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ABSTRACT

We will say that an infinite tree T is almost a ray if T' is the union of a ray and
a finite tree. Let | be a non-degenerate labeling of the vertex set V of almost
aray T and let d; be the corresponding ultrametric on V. It is shown that the
ultrametric space (V,d;) is totally bounded iff this space contains an infinite
totally bounded subspace. We also prove that the last property characterizes
the almost rays.
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1. INTRODUCTION

In 2001, I. M. Gelfand raised the following problem: Describe, up to isometry, all finite ultra-
metric spaces using graph theory [36]. A representation of these spaces by monotone trees was

found by V. Gurvich and M. Vyalyi in [32]. A simple geometric interpretation of Gurvich—Vyalyi
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representing trees was obtained in [40]. This allows us to use the Gurvich—Vyalyi representa-
tion in various problems associated with finite ultrametric spaces. In particular, it gives a
graph-theoretic interpretation of the Gomory-Hu inequality [26] and characterization of finite
ultrametric spaces of maximal rigidity [27]. Extremal properties of finite ultrametric spaces
having strictly n-ary representing trees have been described in [25].

The Gurvich—Vyalyi trees form a subclass of finite trees endowed with vertex labeling. J. Gal-
lian writes in [30] that over 200 graph labelings techniques have been studied in over 2800 paper
during the past 50 years. We only note that, in almost all studies of trees with labeled vertices,
it is assumed that the trees are finite. The infinite trees endowed with positive edge labelings are
known as R-trees [1]. Some interrelations between finite subtrees of R-trees and Gurvich—Vyalyi
trees are found in [20].

Motivated by above mentioned results and some interconnections between topological and
combinatorial properties of infinite graphs [3, 4, 5, 11, 12, 13, 15, 16, 17, 18, 19, 23, 24] Mehmet
Kiigiikaslan and the first author of the paper introduced in return the ultrametric spaces gener-
ated by vertex labelings of infinite trees [22].

Below we present connections between the combinatorial properties of infinite trees and the
metric properties of ultrametric spaces generated by labeling the vertices on these trees. In
particular, we show that infinite trees 1" that are almost rays are completely characterized by
special properties of the totally bounded ultrametric spaces generated by vertex labelings on T

In what follows, we denote by R™ the half-open interval [0, 0o).

A metric on a set X is a function d: X x X — RT such that for all z, y, 2 € X

(1) d(x,y) = d(y, ),
(2) (d(z,y) =0) & (z =vy),
(3) d(z,y) < d(z,2) +d(z,y).

A metric space (X, d) is ultrametric if the strong triangle inequality
d(z,y) < max{d(zx, z),d(z,y)}
holds for all x, y, z € X. In this case, the function d is called an ultrametric on X.
Definition 1.1. A labeled tree is a tree in which each vertex is assigned a single label.

Below we will consider only the non-negative real-valued vertex labelings defined on arbitrary

finite or infinite trees.
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Let T = T(l) be a labeled tree with labeling I: V(T) — R*. Following [20], we define a
mapping d;: V(T) x V(T) — R as
0, ifu=w,
di(u,v) = 1.1
t(u:v) max [(w), otherwise, 1)
weV (P)

where P is the path joining v and v in T'.

Theorem 1.2 ([22]). Let T = T(l) be a labeled tree. Then the function d; is an ultrametric on
V(T) if and only if the inequality

max{l(u),l(v)} >0 (1.2)
holds for every edge {u,v} of T.

We will say that a labeling [: V(T) — R* is non-degenerate if (1.2) is valid for every edge
{u,v} of T.

Definition 1.3. Let T be a tree and let A be a nonempty subset of V(7T'). A subtree H4 of the
tree T is the convex hull of A if A C V(H,) and, for every subtree T of T, the tree Hy4 is a
subtree of T* whenever A C V (T™).

Remark 1.4. Tt should be noted that the convex hull of A exists and is unique for any nonempty
A CV(T) (see Lemma 2.6 in the next section of the paper). The concept of the convex hull is
well-known and studied by various mathematicians at least for the case of finite graphs [6, 7, 8,
10, 29, 31, 33, 35, 38].

The following conjecture was formulated in [22].

