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1. Introduction

In this paper, we study the closure of one-point sets in Ty-spaces and, in particular, in 7Tj-Alexandroff
spaces.

The Alexandroff spaces were first considered in 1937 by P. S. Alexandroff [1] under the name “Diskrete
Raiime”. The first systematic study of Alexandroff spaces was carried by F. G. Arenas [2] for the case of
arbitrary, not necessarily Tp-spaces. In the present paper we mainly consider the Ty-Alexandroff spaces
which were studied, for example, in [3].

Some results connected with Ty-spaces can be found in [4-10]. In particular, book [5] contains useful infor-
mation on quasi-metrics and Ty-spaces generated by them. The Ty-quasi-metric spaces were also considered
by authors of [11-14].
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It was proved by Zbigniew Karno [15] that a topological space satisfies the Tp-separation axiom if and
only if any two distinct points of this space have distinct closures. Using this fact we describe in Theorem 3.1
the necessary and sufficient conditions under which a mapping X — 2% can be extended to the closure
operator in some Tp-space (X, 7). Theorem 3.1 also shows that the extension of X — 2% to the closure
operator in Ty-topology on X is possible if and only if such extension exists in Ty-Alexandroff topology on
X.

In Theorem 3.3 it is shown that every Ty-Alexandroff space is quasi-metrizable by some equidistant
quasi-metric.

2. Preliminaries
Let us recall a method of generating topologies by closure operator. In what follows the symbol cl(A)

denotes the closure of a set A C X in a topological space (X, 7) and we write 2% for the set of all subsets
of a set X.

Theorem 2.1. Let X be a set and let a mapping cl: 2% — 2X satisfy the conditions:

(1) (@) =@,

(c2) ACcl(A),

(c3) cl(cl(A)) = cl(A),

(cq) cl(AUB) =cl(A)Ucl(B)

for all A, B C X. Then there exists a topology 7 on X such that
(A) = cl, (4) 1)
for each A C X.
For the proof see, for example, Proposition 1.2.7 in [16].

Remark 2.2. The topology 7 satisfying (1) for each A C X is unique, because any two topologies coincide
if their closed sets are the same. Since the closure operator ¢l = cl, satisfies conditions (¢;)—(c4) for every
topological space (X, 7), each topology on X can be generated using the method described in Theorem 2.1.

Definition 2.3. A topological space (X, ) is said to be Tp-space if for any two distinct points z, y € X there
exists an open set O € 7 such that either

z€Oandye X\O
or
€ X\Oandye€O.
Remark 2.4. Alexandroff and Hopf call Tj-topological spaces Kolmogorov spaces [17, p. 58].
The next proposition gives us an equivalent reformulation of Definition 2.3.

Proposition 2.5. The following statements are equivalent for every topological space (X, T):

(1) (X,7) is a Tp-space.
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(#9) For any two distinct points x, y € X we have

L, ({2}) # el ({y}).

=

For the proof of Proposition 2.5 see paper [15].

Definition 2.6. A topological space (X, 7) is called the Alexandroff space if the intersection of arbitrary
family of open subsets of (X, 7) is open.

The following proposition is a simple consequence of Definition 2.6.

Proposition 2.7. A topological space (X, 7) is an Alexandroff space if and only if the union of arbitrary family
of closed subsets of (X, 1) is closed.

The next result seems to be known, but the authors cannot give a precise reference here.

Proposition 2.8. Let (X, 7) be a topological space. Then the equality

ol (4) = | J b, ({a}) (2)

z€A

holds for every nonempty A C X if and only if (X, 7) is an Alexandroff space.

Proof. Suppose that (X,7) is an Alexandroff space. Let A be a nonempty subset of X. We must prove
that (2) holds. By Proposition 2.7, the union of arbitrary family of closed subsets of (X, 7) is closed. Hence,
the set Uyea cl-({x}) is closed in (X, 7).

