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Abstract

We will say that an infinite tree T is almost a ray if T is the union of a ray and
a finite tree. Let l be a non-degenerate labeling of the vertex set V of almost
a ray T and let dl be the corresponding ultrametric on V . It is shown that the
ultrametric space (V, dl) is totally bounded iff this space contains an infinite
totally bounded subspace. We also prove that the last property characterizes
the almost rays.
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1. Introduction

In 2001, I. M. Gelfand raised the following problem: Describe, up to isometry, all finite ultra-

metric spaces using graph theory [36]. A representation of these spaces by monotone trees was

found by V. Gurvich and M. Vyalyi in [32]. A simple geometric interpretation of Gurvich–Vyalyi
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representing trees was obtained in [40]. This allows us to use the Gurvich–Vyalyi representa-

tion in various problems associated with finite ultrametric spaces. In particular, it gives a

graph-theoretic interpretation of the Gomory–Hu inequality [26] and characterization of finite

ultrametric spaces of maximal rigidity [27]. Extremal properties of finite ultrametric spaces

having strictly n-ary representing trees have been described in [25].

The Gurvich–Vyalyi trees form a subclass of finite trees endowed with vertex labeling. J. Gal-

lian writes in [30] that over 200 graph labelings techniques have been studied in over 2800 paper

during the past 50 years. We only note that, in almost all studies of trees with labeled vertices,

it is assumed that the trees are finite. The infinite trees endowed with positive edge labelings are

known as R-trees [1]. Some interrelations between finite subtrees of R-trees and Gurvich–Vyalyi

trees are found in [20].

Motivated by above mentioned results and some interconnections between topological and

combinatorial properties of infinite graphs [3, 4, 5, 11, 12, 13, 15, 16, 17, 18, 19, 23, 24] Mehmet

Küçükaslan and the first author of the paper introduced in return the ultrametric spaces gener-

ated by vertex labelings of infinite trees [22].

Below we present connections between the combinatorial properties of infinite trees and the

metric properties of ultrametric spaces generated by labeling the vertices on these trees. In

particular, we show that infinite trees T that are almost rays are completely characterized by

special properties of the totally bounded ultrametric spaces generated by vertex labelings on T .

In what follows, we denote by R+ the half-open interval [0,∞).

A metric on a set X is a function d : X ×X → R+ such that for all x, y, z ∈ X

(1) d(x, y) = d(y, x),

(2) (d(x, y) = 0)⇔ (x = y),

(3) d(x, y) ≤ d(x, z) + d(z, y).

A metric space (X, d) is ultrametric if the strong triangle inequality

d(x, y) ≤ max{d(x, z), d(z, y)}

holds for all x, y, z ∈ X. In this case, the function d is called an ultrametric on X.

Definition 1.1. A labeled tree is a tree in which each vertex is assigned a single label.

Below we will consider only the non-negative real-valued vertex labelings defined on arbitrary

finite or infinite trees.
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Let T = T (l) be a labeled tree with labeling l : V (T ) → R+. Following [20], we define a

mapping dl : V (T )× V (T )→ R+ as

dl(u, v) =


0, if u = v,

max
w∈V (P )

l(w), otherwise,
(1.1)

where P is the path joining u and v in T .

Theorem 1.2 ([22]). Let T = T (l) be a labeled tree. Then the function dl is an ultrametric on

V (T ) if and only if the inequality

max{l(u), l(v)} > 0 (1.2)

holds for every edge {u, v} of T .

We will say that a labeling l : V (T ) → R+ is non-degenerate if (1.2) is valid for every edge

{u, v} of T .

Definition 1.3. Let T be a tree and let A be a nonempty subset of V (T ). A subtree HA of the

tree T is the convex hull of A if A ⊆ V (HA) and, for every subtree T ∗ of T , the tree HA is a

subtree of T ∗ whenever A ⊆ V (T ∗).

Remark 1.4. It should be noted that the convex hull of A exists and is unique for any nonempty

A ⊆ V (T ) (see Lemma 2.6 in the next section of the paper). The concept of the convex hull is

well-known and studied by various mathematicians at least for the case of finite graphs [6, 7, 8,

10, 29, 31, 33, 35, 38].

The following conjecture was formulated in [22].

