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Abstract

Solar Energetic Particles (SEPs) accelerated during space weather events such as
solar flares, Coronal Mass Ejections (CMEs), and corotating interaction regions,
can reach energies up to several GeV per nucleon for ions and several tens
MeV for electrons, thereby posing significant risks to satellites, astronauts, and
ground-based systems. Understanding SEP acceleration and transport, along
with their associated radio signatures, is crucial for enhancing space weather
forecasts and mitigation strategies.

This thesis presents, in three stages, a novel, physics-based framework to
simulate the acceleration, transport, and radio emission of SEPs in realistic
solar wind and coronal environments. Building on an earlier implementation in
which the MagnetoHydroDynamic (MHD) model EUHFORIA has been coupled
with the focused transport code PARADISE, we first replace FEUHFORIA with
the more advanced inner heliospheric solar wind MHD code Icarus, which
supports localised grid refinements and higher shock resolutions via adaptive
mesh refinement. Next, to study SEP and CME dynamics below 0.1 au, the
framework is extended into the corona using the COCONUT MHD model.
Finally, we integrate the Ultimate Fast Gyrosynchrotron Codes to compute radio
emission from energetic electrons trapped in a CME flux rope.

Applications for each stage demonstrate significant advances in modelling
particle dynamics in both the corona and heliosphere. The framework
enables realistic simulations of particle acceleration at finely resolved shocks,
investigation of particle confinement and escape in low-coronal magnetic flux
ropes, and direct linkage of these processes to observable type IV radio emission,
offering valuable diagnostic capabilities for CME magnetic fields and SEP
properties near the Sun. Moreover, the integration of coronal and heliospheric
domains represents a key step towards global-scale simulations of CME and
SEP events from the solar surface to Earth’s orbit and beyond, supporting
future efforts to untangle the complex, interconnected processes governing space
plasmas.






Beknopte samenvatting

Zonne-energetische deeltjes (SEP’s), versneld tijdens ruimteweergebeurtenissen
zoals zonnevlammen, coronale massa-ejecties (CME’s) en coroterende interac-
tieregio’s, kunnen energieén bereiken tot enkele GeV per nucleon voor ionen en
enkele tientallen MeV voor elektronen. Hierdoor vormen zij een aanzienlijk risico
voor satellieten, astronauten en systemen op aarde. Inzicht in de versnelling en
het transport van SEP’s, evenals in hun bijbehorende radiosignalen, is cruciaal
voor het verbeteren van ruimteweersvoorspellingen en het ontwikkelen van
mitigatiestrategieén.

Dit proefschrift presenteert, in drie stappen, een nieuw, op natuurkundige
principes gebaseerd model om de versnelling, het transport en de radio-
emissie van SEP’s te simuleren in realistische zonnewind- en coronale
omgevingen.  Voortbouwend op een eerdere implementatie waarin het
magnetohydrodynamische (MHD) model EUHFORIA werd gekoppeld aan
de gefocuste transportcode PARADISE, vervangen we eerst FUHFORIA
door het meer geavanceerde, helioferische zonnewind-MHD-code Icarus, die
lokale roosterverfijning en hogere schokresolutie ondersteunt via adaptieve
roosterverfijning. Vervolgens wordt, om de dynamica van SEP’s en CME’s onder
0,1 au te bestuderen, het model uitgebreid naar de corona met het COCONUT
MHD-model. Ten slotte integreren we de Ultimate Fast Gyrosynchrotron Codes
om radio-emissie te berekenen van energetische elektronen die vastzitten in de
magnetische fluxbuis van een CME.

Toepassingen voor elke stap tonen aanzienlijke vooruitgang in het modelleren
van deeltjesdynamica in zowel de corona als de heliosfeer. Het model
maakt realistische simulaties mogelijk van deeltjesversnelling aan fijn opgeloste
schokken, onderzoek naar opsluiting en ontsnapping van deeltjes in laag-
coronale magnetische fluxbuizen, en directe koppeling van deze processen
aan waarneembare type IV-radio-emissie. Dit biedt waardevolle diagnostische
mogelijkheden voor CME-magnetische velden en SEP-eigenschappen nabij de
zon. Bovendien vormt de integratie van coronale en heliosferische domeinen



een belangrijke stap richting grootschalige simulaties van CME- en SEP-
gebeurtenissen vanaf het zonneoppervlak tot aan de baan van de aarde en
daarbuiten, ter ondersteuning van toekomstige inspanningen om de complexe,
onderling verbonden processen die ruimteplasma’s beheersen, te ontrafelen.



Tiivistelma

Auringon suurienergiaiset hiukkaset (SEP:t) muodostavat merkittdvan riskin
satelliiteille, astronauteille ja joillekin maanpinnan teknisille jarjestelmille.
SEP:t kiihtyvit suuriin energioihin muiden avaruussidiilmioiden kuten au-
ringonpurkausten, koronan massapurkausten (CME:t) ja aurinkotuulen vuorovaiku-
tusalueiden yhteydessa. Hiukkasten maksimienergiat ovat useita gigaelektroni-
voltteja/nukleoni ionien tapauksessa ja useita kymmenid megaelektronivoltteja
elektronien tapauksessa. SEP:ien kiihdytyksen ja kuljetuksen sek& niihin
liittyvien radiohavaintojen ymmartdminen on ratkaisevan téirkedéd avaruussidden-
nusteiden ja torjuntastrategioiden parantamiseksi.

Tassa vaitoskirjassa esitellaan uusi, fysiikkaan perustuva integroitu mallikokoelma
SEP:ien kiihtymisen, kuljetuksen ja radioemission simuloimiseksi realistisissa
aurinkotuulen ja koronan olosuhteissa. Uusi mallikokoelma perustuu olemassa
olevaan toteutuksen, jossa magnetohydrodynaminen (MHD) EUHFORIA-malli
on yhdistetty SEP-kuljetusmalliin PARADISE. Uudessa mallissa korvaamme
ensin FUHFORIA: kehittyneemmalld sisdheliofddrin  aurinkotuuli-MHD-
koodilla Icarus, joka tukee paikallista hilan tarkennusta ja mahdollistaa
korkeamman shokkiaaltoresoluution adaptiivisen hilan tarkennuksen avulla.
Seuraavaksi mallikokoelmaa laajennetaan Auringon koronan alueelle kiyttaen
MHD-mallia COCONUT CME- ja SEP-dynamiikan tutkimiseksi heliosentrisen
etaisyyden 0,1 au alapuolella, jonne FEUHFORIA ja Icarus eivéit ulotu. Lopuksi
integroimme mallikokoelmaan Ultimate Fast Gyrosynchrotron Codes -koodit
CME:n magneettisen fluxikdyden kenttdén vangittuna olevien suurienergiaisten
elektronien radioemission laskemista varten.

Kunkin vaiheen sovellukset osoittavat merkittaviad edistysaskeleita hiukkas-
dynamiikan mallintamisessa sekd koronassa ettd ulompana heliosfdérissa.
Mallikokoelma mahdollistaa realistiset simulaatiot hiukkasten kiihtymisesté
hienojakoisesti ratkaistuissa shokkiaaltorintamissa, hiukkasten vangitsemisen ja
karkaamisen tutkimisen matalan koronan magneettisissa vuokdysissé sekéd ndiden
prosessien suoran liittdmisen havaittavaan Auringon tyypin IV radioemissioon.



vi

Té&maé tarjoaa arvokkaita diagnostisia mahdollisuuksia CME:n magneettikenttien
ja SEP:ien ominaisuuksien analysointiin ldhelld Aurinkoa. Liséksi korona-
ja heliosfdarialueiden integrointi edustaa térkedd askelta kohti globaalin
mittakaavan CME- ja SEP-tapahtumien simulointia Auringon pinnalta Maan
radalle ja sen ulkopuolelle, tukien tulevia pyrkimyksié selvittda avaruusplasmoja
hallitsevien monimutkaisten, toisiinsa kytkeytyneiden prosessien luonnetta.
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1

Introduction

This chapter discusses key aspects of solar physics relevant to this thesis,
highlighting how the complex and dynamic interplay of solar activity and its
manifestations drives space weather phenomena. Beyond scientific curiosity,
understanding these processes is of growing practical relevance for the safety
of technology and human activity in space. Section 1.1 defines space weather
and highlights its implications for modern society and technological systems.
Section 1.2 then provides an overview of the Sun’s role as the source of space
weather, including its magnetic activity, solar wind, and eruptive phenomena
such as Coronal Mass Ejections (CMEs) and solar flares. Solar Energetic
Particles (SEPs) and solar radio activity are addressed in Sections 1.3 and
1.4, respectively. Finally, Section 1.5 concludes this chapter by motivating the
research presented in this thesis and outlining its structure.

1.1 Space weather

Often described as an ordinary star among the countless other stars in the
universe, the Sun remains uniquely important for humans, as its constant
stream of energy makes life on Earth possible. Despite humanity’s millennia-
long fascination with the Sun, it was only in the mid-19th century that awareness
of the connection between the dynamics of the Sun and its effects on the near-
Earth space environment and conditions on the ground began to grow, notably
with the historical Carrington Event. On 1 September 1859, Carrington (1859)
and Hodgson (1859) independently observed and reported an increased number
of sunspots and a sudden bright flash of white light on the solar disk. Within
the following day, the most intense GeoMagnetic Storm (GMS) ever recorded
led to widespread auroral sightings and caused major disruptions to telegraph
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Figure 1.1. Illustration of space weather effects on space-based and ground-based
technologies, as well as human health. Credit: European Space Agency (ESA)/Science
Office.

systems across Europe and North America (e.g. Tsurutani et al. 2003, Hudson
2021, and references therein). GMSs are defined as temporary disturbances of
the terrestrial magnetosphere driven by enhanced solar activity.

In the decades since the Carrington Event, it has become clear that solar
magnetic activity is a primary driver of changing conditions in interplanetary
space. This domain is now collectively known as space weather (Temmer, 2021).
Solar magnetic activity encompasses the generation and evolution of the solar
magnetic field and associated electric currents. Energy stored in the magnetic
field can be released through processes such as Magnetic Reconnection (MR),
which may lead to plasma heating, particle acceleration, and macroscopic plasma
flows (Verscharen et al., 2019; Lysenko et al., 2020). Modern society, with its
dependence on satellite-based communication and navigation systems, its need
for the continuous operation of power grids, and its growing activity in manned
and unmanned space exploration, is becoming increasingly vulnerable to harsh
space weather events.

Figure 1.1 illustrates a selection of space weather sources and sectors they
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impact. Among the most prominent drivers of space weather are CMEs,
which are large expulsions of plasma and magnetic field from the solar corona
(Howard, 2006; Gopalswamy, 2016). As they travel through interplanetary
space, CMEs may strike Earth and trigger GMSs. During such encounters,
the intrinsic magnetic field of the CME can interact and reconnect with
the terrestrial magnetic field, thus injecting charged particles into the upper
atmosphere. These particles may induce electric currents in ground-based
conductors, potentially accelerating corrosion in steel pipelines, and disrupting
power grid infrastructure (Hapgood, 2011; Cannon et al., 2013). Another
important source of geomagnetic disturbances involves Corotating Interaction
Regions (CIRs) or Stream Interaction Regions (SIRs!), which are persistent
solar wind structures that form where the fast and slow solar wind streams
interact (Richardson, 2018). CIRs are discussed in more detail in Chapter 4,
where their formation, structure, and geoeffective potential are described.

Often, CMEs are accompanied by intense bursts of electromagnetic radiation
called solar flares (CMEs and flares are discussed in more detail in Section 1.2.4).
During powerful solar flares, X-ray and Extreme UltraViolet (EUV) radiation can
be emitted, disturbing Earth’s ionosphere and affecting the Global Navigation
Satellite System (GNSS) and communication systems (Cannon et al., 2013;
Schrijver et al., 2015). Additionally, charged particles can be accelerated at the
fronts of shock waves, either driven by fast CMEs or formed in CIRs, as well as
in reconnection regions at solar flare sites. These particles are known as SEPs,
and consist of electrons, protons, and heavier ions (SEPs are discussed in more
detail in Section 1.3). High-energy SEPs can damage satellite electronics and
pose a significant radiation hazard to astronauts and passengers on high-altitude
flights, potentially causing tissue damage and increasing long-term cancer risk
(Chancellor et al., 2014; Knipp, 2017; Rees et al., 2023).

Other historical GMSs approaching the Carrington Event’s intensity include
the New York Railroad Superstorm of May 1921 (Love et al., 2019) and the
March 1989 storm that triggered a major blackout in Quebec, Canada (Bolduc,
2002). Economic estimates of a Carrington-like storm reach up to the order of
~ 102 US dollars (National Research Council, 2008; Eastwood et al., 2017).
Estimates for the likelihood of such an event include one occurrence every 250
years (Cannon et al., 2013), or a 12% chance of occurrence within the next
decade (Riley, 2012), although such probabilities are difficult to constrain due to
the limited dataset of extreme events (Vennerstrom et al., 2016). Nevertheless,
recorded superstorms illustrate the socio-economic impacts of space weather,

1Some authors (e.g. Jian et al. 2006; Richardson 2018; Allen et al. 2020) reserve the term
CIR for interaction regions with lifetimes exceeding one solar rotation, while referring to
events of shorter duration as SIRs. In this thesis, such a distinction is not relevant, and we
use CIRs in a general sense.
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highlighting the urgent need to deepen our understanding of the underlying
physical processes through sophisticated, physics-based numerical models and
to develop reliable forecasting tools that enable timely protective measures.

1.2 The Sun as driver of space weather

At an average distance of 1 astronomical unit (au; 149, 597,870,700 m ~ 215 R,
where R, denotes the solar radius) from Earth, the Sun is a nearly perfect sphere
of hot plasma with an equatorial radius of Rg a~ 6.957 x 10® m (Stix, 2002).
Its proximity makes the Sun and its heliosphere a unique natural laboratory,
enabling in-situ measurements of space plasma properties and processes, the
testing of theoretical models, and serving as a reference for understanding other
stars.

1.2.1 Solar magnetic field

The Sun’s complex and dynamic magnetic field is a primary driver of space
weather phenomena. It governs coronal structures, provides the energy for
eruptive events such as CMEs and solar flares, and shapes the large-scale
structure of the heliosphere. It is widely accepted that the solar magnetic
field is generated and sustained by a MagnetoHydroDynamic (MHD) dynamo
operating in the Sun’s interior (Charbonneau, 2014). This dynamo is thought
to arise from the interaction of convective flows and differential rotation (i.e. the
faster rotation of the equator compared to the poles) in the Sun’s electrically
conducting plasma. These motions twist and stretch magnetic field lines,
converting kinetic energy into magnetic energy (Tobias, 2002). In this process,
differential rotation leads to the conversion of a poloidal field into a more
toroidal field (termed the Q-effect), while helical convective motions regenerate
the poloidal field (termed the a-effect), describing the so-called a-Q2-dynamo
model (Kallenrode, 2001; Tobias, 2002).

One of the most prominent characteristics of solar magnetism is its variability.
Approximately every 11 years, the global magnetic polarity reverses in what is
known as the Schwabe cycle. This cycle modulates the occurrence of sunspots,
solar flares, and CMEs. It begins and ends with a low level of solar activity,
known as the solar minimum, characterised by fewer sunspots and eruptive
events. In contrast, the solar maximum, which occurs in the middle of a
Schwabe cycle, shows significantly enhanced magnetic activity (Aschwanden,
2005; Hathaway, 2015). Figure 1.2 illustrates these characteristics: the top
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Figure 1.2. Sunspot area diagrams from solar cycles 12 to 23. The top panel shows

the distribution of relative sunspot area in equal-area latitude stripes. The bottom
panel shows the average daily sunspot area. Adapted from Hathaway (2015).

panel shows the latitude-time distribution of sunspots, revealing their drift
towards the equator during each cycle, while the bottom panel displays the
variability of daily sunspot areas over time (Hathaway, 2015).

Despite advances in observations and modelling, the detailed mechanisms
underlying the generation and evolution of the solar magnetic field remain
poorly understood. Solar dynamo modelling efforts face significant challenges
due to the non-linear, turbulent nature of interior plasma flows (Fan, 2021),
and the wide range of spatial and temporal scales involved (Tobias, 2002).
Competing dynamo models, the role of subsurface shear layers such as the
tachocline, and the exact nature of the processes regenerating poloidal field
components are all topics of ongoing investigation (Sheeley, 2005; Parker, 2009;
Charbonneau, 2014, 2020).

1.2.2 Solar corona

The solar atmosphere is composed of multiple layers, characterised by distinct
plasma properties, such as particle number density and temperature. Above the
solar surface, known as the photosphere, lie the chromosphere and transition
region, where temperatures rise steeply from about 5700 K to several hundred
thousand kelvin (Kallenrode, 2001). These layers are followed by the corona,
the outermost part of the Sun’s atmosphere, where temperatures exceed 10 K
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(a) EUV view of the Sun (b) White-light image of a solar eclipse

Figure 1.3. Solar coronal structures. Panel a) shows an AIA image of the Sun at
193 Angstrém (A; 1A=01 nm) wavelength, observed on 26 March 2017. The red
arrow points to an AR, the blue arrow to a CH, and the white arrow to a quiet-Sun
region. Credit: Helioviewer (helioviewer.org). Panel b) shows a white-light image of
the Sun during a total solar eclipse from 1 August 2008. The red arrow marks a helmet
streamer. Credit: Miroslav Druckmiiller (www.zam.fme.vutbr.cz/ druck/eclipse/).

(Aschwanden, 2005). The cause for this immense temperature increase remains
an open problem, while proposed mechanisms include plasma wave heating and
MR (e.g. Sakurai 2017; Cranmer & Winebarger 2019). The particle number
density in the corona typically varies from ~ 10" cm ™2 in flare loops, through ~
10° cm~2 at the coronal base, to ~ 10 cm~2 in the upper corona (Aschwanden,
2005).

The corona is a highly dynamic and magnetically structured environment
that includes Active Regions (ARs), quiet-Sun areas, Coronal Holes (CHs),
and helmet streamers, all of which play a key role in shaping the solar wind.
The plasma-§ parameter (Sp1), which denotes the ratio of thermal pressure
to magnetic pressure, is commonly used to characterise different regions in
the solar atmosphere. While the photosphere and lower chromosphere exhibit
Bp1 > 1, values drop below unity in the corona, indicating that the plasma
dynamics are governed by the magnetic field, and rise above one again beyond
the corona (Gary, 2001).

Figure 1.3 illustrates these coronal features using both EUV imaging (panel
a) and white-light eclipse observations (panel b). ARs, often associated with
sunspots, are characterised by closed, complex magnetic field lines, and are
sites of intense emission in EUV and X-ray wavelengths. Quiet-Sun regions
exist outside ARs and have a weaker and more stable closed magnetic field
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topology. While the strongest magnetic fields with up to 3000 G are found in
sunspots, ARs have an average field strength of a few hundred G (Aschwanden,
2005), and the quiet Sun only about 1-4 G (Yang et al., 2020). CHs are
regions of open magnetic field lines and are typically found in the pole regions
during solar minima. However, during solar maxima, they can also appear at
mid-latitudes and even across the equator. In this context, open field lines
refer to magnetic field lines that extend to ’infinity’ or close only after spanning
vast distances through the heliosphere. Finally, helmet streamers are large,
long-lived structures that superimpose sunspots and ARs. The lower part of the
helmet streamers consists of magnetic field lines forming a helmet-shaped cusp
located typically at heliocentric distances of 2.5 Ry (Lee et al., 2021), while
their narrow, elongated upper parts, rooted in opposite-polarity regions, extend
outwards into the heliosphere, potentially enabling plasma outflow (Aschwanden,
2005; Lee et al., 2021). In contrast, so-called pseudo-streamers form at lower
heliocentric distances, typically around 1.25 R, and have their elongated parts
rooted in regions of the same magnetic polarity (Wang et al., 2007).

Traditionally, our knowledge of the corona relied on remote sensing from
spacecraft such as the Solar Dynamics Observatory (SDO) with the Helioseismic
and Magnetic Imager (HMI) on board to obtain line-of-sight magnetograms
(Scherrer et al., 2012), and the Atmospheric Imaging Assembly (ATA) taking
EUV images and providing information about the different layers in the
solar atmosphere (Lemen et al., 2012). With the launches of the spacecraft
Parker Solar Probe (PSP) in 2018 (Fox et al., 2016) operated by the National
Aeronautics and Space Administration (NASA), and Solar Orbiter (SolO) in
2020 (Miiller et al., 2020) operated by ESA and NASA, in-situ measurements of
heliospheric and coronal plasmas in unprecedented proximity to the Sun became
accessible.

1.2.3 Solar wind

The solar wind is a continuous, supersonic outflow of charged particles from the
Sun’s corona (Parker, 1958; Noyes, 1982) that fills the heliosphere and extends
up to a distance of about 120 au, where its pressure is balanced by that of
the local interstellar medium (Richardson et al., 2022). Composed primarily
of electrons and protons, along with minor fractions of heavier ions, the solar
wind has typical proton and electron number densities of about 3 ecm™2 and
temperatures around 10° K at Earth’s orbit (Geiss et al., 1995; Baumjohann &
Treumann, 1996; Kallenrode, 2001; Verscharen et al., 2019).

In-situ measurements of the solar wind by spacecraft such as the Advanced
Composition Explorer (ACE; McComas et al. 1998) and the Ulysses spacecraft
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Figure 1.4. Sketch of the origin of the solar wind and its propagation into
interplanetary space. Credit: Richard Woo, Shadia Habbal and Tom Dunne
(www.americanscientist.org/article/the-origin-of-the-solar-wind).

(Bame et al., 1992) motivated the division of the solar wind into two fundamental
components of different characteristics: a denser, more variable and turbulent
component with a typical flow speed of 250-400 kms~! called the slow solar
wind, and a less dense, less variable component with a typical flow speed of
500-800 kms™?! called the fast solar wind (see Schwenn 2006 and references
therein). This classification also reflects differences in their source regions on
the Sun, illustrated in Fig. 1.4, though the precise source and acceleration
mechanisms of the solar wind remain only partially understood (e.g. Cranmer
et al. 2017 and references therein). The fast wind is believed to originate from
the low-density, magnetically open CHs where the plasma escapes freely (He
et al., 2010; Cranmer et al., 2017; Stansby et al., 2021). In contrast, the origin
of the slow solar wind is linked to coronal streamers and ARs that lie under
closed magnetic field lines, and the plasma escapes during MR processes (He
et al., 2010; Antiochos et al., 2011). Some authors have also proposed that
quiet-Sun regions may contribute to both the fast and slow solar wind (e.g. Woo
& Habbal 2000; Feldman et al. 2005; He et al. 2007, 2010).

Owing to its dilute nature, the solar wind is weakly collisional near the Sun and
becomes essentially collisionless in interplanetary space (Marsch, 2006). Due
to the lack of (frequent) collisions, most particle populations cannot maintain
isotropic or Maxwellian velocity distributions, as evidenced by frequent in-situ
measurements (Maksimovic et al., 2005; Zouganelis et al., 2005; Marsch, 2006;
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Scherer et al., 2022). The measured particle distributions are best described by
the family of kappa distributions (Vasyliunas 1968; Pierrard & Lazar 2010; for a
contemporary overview, see Lazar & Fichtner 2021), which comprise a thermal
or Maxwellian core, and a superthermal halo characterised by enhanced high-
energy tails. Often, solar wind electron distributions also contain a suprathermal
strahl component, consisting of energetic electrons streaming focused along the
magnetic field direction (Maksimovic et al., 2005; Lazar et al., 2017).

Due to the high conductivity of the solar wind, the solar magnetic field is
essentially frozen into the plasma flow and dragged with the solar wind out
into the heliosphere (Kallenrode, 2001). This is a consequence of Alfvén’s
theorem stating that in a perfectly conducting fluid (i.e. with zero resistivity),
the magnetic field lines are frozen into the plasma flow (Alfvén, 1943, 1950;
Goedbloed et al., 2019). As the Sun rotates, the dragged-out field lines become
wound up to form an Archimedean or Parker spiral (Parker, 1958; Kallenrode,
2001), which provides a good approximation when the solar wind is averaged
over long periods. In reality, the Interplanetary Magnetic Field (IMF) is much
more complex due to the highly turbulent solar wind flow. The IMF is further
distorted by interactions between the slow and fast solar wind (e.g. CIRs) and
by transient structures such as CMEs (Borovsky, 2008; Balogh & Erddos, 2013;
Owens & Forsyth, 2013; Zhao et al., 2025). At Earth’s orbit, the magnetic field
magnitude has dropped to 3-5 nT (Kallenrode, 2001; Verscharen et al., 2019).