The closure cl;(A) is the smallest closed set containing the set A. Thus,

cl-(4) ¢ [ el-({z}) 3)

z€EA

holds, because A C Uzea cly({x}). Theorem 2.1 implies the inclusion
cl;(B) Ccl.(A) (4)

for every B C A. Indeed, if B C A holds, then we have the equality A U B = A. The last equality and
condition (c¢4) of Theorem 2.1 give us

cl;(A) =cl.(AUB) =cl.(A)Ucl.(B) 2 cl(B),
that implies (4). Consequently, we have
. ({}) € el ()

for each z € A because {z} C A holds whenever = € A. Thus,

U elefah) € clo(4) (5)

T€A

holds. Equality (2) follows from (3) and (5).
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Suppose that (2) holds for every nonempty A C X and let {A4;};c; be a family of nonempty closed
subsets of (X, 7). Write

jeJ
Then A; = cl.(4;) for all j € J and we have
B=J4 =M@= | U Wz} | = J -({z}) = cl-(B).
jeJ jed jeJ \z€4; z€B
Hence, B is closed and, consequently, (X, 7) is an Alexandroff space by Proposition 2.7. O
Proposition 2.8 and Remark 2.2 imply the following corollary.

Corollary 2.9. Let (X,71) and (X, 72) be Alexandroff spaces. Then the topologies T1 and T2 coincide if and
only if the equality

cl-, ({z}) = clr,({z})
holds for each x € X.

Let us recall now the concept of quasi-metric space. The following definition is a special case of Defini-
tion 6.1.1 from [5].

Definition 2.10. Let X be a set. A mapping d: X x X — R™ is said to be a quasi-metric on X if the following
conditions hold:

(¢1) d(z,x) =0 for every z € X;
(c2) (Triangle inequality)

d(x,y) < d(z, 2) + d(2,y)

for all z, y, z € X
(c3) d(z,y) = d(y,z) =0 implies z = y for all z, y € X.

A set X with a quasi-metric d: X x X — R™ is said to be a quasi-metric space and the quantity d(x,y) is
called the distance from z to y.

In general, the quasi-metrics are not symmetric that allows us to distinguish between the distances d(x, y)
and d(y, x).
Similarly to the usual metric spaces we can define the open balls in all quasi-metric spaces.

Definition 2.11. Let d be a quasi-metric on a set X. The open ball with center z € X and radius r € (0, 00)
is the set of all points y € X such that d(z,y) < r.

The open ball topology O on X is, by definition, the topology generated by the set of all open balls of
the quasi-metric space (X, d). The set of all open balls of a quasi-metric space (X,d) forms a base of the
topology O%.
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Definition 2.12. A topological space (X, 7) is quasi-metrizable if there is a quasi-metric d: X x X — RT
such that 7 = O%.

The following proposition directly follows from Lemma 6.1.9 of [5].
Proposition 2.13. Let (X, 1) be a quasi-metrizable topological space. Then (X, 1) is a Tp-space.
The closure of subsets of quasi-metric spaces can be described as follows.

Proposition 2.14. Let A be a nonempty subset of a quasi-metric space (X,d), let x € X, and let

d(xz, A) := inlf4 d(z,a). (6)

a€c

Then the closure of the set A in the topological space (X,0%) coincides with the set of all points x of X
which satisfy the equality

d(z,A) = 0. (7)
For the proof, see Lemma 6.1.11 of [5].
Corollary 2.15. Let p be a point of a quasi-metric space (X,d). Then the equality
cloa({p}) ={z € X: d(x,p) = 0}
holds.

Proof. Tt follows from (6) and (7) with A = {p}. O

Following [18, p. 46], we say that a metric space (X,d) is equidistant if there exists ¢ > 0 such that
d(z,y) =t for all distinct z, y € X. By analogy with equidistant metrics we can introduce the concept of
equidistant quasi-metric.

