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1 | INTRODUCTION

Generalized Orlicz spaces, or Musielak-Orlicz spaces, are useful in the analysis of a variety of models, including the
variable exponent and double-phase cases that have been fashionable lately. Harmonic analysis in this context has been
studied over the past 10 years. In the 2019 monograph [7], conditions for harmonic analysis in generalized Orlicz spaces
inspired by [1, 5, 8, 13] were developed and refined. One idea was to formulate the assumptions in terms of the generalized
inverse of so-called weak ®-functions that are not necessarily bijections (cf. [2, 4, 6, 9-11, 14] for variants and developments
of the conditions). The rationale for this is to obtain better behavior with respect to taking limits and other modifications.
This approach has proven its power in numerous papers, but it turns out that the inverse function formulation of the decay
condition (A2) for unbounded domains in [7] contains a flaw, which we explain and correct in this note. Additionally,
related new results are contained in Section 3. In particular, we show in Theorem 3.2 that (A2) implies (AO).

1.1 | The mistake in the book

We start with two versions of the condition (A2) from the monograph [7]. For every o > 0, there should exist 8 € (0, 1]
and h € L1(Q) n L®(Q) such that the following hold for a.e. x,y € Q:

Be~l(x,7) < '(y,7) whent € [h(x)+ h(y),0o] (1.1)
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or
@(x, Bt) < p(y, 1) + h(x) + h(y) when ¢(y,t) € [0,0]. (12)

In these (and later) conditions, we assume without loss of generality that & > 0 (since if & < 0 then Equation (1.1) cannot
hold as ¢! is defined only for non-negative values, and Equation (1.2) cannot hold when ¢ = 0.) Condition (1.2) is called
(A2) in [8] whereas Equation (1.1) carries that name in [7]. The idea was that this does not lead to confusion since the
conditions were supposed to be equivalent. Indeed, in [7, Lemma 4.2.5] they are claimed to be equivalent, but this is not
the case as the next example shows.

Example 1.3. Let B(0,1) C R" be the unit ball centered at the origin and Q := B(0,1) \ {0}. We define ¢ : Q X [0, 00) —
[0, o0] by

t2
qD(x, t) = m
Since Q is bounded, h := oy € LY(Q). Thus, [h(x) + h(y), o] is empty for all x,y € Q, and so Equation (1.1) holds. It
remains to show that ¢ does not satisfy (1.2).
Suppose that the inequality from Equation (1.2) holds for some ¢ > 0, § € (0,1] and h € L'(Q) n L®(Q). Fix a non-
exceptional point y € Q and t € (0, o0) such that ¢(y,t) € [0, 0], the inequality (1.2) holds for a.e x € Q and |h(y)| <
[|h]|s- Then

< = +2lhlle
x|~ Iyl

for almost every x € Q. When x — 0, this gives a contradiction. Thus, Equation (1.2) does not hold.

The problem with the proof of [7, Lemma 4.2.5], which claimed that Equations (1.1) and (1.2) are equivalent, is that the
set [h(x) + h(y), o] can be empty and hence Equation (1.1) cannot necessary be applied for 7/ in the proof, as we explain
next. Here is an excerpt from the proof of [7, Lemma 4.2.5] with the problematic part highlighted.

Assume Equation (1.1) and denote 7 := ¢~ (x,t). By [7, Lemma 2.3.3], ¢(x,7) = t, and it follows from
Equation (1.1) that

Bat < 7 (. (x, 7))

for almost every x,y € Q whenever ¢(x,7) € [h(x) + h(y),c]. Then we apply ¢(y, -) to both sides and use
[7, Lemma 2.3.3] to obtain that

Py, B27) < p(x,7)
for the same range. If, on the other hand, ¢(x,7) € [0, h(x) + h(y)), then we can find 7/ > 7 such that

o(x,7") = h(x) + h() since ¢ € O,(Q). As p(x, -) is increasing, we obtain by the previous case applied
for 7’ that

ey, B21) < @1, Bo7) < p(x,7") = h(x) + h(y).

