rate, excluding disease deaths 1/days
wp Daily death rate of pathogens in the environment 1/days
01 Fraction interacting with infectious environments daily | -

o2 Fraction interacting with infectious individuals daily -

51 Daily infection rate, S to E, via environmental contact | 1/days
Bo Daily infection rate, S to E, via contact with T4 or Is | 1/days
6 Fraction of symptomatic infectious people -

P Daily rate of E to S due to immune response 1/days
w Daily progression rate from E to I4 or Ig 1/days
o Daily disease mortality rate 1/days
Ys Daily recovery rate of symptomatic individuals 1/days
YA Daily recovery rate of asymptomatic individuals 1/days
ns Daily virus spread rate to environment by Ig 1/days
NA Daily virus spread rate to environment by 14 1/days

In our model, Caputo fractional-order derivatives are employed to capture the complex dy-
namics of the disease’s spread, with a formal definition provided in the subsequent section. It is
important to note that all model parameters, except for ¢1, ¢2, and §, possess dimensions of 1/t
(where i represents the different compartments: S, E, I4, Is, R, D, W). To ensure dimensional
consistency, as stressed by [19], these parameters are exponentiated to their respective derivative
orders. This approach not only adheres to the mathematical rigor required for the model’s in-
tegrity but also enhances its applicability in capturing the behaviors of disease transmission and
progression.

BT SW  Bg5S(Ia+ Is)
L+ W’ 14 ¢o(Ia+1s)
the concept of saturation in incidence functions, reflecting a reduction in infection rates as a result
of social distancing and other behavioral adjustments ([20, 21, 22} 23]). This approach, validated

The infection transmission mechanisms, represented by , integrate



by [10] and further explored by [24], expresses the interplay between population behavior and the
spread of the disease. In our proposed model, we have also incorporated the dynamics of deceased
individuals, D, an aspect not covered in the original model [I0]. This enhancement allows for a
more plausible fit with the available data.

3. Mathematical analysis of the model

3.1. Preliminaries

This section covers key concepts from fractional calculus, including the Riemann-Liouville
fractional integral, Caputo fractional derivative operator, and Mittag-Leffler function [25] [26].

We denote the time-fractional Caputo derivative of order o € R, starting from the initial time
t=20, as CD8‘+. For a continuously differentiable function f, the Caputo fractional derivative at
time ¢ is given by:

) (n)dr
D110 = 0 - ot (f )(lﬁfm, @)

T'(m-—« t—r
where (™) (t) signifies the m-th order derivative of f(t), with m being the smallest integer not less

than «. For the scope of this study, considering 0 < « < 1, it follows that m = 1. The operator
Ié;o‘ represents the Riemann-Liouville fractional integral of order 1 — «, defined as

1§, f(t) = Fl)/o (f(T)CfT_a, (3)

(a t—1)

with I' denoting the gamma function.

The Mittag-LefHler function plays a crucial role in our discussion. This function is useful for
its properties in fractional calculus and its applications. In this study, we use an asymptotic
expansion of this function defined as follows:

al z7k 1
E., - 0 )
A& == oy * ()
for large values of |z| (specifically, as |z| approaches infinity), and when the argument of z

(larg(z)[) is between ¢ and m. The notation O ﬁ) indicates the asymptotic behavior of

the function as |z| becomes very large, providing insight into how the function decays over large
distances or times [27].

3.2. Ezxistence and Uniqueness

This section delves into the theoretical foundation concerning the existence and uniqueness of
solutions for the system outlined in Equation (1} leveraging the principles of fixed-point theory and
the Picard-Lindeldf theorem [28]. We reformulate system [1] as follows:

D5 S(t) = Fi(t, S),
CDSEE(t) = Fy(t, B),
(

Do Ia(t) = F3(t, 1),
CDgif Is(t) = Fu(t, Is), (4)
“D§ER(t) = F5(t, R),

)
CDng(t) = Fs(t, D),
CDYYW(t) = Fr(t, W),

where the function F;, 1 <14 < 7, are the derivative functions on right side of system



Thus, our approach unfolds in two steps. Initially, we establish positive values for the initial
conditions. Subsequently, we apply the fractional order integral operator, which reconstitutes the
system’s equations as follows:

S(t) _ S(O) — Ias Aas _ BfSS(t)W(t) _ ﬁ;ss(t)(IA(t)JFIS + ’(/JaSE( ) _ uass(t)) ,

1+ W (t) 1+¢2(La(t)+1s(t))
o By ES(H)W(t) BB S(t)(Ia(t)+1 (t))
()~ B(0) = 1§ (S5 + Brasatsiiey —vor B —pr () — W B(D)
La(t) = 14(0) = Igi* (1 = §)wa B(t) — (u*'a + 074 ) L4(t) — 74" 1a(t)) ,
Is(t) = I5(0) = Iy,® (0w™s E(t) — (s + 075 )Is(t) — g Is(t))
R(t) — R(0) = I57" (vs"Is(t) + 74" La(t) — p*" R(1))

) = Io¢ (0P (Is(t) + 1a(t)) — u*P D(1))
W(t) = W(0) = Ig" (na™ La(t) + ng" Is(t) — pp" W(t)).-

(5)

Utilizing Equation [4] we derive the state variables expressed in terms of F; as follows:

W

(t) = S(0) + gy Jo (¢ = 7)1 Ry (7, S(r))dr,

E(t) = E(0) + piimy Jy (t = 7)*= 7 Fy(r, B(r))dr,

(8) = L1a(0) + pray Jy (8 = )74~ Fy (7, La(7))dr,

Is(t) = I(0) + F(;I )fot (t — 7)1s L Fy(r, Is(7))dr, (6)

