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Abstract

We study a new hyperbolic type metric recently introduced by Song and Wang. We present formulas for it in the upper
half-space and the unit ball domains and find its sharp inequalities with the hyperbolic metric and the triangular ratio metric.
We also improve existing ball inclusion results and give bounds for the distortion of this new metric under conformal and

quasiregular mappings.
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1 Introduction

Due to is conformal invariance, the hyperbolic metric is a
useful tool for studying different types of mappings in geo-
metric function theory but this metric is not properly defined
in higher dimensions outside the most simple domains of the
upper half-space and the unit ball. For this reason, researchers
have introduced several hyperbolic type metrics which share
some of the properties of the hyperbolic metric but have a
very easy definition [2, 5, 6, 10, 12]. The key feature is that
the metrics measure the distance between two points by tak-
ing into account the position of the points with respect to
each other and the boundary of their domain.

Typically, the hyperbolic metrics are defined by using a
quotient where the numerator is the Euclidean distance of the
two points and the denominator depends on their distance
from the boundary. For instance, the distance ratio metric
introduced by Gehring and Osgood [2] uses the minimum of
the Euclidean distances from the two points to the boundary
the as the denominator. However, this definition leads to one
of the differences from the hyperbolic metric: If we rotate
the point further away from the boundary around the other
point so that the center of the rotation stays the point closer to
the boundary, the value of the distance ratio metric does not
change at all. Given this type of a transformation would affect
the hyperbolic distance between the points, there is an interest
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in the hyperbolic type metrics that actually consider how the
both points are positioned with respect to the boundary.

Recently, the following new hyperbolic type metric was
introduced by Song and Wang [11]: In a domain G C R”
whose boundary is denoted by dG, define the function ¢g :
G x G — [0,00) as

lx — ¥l
inf ey max{|x —z|, |y — z|}’

x,y€Qq.
(1.1)

cg(x,y) =

Given the combination of infimum and maximum in the
denominator, it is clear that this function is affected by the
distance from the both points x and y to a same boundary
point z. By [11, Cor. 1], this function ¢ is also truly a metric.

In this article, we continue the study of this metric. We give
formulas for computing the value of this new metric in the
upper half-space and the unit disk. We find the best possible
constants for the inequalities between this new metric and
both the hyperbolic metric and the triangular ratio metric. We
use these inequalities to formulate the ball inclusion results,
which improve the ones found in [11]. We also present the
results about the distortion of the metric ¢ under conformal
and quasiregular mappings.

2 Preliminaries

For a point x € R", denote its jth coordinate by x; so that

x = (x1, ..., X»). The upper half-space can now be defined as
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H" = {x € R" : x,, > 0}. Denote also the unit vectors of R”
by e, ..., e,. Denote the Euclidean open ball with a center
x € R" and aradius r > 0 by B"(x, r) and let S"L(x, r) be
its boundary sphere. Use the simplified notation B" for the
unit ball B”(0, 1). Denote the line segment between x, y €
R”" by [x, y]. For two distinct points x, y € R" \ {0}, let
AXOY be the magnitude of the angle formed between the
vectors from the origin to the points x and y sothat { X OY <
.

By denoting the hyperbolic sine, cosine and tangent by sh,
ch, and th, respectively, we can define the hyperbolic metric
as [5, (4.8), p. 52 & (4.14), p. 55]

_ 2
chpmn (e y) = 14+ 2220 emm
22Xy Yn
Sth]B”(x,)’) _ |X—y|2 x yEBn
2 A—=xPA—=|y»"
From this, we can solve that
th/OJHIn(x,y) _ |x — ¥l ’
2 Ix — yI2 + 4x, s
than(x, y) _ lx — vl R
2 VIx =y + 0 =[x = yP)

For a domain G C R”, define then the distance ratio metric
jc : G x G — [0,00) as [1, p. 685],

2.2)

ot =tog (14— KV )
min{dg(x), dg(y)}

and the j*-metric j : G x G — [0, 1], as [4, 2.2, p. 1123
& Lemma 2.1, p. 1124]