Definition 2.16. Let (X, d) be a quasi-metric space. The quasi-metric d is equidistant if there exists ¢ > 0
such that d(z,y) =t whenever d(x,y) # 0.

Remark 2.17. Some results closely connected with equidistant metrics and their pseudometric generalization
can be found in [19-23].

3. The closure of points in Tp-spaces and Alexandroff Ty-spaces

In what follows we denote by 7¢(X) the set of all Ty-topologies on a given set X.
Let X be an arbitrary set. The following theorem gives us necessary and sufficient conditions under which
the mapping X — 2% can be extended to a closure operator 2%X — 2% in a Ty-space (X, 7).

Theorem 3.1. Let X be a nonempty set and let cly: X — 2% be a mapping. Then the following statements
are equivalent:

(i) There exists T € To(X) such that the equality
cl-({z}) = ch(z) (®)

holds for each x € X.
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(ii) The mapping cly: X — 2% is injective, and the membership relation
x € cli(x)
is valid for each x € X, and the inclusion
cli(y) Ccly(z)

holds for every x € X and every y € cly(z).

(10)

(2ii) There exists the unique Alexandroff topology T € To(X) such that the equality cl; ({z}) = cli(x) holds

for each x € X.

Proof. (i) = (ii). Let (i) hold. Equality (8) and Proposition 2.5 imply that the mapping cl;: X — 2% is

injective. Moreover, condition (¢s) of Theorem 2.1 implies that (9) holds for each z € X.
Let us consider now arbitrary points z € X and

y € cly(x).
Relation (11) and equality (8) give us the inclusion
{y} € ch(z) = cl-({z}).
Condition (c4) of Theorem 2.1 with cl = cl, implies
el (4) C el (B)
whenever A C B. Using (12) with A = {y} and B = cl,({z}) we obtain

cl-({y}) € clr(cl-({2}))-

The last inclusion and condition (c3) of Theorem 2.1 imply

cl-({y}) € clr({x}).

Now (10) follows from statement (7) and inclusion (13). Thus, the implication (i) = (ii) is valid.

(ii) = (iii). Let (ii) hold. For every A C X we define a mapping cl: 2% — 2% as

1( ) ‘17 if A= I,
C A =
Uzeacli(z), otherwise.

We claim that there is a topology 7 on X such that
cl;(4) =cl(A)

for every A C X. To prove this claim we will use Theorem 2.1.

(13)

(15)

First of all we note that conditions (¢;) and (c¢4) of Theorem 2.1 directly follow from (14). In addition,

using (9) and (14) we obtain the inclusion
A Ccl(A)

for every A C X. Thus, condition (¢5) of Theorem 2.1 is also satisfied.
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It remains to check that condition (c3) of Theorem 2.1 is satisfied. To do this, we need to prove the
equality

cl(cl(A)) = cl(A) (16)

for arbitrary A C X.

If A is empty, then (16) directly follows from the equality cl(@) = & which was proved above.

Let us consider the case when A # @. From (10) and (14) it follows that for each y € cl(A) there exists
x, € A such that y € cly(zy) and cli(y) C cli(zy). Hence, we obtain the inclusion cly(y) C cl(A) for each
y € cl(A). Since A C cl(A), we have

d(d)=Jeh(@) € |J ch(x)=cl(cl(A))

€A z€cl(A)
= |J chwc [J d4)=cl(A).
y€Ecl(A) y€Ecl(A)

Equality (16) follows for arbitrary A C X.
Consequently, by Theorem 2.1, there exists a topology 7 on X such that (15) holds for each A C X.
Let us prove that 7 € 79(X). Using equality (14) for A = {z} it is easy to see that (8) holds for every
x € X. Hence, the membership relation

T € To(X)

follows from (8) by Proposition 2.5 because cl; : X — 2% is injective by statement (i7).

Equalities (14), (15) and Proposition 2.8 imply that (X, 7) is an Alexandroff space. The uniqueness of
Alexandroff topology in the set of all Ty-topologies which satisfy (8) for each x € X follows from Corol-
lary 2.9.