R(t) = R(0) + F(aR) fo (t — 7)*r=1F5(7, R(7))dr,
D(t) = D(0) + F((XD) [y (t —m)*> 1 Fs(r, D(7))dr,
W(t) =W(0)+ F(a 5 fo (t — 7)W= R (r,W(7))dr

Therefore, by applying the Picard iteration to Equation @, we obtain the subsequent equa-
tions:

Sna(t) = 50) + wiay Jy (¢ = 7)™ R (7, S(7)dr,

Enia(t) = E(0) + 1 ;E) [5 (¢ — )= By (7, E(7))dr,
L4, (t) = 14(0) + r<a, 5 Jo (¢ =T)Ma T By (7, La(7))dr,

ISn+1(t) =1Is (0) + F(az fo t_ T)a1371F4(T IS'( ))dT, (7)
Ry (t) = R(0) + 7 QR) Jo (¢ = 7)er=LEy (7, R(7))dr
Dyi1(t) = D(0) + F(QD) fo (t—7)er~ 1F6( D(r))dr,

Wot1(t) = W(0) + F(aw fo (t — 7)W= Fy (7, W(7))dr

To introduce the result, define X(t) = (S(t), E(t),1a(t), Is(t), R(t), D(t), W(t))T as the state
vector and
F(tv X(t)) = (Fl (t7 S(t))7 FQ(t7 E(t))7 F3(t7 IA(t))v F4(t7 IS(t)>7 FS(t7 R(t))v Fﬁ(t’ D(t))7 F7(t7 W(t)))T
as the vector of functions describing the system’s dynamics. Furthermore, let Rzr ={X eR":
X > 0} representing the space of feasible states.

Lemma 1. Let f(t) be a function such that f(t) € C([0,T]) and its Caputo fractional derivative
Dy, f(t) € C((0,T]), with 0 < o < 1. Then, the following relation holds:

1(0) = £0) + 575 D5, 1O 1= 0, 0

where 0 < & < t for allt € (0,T]. This relation represents the fractional generalization of the
Mean Value Theorem, as established in [29].

Lemma 2. Assuming the existence of a solution for system , said solution will maintain non-
negativity provided that the initial conditions are also non-negative.



Proof. To establish the result, we initially note the validity of the following conditions:

“Dg5S(t)|s=0 = A% + S E(t) > 0,

c e _ EESOW() | BIES(HIa()+Is(1)
D5 E(®)| -0 = “giwm + Braoraniismy = 0

)
CD‘”A Ta(®)|rao = (1 — 8w E(t) > 0,
Dy Is(t)|15=0 = 6w™'s E(t ) >0,

CDO‘RR( )r=0 = 75" Is(t) + 73" La(t) = 0
“Dgp D(t)|p=0 = o7 (Is(t) +IA( ) =0,
DY W (t)lw=o = 13" La(t) + 15" Is(t) =

for all ¢ € [0,T]. Given these conditions and referencing Lemma |1} it follows that the solution
vector X (¢) = (S(¢t), E(t),Ia(t),Is(t), R(t),D(t), W(t))T of system is contained within RY.
This observation conclusively verifies the non-negativity of the solution, thereby completing the

proof.

O

Now, we endeavor to present and validate a pivotal outcome of our study. This outcome lays
the foundational groundwork for establishing the existence and uniqueness of solutions for the

system outlined in Equation , details of which will be elaborated upon subsequently.
Lemma 3. The function F(t, X(t)) fulfills the Lipschitz conditions, specifically:

1, X(2)) — F(¢, X*(1)[| < 2 X(8) — X (D)l

where
as ag .
¥ = maz{| (; + (; + U], [V 4 pOF 4w [uTa 0 a 4y
1 2

R N N N

Proof. Summarising that S(¢) and S*(¢) are couple functions yields the following equality:

17105500 ~ 1.8 = | (T3 5000 + 1 a5 1oy ) (50 =50
By defining . .
Bl Ty T

we can infer the inequality:
[1F1(2,5(t) = Fut, S*(6)]| < Zall(S(t) = S (D).

Proceeding similarly for the other functions yields:

1F2(t, B(1) — Fa(t, E™(1)[| < o[ (E() — E* ()]
1E5(t, La(t)) = Fs(t, La™ ()| < Zsl|(Za(t) = L™ (@)
1Fu(t, L5 () — Fa(t, Is™ ()| < Zall(Ls(t) — Is™ (@)
1E5 (2, B(t)) — F5(t, B ()| < Zs]|(R(t) — R* @)
1Fs(t, D(t)) — Fo(t, D* ()] < Z[|(D(t) — D* (1)
[E7 (8, W (#)) = Fr (£, W) || < X[ (W(E) = WH(B)]],

with the 3 values specified as:

Yo = |YYF 4+ u®F 4w,

|-

(12)

(13)



B3 = |ua + 0% + 454,

Sa = |p®s 4 0%s 4955, (16)

Zs = [u*"|

= |u?|,

\up |
This analysis, from Equations ((14)) to , demonstrates that all seven functions, F;, meet the
Lipschitz condition, validating their properties for the system . O

Theorem 1. Given the conditions of Lemmal[3, if the inequality
by _ 1, i=S8FE,Is,1 D 1

m?X F(Ozz—Fl) <l1l, 1 S7 s LA, S7R7 7Wa ( 7)
is satisfied, then the system admits a unique, positive solution.
Proof. The solution to system can be expressed in the form:

X(t) = P(X(t)), (18)

where P : C([0,T],R7) — C([0,T],R7) denotes the Picard operator. This operator is defined as
follows:

_ N e e s e Y (Rt e (At i
P(X(t))—X(O)+/O d g( T(as) ' T(ap) = T(az,) = Tl(ouy) 19)
(t—7)er=t (t—r)eo=l (¢ —r)ow=1
Tan)  Tlp)  Tlaw) )F(T,X(T))dT.
Simultaneously, we encounter the series of inequalities below:
Poc) - Py = | [ dlag< o S
(t—7)a"t (t—r)us=l (t —r)er=l (¢t — )=l (¢ — p)ow—l
lar,) 7 Dlag) 7 Tler) 7 T(ap) ~ Dlaw)

x (F(r,X(7)) — F(r, X*(r dTH

7)as—l _ yes—l1
< H / d1ag< as) ,(t F((j}f) )

(t—71)a=t (t—7)s™L (t —7)or=l (t —7)ep—1 (¢ — r)ew—l > dTH

C(ar,) 7 T(arg) 7 T(ar) = T(ap) °~ T(aw)
x sup [F(r,X(r)) — F(r,X*(1))]

T€[0,T]
T i= S,E, IA ISR D W/ t_z—o)[j;_d’r‘r:}él?']j] ||F(T7X(T>) - F(T’ X*(T))”
<¥ X - X))

=8, Ia 15 R.D,W Clai +1) refo,m
(20)

Given that ¥ max;c(s g 14,15,R,D,W} 1“(57:1-1) < 1 for t < T, the operator P is established as a
contraction. Consequently, system is guaranteed to have a unique solution, thereby completing

the proof.
O



3.3. Boundedness of the Solution

This section demonstrates the positive invariance and boundedness of the solutions within a
biologically meaningful region for the model system .

Theorem 2. Let 2 be the closed set defined by

A A
Q:{XeRi:OgN(t)g,OgWg(”AJ”’S)}, (21)
H Hip
where N(t) = S(t) + E(t) + La(t) + Is(t) + R(t) + D(t) represents the total population at time t,
excluding the environmental pathogen W. Then, Q) is positively invariant under the dynamics of
the system with commensurate orders for all t > 0, meaning that any solution starting within
Q remains in Q for all future times.

Proof. To establish the theorem, we initially consider the case of integer order derivatives. Define
the total population at time ¢t as N(t) = S(t) + E(t) + Ia(t) + Is(t) + R(t) + D(t). According to
system , the rate of change of N(t) is given by

N'(t) = A — uN (1), (22)

indicating a balance between birth and overall mortality rates. Multiplying both sides by e#! and
integrating yields

eMN(t) = %e“t +C, (23)

where C' is a constant determined by initial conditions, specifically C' = Ny — % with Ng = N(0).
This leads to

N(t) = Noe # + %(1 — e H), (24)

and accordingly,

lim sup N(t) =

t—o0

A
o (25)

For environmental pathogens, considering 14 (t) + Is(t) < N(t) < % and applying the last
equation of 7 we deduce

A
W/(t) < (na + 773); —upW (1), (26)
which implies
A
W(t) < W(0)e Hrt + M(l et (27)
Htp
ensuring
A
lim sup W(t) < PaTn9)A (28)
t—o0 Kby

Extending to commensurate fractional derivatives (when all orders are «) and utilizing a frac-
tional comparison theorem, we find

N(t) = NoEo 1 (—pt®) + (2)‘1 Eoat1(—ut®), (29)

where E, g is the asymptotic expansion of the Mittag-Lefller function. As ¢ approaches infinity,
this function’s properties ensure N (t) approaches (%)”‘7 confirming that € is positively invariant.

< (GnA” 0

Similarly, limsup,_, W (t) < “4750



It is important to note that our model incorporates incommensurate orders of derivatives, which
introduces additional complexity to the analysis of system dynamics. Specifically, the traditional
approach of equating the sum of compartmental populations to the total population may not hold
precisely due to the asynchronous nature of the derivative orders. This deviation poses challenges
in directly applying conventional methods to ascertain the boundedness and stability of solutions.

However, recent advancements in the field have shed light on handling such complexities. Under
certain conditions, the exponential boundedness of solutions for systems with incommensurate
fractional derivatives has been demonstrated [30]. This suggests that, although the direct approach
might falter, alternative strategies rooted in the latest mathematical frameworks can provide
rigorous justification for the boundedness of solutions in our model. Such considerations are
crucial for ensuring the robustness and biological fidelity of the model, especially when dealing
with the behaviors exhibited by incommensurate order systems.

3.4. Basic reproduction number

The basic reproduction number is determined via the next-generation matrix method [31],
applied to our model as specified in . This approach focuses on calculating the rate at which
new infections emerge within the infectious compartments, denoted as X = (E, I, Ig, W), and is
described as follows:

BIESOW() | BEES(H)La()+]s(1)
FaW@ | (i@ s0)
F(X) = 8 :
0

and the rate of other transitions involving shedding compartment is obtained as follows
(VP + pF +w)E
(114 4+ 0%a AV 4 = (1= S E
(u1s +0%1s +75"9)[s — Sw s E
pp' W —n3" Ia —ng" Is.

V(X) =

We identify a discrepancy in the original model [I0] concerning the calculation of the basic re-
production number, Ry. Specifically, the definitions of F and V in their work do not align with
standard practices. To address this, we redefine —n3"'I4 — ng" Is accurately as a factor in the
transition of new infections, rather than as a contributor to the generation of new infections. Fol-
lowing this correction, the Jacobian matrices for F and V at the disease-free equilibrium (DFE)

point, &y = ((A> ° ,0,0,0,0,0,0), are derived as follows:

"
[0 B By B
0 0 0 0
= d
JF 0 0 0 0 o
L 0 0 0 0
[ YOE 4 o8 4 OE 0 0 0
P B T o .0
—(SWQIS O Mals —|—o’aIs +’75’IS 0
0 —n3" —ng" np”

Finally, the basic reproduction number Ry is obtained as the spectral radius of generation matrix
J}-.ng, that is precisely

Sw! 1 —§wa AW §,1 AW (1 — §)w!
RO(A/‘LL)QS<2aE( w's Jr( )w )+ﬂ<115<77§ w's +77Aa( )W A)>’ (30)

w w
WisWe WiaWe P WeWis p WeWiq

where

ar ar
wEZQ/)OéE _"_MOLE _|_(J\)C)tE7 wia:MaIA +UaIA +,YAA, wis:,uaIs "l_UaIS _|_,YSS.