In the next section, we solve the problem by introducing a corrected (A2)-condition and re-prove some lemmas. First,
we recall some notation.
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TABLE 1 Correspondence between results in the book and this note.
Book This note Change
Definition 4.2.1 Definition 2.1(A2) Definition modified
Lemma 4.2.2 Lemma 2.2 0ld proof works
Lemma 4.2.3 Lemma 2.3 Stronger assumption and new proof
Lemma 4.2.4 Lemma 2.4 Auxiliary lemma and old proof
Lemma 4.2.5 Lemma 2.5 New proof

1.2 | Notation and terminology
For functions ¢, % : QX [0, 00) — [0, 0], we write ¢ =~ ¢ or ¢ ~ 1 if there exists ¢ > 1 such that
S ) <P ) <eplet) or plx D) < Y0x ) < Pl ct),

respectively, for a.e. x € Q and every t € [0, ). A function f : [0, c0) — [0, 0] is almost increasing (more precisely, a-
almost increasing) if there exists a > 1 such that f(s) < af(¢) for all s < t. Almost decreasing is defined analogously. By
increasing we mean that the inequality holds for a = 1 (some call this non-decreasing), similarly for decreasing.

Definition 1.4. We say that ¢ : Q X [0,00) = [0, ] is a weak ®-function, and write ¢ € @4 (Q), if the following
conditions hold for a.e. x € Q:

* @(-,|f|) is measurable for every measurable f : Q - R.
* t > @(x,t)isincreasing.
o o(x,0) = lim;_ g+ @(x,t) = 0 and lim,;_, ,, p(x,t) = 0.

c > @ is a-almost increasing on (0, co) with constant a > 1 independent of x.

If p(x, -) is additionally a convex and in C([0, o0); [0, co]) for a.e. x € Q, then ¢ is a strong ®-function and we write ¢ €
D (Q).

The left-inverse of ¢ € ®,(Q) is defined as
o~ (x,7) i=inf{t > 0| p(x,1) > 7}
and the conjugate is defined as

®*(x,t) 1= sup{st — p(x,s) | s > O}

2 | THE CORRECTED DECAY CONDITION (A2)

We introduce a new, slightly modified (A2)-condition, that solves the problem explained in the previous section. This yields
changes to Lemmas 4.2.2-4.2.5 in the book [7] (cf. Table 1). No modification is needed in the book after Lemma 4.2.5 since
(A2) is mostly used as Equation (1.2) via Lemma 4.2.5, and in other places changing to the new (A2) is trivial. Also the
extra assumption in Lemma 2.3 compared to [7, Lemma 4.2.3] does not matter since when Lemma 4.2.3 is used in the
book also (A0) and (A1) are assumed.

Apart from the elegance of defining all conditions, (A0), (Al), and (A2), in terms of inverse functions, a motivation is
that some features are easier to handle in this formulation, in particular invariance and conjugate functions. Since the
invariance of Equation (1.2) under conjugation was shown in [7, Lemma 4.2.4] using Equation (1.1), that proof breaks
down. Therefore, we need to establish ¢* satisfies Equation (1.2) if ¢ does using our new (A2).

Our corrected (A2)-condition with the inverse ¢! is included in the following definition. Compared to Equation (1.1),
it is more directly related to Equation (1.2), but not as elegant.
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Definition 2.1. For ¢ : Q X [0, 00) — [0, 0] and p, g > 0 we define some conditions.

(alnc), There exists a,, > 1 such thatt — @ is a,-almost increasing in (0, o) for a.e. x € Q.
(aDec), There exists a; > 1 such thatt ) is a;-almost decreasing in (0, co) for a.e. x € Q.

t4
(A0) There exists 8 € (0,1] such that 8 < ¢~ 1(x,1) < % fora.e.x € Q.

(Al) There exists 8 € (0, 1] such that, for a.e. x,y € QN B,

B '(x,7) <o '(y,7) when t€ [1, lTil]

(A2) Forevery o > 0 there exist 8 € (0,1] and h € L1(Q) N L®(Q), h > 0, such that, fora.e. x,y € Q,
Bl (x,7) < ¢!y, T+ h(x) + h(y)) when 7 €[0,0].

Since ¢ ~ 1 if and only if ¢! ~ ¢~! by Theorem 2.3.6 of [7], we see that ¢ satisfies (A2) if and only if % does. This
proves the next result.

Lemma 2.2 (A2). Is invariant under equivalence of weak ®-functions.

Like Equation (1.1), the new (A2)-condition only concerns the behavior of ¢ at infinity, as the following result shows. The
next lemma contains an extra assumption, (A0), compared to the book. The fact that Equation (1.1) holds in all bounded
domains even when g is not locally bounded (cf. Example 1.3) suggests that the old condition is not reasonable.