Conjecture 1.5. Let T be a tree and let (up)nen be a sequence of distinct vertices of T'. Then,

the following conditions are equivalent:

(1) The convex hull of the range set of (un)nen is almost a ray.
(2) For every non-degenerate 1: V(T) — RT, the existence of a Cauchy subsequence of
(un)nen in (V(T),d;) implies that (un)nen is also a Cauchy sequence in (V(T),d;).

The next result provided the starting point for Conjecture 1.5.

Proposition 1.6 ([22]). Let R = R(l) be a labeled ray, R = (v1,ve,...), with non-degenerate
labeling 1: V(R) — R*. Then the sequence (vpn)nen 8 a Cauchy sequence in (V(R),d;) if and

only if this sequence contains a subsequence which is Cauchy in (V(R),d;).
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The paper is organized as follows. Sections 2 and 3 contain necessary definitions and lemmas.
The main results are formulated and proven in Section 4. In particular, Theorem 4.1 shows that
Conjecture 1.5 is valid. The totally bounded ultrametric spaces generated by vertex labelings
of almost rays are characterized in Theorem 4.3, that is the second main result of the paper. In
Section 5 we formulate two conjectures describing the combinatorial properties of infinite trees

T for which the completion of (V(T'),d;) has exactly one accumulation point.

2. PRELIMINARIES. TREES

The simple graph is a pair (V, E') consisting of a nonempty set V' and a set E whose elements
are unordered pairs {u,v} of different points u, v € V. In what follows we will consider the
simple graphs only. For a graph G = (V, E), the sets V = V(G) and E = E(G) are called the set
of vertices and the set of edges, respectively. A graph G is finite if V(G) is a finite set. A graph
H is, by definition, a subgraph of a graph G if the inclusions V(H) C V(G) and E(H) C E(G)
are valid. In this case, we simply write H C G.

In what follows we will use the standard definitions of paths and cycles, see, for example, [14,
Section 1.3]. It should be noted here that we consider only those paths P that have at least two
vertices. A graph G is connected if for every two distinct u, v € V(Q) there is a path Plu,v] C G
joining v and v.

A connected graph without cycles is called a tree.

Let T be a tree containing at least two vertices and let v € V(7). In Section 4 of the paper
we will denote by T'— v the subgraph of T" induced by set V(7)) \ {v}. Thus

V(T —v) =V(T)\ {v}
and, for all uj,up € V(T —v),
({ur,u2} € B(T —v)) & ({u1,uz} € E(T))

hold.
Let v be a vertex of a graph G. The degree of v is the cardinal number degg(v) of the set of

all vertices of G which are adjacent to v.
Definition 2.1. A graph G is locally finite if deg(v) is finite for every vertex v € V(G).

An infinite graph R of the form

V(R) ={vi,v2...,Vn,Unt1,...}, B(R) = {{vi,v2},.. . {vn,vns1},...} (2.1)
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is called a ray [14]. It is clear that every ray is a tree. If R is a ray and (2.1) holds, then we
write R = (v1,vs,...) for simplicity.

If {G;: i € I} is a family of subgraphs of a graph G, then, by definition, the union |, ; G; is
a subgraph G* of G such that

il

V(G = JV(G) and E(G*)=|]E(G)).

i€l iel
Definition 2.2. A graph F is a forest if there is a family {7;: i € I} of trees T; C F such that
F:Uﬂ
i€l
and V(T;,) NV (T;,) = @ whenever i1 # i2. In this case we say that the trees T; are components
of the forest F.

Example 2.3. If T is a tree containing at least two vertices, then the graph T — v is a forest

for every v € V(7).

Definition 2.4. Let T be an infinite tree. Then T is almost a ray if there are a ray R C T and
a finite tree Ty C T such that

T=1TyUR.

Lemma 2.5 ([14, Proposition 8.2.1]). Ewvery infinite connected graph has a vertex of infinite

degree or contains a ray.
The following lemma is well-known for finite trees.

Lemma 2.6. Let T be a tree, let S C V(T'), card S > 2, and let H = Hg be the convex hull of
S of arbitrary order. Then the equality

H = | Plu,v] (2.2)
v

holds for each u € S.