3.5. Local stability analysis

In this section, we focus on establishing the local stability of the disease-free equilibrium
point, denoted as &, for the model described in Equation . This is achieved by analyzing the
eigenvalues derived from the linearization matrix, specifically the system’s Jacobian J(&).

Theorem 3. ([32]) Assuming the conditions 0 < «; < 1 for each i = S,E,I4,1s,R,D,W,
let M represent lowest common multiple of r; and q;, where a; = Z— with r;,q; € N, such that
ged(riyq;) = 1,Yi =S, E, Ia,1g,R,D,W. If every root A of the equation

det(diag(A™ ;A2 A3 AT AT NS NTT) — J(€g)) =0, (31)
fulfills the condition |arg(\)| > 557, then the system’s equilibrium is locally asymptotically stable.

Theorem 4. If ag = a5, = ar, = aw = «a holds, the disease-free equilibrium point &y of
model is locally asymptotically stable if the eigenvalues of J(€y) meet the criteria set forth in
Theorem [3.

Proof. The Jacobian of Equation , evaluated at the disease-free equilibrium €& is

—pes oS A A 0 0 B
0 & C C 0 0 D
0 (1-6wa F 0 0 0 0

JE)=| o Sweis 0 G 0 0 o |,
0 0 Ya' o oyt —poR 0 0
0 0 o*p  gep 0 o 0
0 0 matong™ 0 0 —usw
where A = —ﬂziaj\:s, B = —Bliaj\:s, C = 52:;2%7 D = ﬁljafs, E = —(YF + po® +

W), F=—(puMa +0% +y"), G =—(us +0%s +g").
The characteristic equation derived from J(&g) simplifies to
det(diag(AM s AMar \Mary gMars jAMan \Map AMew) _ J(&))) = 0
Given the assumption that agp = ay, = a;, = aw = « it follows that:

()\Mas +Mas>()\MaR +MaR)()\MaW +uaW>()\4Moz+H1)\3Mo<+H2/\2Ma+rH3>\Ma+H4) :0, (32)

where
Hi=E+F+G+up
Ho=EF +EG+FG+ up(€ +F +G) — Cw®
Hs = EFG —w*(C(G — u + (G — F)d) + Dn2) + DnGw(1 — 8) + pup(EF + EG + FG)
Ha = EFGup +w*(G(1 — 8)(Dnj + Cup) + Fo(Dng — Cup)).

From the initial terms of Equation , specifically (AMes 4+ ;@s) = 0, we directly obtain:

T km
Mg) = .
argMuk) = o+ 250
This leads us to conclude:
T
‘arg()\lvk” > m, kZO,l,...,MOé371.

Likewise, examining the second and third terms of Equation , it follows that:

larg(Aa.i)| > ﬁ k=01,.. Mag—1,
larg(As k)| > ﬁ, kE=0,1,.., Maw — 1.
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The remaining eigenvalues can be determined as the solutions to the equation
PAMY) = AWM 4 H (W) 4 Ho (AT + Hy (W) + Hy = 0.

Based on Theorem (3] it is required that |arg(\)| > 55;. Given that Ma is a positive integer,
this implies Malarg(\)[ > %F, which in turn implies |arg(AM®)| > 2%. This satisfies the Routh-
Hurwitz conditions, as elucidated in [33] [34], which are necessary and sufficient for the stability
of the roots of the polynomial equation. We now proceed to define the discriminant of () as
follows:

Hi Ho Hz Hs 0 0]
1 H1 Ho Hs Hy 0
0 1 H1 He Hs Hay

3H1 2Hs Hs 0 0 0
4 3H1 2Hs Hs 0 0
0 4 3H1 2Hs Hs 0
0 0 4 3H, 2Hs Hsi]

@)

=

=

=

I
cCoOoh OO

Leveraging insights from [33] [34], the stability criteria for the equilibrium point &, are as
follows:

1. If
Hi 1 0
Ay =H;y, A2=‘zl i , As=|Hs Ha Hif,
3o 0 Hy Hs

then in the scenario where v = 1, the necessary and sufficient condition for the equilibrium
point &g to be locally asymptotically stable are

Aq >0,A2 >0,A3:0,H4>0,

and the above conditions are sufficient for &; to be locally asymptotically stable for all
a€[0,1).

2. HD(P) >0,H; >0,Hs <0 and a > %, then the equilibrium point & is unstable.

3. ID(B) <0,Hy >0,Ha >0,Hs >0,Hys >0and a < %, then the equilibrium point & is
locally asymptotically stable.
Furthermore, if D(P) < 0,H1 < 0,Ha > 0,Hs < 0,H4 > 0, then the equilibrium point &g
is unstable.

4. fD(B) < 0,H1 > 0,Ha > 0,Hs > 0,Hys >0 and ETRCT + e > o then the equilibrium

point & is locally asymptotically stable, for all a € (0, 1).
5. H4 > 0 is the necessary condition for the equilibrium point &j to be locally asymptotically
stable.