Lemma 2.3. Let Q C R" be bounded. If ¢ € ®,,(Q) satisfies (A0), then it satisfies (A2).

Proof. Let o > 0. Since g satisfies (aInc);, ¢! satisfies (aDec), by Proposition 2.3.7 of [7]. If T € [0, 1], then ¢~ !(x,7) <
e 1(x,1) < % by (A0). If T € (1, 0], then by (aDec); and (A0),

o Mx,7) <arp~l(x,1) < ao%.
Choose h := xg. Since h and Q are bounded, h € L'(Q) n L®(Q). Furthermore,
7', T+ h(xX) +h()) = o7 (1, 1) 2 B

by (A0). Combining the inequalities, we obtain the (A2)-inequality

62

mqo_l(x,f) <o 'y, 7+ h(x)+ h(y)) foreveryr € [0,0].

O

The inverse is also useful when dealing with the conjugate function. The following proof is as in [7], once we use
Theorem 3.2(3) proved.

Lemma 2.4. If ¢ € ®(Q) satisfies (A2), then so does ¢*.

Proof. Let us write % := max{r, h(x)+ h(y)} and use Theorem 3.2(3). Thus, it suffices to assume Bop~!(x,%) <
¢~ 1(y,%) and show the same inequality for ¢*. We multiply the inequality by (¢*)~'(x,#)(¢*)~}(y, %) and use %f’ <
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(p*)1(x,F)p~!(x, %) < cf [7, Theorem 2.4.8] to obtain that
Eae) 0,1 < 2o (1, D)
For # > 0, we divide the previous inequality by  to get (A2) of ¢*; for £ = 0, (A2) is trivial, since (¢*)~'(x,0) = 0. O

Next, we prove the equivalence of (A2) and Equation (1.2). Note that the equivalence is an easy exercise if ¢ is a strictly
increasing bijection, but here we consider a more general case.

Lemma 2.5. The weak ®-function ¢ € ®,,(Q) satisfies (A2) if and only if it satisfies Equation (1.2).

Proof. We first show that Equation (1.2) is invariant under equivalence of ®-functions. We assume that ¢ satisfies
Equation (1.2) and take an equivalent function ¢ € ®,(Q) such that ¢ ~ 1) with constant L > 1. By Equation (1.2) of

¢’

P(x, %t) < @(x, Bt) < oy, 1) + h(x) + h(y) < P(y, Lt) + h(x) + h(y),

for p(y,t) € [0,0]. Denote t’ := Lt. If p(y,t") € [0, ], then (v, t) € [0, 0] and the previous inequality gives $(x, :%t’) <
Py, t") + h(x) + h(y), which is Equation (1.2) for %. By Lemma 2.2, (A2) is invariant under equivalence of weak
®-functions.

By Theorem 2.5.10 of [7], every weak ®-function is equivalent to a strong ®-function. Since both claims are invariant
under equivalence, and every ®-function is equivalent to a strong ®-function, it suffices to show the claim for ¢ € ®,(Q).
For a strong ®-function, the inverse is better behaved since ¢ is a surjection onto [0, o). Specifically, ¢(x, qo‘l(x, )=T1
for every T > 0 and ¢~ (x, p(x,t)) = t provided ¢(x, t) € (0, ) [7, Lemma 2.3.3 and Corollary 2.3.4].

Assume first that (A2) holds and ¢(y,t) € [0,0]. Let T := ¢(y,t). If T € (0, 0], then

B l(y, 1) < '(x, T+ h(x)+ h(y) & Bt<e (X, 0o, 1)+ h(x)+ h(y))
> o0, B) < p(x, 97 (x, 0, 1) + h(x) + h()))

< o(x,B1) < ey, 1) + h(x) + h(y)

and so Equation (1.2) holds. When 7 = 0, we denote ¢, := max{s > 0 : ¢(y,s) = 0}, so that ¢t € [0, ¢,]. Let t; \\ to. Then,
the previous argument applies to 7; := @(y,t;) € (0,c] and yields

p(x, Bt) < o(x, Bt;) < @y, ;) + h(X) + h(y) = h(x) + h(y),

where we used that ¢ is continuous. Also, in this case Equation (1.2) holds.
Assume conversely that Equation (1.2) holds and 7 € [0,0]. Let ¢ := ¢~ !(y, 7) so that ¢(y, t) = 7. If p(x, t) > 0, then

e(x, ) ey, ) + h(x) + h(y) = ¢ '(x,0(x,81) < ¢ (x,7 + h(x) + h(y))
& Be 'y, 1) <@ H(x, T+ h(x) + h(y))
If (x,Bt) =0and 7 = ¢(y,t) > 0, then
B~ l(y,7) = Bt < max{s > 0| p(x,s) = 0} < ¢~ 1(x, 7).