A prominent structure in the heliosphere is the Heliospheric Current Sheet
(HCS). This large, wavy structure originates in the corona, a few solar radii
above the photosphere, and arises due to the solar wind outflow and solar
rotation. It separates regions of oppositely directed magnetic field lines of the
IMF, and, following Ampére’s law, a sheet-like electric current is maintained
along the boundary. The HCS is a dynamic structure and strongly influenced by
the solar cycle, being more warped and dynamic during solar maximum, while
more planar and stable during solar minimum (Wilcox et al., 1980; Hoeksema
et al., 1983; Khabarova et al., 2021; Pezzi et al., 2021).

1.2.4 Solar flares and CMEs

Two of the most violent manifestations of solar magnetic activity are solar flares
and CMEs, both generally understood to be powered by the release of stored
magnetic energy into the solar atmosphere.

Solar flares are brief, intense bursts of electromagnetic radiation spanning a
broad spectrum from radio waves to gamma rays (Schwenn, 2006; Fletcher et al.,
2011; Benz, 2017). Most commonly observed in soft X-rays and EUV, solar flares
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Figure 1.5. Classical three-part CME model. The white-light image of a CME shows
the three standard parts: core, cavity, and bright front. Adapted from Riley et al.
(2008) and Klein (2018).

typically occur in ARs. Their frequency and intensity vary with the solar cycle
and correlate with sunspot activity (Hathaway, 2015). Flares are commonly
believed to be caused by MR in the solar corona, rapidly converting magnetic
energy into energetic particles, heat, and radiation (Shibata et al., 1995; Shibata
& Magara, 2011; Priest, 2014; Lysenko et al., 2020). Commonly, solar flares
are classified according to their peak soft X-ray flux in the 1-8 A band, as
measured by the Geostationary Operational Environmental Satellites (GOESs),
and labelled by the letters A (< 1077 Wm~2), B, C, M, and X (> 10~* Wm~2).
Each flare class represents an increase in the X-ray flux by a factor of 10 and
is linearly subdivided from 1 to 9 (Hudson, 2011; Fletcher et al., 2011). M-
and especially X-class flares are of primary interest due to their potential to
significantly disturb Earth’s magnetosphere and ionosphere (see Sect. 1.1),
whereas A- and B-class flares are generally considered insufficient to notably
affect Earth (Temmer, 2021; Grodji et al., 2021). C-class flares, although
typically not geoeffective, can nevertheless produce substantial heating and
magnetic restructuring in the solar atmosphere (Yadav et al., 2021; Bajnokova
et al., 2025).

In contrast, CMEs involve the large-scale expulsion of solar plasma and magnetic
flux into interplanetary space, often (but not always) associated with flares.
Typically, CMEs consist of ~ 10'1-10'3 kg of plasma ejected with speeds up
to 3000 kms~! (Vourlidas et al., 2010; Lamy et al., 2019; Temmer, 2021).
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Figure 1.5 illustrates the standard three-part CME structure observed in white-
light coronagraph images: i) a bright core often associated with solar filament or
prominence material; ii) a surrounding dark cavity region containing a Magnetic
Flux Rope? (MFR) with lower density; and iii) an outer bright leading edge
formed by compressed plasma ahead of the eruption (Riley et al., 2008; Klein,
2018). The eruption is generally thought to be triggered by an instability in an
MFR, which may pre-exist or form during the eruption. As the MFR rises, MR,
occurs beneath it in a vertical current sheet. In cases where the eruption speed
exceeds the local Alfvén speed?; a shock wave forms ahead of the CME (Chen,
2011). The Alfvén speed represents the propagation speed of disturbances along
magnetic field lines, and is defined as

B
\/M0P7

where B is the magnitude of the background magnetic field, p the mass density,
and po the vacuum permeability.

(1.1)

VA =

Whether all CMEs follow this standard model or multiple CME classes exist,
remains a subject of ongoing debate (see Temmer 2021 and references therein).
Moreover, some authors distinguish between CMEs observed remotely near the
Sun and Interplanetary CMEs (ICMEs) observed in situ by spacecraft (Bothmer
& Mrotzek, 2017; Temmer, 2021).

1.3 Energetic particles in the heliosphere

Energetic particle populations are ubiquitous in the corona and heliosphere.
These particles originate from solar, interplanetary, or extrasolar sources and
play a significant role in space weather. They are typically classified according
to their acceleration source. Figure 1.6 presents a schematic overview of typical
intensity-energy spectra of various particle populations in the heliosphere. The
solar wind dominates the intensity spectrum, but is significantly less energetic
than the other shown populations, with typical proton energies around 1 keV
and electron energies between 0.01-0.1 keV (Mewaldt et al., 2001; Boldyrev
et al., 2020). For energetic particles of solar and heliospheric origin, the energy
range spans from ~ 1 keV to several GeV per nucleon (Lee et al., 2012). If

2An MFR is a twisted and strongly sheared magnetic field believed to be present in CMEs.
In the later sections, the terms MFR and CME are used interchangeably.

3Strictly speaking, a shock forms when the eruption speed exceeds the local fast
magnetosonic speed, which depends on the Alfvén speed, the sound speed, and the wave
propagation angle relative to the magnetic field. In the lower corona, however, the Alfvén
speed typically dominates (Morton et al., 2015) and provides a good approximation.
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Figure 1.6. Schematic diagram of typical energy spectra of oxygen nuclei from
various heliospheric particle populations. Adapted from Stone et al. (1998) and Lee
et al. (2012).

galactic and extragalactic Cosmic Rays (CRs) are also included, the particle
energy range extends to nearly 1 ZeV (Pierre Auger Collaboration et al., 2017),
albeit at much lower intensities.

In the context of space weather, particularly relevant particle populations
include Energetic Storm Particles (ESPs), ions associated with CIRs, and SEPs.
ESPs are high-intensity ions observed near interplanetary shocks driven by
fast CMEs, where particles are thought to be accelerated by Diffusive Shock
Acceleration (DSA; a form of first-order Fermi acceleration) in combination
with enhanced turbulence (Reames, 1999; Vainio et al., 2014; Wijsen et al.,
2022). Similarly, CIR-associated shocks can accelerate ions, especially beyond
2-3 au, through DSA (Fisk & Lee, 1980) or Stochastic Acceleration (SA; i.e.
second-order Fermi acceleration) enabled by turbulent conditions (Fermi, 1949;
Tsubouchi, 2017).

SEPs are accelerated close to the Sun and span energies from a few keV per
nucleon to several GeV per nucleon in the case of ions, and up to tens MeV for
electrons (Reames, 2021). Various acceleration mechanisms have been proposed
(see paragraphs below), but there is still no consensus in the scientific community
about the exact acceleration mechanisms for SEPs (Petrosian, 2016; Perri et al.,
2022b). Since the 1940s, ground-based observations have identified intense SEP
events via Ground Level Enhancements (GLEs) caused by relativistic particles
entering Earth’s atmosphere (Forbush, 1946; Meyer et al., 1956; Kuwabara
et al., 2006; Gopalswamy et al., 2012). Due to their temporal coincidence with
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Figure 1.7. Historical two-class picture for SEP events. Panels a) and b) show
schematic representations of a gradual and an impulsive SEP event, respectively.
Panels ¢) and d) illustrate corresponding observed intensity-time profiles. Adapted
from Reames (1999) and Desai & Giacalone (2016).

GLEs, solar flares were long believed to be the primary source of SEPs (e.g.
Gosling 1993 and references therein). In contrast, other observed SEP events
closely associated with type II radio bursts (Wild et al. 1963; see Section 1.4)
and CMEs (Kahler et al., 1978) suggested CME-driven shocks as an additional
source of SEP generation. Historically, this led to a classification of SEP events
into two types, gradual and impulsive events, which not only differ in source
region and mechanism of acceleration, but also in properties, duration, and
composition (see Desai & Giacalone 2016, Reames 2021, and references therein).

Gradual SEP events are associated with sufficiently fast CMEs driving shock
waves in the corona and interplanetary space. It is believed that SEPs (mainly
protons and heavier ions) are accelerated primarily through DSA (Axford et al.,
1977; Krymskii, 1977; Bell, 1978a,b; Blandford & Ostriker, 1978), where particles
gain energy by repeatedly crossing the shock front and scattering off magnetic
turbulence on either side. Further extensions of DSA theory include the effects
of gradient and curvature drifts near shocks (Jokipii, 1982) and the strong
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impact of shock obliquity and diffusion anisotropy on acceleration efficiency
(Jokipii, 1987). Depending on factors such as shock geometry, turbulence levels,
and the presence (or absence) of seed populations, DSA may be accompanied
by Shock Drift Acceleration (SDA; Sonnerup 1969; Decker & Vlahos 1985; Ball
& Melrose 2001; Vainio & Afanasiev 2018) and SA (Petrosian & Liu, 2004;
Petrosian, 2012). These factors also influence whether a given CME produces an
associated SEP event (Verkhoglyadova et al., 2015). In this context, the exact
nature, drivers, and evolution of turbulence in the solar corona and heliosphere
remain active topics of debate (e.g. Matthaeus & Velli 2011; Cranmer et al.
2015; Verscharen et al. 2019).

Figure 1.7 presents schematics of gradual and impulsive SEP events in panels a)
and b), respectively, while panels ¢) and d) show typical corresponding observed
time-intensity profiles. As panel a) illustrates, during gradual events, SEPs
are accelerated at the fronts of shock waves. Since the CME-driven shock
wave extends longitudinally across a wide range, multiple observers may be
magnetically connected to the SEP source region. As the CME is propagating
through interplanetary space and continuously accelerating particles, gradual
SEP events typically last several days (panel c¢) and observations indicate
enhanced abundances of protons and associations with type II radio bursts
(Reames, 1999; Cliver, 2000). Since protons and heavier ions can be accelerated
from a few MeV up to several hundreds of MeV per nucleon in large gradual
SEP events, these events are of particular interest in space weather research due
to the potential danger for astronauts and spacecraft (Reames, 2021; Temmer,
2021).

In contrast, impulsive SEP events occur at solar flare sites, where MR, occurs.
SA mechanisms are the primary explanation proposed for the associated SEPs,
including resonant wave-particle interactions (Temerin & Roth, 1992; Roth &
Temerin, 1997) and first-order Fermi acceleration in collapsing magnetic islands
(Drake et al., 2013, 2009). Panel b) of Fig. 1.7 indicates that, in contrast to the
gradual case, impulsive SEP events are spatially more confined, and therefore,
often only observers magnetically well-connected to the solar flare site may
observe the event. Since solar flares and the underlying MR processes last
minutes to a few hours, impulsive SEP events have a shorter duration compared
to gradual SEP events and typically last up to several hours. Furthermore,
observations show impulsive SEP events to be rich in electrons and connected
to type III radio bursts (Reames, 1999, 2021). The associated SEPs typically
reach energies from a few hundred keV up to several MeV per nucleon (Reames,
2021).

While the two-class picture of SEP events is still employed, it should be noted
that the largest SEP events involve contributions from both flare and CME shock
acceleration (Kallenrode, 2003; Cane et al., 2010). Furthermore, recent missions,
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Figure 1.8. Schematic diagram of frequency-time profiles showing the relative
positions of SRBs of types I-V. The frequency and duration ranges are illustrative
and do not capture the full range observed in SRBs. In particular, type I and type IV
can extend well beyond the displayed range, up to several GHz (see references in the
main text). Adapted from Shamsuddin et al. (2023).

such as SolO and PSP, provide valuable in-situ data at closer distances to the
Sun, helping improve our understanding of SEP properties and acceleration
mechanisms, and complementing FEarth-based GLE data and remote sensing
(Paouris et al., 2023; Cohen et al., 2024).

1.4 Solar radio activity

The Sun emits electromagnetic radiation across the full spectrum, from radio
waves to gamma rays. Each wavelength probes different heights and physical
processes in the solar atmosphere (Aschwanden, 2005). Especially during and
after solar flares and CMEs, the solar atmosphere is a rich source for radio
emission, which is closely linked to space weather phenomena (Pick, 2004;
Schwenn, 2006; Temmer, 2021; White, 2024). Distinct Solar Radio Bursts
(SRBs) in the solar emission continuum are labelled as type I-V (Wild &
McCready, 1950; Wild, 1950a,b; Wild et al., 1959), each corresponding to
distinct plasma processes and solar phenomena (Kundu, 1965; Zheleznyakov,
1970).

Figure 1.8 presents a schematic illustration of the relative positions of the main
SRB types I-V, along with their typical frequency ranges and durations. These
ranges are not absolute, and actual observed values can extend well beyond
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the illustrated scales. Type I bursts, also called noise storms, consist of short,
narrowband bursts often superimposed on a continuum background, observed
primarily over ARs and typically spanning the 40400 MHz range. Individual
bursts typically last 1-20 s (Melrose, 2017), while storms can persist up to a
few hours (Nindos et al., 2008). These events are not directly linked to flares or
CMEs, and thus are of limited relevance to space weather. The leading emission
model involves energetic electrons trapped in coronal loops, exciting Langmuir
waves that convert to radio waves (Melrose, 1980). However, details of this
process remain debated (e.g. Melrose 2017 and references therein).

Type II bursts are slow-drifting emissions in frequency, with drift rates ranging
from ~ 102 kHz/s to under 1 MHz/s (Kumari et al., 2023; Ndacyayisenga et al.,
2024), and usually appearing in harmonic pairs as elongated lanes in the radio
emission spectrum. They last from a few minutes to an hour, typically in the
range of a few hundred MHz, but possibly down to kHz at greater distances from
the Sun (Cane & Erickson, 2005). Type II bursts are believed to be generated by
accelerated electrons at CME-driven shock waves, producing plasma emissions
at the plasma frequency and its second harmonic (Chernov & Fomichev, 2021).
Because of their close link to CMEs, type II bursts are important for identifying
shock formation and forecasting related space weather effects such as SEP
events and GMSs (Cairns et al., 2003; Schwenn, 2006; Temmer, 2021).

Type III bursts are fast frequency-drifting events, with drift rates ranging from
a few MHz/s up to ~ 10> MHz/s (Reid & Kontar, 2018; Zhang et al., 2018).
They occur when flare-accelerated electrons propagate along open magnetic
field lines into the heliosphere, generating Langmuir waves that convert to radio
emission. These events can appear as isolated events (with a duration of a
few seconds), in groups (with a duration of a few minutes), or as storms (with
durations of minutes to hours). Type III bursts often include an underlying
continuum (Cane et al., 2002; Reid & Ratcliffe, 2014) and are typically covering
a wide frequency range from GHz down to a few kHz. Due to their connection
to energetic electron escape, they are widely used in space weather monitoring
and forecasting (Reames, 2013).

Type IV bursts are broadband radio continua that are observed during or after
solar flares and CMEs, usually following type II and III bursts (Fokker, 1963;
Pick & Vilmer, 2008; White, 2024). They typically last from minutes to over an
hour and may involve multiple emission mechanisms, including GyroSynchrotron
(GS) emission (Dulk, 1973; Bastian et al., 2001; Vasanth et al., 2016, 2019),
plasma emission (Gary et al., 1985; Bastian et al., 2001; Morosan et al., 2019),
and potentially maser processes (Winglee & Dulk, 1986; Chernov et al., 1998).
Type IV bursts are of particular interest in space weather as they can provide
insight into magnetic field strengths within CMEs near the Sun (Bastian et al.,
2001; Maia et al., 2007; Bain et al., 2014; Carley et al., 2017) and trapped



MOTIVATION AND OUTLINE 17

populations of energetic electrons (Morosan et al., 2020; Temmer, 2021). Their
complex morphology (Pick, 1986) and debated origins are discussed in detail in
Chapter 6.

Finally, type V bursts are smooth, continuum-like emissions that typically
follow type III bursts, lasting for a few minutes. They occur in a similar
frequency range as type III bursts, but extend further to lower frequencies
(Dulk et al., 1980). Believed to result from the same electron beams as type III
bursts (Warwick, 1967), the emission is likely due to continued plasma emission
(Zheleznyakov & Zaitsev, 1968) or possibly electron cyclotron maser mechanisms
(e.g. Tang et al. 2013 and references therein). Though less studied, type V
bursts can extend the diagnostic reach of type III events.

1.5 Motivation and outline

In this chapter, we outlined the modern understanding of the Sun and the
heliosphere as dynamic environments hosting a wide variety of (often violent)
plasma processes and structures. These include solar flares, CMEs, and
associated SEPs, all of which influence the near-Earth space environment and
are key drivers of space weather. With modern society’s growing dependence
on satellites, alongside ambitions for interplanetary space exploration and long-
term human presence in space, improving our ability to understand and forecast
space weather phenomena is becoming increasingly important.

We also demonstrated that, despite significant progress in observations,
many fundamental questions remain unanswered, such as those concerning
particle acceleration, energy transport, and the mechanisms underlying SRBs.
Observational approaches are constrained by the immense financial and logistical
demands of constructing, launching, and operating spacecraft. Moreover,
the vast range of spatial, temporal, and energy scales across which plasma
processes occur in the corona and heliosphere, poses significant challenges for
instrumentation alone.

To address these challenges, two complementary approaches have been
increasingly employed in recent space weather research: Artificial Intelligence
(AI), particularly models using Machine Learning (ML), and physics-based
numerical simulations. ML models have shown promise in tasks such as solar
flare prediction (Bobra & Couvidat, 2015), CME detection (Bobra & Ilonidis,
2016), and GMS forecasting (Tan et al., 2018), benefiting from rapid operation
and the ability to extract complex, non-linear patterns from large datasets.
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However, these models suffer from their black-box nature, limited interpretability,
and sensitivity to the quality of training data and biases.

In contrast, physics-based numerical models are derived from fundamental
physical laws, offering physically interpretable results. These models typically
focus on specific regions (e.g. the solar corona or inner heliosphere) or particular
processes (e.g. solar wind evolution or energetic particle transport), allowing
for systematic parameter control. By coupling different models, a coherent and
multi-scale picture of space plasma environments and processes can be achieved.

This thesis aims to develop an advanced numerical modelling framework to
study the acceleration, transport, and observational signatures of energetic
particles in complex coronal and heliospheric environments. The work builds
on the framework of the solar wind and CME evolution and propagation model
EUropean Heliospheric FORecasting and Information Asset (FUHFORIA;
Pomoell & Poedts 2018), and the particle acceleration and transport code
PArticle Radiation Asset Directed at Interplanetary Space Exploration
(PARADISE; Wijsen 2020).

Both models have been successfully applied in multiple studies of observed
space weather events (e.g. Scolini et al. 2019, 2020; Wijsen et al. 2022, 2023,;
Maharana et al. 2023). Despite its strengths, the MHD model EUHFORIA,
which provides the necessary backgrounds for particle transport simulations in
PARADISE, comes with several limitations, including a uniform equidistant
grid, the exclusion of the corona, and challenges in modelling shocks with
sufficient accuracy.

To achieve our goal, we advance the existing FUHFORIA-PARADISE model in
three stages.

1. In general, shocks in MHD simulations appear as discontinuities smeared
out by numerical diffusion (or artificial viscosity). Since key particle
acceleration mechanisms occur on small spatial scales, modelling shocks
at sufficiently high resolution is essential. Due to FUHFORIA’s uniform
grid nature, higher shock resolutions require global grid refinement, which
significantly increases computational cost. To overcome this, in the
first stage, we introduce the advanced Icarus-PARADISE model by
incorporating the Icarus code. Similar to EUHFORIA, Icarus (Verbeke
et al., 2022), part of the Message Passing Interface - Adaptive Mesh
Refinement Versatile Advection Code (MPI-AMRVAC; Keppens et al.
2023; Baratashvili et al. 2025), is a 3D ideal MHD code that models
the global solar wind, including transient structures such as CMEs and
CIRs, from 0.1 au onwards. However, unlike FEUHFORIA, MPI-AMRVAC
offers advanced techniques, including solution-Adaptive Mesh Refinement
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(AMR) and grid stretching, which enable higher local resolutions and
result in more efficient and accurate simulations.

2. Modelling CMEs and energetic particles only from 0.1 au onwards ignores
many important physical processes already occurring in the solar corona,
including CME evolution (Wang et al., 2014), shock formation (Mann
et al., 2003), or SEP acceleration in flare regions or at the fronts of CME-
driven shock waves (Reames, 1999; Desai & Giacalone, 2016). Therefore,
in the second stage, we introduce the novel COCONUT-PARADISE model
by incorporating the COOLFluiD COroNal UnsTructured (COCONUT)
code. COCONUT, part of the Computational Object-Oriented Libraries
for Fluid Dynamics (COOLFluiD; Lani 2009) platform, is a 3D ideal MHD
model that generates coronal background configurations for the energetic
particle simulations in PARADISE, potentially containing CMEs modelled
as flux ropes.

3. As outlined in Section 1.4, SRBs play an essential role in space weather
research, for instance, functioning as precursors to CME and SEP events
observed near Earth, as well as to GMSs (Schwenn, 2006; Klein et al., 2018).
In this context, type IV bursts are particularly interesting due to their
potential to diagnose CME magnetic field strengths from their spectra
containing GS emission. For this reason, in the third stage, we extend
the COCONUT-PARADISE model by integrating the Ultimate Fast GS
Codes (UFGSCs; Kuznetsov & Fleishman 2021) into the modelling chain,
allowing the computation of synthetic type IV spectra containing GS and
synchrotron emission.

The structure of this thesis is as follows. Chapter 2 provides the theoretical
background relevant to the later chapters. Section 2.1 describes the concept
of ideal MHD that is used for modelling background environments such as
the corona and the inner-heliospheric solar wind. Section 2.2 then presents
the Focused Transport Equation (FTE), which governs the acceleration and
propagation of energetic particles. Finally, Section 2.3 outlines the theory
behind synchrotron and GS emission, including a detailed derivation of the GS
emission and absorption coefficients.

Chapter 3 discusses the numerical developments in the PARADISE code. All
numerical models used are briefly described in Section 3.1. In Section 3.2, the
necessary adaptations for working with Icarus’s block-based grids are described,
including support for AMR and stretched grids. The modifications required
to handle unstructured meshes, enabling particle propagation through coronal
configurations obtained with the COCONUT model, are described in Section 3.3.
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Chapters 4 to 6 introduce the newly developed coupled models by showing first
applications. Chapter 4 presents the Icarus-PARADISE model and showcases a
theoretical study of particle acceleration and transport at a CIR. This includes
the validation of the new model by reproducing results from the FUHFORIA-
PARADISE model, as well as a demonstration of AMR application to the shock
regions of the CIR.

Chapter 5 then illustrates the COCONUT-PARADISE model and focuses on
theoretical studies of particle transport in the corona in the presence of a
CME. Particle dynamics within the CME flux rope, both with and without
perpendicular diffusion, are analysed, thereby exploring particle confinement
and escape from CME flux ropes.

Finally, Chapter 6 illustrates the extension of the COCONUT-PARADISE
framework with the introduction of the UFGSCs to simulate radio signatures
produced by energetic electrons. The impact of different CME properties,
electron injections, and observer geometry on the synthetic radio spectra is
investigated.

The thesis concludes in Chapter 7 with a summary and discussion of the previous
chapters (Section 7.1), and an outlook on potential future developments and
applications of the established modelling framework (Section 7.2).