HiHs  Hz _ Ha

O

3.6. Global stability analysis

Here, we investigate the global stability of the steady state when the disease is dying out in
the population.

Theorem 5. The disease-free equilibrium point (€y) of system 1s globally asymptotically stable
whenever Ry < 1.

Proof. Let us consider the following Lyapunov function:
V(t) = boE(t) + bila(t) + baIs(t) + bsW (1),

where by, by, by, and b3 are positive constant to be determined.

11



By linearity of the Caputo derivative, we have
ODgV(t) = by’ D§LE(t) + b€ Dy, La(t) + b D, Is(t) + bsC DG, W (t).
Next, by substituting expression of “ D, E(t), “D§, Ia(t), © D§, Is(t) and © Dg, W (t) from system
model , we obtain
¢ ne BresS@W(t) | =S (Talt) +Is(t)) o a a )

DS V(t)=b + —*EE(t) — u®FE(t) — w*E E(t
+01 (1= )™ a B(t) — (™14 + 02 ) La(t) — 74" (1))
+ by (6ws B(t) — (u's + 015 ) Ig(t) — 75" Is(t))
+ b3 (03" La(t) + 05" Is(t) — pp™ W(t)).

Since, the inequality S < ( )¢S holds, it follows that

. Moo (BEEWE) | B85 LA Is0) N pp
D0 <00 (G (s Toton (hh Ty~ PO~ 1B —we () )

+ b (1= d)w “’AE(t) — (u™1a 4 0Ta) A (t) — 73 4 Ta(t))

by (s B(t) = (n™'s +0%1s)I5(t) — 75" Is(t))

+ b3 (n3" 1a(t )+nswfs( ) = up W)

Note that because parameters and state variables are positive, we have
1 1

- <1, and — <1
1+ W — 14+ ¢o(Ia+1Is) —

It follows that

“Dg V() < bo | (

t\>

)2 (BYEW () + B2 (Ta(t) + Is (1)) — v P E(t) — p** E(t) —w“EE(t))

+b1 (1 - ‘”AE() (14 + 0®1a) L4 (t) — 73 La(t))
+ b (6w B(t) — (u®1s + 0%1s)I5(t) — 75" Is(1))
+b3(n WIA(>+nSWIs<) HEW(t)) .

Rearranging and reducing lead to the following expression
“Dg,V(t) < (b20w™s — byt — biw™a (8 — 1)) E(t)

+ (bsn%" — biwiq +bofs E(—)5)1a(2)

+ (bang" — bawis + bo B3 (
xR A « aw
+ (b051 (;) 5 — bSHP )W(t)a

in which w;, = 'ygIS + pus + o%s | wi, = 73“ + pu¥a 4 0%a, and w, = pOF + wWE 4 POE,
Therefore, by choosing

bo = P @iqwisn™, by = A (BIENGY + By upY )wis,

by = A (B7Png" + By up"Y )w@ia by =A™ B P wiqwis,

it easy to see that V' is continuous and positive definite for all E(t) > 0, I4(¢) > 0, Is(t) > 0 and
W (t) > 0. As a consequence, we obtain that

A A A
bany" — biwis + boﬁg’f(;)% =0, bang" —bowiq + boBS‘E(;)‘”S =0, boﬂfE( )4 —bsup =

12



and  badws — bowe — biw*a(§ — 1) = pBV wiqwis ™S (Ro — 1).
Hence, putting altogether in the inequality , we get
CD8+V(t) S /priawisﬂ(Ro — ].)

Finally, © Dy " V(t) <0if Ry < 1. In addition, it is not hard to verify that the largest invariant
set, of {(S7 E,I4,Is,R,D,W) € R": CD8‘+V(t) = 0} is the singleton {&y}. Hence, by LaSalle’s
invariance principle [35], we conclude that the disease-free equilibrium € is globally asymptotically
stable.

O

Our examination of global stability spans the entire spectrum of Ry values, albeit within the
scope of commensurate orders. Global stability of the commensurate fractional form of model
is confirmed through Ulam-Hyers stability [36], with recent COVID-19 model applications in [37].

To provide a foundation for the subsequent discussion, we introduce the inequality expressed

as follows:
“Dg, X(t) - F(t,X(t)| <e, te€[0,T] (34)

We say a function X € R is a solution of if and only if there exists h € RY satisfying
L [h(t) < e
2. °Dg, X (t) =F(t, X(t)) + h(t), te][0,T].

Notably, by applying Equation @ alongside property 2 mentioned above, stralghtforward
simplification reveals that any function X € R7 meeting the conditions of Equation (34) likewise
fulfills the following associated integral 1nequahty

X (1) — X(0) — ﬁ/o (t — 7)o 1F(r, X (r))] < %e. (35)

Let § = C([0,T];R) denote the Banach space of all continuous functions from [0,7] to R
equipped with the norm [ X[z = sup,c(o r1{|X[}, where |X| = [S(t)| + [E(#)| + [1a(t)| + [Is()] +
R(®)] + D] + W (®)]

The fractional order model . achieves Ulam-Hyers stability if there are some ¥ > 0 ensuring
that, for any glven e, and for every solution X meeting the conditions of ., a corresponding
solutlon X to (4) can be found where

1X(t) — X(t)|z < Ze, te][0,T]. (36)

Moreover, this model is deemed to be generalized Ulam-Hyers stable if a continuous function
Yr : R+ — R+ exists, satisfying ¥ (0) = 0. This condition requires that, for any solution X of
, there must be a corresponding solution X of for which

1X(t) — X(t)|z < Zpe, te][0,T]. (37)
We proceed to detail the stability results for the fractional order model.

Theorem 6. Assuming the conditions and concluszons of Lemma[3 and Theorem[1] are satisfied,

e Yoo (a+1) < 1, it follows that the model specified in exhibits generalized Ulam-Hyers stability.