Conjecture 1.5. Let T be a tree and let (un)n∈N be a sequence of distinct vertices of T . Then,

the following conditions are equivalent:

(1) The convex hull of the range set of (un)n∈N is almost a ray.

(2) For every non-degenerate l : V (T ) → R+, the existence of a Cauchy subsequence of

(un)n∈N in (V (T ), dl) implies that (un)n∈N is also a Cauchy sequence in (V (T ), dl).

The next result provided the starting point for Conjecture 1.5.

Proposition 1.6 ([22]). Let R = R(l) be a labeled ray, R = (v1, v2, . . .), with non-degenerate

labeling l : V (R) → R+. Then the sequence (vn)n∈N is a Cauchy sequence in (V (R), dl) if and

only if this sequence contains a subsequence which is Cauchy in (V (R), dl).
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The paper is organized as follows. Sections 2 and 3 contain necessary definitions and lemmas.

The main results are formulated and proven in Section 4. In particular, Theorem 4.1 shows that

Conjecture 1.5 is valid. The totally bounded ultrametric spaces generated by vertex labelings

of almost rays are characterized in Theorem 4.3, that is the second main result of the paper. In

Section 5 we formulate two conjectures describing the combinatorial properties of infinite trees

T for which the completion of (V (T ), dl) has exactly one accumulation point.

2. Preliminaries. Trees

The simple graph is a pair (V,E) consisting of a nonempty set V and a set E whose elements

are unordered pairs {u, v} of different points u, v ∈ V . In what follows we will consider the

simple graphs only. For a graph G = (V,E), the sets V = V (G) and E = E(G) are called the set

of vertices and the set of edges, respectively. A graph G is finite if V (G) is a finite set. A graph

H is, by definition, a subgraph of a graph G if the inclusions V (H) ⊆ V (G) and E(H) ⊆ E(G)

are valid. In this case, we simply write H ⊆ G.

In what follows we will use the standard definitions of paths and cycles, see, for example, [14,

Section 1.3]. It should be noted here that we consider only those paths P that have at least two

vertices. A graph G is connected if for every two distinct u, v ∈ V (G) there is a path P [u, v] ⊆ G

joining u and v.

A connected graph without cycles is called a tree.

Let T be a tree containing at least two vertices and let v ∈ V (T ). In Section 4 of the paper

we will denote by T − v the subgraph of T induced by set V (T ) \ {v}. Thus

V (T − v) = V (T ) \ {v}

and, for all u1, u2 ∈ V (T − v),

({u1, u2} ∈ E(T − v))⇔ ({u1, u2} ∈ E(T ))

hold.

Let v be a vertex of a graph G. The degree of v is the cardinal number degG(v) of the set of

all vertices of G which are adjacent to v.

Definition 2.1. A graph G is locally finite if degG(v) is finite for every vertex v ∈ V (G).

An infinite graph R of the form

V (R) = {v1, v2 . . . , vn, vn+1, . . .}, E(R) =
{
{v1, v2}, . . . {vn, vn+1}, . . .

}
(2.1)
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is called a ray [14]. It is clear that every ray is a tree. If R is a ray and (2.1) holds, then we

write R = (v1, v2, . . .) for simplicity.

If {Gi : i ∈ I} is a family of subgraphs of a graph G, then, by definition, the union
⋃

i∈I Gi is

a subgraph G∗ of G such that

V (G∗) =
⋃
i∈I

V (Gi) and E(G∗) =
⋃
i∈I

E(Gi).

Definition 2.2. A graph F is a forest if there is a family {Ti : i ∈ I} of trees Ti ⊆ F such that

F =
⋃
i∈I

Ti

and V (Ti1)∩ V (Ti2) = ∅ whenever i1 6= i2. In this case we say that the trees Ti are components

of the forest F .

Example 2.3. If T is a tree containing at least two vertices, then the graph T − v is a forest

for every v ∈ V (T ).

Definition 2.4. Let T be an infinite tree. Then T is almost a ray if there are a ray R ⊆ T and

a finite tree T0 ⊆ T such that

T = T0 ∪R.

Lemma 2.5 ([14, Proposition 8.2.1]). Every infinite connected graph has a vertex of infinite

degree or contains a ray.

The following lemma is well-known for finite trees.