(771) = (7). This implication is evidently valid.

The proof is completed. O

Let 7 and 75 be topologies on a set X. If the inclusion 71 C 75 holds, then the topology 75 is said to be
larger (or finer) than 7.

Proposition 3.2. Let X be a nonempty set, (X,74) be an Alexandroff topological space and let T € To(X).
If the equality

e, ({2}) = el ({x}) (17)

holds for every x € X, then 74 is finer than T,

T C 74 (18)

Proof. Let (17) hold for every x € X. We must prove that inclusion (18) holds.
To prove inclusion (18) it suffices to show that every closed subset of X in (X, 7) is also closed in the
space (X, 74),

cl,a(S) = 8. (19)
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Let S be an arbitrary closed subset of X in (X, 1),
cl(S) = 5. (20)
Then condition (c4) of Theorem 2.1 implies the inclusion
L, ({2}) € cl,(8)

for every z € S. Now using equality (17) and equality (2) with A =S and 7 = 74 we obtain

clra(8) = J cyalfz}) = | ol ({a}). (21)

zeS zeS

Inclusion cl,({z}) C cl.(S), x € S, and equalities (20) and (21) give us
clya(S)CS.
The converse inclusion follows from condition (c2) of Theorem 2.1 with ¢l = cl,a. Equality (19) follows. O
The next theorem is the second main result of the paper.

Theorem 3.3. Let (X, 7) be a topological space. Then the following statements are equivalent:

(i) The space (X,T) is quasi-metrizable by equidistant quasi-metric d: X x X — R™T.
(1) The space (X, 1) is a Ty-Alexandroff space.

Proof. (i) = (ii). Let (i) hold. Then there is an equidistant quasi-metric d: X x X — R* such that 7 = O<.
The topological space (X, 0%) is a Ty-space by Proposition 2.13. Hence, (X, 7) is also a Tp-space. Thus, to
prove statement (i) it suffices to show that (X, 7) is an Alexandroff space.

Proposition 2.8 implies that (X, 7) is an Alexandroff space if the equality

el (4) = | b, ({a})

a€A

holds for every nonempty A C X.
Let us consider an arbitrary nonempty subset A C X. The equality 7 = O¢ and Proposition 2.14 give us
the equality

cl (A) = {x € X: ;Iégd(x,A) = 0} .

Thus, we must prove the equality

U d-({a}) = {x € X: inf d(z, A) = o} . (22)

a€A

To prove equality (22) we first note that Corollary 2.15 and the equality 7 = O% imply
cl.({a}) ={z € X: d(z,A) =0} (23)

for every a € A. Consequently, the inclusion
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U e-({a}) € {x € X: inf d(x, A) = o}

acA

holds. Hence, (22) is valid if we have

U cl-({a}) 2 {.73 €eX: ;Ielg d(z,A) = O} . (24)

acA

Suppose the contrary that there is 2o € X such that
o ¢ clr ({a})

for every a € A. Then, using Definition 2.16 and equality (23), we can find ¢ € (0, 00) such that
d(zg,a) =1t

for all @ € A. It implies

inf d(z¢, A) =t > 0.

a€A

Thus, if we have

zo ¢ | el ({a}),

acA

then the relation
xo ¢ {x €X: gggd(ac,A) = 0}

holds and inclusion (24) follows. Hence, (X, 1) is a Tp-Alexandroff space.
(ii) = (i). Let (X, 7) be a Ty-Alexandroff space. Let us define a mapping d: X x X — R™ as

1 otherwise.

d(z.y) = {O if x € cl,({y}),

We claim that d: X x X — R" is an equidistant quasi-metric and that O% = 7 holds.

The mapping d is a quasi-metric on X iff conditions (¢1)—(c3) of Definition 2.10 are satisfied.

Since x belongs to cl,({z}) for each x € X, condition (¢;) of Definition 2.10 follows from (25).