Proof. Given that X is a unique solution to confirmed by Lemma [3| and Theorem [I] and X
meets the criteria of , reference to equations @ and leads us to conclude that for any
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e >0 and ¢t € [0, 7], the following relationship holds:

IX - X[z = sup |X-X]

t€[0,T]
sup | X —X ! /t(t e lR(t, X (7))d
= sup - = -7 , X(7))ar
te[0,T] 0 F(a) 0
_ _ 1 t _
< sup |X(t) —Xg— —/ (t — 1) 'F(t, X(1))dr
t€[0,T] F(a) 0
R ) (38)
+ sup —/ (t—7)*" ' |F(t,X (7)) — F(t,X(7))| dr
tefo,r) L'(@) Jo
| (¢ = ) K () - X(r)ld
< -7 7) — X(7)|dT
Cla+1)  T(a) e, Jo
el X1 -
< X(r) - X .
< ST+ T g X)Xl
From this, we derive that | X — X||z < Yre, with 35 defined as m O

4. Numerical results

In this section, we demonstrate the capability of Model (1)) to simulate the dynamics of COVID-
19 transmission. This includes consideration for environmental contamination by infected indi-
viduals. Additionally, we compare the basic reproduction number, Ry, and its sensitivity across
various scenarios and model configurations. The model is fine-tuned using data collected from
South Africa, obtained from Johns Hopkins University’s Center for Systems Science and Engi-
neering (CSSE) [38].

South Africa confirmed its first case of COVID-19 in March 2020, prompting a National State
of Disaster to be declared on March 15. A nationwide lockdown was then imposed on March 26.
To better understand the spread of the disease in South Africa, our study focuses on simulating
its propagation from the start of the lockdown measures until the end of the first peak of the
epidemic, which occurred on September 22, 2020. In light of the United Nations documentation,
as reported by the Department of Economic and Social Affairs, Population Division, World Pop-
ulation Prospects 2022, we incorporate a birth rate of A = 19.995/1000 (19.995 births per 1000
individuals) and a natural human death rate of p = 9.468/1000, while also assuming the initial
conditions Ig(0) = 17, R(0) = 0, and D(0) = 0, based on the early phase of the epidemic.

We determine the remaining parameter values and initial conditions by fitting model to the
available data: daily new confirmed cases, recovered individuals, and deceased individuals. For
parameters (i, @1, @2, B1, B2, 9, ¥, w, 7, Vs, V4, NS, N4, We assume truncated normal distributions.
These parameters must fall within a certain range of 0 to 1. The prior for the initial susceptible
population, S(0), is set to a truncated normal distribution with a wide range (1000 to 1500000)
and large deviation, reflecting the variability in population sizes for different regions or countries.
The initial conditions for exposed, E(0), asymptomatic infectious, I4(0), and pathogen presence,
W(0), compartments are also set to truncated normal distributions. These distributions have
ranges reflecting possible small initial values (0 to 300), based on the early phase of an epidemic
when these compartments start to grow.

We optimize the order derivatives to examine the efficacy of fractional orders in the fitting
process. We utilize the root mean square deviation (RMSD) as a measure of the model accuracy,

where RMSD(z,7) = \/% >, (z¢ — T4)%. Here, n denotes the number of data points, 2 denotes

the estimated values, and Z denotes the actual values. Notably, considering biologically or clinically
meaningful parameters plays a crucial role when fitting a model to data. For instance, previous
research studies [39] 40] suggest that the parameters vg and 4 should be confined to the range
of (0,1). Given this point, we have chosen to display a set of fitted results, rather than solely

14



g Integer Order Model g Fractional Order Model
© ©
< 12500 < 12500
g 10000 g 10000
£ 7500 £ 7500
o o
(; 5000 Lg) 5000
2 2500 &5 L 2 2500
> 0 o el (S o i i i i $ $ 2 0
© ©
a X3A 15 ng) 6° 15“6 ,Q_fl 30,'] 11 2 a9 ’),7—’9 =)
Date (days)
2 o 3
3 20000 3 20000
> >
T 15000 T 15000
S 10000 2 10000
2 5000 2 5000 _ P
g 8 930 © o i 0
4 0 x 0 AR i i i i i d
,&3,0« 15 '3-9‘6 6° 'ZA“E) .Q_fl 30—1 11 2 a9 7-7"9
Date (days)
w i)
% 1200 § 1200
2 000 2 1000
2 800 2 800
S 600 > 600
£
200
g 0 TR \ﬁ‘fr\@'\"(v« -A\ g 0 AR e i i i i S
'\.3A y‘f) 19«‘5 6° 'LD"G X’L:I 30_'] 11 2 a9 17;9 ,33,5« X“’D 19‘5 6©° ,LA,G ‘Q—j 30.1 11 2 a9 'L'L'g
Date (days) Date (days)

Figure 1: Model Accuracy Assessment: It demonstrates the accuracy of the model , with integer
order derivatives (left panels) and fractional order derivatives (right panels), in fitting the daily new
confirmed cases, recovered individuals, and deceased individuals, obtained from CSSE [38]. The circles
represent the data points. The grey curves show the model’s results with estimated parameter values and
initial conditions, and the optimal fit across all three categories, evaluated via root mean square deviation
(RMSD), is depicted with black curves.

Density of RMSD values

2050 F ———
Mean:
2042.483 Minimum:
2000 ¢ 2022.52
1950
L Mean:
1900 1918.793
1850
1800 [
Minimum:
e — 1762.1338
Integer Order model Fractional Order model

Figure 2: Comparative Error Score Distribution: It illustrates the distribution of root mean square
deviation (RMSD) comparing real data with the fitted models using integer (left) and fractional (right)
orders.

presenting the best fit, to demonstrate the overall efficiency of the model utilizing fractional
calculus.