Finally, if 7 = 0, then (A2) automatically holds since the left-hand side in the (A2)-inequality equals zero. In all cases, (A2)
follows from Equation (1.2). O
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2.1 | OTHER RESULTS

Next, we collect conditions that are equivalent with (A2). The starting point of this paper was the observation that Equa-
tions (1.1) and (1.2) are not equivalent. However, the following theorem shows that this can be remedied by some additional
assumptions. We define one more auxiliary condition: for every ¢ > 0, there exist 8 € (0,1] and h € L}(Q) n L®(Q) such
that, for a.e. x,y € Q,

Be~ (x, max{r, h(x) + h(y)}) < ¢~ '(y, max{r, h(x) + h(y)}) when 7€ [0,0]. (3.1
Note also that Lemma 2.4, which used the next theorem, is not involved in the next proof.

Theorem 3.2. Let ¢ € ©4,(Q). The following are equivalent:

(D o satisfies (A2).

(2) o satisfies Equation (1.2).

(3) o satisfies Equation (3.1).

(4) o satisfies Equation (1.1) for h with ||h||s < %
(5) @ satisfies Equation (1.1) and (AO).

Proof. From Lemma 2.5, we have equivalence between (1) and (2). The implication from (4) to (2) follows from the proof
of the [7, Lemma 4.2.5], since the additional assumption ||h]|o < % ensures that [h(x) + h(y), o] is non-empty for a.e.
x,y € Q. We conclude the proof by showing that (1) = (3) = (4) and (4) < (5).

First, we show that (1) implies (3). Let ¥ : = max{t, h(x) + h(y)}. Since ¢ satisfies (aInc);, ¢! satisfies (aDec); by
Proposition 2.3.7 of [7]. Hence

P (Y, T+ h(x) + h(y) < 7' (¥, 27) < 2a9p7 1y, ) < 2a9p (¥, T + h(x) + h(Y)).

Thus, (A2) is equivalent with

Be~l(x,0) < o7y, )

for almost every x,y € Q and every 7 € [0, ¢]. To obtain (3), we need to also show that Bo~!(x, h(x) + h(y)) < ¢~ (y, %)
with possibly different 8 > 0. If h(x) + h(y) € (0, o], then we can use the previous inequality with 7 = h(x) + h(y) and
obtain

B (x, h(x) + h(»)) < 7 (¥, h(x) + h(»)) < ¢ 1(1, ).

If h(x) + h(y) € (0, ), then we use (aDec); for ¢!, and (A2) with 7 = ¢ to conclude
B~ (x, h(x) + h(3)) < 2(h(x) + hO)) e (x,9) < Zllhll 972, 0).

Since o < h(x) + h(y) < 7, (3) follows.
Next, we show that (3) implies (4). For o > 0, let 8 € (0,1] and h € L'(Q) N L®(Q), h > 0, be from Equation (3.1).

If | h] o < % there is nothing to prove, so we consider ||h||o, > % We denote /1 : = 2“:” h and show that Equation (1.1)

holds with function /2 and some constant 3, which establishes (4). Let 7 € [a(x) + h(y), o] so that h(x) + h(y) < 2'”1%1. If
T > h(x) + h(y), then (4) follows from Equation (3.1). When t < h(x) + h(y), we use that ¢! is increasing, the inequality
(3.1) and (aDec), of ¢! to obtain that

h
89706, 7) < B (e, hC) + hOY) < 70, () + () < 20 o1y

Thus, (4) holds with § : = Mf:” .