Let us prove the validity of (¢5) (the triangle inequality). Suppose the contrary that there are x, y, z € X
such that

d(z,y) > d(z,z) + d(z,9). (26)
Then using (25) and (26) we obtain
d(z,y) =1 and d(z,2) = d(z,y) = 0,
that implies

z & cl-({y}) (27)
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and

xz € cl;({z}), z € cl,({y})- (28)

Membership relations (28) and Theorem 2.1 give us

clr({z}) C clr(cl-({z})) = cl-({2})

and

clr({z}) C el (cl-({y})) = el-({y}),

that implies

cl-({z}) € cl-({y}). (29)

Inclusion (29) and the membership relation x € cl,({z}) imply

€ cl-({y}),

contrary to (27). Thus, the triangle inequality holds for all z, y, z € X.
Let us prove condition (c3) of Definition 2.10. Let # and y be points of X such that

d(z,y) =d(y,z) = 0.

Then

x €cl,({y}) and y € cl.({z})

hold by (25). Since (X, ) is a Tp-space by statement (ii), we have the equality © = y by Proposition 2.5.
Thus, condition (c3) of Definition 2.10 is valid.

Hence, the mapping d defined by formula (25) is a quasi-metric on X.

To complete the proof we must show that the equality

ol=r (30)

holds.

It is trivially valid that the topological space (X, 0%) is quasi-metrizable by equidistant quasi-metric d.
Moreover, it was proved in the first part of the proof that the implication (i) = (i7) is true. Consequently,
(X,0%) is a Tp-Alexandroff space. Equality (25) and Corollary 2.15 give us the equality

c-({z}) = cloa({z}). (31)

for each = € X. Now (30) follows from (31) and Corollary 2.9.
The proof is completed. O

Let X be a given set and let 71 and 75 be two Ty-topologies on X. We will write 71 ~ 75 if and only if
the equality

clr, ({2}) = clr, ({})



O. Dovgoshey, R. Shanin / Topology and its Applications 382 (2026) 109756 11

holds for each € X. Then = is an equivalence relation on the set 7¢(X) of all Ty-topologies on X. The
quotient set of 7¢(X) with respect to the relation = is the set {[7*]~: 7 € 7¢(X)} of all equivalence classes
[7*]~, where

[T i={r€T0(X): 7= 7"}
Theorem 3.1, Proposition 3.2 and Theorem 3.3 imply the following corollary.

Corollary 3.4. Let X be a set. Then the following statements hold for every 7 € To(X):

(i) There exists the unique Alexandroff topology T such that 71 € [T*]~.
(13) There exists the unique topology o € [T*|~ such that T C 1o for every T € [T*]~.
(73i) There exists the unique topology T3 € [T*|~ such that (X,73) is quasi-metrizable by equidistant quasi-
metric.

Furthermore, the topologies 11, To and T3 are the same.
Let us consider now two examples of the quotient sets [7%].

Example 3.5. Let X be a finite set. Then all quotient sets [7*]~ of the set 7(X) are singletons, i.e., the
equality

(7] = {7} (32)

holds for every 7* € 7((X). To prove (32) we only note that every topology on finite set X is an Alexandroff
topology by Definition 2.6, because an arbitrary set of subsets of X is also finite. Hence, (32) follows from
Corollary 3.4.

Example 3.6. Let X be a set and let 71(X) and 72(X) be the set of all Frechet topologies on X and,
respectively, the set of all Hausdorff topologies on X. If 7* is an Hausdorff topology on X, then the equality

[M]x = T2(X) (33)
holds. Moreover, the unique Alexandroff topology 71 € [7*]~, which exists by Corollary 3.4, is metrizable
by equidistant metric on X. To prove equality (33) and metrizability of 71 by equidistant metric we only
note that the inclusion
T2(X) € 71(X)

holds and that every singleton {z}, z € X, is a closed subset of (X, 7) for each 7 € 71(X).
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