Lemma 2.6. Let T be a tree, let S ⊆ V (T ), cardS > 2, and let H = HS be the convex hull of

S of arbitrary order. Then the equality

H =
⋃
v∈S
v 6=u

P [u, v] (2.2)

holds for each u ∈ S.

Proof. Let u be an arbitrary point of S. Since the tree H is a subtree of T and S ⊆ V (H), the

inclusion

H ⊇
⋃
v∈S
v 6=u

P [u, v]
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holds. Furthermore, the graph
⋃

v∈S
v 6=u

P [u, v] is a connected subgraph of T , and, consequently, it

is a subtree of T . It is clear that

S ⊆ V

⋃
v∈S
v 6=u

P [u, v]

 ,

hence we have ⋃
v∈S
v 6=u

P [u, v] ⊇ H

by Definition 1.3. Equality (2.2) follows. �

3. Preliminaries. Totally bounded ultrametric spaces

Let (X, d) be a metric space. An open ball with a radius r > 0 and a center c ∈ X is the set

Br(c) = {x ∈ X : d(c, x) < r}.

In what follows, we denote by BX the set of all open balls in (X, d).

Definition 3.1. A metric space (X, d) is called totally bounded if for every r ∈ (0,∞) there is

a finite set {Br(c1), . . . , Br(cn)} ⊆ BX such that

X =

n⋃
i=1

Br(ci).

Recall also that a sequence (xn)n∈N of points of a metric space (X, d) is a Cauchy sequence

iff

lim
n→∞
m→∞

d(xn, xm) = 0. (3.1)

In the next known proposition (see, for example, [39, p. 4] or [9, Theorem 1.6, Statement

(13)]) we consider a comfortable “ultrametric modification” of the notion of a Cauchy sequence.

Proposition 3.2. Let (X, d) be an ultrametric space. A sequence (xn)n∈N of points of X is a

Cauchy sequence if and only if the limit relation

lim
n→∞

d(xn, xn+1) = 0

holds.

We will also use the following proposition. (See, for example, Theorem 7.8.2 in [41].)

Proposition 3.3. A subset A of a metric space (X, d) is totally bounded if and only if every

infinite sequence of points of A contains a Cauchy subsequence.
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An important subclass of totally bounded metric spaces is the class of compact metric spaces.

Definition 3.4. Let (X, d) be a metric space. A set A of X is compact if every family F ⊆ BX

satisfying the inclusion

A ⊆
⋃
B∈F

B

contains a finite subfamily F0 ⊆ F such that

A ⊆
⋃

B∈F0

B.

Remark 3.5. Some new properties of totally bounded ultrametric spaces and compact ones were

recently found in [2, 21, 22, 28, 34, 37].

The next proposition gives us a generalization of Proposition 1.6.

Proposition 3.6. Let R = (v1, v2, . . .) be a ray and let a labeling l : V (R) → R+ be non-

degenerate. Let (un)n∈N be a sequence of points of V (R) such that

un1 6= un2 (3.2)

whenever n1 6= n2. Then (un)n∈N is a Cauchy sequence in the ultrametric space (V (R), dl) iff

(vm)m∈N is Cauchy in this space.

Proof. Let us find subsequences (vmk
)k∈N of (vm)m∈N and (unk

)k∈N of (un)n∈N such that

vmk
= unk

(3.3)

for every k ∈ N.

Let us denote by U the range set of the sequence (un)n∈N,

U := {un : n ∈ N}.

Then, using (3.2), we can define a bijection fu : U → N by the rule: If x ∈ U and n ∈ N then

(fu(x) = n)⇔ (un = x).

Similarly, using the equality

V (R) = {vm : m ∈ N},

we define a bijective mapping fv : V (R)→ N such that

(fv(x) = m)⇔ (vm = x)

whenever x ∈ V (R) and m ∈ N.
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Notice that V (R) inherits a well-order - from N = {1, 2, . . . , n, n+1, . . .} as follows. We have

that

x - y if and only if fv(x) 6 fv(y)

for all x, y ∈ V (R). Recall that every nonempty subset A of a well-ordered set has a unique

minimal element, which we denote by min-A. Now, we set n1 = 1 and we define nk, mk for

k > 2 by induction as follows:

nk = fu

(
min
-
{U \ {ui : i 6 nk−1}}

)
and

mk = fv

(
min
-
{U \ {ui : i 6 nk−1}}

)
.