In Figure left panels), the Bayesian inference method has been employed to provide initial
estimates for both the parameter values and initial conditions, as the results depicted by the grey
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curves and the black curve represents the best fit with an RMSD of 2022.52. In Figure right
panels), we have further optimized the order derivatives, using the obtained parameters and con-
ditions. The grey curves depict their results and the black curve shows the best fit with an RMSD
of 1762.13.

Figure [2] depicts the density of errors for the fitted parameters and order derivatives, cate-
gorized into integer and fractional orders, represented by the left and right sides of the violin
plot, respectively. The results reveal that the mean and minimum errors of the model with frac-
tional orders are comparatively lower than those of the model with integer orders. It highlights
the enhanced flexibility and improved data fitting by incorporating fractional derivatives into the
model.

The tables presenting the optimal values of the parameters, initial conditions, and order deriva-
tives, along with their corresponding statistical properties such as mean, standard deviation, and
median can be found in Table 2

Table 2: Statistical Properties of Model Parameters: This table presents the mean, standard deviation,
and median of model parameters, order derivatives, and initial conditions, alongside the sensitivity index
for Ro (Sgo) considering optimized values within integer (ODE) and fractional order derivatives (FDE)
models.

Parameters Mean STD Median | Optimized value Sensitivity
ODE FDE ODE FDE
A - - - - - 1.0000  1.0000
1 - - - - - -0.7109 -0.7115
p 0.0038  0.0039  0.0026 | 0.0036 0.0023 -0.2657 -0.2657
01 3.11e-6  1.32e-5  5.55e-7 | 8.15e-7 1.04e-6  0.0000  0.0000
o 0.6341  0.2381  0.6711 | 0.4394 0.8344  0.0000  0.0000
51 1.32e-5  4.77e-5  2.94e-6 | 2.80e-6 2.32e-5 0.9964  0.7250
Ba 1.18e-6  1.20e-6  8.23e-7 | 8.86e-7 9.05e-7 0.8618  0.0025
0 0.3270  0.0633  0.3335 | 0.4947 0.3880 -0.9737 -0.9757
) 0.0996  0.1703  0.0323 | 0.0002 0.0032 -0.0004 -0.0004
w 0.4764  0.2060  0.4342 | 0.5396 0.7022 0.0173  0.0577
o 0.0015  0.0005  0.0015 | 0.0012 0.0017 -0.0591 -0.0591
Ys 0.0009  0.0007  0.0007 | 0.0701 0.0009 -0.0021 -0.0010
YA 0.0726  0.0112  0.0716 | 0.0001 0.0744 -0.0074 -0.0074
ns 0.0065  0.0099  0.0030 | 0.0064 0.0007 0.0023 0.0014
na 0.4177  0.2867  0.3542 | 0.3585 0.0524 0.9941  0.9950
Order derivatives | Mean STD Median | Optimized value Sensitivity
ag 1.0000 1.1e-16  1.0000 1.0000 0.7504
ap 0.9702  0.0157  0.9671 0.9591 -10.943
ar, 0.9853  0.0530  1.0000 1.0000 4.4178
Qg 0.8641  0.0783  0.8604 0.7868 0.0035
aR 0.7847  0.0776  0.7665 0.7000 0.0000
ap 0.7731  0.1171  0.7000 0.7018 0.0000
aw 0.9990  0.0090  1.0000 1.0000 4.6752
Initial conditions | Mean STD Median Optimized value
ODE FDE
S(0) 70088.0 16318.8 65858.9 57674.0 83379.9
E(0) 0.81708 0.89169 0.57169 0.1181 0.1002
14(0) 0.38595 0.47730 0.20705 0.1093 0.0404
W (0) 0.64895 1.25392 0.30470 0.0015 1.0605
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4.1. Sensitivity analysis of the basic reproduction number

This section examines the influence of different factors on the transmission of epidemic diseases.
Policymakers can make informed decisions regarding public health interventions by assessing the
sensitivity of Ry to various parameters, such as social distancing measures. Furthermore, this
methodology allows for identifying parameters that have the most significant impact on disease
propagation. To assess the effects of minor variations in a parameter or a derivative order, denoted
both by P, on the basic reproduction number Ry, we introduce the forward normalized sensitivity
index of Ry for P, which can be mathematically formulated as:

st 00 P
P 0P Ry
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Figure 3: Sensitivity Analysis of Ry for Model with Integer Order Derivatives. (a) The boxplots of
the sensitivity indices of Rg to the parameter values, and (b) the distribution of Rg for these values. (c)
The sensitivity indices of Ry to parameters when the environmental pathogen-related coefficients (1, ns,
and 14 are constrained to zero. (d) Illustration of the resulting influence on Ro when the contributions of
environmental transmission factors are eliminated.

If the sensitivity index of 87130 is positive, it indicates an increase in the value of the basic
reproduction number Ry concerning P. Conversely, the sensitivity index will be negative if the
value of Ry decreases in response to P changes.

The computed sensitivity indices for Ry to the optimized values have been demonstrated in
Table 2l In addition, we illustrate the distribution of sensitivity indices of the parameters on Ry
through boxplots, together with the density of Ry for these values in Figure a—b), for the integer
order model. Our analysis revealed that only the parameter §, representing the proportion of
symptomatic infectious individuals, mainly exhibited positive but sometimes negative sensitivity.
In contrast, the other parameters maintained their sign of sensitivity indices.