Jjo(x,y) _ [x — yl
2 Ix — y| + 2min{dg (x), dg(»)}
(2.3)

jg(x,y) =th

The triangular ratio metric introduced by Hésto [6] and stud-
ied in [7-9] is defined as sg : G x G — [0, 1], [1, (1.1), p.
683]

lx — vl
inf cag(Ix —z| + 1z — y)

SG(X, )’) =

For a hyperbolic type metric d € {c, s, j, p}, define its
balls in a domain G C R” so that By(x,r) = {y € G :
dg(x,y) < r}wherex € R" and r > 0.

Theorem 2.4 ([4],Lemma?2.1,p. 1124; Lemma 2.2, p. 1125;
Lemma 2.8 & Thm 2.9(1), p. 1129) Forall x,y € G C R",
the inequality ji,(x,y) < sg(x,y) < 2j5(x,y) holds and,
if G is convex, then sg(x, y) < ﬁ]é (x, ).
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3 Results

Lemma 3.1 For all points x, y in any domain G C R", the
inequality sg(x,y) < c¢g(x,y) < 2sg(x, y) holds and has
the best constants regardless of the exact choice of G C R"
and x € G.

Proof Clearly,

(172) - inf (Ix —z| + |z —y)) = 1/2-
z€0G

inf (max{|x —z|, |y — z|} + max{lx —z[, |y — z|})

z€0G

= inf —zl, |y —
ZIE%Gmax{Ix 2l ly —zl}

< inf (max{|x —zl, [y — z[} + min{lx —z|, |y — z[})
z€0G

= inf (Jx — - —y)),
ZIE%G(Ix zl+ 1z =yD

so the inequality follows. Let us then prove that there cannot

be better constants for any choice of G. For x € G, u €
s 1(x, dg(x))NdG,andy = u+k(x —u) with0 < k < 1,

G(r,y) _ W —ul+lu—yl _
sG(x,y) |x — ul

1+k,

which approaches 1 when k — 0" and 2 whenk — 1~. O

Corollary 3.2 For any point x in a domain G C R", the ball
inclusion

Bs(x, Ry) € Bz(x,r) € Bs(x, Ry)

holds for all0 < r < lifand only if Ry <r/2and Ry > r.

Proof By Lemma 3.1, we have

Bs(x,r/2)={y€e G : sgx,y) <r/2}C{yeG :
cg(x,y) <r}=Bz(x,r) € Bs(x,r)

and, since Lemma 3.1 has the best possible constants for any
choicesof G C R" and x € G, theradiir /2 and r are the best
possible ones here for an unspecified value of 0 < < 1. O

Remark 3.3 Corollary 3.2 improves the earlier inclusion
result [11, Cor. 2].

Lemma 3.4 For all points x,y in any domain G C R",
the inequality ji(x,y) < cg(x,y) < 4j5(x,y) holds.
The inequality ji(x,y) < Cg(x,y) has always the best
constant regardless of the exact choice of G C R" and
x € G, and the inequality cG(x,y) < 4j;(x,y) has the
best constant in the case G = R" \ {0}. If G is convex, then
G (x, y) < 2V/2j(x, y).
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Proof The inequalities follow from Theorem 2.4 and Lemma
3.1.Ifx € G,

u e " Yx,dg(x)) NG, and y = u + k(x — u) with
k— 0T,

cG(x,y) _lx—ul+|u—yl

= =14+k— 1.
sG(x,y)

lx — ul
Forx =ejand y = —ey,

crr\oy(x,y)  2+2
].]En\{o}(xv y) 1

4.

Theorem 3.5 Forall x,y € H",

|x — I
max{x,, yn}

Cgn (x, y)=

if 1r=1 =y =y +xE -2,

lx — y|2 — (xp — yn)2
Ix — y12 + 4xpyn

otherwise.

Proof Denote x’ = (xy, ..., xy,—1,0)and y' = (y1, ..., yn—1, 0).