Throughout this thesis, physical quantities and equations are expressed in the
unit system used in the source work or relevant to the underlying numerical
model. In particular, Section 2.2 and Chapters 4 and 5 are based on Systéme
International d’unités (SI). In contrast, Sections 2.1 and 2.3, Chapter 6, and
Appendix A use the Centimetre-Gram-Second (CGS) unit system, also known
as Gaussian units. Chapter 3 is presented in a unit-independent manner.
For consistency, numerical values of physical, astronomical, and mathematical
constants are given in SI units where applicable in the symbol list at the front
of this thesis, which contains important symbols and variables used throughout
the thesis, limited to those appearing frequently or in multiple sections.
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Theoretical and mathematical
framework for plasma and radiation

modelling

This chapter! presents the theoretical background behind the numerical models
utilised in Chapters 4-6. Icarus and COCONUT generate inner heliospheric
solar wind and coronal plasma configurations, respectively, by solving the set of
3D ideal MHD equations, which are discussed in Section 2.1. The evolution of
energetic particle distributions is governed by the FTE and solved by PARADISE
in a stochastic manner. The FTE accounts both for macroscopic effects due
to large-scale motion in the solar wind and microscopic effects arising from
interactions with magnetic field fluctuations, outlined in Section 2.2. Finally,
to compute GS emission intensities, the emission and absorption coefficients
must be calculated, whose complete derivation is provided in Section 2.3. Since
Section 2.3 is very technical, readers primarily interested in the application and
results may wish to proceed directly to Chapter 3 (discussion about the numerical
models) or Chapter 4 (first model application), and return to Section 2.3 for
reference as needed.

2.1 The ideal MHD equations

In the current view of the universe, it is estimated that 99.9% of normal (visible)
matter exists in a plasma state (Kallenrode, 2001), with the solar corona and
solar wind being no exception. Chen (2016) provides a helpful definition for

ISections 2.1 and 2.3 are based on CGS units, while Section 2.2 uses SI units.

21
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a plasma: “A plasma is a quasineutral gas of charged and neutral particles
which exhibits collective behaviour.” Typically, three criteria must be satisfied
for this: i) the Debye length Ap must be much smaller than the characteristic
length scale of the plasma system, ensuring quasi-neutrality on macroscopic
scales; ii) the number of particles within a Debye sphere must be large, enabling
collective behaviour; iii) the average time between collisions with neutral atoms
exceeds the timescale of plasma oscillations, allowing for electromagnetic forces
to dominate (Chen, 2016).

Plasmas are primarily characterised by their particle number density and
temperature, spanning more than 30 orders of magnitude in density and over
10 in temperature (Kallenrode, 2001). These vast ranges motivate different
approaches for their mathematical description. For modelling large-scale
environments such as the solar corona and the heliosphere, a (macroscopic)
fluid approach is typically employed. This treats the plasma as a conducting
fluid, neglecting single-particle motion while accounting for collective plasma
behaviour and describing it in terms of macroscopic quantities. In the most
general multi-fluid picture, each particle species is defined as a separate fluid,
allowing for distinct behaviour of lighter electrons and heavier ions (Baumjohann
& Treumann, 1996; Goedbloed et al., 2019).

The multi-fluid equations and associated macroscopic variables can be derived
from (mesoscopic) plasma kinetic theory. In this statistical approach, the
evolution of a Particle Distribution Function (PDF) f.(r,v,t) is considered
for a particle species ¢, defined in six-dimensional phase-space (r,v), where r
denotes position, v velocity, and ¢ time. The PDF is defined such that

dN, = f.(r,v,t)d*r d®v (2.1)

gives the number of particles inside the phase-space volume element d3r d3v at
time t.

The evolution of the PDF is governed by the kinetic equation

of.
%Jrv-Vngrq—g(EJrva)-vvfg: (at)coll’ (2.2)
at mg 0

Here, g. and m. denote the particle’s charge and mass, E and B are the electric
and magnetic fields, and V and V,, denote gradients with respect to position and
velocity, respectively. The collision term (9 f./0t)con describes the net change of
f< due to collisions. When (binary) collisions are significant, the collision term
is retained, and Eq. (2.2) is referred to as the Boltzmann equation. In space
plasmas that are effectively collisionless, the collision term can be neglected,
thereby reducing Eq. (2.2) to the Vlasov equation (Baumjohann & Treumann,
1996; Chen, 2016).
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Macroscopic plasma variables are obtained by taking velocity moments of the
PDF. The i-th moment M; is defined as

M; = /d3v fo(r,v,t) v, (2.3)

where the zeroth, first, and second moments yield the average particle number
density, bulk velocity, and temperature (or energy), respectively?. The
macroscopic fluid equations for space plasmas are derived by taking velocity
moments of the Vlasov equation, as defined in Eq. (2.3). The first three moments
yield the continuity, momentum, and energy equations. These are coupled with
Maxwell’s equations and a form of Ohm’s law to describe the evolution of the
electric and magnetic fields (Baumjohann & Treumann, 1996; Goedbloed et al.,
2019). Furthermore, this procedure generates an infinite hierarchy of moments,
where each order introduces a higher-order variable, so a closure relation is
required to truncate the hierarchy at some point (typically after the first two or
three moments).

Under certain conditions, the multi-fluid equations can be approximated by a
single-fluid description. In particular, a two-fluid model that treats electrons and
protons separately can be combined into a single-fluid framework, leading to the
(resistive) MHD approach. These conditions include quasi-neutrality between
the particle species, a common bulk velocity and temperature, non-relativistic
particle and wave speeds, neglecting the displacement current in Ampére’s law,
characteristic length scales that are much larger than the particle gyroradii, and
characteristic time scales much longer than the inverse of the gyrofrequencies
and plasma frequencies, such that microscopic processes are averaged out. To
derive the MHD description of plasmas, macroscopic one-fluid variables are
defined as linear combinations of species-specific quantities, such as mass or
charge density. These new variables enable the combination of the separated
fluid equations into a combined set of single-fluid equations (Goedbloed et al.,
2019).

To further simplify the resistive MHD equations and obtain the ideal MHD limit,
it is assumed that the plasma behaves as a perfect conductor. This leads to
setting the resistivity to zero (or, equivalently, assuming infinite conductivity),
which eliminates the resistive term from a generalised form of Ohm’s law. As
a consequence, magnetic field lines become frozen into the plasma and are
advected with the flow (see Section 1.2.3). The magnetic Reynolds number,
Ry = Uy Lo/nm, quantifies how strongly a plasma flow is coupled to the
magnetic field, where Uy is the characteristic flow speed, Lg is the characteristic

2For i > 2, depending on the context, v¢ denotes successive scalar or dyadic (outer)
products, thereby yielding scalars or tensors of order two or higher (see appendix in Scherer
et al. 2019).
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length scale, and 7y, is the magnetic diffusivity. If R, < 1, magnetic diffusion
dominates, while R, > 1 corresponds to the advection-dominated regime,
where the magnetic field is effectively frozen into the plasma and ideal MHD
applies (Goedbloed et al., 2019).

For modelling large-scale solar wind backgrounds from 0.1 au up to 2 au and
beyond, Icarus solves the 3D ideal MHD equations in the form (Verbeke et al.,
2022)

dp
L4V (pUyw) =0, 2.4
5 TV (PUsw) =0 (2.4)
Usw
%+V'(PVV+ZMI—BB)=pg+Fin, (2.5)

o€
E +V- [5 Usw + Ptot Usw — B(B : Usw)] = pUsw -8+ Usw - Fin, (2'6)

0B

5 V- (UsB-BU) =0, (2.7)
complemented by the solenoidal constraint in Eq. (A.43). Here, p, Ugy, &, and
7 denote the mass density, solar wind bulk velocity, total energy density, and
identity tensor, respectively. The total pressure pio, gravitational acceleration
g, and inertial force density F;, are given by

U? B2 B2
ot = ad — 1 — =AM —_, .
Ptot (’Yd )(5 P2 2)"’2 (28)
G M
g=—- 2 © €er, (29)
r
Fin = p(Qrot X 1) X Quot + 2 p (Ugyy X Qrot) - (2.10)

In Eq. (2.8), Yaa is the adiabatic index. In Eq. (2.9), G is the gravitational
constant, Mg, the solar mass, r the radial distance, and e, the radial unit vector.
Equation (2.10) expresses the sum of the centrifugal and Coriolis forces, where
Q,ot is the Sun’s angular velocity. The inertial forces are included since Icarus
solves the ideal MHD equations in a frame corotating with the Sun.

MPI-AMRVAC supports both constrained transport that enforces V-B =0
exactly, and divergence-cleaning approaches that tolerate small local deviations
from zero, which are subsequently removed (Keppens et al., 2023). In the
work presented in Chapter 4, we adopt the latter method, implementing
the Hodge—Helmholtz projection technique, also known as elliptic divergence
cleaning (see Brackbill & Barnes 1980 and Teunissen & Keppens 2019 for details).
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This approach supplements the ideal MHD equations with two additional
equations,

V-V® =V Byq, (2.11)
Bnew = Bold - VCI)7 (212)

where ® is a scalar potential, and Bgq and Byey denote the magnetic field
before and after the divergence cleaning, respectively. Thus, Poisson’s equation
(Eq. 2.11) is solved for V®, which is then used in Eq. (2.12) to correct the
magnetic field. MPI-AMRVAC also includes other methods to control the
magnetic field divergence (see Keppens et al. 2023 for a detailed list with
references).

The COCONUT model solves a similar set of equations as Eqs. (2.4)-
(2.7), formulated also in conservative form but including several important
modifications. The inertial force terms are set to 0. COCONUT also employs a
divergence-cleaning method, albeit different from the one used in MPI-AMRVAC.
In the approach in COCONUT, the left-hand side of the induction equation
(Eq. 2.7) is extended by an additional term +Z¢ involving the Lagrange
multiplier 4, while the set of equations solved in COCONUT is accompanied
by the equation

o

ar "
where the parameter 7 has the dimension of time and can be interpreted as
a damping scale. Equation (2.13) is included for numerical stability reasons,
connecting the evolution equations to the solenoidal constraint (Eq. A.43) and
moving divergence errors to the domain boundaries with the reference speed
Uyet, while simultaneously damping them, controlled by the parameter 7 (for
details, see Dedner et al. 2002; Perri et al. 2022a, 2023). In Chapters 5 and
6, following Perri et al. (2022a) and Perri et al. (2023), we employ 7 = oo by
setting the right-hand side of Eq. (2.13) to zero, so that divergence errors are
only transported outwards, without explicit damping.

U2,V -B= f%, (2.13)

ref

Furthermore, COCONUT exists in two versions, differing in their physical
source terms. In Chapter 5, we employ a polytropic version of COCONUT,
where the source term Sy, (Eq. 2.14) containing any heating and radiation loss
components, is set to zero. The adiabatic index is further fixed to v,q = 1.05,
resulting in an almost isothermal plasma. Both versions use the ideal equation of
state, p&€ = pn/(Vaa — 1), for closure, where pyy, describes the thermal pressure.
We note that while COCONUT expresses energy per unit mass and Icarus per
unit volume, the units of Eq. (2.14) are consistent with Eq. (2.6) for COCONUT.
In Chapter 6, we use an updated version of COCONUT (Baratashvili et al.,
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2024), where the right-hand side of Eq. (2.6) is augmented by the source term

Sth = =V g + Qraa + Qu - (2'14)

Here, the first term describes thermal conduction with q being the heat flux
vector, while Q;.q and Qy are functions accounting for radiation losses and
coronal heating, respectively. The heat flux is described differently depending
on the heliocentric distance, following the approach by Miki¢ et al. (1999). For
distances r < 10 R, the plasma is assumed to be collisional, and the heat flux
is modelled using the classical Spitzer-Hadrm formulation

qsH = —ICH (bb) -VO, (2.15)

where b is the magnetic field unit vector, bb denotes the dyadic product of
b with itself, © the temperature in units of K, and K = 9 x 1077 ©%/2 the
parallel thermal conductivity in units of erg cm™! s=! (Hollweg, 1978). For
r > 10 R, where the coronal plasma becomes effectively collisionless, the heat
flux is described, following (Hollweg, 1976), as

qH = gne kBGUSWa (216)

where kp is Boltzmann’s constant, and G is a dimensionless parameter. Details
on the determination of G are provided in Hollweg (1976).

Radiative losses in Eq. (2.14) are described by
Qrad = —Ne Np Q:(@) s (217)

where ne and n;, are the electron and proton number densities, respectively,
and €(0) is a temperature-dependent radiative cooling function, whose detailed
form is described in Rosner et al. (1978).

The coronal heating source term in Eq. (2.14) follows the empirical form proposed
by Pevtsov et al. (2003) and Downs et al. (2010), given as

On = H. B exp (T _ARS) , (2.18)

S

where B is the magnetic field magnitude, Hg is the local heating rate at
heliocentric distance Ry, and A4 is the heating scale height. Following Linan
et al. (2025), we adopt Hy = 4.9128 x 10~ "ergem3s~ !, R, = 1Ry, and
As = 0.7 Rg in Chapter 6. Further details on the components of the source
term S and some alternative expressions available in COCONUT can be found
in Baratashvili et al. (2024) and Linan et al. (2025).
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2.2 Focused transport equation

As discussed in Section 1.2.3, the solar wind streams out of the corona and fills
the heliosphere. Due to its high conductivity, the solar magnetic field is frozen
into the solar wind and dragged out by the charged particles into interplanetary
space, forming a Parker spiral as the Sun rotates. As discussed in Section 1.3,
various energetic particle populations are embedded in the collisionless and
magnetised solar wind as they propagate through interplanetary space.

Ignoring gravity, the motion of the energetic particles is governed by the Newton-
Lorentz equation (Eq. A.79), which represents the (microscopic) single-particle
approach to describe plasma phenomena. Assuming a constant and uniform
magnetic field, it can be shown that the charged particles describe a helical
motion (see Appendix A.8). This motion is a superposition of a gyration around
a magnetic field line with a velocity component perpendicular to the field line,
and the motion of the centre of the gyration orbit (known as the guiding centre)
with a velocity component parallel to the magnetic field (Boyd & Sanderson,
2003; Aran et al., 2018). In the presence of gravity, a curvature or gradient
in the magnetic field, or an electric field (that is possibly time-dependent),
drift motions of the guiding centre arise and superimpose the helical motion
(Baumjohann & Treumann, 1996).

Using the single-particle approach, so-called adiabatic invariants can be derived,
which are not absolute constants but quantities that change sufficiently slowly
compared to the associated periodicities of particle motion, allowing them to be
considered nearly constant. In this context, the conservation of the magnetic
moment, defined as

o pPsit()
" 2ymB 2ymB

(2.19)

plays an important role. Here, p, is the perpendicular momentum component,
p the momentum magnitude, and m the particle mass. The second variant
of Eq. (2.19) contains the pitch angle « of the particle, defined as the angle
formed by the particle’s momentum vector and the magnetic field vector,
tan(a) = p1 /p)|, with the parallel momentum component pj.

The conservation of the magnetic moment and kinetic energy means that
when a particle moves into a region with a weaker magnetic field, its pitch
angle decreases. Furthermore, considering the first variant of Eq. (2.19), it
also shows that p, decreases, but due to conservation of kinetic energy, p
increases and the particle becomes increasingly ballistic. This process is called
focusing and occurs when energetic particles move from the Sun outward
into interplanetary space (Baumjohann & Treumann, 1996). Additionally,
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a mirror force, Friror = —fim VB (with Vi being the directional gradient
along the field), arises acting contrarily to the gradient. This means that if a
particle moves into a region of a stronger magnetic field, its parallel speed can
eventually become zero, and its direction is reflected, a phenomenon known
as magnetic mirroring. It can be shown that only particles whose pitch angle
satisfies sin(a) > \/B/ B, where By, is the maximum magnetic field strength
encountered along the particle’s trajectory (i.e. its individual mirror point), are
reflected (Boyd & Sanderson, 2003).

The description of particle motion so far assumed an ideal Parker spiral magnetic
field along which the particles propagate. In reality, the interplanetary magnetic
field exhibits turbulent fluctuations that can interact with particles and scatter
them in pitch angle space. Turbulence is understood here as "seemingly random
fluctuations containing some level of correlations or structures" (van den Berg
et al., 2020). Due to the stochastic nature of pitch angle diffusion, it is
helpful to choose a statistical approach and describe energetic particles via their
distribution function, whose evolution is governed by a transport equation.

To model the transport of energetic particles in the corona and inner heliosphere
in this thesis, we employ the FTE. The FTE (Roelof, 1969; Skilling, 1971, 1975;
Webb, 1985; Ruffolo, 1995; Isenberg, 1997; le Roux & Webb, 2009; Zank, 2014;
Wijsen, 2020) is implemented in PARADISE in the form

af dr dpof ~dpof 0 (D af

ot Y T won Tarap ~ an \ Py

ot dt dt o dtop  Ou ) +V - (kL-Vf), (2.20)

where f = f(r,p, u,t) is the gyrotropic distribution function, u = cos « is the
cosine of the pitch angle, D,,, denotes the pitch angle diffusion coefficient, and
K is the (spatial) CrossField Diffusion (CFD) tensor. The total derivatives of
r, u, and p in Eq. (2.20) are given by

%:Usw+Ud+uvb, (221)
dp 1 —p? 2. dUgy

o b “Usw —3ubb: VU — 2b - (2,22
at 2 (UV TV 3ubb:V PRNT ) (2.22)
dp 1-3 M2 1- M2 H dUsw

Lo | 2=2H (bb: VU,,) — U — Eb- 2.2
at [ 5 (bb:VUs) v dt (2:23)

The colon operator in Egs. (2.22) and (2.23) denotes the Frobenius inner product
bb : VUSW == bl bj 81)i/8.’1?j 5 (2.24)

using Einstein’s summation convention. The drift velocity Uq in Eq. (2.21)
accounts for particle drifts due to magnetic field gradients and curvature. It is
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given by

vp [1-p? 2
= — B 2.2
Us= 5 |5 b X VB+? (Vb | (2.25)

with (V xb), ==V xb—(b-V xb)b (Wijsen, 2020).

In Eq. (2.21), the three terms on the right-hand side describe convection
with the solar wind, guiding centre drifts, and streaming along field lines,
respectively. Equation (2.22) includes focusing and mirroring effects that the
particle may experience, while Eq. (2.23) gives the changes of a particle’s
momentum. Typically, the middle term with the solar wind velocity divergence,
V - Ugw, dominates in Eq. (2.23). Therefore, V - Ug, > 0 usually results in
adiabatic deceleration, as it represents the expansion of the solar wind, and
dp/dt < 0. Conversely, if the velocity divergence is negative, it describes regions
of converging solar wind flow typical of shock or compression regions where
particle acceleration occurs, and dp/dt > 0.

The FTE in Egs. (2.20)—(2.23) is formulated in mixed coordinates, meaning
that spatial coordinates are measured in an inertial frame fixed with respect
to the Sun, while momentum magnitude and pitch angle are defined in the
co-moving solar wind frame. This commonly used coordinate choice simplifies
the description of pitch angle scattering and adiabatic energy changes, which
are most naturally expressed in the turbulence rest frame, often assumed to
coincide with the plasma rest frame. We note that Egs. (2.20)—(2.23) neglect
terms of order Uy /¢, where Uy, denotes the solar wind bulk speed and ¢ the
speed of light in vacuum. This approximation is justified, since Ugy, /c ~ 1073
under typical solar wind conditions. For a derivation of the FTE retaining
higher-order terms in Uy /¢, see, for instance, Chapter 2 of Wijsen (2020) and
references therein.

Global heliospheric MHD models, such as EUHFORIA, Icarus, and COCONUT,
provide large-scale solar wind and coronal configurations, in which the global
magnetic field generally follows a nominal Parker spiral unless disturbed by
transient structures, such as CMEs and CIRs. However, even in the absence
of such structures, the magnetic field exhibits turbulent fluctuations on small
spatial and temporal scales. These fluctuations are not resolved by the MHD
models but can play a significant role, for instance, by scattering energetic
particles.

In PARADISE, diffusion processes are treated in a modular fashion, meaning
that the diffusion terms in the FTE describing turbulence can be added, removed,
or replaced. PARADISE includes different expressions for the pitch angle
diffusion coefficient, derived under the assumptions of quasi-linear theory and
magnetic slab turbulence (e.g. Jokipii 1966 and Jaekel & Schlickeiser 1992). In
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this work, we use an expression similar to those of Agueda et al. (2008) and
Agueda & Vainio (2013), given by

D, = Dy (R>2_d < iy w) (1—p?). (2.26)
Ro L+ |l

Here, w is a regularisation parameter used to smooth the resonance gap at 4 =0
(e.g. Klimas & Sandri 1971; in this work, o = 0.048), and d is the Kolmogorov
spectral index (taken as d = 5/3 throughout this thesis). The scaling factor
Dy depends on the particle’s rigidity R (defined here as R = p/q), a reference
rigidity Ro (in Chapters 4 and 5, the reference values are provided by a proton
of 1 MeV energy), and a prescribed parallel MFP )|, assumed constant in space
(see Wijsen 2020 for details). In particular, in Chapter 4, we adopt A = 0.3 au,
while in Chapters 5 and 6 we use A\ = 0.1 au. The diffusion coefficient D, is
related to the parallel MFP via (Hasselmann & Wibberenz, 1970)

1

3v [ (1—pu?)?

ANj=— | ———d 2.2

=3 / Dy (2.27)
21

from which Dj can then be determined.

Besides pitch angle diffusion, we also consider CFD, represented by the diffusion
tensor k. Spatial CFD has been proposed as a key mechanism to explain,
for instance, SEP events observed by spacecraft that are not magnetically well
connected to the particle source region (e.g. Klassen et al. 2015). To describe
the CFD tensor in Eq. (2.20) we follow the approach of Zhang et al. (2009) and
Wang et al. (2012), and assume it to be isotropic in the plane perpendicular to
the magnetic field. The CFD tensor can then be written as

K] =K (I—bb) . (228)

The scalar CFD coefficient x, is related to the perpendicular MFP A\ via

/@l:/\L%. (2.29)

In this thesis, two distinct approaches to modelling CFD are employed. The
first (used in Chapters 4 and 5) assumes a constant value for A, , allowing a
parametric study of its effect on particle transport. In the second approach
(utilised in Chapter 5), A, is made spatially and energetically dependent through
its relation to A, a scaling parameter x that is a measure of the ratio of A
to A, and, the particle’s maximum gyroradius, commonly referred to as the
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Larmor radius,
mu
re(p) = W\/ 1—p?, (2:30)

muv R

):Wzga (2-31)

r, =1g(t=0
where r, is the general expression of the gyroradius, and r, can be expressed

using the rigidity. This yields a modified expression for £, (e.g. Droge et al.
2010), reading after averaging over pitch angle ((rg), = 7/4711),

3 T
Kl = fﬂx—L/\” v. (2.32)
4 TLo
—_———
= AL

In Eq. (2.32), rpo is a reference gyroradius defined by a chosen reference magnetic
field strength By and reference energy (see Chapter 5).

2.3 Gyrosynchrotron emission

As discussed in Section 1.4, radio emission from the solar atmosphere plays
an important role in space weather research due to its connection to solar
eruptive events and energetic particles. In this context, type IV radio bursts
are of particular interest due to ongoing uncertainties regarding their emission
mechanisms. Among the proposed candidates are GS and synchrotron emission.
Both are produced by electrons spiralling along magnetic field lines. As
an electron is accelerated, its electric field becomes distorted, generating a
disturbance that propagates outwards as an electromagnetic wave, as described
by Maxwell’s equations (Willmott, 2019). A common classification® distinguishes
between cyclotron emission produced by non-relativistic electrons, GS emission
produced by mildly relativistic electrons, and synchrotron emission produced
by ultra-relativistic electrons. However, these are not clear-cut regimes, since
other factors, such as the magnetic field strength, also influence the emission
characteristics, as shown in Chapter 6.

In the study presented in Chapter 6, we generated synthetic type IV spectra
containing GS and synchrotron emission from electrons trapped in a CME

3Since all three types of emission originate from the same basic mechanism, that is,
radiation by gyrating electrons, we occasionally use ’GS’ as an umbrella term for brevity, and
only distinguish cyclotron, GS, and synchrotron emission explicitly when the differences are
physically relevant.
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modelled as an MFR. Emission in such a magnetoactive plasma environment,
that is, one with strong magnetic fields giving rise to distinct wave modes and
large plasma and gyrofrequencies, is significantly more complex than the simple
case of an electron spiralling in a vacuum (Ramaty, 1969).