Moreover, exploring the sensitivity of Ry to parameters that facilitate virus transmission—
specifically 51, ng, and na—presents an interesting area of discussion. Notice that up, representing
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Figure 4: Sensitivity Analysis of Ry for Model with Fractional Order Derivatives. (a) The boxplots
of the sensitivity indices of Ry to the parameter values and (b) order derivatives, and (c) the distribution
of Ry for these values. (d) The sensitivity indices of Ry to parameters and (e) order derivatives when the
environmental pathogen-related coefficients 81, 75, and na are constrained to zero. (f) Illustration of the
resulting influence on Ry when the contributions of environmental transmission factors are eliminated.

the natural death rate of the pathogen in the environment, is excluded from this analysis due to
its consistently negative sensitivity index and it is beyond human control. Similarly, ¢ is omitted
as it does not feature in the equation and thus has no impact on the sensitivity. In contrast,
the sensitivity indices of 1, ng, and n4 are positive, raising interesting considerations regarding
the potential effects on Ry through rigorous preventative measures, such as enhanced caution,
hand washing, mask usage, and efforts to eliminate environmental contamination. Under these
assumptions, the significant impact on Ry is illustrated in Figure c—d), demonstrating that Ry
could be reduced to below 1 with optimal interventions.

A particularly significant and intriguing aspect is the comparison of the impacts of fractional
orders in sensitivity analysis. Figure (a) illustrates that in the fractional model, all parameters
exhibit somewhat similar behaviors in terms of their sensitivity indices on Ry when compared to
the integer model. However, there are instances where w may negatively influence Ry. Figure b)
unveils the sensitivity of the order of derivatives on Ry, which is noteworthy due to the challenging
nature of interpreting the effects of orders on Ry. Interestingly, it reveals that the sensitivity index
of ap is negative, whereas the indices for other orders are predominantly positive. This provides
a preliminary insight into the impact of derivative orders on Ry. It also results that Ry values
in fractional-order models are marginally higher than those in integer-order models, comparing
Figure 4| c) with Figure c). Furthermore, echoing the observations made with the integer model,
Figure {4fd-f) also demonstrates how mitigating environmental transmission factors influences the
outcomes in the fractional order model.

4.2. Numerical methods and implementation

The numerical analyses in this study were carried out using the Julia programming lan-
guage. The FdeSolver.jl package (v 1.0.7) solves fractional differential equations, implement-
ing predictor-corrector algorithms and product-integration rules [4I]. Parameter estimation was
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performed using Bayesian inference and Hamiltonian Monte Carlo (HMC) with the Turing.jl
package, and ODEs were solved using the DifferentialEquations.jl package. The order of deriva-
tives was optimized using the function (L)BFGS, which employs the (Limited-memory) Broy-
den—Fletcher—Goldfarb—Shanno algorithm from the Optim.jl package in combination with FdeS-
olver.jl.

In our efforts to derive parameters and orders, our goal is not merely to identify the optimal
solutions, parameters, and orders, but rather to establish a reasonable range of values. This ap-
proach allows us to assess the impact of pathogen shedding in our modeling and to explore the
influence of fractional derivatives within this context. However, this process necessitates certain
considerations. For instance, we account for a coeflicient representing the proportion of asymp-
tomatic cases (I4) that undergo COVID-19 testing (denoted by T'), aiming for a more realistic
evaluation of confirmed case data. This is based on the premise that data is predominantly de-
rived from those who have been tested for COVID-19. Assuming that all symptomatic cases
(Is) and only a portion of I4 are tested, the confirmed cases are represented by Is + T14. This
adjustment introduces an additional equation to more accurately fit the recovered (R) compart-
ment, acknowledging that records of recovery only include tested individuals from both I4 and Ig
groups. It is important to note that while this modification does not alter the overall model or
our analysis—since it involves independent equations—it enhances the realism of the fit.

Ultimately, one must recognize that the flexibility afforded by the fractional model does not
inherently equate to a superior or more accurate fit, as it could potentially lead to overfitting.
Therefore, further analysis, such as cross-validation, is essential, especially in scenarios where
parameter values have significant implications for policy-making.

4.3. Data and code availability

All computational results for this article are available on GitHub and accessible via https:
//github.com/moeinkh88/Covid_Shedding, including all data and code used for running the
simulations and generating the figures.

5. Conclusion

In concluding the paper on the fractional model of COVID-19 transmission with environmental
pathogens as a shedding effect, it is pertinent to encapsulate the significant contributions, findings,
and potential implications for future research and policy-making. This paper has meticulously de-
veloped a fractional-order compartmental model, enhancing the conventional framework by incor-
porating environmental transmission vectors and accounting for asymptomatic and symptomatic
infections. Through rigorous mathematical analysis, including existence, uniqueness, boundedness
of solutions, and stability analyses, the model’s robust theoretical foundation has been solidly es-
tablished.

Numerical results have significantly demonstrated the model’s utility in simulating the dynam-
ics of COVID-19 transmission, highlighting a more flexible fit with actual data when fractional
derivatives are employed, thus offering broader insight into the disease’s spread. The sensitiv-
ity analysis of the basic reproduction number R has revealed critical parameters and order of
derivatives influencing the transmission dynamics, guiding targeted interventions. The model has
also highlighted the considerable impact of environmental transmission factors, suggesting that
mitigating these can substantially lower Ry, thereby controlling the outbreak’s spread.

This study emphasizes the importance of incorporating environmental factors and fractional
calculus in modeling infectious diseases, offering a more comprehensive and flexible framework.
Recognizing the combined and cross-disciplinary endeavor, this research sets a precedent for sub-
sequent inquiries, encouraging the academic and scientific arenas to persist in evolving and refining
mathematical models to confront infectious diseases more effectively in the future.
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