In the special case x” = y’, the infimum inf ¢z max{|x —
z|, |y — z|} is trivially found by choosing z = x’ = y’ and
we have cpr (x, y) = |x — y|/ max{x,, y,}. In this case, we
have

= 31 = =yl < /G — )% 4 52 — 321,

so the condition in the cases in the theorem is fulfilled.
Suppose then x” # y’. For any u € 9H" \ [x/, '],

max{|x — v|, |y — v|} < max{|x — ul, |y — ul}

where v is the closest point to « on the line segment [x’, y']. It
follows from this that the infimum inf ;¢ max{|x —z|, |y —
z|} is obtained when z € [x', y'] or, equivalently, z = x’ +
k(y' — x") forsome 0 < k < 1.

If max{x,, y,} > min{|x — y'|, |y — x'|} or, equivalently,

max{x, yu) = /1 — /12 + minf,. 3, ©

=31 =y G — 3?2 = 21, (3.6)
then the infimum inf s max{|x — z|, |y — z|} is found at
either x” or y’ and we have ¢y (x, y) = |x —y|/ max{x,, y,}.

Suppose then the inequality (3.6) does not hold. Now,
there is a value of 0 < k < 1 such that |x — z| = |y — z|
with z = x" + k(y' — x’). Since |x — z| is increasing with
respect to k and |y — z| is decreasing with respect to k, the

infimum inf, ¢y max{|x — z|, |y — z|} is found at the point
where this equality holds. We can solve that

x—zl=ly—zl & Jkx' —y|?+x?
= U= =y 4 32
= y'|2 — x2 4 y?
2|x/ _ y/|2
_ VW —yP i+ yD? —Agyn
2|x" =y

_|X—Y| |x_y|2+4xn)’n
2 |x_}’|2_(xn_yn)2
lx — yI12 — (xp — y)?
|x — y12 4+ 4x,yn

& k=

&S |x—z|

= cim(x,y) = 2\/

The theorem follows. O

Corollary 3.7 Forall x, y € H", the inequality

pmn (X, y)
2

pHn (X, y)
2

th <cmr(x,y) <2th

holds and has the best possible constants.

Proof Followsdirectly from Lemma 3.1 because sy (x, y) =
th(omr (x, y)/2) by [5, p. 460]. |

Theorem 3.8 Forall x,y € B",

I1x1? = |y[2]-+2 min{|x], |y[}
2max({|x[, [y[}

lx — yl
L—min{|x[, |y[}

if cos(u)>

Cpn (x, y)=
lx =yl

otherwise,
V1 +1x2 = 2|x| cos(k)

where . is the magnitude of the angle L X OY andk € (0, )
is chosen so that |x| cos(k)—|y| cos(u—k) = (|x|>—|y|?)/2.

Proof In the special case where x/|x| = y/|y|, the infimum

inf  max{|x —z|, |y — z|}
zeS"=1(0,1)

is obtained when z = x/|x| = y/|y| and it is equal to 1 —
min{|x/|, | y|}. Suppose then x/|x| # y/|y|. Let C be such an
arc that belongs to an origin-centered circle, has x /|x| and
y/|y| as its end points, and has a center angle with magnitude
w=4X0Y € (0,7m].Forallu € S"~1(0,1)\ C,

max{|x — v|, |y — v|} < max{|x —ul, |y —v|}
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where v is the closest point to v on C. Consequently,

inf  max{|x —z|, |y — z|} = inf max{|x —z|, |y — z|}
ze85"=1(0,1) zeC

= inf max {./1 + |x|? = 2|x|cos(k),
s {\/ 112 — 2[x] cos(k)

J1+ 12 = 21| cos(u —k)}. (3.9)

Suppose first that 1 —min{|x|, |y|} is greater than or equal
tomin{|x —z|, |y—z|} forall points z € C. Since sup, ¢ |x —
z| = |x — y/|yl|, this is the case when

1 —min{|x|, [y[} = min{lx — y/[y[[. [y —x/[x|[}. ~(3.10)