In this section, we derive the equations used to compute the intensity of GS and
synchrotron emission from electrons in a magnetoactive plasma. The required
emission and absorption coefficients are obtained in full form as they are
implemented in the UFGSCs by Fleishman & Kuznetsov (2010), which we use
to compute synthetic radio spectra. The derivation builds on the foundational
work of Eidman (1958, 1959); Wild et al. (1963); Liemohn (1965); Bekefi (1966);
Sitenko & Kirochkin (1966); Mansfield (1967); Melrose (1968a,b); Ramaty (1969);
Trulsen & Fejer (1970); Zheleznyakov (1970); Rybicki & Lightman (1986), with
particular reference to the methods by Bekefi (1966), Melrose (1968a), Ramaty
(1969), and Rybicki & Lightman (1986). Complementary derivations in the
Appendix are mainly based on Bekefi (1966), Melrose (1968a), and Ramaty
(1969), while the calculations related to the cold plasma dispersion relation refer
to Stix (1962), Boyd & Sanderson (2003), and Goedbloed et al. (2019).

The following section presents a detailed derivation of the GS emission and
absorption coefficients from first principles. Much of the foundational work dates
back to the 1950s and 1960s, with some of its parts appearing in Soviet journals
that are now difficult to access. Individual results are spread across several
publications, occasionally contain confusing typographical errors, consider only
the transverse or longitudinal component of the polarisation vector, and often
omit non-trivial intermediate steps. To address these issues, we provide a
transparent derivation, offering a complete and coherent calculation in one
place.

To give an overview, we summarise the derivation as a roadmap of the required
individual steps:

1. We aim to describe the evolution of a beam of radiation as it travels through
space. In Section 2.3.1, we derive the macroscopic Radiative Transfer
Equation (RTE), which includes an emission and an absorption coefficient.
The specific form of these coefficients depends on the assumptions made
about the radiating particles and the background plasma.

2. After identifying the emission and absorption coefficients as key to
describing GS radiation, we derive general formulae to compute them
in Section 2.3.2. Here, the emissivity emerges as the central quantity
required to evaluate both coefficients.

3. To compute the emissivity, we adopt a semi-classical approach: the electron
motion and background plasma are treated classically, while the radiation
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is treated quantum mechanically via photon emission probabilities. In
Section 2.3.3, we define the total radiated power and derive an expression
for the emissivity involving the spontaneous emission probability.

4. Next, we derive an alternative expression for the radiated power using
classical electrodynamics in Section 2.3.4. Equating the quantum and
classical results allows us to extract the spontaneous emission probability
and, hence, the full expression for the emissivity later in Section 2.3.6.

5. To evaluate the classical radiation formula from Section 2.3.4, we first
need to derive an expression for the current density vector. Section 2.3.5
derives this vector in Fourier space, illustrating how the spiralling motion
of electrons responsible for GS emission is incorporated.

6. With the current density vector in hand, we return in Section 2.3.6 to
derive the complete expression for the spontaneous emission probability.

7. To complete the derivation of the emissivity, we identify expressions for
particular quantities in the radiation formula in Section 2.3.7. Additionally,
we incorporate the properties of the magnetoactive background plasma
via the cold plasma dispersion relation.

8. With all required components established, we derive the full emissivity
expression in Section 2.3.8, incorporating the Altar-Appleton-Hartree
approximations (AAH) by only considering the contribution of the
electrons in the Stix parameters.

9. Finally, using the explicit form of the emissivity, we return to the general
formulae, derived in Section 2.3.2, to obtain the complete expressions for
the GS emission and absorption coefficients.

For the derivation of the GS emission and absorption coefficients, we make the
following assumptions:

e We consider only free-free transitions, that is, a free electron emits or
absorbs radiation while remaining unbound after the interaction (Bekefi,
1966). Particle-particle collisions and other dissipative effects (e.g. thermal
conduction or viscosity) are neglected. These assumptions are justified
in the hot, highly ionised solar corona (Aschwanden, 2005), which is
often considered weakly collisional. The particle gyroradii are much
smaller than the collisional mean free path, and gyrofrequencies exceed
collision frequencies (Braginskii, 1965; Marsch, 2006). The transition to
an effectively collisionless regime is typically assumed to occur between 5
and 10 solar radii (Hollweg, 1978; Miki¢ et al., 1999; Marsch, 2006).
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e The emission is treated as incoherent. The radiation is computed as
arising from single-particle processes with random phases, neglecting
collective effects. While coherent emission does occur in solar bursts (e.g.
from type II and type III bursts; see Section 1.4), incoherent emission
is frequently observed in the solar atmosphere (see Nindos 2020 and
references therein).

o Photon energies and momenta are assumed to be much smaller than those
of the emitting or absorbing electrons (Melrose, 1968a), justifying a semi-
classical approach. Photon energies in the radio interval range from neV to
peV (e.g. Demtroder 2019), while mildly to ultra-relativistic electrons have
keV to MeV energies. The radiation is modelled macroscopically using the
RTE, neglecting scattering. This is justified under the assumption that
plasma and magnetic field variations occur on scales much larger than the
wavelength (Rybicki & Lightman, 1986). Scattering becomes important in
strongly turbulent environments, for instance, near shocks (Murphy et al.,
2021), or for high-energy processes such as Compton scattering (Bai &
Ramaty, 1978). As discussed in Section 1.3, the turbulence level in the
corona is not well constrained, and we assume weak turbulence.

e The background plasma is treated as cold, meaning that thermal motion
is neglected in the dielectric response. This cold plasma approximation
is valid when the phase speed of the wave greatly exceeds the thermal
speed of the particles, and when the wave periods and lengths are large
compared to particle gyroperiods and gyroradii, respectively. Additionally,
the magnetic energy density must dominate over thermal energy density
(e.g. Melrose 1968a; Ballai & Forgdcs-Dajka 2010).

e Small-amplitude electromagnetic perturbations are assumed, allowing the
use of linear plasma theory. The radiation arises from resonant wave-
particle interactions, but not from collective or non-linear effects such as
induced emission (Melrose, 1968a).

e The derivation assumes a magnetoactive plasma with a strong ambient
magnetic field, which permits wave mode splitting. Additionally, ray
bending is assumed to be negligible, and the considered frequencies are
sufficiently high for the emission to propagate through the coronal plasma,
as discussed in Appendix A.1. GS emission is associated with ARs and
CMEs, where strong magnetic fields dominate plasma dynamics (Ramaty
& Lingenfelter, 1968; Melrose, 1968a; Ramaty, 1969; Lee et al., 2022).

¢ In the cold plasma description, with the AAH approximations incorporated,
only electrons are considered, while ions are neglected due to their high
inertia at radio frequencies. This is consistent with the assumption that
GS emission is produced by free electrons in a collisionless environment.
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2.3.1 Radiative transfer equation

We consider electromagnetic radiation originating from a distant source of
characteristic size Lgys > Aw, Where A, is the wavelength of interest. In a pure
vacuum, electromagnetic waves can be treated as rays that propagate along
straight lines. However, in a magnetoionic medium such as the coronal plasma,
the presence of a magnetic field and density gradients modifies the propagation.
Rays can bend due to spatial variations in the refractive index, radiation can be
suppressed at low frequencies below the local plasma cut-off, and polarisation
can change due to Faraday rotation or coupling between the involved wave
modes. In the present work, radiation transport is treated macroscopically
as beams propagating along straight lines. In Appendix A.1, we discuss the
conditions under which this approximation is valid in the context of this thesis.
The evolution of such a beam is governed by the RTE, which incorporates
changes in intensity due to emission, absorption, and potentially scattering
processes (Rybicki & Lightman, 1986; Nindos, 2020). In this work, however,
scattering is neglected, and only the total intensity (Stokes parameter I) is
investigated in Chapter 6, while polarisation effects are left for future study.

The specific intensity I, = I,(r, §,w) is defined as energy per unit time, unit
area, unit solid angle, and unit angular frequency. It depends on spatial location
r, viewing (or emission) angle 6, and angular frequency

w=27f,, (2.33)

where f,, is the oscillation frequency. For brevity, we will refer to w simply as
the frequency. Then, the energy dFE,.q carried by radiation within frequency
range dw, passing through solid angle d€2s and area element dA over a time dt,
is given by

dFraq = I, dt dAdQ, dw . (2.34)

To account for spontaneous emission in the medium, we define the emission
coefficient j,, with units of energy per unit time, per unit volume, per unit solid
angle, and per unit frequency. It allows to write Eq. (2.34) as

dBad = jo dtdV dQ, dw . (2.35)

Using Egs. (2.34) and (2.35), a beam that travels a distance ds through a
volume element dV = dA ds experiences an intensity gain by

di,
— 2.
P Juw (2.36)
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In contrast, the radiation may be absorbed by electrons of particle number
density ne, with cross-section o,, representing their effective absorbing area.
With the number of electrons in a volume element dV given by n,dAds, and
total absorption area calculated as no, dA ds o, Eq. (2.34) yields for the absorbed
specific intensity

—dI,dtdAdQsdw = I, dt (nedAdsoy,) dQs dw
s dl, = —neoy, I, ds
oA
ds

where the minus sign is included by convention to denote a loss of energy. In
the third line of Eq. (2.37), we define the absorption coeflicient «,, = n, oy,
with units of inverse length (Rybicki & Lightman, 1986).

=—a, I, (2.37)

Finally, combining the two processes from Eqs. (2.36) and (2.37) into one
equation, we obtain the full form of the RTE, given as

di, .
— =g, —aul,. 2.38
ds J Q ( )

The primary objective now is to determine the emission and absorption
coefficients, j, and «,, whose forms strongly depend on the involved physics,
including the particle motion, the particle distribution function, and the
electromagnetic properties and composition of the ambient medium.

2.3.2 General expressions for emission and ab-
sorption coefficients

With the RTE in Eq. (2.38) established, the next step is to derive general
expressions from which the emission and absorption coefficients can be obtained.
To achieve this, it is helpful to introduce the emissivity 7, (r, p), defined as the
differential rate at which an electron spontaneously radiates energy per unit
solid angle, per unit time, and per unit frequency interval (Bekefi, 1966). In the
following, we denote p as the initial momentum of the electron before emitting
a photon, and p’ as the state of the momentum after transitioning by emission®.
Considering the number of electrons in momentum space per unit spatial volume,
AN = f (r, p) d®p, the spontaneous emission rate by electrons in this momentum

4We note that different authors use varying conventions (e.g. Melrose 1968a compared to
Bekefi 1966 and Ramaty 1969).
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range is given by

New (I‘, p) dN(I‘, p) = Nw (I’, p) f(l‘, p) d3p' (239>

To obtain the total spontaneous emission (i.e. the total energy per unit volume,
per unit time, per unit solid angle, and per unit frequency range), we integrate
Eq. (2.39) over all electron momenta, yielding the emission coefficient?

jo = / no(r, D) f(x,p) d%p. (2.40)

To derive an expression for the absorption coefficient, it is important to note two
competing processes that both scale with I,,: stimulated absorption (electron
absorbs a photon and transitions from state p’ to p) and stimulated emission
(electron is triggered by an incident photon to emit a second photon and
transition from state p to p’). We define n,s(r, p) as the differential rate of
stimulated emission by an electron per unit radiation intensity, per unit solid
angle, and per unit frequency interval. Analogous to Eq. (2.39), the total rate
of stimulated emission by dN (r,p) electrons per unit volume is

s (€, p) L, (s) AN (r,p) = nus(r,p) Lu(s) f(r,p) dp, (2.41)

and, the stimulated emission coefficient becomes

Qys = /an(ra p) f(I', p) dgp . (242)

Similarly, defining 7,4 (r, p’) as the differential rate of stimulated absorption
by an electron per unit radiation intensity, per unit solid angle, and per unit
frequency interval, the total rate of stimulated absorption by dN (r,p’) electrons
per unit volume is

NwA (1‘7 p/) Iw(s) dN(I', p/) = nwA(ra p/) Iw(s) f(ra pl) dg ! 9 (243)

which yields the stimulated absorption coefficient as

aa = / noa (v, 0) £(r,p') &% (2.44)

However, Eq. (2.44) does not represent the absorption usually observable in
practice (Bekefi, 1966). Instead, an observer would measure the difference
between Egs. (2.44) and (2.42). Hence, the effective absorption coefficient in
the RTE is given by

= /nwA(r,p’)f(r, p')d’ ’—/ms(r,p)f(np) d’p. (2.45)

5Throughout this thesis, integrals without specified limits are assumed to extend from
—00 to 400, unless stated otherwise.



38 THEORETICAL AND MATHEMATICAL FRAMEWORK FOR PLASMA AND RADIATION MODELLING

Our goal is to re-express Eq. (2.45) in terms of 7, (r, p) by establishing relations
between 7n,,(r, p), nus(r,p), and n,a(r,p’). This can be accomplished using
Einstein-like relations of the form

n? hw?
nw(r, p) = mnws(r, pP), (2.46&)
Noa (1, ") = nus(r,p) dp, (2.46b)

where n is the refractive index, c is the speed of light in vacuum, and i = h/(2 )
is the reduced Planck constant with h as the regular Planck constant. A detailed
derivation of these relations is provided in Appendix A.2.

We first rearrange Eq. (2.46b) to isolate n, (r, p’), and substitute the result
into the first integral of Eq. (2.45). This gives

o = / nes(r, p) [F (e, ) — F(x,p)] p. (2.47)

Next, we rearrange Eq. (2.46a) to express 7,s(r, p) in terms of 7, (r, p), and
insert it into Eq. (2.47). This yields the net absorption coefficient in the form

873 ¢?
Oy = ———
Y n2hws

/ no(x,p) F(r.D') — £, D)) d%p. (2.48)

Thus, «, represents the net loss (or gain) of energy from a beam of
electromagnetic radiation and results from the imbalance between upward
(stimulated absorption) and downward (stimulated emission) transitions.

Since the photon energy is assumed to be much smaller than the electron energy,
the momentum change between states p and p’ is also minimal. As a result,
the corresponding distribution functions in Eq. (2.48) differ only slightly. This
allows a Taylor expansion of their difference (Ramaty, 1969), yielding

hw

f(rap/)_f(r7p)%_pc

Bm2c242df  np cos(f) — cos(a) of
v o Asme) Vel GO

where 8 = v/c, v = (1 —v?/c?)~1/? is the Lorentz factor, a the pitch angle, and
6 the emission angle (i.e. the angle between B and wave vector k). A detailed
derivation of the expansion in Eq. (2.49) is provided in Appendix A.3.

With the general expressions for the emission and absorption coefficients
established in Eqgs. (2.40) and (2.48), both formulated in terms of the emissivity
7., the next step is to work towards finding an explicit expression for 7,,.
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2.3.3 Semi-classical description of emissivity

The emissivity introduced in Section 2.3.2 can be described using a semi-
classical approach, in which the electron motion and the background plasma are
treated using classical electrodynamics, while the emitted radiation is treated
quantum mechanically as photons with energy Fp, = Aw. In this framework, the
spontaneous emission of radiation is associated with transitions between electron
momentum states. These transitions occur with a differential probability rate
wgl (k), defined per unit time and per unit wave vector volume, describing
the likelihood that an electron in initial state S transitions to a final state S’
by emitting a photon with wave vector k. The probability also depends on
the wave mode, as each mode is characterised by a distinct dispersion relation
w = w(k), polarisation, and propagation angle relative to the ambient magnetic
field. This becomes clear in Section 2.3.8.

The total power P radiated through a particular wave mode can be expressed
as the sum over all final states S’ and an integral over all photon wave vectors
k. For each transition, the emitted energy A w is multiplied by the probability
of that transition wgl (k). This yields

3 ’
Piot = ;/ %hw(k) ws (k)

> 3
> /%M(k) Wa. g, (K) - (2.50)

The factor (27)3 arises from Fourier transformation conventions. In the second
line of Eq. (2.50), the sum is rephrased as a sum over cyclotron harmonics
v, where the transition probability w (k) is rewritten as wg. », ,(k), with
the quantum number ¢, representing motion along the magnetic field, and ny,
denoting the Landau quantum number of the harmonic oscillator. Appendix A.4
presents a justification for replacing the sum over states S’ with a sum over
harmonic numbers v, while a full quantum mechanical derivation lies beyond
the scope of this work (see Melrose 1968a and references therein for a detailed
treatment).

Considering the different harmonics v, we denote the emissivity by 1" (w,8),
expressed in terms of photon frequency w and emission angle §. This adopts a
photon-based perspective, while the previous section describes the microscopic
emissivity in terms of an electron’s phase-space variables. From the definition
and physical dimensions of the emissivity, the total radiated power can thus be
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obtained by integrating over all frequencies and emission directions,

Prot = i /dw/dQnV(w,o). (2.51)

Vv=—00
Using the general definition of the refractive index,

ke
= — 2.52
n="°, (252)

and expressing the wave vector volume element d3k in spherical coordinates,
we can rewrite d3k as

Bk = k2 dk dQ

n?w? dk
= Q
=2 dwdwd

n?w? d(nw)
=3 ow dwd$2, (2.53)
where, in the last line, we adopt the notation of partial derivatives to account
for a more general case where the refractive index may depend on multiple
variables. By substituting d3k from Eq. (2.53) into Eq. (2.50), and comparing

the integrand with Eq. (2.51), we identify the emissivity as
n?hw® d(nw)
(2m)3 ¢ Ow

" (w,0) = Wy ny,v(K) (2.54)

for a particular mode.

In the following sections, we derive an expression for the radiated power using
classical electrodynamics, involving Fourier transformations and Maxwell’s
equations. By equating the (time-averaged) classical power expression with
Eq. (2.50), we can identify the quantum probability term wg, . (k), which, in
turn, gives the complete form for the emissivity in Eq. (2.54). This matching
of classical and quantum mechanical descriptions is justified under the present
assumption of the classical limit, hw < E, where F is the electron energy. In
the context of radio emission, this condition is always satisfied (photon energies
of neV to peV compared to electron energies of keV to MeV).

2.3.4 Classical derivation of time-averaged radi-
ated power

In this section, we derive an expression for the total (time-averaged) power
radiated by an electron, using classical electrodynamics. To maintain the flow of
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the derivation, supplementary steps and calculations are deferred to Appendix A,
with references to the relevant sections and equations where appropriate. In
the following, we switch between vector and index notation where convenient,
and summation over repeated indices is implied.

We begin with the time derivative of the electromagnetic energy density W (see
Appendix A.5 for its derivation), given by

ow
e -V -S—jr,t) E(r,1), (2.55)
where j is the electric current density, and S the Poynting vector. The total

radiated power is obtained by integrating Eq. (2.55) over a volume V, giving

P = [ W= - S~ds—/j(r7t)-E(r,t) d’r, (2.56)
v Ot 0% v

where the divergence theorem fv V-Sd¥r = /. av S - ds has been applied, with
0V denoting the boundary surface of volume V. Assuming a sufficiently large
integration volume that encompasses the near-field region, the fields vanish
far away, and the surface integral in Eq. (2.56) can be neglected (Landau &
Lifshitz, 1975). The expression then simplifies to

Piot = —/j(r,t) “E(r,t)d%r. (2.57)

Since E and j are oscillatory in time and we are interested in the net radiated
power over many cycles, we take the time average of Eq. (2.57) over a long time
interval T', which yields

1 [T/2

_ . - . . 3
Py = Th_r)nooT s dt/](r,t) E(r,t)d°r. (2.58)

Assuming wave-like variations for j and E, we now express these quantities
via their Fourier transforms. The forward and inverse Fourier transforms are
defined by

3 w
F(r,t) = / i;:jle(k,w) expli(k - r —wt)], (2.59)
F(k,w) = / & dtF(r, 1) expl—i(k - — wt)], (2.60)

which satisfy the standard symmetry property

F(-k,—w) =F"(k,w). (2.61)
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Substituting the Fourier representations into Eq. (2.58), we obtain

T/ Phdw [ A3k dw'
Pye = — lim —/ dt/d3 / w/ @
Tooe T | 1) 1) (@)t

x j(k', ') - E(k,w) exp{i[(k + k') - — (w+w')t]}. (2.62)

To solve the integrals over d®r and dw, we use the Fourier identity for the Dirac
delta distribution ¢ (Boas, 2006),

/OO dtexp(Hiwt) =27d(w), (2.63)

which exploits the even property of the delta distribution. With Eq. (2.63), we
obtain for the spatial and temporal integrals in Eq. (2.62), respectively,

/d?’rexp[i(k +K)-r]=27)%6®(k+K), (2.64)
T/2

/ dtexp[—i(w+ W' )t] =27 0r(w+ '), (2.65)
—7/2

where in Eq. (2.65), 67 is a time-broadened delta distribution valid as T' —
00, which we cannot yet apply due to the prefactor 1/T. The two delta
distributions enforce k/ = —k and w’ = —w, which allows us to substitute
jk ') = j(=k,—w) = j*(k,w) in Eq. (2.62). The remaining integrals over
d3k’ and dw’ collapse due to the delta constraints, so Eq. (2.62) reduces to

3kdw,
P,ye = — lim /d(Qk()1 “(k,w) - E(k,w). (2.66)

From the condition in Eq. (2.61), we know that positive and negative frequencies
are physically equivalent. This allows us to split the integral over dw as

/dwj*(k,w)-E(k,w):/ dwj*(k,w)-E(k,w)—i—/ooodwj*(k,w)-E(k,w)

— 00

:/ (—du') j(k,w) - B* (k, ) —|—/Oodwj*(k,w) B (K, w)

oo 0

o0

= ; dw [j*(k,w) - E(k,w) + j(k,w) - E*(k,w)] , (2.67)
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where we substitute w’ = —w, implying dw’ = —dw, and account for the minus
sign by adjusting the integration limits of the first integral. We can now rewrite
Eq. (2.66) as®

— 3 - ] . e
Pavg = THooT 271' /d k/ dw , (k,w)+3(k,w) E (k,w)}

i 7o /d3/ dw 2 Re[j* (k, w) - B(k, w)]. (2.68)

The next step is to find an expression for E in Eq. (2.68). To achieve this, we
use the inhomogeneous dispersion relation
4
A (k,w) Ej (k,w) = ——ji(k,w), (2.69)
w

which is derived in Appendix A.7. The tensor A;; is defined in Eq. (A.74).
To solve for E; in Eq. (2.69), we introduce a Green’s function D;;(k,w) that
formally inverts A;;(k,w), such that

Dij Aﬂ = 471'5“ (270)

is satisfied. Here, §;; is the Kronecker delta, and D;; is effectively the matrix
inverse of A;j, scaled by a factor 47 for convenience, that is, D = 47 AL,
Multiplying Eq. (2.69) from the left side by Dy; yields

4
Dki Aij Ej = 7ZJDM Jz . (271)

Using the identity in Eq. (2.70), we rewrite Eq. (2.71) to
Amoy B, = —MTWDM ji. (2.72)
Contracting dx; E; = E) and reordering Eq. (2.72) gives
Ep = _ipki Ji - (2.73)
w

To express D;; formally, we use the adjugate adj(A) :== A;; of A;;, defined via
the relation

adj(A)A = LT,

)\ij Ajl = Céll s (274)

6In the second line of Eq. (2.68), we recognise that the two terms inside the brackets are
complex conjugates of each other, allowing the identity Q + Q* = 2Re(Q) to be applied,
where Q = j* - E.
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where £ := det(A) is the determinant of A, and Z is the identity tensor. This
gives the formal inverse

A= %adj(A). (2.75)

Inserting this into D = 47 A~! gives the Green’s function as

ﬁ

Dij=4ﬂ' L:

(2.76)

We note that Eq. (2.76) becomes singular at real frequencies satisfying the
dispersion relation £ = 0. To correctly evaluate the frequency integral in
Eq. (2.68), this singularity must be handled with care. We address it by imposing
causal (retarded) boundary conditions through the substitution w — w + i 5,
where 6 > 0 is infinitesimal. This ensures that the Green’s function yields
physically retarded fields, that is, fields generated by earlier currents. To
proceed, we expand det(A) in the vicinity of a pole w = w(k) as

L(k,w) =~ % o [w—w(k)], (2.77)

and substitute this expansion into Eq. (2.76), while incorporating the complex
frequency shift, to obtain

47 )\ij 1
OL/Oww —wk)+id’

Dy = (2.78)

To evaluate such singular integrals (once inserted into the power expression),
we apply the Sokhotski-Plemelj formula (e.g. Weinberg 2005),

lim ———
50t WE1d

= Tind(@)+P (UIJ) , (2.79)

where P denotes the Cauchy principal value. Comparing Eq. (2.79) to (2.78),
we identify & = w — w(k), and Eq. (2.78) becomes

D = 512/35; {—m&[(w —w()] +P (wlw(k)> } . (2.80)

The real part of Eq. (2.80), involving the principal value, vanishes in the
subsequent power calculation. This is because it represents time-symmetric
contributions, which do not lead to a net energy gain or loss.
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Returning to the integrand in Eq. (2.68), we now insert the expressions for the
electric field from Eqgs. (2.73) and the Green’s function from (2.80), using only
the imaginary part. The integrand becomes”

Re[j; - E;] = Re [_w]i D;; Jj:|

1
— Im | —jF Di; j;
m[wyz m}

_ 4n?
Im{zaﬁ/a 0w — w(k)] 7; Azm}
472 . .
= ~acjon 1w~k A - (2.81)

Substituting Eq. (2.81) into (2.68), we find the time-averaged total radiated
power as

/d%/ dwdcgﬁ/cg(k)] PN (2.82)

Pos = i, o7

We now address the term j* A;; j; in Eq. (2.82). Since we are evaluating this
expression for the case £ = 0, we can apply the identity

Xij =tr(\)e; e (2.83)

J )

where tr(A) is the trace of the adjugate matrix \;;, and e is the normalised
polarisation vector (Eq. A.76) associated with the wave mode (Sitenko &
Kirochkin, 1966; Melrose, 1968a). This identity is derived in Appendix A.6.
Using Eq. (2.83), we can rewrite j A;; j; as

Ji Nig gj = tr(X) 4 ei e} jj
= tr(A) [e} 5isl®
— () fer 2. (2.84)
Here, we use in the second line that j;e; = (ej j;)*, and that e} j; = €] j;

by relabelling the dummy index. In the third line, we exploit the fact that
|a*|? = |a|? for complex scalars a.