Proof. Let u be an arbitrary point of S. Since the tree H is a subtree of T and S C V(H), the

inclusion

HD U Plu,v]

veS
v#U
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holds. Furthermore, the graph | Jves P[u,v] is a connected subgraph of T, and, consequently, it
vEU
is a subtree of T'. It is clear that

SCV UP[u,v] ,

veS
vFEU
hence we have
U Plu,v] O H
veES
v#U
by Definition 1.3. Equality (2.2) follows. O

3. PRELIMINARIES. TOTALLY BOUNDED ULTRAMETRIC SPACES
Let (X, d) be a metric space. An open ball with a radius v > 0 and a center ¢ € X is the set
By(c) ={r € X:d(c,x) <r}.
In what follows, we denote by Bx the set of all open balls in (X, d).

Definition 3.1. A metric space (X, d) is called totally bounded if for every r € (0,00) there is
a finite set {By(c1), ..., Br(cn)} € Bx such that

X =|JBi(a).
=1

Recall also that a sequence (zy)nen of points of a metric space (X, d) is a Cauchy sequence
iff
lim d(zn, zm) = 0. (3.1)

In the next known proposition (see, for example, [39, p. 4] or [9, Theorem 1.6, Statement

(13)]) we consider a comfortable “ultrametric modification” of the notion of a Cauchy sequence.

Proposition 3.2. Let (X,d) be an ultrametric space. A sequence (zp)nen of points of X is a

Cauchy sequence if and only if the limit relation
nhﬁnolo d(l)n, xn-i—l) =0

holds.
We will also use the following proposition. (See, for example, Theorem 7.8.2 in [41].)

Proposition 3.3. A subset A of a metric space (X,d) is totally bounded if and only if every

infinite sequence of points of A contains a Cauchy subsequence.
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An important subclass of totally bounded metric spaces is the class of compact metric spaces.

Definition 3.4. Let (X, d) be a metric space. A set A of X is compact if every family F C Bx
satisfying the inclusion
Ac | B

BeF
contains a finite subfamily Fy C F such that

AQUB.

BeFy

Remark 3.5. Some new properties of totally bounded ultrametric spaces and compact ones were
recently found in [2, 21, 22, 28, 34, 37].

The next proposition gives us a generalization of Proposition 1.6.

Proposition 3.6. Let R = (v1,vs,...) be a ray and let a labeling 1: V(R) — R be non-
degenerate. Let (up)nen be a sequence of points of V(R) such that

Up, F Uny (3.2)

whenever ny # ny. Then (up)nen s a Cauchy sequence in the ultrametric space (V(R),d;) iff

(Um)men is Cauchy in this space.

Proof. Let us find subsequences (v, )ken Of (Um)men and (un, )gen of (un)nen such that
Uy, = Un,, (3.3)

for every k € N.

Let us denote by U the range set of the sequence (up)nen,
U :={uy: n €N}
Then, using (3.2), we can define a bijection f,: U — N by the rule: If x € U and n € N then
(fulz) =n) & (un = z).
Similarly, using the equality
V(R) = {vm: m € N},
we define a bijective mapping f,: V(R) — N such that
(fo(z) =m) & (vm = 1)

whenever z € V(R) and m € N.
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Notice that V(R) inherits a well-order 3 from N = {1,2,...,n,n+1,...} as follows. We have
that

x 3y if and only if f,(2) < f,(y)
for all z, y € V(R). Recall that every nonempty subset A of a well-ordered set has a unique

minimal element, which we denote by min< A. Now, we set n; = 1 and we define ng, my for

k > 2 by induction as follows:

nk = fu (mjm {UN\{u;: i < nk—l}}>
= o (7 £

Since U is infinite, the sequences (ng)reny and (my)ren are well-defined and strictly increasing.
Moreover, by construction,

Un,, = Upn,,
for all k£ € N, as desired.

Let us prove now that (u,)pen is Cauchy iff (v, )men is Cauchy.

Let (un)neny be a Cauchy sequence in (V(R),d;). It was shown above that there are subse-
quences (up, )ken and (vm, )ken of (un)nen and, respectively, of (vy,)men, such that (3.3) holds
for every k € N. Since every subsequence of a Cauchy sequence is also a Cauchy sequence,
(un, )ken is Cauchy. Now using equality (3.3) we see that (v, )ren is also a Cauchy sequence.
It implies that (v, )men is Cauchy by Proposition 1.6.