Since U is infinite, the sequences (nk)k∈N and (mk)k∈N are well-defined and strictly increasing.

Moreover, by construction,

unk
= vmk

for all k ∈ N, as desired.

Let us prove now that (un)n∈N is Cauchy iff (vm)m∈N is Cauchy.

Let (un)n∈N be a Cauchy sequence in (V (R), dl). It was shown above that there are subse-

quences (unk
)k∈N and (vmk

)k∈N of (un)n∈N and, respectively, of (vm)m∈N, such that (3.3) holds

for every k ∈ N. Since every subsequence of a Cauchy sequence is also a Cauchy sequence,

(unk
)k∈N is Cauchy. Now using equality (3.3) we see that (vmk

)k∈N is also a Cauchy sequence.

It implies that (vm)m∈N is Cauchy by Proposition 1.6.

Suppose now that (vm)m∈N is a Cauchy sequence. We must show that (un)n∈N is Cauchy. To

do this it is enough, by Proposition 3.2, to prove the equality

lim
n→∞

dl(un, un+1) = 0. (3.4)

Let us define a number mn ∈ N as

mn := f∗u(un)

for each n ∈ N, where f∗ is the mapping

U
id−→ V (R)

fv−→ N

such that id(x) = x for every x ∈ U . Then equality (3.4) holds iff

lim
n→∞

dl(vmn , vmn+1) = 0. (3.5)
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To prove the last equality we note that

lim
n→∞

mn =∞ (3.6)

because f∗u is injective and (3.2) holds whenever n1 = n2. Limit relation (3.6) implies

lim
n+1→∞

mn+1 =∞. (3.7)

Now using the definition of Cauchy sequences (see (3.1)) we obtain

lim
p→∞
q→∞

dl(vp, vq) = 0.

The last equality with p = mn and q = mn+1, (3.7) and (3.6) imply (3.5). The proof is

completed. �

Remark 3.7. The first part of the above proof was proposed by one of the reviewers of the paper.

We conclude this section by following

Lemma 3.8. Let T = T (l) be a labeled tree with non-degenerate labeling. If the ultrametric

space (V (T ), dl) is totally bounded, then the set V (T ) is at most countable.

For the proof see Corollary 6 in [22].

4. Main results

The following theorem shows that Conjecture 1.5 is valid.

Theorem 4.1. Let T be a tree and suppose that (un)n∈N is a sequence of distinct vertices in T .

Let H be the convex hull of {un : n ∈ N}. The following conditions are equivalent:

(i) H is almost a ray.

(ii) For every non-degenerate l : V (T ) → R+, the existence of a Cauchy subsequence of the

sequence (un)n∈N implies that (un)n∈N is also Cauchy in (V (T ), dl).

Proof. (i) =⇒ (ii). Let H be the union of a ray R = (v1, v2, . . .) with a finite tree T 0,

H = R ∪ T 0,

and let l : V (T ) → R+ be a non-degenerate labeling. Suppose that a subsequence (unk
)k∈N of

the sequence (un)n∈N is a Cauchy sequence in the space (V (T ), dl), where the ultrametric dl is

defined by (1.1). We must show that (un)n∈N is also Cauchy in (V (T ), dl). To do this, we will

consider the restrictions lH and lR of the labeling l on the sets V (H) and V (R) respectively.
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Using Lemma 2.6 and Theorem 1.2 we see that the function dlH : V (H)× V (H)→ R+ defined

as in (1.1) is an ultrametric on V (H) and, that the equality

dl(x, y) = dlH (x, y) (4.1)

holds for all x, y ∈ V (H). Thus it suffices to show that (un)n∈N is a Cauchy sequence in

(V (H), dlH ). Using (4.1) we see that (unk
)k∈N is Cauchy in (V (H), dlH ). Since T 0 is finite, we

have

un ∈ V (R) and unk
∈ V (R)

if n and k are large enough. Consequently there is r0 ∈ N such that the range sets of the tails

(un+r0)n∈N and (unk+r0
)k∈N are subsets of V (R).