"In the second line of Eq. (2.81), we use the identity Re(—i z) = Im(z) for any complex
number z, which follows from —i z = —i[Re(z) + ¢ Im(z)] = Im(z) — i Re(z).
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Furthermore, since the condition £ = 0 holds only at w = w(k), we can write
the delta distribution in Eq. (2.82) using the Dirac delta identity (Boas 2006;
see also the more general case in Eq. 2.143), given by

Olw — w(k)]

o] = 5(L). (2.85)

We also observe that for the radiated power P, > 0 in Eq. (2.82) with
Eq. (2.84), tr(\) and 9L/0w must be of the same sign. Hence,

sign[tr(A)] = sign(9L/0w)

tr(A) Olw — w(k)] _ [tr(A)] d]w — w(k)]
0L /0w |0L/Ow|

= [tr(A)] (L), (2.86)

ensuring that the integrand remains real and positive. Substituting Eqs. (2.84)
and (2.86) into (2.82), we arrive at the expression for the power radiated by the
electron, given by

) 1 3 * dw .12
Pag = Jim o / &k /O & 500) [or () e 7 (2.87)

T—o0

To proceed, we require explicit expressions for the complex conjugate of the
current density vector, j*(k,w), and the normalised polarisation vector, e. We
begin with the current density in Section 2.3.5, and return to complete the
evaluation of Eq. (2.87) in Section 2.3.6.

2.3.5 Current density vector in Fourier space

We now derive an explicit expression for the current density vector j and its
complex conjugate, which is required for evaluating the power radiated by a
single electron in the previous section. We begin with the definition of the
current density vector for a point charge moving along a trajectory r with
velocity v, which reads

3(r,8) = qv(t) alr — x(1)], (2.88)
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where ¢ is the charge of the particle. To obtain j(k,w), we Fourier transform
Eq. (2.88) using the inverse transform definition from Eq. (2.60), which yields

jkw) = /dt/d?’rj(r,t) exp[—i(k - r —wt)]

=q / dtv(t) / d®r 6[r — r(t)] exp[—i(k - T — wt)]. (2.89)

We find the Fourier-transformed current density of a point charge ¢ moving
along a trajectory r(t) with velocity v(¢) then as

jk,w) = q/dt v(t) exp[—i(k - r(t) —wt)]. (2.90)

Next, we need to derive expressions for v(¢) and r(t). To do this, we consider
the motion of a charged particle in a uniform and constant magnetic field,
which we take to point along the z-axis, that is, B = (0,0, B)T. While the
coronal magnetic field is generally non-uniform and time-dependent (as is the
case in the numerical simulations in Chapter 6), this simplification is commonly
adopted and remains valid as long as the spatial and temporal variations of
the background magnetic field occur on scales much larger than the electron’s
gyroradius and gyroperiod®. Under this assumption, the equations can be
obtained from the Newton-Lorentz equation (A.79) by ignoring the electric field,
and are derived in Appendix A.8, reading

r(t) = [Rg sin(e Qt), Ry cos(e Qt), v, t]T, (2.91)
v(t) = [evy cos(e Qt), —cv, sin(e Qt),v.]T. (2.92)

Here, R, (from Eq. A.94) is the gyroradius, ¢ (from Eq. A.82) denotes the
sign of the charge, Q (from Eq. A.84) is the relativistic variant of the regular
gyrofrequency Q (Eq. A.83), and v and v, are the perpendicular and parallel
components (with respect to the background magnetic field) of the particle’s
velocity vector, respectively.

The wave vector in component form is given as

k = [k} cos(¢), k) sin(9), k.]. (2.93)

8For comparison, an electron with 1 MeV energy in a uniform magnetic field of 1 G has a
Larmor radius of about 47 m and a gyroperiod of about 1 pus—both far below the spatial and
temporal resolution of the MHD model COCONUT used in Chapter 6.
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Using Eq. (2.93) and the gyroradius from Eq. (A.94), we evaluate the Fourier
phase factor in Eq. (2.90) as

k-r(t) = ki Ry sin(¢ Qt) cos(¢) + ki Ry cos(e Qt) sin(¢p) + k. v, t
=k Ry sin(¢+eQt) + kv, t (2.94)

where in the second line we use the trigonometric identity sin(p; + ¢2) =
sin(¢1) cos(p2) + cos(¢1) sin(p2). To obtain the exponential phase factor in
Eq. (2.94) in a linear form in ¢ and decomposed into harmonic components
of the gyrofrequency, we rewrite it using Bessel functions of the first kind J,
with argument Z via the Jacobi-Anger expansion (Abramowitz & Stegun, 1972),
which reads

exp[+i Z sin(p Z Ju(2) exp(xiv ). (2.95)

Applying Eq. (2.95) with ¢ = ¢ +eQt and 2 =k Ry, we obtain
exp[—ik - r(t)] = exp[—ik, Ry sin(¢ + Q)] exp(—ik, v, t)

Z J,(2) exp[—iv (¢ +eQt)] exp(—ik,v.t). (2.96)

v=—00

It is convenient to express the transverse components in a circular (or
polarisation) basis, corresponding to left- and right-handed helicity, by
introducing the combinations

v (t) = vy (t) £icvy(t), (2.97)

Using the components of the velocity vector from Eq. (2.92), we can evaluate
Eq. (2.97) as?

vy = v, [cos(e Qt) F i sin(e Q)]
= v, exp(FieQt), (2.99)

where in the first line we exploit the even property of the cosine function, and
in the second line we apply Euler’s formula. Now we substitute Egs. (2.96),

9We note that in Melrose 1968a the factor ¢ in the argument of the exponential function of
Eq. (2.99) appears to be missing, and instead appears as a prefactor outside the exponential.
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(2.98), and (2.99) into Eq. (2.90) to express the current components in Fourier
space, yielding

jr(k,w) = Z quy exp(—iv @) J,(z)

V=—00

X /dt explifw— (v £1)eQ — k. v.]t}, (2.100)

J(k,w) = Z qu, exp(—iv @) J,(z)
v=—00
X /dt exp{i|w—veQ — k. v.]t}. (2.101)
With the identity from Eq. (2.63) applied to the time integrals, and using a

variable shift in Eq. (2.100) via v/ = v+1 < v =1 F1, we find the expressions
for the current density vector components!®

je(k,w) =2mqu. Y exp[—i(vF1)g]

X Jyz1(2)0(w —veQ —k,v,), (2.102)
J:(k,w) =2mqu, Z exp(—iv @)
X J,(2)0(w—veQ —k,v.). (2.103)

Equations (2.102)—(2.103) reflect the discrete harmonic structure of the current
density spectrum, where each term contributes at a Doppler-shifted cyclotron
frequency w —ve ) — k, v,, selected by the delta distribution.

Since the z- and y-axes in the plane perpendicular to the magnetic field vector
can be freely chosen, we orient the z-axis along the perpendicular wave vector
component!! k, , such that k, = k., ¢ = 0, and ky = 0. This implies that
exp(—iv ¢) = 1, eliminating the exponential factor in Eq. (2.103). Then the

10We note that in Melrose 1968a, the argument of the Dirac delta distribution does not
include the sign parameter € next to €2, thereby deviating from the standard resonance
condition w — k, v, = v with signed gyrofrequency 2.

M This choice differs from Melrose (1968a), where only ky = 0 is imposed, allowing ¢ € {0, 7}
and requiring sign-dependent expressions such as exp(i ¢) = +1.
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expressions for the current density components are

Jrk,w)=2mquy Z J,,;l(i)é(w—usfl—k‘zvz), (2.104)
jakw) =2mqu. > J(8)d(w—veQ—kov.). (2.105)

Now, we transform back to Cartesian coordinates by calculating algebraic
combinations of Eq. (2.98). We obtain j, from j; + j_, and j, from j; — j_,
yielding

. 1 . .

Jx = 5(.7+ +]—)ﬂ (2106)
) 1€, .

Jy = _7(# —Jj-)- (2.107)

To express jg, jy, and j, in a unified Cartesian form j;, we employ the Bessel
recurrence relations (Boas, 2006)

o)+ T (9) = 2 1(3), (2.108)

Jy_1(2) — Ju11(2) = 2J.(2), (2.109)
where J),(Z) := d/dZ [J(Z)] denotes the first derivative of the Bessel function of
the first kind.

2

)

We then express the velocity components in terms of momenta using £ = ymc
giving

V), = —=Pl1, (2110)

VU, = =D . (2.111)
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For the z-component of the current, we find

Je=mquUL Z [Jo-1(2) + Ju41(2)] 6(w — veQ—k,v,)

V=—00

2 o0
_mqc 2p1 v N ~
= V:goo . Ju(Z) 6w —veQ —kyv,)
=TV

x

2 oo
Tqc Y ~
=~z E I'Vé(w—vel—k,v,). (2.112)

V=—00

In the second line of Eq. (2.112), we use Egs. (2.108) and (2.110), and in the
third line we introduce a new variable I'’. Similarly, for the y-component of
the current density, we obtain

—iemquy Z [Jo-1(2) = Ju41(2)] 6(w — vel— k.v,)

vV=—0o0

Jy

2 oo
mqgc . ! [~ A
=7 E [—2iep J,(2)] d(w—veQd—k,v,)

V=—00
v
=Ty

2 oo
Tqc Y ~
= E Iyow—veQ—k,v,), (2.113)

V=—0oQ

where we use Egs. (2.109) and (2.110) in the second line, and in the third line
introduce a new variable I'y. Finally, beginning from Eq. (2.105), we derive the
z-component of the current density as

j.=2mqu, Z JV(Z)(S(w—VEQ—kzvz)

v=—00
mqc i 2p, Jy(2) S(w —veQ —k,v.)
= J(Z2) 0(w —v —k,v
E = pZ z Yz
- =Ty
_mac i 0w —veQ—k,v,) (2.114)
- B z zVz), .

V=—0o0
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where we use Eq. (2.111) in the second line, and introduce a new variable I'Y in
the third line. We can now express all three components in the unified notation

9 oo
ji(k, w) = W?EC V;mrga(w—yg(z_kz v.), (2.115)

with the coefficients
Iy = MTLV Ju(2), (2.116)
T = —i2ep. J(3), (2.117)
TV =2p, J,(3). (2.118)

To evaluate Eq. (2.87), we require the complex conjugate of Eq. (2.115), which
reads

Tqc?
E

Yo I ow—veQ—kov.). (2.119)

v/=—o00

ji (k,w) =

We denote the harmonic index in Eq. (2.119) as v/ to distinguish it from v
in the original term. Furthermore, using the relativistic gyrofrequency from
Eq. (A.84) and the gyroradius from Eq. (A.94), we rewrite the Bessel argument
as

_kivie  kipy

- . (2.120)

f=kiRy= -

Having now derived the complex conjugate of the current density vector, j*(k, w),
we are ready to proceed towards identifying the spontaneous emission probability
in Section (2.3.6).

2.3.6 Derivation of the spontaneous emission
probability

To derive an expression for the spontaneous emission probability wg, », (k) in
Eq. (2.50), we first substitute the complex conjugate of the current density from
Eq. (2.119) into the squared amplitude |e; 57 (k,w)|? appearing in Eq. (2.87) to
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find

eimk,w)ﬁ:(”qc) SO @rm(ery)

v=—00 V'=—00

X 0(w—veQ—k,v.)0(w—1eQ—k.v.). (2.121)

The product of delta distributions in Eq. (2.121) is only non-zero when v/ = v,
since w is fixed. Using an identity for coinciding § functions, the product
becomes

Zé(w—usfl—k’zvz)é(w—u’sﬂ—k’zvz)

T -
— ﬁzyz(y(w*’/é‘@*kz”z), (2.122)

where we show the validity of Eq. (2.122) in Appendix A.9. This collapse of the
sum removes the T-dependence in the prefactor, allowing us to take the limit
T — oo. Substituting Eqgs. (2.122) and (2.121) into Eq. (2.87) leads to the form

Pavg 47TE2 /d3 /7|t1‘ )|

X e T2 6(L) 0w —veQ— k. v,). (2.123)

We are now able to identify the spontaneous emission probability wg, n, . (k)
by comparing Eq. (2.123) to (2.50). This yields the probability as

2722t dw
) = L [T S )
X e, T2 6(L) d(w —veQ—k,v.). (2.124)

Before inserting Eq. (2.124) into (2.54) to get an expression for the emissivity,
we first evaluate the remaining terms in the probability expression. This is
carried out in Sections 2.3.7 and 2.3.8.

2.3.7 Constructing the spontaneous emission
probability

To evaluate specific terms in the integrand of Eq. (2.124), we introduce
assumptions about the background plasma. Here, we adopt the cold plasma
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approximation, which neglects thermal motion and pressure effects. The relevant
derivation is provided in Appendix A.10 and is based on the linearised version
of the Newton-Lorentz equation (Eq. A.79) in combination with Maxwell’s
equations (Egs. A.42-A.45). The resulting dielectric tensor takes the form

S —iD 0
e=1iD S o], (2.125)
0 0 P

where the dimensionless variables R, L, S, D, and P are the so-called Stix
parameters, defined as
2

w.
—1-y ke 2.12
R Zw(w+€§ Qg) ) ( 6)
N
w2
L=1-) —& 2.127
;w(w—sg Q) ( )
1
S=5(R+1L), (2.128)
1
D= (R-L), (2.129)
w2
_ ps
P_1—§:;7. (2.130)

N
The gyrofrequency and sign variable for the particular particle species are
defined as

_ |Q<|B

Q. , (2.131)
mec
qs
Ec = —. 2.132
¢ |(I§| ( )

The Stix parameters depend on the plasma frequency (Eq. A.116) and
gyrofrequency (Eq. 2.131) of the particle species involved. Inserting Eq. (2.125)
into the wave equation (A.74) allows us to evaluate the elements of the dispersion
tensor A;;, which reads
S —n?cos?(f) —iD n?sin(6) cos(f)
Aij = 1D S — n? 0 , (2133)

n? sin(0) cos() 0 P —n? sin?(0)
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with refractive index n and photon emission angle 6.
Using the definition of the cofactor matrix, we write
Cyj = (1) My, (2.134)

where M;; denotes the corresponding minor of A. The elements of the adjugate
matrix A;; of the dispersion tensor given in Eq. (2.133) are obtained by taking the
transpose of the cofactor matrix, that is A;; = Cjj;. The resulting components'?
are

A1 = (S —n?)[P —n® sin®(0)],

A2 =i D[P —n? sin*(0)],

iz = —(S —n?)n? sin(f) cos(d),

A1 = —i D[P —n? sin*(0)],

Moo = P.S —n?[S sin?(0) + P cos?(0)],

Aoz = i Dn? sin(6) cos(6),

A31 = —(S —n?)n? sin(0) cos(9),

A3p = —i Dn? sin(f) cos(6),

A3z = n* cos?(0) — Sn?[1 + cos?(0)] + RL. (2.135)
Due to the Hermitian nature of the A;; tensor, it follows that A;; = AJ;.

Next, we compute the determinant of A, denoted as £ = det(A). It can be
computed, for instance, by developing A after the second row. This yields the
intermediate result

—iD n? cos() sin(6)

L:=det(A)=—iD
0 P —n? sin?(0)

(S5 _n2y| ST oSt n? cos(6) sin(6) (2.136)
n? cos(f) sin(f) P —n? sin?(0) ‘ '

12We note that Melrose (1968a) refers to A as the cofactor matrix of A, omitting the
transposition required to obtain the adjugate. Consequently, the signs of the off-diagonal
elements A\12, A21, A23, and A3z are reversed compared to the true adjugate. Nevertheless,
the final expressions for the transverse and longitudinal polarisation vector components in
Eqs. (A.146) and (A.145), respectively, appear in Melrose (1968a) with the correct signs.
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After evaluating the determinants and collecting terms with n*, n?, and those
not containing a power of n, the determinant £ can be expressed as a quadratic
in n?, reading

L=An*-Bn*>+C, (2.137)

with the corresponding coefficients defined as

A = S sin*(0) + P cos*(0), (2.138)
B = RLsin?) + PS[1 + cos?(9)], (2.139)
C=LRP. (2.140)

Solving the condition £ = 0 leads to two branches of solutions, given by

B+ F
with the discriminant
FP=B*—-4AC
= (RL — PS)?sin*(#) +4 D? P? cos?(f) . (2.142)

To evaluate the delta distribution d(£) in the spontaneous emission probability
of Eq. (2.124), we take Eq. (2.137) with the solution Eq. (2.141), and use the
general identity for delta distributions of a function g(z) with isolated roots x;
(Boas, 2006),

dlatal] = 30 S (2.143)

applied at each x; with g(z;) = 0. In the current context, we have z = n?,
g(x) = L(n?), and the two solutions of £ = 0 are n3 and n? from Eq. (2.141).
Substituting into the identity gives

§(n? —n2)+6(n* —n?)
|0L/0n?|

3[L(n?)] = (2.144)

The two delta terms in Eq. (2.144) have a common denominator due to

oL

5% =[2An; - B|=|+F|="F. (2.145)
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These identities allow an evaluation of the delta distribution §(£) in analytical or
numerical calculations, ensuring that the wave dispersion constraint is satisfied.

To find a simplified expression for Eq. (2.145), we employ Jacobi’s formula for
derivatives of matrices (Magnus & Neudecker, 2019), which allows us to write
the derivative of L as

oc oA oA
4,3
Using this expression together with Eq. (2.133), we obtain!?

oL

Ereiai cos®(6) A11 — Aoz — sin®(0) Az3 + 2 sin(6) cos(0) A3 . (2.147)

From the identity in Eq. (2.83), it follows that
Aij Akt = tr(A) e; e tr(N) ex €]

=tr(\)e;ef tr(\) ey €]

= it M (2.148)
Now, multiplying Eq. (2.147) by A2z, and using the identity in Eqgs. (2.148), we
obtain

oL

L |[cos(8) Ao1 — sin(0) Aaz]? — A, |
on? '

[ A2z

(2.149)

In the chosen coordinate system with the background magnetic field aligned
with the z-axis, the polarisation vector components e; and ez couple through
real coefficients, while the e; component appears only via the purely imaginary
off-diagonal terms +i D in the dispersion tensor (see Eq. 2.133). To satisfy the
homogeneous wave equation (Eq. A.53) with real e; and ez, the e component
must be purely imaginary so that its contributions can cancel against the real
parts in the coupled equations. Given this pattern and the global phase freedom
of the polarisation vector, we can always choose a basis in which

e} =e1, e5=—ey e5=e;3, (2.150)

that is, e; and es are real, while es is purely imaginary. The polarisation
vector for any wave mode of interest can then be computed using the expression
(Sitenko & Kirochkin, 1966)
Nis s
0= ——d (2.151)

L \/tr(/\) (l;k )\ij Qj ’

13We note that the term 2 sin(6) cos(6) A\13 in Eq. (2.147) is missing in Melrose (1968a).
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where a is an auxiliary vector satisfying Eq. (2.150). The derivation of
Eq. (2.151) is provided in Appendix A.6. Based on the previously chosen
orientation of lA<, we define a convenient orthonormal basis as

a=1(0,4,0)T, (2.152)
k = [sin(0), 0, cos(A)] T, (2.153)
# = [cos(#), 0, —sin(0)]" . (2.154)

By choosing the basis vector & = (0,7,0)", we obtain the simplified expression
for the polarisation vector components as
1 A2

\/ )\22 tr()\) .
Since the basis vector 4 has only one non-zero component, we have a; = i d;2,
and thus A;; 4; = i)\, while the denominator reads /@, Amn @ tr(X) =

V=D Az ite(N) = gz tr(X).

We now decompose the polarisation vector along the orthonormal basis formed
by the vectors in Egs. (2.152)—(2.154) by projecting the polarisation vector e
onto the basis vectors &, k, and #. This gives the expression

€, =

(2.155)

e:eil%ilA(—l—ei&:-‘é—&-eiﬂ?? (2156)
where the scalar projection coefficients are

ei ki = ey sin(0) + e cos(0),

e a; =—iey,
e; 7i = e, cos(f) — e, sin(6). (2.157)

Combining these expressions with Eq. (2.155) yields the decomposition of the
polarisation vector as
iAo sin(f) 44 Azo cos(H)lA{ i(—1) Ao a i A2 cos(0) — i As2 sin(6)
)\22 tI‘(A) AQQ tr()\) )\22 tI‘(A)

kras i Ag cos(0) — i A32 sin(6) 1A_>
A22 oo

. )\22 7 Alg sm(G) +1 )\32 COS(O)
(V)

Ry A .
—WMNM<Kk+a+TT), (2.158)
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where in the third line, we define the coefficients

. . . i 2 _
- i[A12 sin(6) + Az2 cos(8)] _ D sin(0)(n” — P) , (2.159)
Moo A22

i[A12 cos(0) — Az sin(6)] _—-bp cos(6)

T =
A2 A22

(2.160)

The second equal signs in Eqgs. (2.159) and (2.159) result from inserting the
explicit expressions for Ag; and Ag3 given in Eq. (2.135).

We now recognise that Eq. (2.160) appears naturally in Eq. (2.149). Specifically,
by inverting Eq. (2.149), multiplying both sides by |As2|, exploiting the
Hermitian property A;; = Aj;, and absorbing the imaginary unit i via a
compensating minus sign in the squared term, we find

Ao2| A2z
|0L/0n2| | — {i[cos(0) Aa1 — sin(6) Aa3]}2 — A3,
_ 1
BEEES
1
== (2.161)

Next, we address the quantity |e; I'V*|, which appears in the integrand of
Eq. (2.124). Using the decomposition of the polarisation vector in Eq. (2.158),
we compute

IC sin(0) + T cos(6) re*
A
ey = | =2 i S

tr(A)
K cos(0) — T sin(6) ry*

. /tjfi) {IKC sin(8) + T cos(@)] T2 +i T + [KC cos(6) — T sin(6)] T2}

)\22 .
=4/ ry —qiry | 2.162
tr()\)(a T ? y+b z)v ( 6 )

where we define the scalar coefficients

a= K sin(8) + T cos(d), (2.163)
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b= K cos(f) — T sin(0). (2.164)

Therefore, the relevant contraction appearing in the probability expression
becomes
2

ltr(A)]les TV*[* = [Age||al% —iTh +bIY| . (2.165)

With all these derived expressions in hand, we now insert Eqgs. (2.144), (2.161),
and (2.165) into Eq. (2.124), yielding the spontaneous emission probability in
the form

(k) = 272t /°° dw 6(n? —ni) +6(n* —n2)
Yo = T ) W2 T2+1
2

x6(w—veQ—k.,v.)|aly —iTy +bTY| . (2.166)

This expression incorporates both the wave dispersion relation and the
polarisation structure of the emitted radiation. Before using it to derive the
final form of the emissivity, Eq. (2.166) is further simplified by evaluating the
frequency integral and the modulus squared bracket term in Section 2.3.8.