Suppose now that (v, )men is a Cauchy sequence. We must show that (uy,)nen is Cauchy. To
do this it is enough, by Proposition 3.2, to prove the equality

nh_)rgo d;(Up, Uns1) = 0. (3.4)

Let us define a number m,, € N as

My = fo(tn)
for each n € N, where f* is the mapping

U vr) N
such that id(z) = z for every x € U. Then equality (3.4) holds iff

nl;rréo di(Vmy s Vmnsy) = 0. (3.5)
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To prove the last equality we note that

nlLIEO My, = 00 (3.6)

because f; is injective and (3.2) holds whenever n; = ngy. Limit relation (3.6) implies
nle%IEOO Mpt1 = 00. (3.7)

Now using the definition of Cauchy sequences (see (3.1)) we obtain

111_)%10 di(vp,vg) = 0.

q— 00
The last equality with p = m,, and ¢ = my,41, (3.7) and (3.6) imply (3.5). The proof is
completed. O

Remark 3.7. The first part of the above proof was proposed by one of the reviewers of the paper.
We conclude this section by following

Lemma 3.8. Let T = T(l) be a labeled tree with non-degenerate labeling. If the ultrametric
space (V(T),d;) is totally bounded, then the set V(T is at most countable.

For the proof see Corollary 6 in [22].

4. MAIN RESULTS

The following theorem shows that Conjecture 1.5 is valid.

Theorem 4.1. Let T be a tree and suppose that (un)nen is a sequence of distinct vertices in T .

Let H be the convex hull of {u,: n € N}. The following conditions are equivalent:

(1) H is almost a ray.
(11) For every non-degenerate I: V(T) — RT, the existence of a Cauchy subsequence of the
sequence (Up)nen implies that (up)nen s also Cauchy in (V(T),d;).

Proof. (i) = (ii). Let H be the union of a ray R = (vy,v2,...) with a finite tree T°,
H=RUT",

and let [: V(T) — R™ be a non-degenerate labeling. Suppose that a subsequence (uy, )ren of
the sequence (uy)nen is a Cauchy sequence in the space (V(7T'),d;), where the ultrametric d; is
defined by (1.1). We must show that (uy)nen is also Cauchy in (V(T'),d;). To do this, we will
consider the restrictions [y and [gr of the labeling [ on the sets V(H) and V(R) respectively.
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Using Lemma 2.6 and Theorem 1.2 we see that the function d;,,: V(H) x V(H) — R" defined
as in (1.1) is an ultrametric on V(H) and, that the equality

dl(.ﬁC,y) = le (x7y) (41)

holds for all z,y € V(H). Thus it suffices to show that (u,)nen is a Cauchy sequence in
(V(H),dy,). Using (4.1) we see that (uy, )gen is Cauchy in (V(H),d,, ). Since TV is finite, we
have

up € V(R) and wu,, € V(R)
if n and k are large enough. Consequently there is 19 € N such that the range sets of the tails
(Un+tro)nen and (un,,, Jren are subsets of V(R).

Using (1.1) and Definition 2.4 we obtain the equality

le(ZL‘,y) = le(SL',y) (42)

for all z,y € V(R). Consequently (up)nen is Cauchy in (V(H),d;,,) if and only if (tnyry)nen is
Cauchy in (V/(R), d;,). Furthermore, using (4.2) we see that (up,,, )ken is a Cauchy sequence in
(V(R),d;,,). Hence, by Proposition 3.6, the sequence (vy,)nen is a Cauchy sequence in (V(R), d;).
The last statement and Proposition 3.6 imply that (u,4ry)nen is Cauchy in (V(R),d;,,).

It follows that (u,)nen is Cauchy as required.

(19) = (i). Supposing that H is not a union of a ray with some finite tree, we will show that
(74) does not hold. Using Lemma 2.5 we see that the following cases are possible.

Case 1. H has a vertex u of infinite degree.

Case 2. H has aray R = (v1,v2,...).