Using (1.1) and Definition 2.4 we obtain the equality

dlH (x, y) = dlR(x, y) (4.2)

for all x, y ∈ V (R). Consequently (un)n∈N is Cauchy in (V (H), dlH ) if and only if (un+r0)n∈N is

Cauchy in (V (R), dlR). Furthermore, using (4.2) we see that (unk+r0
)k∈N is a Cauchy sequence in

(V (R), dlR). Hence, by Proposition 3.6, the sequence (vn)n∈N is a Cauchy sequence in (V (R), dl).

The last statement and Proposition 3.6 imply that (un+r0)n∈N is Cauchy in (V (R), dlR).

It follows that (un)n∈N is Cauchy as required.

(ii) =⇒ (i). Supposing that H is not a union of a ray with some finite tree, we will show that

(ii) does not hold. Using Lemma 2.5 we see that the following cases are possible.

Case 1. H has a vertex u of infinite degree.

Case 2. H has a ray R = (v1, v2, . . . ).

Case 2.1. H ⊇ R and the set

S := {un : n ∈ N} \ V (R) (4.3)

is finite.

Case 2.2. H ⊇ R and S is infinite.

Case 2.2.1. H ⊇ R, S and and the set

I := {un : n ∈ N} ∩ V (R) (4.4)

are infinite.

Case 2.2.2. H ⊇ R, S is infinite and I is finite.

Thus, the structure of the proof of the validity of (ii) =⇒ (i) can be represented by Figure 1.

Case 1. H has a vertex u of infinite degree. Lemma 2.6 implies that the vertex set V (H) is

countable. Since H is a tree with countable V (H), the graph H − u is a forest consisting of a
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H is not almost a ray

Case 1 Case 2

Case 2.1 Case 2.2

Case 2.2.1 Case 2.2.2

Figure 1.

The structure of the proof of the second part of Theorem 4.1.

countable set {T1, T2, . . .} of components. Observe that each component Ti has a vertex that is

an element of (un)n∈N. Let us construct a non-degenerate labeling l : V (T )→ R+ such that

l(v) =


0, if v = u,
1
n , if v ∈ V (T2n) for some n ∈ N,
1, otherwise.

(4.5)

Let us define a sequence (nk)k∈N, n1 < n2 < . . ., recursively by setting

n1 := 1 and nk := min{i > nk−1 : l(ui) 6 1/k} for k > 2.

By Proposition 3.2 the sequence (unk
)k∈N is a Cauchy subsequence of (un)n∈N, since the inequal-

ity

dl(unk
, unk+1

) 6
1

k
holds for every k ∈ N. It remains to note that (un)n∈N cannot be a Cauchy sequence in (V (T ), dl),

since, by (4.5), there are infinitely many n ∈ N such that

l(un) = 1

holds. This proves that (ii) does not hold.

Case 2.1. If S is finite, then the convex hull of the set S ∪ {v1} is a finite subtree H1 of the

tree H. Since

v1 ∈ V (R) ∩ V (H1),

the graph H1 ∪R is a connected subgraph of the tree H and, consequently it is a subtree of H.

The set {un : n ∈ N} is a subset of V (R) ∪ V (H1). Hence

H1 ∪R ⊇ H (4.6)
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holds by Definition 1.3. Now using (4.6) and

H ⊇ H1, H ⊇ R

we obtain the equality

H = H1 ∪R.

Thus, H is almost a ray contrary to the supposition.

Case 2.2.1. Let us construct a non-degenerate labeling l : V (T )→ R+ such that

l(v) =

{
1
n , if v = vn for some n ∈ N,
1, otherwise.

(4.7)

Since S is infinite, there are infinitely many k ∈ N such that

l(uk) = 1,

so (un)n∈N is not Cauchy in the space (V (T ), dl). Using (4.7) it is easy to see that the sequence

(vn)n∈N is a Cauchy sequence in (V (T ), dl). Since I is infinite, there is an infinite subsequence

(unk
)k∈N of the sequence (un)n∈N satisfying the inclusion

{unk
: k ∈ N} ⊆ V (R).

We claim that (unk
)k∈N is Cauchy in (V (T ), dl).

Let lR be a restriction of the labeling l : V (T )→ R+ on the set V (R), where l is determined

by formula (4.7). Then (1.1) implies the equality

dl(x, y) = dlR(x, y)

for all x, y ∈ R. Hence it suffices to show that (unk
)k∈N is a Cauchy sequence in (V (R), dlR)

which follows directly from Proposition 3.6.