2.3.8 Emissivity formula in cold plasma limit

Equation (2.166) describes the total probability of spontaneous emission into any
allowed wave mode. The two delta distributions select one of the two dispersion
branches n?, corresponding to the ordinary (O-mode) and extraordinary (X-
mode) waves of the cold plasma dispersion relation. To isolate the contribution
from a specific mode, we replace the sum of delta distributions with a single
one, §(n? —n?), and obtain the emission probability for a given mode by

4 ) 2m2 g%t /oo dw 6(n? —nk)
w = —_—
qz,nL,V h E2 w2 Ti2+1

2

x6(w—veQ—k.v.)|ar T4 —iTh + by TY| . (2.167)

To evaluate the remaining integral over frequency in Eq. (2.167), we first use
Eq. (2.52) to express n?, note that 6(¢x) = d(x)/|p| for any non-zero real
constant ¢, and then apply the delta distribution identity from Eq. (2.143).
This allows us to compute the integral as

/ dwé(nQ—ni):/ dwd(k? & —n? w?)
0 0

w2
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1

= BT oa (2.168)

Inserting Eq. (2.168) into Eq. (2.167), the spontaneous emission probability
then simplifies to

2

~ Iy —al'y + b4 1Y
27t S(w—rveQ -k v.) Gty =ty +hels

+
v () = =75z TZ+1 10(nZ w2)/du]

. (2.169)

gz ;NL,V

Lastly, substituting Eq. (2.169) into the general formula for the emissivity,
Eq. (2.54), yields

@*niwdc Ontw)/ow d(w—veQ—k.v.)
47 E? |0(n3 w?)/0wl T2+1

77:7:("‘)7 9) =
2

x lag % —iT% + 6. T . (2.170)

We now derive the final form of the emissivity in Eq. (2.170) by evaluating its
remaining components. First, we define the dimensionless velocity parameters

BL="2 g ==, (2.171)

Using Eq. (2.171) and the general definition of the refractive index from (2.52),
we can rewrite the argument of the delta distribution in Eq. (2.170) as

k’z Vy =N+ W BH COS(G)

= 0(w—veQ—k,v.) = d{w[l — ny B cos(d)] —veQ}. (2.172)

Next, we consider the ratio of partial derivatives with respect to w in Eq. (2.170)
and simplify it to

d(n+ w)/Ow _ d(niw)/Ow
[0(nt w)?/0w|  2n+wd(ngw)/Ow
1
T (2.173)

The absolute value in the denominator can be omitted here, as n4 > 0 for
propagating modes in a cold plasma, and w > 0 for physical wave modes,
ensuring the expression remains positive.
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To evaluate the squared bracket term involving the I'V-terms in Eq. (2.170), we
insert the expressions from Eqs. (2.116)—(2.118) to find

i T —iT" 46, T = 2a;p, g.]u(z) —2epy J(2) +2bs p. Ju(2)

—2p, [(aig + bigD Jo(2) — 5J,’/(2)} . (2.174)

where we use the relation p./p1 = p;/pL = B/BL. Inserting Egs. (2.172),
(2.173), and (2.174) into Eq. (2.170), and substituting £ = ymc? and p, =
ymec 1, we obtain the final form of the emissivity as

Y (. 0) — ®ny w? B2 H{w[l —ny f) cos(F)] — 1/6(2}
ni(w,60) = 2mec TZ+1

x [y J,(22) — e J(20)]7 (2.175)

with the coefficient (1 defined as

v Ai
Ay =a — + bL—. 2.176
* i 5. ( )

To make explicit that the Bessel functions contain the harmonic number v
in their argument, we reformulate the expression for the Bessel argument Z.
Setting the argument of the delta distribution in Eq. (2.175) to zero gives

w v

—_——— 2.177
eQ  1—ngp) cos(0) ( )
This relation allows us to rewrite the argument Z of the Bessel functions as

kipy
m

z =
_ ksin(0) ymw sin(0)
B m 2

_ wng f1 sin(0) E
Qm c?

= %Tli ,BL sin(@)

B ny B sin(6)
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We note that, in practice, the sign parameter € may be omitted when it appears
in a product with the harmonic number v (e.g. in Eq. 2.178 or in the delta
distribution in Eq. 2.175 and earlier), since the latter already spans positive
and negative integers, thereby effectively accounting for both charge signs (e.g.
Fleishman & Kuznetsov 2010).

Additional simplified expressions for n2, 7., K4, and 24 can be obtained
by applying the Altar-Appleton-Hartree (AAH) approximations to the Stix
parameters. The AAH approximations, along with detailed derivations, are
provided in Appendix A.11. In particular, we find for 2 the expression

cos(f) — ny Bl} N Ky
n+ 31 sin(0) ng B’

which is required for expressing the emission and absorption coefficients in their
final form.

A =To { (2.179)

2.3.9 Final expressions for GS emission and
absorption coefficients

In this section, we derive the final expressions for the GS emission and absorption
coefficients in a magnetoactive plasma. To obtain the GS emission coefficient,
we insert Eq. (2.175) with (2.179) into Eq. (2.40) and sum over all harmonics.
This yields the emission coefficient as

.4 ni w? 3
E d
Jo = 2M7—2+1 / p f(r,p)

y {E[cos(@) — Ny 5#] + Ky sin(9) Ju(2)—ep mJ;(g)}Q

ny sin(6)
x 6{w[l —ny B cos(h)] —veQ}. (2.180)

Here, we use the substitutions 5; = /1 — p? with p = cos(¢) and sin(¢) =
v/1 — p? following from the Pythagorean trigonometric identity, and we use
B = B cos(9).

To align with the expression given by Fleishman & Kuznetsov (2010), which
is implemented in the UFGSCs, one must convert the angular frequency to
the oscillation frequency using Eq. (2.33), and select the sign parameter as
¢ = —1. The conversion to oscillation frequency f,, = w/(2m) introduces an
additional factor of 27 inside the Dirac delta distribution. Specifically, the
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identity §(¢ x) = d(x)/|¢| implies an additional factor 1/(2) in the prefactor
of j* when expressed in terms of oscillation frequency. This correction appears
to be missing in Eq. (1a) in Fleishman & Kuznetsov (2010).

For the GS absorption coefficient, we insert Eq. (2.175) with Eq. (2.179) into
Eq. (2.48). Furthermore, we replace the difference of distribution functions in
Eq. (2.48) using Eq. (2.49). Then the absorption coefficient becomes

+ _ 3
o, =— niT2+1 Z/d

y {Ti[cos(@) — Ny ?N] + K sin(6) J(3)—ep MJL(E)F

ng sin(f)

{8]‘ ny B cos(0) — pof
X — 5 —_r 7 -

op p au] 0{w[l = ng Bp cos(0)] —veQ}, (2.181)

where we use p = Byme, and f = f(r,p). Similar to the emission coefficient in
Eq. (2.180), the version in Eq. (1b) in Fleishman & Kuznetsov (2010) is obtained
by setting ¢ = —1 and converting w to the oscillatory frequency. The factor
1/(27) emerging from the frequency transformation in the delta distribution is
not missing in Eq. (1b) in Fleishman & Kuznetsov (2010).

In conclusion, the specific intensity of GS emission can be determined, typically
through numerical methods, by solving the RTE in Eq. (2.38) using the emission
and absorption coefficients j,, and «, from Egs. (2.180) and (2.181), respectively.
These expressions rely on the refractive indices ny, given by Eq. (A.137); the
longitudinal and transverse components of the polarisation vector, K+ and T,
from Egs. (A.145) and (A.146), respectively; the variable A from Eq. (A.132)
and w' from Eq. (A.123), which enter the expressions for n, 7+, and K; and
the Bessel function argument Z, as given by Eq. (2.178). Together with values
for the plasma and particle properties appearing in these expressions, these
quantities fully determine the resulting GS intensity produced by electrons
spiralling along the CME flux rope field lines under the considered assumptions
and approximations.



3

Numerical framework and model

integration

The model descriptions in Section 3.1 follow partially Hu-
sidic et al. (2024a), Husidic et al. (2024b), and Husidic
et al. (2025). Parts of Section 3.2 follow Husidic et al.
(2024a), while parts of Section 3.3 follow Husidic et al. (2024b).

In this chapter, we present the numerical models used in this work as well as
some of the major modifications of the PARADISE transport code. Section 3.1
briefly describes the numerical models EUHFORIA (Section 3.1.1), Icarus
(Section 3.1.2), COCONUT (Section 3.1.3), PARADISE (Section 3.1.4), and
the UFGSCs (Section 3.1.5). Section 3.2 then discusses the main modifications
made by the author to PARADISFE to handle block-based grids such as those
from Icarus. Section 3.3 then explains further updates introduced by the author
to the transport code to enable operation on unstructured grids such as from
COCONUT.

3.1 Numerical models

In the following, the main numerical models utilised in this thesis are briefly
described, starting with FEUHFORIA.

65
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3.1.1 EUHFORIA

The physics-based forecasting tool FUHFORIA simulates the solar wind in
the inner heliosphere from heliocentric distances r = 0.1 au onwards (Pomoell
& Poedts, 2018). It consists of two components, a coronal and a heliospheric
part. The coronal module (see Section 3.1.2) solely serves to derive inner
boundary conditions at 0.1 au for the heliospheric module. FUHFORIA’s
heliospheric module then incorporates the inner boundary conditions to solve
the 3D ideal MHD equations using a second-order accurate semi-discrete Finite
Volume Method (FVM) on a spherical grid to generate complex solar wind
configurations extending to 2 au (default setting) and beyond. The scheme
employs an approximate Riemann solver to compute intercell fluxes and enforces
the solenoidal condition for the magnetic field (Eq. A.43) using a constrained
transport method (Kissmann & Pomoell, 2012). Furthermore, the heliospheric
module operates on a uniform, equidistant, monolithic grid, and employs
Heliocentric Earth EQuatorial (HEEQ) coordinates with Earth fixed at longitude

¢ =0°.

EUHFORIA incorporates different models to simulate the propagation and
evolution of CMEs. These models include: the default cone CME model
(Pomoell & Poedts, 2018), where the CME is modelled as a hydrodynamic cloud
(Zhao et al., 2002; Xie et al., 2004), being known for achieving accurate shock
arrival times, but lacking an intrinsic CME magnetic field; the spheromak model
(Verbeke et al., 2019; Scolini et al., 2019), where the CME is represented as a
magnetised plasma structure with both toroidal and poloidal field components;
and the Flux Rope in 3D (FRi3D) model (Isavnin, 2016; Maharana et al., 2022),
where the CME is simulated as a flux rope, capturing more realistic CME
geometry.

3.1.2 Icarus

The Icarus code (Verbeke et al., 2022; Baratashvili et al., 2022), which is based
on the MPI-AMRVAC framework (Keppens et al., 2012; Porth et al., 2014;
Xia et al., 2018; Keppens et al., 2023; Baratashvili et al., 2025), computes
complex and realistic solar wind configurations targeting the inner heliosphere
from r = 0.1 au onwards. In contrast to FUHFORIA, the 3D ideal MHD
equations within Icarus are solved in a frame corotating with the Sun on a
block-based grid using a FVM implemented via the MPI-AMRVAC framework,
which offers various numerical schemes (Keppens et al., 2023). The Icarus
grid can potentially be stretched in radial direction (Xia et al., 2018) and/or
selectively refined via AMR (Baratashvili et al., 2022). Different CME models
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are included in Icarus as well, including the EUHFORIA-like cone (Verbeke
et al., 2022) and spheromak (Baratashvili & Poedts, 2024) models.

Similarly to FUHFORIA, the domain of Icarus is divided into a coronal and a
heliospheric part by adopting EUHFORIA’s semi-empirical Wang-Sheeley-Arge
(WSA) model (Wang & Sheeley, 1990; Arge et al., 2003) and using synoptic
magnetograms by the Global Oscillation Network Group (GONG) to derive
the inner boundary conditions for the heliospheric simulations. In the WSA
model, the solar wind speed is derived from an empirical formula based on the
magnetic flux tube expansion factor and the proximity to CH boundaries, using
GONG magnetograms. Assuming a purely radial solar wind velocity at the
inner boundary, the coronal module then uses this speed to derive magnetic field,
particle number density, and temperature profiles at that location (for details,
see Pomoell & Poedts 2018 and references therein). The division of domains
with a separating line at 0.1 au is a common approach in MHD solar wind
modelling, under the assumption that the solar wind becomes super-Alfvénic
below this radius and is typically already faster than the fast magnetosonic
speed at 0.1 au. However, recent observations by PSP suggest that the solar
wind can still be sub-Alfvénic at distances beyond 0.1 au (Bandyopadhyay et al.,
2022; Jiao et al., 2024). The block-based grid structure of Icarus is addressed in
more detail in Section 3.2. Additional details about optional features of Icarus
are described in Section 4.2.

3.1.3 COCONUT

The COOLFluiD-based COCONUT model solves the 3D ideal MHD equations
in a time-implicit manner using an FVM (Perri et al., 2022a, 2023; Kuzma
et al., 2023). The original motivation for developing COCONUT was to replace
the semi-empirical WSA model in EUHFORIA. Unlike the WSA module, which
only provides solar wind conditions at the outer coronal boundary, COCONUT
self-consistently derives 3D configurations from the solar surface up to 25 solar
radii (and potentially beyond). In the meantime, the model has been coupled
both to EUHFORIA (Linan et al., 2025) and Icarus (Baratashvili et al., 2024)
to provide inner boundary conditions for these inner-heliospheric wind models.

The inner boundary conditions for COCONUT are obtained from synoptic maps
either from GONG or HMI. Using such magnetograms, a Dirichlet condition
is derived from the radial magnetic field component and applied at the solar
surface, while using zero-gradient conditions for the tangential magnetic field
components, thereby minimising artificial currents near the surface. For the
pressure and density, fixed Dirichlet conditions are applied, while the velocity
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Figure 3.1. Schematic illustration of the TD MFR model, showing a thin flux rope
placed between the two polarities of a locally bipolar region. The coordinate system
with origin O and axes z, y, and z is located in the centre of the flux rope. The
variables and functionality are addressed in the main text. Adapted from Titov et al.
(2014).

at the solar surface is set to zero; nevertheless, a small outward flow emerges
due to numerical effects (for details, see Perri et al. 2022a).

In this thesis, we employ two versions of the COCONUT model. The original
version of COCONUT does not include any heating source terms in the MHD
equations, but assumes polytropic processes with a reduced adiabatic index of
~Yad = 1.05, thereby modelling an almost isothermal corona (Perri et al., 2022a).
This version of COCONUT is employed in Chapter 5. A more recent update of
COCONUT includes heating source terms to the MHD equations (Baratashvili
et al., 2024) and employs an adiabatic index of 7,q = 5/3; this version is utilised
in Chapter 6. Additional details about these terms are presented in Section 2.1.

COCONUT also incorporates CME modelling, including the Titov—-Démoulin
(TD) flux rope model (Titov & Démoulin, 1999; Titov et al., 2014; Linan et al.,
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2023) and the regularised Biot-Savart law CME model (Titov et al., 2018; Guo
et al., 2024); however, in Chapters 5 and 6, we employ only the former. The TD
model is a semi-analytical force-free model designed to represent the magnetic
structure of twisted flux ropes embedded in potential magnetic fields. Figure 3.1
shows a schematic illustration of the TD flux rope model with some of the
important geometric parameters. A thin toroidal flux rope with minor and
major radii @ and R, respectively, is placed between the polarities of a locally
bipolar region on the solar surface, with half of the torus placed beneath the
solar surface, thereby mimicking anchoring to the surface. The symmetry axis
of the MFR oriented along the z-axis coincides with an iso-contour, where the
perpendicular magnetic field component B, is constant. The centre of the
toroidal axis is positioned at a height d. Furthermore, in Fig. 3.1, 0 denotes
the unit vector tangential to the axis of the MFR, P is a given point in space,
and 7 and a are the distances from the toroidal and poloidal symmetry axes to
P, respectively. The variable ¢ denotes the angle between R and (see Titov
et al. 2014 for details).

The core field of the flux rope is generated by a ring current intensity I circulating
within the flux rope that satisfies

RB,

8R
In = —7—|—

I=(Ig~( (3.1)

where Ig is the Shafranov intensity, ¢ is a dimensionless parameter, By is
the toroidal magnetic field component, and I is a dimensionless variable that
characterises the radial distribution of the poloidal magnetic field inside the
MFR. An eruptive behaviour of the TD flux rope is accomplished by setting
¢ > 1. In that case, the pressure of the resulting magnetic field from the
ring current intensity I exceeds the magnetic pressure of the ambient coronal
pressure (see Titov et al. 2014 and Linan et al. 2023 for details). Larger values
of ¢ generally correspond to a greater amount of free magnetic energy, resulting
in more intense CMEs with higher injection speeds and stronger magnetic fields.

3.1.4 PARADISE

PARADISE is a particle acceleration and transport code that solves the FTE
to propagate energetic particles as test particles through prescribed solar
wind or coronal backgrounds, and outputs spatio-temporal particle intensity
distributions. While initially using only the analytical Parker solar wind model
or EUHFORIA to provide the necessary solar wind backgrounds for the particle
transport simulations, PARADISE has been extended in the work of this thesis
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to incorporate solar wind configurations from Icarus (see Chapter 4) and coronal
MHD backgrounds from COCONUT (see Chapter 5).

The FTE from Egs. (2.20)—(2.23) is solved in PARADISE in a stochastic manner
by reformulating the FTE into an equivalent set of Stochastic Differential
Equations (SDEs) using It6 calculus (@Qksendal, 1995). Then, applying the
Euler-Maruyama method, the SDEs are numerically integrated to update the
position, momentum, and pitch angle of an individual energetic particle. The
trajectories resulting from the calculations are not those of physical particles and
do not follow real particles or their guiding centres. Instead, so-called pseudo-
particles! are utilised that follow stochastic trajectories governed by the SDEs
derived from the FTE. In this context, a pseudo-particle can be interpreted
as 'the temporal evolution of an ensemble of real particles, or equivalently, the
evolution of a phase-space density element’ (Strauss & Effenberger, 2017). The
final intensities PARADISE outputs are derived by sampling the pseudo-particles
in a five-dimensional (the three spatial coordinates, pitch angle, and energy)
histogram to yield the differential intensities (for details, see Wijsen 2020).

The initial conditions, such as energy, pitch angle, or position, as well as
the overall shape of the injected particle distributions, whether isotropic
or anisotropic particle populations are considered, may be defined by the
PARADISE user, including simple Gaussian distributions, pure power-law
distributions, or more complex kappa distributions.

3.1.5 Ultimate Fast GS Codes

The UFGSCs contain a set of numerical schemes for calculating GS emission in
the non-quantum regime, covering non-relativistic (y ~ 1), mildly relativistic
(v 2 1), and ultra-relativistic (v > 1) energy ranges (Kuznetsov & Fleishman,
2021). While an earlier version of these GS codes was limited to using idealised
(i.e. analytically defined) distribution functions in energy and pitch angle cosine
(Fleishman & Kuznetsov, 2010), the latest update (Kuznetsov & Fleishman,
2021) allows the use of arbitrarily shaped electron distributions defined on a
mesh.

The UFGSCs were developed to circumvent the computationally demanding
calculations of the exact equations for GS emission and absorption coefficients
(Melrose, 1968a; Ramaty, 1969). To achieve this, Fleishman & Kuznetsov (2010)
refined the fast numerical approximations introduced by Petrosian (1981) and
Klein (1987), primarily by replacing the summation over cyclotron harmonics

1For simplicity, we refer to pseudo-particles as ’particles’ throughout the remainder of the
thesis.
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Figure 3.2. Illustration of the modelling chain for the generation of synthetic radio
spectra.

with an integration over a corresponding continuous parameter, and including
an approximate treatment of Bessel functions in Eqs. (2.180) and (2.181).
In the current version, the code can operate in one of three modes: exact,
continuous, or hybrid. In the hybrid mode, the user specifies a threshold
frequency f,o0 = 7Q/(27), where 7} is a positive integer and € denotes the
electron gyrofrequency (Eq. A.83). Below this threshold, the code employs the
exact mode, while above, it switches to the continuous mode.

In Chapter 6, we present the coupling of COCONUT-PARADISE to the UFGSCs
and include CME modelling. To provide a clearer overview of the involved
modelling steps, Fig. 3.2 illustrates the modelling chain to generate synthetic
radio spectra, represented as a flowchart. The process begins by computing a
steady-state corona using COCONUT with an HMI magnetogram for the inner
boundary conditions. The simulation is then restarted with a superimposed
unstable MFR to represent the erupting CME. Next, PARADISE is utilised to
evolve energetic electron distributions within the MHD environment. Finally,
the synthetic GS emission is computed by providing the electron distributions
from PARADISE and the plasma parameters from COCONUT as input to the
UFGSCs.
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3.2 Block-based grid

In the following, we describe some of the main modifications of PARADISE
to couple it to Icarus. PARADISE employs a grid-free numerical approach for
the propagation of energetic test particles. However, the input background
solar wind or corona configurations required by PARADISE are provided on
a numerical grid, containing parameters of the solar wind or coronal plasma.
To integrate the set of equations constituting the FTE for a particular test
particle, it becomes necessary to locate the particle on the numerical grid of
the particular MHD model and determine the cells surrounding that location.
Then, the various gradients are computed at the grid corners, and, along with
the solar wind values, are interpolated to the particle’s exact position inside
the cell at each computational step.

In the original FEUHFORIA-PARADISE framework (Wijsen et al., 2019a; Wijsen,
2020), PARADISE has been designed to locate particles and perform the
described procedure on a monolithic grid potentially containing ghost cells, such
as EUHFORIA’s uniform equidistant grid (Pomoell & Poedts, 2018), where the
solar wind parameters are provided on one large rectangular and structured
grid, consisting of rectangular cells of equal size. Through relatively simple
algorithms, one can locate the ’lower left front’ grid point of the current cell
and gain automatically access to all the remaining grid points surrounding the
particle, as well as the required grid points for the gradient computations.

In contrast to FUHFORIA’s monolithic grid structure, Icarus employs a block-
based grid. The computational domain is also saved as a rectangular and
structured grid consisting of rectangular cells, but these cells are organised into
blocks (Keppens et al., 2012). An important feature of the Icarus grid is its
potential application of AMR and/or grid stretching, where we first discuss
the case with AMR. When AMR is applied, each refinement level subdivides
a target block into eight smaller blocks by halving it along each coordinate
direction. These refined blocks maintain the same number of cells as the original,
but with half the cell size in each direction, thereby doubling the resolution.
As higher levels of AMR are applied, these blocks with different AMR levels
follow a strict nesting protocol, that is, two blocks touching each other either
orthogonally or diagonally can never differ by more than one level of AMR
(Nool & Keppens, 2002; Keppens et al., 2012).

Tracing particles on the Icarus grid requires algorithms that first locate the
current particle in the block where it resides, and subsequently determine the
grid corners surrounding the particle within that block. To achieve this, we
exploit the indexing system used by MPI-AMRVAC for the blocks. The global
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Figure 3.3. Block indexing in MPI-AMRVAC on a 2D example grid. Colours denote
AMR levels (blue: level 1, yellow: level 2, red: level 3). Each block has the index
that would logically follow, if the entire grid was on its AMR level (see main text).
Inspired by Keppens et al. (2012).

block indices are designed in such a way that, per AMR level, each block has
indices as if the entire grid were uniformly refined on the AMR level of that
particular block. For instance, if the target block had AMR level 3, then
its global indices would be as if the entire grid were refined to AMR level
3. Figure 3.3 illustrates this approach on a Two-Dimensional (2D) example
grid. Blue, yellow, and red rectangles denote blocks on AMR levels 1, 2, and
3, respectively. Using zero-based indexing, we can see that, for instance, the
bottom left yellow block has global index (2,2), because on the hypothetical
uniform level-2 grid, there are two index steps to its left and two below it. The
example in Fig. 3.3 also shows that blocks on different AMR levels can share
the same global (4, j) pair, for instance, the blue and yellow blocks labelled (3,2)
and (3,3).