Case 2.1. H DO R and the set

S :={up:neN}\V(R) (4.3)

is finite.
Case 2.2. H O R and S is infinite.
Case 2.2.1. H D R, S and and the set

I:={u,:neN}NV(R) (4.4)

are infinite.
Case 2.2.2. H D R, S is infinite and [ is finite.
Thus, the structure of the proof of the validity of (i) = (i) can be represented by Figure 1.
Case 1. H has a vertex u of infinite degree. Lemma 2.6 implies that the vertex set V(H) is

countable. Since H is a tree with countable V(H), the graph H — u is a forest consisting of a
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H is not almost a ray

— T

Case 1 Case 2
Case 2.‘1/ \éase 2.2
Case 2.2{ \Q;se 2.2.2
Figure 1.

The structure of the proof of the second part of Theorem 4.1.

countable set {17, Ty, ...} of components. Observe that each component T; has a vertex that is

an element of (uy)pen. Let us construct a non-degenerate labeling [: V(T') — R such that

0, if v=u,
I(v) =14 1, if v e V(Ty,) for some n € N, (4.5)
1, otherwise.
Let us define a sequence (ng)ren, n1 < ng < ..., recursively by setting

ny:=1 and ng:=min{i >ng_1:(u;) <1/k} for k>2.

By Proposition 3.2 the sequence (up, )ren is a Cauchy subsequence of (uy,)nen, since the inequal-
ity

1

k

holds for every k € N. It remains to note that (u,),en cannot be a Cauchy sequence in (V(T'), d;),

dl (unk 9 unk+1 ) <

since, by (4.5), there are infinitely many n € N such that
lup) =1

holds. This proves that (i) does not hold.
Case 2.1. If S is finite, then the convex hull of the set S U {v;} is a finite subtree H! of the

tree H. Since

v €V(R)NV(H),
the graph H' U R is a connected subgraph of the tree H and, consequently it is a subtree of H.
The set {u,: n € N} is a subset of V(R) UV (H'). Hence

H'URDH (4.6)
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holds by Definition 1.3. Now using (4.6) and
HDOH! HDR
we obtain the equality
H=H'UR.
Thus, H is almost a ray contrary to the supposition.

Case 2.2.1. Let us construct a non-degenerate labeling [: V(T') — R such that

n?

l(v) =

{ L if v=wv, forsome mn€N, (@)

1, otherwise.

Since S is infinite, there are infinitely many k € N such that

l(uk) =1,

0 (un)nen is not Cauchy in the space (V(T'),d;). Using (4.7) it is easy to see that the sequence
(Un)nen is a Cauchy sequence in (V(T'),d;). Since I is infinite, there is an infinite subsequence

(un,, )ken of the sequence (up)nen satisfying the inclusion
{tun, : k € N} CV(R).

We claim that (uy, )ren is Cauchy in (V(T),d;).
Let I be a restriction of the labeling [: V(T') — R™ on the set V(R), where [ is determined
by formula (4.7). Then (1.1) implies the equality

di(z,y) = dip (2, y)

for all z,y € R. Hence it suffices to show that (un,)ren is a Cauchy sequence in (V(R),d;,,)
which follows directly from Proposition 3.6.
Case 2.2.2. Since [ is finite, there is ng € N such that

{un: n € N} N {vptn,: n € N} = 2.
Thus there is a ray R* = (v}, v3,...) such that R* C H and
{up: neN}NV(R") = @. (4.8)

See Figure 2 below for an example of a sequence (uy,)nen satisfying (4.8).
Let (degg(v)))nen be the sequence of degrees of vertices of R*. We claim that there is an

infinite subsequence (deg (v;,, ))ken of the sequence (degy (vy,))nen such that ny > 2 and

deggy(v,) > 3 (4.9)
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Un4-1 Un+-2

Figure 2.
The tree H is the convex hull of the set {u,: n € N}.

for every k € N.
Suppose to the contrary that

degy(vy) < 2 (4.10)
holds whenever n > ny > 2, where n; € N is a given number. Since the equality

degp-(vy) = 2
holds for every natural n > 2, inequality (4.10) and R* C H imply that

degys (v5) = 2

holds for every n > ni. Consequently the graph H — vy, is a forest consisting a tree 71 and the
ray R = (vy,, 11,V 19, +);

H—v, =T URj. (4.11)
Since V(R}) C V(R*) holds, equality (4.8) implies
{un:mn e N}NV(R") = 2. (4.12)