We need to have either

1 —min{|x|, |y]} =

\/1 -+ min{|x|, |y|}?> = 2min{[x], [y[}cos(u) ¢ cos(n) > 1
or

I — min{lx|, [y[} =

1+ maxlxl, 11 — 2 max{lx]. [y[} cos(u)

| = 1] + 2 min{|x], |y]}
2max{lx|, |y[}

& cos(p) > (3.11)

The inequality (3.11) holds for cos(u) = 1, so the inequality
(3.10) holds if and only if the inequality (3.11) holds. Since

1 — min{|x], |y|} = supminf{|x — zl, |y — z[},
zeC

we have

inf max{|x — z|, |y — z|} = 1 — min{|x|, |y[}.
zeC

While we have cos(u) < 1 as x/|x| # y/|y|, the infimum
was the same in the case x/|x| = y/|y| and cos(u) = 1
fulfills (3.11), so first part of the theorem follows.

Suppose then I —min{|x|, |y|} < sup,cc minf{lx—z], |[y—
z|}. We have

L= Ixl <1+ IyP = 2Iy| cos(u),
L= Iyl < V14 |x[2 = 2|x| cos(u),

(3.12)

so the infimum (3.9) is obtained with such k € (0, 7r) that

V14 |x]2 = 2|x|cos(k) = /1 +1y]2 = 2[y|cos(u — k)
& x| cos(k) — [ylcos(u — k) = (x> — [y[})/2.
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The theorem follows. |

Theorem 3.13 Forall x, y € H", the inequality

OB (x, y)
2

th

< @mi(x,y) < 2thw

holds and has the best possible constants.

Proof 1If the inequality (3.11) holds, then by Theorem 3.8,
we have

th(opn (x, y)/2) < cpn(x,y)

< 1 —min{lx|, [y} < \/Ix =P+ A= xHA =1y

= 1+ XPIyP = 2fxllylcos()

& =201 —max{lx]. [y} cos(j1))

+ min(xl, [y1}(1 = max{|x], [y[}2) < 0

& (1= max{lxl, [y (=2 + min{lx], |y[} + x]1yD < 0.

Consider then the case where the inequality (3.11) does
not hold. The infimum (3.9) is now obtained neither k = 0
nor k = . We need to show that

th(ppn (x, )/2) < Cpn(x, y)

& inf max{\/1+|x|2—2|x|cos(k),
ke(0,n)

JU+nP —2|yICOS(M—k)}

<l =P+ (1 = Py = 1y

& inf max{|x|2—2|x|cos(k),|y|2—2|y|cos(u,—k)}
ke(O,10)

< xy1% = 21x|ly| cos()

The function fy(k) = |x|2 — 2|x| cos(k) is increasing with
respect to k on (0, i) and f(k) = |y|*> — 2|y|cos(u — k)
is decreasing. Due to the inequalities (3.12), we know that
these functions intersect for some k € (0, 1) and this point
of intersection is where the infimum above is obtained. Thus,
to prove that this intersection point is less than or equal to
Ix|?|y]? — 2]x||y| cos(1), we need to show that either fo(k)
exceeds |x|?|y|? — 2|x||y| cos(u) for a greater value of k
than f) (k) drops under |x|?|y|> — 2|x||y| cos(x) or one of
the functions f1, fp is below |x|?|y|? —2|x||y| cos(u) for all
0 < k < p. Since we can solve

folk) < x[y]* = 2lx|lylcos(n) &

x| = IxllyI* + 2IyICOS(u)>
2

k < acos(
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and

filk) < Ixyl* = 2lx|lylcos(u) &

Iyl = |x [y + 2|x] cos(u))
2 9

k > u — acos (
we have to show that, for

ug = |x| — Ix[1y1* + 2|yl cos(p),
ur = |yl — |x12y] + 2|x| cos(w),

we have either

u —acos(uy/2) < acos(ug/2),
ug > 2cos(), or wujp > 2cos(u).