To locate blocks efficiently, when preparing the Icarus input files for PARADISE,
we create a list of unique numbers from the three global indices of each block
on each AMR level, and locate the number within PARADISE using a binary
search algorithm. The unique numbers are created using the Szudzik pairing
function, which is a variant of the Rosenberg-Strong pairing function and more
efficient than the standard Cantor pairing function (Szudzik, 2017). As the
example in Fig. 3.3 illustrates, it is crucial to prepare unique block numbers on
each AMR level separately, since the global block indices are only unique within
the particular AMR level, but not across AMR levels (Keppens et al., 2012).
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Once all cells are located, we perform a trilinear interpolation, similar to
the FUHFORIA-case, of the solar wind parameters and spatial derivatives
at the grid points to the actual particle location. For calculating spatial
derivatives, we employ an alternating fourth-order uniform scheme, where
the term ’alternating’ refers to switching between different stencil formulas
(central vs biased), depending on the proximity to the boundary. This allows
derivative stencils to stay entirely within one block. Furthermore, since most
timesteps in PARADISE do not exactly coincide with the timestamps of the
Icarus snapshots, PARADISE loads the two nearest snapshots surrounding the
current timestep and performs a linear interpolation in time. In the case of a
steady-state solar wind, such as in Chapter 4, the static snapshot is rotated in
PARADISE by an angle corresponding to the elapsed simulation time. This
time-handling approach is also used for input from the other MHD models
coupled to PARADISE.

A primary challenge in locating a particle on the Icarus grid arises from the
block-based structure, especially when multiple levels of AMR are applied.
When a particle is close to the boundary of a block, that is, when it is in some
form outside the internal grid structure of the current block, communication
between multiple neighbouring blocks becomes necessary to provide requisite
data for numerical computations such as trilinear interpolation or finite volume
differencing. This issue is illustrated in Fig. 3.4. In cases involving more than
two levels of AMR, it becomes evident that a block of some level L must
eventually communicate with either a so-called parent block of level L — 1, or a
so-called children block of level L 4+ 1. Communication between blocks of the
same level occurs both with and without applied AMR (Keppens et al., 2012).

The solution of having ghost cells for each block (Keppens et al., 2012), as
employed by the built-in particle tracer in MPI-AMRVAC), is not feasible for
PARADISE due to the resulting significantly larger data files that would store
these ghost cell values. As an initial alternative, we chose to individually address
the various scenarios based on a particle’s position relative to the numerical grid
and acquire all necessary data from neighbouring blocks as needed. However,
this case-by-case approach was later replaced by a more general and robust
particle tracing routine, which now automatically identifies surrounding grid
points, even when they reside in different block at different AMR levels.

Solar wind simulations of Icarus may involve large radial distances of 2 au and
beyond. When using a uniform grid in Icarus (or other solar wind models such
as FEUHFORIA), due to the spherical grid and constant cell spacing in radial
and angular directions, cells become elongated towards the outer boundary
compared to the inner boundary. Furthermore, the resolution at the cells closer
to the inner boundary might be more relevant. To address both issues, MPI-
AMRVAC allows for grid stretching in the radial direction (Xia et al., 2018).
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Figure 3.4. Illustration of the AMR nesting and communication between blocks.
Using AMR likely requires blocks of some level L to communicate both to coarse
blocks (level L — 1) and further refined blocks (level L + 1). Inspired by Keppens et al.
(2012).

Then, the scaling factor needs to be calculated, which is determined via

1

Tout Ne
sf = s 3.2
= () (32)

with g being the scaling factor, N, the number of cells in radial direction, and
Tout and 7y, the radial coordinates at the outer and inner boundary, respectively.
The scaling factor works such that from a given cell, the radial coordinate of the
next cell is determined as r; 1 = gs 75, or in general, the i-th radial coordinate
is given by

Ty = qif Pin- (3.3)

When using stretched grids, the search algorithms for the colatitudinal and
longitudinal indices of the grid corners encompassing the current particle remain
the same, while the search algorithm? for the radial index is adjusted using
Eq. (3.3).

When applying both AMR, and grid stretching, it is essential to note that a
refined block remains within the same radial range but contains twice as many
cells per coordinate axis as its unrefined counterpart. For that reason, it is
possible to obtain on each AMR level the particular scaling factor, where the

2The search algorithm can be generalised to support grid-stretching along the latitudinal
or longitudinal axes as well.
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scaling factor ¢3f 41 in the children block is

quJrl = qu’ (34)

with qif being the scaling factor in the parent block (Xia et al., 2018).

3.3 Unstructured grid

Unlike FEUHFORIA and Icarus, which incorporate a structured rectangular grid
using spherical coordinates, COCONUT solves the 3D ideal MHD equations on
an unstructured spherical grid using Cartesian coordinates. COCONUT’s grid
consists of prism-shaped cells with equilateral triangular faces and rectangular
lateral faces, with the cells being arranged in an onion-like shell structure
and increasing in size with increasing heliocentric distance (for details, see
Brchnelova et al. 2022). Panel a) of Fig. 3.5 illustrates the prism shape of a
COCONUT cell. We note that the cell lengths in radial direction, that is, the
point connections 1-4, 2-5, and 3-6 in panel a), are in general much smaller than
the remaining edges.

Consequently, the approaches used to trace particles and compute gradients
at grid points, as well as interpolate to a particle’s exact location, which
are employed for FUHFORIA and Icarus, are not suitable for COCONUT’s
unstructured grid, necessitating alternative methods. For tracing particles and
identifying surrounding grid points, we utilise the cell connectivity information
present in the COCONUT files. For each cell, we have information both about
the six grid points (or nodes) that make the cell (numbered from 1 to 6 in the
left panel of Fig. 3.5) and the indices of all cells connected to it, where we use
the definition of cell connectivity to share at least one node with a neighbouring
cell. The coordinates and coronal plasma parameters of a cell are saved at its
centre. Panel b) of Fig. 3.5 illustrates the principle of cell connectivity in a
2D example. The red dots mark cell centres, and the cyan-coloured cell is the
located cell containing the particle. Then, all yellow-marked cells are connected
cells, as they share at least one node with the located cell, and the cyan-marked
and yellow-marked cells form a group of connected cells.

We may use this information to calculate at the very first computational step
for a particular test particle the Euclidean distances between the initial particle
location and all cell centres. The closest distance identifies the cell containing the
particle. To save computational resources, we select timesteps in PARADISE
that are sufficiently small, ensuring the particle never moves outside the current
group of connected cells. This allows, in the subsequent computational steps,
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(a) Cell structure in COCONUT. (b) 2D illustration of cell connectivity.

Figure 3.5. Illustrations of the cell structure and cell connectivity in COCONUT.
Panel a) shows the shape of a single cell with triangular faces and rectangular sides.
Adapted from Brchnelova et al. (2022). Panel b) illustrates the cell connection in
COCONUT exploited for the particle tracer and derivative computation algorithms.
Adapted from Lani (2009).

to search only among the current group of connected cells for the cell centre
closest to the particle position.

Once the cell containing the particle is located, we extract the coronal plasma
parameters from the cell centres of all connected cells and linearly interpolate
them to the particle’s location, using the distances from the particle’s location
to the different cell centres as weights, normalised to the sum of all distances.
The derivatives of the various quantities are also computed at the centres of all
connected cells in the current group, and similarly linearly interpolated to the
particle’s exact location.

In the following, we aim to develop a framework for calculating gradients® on
the COCONUT grid within PARADISE. Since COCONUT’s grid consists of an
unstructured ordering of prism-shaped cells that increase in size with increasing
radial distance, standard finite difference methods requiring neighbouring cells
to be aligned on a line are not useful. Instead, we derive a formalism that
uses the information of neighbouring cells and is based on a first-order Taylor
approximation. The following formalism is similar to that in Lani (2009) and is
derived here in more detail.

Let u be a function of position x = (21, 22, 23)T. Then u; is the function value
at the centre of cell 7. For each neighbouring cell u; at cell centres j, we can
approximate the values by a first-order Taylor expansion, yielding

Uj = u; + Vu; - (Xj — Xi) R (35)

3The mathematical formalism is unit-independent; however, in PARADISE, the relevant
physical quantities are expressed in SI units.
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with the differential operator V = (9/0x1,0/0x2,0/0x3). We rearrange
Eq. (3.5) to

uj —u; = Vu, - Axj, (3.6)

with Ax; = x; — x; The equations for all N; neighbours of the cell 7 can be
collected in a vector-matrix form as

(Al‘l)l (Al‘g)l (Al‘3)1 (Au)1
(AIl)Q (AIL'Q)Q (Al‘g)g Vuz _ (AU)Q ’ (37)
(Azy)n, (Aza)n, (Azz)y, (Au)n;,

with (Au); = uj — u,;. To give closer cells more significance in the gradient
computation, we calculate linear weights

1

W; = ———
T ]lAx]

(3.8)

as the inverse of distances, and multiply each row of the matrix and the right-
hand side vector by wj, resulting in

Ly, Lay L Vu; =1,
= LVu,=1,, (3.9)

where the matrix L is composed of column vectors
L., = [wi(Azy)1, wa(Azk)a,. .., wy, (Azg)y,] " (3.10)

and the right-hand side vector reads

£, = [wi(Au)y, wa(Au)a, . .., wy, (Au)y,]" . (3.11)
The system described in Eq. (3.9) is typically overdetermined, since there are
three unknowns (the components of Vu;), but usually a system of N; > 3 linear
equations (one per neighbour of cell ¢), and thus there is no exact solution in

general. In such cases, one seeks the best approximate solution by minimising
the residual norm

Resmin = rgin | L Vu; — £,]|, (3.12)
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which describes a least squares problem. To solve Eq. (3.9) in a least squares
sense (see Kong et al. 2020 for a proof), we multiply both sides from left by the
transpose LT of L to obtain a square matrix, yielding

LTLVu,=L"f,. (3.13)

To isolate the unknown vector Vu;, we define the vector f;, = LTf,, and
compute its components (f1)r as

N;
(f)e = Lux (fu)i- (3.14)
=1
Furthermore, we define G := LT L and rewrite Eq. (3.13) as
GVui = fL . (315)

The inverse of G is given by*

G—l

= Jei@ V@) (3.16)

Multiplying both sides of Eq. (3.13) by G~! yields®

det(M3) (fr)1 — det(M3) (fr)2 + det(M3) (fL)s
X | —det(M3) (fr)1 + det(M$) (fr)2 — det(Ms3) (fL)s | > (3-17)
det(M{3) (fr)1 — det(Ms}) (fr)2 + det(Mg3) (fr)s

where we use only the upper triangle of the adjugate matrix, since G is symmetric
and the corresponding minors satisfy M = M.

The selected stencil (i.e. the set of neighbouring cells used to approximate the
derivative at a particular location) for the gradient calculations determines the
number of rows in the system in Eq. (3.7), the geometry and conditioning of
the matrix, the computational cost, and ultimately the accuracy and stability

4Equation (3.16) presents the analytical inverse of G. However, in future developments
of the code, we will optimise this step by solving the system G Vu; = LT f, using more
efficient and numerically stable methods, such as Cholesky or QR decomposition, rather than
computing the matrix inverse explicitly.

5We note that in the literature, the signs of the minors are often not included in the
formulation, but are taken into account in the numerical computation of the determinant (e.g.
Yalim 2008; Lani 2009).
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of the solution (see Lani 2009 and references therein). For instance, using many
neighbouring cells can improve stability by overdetermining the system, but
is also computationally more expensive. On the other hand, using a small
stencil can be computationally inexpensive, but it also lowers the accuracy and
robustness of the calculations. In our implementation in PARADISE, we define
the reconstruction stencil as the set of all cells connected to the cell in which
we desire to compute the gradient. This choice ensures accurate and robust
gradient computations on unstructured grids, particularly in 3D. The sketch in
panel b) of Fig. 3.5 illustrates this approach in 2D.

At the time of this writing, these procedures take significantly longer than
those in the original PARADISE architecture. While we continue to improve
the performance of PARADISE using the original COCONUT output, the
author of this thesis has also created a code to interpolate the original
unstructured COCONUT grid to a structured, rectangular EUHFORIA-like grid
in spherical coordinates, allowing us to utilise the faster original FUHFORIA-
PARADISE architecture. In Chapters 5 and 6, we employ the original
unstructured COCONUT, and provide a comparison between the unstructured
and interpolated structured grid in Section 5.4.2. While COCONUT itself has
been benchmarked against other models and observations (Perri et al., 2022a,
2023; Kuzma et al., 2023), the interpolation of COCONUT to a EUHFORIA-like
grid also serves as a test for the correct implementation of the unstructured
grid handling in PARADISE.

For modelling GS emission with the UFGSCs, no additional modifications in the
COCONUT-PARADISE framework were required. The coupling to the UFGSCs
involved mainly additional separate codes to generate different virtual observer
configurations, trace particles and extract solar wind parameters along Lines
Of Sight (LOS), and to provide the MHD and particle data to the UFGSCs.



4

Modelling energetic particle dynamics in
the heliosphere

Most of this chapter was published in “Energetic particle acceleration
and transport with the novel lIcarus+-PARADISE model”, 2024b,
J. Space Weather Space Clim., 14, 11 (Husidic et al., 2024a),
and parts of the text and figures have been reproduced here
directly. E. Husidic implemented the necessary modifications in the
particle transport code PARADISE to work with Icarus, including the
development of a particle tracer and algorithms for numerically calculating
derivatives on a block-based AMR grid, as detailed in Section. 3.2.
Furthermore, E. Husidic performed all the simulations, generated
the data and figures, and drafted the complete original manuscript.

Abstract. This chapter!' presents the Icarus-PARADISE model and its initial
application to simulate particle acceleration and transport at CIR shocks.
PARADISE has been previously coupled to EUHFORIA, which computes solar
wind conditions on a uniform grid. However, EUHFORIA’s lack of local grid
refinement makes it computationally inefficient for resolving sharp structures
such as shocks, which are critical regions for particle acceleration. To overcome
this, EUHFORIA was replaced in this work within the PARADISFE framework
by the MPI-AMRVAC-based Icarus code. Besides constructing uniform grids,
Icarus enables local mesh refinement through AMR, allowing higher resolution
of shock regions without refining the entire domain. Prescribing the solar wind
conditions at the inner boundary (0.1 au), we generated a background solar wind
with two CIRs. We then injected monoenergetic protons at the forward and
reverse shocks of one CIR, and tracked the evolution of the particles. First, we
validated the new Icarus-PARADISE model by reproducing results previously
obtained with EUHFORIA-PARADISE. Subsequently, we demonstrated the

IThis chapter is based on SI units.
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effect of increasing levels of AMR on shock resolution and particle intensities.
Surpassing FUHFORIA’s resolution capabilities, we showed that higher AMR,
levels significantly enhanced particle acceleration, thereby yielding a more
accurate capture of shock effects and highlighting the importance of spatial
resolution in modelling energetic particle events.

4.1 Background and motivation

Space weather events increasingly affect modern societies across multiple socio-
economic levels (Schrijver et al., 2014, 2015). In this context, CIRs play an
important role as they can solely drive GMSs (Tsurutani et al., 1997; Richardson,
2018), accelerate energetic particles (Giacalone, 1999; Tsurutani et al., 1982;
Richardson, 2018), and interact with CMEs in ways that enhance or otherwise
modify the geoeffectiveness of CMEs (Chi et al., 2018; Wijsen et al., 2023).
Additionally, CIRs regularly pass by spacecraft, thus making them valuable
in-situ study cases (see Richardson 2004, Richardson 2018, and references
within).

CIRs are large-scale, long-lived structures in interplanetary space that corotate
with the Sun and can persist from weeks to months (e.g. Richardson 2004;
Allen et al. 2020). They form when a fast solar wind stream overtakes a slower
stream ahead, forming regions of compressed plasma, as illustrated by the
shaded region in Fig. 4.1. Far beyond 1 au, a forward and a reverse shock can
form if the compression is sufficiently strong, while at 1 au CIRs are typically
bounded by two compression waves? (Richardson, 2018). The terms forward’
and 'reverse’ refer to the solar wind reference frame (Wijsen, 2020): the reverse
shock (blue curve in Fig. 4.1) forms at the trailing edge and decelerates the
fast wind, while the forward shock (red curve in Fig. 4.1) forms at the leading
edge and accelerates the slow wind. In the frame corotating with the Sun, both
shocks are essentially stationary and act to decelerate and deflect the flow, so
the forward /reverse terminology is best understood as describing the expanding
structure between them.

There is ongoing effort in understanding the acceleration and transport of
protons and heavier ions in CIR regions. Despite decades of significant effort,
there remains no consensus in the scientific community regarding the exact
acceleration mechanisms for SEPs in general (Petrosian, 2016; Perri et al.,
2022b), and various mechanisms have been proposed for acceleration at CIRs
(e.g. Richardson 2004, Richardson 2018, and references therein). At CIR shocks,

2For simplicity, we use the term ’shock’ to refer to both actual shocks and compression
waves throughout this chapter, since the distinction is not relevant for the present study.
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Figure 4.1. Schematic illustration of a CIR in the solar wind reference frame. The
grey shaded area indicates the compression region, while the red and blue curves
illustrate the forward and reverse shock waves, respectively. Arrows of the same colour
show the corresponding propagation directions. Adapted from Pizzo (1978).

the most widely accepted mechanism is DSA (Desai & Giacalone, 2016; Vainio
& Afanasiev, 2018). The DSA mechanism dominates at quasi-parallel shocks,
where charged particles gain energy by repeatedly crossing the shock front and
scattering off magnetic turbulence frozen into the plasma in both upstream
and downstream regions. SDA may also contribute, particularly at quasi-
perpendicular shocks, where particles gain energy via drift motions caused
by magnetic field gradients near the shock. In addition, SA may occur in
the presence of strong magnetic turbulence within the CIR structure, further
energising particles through resonant wave-particle interactions between the
SEPs and magnetic field fluctuations (Kallenrode, 2003; Vainio & Afanasiev,
2018). Observations show that the suprathermal particle intensity profiles
recorded at CIRs typically form double-peaked intensity profiles, resulting from
acceleration at both the forward and the reverse shocks (Smith & Wolfe, 1976;
Richardson, 2018; Allen et al., 2021; Wijsen et al., 2021).
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Over the past few decades, various simulation models have been developed to
investigate SEP and other energetic particle populations in the inner heliosphere
from both theoretical and forecasting perspectives. Typically, these frameworks
combine heliospheric solar wind models with a particle transport code in a
modular setup. One example is the Solar Energetic Particle MODel (SEPMOD,;
Luhmann et al. 2017) that simulates the scatter-free SEP transport by utilising
background solar wind configurations obtained by the 3D heliospheric MHD
model Enlil (Odstrcil et al., 2004, 2005; Pizzo et al., 2011). Another noteworthy
approach is the Energetic Particle Radiation Environment Module (EPREM,
Kozarev et al. 2010), which incorporates diffusion and drift effects during particle
transport. Initially coupled to Enlil (Kozarev et al., 2010), EPREM was later
upgraded (Kozarev et al., 2013) to accept input from the Block-Adaptive-Tree
Solar Wind Roe-type Upwind Scheme (BATS-R-US) model (Manchester et al.,
2012).

With some exceptions, such as BATS-R-US, many heliospheric solar wind
models employ uniform equidistant grids. While this simplifies computational
tasks such as computing gradients and tracing particle trajectories, it also
introduces challenges. Increasing the resolution in one region requires refining
the entire computational domain, which creates high computational costs and
thereby limits the maximum resolution. This constraint directly affects the
EUHFORIA-PARADISE model, motivating an update of the model to support
more flexible grids that allow for localised resolution enhancements without
impractical technological demands.

For this reason, we present the Icarus-PARADISE model as an advancement
of the previous FUHFORIA-PARADISE framework and demonstrate its
capabilities in an initial theoretical application. Icarus surpasses FEUHFORIA
by incorporating techniques such as AMR and grid stretching, which allow
for targeted resolution increases in specific regions of the simulation domain.
Section 4.2 describes the numerical setup, the background solar wind
configuration, and the energetic particle composition. In this study, we generated
a synthetic solar wind containing two CIRs, extending from 0.1 au to 2 au.
Using PARADISE, we injected monoenergetic 1 MeV protons in the forward
and reverse CIR shock regions, and tracked their intensities as the particles
propagated through interplanetary space. Section 4.3 presents the simulation
results, beginning with a validation of Icarus- PARADISE through comparison
with the established EUHFORIA-PARADISE model in Section 4.3.1. To
illustrate the effects of AMR, we present in Section 4.3.2 simulation results
with varying levels of refinement applied to the Icarus solar wind, assessing the
impact of increased resolution on particle intensity profiles at the shocks. The
chapter concludes with a summary and discussion in Section 4.4.
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4.2 Numerical setup

To simulate particle acceleration and transport with PARADISE, we generated
a background solar wind configuration with Icarus and, for validation purposes
only, with FUHFORIA. We used identical inner boundary conditions in both
models, derived from a synthetic solar wind map, whose radial solar wind
velocity component is shown as a contour plot in Fig. 4.2. The map is based
on the work of Pizzo (1991) and features a band of slow solar wind embedded
within a faster stream of solar wind. This configuration mimics a slow stream
originating from a helmet streamer near the magnetic equator. The magnetic
axis of the Sun is assumed to be tilted by 30° with respect to its rotation
axis. The resulting solar wind map produces a global configuration containing
two symmetrically arranged CIRs in the inner heliosphere. The left panel of
Fig. 4.3 displays the radial solar wind velocity component in the ecliptic plane
from 0.1 au to 2 au as simulated with Icarus. The corresponding EUHFORIA
solution looks visually identical and omitted here for brevity.
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Figure 4.2. Contour plot (latitude versus longitude) of the radial solar wind velocity
component at the inner boundary (0.1 au or 21.5 R) both for Icarus and EUHFORIA.

The injection region for the test particles was determined by computing the
divergence of the solar wind velocity in both the Icarus and EUHFORIA wind.
The right panel of Fig. 4.3, taken from the Icarus run, shows a contour plot of
the velocity divergence in the ecliptic plane (colatitude § = 90°) from 0.1 au to
2 au. The two pairs of forward and reverse shock waves appear as blue spiral
arms, indicating regions of negative velocity divergence. Given the idealised
symmetry of the synthetic solar wind setup, we arbitrarily selected the CIR in
the lower half-plane for particle injection. Within this region, we identified the
areas of negative velocity divergence and injected monoenergetic 1 MeV protons
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Figure 4.3. Contour plots of key solar wind parameters in the ecliptic plane from
0.1 au to 2 au obtained from the Icarus simulation. Panel a) shows the radial
component of the solar wind velocity, while panel b) displays the solar wind velocity
divergence.

between 0.12 au and 2 au in the radial direction, and over a colatitudinal range
of # = 90° + 2°. We note that an injection energy on the order of 1 MeV is
significantly higher than the anticipated energies of seed particle populations at
CIR shocks. This divergence stems from the primary objective of our current
study, which is to validate our model and demonstrate the impact of AMR on
acceleration efficiency within the model, rather than replicating a real CIR event.
In this context, the 1 MeV protons may be interpreted as a pre-accelerated
population originating from earlier shock encounters or impulsive SEP events.

The protons were injected according to the differential intensity distribution
j(r,E) =Cé(E —1MeV)r 2, (4.1)

where j is the differential intensity, » the radial distance, F the particle energy,
C' a constant of proportionality ensuring correct physical units, and § the Dirac
delta distribution. Equation (4.1) was applied in regions where div Uy < 0 (i.e.
negative solar wind velocity divergence), and the intensity was related to the
particle distribution function f and the particle momentum magnitude p via
the relation j = p? f. In practice, this is accomplished within PARADISE by
uniformly distributing 1 MeV protons across all regions satisfying div Ug,, < 0,
thereby mapping the CIR shocks, and assigning each particle a statistical weight
proportional to 1/72. To trace the shock, we used a modified version of the shock
tracer code from Wijsen et al. (2022) and Niemela et al. (2024). Furthermore,
we assumed that j is independent of time. To achieve this, we first calculated
the Green’s function solution for the FTE, which emerges when all particles are
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injected at time t = 0. Subsequently, we derived the steady-state solution for
particle injection with no time dependence by convolving the Green’s function
solution with a time-independent function. This procedure was applied in all
simulations presented in Section 4.3.