Moreover, using (4.8) we obtain

Uy, & {un: n € N} (4.13)
It follows from (4.11)—(4.13) that

{un: n e N} CV(T).
Hence the convex hull H satisfies the inclusion
HCT

by Definition 1.3, which contradicts equality (4.11). Thus inequality (4.9) holds for every k € N.
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The forest H—wv;; contains exactly degy (v;, ) components. By (4.9), among these components

there are trees T,/ and T), such that
vp €T and vy €T, . (4.14)
Using condition (4.9) we see that the set
Vo =V (H —v; )\ (V(T,0)UV(T,)) (4.15)

is nonempty,

Vo, # 2. (4.16)

Let us construct a non-degenerate labeling [: V(T') — R* such that

( %, v=uv} forsome n €N,
l(v) = nik, if veV, and kiseven, (4.17)
1, otherwise.

Since
Vi, N V(R") =2
holds for every k € N and, in addition,
Vig, "V, =@ (4.18)

whenever ki # ko, the labeling [ is correctly defined.
It follows from (4.15)—(4.16) that the set

Wi :={up: n e N} NV,
is nonempty for every k € N. In particular if £ is an odd number, then (4.17) implies
l(v)=1 (4.19)

for every v € Wj. Now using (4.18) and (4.19) it is easy to prove that (up)nen is not Cauchy
in the ultrametric space (V(T'),d;). Let us consider now some distinct even numbers k; and k.
Then using (4.17) and (4.18) we obtain
di(w1,we) = di(vy,, v, )= max {1, 1} :
! 2 Ny My
Consequently the sequence (uy,),en contains an infinite Cauchy subsequence. Thus (i7) does not
hold.
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The proof is completed. O

Analyzing the second part of the proof of Theorem 4.1 we obtain the following.

Corollary 4.2. Let T be a tree, (un)nen be a sequence of distinct vertices of T, and let H be
the convex hull of {u,: n € N}. If H is not almost a ray, then there is a non-degenerate labeling

[: V(T) — R such that the sequence (up)nen has a Cauchy subsequence but the set
{veV(E): l(v)=1}
is infinite.
The next theorem is the second main result of the paper.

Theorem 4.3. Let T be an infinite tree. Then the following conditions are equivalent:

(1) T is almost a ray.
(11) For every mnon-degenerate labeling 1: V(T) — R™ the space (V(T),d;) is totally bounded
iff there is an infinite totally bounded A C V(T).

Proof. (i) => (i1). Let T be almost a ray, [: V(T) — RT be non-degenerate, and let A be an
infinite totally bounded subset of the space (V(T'),d;). We must show that (V(T'),d;) is totally
bounded.

Since T is almost a ray, the set V(7T') is countable and, consequently, the vertices of 7' can be

numbered in a sequence (uy)nen such that

Upy F Uny
whenever ni # ny. The equality
V(T) = {up: n € N} (4.20)

and Definition 1.3 imply that the tree T" is the convex hull of the set {u,: n € N}. Let us prove
now that (up)nen is a Cauchy sequence in (V(T'),d;). According to Theorem 4.1, for this it is
sufficient to find a Cauchy subsequence of the sequence (uy)pen-.

Since A is an infinite subset of V(T'), equality (4.20) implies that (up)nen contains a subse-
quence (un, )ken such that u,, € A for every k € N. Let us write for simplicity

up = Up,, kel

Since A is a totally bounded subset of (V(T),d;), the sequence (uj)ren contains a Cauchy
subsequence (UZZ)ZEN by Proposition 3.3. The sequence (UZZ)IGN also is a subsequence of (uy,)pen-

Thus (un)nen is a Cauchy sequence in (V(T'),d;) by Theorem 4.1.
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Let us consider now an arbitrary infinite sequence (vy)nen of points of (V(T),d;). To prove
that (V(T),d;) is totally bounded it is sufficient, by Proposition 3.3, to find a Cauchy sub-
sequence of (vp)nen. If the range set of (vp)nen is finite, then there is (vy, )ren such that
Uny, = Uny, for all k£ € N. It is clear that (vy, )ken is Cauchy. For the case of an infinite range
set of (vp)nen, the sequences (up)nen and (vy)neny have a common subsequence. It was proved
above that (up)nen is a Cauchy sequence. Consequently, their common subsequence also is
Cauchy as required.