Consequently, we need to prove that the left-most inequality
above holds when cos(u) < min{ug, u1}/2 or, equivalently,
when

min{|x]|, |y|} + [x||y]
5 .

cos(u) <
Given p < m, the inequality
u —acos(uy/2) < acos(ug/2)
holds trivially when

acos(ug/2) +acos(u1/2) >n <
acos(uo/2) > m — acos(uy/2) = acos(—u1/2)
& up/2 < —up/2

< (x[+yDA = |x[lyl +2cos(n)) =0
< cos(u) = —(L—|x[lyD/2.

Suppose then cos() > —(1 — |x||y])/2. We have now

u —acos(u1/2) <acos(up/2) <
cos(acos(ug/2) + acos(u1/2)) < cos(u)

& uouy — /4 — ud J4 - u? — dcos(u) =0,

To prove the inequality above, it is enough to prove it
holds when its left-side is at maximum. Since wugu; —

4 — u%‘ /4 — u% is clearly increasing with respect to both
ug and u; and

uo < 1—|yI> +2ly| cos(r) < max{1,2cos(u)},
uy < 1-— |)c|2 + 2|x| cos(u) < max{l, 2 cos(u)},

we have

uou1 —,/4—u(2),/4—u% — 4 cos(u)

< max{2 — 4 cos(p), 8 cos’ () — 4 cos() — 4}
= (1 +2cos(u)) max{—2, —(1 —cos(n))} <0
& cos(u) > —1/2

Since we assumed that cos(u) > —(1 —|x||y])/2 and —(1 —
|x|ly])/2 = —1/2, the inequality above holds within our
bounds.

We have now proven that th(pp: (x, y)/2) < cpn(x,y)
holds, regardless of whether (3.11) holds or not. The inequal-
ity ¢gn (x, y) < 2th(ppn (x, y)/2) follows from Lemma 3.1
because spn(x,y) < th(pp:(x,y)/2) by [5, p. 460]. We
can also show that our theorem has the best constants: For
x=uerandy = vey withO <u <v < 1,

cp(x,y)  Nl—=2uv+u?  1—uv
th(ppn (x, y)/2)

9

1—u 1—u

and, if v — u™, this quotient becomes 1 + u, which
approaches O when u — 0" and 1 whenu — 1~. O

Corollary3.14 Forall0 < r < land x € G € {H", B"},
the ball inclusion

B,(x, Rg) € Bz(x,r) € By(x, Ry)

2
holds if and only if Ry < log (F) and Ry >

<1+r>
log .
1—r

Proof By Corollary 3.7 and Theorem 3.13,

B, (x,log <§%)) - {y €G : th@ < r/2}

C Bx(x,r1)
r} =B, <x,log (i +r>>
—r

for G € {H",B"} and, since Corollary 3.7, and Theorem
3.13 have the best possible constants in their inequalities, we
also have the best bounds for Ry and R here. O

pPG(x,y) _
— =

g{yEG:th

Remark 3.15 Corollary 3.14 improves the earlier inclusion
result [11, Thm 5].

Corollary3.16 If f : G — f(G) is a conformal mapping
between domains G, f(G) € {H", B"},

cro)(f), f(») =2c6(x, y).
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Proof By Corollary 3.7 and Theorem 3.13 and the conformal
invariance of the hyperbolic metric,

¢ro)(f(x), f(y) <2th
pG(x,y)
2

pr)(f(x), f(¥)
2

=2th <2cg(x,y).

]

Corollary3.17 If f : G — f(G) is anon-constant quasireg-
ular mapping between domains G, f(G) € {H", B"},

Ero)(f (), F() <24, (x, )%,

where a = K (f)l/(l_") with the inner dilatation Kj(f) <
K of the mapping f, and A, is a constant defined in [5, (9.6),
p- 158] that fulfills Ay = 4 and ), < Zen_lforn > 2.

Proof Follows by Corollary 3.7, Theorem 3.13, and [5, Thm
16.2(1), p. 300]. O
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