85UB017 SUOWWIOD BAITeID) 8]qe! (dde 8y Aq peusenob ae Sspie YO ‘8Sn JO SNl J0j AreiqT 8UlUQ A8]1/M UO (SUONIPUOD-PUE-SWRIALICO" A3 1M AleIq | Bul[UO//SdnL) SUORIPUOD pue swie 1 8y} 89S *[¥20z/90/TT] Uo Ariqiiauliuo A8im ‘M Jo AIsIeAlun A 9TYO0EZ0Z UBW/ZOOT OT/I0P/Wo 48| im A Iq iUl |uO//Sty Woj pepeoumoq ‘0 ‘9T9ZZZST



HARJULEHTO ET AL. MATHEMATISCHE 7
NACHRICHTEN

It remains to show that (4) and (5) are equivalent. Assume first that (4) holds. Then, Equation (1.1) holds so we need
only establish (A0). We use Equation (1.1) with ¢ = 1 and || h||, < % for = 1 and find that

Be~t(x,1) < ¢7'(y,1)

for a.e. x,y € Q. Thus

Besssupgl(y,1) < ¢~ (x,1) < = essinf g (1, 1)
yeQ B yea

for a.e x € Q. Since qo‘l(x, 1) € (0, ), this implies that

0 < essinf p~!(y,1) < esssupp~1(y,1) < 0.
yeQ yeQ

Hence, (A0) holds with constant

yeQ

-1
B = B min {ess supp~t(y,1), <ess i(121f o 'y, 1)> }
ye

Assume finally that (5) holds, let 8 and h be from Equation (1.1) and define & := min{h, %}. We show that Equation (1.1)
holds with function / (and different 8), which gives (4). If h(x), h(y) < % then A(x) = h(x) and h(y) = h(y) and there is

nothing to show. Otherwise h(x) + h(y) > % so it suffices to prove the inequality from Equation (1.1) for all 7 € [%, al.
For this we use (aDec); and (A0):

max{1l, ac} max{l, 2—a}
g

p1(x,0) < max{l, adlg!(x,1) < T AT, ) ¢ »7 . 9).
52 ,32 2
~ ~ 2
Thus, Equation (1.1) holds with function / and constant 8 : = B O

max{l,ac} max{l,2a/c} ’

In Lemma 2.3, we showed that (AQ) implies (A2) in bounded sets and in the previous proposition we saw that (A2)
implies (AO) in any set. The next result shows that (A1) implies both of them.

Proposition 3.3. Let Q C R" be bounded. If p € ®,(Q) satisfies (Al), then it satisfies (A0) and (A2).

Proof. Let ¢ satisfy (Al). By Lemma 2.3, it suffices to show (A0). Since lim;_ ¢+ ¢(x,t) = 0 (by ¢ € ®,(Q2)), we obtain
from the definition of inverse that ¢~!(x,1) > 0 for a.e. x € Q. Since Q is precompact, we can cover it by finitely many
balls By, ..., B,,, of measure equal to 1. In each ball, we choose x; € Q N B; outside the exceptional set so (A1) implies that
B l(x;, )< o7y, 1) < %go‘l(xi, 1) for almost every y € B; N Q. Since there are only finitely many balls, we obtain that

1 1
- max ¢ (x;,1) < oo
..... 6ie{1,‘..,m}¢ (xi, 1)

for almost every y € Q, and hence (A0) holds. O

The previous result was inspired by Kamiriska and Zyluk’s recent study [12] of density of smooth functions in Sobolev
spaces (see also [3]), where they show that (AO) and (A2) are not needed for density, in contrast to earlier results like
Theorem 6.4.4 from [7]. Using Proposition 3.3, we can easily obtain the theorem without assuming (A0) and (A2). Similar
modifications can be done for the other results in [7, Section 6.4] and other results which are local in character.

Proposition 3.4. Let ¢ € @ (R") satisfy (A1) and (aDec), for some q > 1. Then, C;*(R") is dense in WLP(RM).
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Proof. Letu € Wh#(R") and ¢ € (0,1). By [7, Lemma 6.4.1], we may assume that u has compact support in R". Denote
Q :={x € R" | dist(x, supp u) < 1}. Then, Q is bounded and by Proposition 3.3, ¢ satisfies (A0), (A1), and (A2) in Q. Let
o, be a standard mollifier. Then, u * o, belongs to C°(€) and

V(u * o,) — Vu = (Vu) * g, — Vu.

Thus, the claim follows since || f * o, — fll;¢(q) = 0 as € — 0T for every f € L¥(Q) by [7, Theorem 4.4.7] and since the
norm [|ullzeq) + IVullze(q) is equivalent with [Jul|y1q) by [7, Lemma 6.1.5] (see [7, Definitions 3.2.1 and 6.1.2] for the
definition of the norms). O
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