(79) = (). Let condition (i7) hold. We must show that T is almost a ray. Using Lemma 2.5,
we can find an infinite subtree Tj of the tree T' and a non-degenerate labeling ly: V(Tp) — R
such that (V(Tp),d;,) is a totally bounded ultrametric space. Let us define [*: V(T) — R™ as

() = lo(v), ifveV(Ty),

1, otherwise.

Then the labeling [* is also non-degenerate. Moreover, since Tj is a subtree of T, equality (1.1)

implies the equality
di, (u,v) = di+(u, v)

for all u, v € V(Tp). Consequently, V(1) is an infinite totally bounded subset of the ultrametric
space (V(T),dy+). Now, using (i7) with [ = [* and A = V(Tp), we see that (V(T'),d;~) is totally
bounded.

Since T' is an infinite tree, the set V(7T') is countable by Lemma 3.8. Consequently, there is
a sequence (up)nen of distinct points of V(T') such that (4.20) holds. It is clear that T is the
convex hull of {u,: n € N}.

Suppose that T' is not almost a ray. Then, by Corollary 4.2, there is a non-degenerate labeling
[: V(T) — R* such that the sequence (uy)nen has a Cauchy subsequence (uy, )ken but the set

D ={veV(T):i(v) =1} (4.21)

is infinite. Let us denote by A the range set of (up,)ren and consider an arbitrary infinite
sequence (v, )pen of distinct points of A. Arguing in the same way as in the first part of the
proof, we can find a Cauchy subsequence of the sequence (v, )nen. Hence A is a totally bounded
subset of (V(T'),d;) by Proposition 3.3. Since A is infinite, condition (i7) implies that (V(T), d;)
also is totally bounded. Consequently the set D, defined by (4.21), must be totally bounded as

a subset of a totally bounded metric space. To complete the proof we note that D cannot be
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totally bounded, because D is infinite and, moreover, (1.1) and (4.21) imply the inequality
di(z,y) 2 1
for all distinct z,y € D. Thus T is almost a ray, as required. O
Recall that a point p of a metric space (X, d) is isolated if there is ¢ € (0, 00) such that
d(z,p) > ¢
for every x € X \ {p}.

Corollary 4.4. Let T be an infinite tree. Suppose that for every mon-degenerate labeling
[: V(T) — R* the space (V(T),d;) is totally bounded iff there is an infinite totally bounded
A C V(T). Then the ultrametric space (V(T),d;) is not compact for every non-degenerate
labeling 1: V(T) — R*.

Proof. Theorem 4.3 implies that 7" is almost a ray. Hence T is locally finite by Definition 2.1.
Let I: V(T) — R be non-degenerate. Since T is locally finite, Theorem 1.2 implies that every
point of (V(T),d;) is isolated. Thus (V(T),d;) is not compact by Definition 3.4. O

5. TWO CONJECTURES

Theorems 4.1 and 4.3 imply that, for every almost ray T and each non-degenerate labeling
[: V(T) — R*, the completion of the ultrametric space (V(T'),d;) has at most one accumulation

point.

Conjecture 5.1. Let T be an infinite, locally finite tree. Then the following statements are

equivalent:

(1) The completion of ultrametric space (V(T),d;) has exactly one accumulation point for
every vertex labeling 1: V(T) — R generating a totally bounded ultrametric d;.
(1) The tree T is a union of a ray R and forest F', i.e., T = RUF, such that all components

of F' are finite trees.

It should be noted here that a tree T is locally finite if and only if there is a vertex labeling
[: V(T) — Rt generating a discrete totally bounded ultrametric d; on V(T'), see Corollary 8 in
[22].

Our next goal is to give a modification of Conjecture 5.1 for the case of compact (V(T),d;).

The completion of every totally bounded metric space is compact but it was shown in Theorem 7
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of [22] that the existence of a labeling [: V(T') — RT generating a compact ultrametric d; implies

that the tree T is rayless.

Conjecture 5.2. Let T be a rayless countable tree. Then the following statements are equivalent:

(1) An ultrametric space (V(T),d;) has exactly one accumulation point for every vertex
labeling 1: V(T) — RT generating a compact dj.

(ii) The tree T' has exactly one vertex of infinite degree.

It seems to be interesting to get a purely metric characterization of compact ultrametric

spaces generated by labeled trees.
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