Case 2.2.2. Since I is finite, there is n0 ∈ N such that

{un : n ∈ N} ∩ {vn+n0 : n ∈ N} = ∅.

Thus there is a ray R∗ = (v∗1, v
∗
2, . . . ) such that R∗ ⊆ H and

{un : n ∈ N} ∩ V (R∗) = ∅. (4.8)

See Figure 2 below for an example of a sequence (un)n∈N satisfying (4.8).

Let (degH(v∗n))n∈N be the sequence of degrees of vertices of R∗. We claim that there is an

infinite subsequence (degH(v∗nk
))k∈N of the sequence (degH(v∗n))n∈N such that n1 > 2 and

degH(v∗nk
) > 3 (4.9)
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u1

v∗1
u2

v∗1 v∗2 v∗3

H u3 u4

v∗n v∗n+1

un+1 un+2

Figure 2.

The tree H is the convex hull of the set {un : n ∈ N}.

for every k ∈ N.

Suppose to the contrary that

degH(v∗n) 6 2 (4.10)

holds whenever n > n1 > 2, where n1 ∈ N is a given number. Since the equality

degR∗(v
∗
n) = 2

holds for every natural n > 2, inequality (4.10) and R∗ ⊆ H imply that

degH(v∗n) = 2

holds for every n > n1. Consequently the graph H − v∗n1
is a forest consisting a tree T1 and the

ray R∗1 = (v∗n1+1, v
∗
n1+2, . . .),

H − v∗n1
= T1 ∪R∗1. (4.11)

Since V (R∗1) ⊆ V (R∗) holds, equality (4.8) implies

{un : n ∈ N} ∩ V (R∗) = ∅. (4.12)

Moreover, using (4.8) we obtain

v∗n1
/∈ {un : n ∈ N}. (4.13)

It follows from (4.11)–(4.13) that

{un : n ∈ N} ⊆ V (T1).

Hence the convex hull H satisfies the inclusion

H ⊆ T1

by Definition 1.3, which contradicts equality (4.11). Thus inequality (4.9) holds for every k ∈ N.
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The forest H−v∗nk
contains exactly degH(v∗nk

) components. By (4.9), among these components

there are trees T+
nk

and T−nk
such that

v∗nk+1 ∈ T+
nk

and v∗nk−1 ∈ T−nk
. (4.14)

Using condition (4.9) we see that the set

Vnk
:= V (H − v∗nk

) \
(
V (T+

nk
) ∪ V (T−nk

)
)

(4.15)

is nonempty,

Vnk
6= ∅. (4.16)

Let us construct a non-degenerate labeling l : V (T )→ R+ such that

l(v) =



1
n , v = v∗n for some n ∈ N,

1
nk
, if v ∈ Vnk

and k is even,

1, otherwise.

(4.17)

Since

Vnk1
∩ V (R∗) = ∅

holds for every k ∈ N and, in addition,

Vnk1
∩ Vnk2

= ∅ (4.18)

whenever k1 6= k2, the labeling l is correctly defined.

It follows from (4.15)–(4.16) that the set

Wk := {un : n ∈ N} ∩ Vnk

is nonempty for every k ∈ N. In particular if k is an odd number, then (4.17) implies

l(v) = 1 (4.19)

for every v ∈ Wk. Now using (4.18) and (4.19) it is easy to prove that (un)n∈N is not Cauchy

in the ultrametric space (V (T ), dl). Let us consider now some distinct even numbers k1 and k2.

Then using (4.17) and (4.18) we obtain

dl(w1, w2) = dl(v
∗
nk1

, v∗nk2
) = max

{
1

nk1

,
1

nk2

}
.

Consequently the sequence (un)n∈N contains an infinite Cauchy subsequence. Thus (ii) does not

hold.
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The proof is completed. �

Analyzing the second part of the proof of Theorem 4.1 we obtain the following.

Corollary 4.2. Let T be a tree, (un)n∈N be a sequence of distinct vertices of T , and let H be

the convex hull of {un : n ∈ N}. If H is not almost a ray, then there is a non-degenerate labeling

l : V (T )→ R+ such that the sequence (un)n∈N has a Cauchy subsequence but the set

{v ∈ V (E) : l(v) = 1}

is infinite.

The next theorem is the second main result of the paper.

Theorem 4.3. Let T be an infinite tree. Then the following conditions are equivalent:

(i) T is almost a ray.

(ii) For every non-degenerate labeling l : V (T )→ R+ the space (V (T ), dl) is totally bounded

iff there is an infinite totally bounded A ⊆ V (T ).

Proof. (i) =⇒ (ii). Let T be almost a ray, l : V (T ) → R+ be non-degenerate, and let A be an

infinite totally bounded subset of the space (V (T ), dl). We must show that (V (T ), dl) is totally

bounded.

Since T is almost a ray, the set V (T ) is countable and, consequently, the vertices of T can be

numbered in a sequence (un)n∈N such that

un1 6= un2

whenever n1 6= n2. The equality

V (T ) = {un : n ∈ N} (4.20)

and Definition 1.3 imply that the tree T is the convex hull of the set {un : n ∈ N}. Let us prove

now that (un)n∈N is a Cauchy sequence in (V (T ), dl). According to Theorem 4.1, for this it is

sufficient to find a Cauchy subsequence of the sequence (un)n∈N.

Since A is an infinite subset of V (T ), equality (4.20) implies that (un)n∈N contains a subse-

quence (unk
)k∈N such that unk

∈ A for every k ∈ N. Let us write for simplicity

u∗k = unk
, k ∈ N.

Since A is a totally bounded subset of (V (T ), dl), the sequence (u∗k)k∈N contains a Cauchy

subsequence (u∗kl)l∈N by Proposition 3.3. The sequence (u∗kl)l∈N also is a subsequence of (un)n∈N.

Thus (un)n∈N is a Cauchy sequence in (V (T ), dl) by Theorem 4.1.
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Let us consider now an arbitrary infinite sequence (vn)n∈N of points of (V (T ), dl). To prove

that (V (T ), dl) is totally bounded it is sufficient, by Proposition 3.3, to find a Cauchy sub-

sequence of (vn)n∈N. If the range set of (vn)n∈N is finite, then there is (vnk
)k∈N such that

vnk1
= vnk2

for all k ∈ N. It is clear that (vnk
)k∈N is Cauchy. For the case of an infinite range

set of (vn)n∈N, the sequences (un)n∈N and (vn)n∈N have a common subsequence. It was proved

above that (un)n∈N is a Cauchy sequence. Consequently, their common subsequence also is

Cauchy as required.

(ii) =⇒ (i). Let condition (ii) hold. We must show that T is almost a ray. Using Lemma 2.5,

we can find an infinite subtree T0 of the tree T and a non-degenerate labeling l0 : V (T0) → R+

such that (V (T0), dl0) is a totally bounded ultrametric space. Let us define l∗ : V (T )→ R+ as

l∗(v) =

l0(v), if v ∈ V (T0),

1, otherwise.

Then the labeling l∗ is also non-degenerate. Moreover, since T0 is a subtree of T , equality (1.1)

implies the equality

dl0(u, v) = dl∗(u, v)

for all u, v ∈ V (T0). Consequently, V (T0) is an infinite totally bounded subset of the ultrametric

space (V (T ), dl∗). Now, using (ii) with l = l∗ and A = V (T0), we see that (V (T ), dl∗) is totally

bounded.

Since T is an infinite tree, the set V (T ) is countable by Lemma 3.8. Consequently, there is

a sequence (un)n∈N of distinct points of V (T ) such that (4.20) holds. It is clear that T is the

convex hull of {un : n ∈ N}.
Suppose that T is not almost a ray. Then, by Corollary 4.2, there is a non-degenerate labeling

l : V (T )→ R+ such that the sequence (un)n∈N has a Cauchy subsequence (unk
)k∈N but the set

D = {v ∈ V (T ) : l(v) = 1} (4.21)

is infinite. Let us denote by A the range set of (unk
)k∈N and consider an arbitrary infinite

sequence (vn)n∈N of distinct points of A. Arguing in the same way as in the first part of the

proof, we can find a Cauchy subsequence of the sequence (vn)n∈N. Hence A is a totally bounded

subset of (V (T ), dl) by Proposition 3.3. Since A is infinite, condition (ii) implies that (V (T ), dl)

also is totally bounded. Consequently the set D, defined by (4.21), must be totally bounded as

a subset of a totally bounded metric space. To complete the proof we note that D cannot be
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totally bounded, because D is infinite and, moreover, (1.1) and (4.21) imply the inequality

dl(x, y) > 1

for all distinct x, y ∈ D. Thus T is almost a ray, as required. �

Recall that a point p of a metric space (X, d) is isolated if there is ε ∈ (0,∞) such that

d(x, p) > ε

for every x ∈ X \ {p}.

Corollary 4.4. Let T be an infinite tree. Suppose that for every non-degenerate labeling

l : V (T ) → R+ the space (V (T ), dl) is totally bounded iff there is an infinite totally bounded

A ⊆ V (T ). Then the ultrametric space (V (T ), dl) is not compact for every non-degenerate

labeling l : V (T )→ R+.

Proof. Theorem 4.3 implies that T is almost a ray. Hence T is locally finite by Definition 2.1.

Let l : V (T )→ R+ be non-degenerate. Since T is locally finite, Theorem 1.2 implies that every

point of (V (T ), dl) is isolated. Thus (V (T ), dl) is not compact by Definition 3.4. �

5. Two conjectures

Theorems 4.1 and 4.3 imply that, for every almost ray T and each non-degenerate labeling

l : V (T )→ R+, the completion of the ultrametric space (V (T ), dl) has at most one accumulation

point.

Conjecture 5.1. Let T be an infinite, locally finite tree. Then the following statements are

equivalent:

(i) The completion of ultrametric space (V (T ), dl) has exactly one accumulation point for

every vertex labeling l : V (T )→ R+ generating a totally bounded ultrametric dl.

(ii) The tree T is a union of a ray R and forest F , i.e., T = R∪F , such that all components

of F are finite trees.

It should be noted here that a tree T is locally finite if and only if there is a vertex labeling

l : V (T )→ R+ generating a discrete totally bounded ultrametric dl on V (T ), see Corollary 8 in

[22].

Our next goal is to give a modification of Conjecture 5.1 for the case of compact (V (T ), dl).

The completion of every totally bounded metric space is compact but it was shown in Theorem 7
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of [22] that the existence of a labeling l : V (T )→ R+ generating a compact ultrametric dl implies

that the tree T is rayless.

Conjecture 5.2. Let T be a rayless countable tree. Then the following statements are equivalent:

(i) An ultrametric space (V (T ), dl) has exactly one accumulation point for every vertex

labeling l : V (T )→ R+ generating a compact dl.

(ii) The tree T has exactly one vertex of infinite degree.

It seems to be interesting to get a purely metric characterization of compact ultrametric

spaces generated by labeled trees.
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[6] J. Cáceres, A. Márquez, O. R. Oellermann, and M. L. Puertas, Rebuilding convex sets in graphs, Discrete

Math. 297 (2005), 26–37.

[7] S. R. Canoy Jr. and I. J. L. Garces, Convex sets under some graph operations, Graphs Comb. 4 (2002),

787–793.

[8] G. Chartrand, C. E. Wall, and P. Zhang, The convexity number of a graph, Graphs Comb. 18 (2002), 209–217.

[9] A. B. Comicheo and K. Shamseddine, Summary on non-Archimedean valued fields, Advances in Ultrametric

Analysis (A. Escassut, C. Perez-Garcia, and K. Shamseddine, eds.), Contemporary Mathematics, vol. 704,

Amer. Math. Soc. Providence, RI, 2018, pp. 1–36.

[10] S. A. Cook, The complexity of theorem-proving procedures, Proc. 3rd ACM Symp. on Theory of Computing,

1971, pp. 151–158.

Appl. Gen. Topol. 26, no. 1 (2025) 180

https://creativecommons.org/licenses/by-nc-sa/4.0/


Totally bounded ultrametric spaces generated by labeled rays

[11] R. Diestel, End spaces and spanning trees, Journal of Combinatorial Theory, Series B 96 (2006), no. 6,

846–854.

[12] R. Diestel, Locally finite graphs with ends: A topological approach, I. Basic theory, Discrete Mathematics

311 (2011), no. 15, 1423–1447.

[13] R. Diestel, Ends and Tangles, Abhandlungen aus dem Mathematischen Seminar der Universität Hamburg 87

(2017), 223–244.

[14] R. Diestel, Graph Theory, fifth ed., Graduate Texts in Mathematics, vol. 173, Springer, Berlin, 2017.
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