In PARADISE, we model both pitch angle diffusion and CFD. Spatial CEFD
has been proposed to explain various observational features, including SEP
events detected at locations that are seemingly not magnetically connected
to the particle source (e.g. Klassen et al. 2015), and is therefore commonly
included in interplanetary particle transport simulations. In this study, we
adopted a simplified approach by prescribing a constant perpendicular MFP
length A\; = 3 x 107* au (see Section 2.2). Combined with a constant
parallel MFP length A\ = 0.3 au, this yields a ratio A /\| = 1073, indicating
that particle propagation remained primarily aligned with the interplanetary
magnetic field. Figure 4.4 shows the effect of CFD on the simulated particle
intensity distributions in the radial-longitudinal plane at colatitude 8 = 90°,
48 hours after injection, for a selected energy channel. Panel a) displays the case
without CFD, where particles remain confined near the forward and reverse
shock regions, with precise spatial separation and peak intensities at the injection
zones. In panel b), where CFD is included, the particle distributions are visibly
more diffuse. While particle propagation remains largely field-aligned, particles
can now move across the magnetic field lines, leading to a partial merging of
the two intensity regions and reduced peak intensities near the shocks. For
simplicity, guiding centre drift velocities were excluded from the PARADISE
simulations by setting Eq. (2.25) in the FTE to 0.

48 h after injection, 980 - 1230 keV 48 h after injection, 980 - 1230 keV
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Figure 4.4. Illustration of CFD effects on particle intensity distributions obtained
with PARADISE from 0.12 au to 2 au in the ecliptic plane. Panel a) shows the particle
intensities 48 h after particle injection in the energy channel 980-1230 keV without
CFD. Panel b) displays the corresponding results with CFD included.
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For the Icarus simulations using AMR, we mostly restricted the refinement to
the CIR in the third quadrant in Fig. 4.3. Following the approach outlined in
Wijsen et al. (2021) and Verbeke et al. (2022), we estimated the longitudinal
position ¢ of the CIR to be refined by

A~ T — Tin

frd —_— QI‘ . 42

o=+ (4.2)
In Eq. (4.2),  and ¢ are the radial and longitudinal coordinates in the domain,
respectively, U is a characteristic speed of the solar wind stream (here set to U =
500 km s_l), and €, is the solar synodic rotation rate (2, ~ 2.67 x 1076 s~1).
To approximate the CIR spiral, Eq. (4.2) must satisfy the condition

blo < ¢ < bup , (4.3)

where ¢1, and ¢, specify the lower and upper longitudinal bounds of the
refined region, respectively. While the default Icarus setup uses the solar
sidereal rotation rate (= 2.97 x 107%s~1), we replaced it by the solar synodic
rotation rate used in EUHFORIA to minimise the discrepancies between the
two models during validation.

MPI-AMRVAC offers a variety of numerical schemes suited for shock-related
problems. For the present study, we used the second-order (in both time
and space) Total Variation Diminishing Lax-Friedrichs (TVDLF) scheme for
shock capturing (Téth & Odstréil, 1996), combined with the Woodward limiter
(Woodward & Colella, 1984). While TVDLF is known for its robustness, it is
also more diffusive than other solvers, such as the Harten-Lax-van-Leer (HLL)
Riemann solver (Harten et al., 1983). A key difference between the numerical
setups in EUHFORIA and Icarus lies in the treatment of the solenoidal condition
V B =0, where in EUHFORIA, the magnetic field is strictly divergence-free
by construction. In contrast, Icarus allows for minor local deviations from this
constraint. These are mitigated using the elliptic divergence cleaning method
described in Section 2.1, following Teunissen & Keppens (2019).

In Section 4.3, we validated the Icarus-PARADISE model by reproducing
results from the EUHFORIA-PARADISE model. To achieve this, we applied
similar resolution settings and identical inner boundary conditions (Fig. 4.2)
in FUHFORIA to generate a solar wind configuration matching that shown in
Fig. 4.3a. For a quantitative comparison, Fig. 4.5 presents longitudinal profiles
of the magnetic field (top panel), solar wind speed (middle panel), and solar
wind particle number density (bottom panel) at 1 au and § = 90°, obtained from
Icarus (solid blue) and FEUHFORIA (dashed red). The profiles show overall
good agreement, with only minor differences attributed to the entirely different
numerical schemes used in both models. For both simulations, the domain
spanned a radial range of 0.1 au to 2 au, a colatitudinal range of 30°—150°,
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and a full 0°-360° coverage in longitude. The extension to 2 au accounted for
the common assumption that CIR-related particle acceleration processes occur
primarily beyond 1 au (Richardson, 2004, 2018). The grid consisted of 600 cells
in radial direction (corresponding to a radial resolution of Ar ~ 1.2 Rg), with
60 cells in colatitude and 180 cells in longitude, yielding an angular resolution
of Af = A¢p =2°.

— lcarus
--- EUHFORIA

-150 -100 -50 0 50 100 150
oL°]
Figure 4.5. Comparison of solar wind parameters between Icarus and EUHFORIA.
The plots show the magnetic field magnitude (top panel), the solar wind speed (middle
panel), and the solar wind particle number density (bottom panel) as functions of

longitude ¢ at a radial distance » = 1 au and colatitude 6 = 90°. Icarus results are
shown as blue solid lines, and EUHFORIA results as red dashed lines.

For the study of the impact of using different AMR levels in Icarus in Section 4.3,
we used the same Icarus wind configuration as in the validation case, but started
with a lower base resolution to account for the subsequent refinements. At AMR
level 1, corresponding to a uniform grid, the simulation domain was resolved
with 300 cells in radial direction, 40 cells in colatitude, and 96 cells in longitude
(excluding ghost cells). With each additional level of AMR, the number of
cells in a block doubles locally within the refinement region, that is, where
the AMR criterion is satisfied. At the highest refinement level applied (AMR
level 5), we thus obtained an effective resolution of 4800 cells radially, 640 cells
in colatitude, and 1536 cells in longitude. These numbers correspond to grid
spacings of approximately 3.96 x 10~*au ~ 8.5 x 1072 Ry, radially, about 0.19°
in colatitude, and around 0.23° in longitude.
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Finally, we address two modifications to the inner boundary conditions in the
Icarus version used here, compared to the default implementation in MPI-
AMRVAC. First, in initial simulations, we observed notable differences in the vy
and By components between Icarus and EUHFORIA near the inner boundary,
primarily due to the use of different coordinate systems in the two wind models.
As discussed in Sections 3.1.1 and 3.1.2, Icarus solves the ideal MHD equations
in a corotating frame, while FUHFORIA operates in HEEQ coordinates. These
differences led to larger discrepancies in the particle intensities computed with
PARADISE. To mitigate this, we modified the boundary condition for vy in
Icarus to match that of EUHFORIA by imposing

Vp = —Tin & sin(f), (4.4)
which yields vy ~ 0 at the inner boundary 7y, in the inertial frame.

The second modification concerned the adjustment of the longitudinal magnetic
field component By. Following Pomoell & Poedts (2018), we set

By = B,-2, (4.5)
Ur
with the radial velocity and magnetic field components v, and B;, respectively.
Equation (4.5) ensures that the electric field vanishes in the corotating frame,
which is necessary to obtain a steady-state solution of the solar wind in the
corotating frame, consistent with the implementation in FUHFORIA.

4.3 Simulation results

This section presents the simulation results obtained using the Icarus-
PARADISE model with the numerical setup described in Section 4.2. We
begin in Section 4.3.1 by validating Icarus-PARADISE through a comparison
with results from FUHFORIA-PARADISE. Subsequently, in Section 4.3.2, we
explore the impact of increasing levels of AMR in Icarus on particle acceleration
and the resulting intensity distributions.

4.3.1 Validating the Icarus-PARADISE model

Figures 4.6 and 4.7 show the validation of the Icarus-PARADISE model by
comparing longitudinal profiles of particle intensities at radial distances r = 1 au
and r = 1.5 au, respectively. These intensities were computed by PARADISE
using background solar wind conditions generated by both FUHFORIA and
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Figure 4.6. Longitudinal profiles of particle intensities and solar wind parameters at
r=1au and 6 = 90°. The top panel shows particle intensities, with different colours
corresponding to the energy channels listed in the legend below. The middle and
bottom panels display the solar wind speed and solar wind particle number density,
respectively. In all panels, solid lines indicate FUHFORIA-based results, while dotted
lines refer to those obtained with the Icarus wind.

Icarus. Each figure follows the same layout, with the top panel displaying the
particle intensity profiles in three selected channels (as indicated in the figure
legend), and the middle and bottom panels presenting the corresponding solar
wind speed and particle number density. In all panels, solid lines represent
results based on EUHFORIA, and dashed lines indicate those derived from
Icarus.

Starting with Fig. 4.6, which shows the results at 1 au, we observe that the
protons undergo both adiabatic deceleration (visible in the channels below
1 MeV) and shock acceleration (visible in the channels above 1 MeV). The
deceleration is predicted from theory (Parker, 1965; Ruffolo, 1995) and arises
from the expansion of the solar wind, leading to energy loss due to the diverging
flow field. At the shock waves, protons are likely accelerated via DSA. The
figure also clearly reveals the characteristic double-peaked structure commonly
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associated with CIRs and consistent with observations (Wijsen et al., 2021).
The right-hand peak in Figure 4.6 results from acceleration at the forward shock
of the CIR, while the left-hand peak is caused by acceleration at the reverse
shock. The valley between the two peaks coincides with the stream interface of
the CIR, where the transition between the compressed slow wind and the fast
wind occurs.

Additionally, the results indicate that particle acceleration is more efficient at
the reverse shock than at the forward shock. This is partly due to the fact
that the reverse shock tends to adopt a quasi-parallel configuration, which is
more favourable for DSA. Moreover, the reverse shock propagates sunward
into the fast solar wind, resulting in a higher relative speed between the shock
and the upstream plasma, and thus a stronger shock. In contrast, the forward
shock propagates into the slower wind in the anti-sunward direction, resulting
in a weaker shock. These findings are consistent with previous theoretical
investigations (Giacalone & Jokipii, 1997; Wijsen et al., 2019a) as well as
observational studies (Classen et al., 1998; Gémez-Herrero et al., 2009).

Figure 4.7, showing results at a radial distance of 1.5 au, reveals qualitatively
similar features to those observed at 1 au in Fig. 4.6, including adiabatic
deceleration, shock acceleration, and the characteristic two-peaked structure
in the intensity profiles. Quantitatively, however, the intensity peaks are
noticeably higher across both energy channels below and above 1 MeV at
1.5 au. This outcome is expected, as CIR-associated shocks typically intensify
with increasing heliocentric distance, particularly beyond 1 au, due to stronger
compression of the solar wind. Furthermore, the converging magnetic field
lines and plasma within the CIR structure may create magnetic mirror-like
configurations, temporarily trapping particles. This trapping increases particle
residence times in the vicinity of the shocks, thereby enhancing DSA efficiency
and resulting in higher particle intensities at higher energies. Simultaneously,
adiabatic deceleration continues to act as particles propagate outward into the
increasingly expanding solar wind and decreasing magnetic field, resulting in
enhanced intensities in lower energy channels as well.

Comparing the PARADISE results across the two solar wind models, we find
that the outputs are overall in reasonable agreement. In the two lowest energy
channels, the two models exhibit the greatest similarity in both shape and
trend. Depending on longitude, the Icarus-based intensities sometimes exceed
those from the EUHFORIA-based simulation, and vice versa. These slight
discrepancies can be attributed to the small differences in the solar wind
configurations generated by the two wind models. Since the solar wind solutions
are not identical due to the different numerical schemes underlying each code,
variations in the resulting particle distributions are expected. As the particles
propagate over substantial distances before reaching the observer, even minor
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Figure 4.7. Longitudinal profiles of particle intensities and solar wind parameters at
r = 1.5 au and 6 = 90°. The top panel shows particle intensities, with different colours
corresponding to the energy channels listed in the legend below. The middle and
bottom panels display the solar wind speed and solar wind particle number density,
respectively. In all panels, solid lines indicate FUHFORIA-based results, while dotted
lines refer to those obtained with the Icarus wind.

differences can accumulate and cumulatively impact a particle’s properties. The
largest discrepancy appears in the highest energy channel at the forward shock,
where more particles are accelerated in the FUHFORIA-based wind. This can
be attributed to the slightly greater amount of numerical diffusion in the Icarus
simulation compared to FUHFORIA, resulting from the TVDLF scheme, which
leads to smoother shocks and reduced particle acceleration efficiency. This effect
is evident in the solar wind speed and particle number density profiles in the
middle and bottom panels of Figs. 4.6 and 4.7, where EUHFORIA produces
steeper gradients than Icarus.

In the following section, however, we demonstrate that applying AMR, in Icarus
significantly increases the resolution at the CIR shocks, allowing us to surpass
the performance observed in Figs. 4.6 and 4.7 by FUHFORIA-PARADISE.
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4.3.2 Application of AMR

While EUHFORIA and similar inner heliospheric solar wind models, such as
Enlil, employ uniform equidistant grids, MPI-AMRVAC provides advanced
techniques, including AMR and grid stretching. In this section, we focus on
demonstrating the effects of AMR. To illustrate the impact of AMR application,
we repeated the simulations from Section 4.3.1 using Icarus- PARADISE, now
starting from the lower-resolution setup described in Section 4.2, and applying
up to five levels of AMR. The results are presented in Fig. 4.8, where the
panels show the intensities at a heliocentric distance of » = 1.8 au. The figure
follows the same structure as Figs. 4.6 and 4.7, with the top panel displaying
particle intensities, and the middle and bottom panels showing solar wind speed
and particle number density, respectively. We note again that AMR level 1
corresponds to a uniform equidistant grid, and that each additional level of
AMR halves a cell size in each direction locally within the refined region.

Similar to Figs. 4.6 and 4.7, we observe two intensity peaks corresponding to
the forward and reverse shocks. From AMR levels 1 to 3 (panels a—c), the left
intensity peak dominates, illustrating that near 2 au, particle acceleration is
most efficient at the reverse shock. At higher AMR levels 4 and 5 (panels d
and e), the right peak also becomes pronounced, with increasingly populated
higher-energy channels.

A crucial aspect of simulations, including shock waves in 3D MHD models,
is that shocks are represented much wider than in reality. Indeed, in ideal
MHD, shocks are not resolved physically, but appear merely as discontinuities
smoothed by numerical diffusion. However, since the ratio of the MFP length to
the shock width plays a pivotal role in determining how efficiently particles can
cross the shock for DSA to occur, simulations with higher shock resolution (as
achieved here through finer AMR) enhance particle acceleration for the same
MFP length (e.g. Wijsen et al. 2022).

To further highlight the impact of higher AMR levels on particle acceleration,
Fig. 4.9 presents intensity-energy profiles at different radial distances,
exemplarily sampled at the reverse shock. These intensity profiles represent
the peak intensities within each energy channel. The four panels display the
results at r = 0.5 au (panel a), » = 1 au (panel b), »r = 1.5 au (panel ¢), and
r = 1.8 au (panel d). We refrain from extracting values at the domain’s outer
edge (2 au) to avoid potential distortions from outer boundary effects. Across
all panels, we consistently observe that particle intensities at higher energies
increase with increasing AMR levels, further confirming that enhanced shock
resolution improves particle acceleration efficiency.
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Figure 4.8. Longitudinal profiles of particle intensities and solar wind parameters
observed at r = 1.8 au and 6 = 90°, illustrating the effects of AMR. Panels a) through
e) correspond to AMR levels 1 through 5, respectively. In each panel, the top subpanel
shows the particle intensities, while the middle and bottom subpanels display the solar
wind speed and particle number density, respectively.

We note that with increasing resolution, the particle intensities and their energy
spectra should converge to a stable solution, provided that the underlying
solar wind configuration also converges to a stable solution. However, higher
resolution in the MHD simulations additionally resolves smaller-scale solar wind
structures. Because particle acceleration and transport are highly sensitive to
such details, these fine-scale features can significantly influence the energetic
particle population, especially at larger distances where effects accumulate over
longer propagation paths. Figure 4.10 illustrates this point by showing two
cutouts of the radial solar wind velocity component contour plots, similar to
panel a) of Fig. 4.3, using the same colour bar (not shown here). Here, panel
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Figure 4.9. Intensity-energy plots illustrating the effects of AMR. The four panels
show the peak particle intensities across energy channels at the reverse shock, sampled
at 7 = 0.5 au (panel a), r = 1 au (panel b), r = 1.5 au (panel ¢), and r = 1.8 au (panel
d).

a) of Fig. 4.10 corresponds to the simulation with AMR level 1, and panel
b) to the simulation with AMR level 5. In the former panel, the high-speed
stream lacks substructure due to the coarse resolution, showing only large-scale
features. In contrast, the higher-resolution case in panel b) reveals small-scale
features at the outer edge of the high-speed stream, which may be indicative
of Kelvin-Helmholtz (KH) instability-like patterns. Such features have been
previously observed in the solar wind and linked to KH instability processes
at shear interfaces between the slow and fast solar wind in the corona and
inner heliosphere (Kieokaew et al., 2021; Mostafavi et al., 2022; Telloni et al.,
2022). These structural differences may account for the lack of full convergence
in the intensity-energy profiles in Fig. 4.9. However, the differences between
consecutive levels of AMR appear to decrease progressively.

4.4 Summary and discussion

Energetic particles in the heliosphere pose increasing risks to spacecraft and
astronauts, necessitating reliable and efficient modelling tools. To overcome
the limitations of the FUHFORIA-PARADISE model, particularly concerning
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(a) AMR level 1. (b) AMR level 5.

Figure 4.10. Cutouts of contour plots showing the radial component of the solar
wind velocity. Panel a) displays the high-speed stream refined at AMR level 1, panel
b) at AMR level 5.

shock resolution on the equidistant FUHFORIA-grid, we introduced the Icarus-
PARADISE model. It combines the MPI-AMRVAC-based Icarus solar wind
model, including AMR, with the transport code PARADISE.

In this first application of Icarus-PARADISE, we conducted a theoretical study
of particle acceleration and transport at CIR shocks. For this, we generated
a synthetic solar wind configuration up to 2 au, containing two high-speed
streams in which CIRs formed. Model validation was performed by reproducing
results from the earlier EUHFORIA-PARADISE setup. Longitudinal intensity
profiles at two radial distances showed overall good agreement, especially in
the lower-energy channels. Discrepancies at higher energies were attributed to
the different shock-capturing schemes. Icarus used the more diffusive TVDLF
scheme, while FUHFORIA employed an approximate Riemann solver with a
sharper shock capturing capability (see Section 3.1.1 for details). Less diffusive
alternatives in the MPI-AMRVAC framework, such as the HLL or some Roe-
type approximate Riemann solvers (Keppens et al., 2023), may improve shock
resolution and will be explored in future work.

A significant advantage of Icarus over EUHFORIA is its support for advanced
techniques such as AMR and grid stretching. In this work, we focused on
AMR, demonstrating its impact by repeating the validation runs starting from a
coarse grid (AMR level 1) and refining only the regions around the shock up to
level 5. We presented longitudinal intensity profiles near 2 au and constructed
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intensity-energy plots at the reverse shock across four radial distances. Both
visualisations consistently showed that higher AMR levels led to more efficient
particle acceleration. This result holds significant implications for models that
simulate particle acceleration at shock waves generated by MHD models, see, for
instance, Wijsen et al. (2022) using EUHFORIA-PARADISE to study proton
acceleration in the inner heliosphere, or Young et al. (2021) using EPREM and
the CORona-HELiosphere (CORHEL) model to investigate proton acceleration
in the corona.

With the introduction of Icarus-PARADISE, numerous future applications
become feasible. These include studies of real SEP events involving CIRs or
CMES, building on prior work with EUHFORIA-PARADISE (Wijsen et al., 2021,
2023). Future investigations may explore the impact of grid stretching (isolated
or combined with AMR) on particle acceleration and transport. Notably,
Baratashvili et al. (2022) demonstrated that combining grid stretching with
AMR can significantly speed up the MHD component of the simulation chain.
Furthermore, Icarus has been recently updated to include time-dependent inner
boundary conditions (Baratashvili et al., 2025). Since the Sun is a dynamic star,
whose variability on the surface and in the corona translates into continuously
changing conditions in interplanetary space, future work can assess how temporal
variations in the solar wind and CIRs influence the distribution, acceleration,
and transport of SEPs. Additionally, substantial updates to PARADISE are
planned, particularly in data handling. Currently, PARADISE loads full solar
wind snapshots, potentially importing unused data, which a more selective
domain-loading approach could replace. This and other enhancements are
designed to accelerate simulations inside PARADISE, enable the use of higher
levels of AMR, and augment the already significant acceleration of simulation
time achieved by Icarus.



5

Modelling energetic particle dynamics in
the solar corona

Most of this chapter was published in “Cross-field Diffusion Effects on
Particle Transport in a Solar Coronal Flux Rope”, 2024a, Astrophys.
J. Lett., 976, L31 (Husidic et al., 2024b), and parts of the text and
figures have been reproduced here directly. E. Husidic implemented
the necessary modifications in the particle transport code PARADISE
to work with COCONUT, including the development of a particle
tracer and algorithms for numerically calculating derivatives on an
unstructured grid, and a code to interpolate the unstructured COCONUT
grid onto a EUHFORIA-like grid, as detailed in Section. 3.3. The
COCONUT MHD simulation data were provided by Luis Linan. E. Husidic
performed all remaining simulations, generated and processed the data,
created the figures, and drafted the complete original manuscript.

Abstract. This chapter! presents the COCONUT-PARADISE model and
its initial application to simulate particle transport in the solar corona in the
presence of a CME flux rope. While the original EUHFORIA-PARADISE
model and its upgrade, Icarus- PARADISE, simulate particle acceleration and
transport in the inner heliosphere starting at a heliocentric distance r = 0.1 au,
important physical processes occurring below this height are ignored, including
CME evolution, shock formation, or SEP acceleration. To address this limitation
and extend the simulation domain to r < 0.1 au, we introduce the COCONUT-
PARADISE framework. In this study we generated a coronal background
configuration using COCONUT containing a CME, modelled as an analytical TD
flux rope. Energetic protons were injected into the flux rope, and their transport
was simulated by solving the FTE with and without the CFD coefficient. In the
absence of CFD, particles remained fully confined to the flux rope, as the CME

1This chapter is based on SI units.
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expanded outwards. For simulations including CFD, we tested two commonly
used phenomenological approaches regarding the perpendicular MFP length
A1: a constant Ay and a Larmor radius-dependent A . The results illustrated
under which conditions particles remain confined to the CME flux rope and
those under which they are able to escape. Moreover, they showed that even
relatively small perpendicular MFPs, as typically used in heliospheric transport
simulations, can lead to significant perpendicular diffusion. Finally, we discuss
the relevance of this new modelling approach for future investigations on particle
acceleration and transport in a unified domain encompassing both the corona
and inner heliosphere.

5.1 Background and motivation

SEPs, accelerated at solar flare sites or at the fronts of shock waves driven
by fast CMEs (Desai & Giacalone, 2016; Reames, 2021), are a key focus of
space weather research due to their threats to spacecraft and astronauts (Vainio
et al., 2009; Gopalswamy, 2018). While gradual SEP events are typically
associated with continuous acceleration at CME-driven shock fronts as they
propagate through interplanetary space, important processes such as CME
evolution (Wang et al., 2014), shock formation (Mann et al., 2003), and particle
acceleration (Reames, 1999; Desai & Giacalone, 2016) often begin already deep
in the corona. Consequently, it is essential to consider particle acceleration and
transport within the coronal domain when modelling SEP events.

In-situ measurements by PSP (Fox et al., 2016) within the solar corona have
opened new opportunities to examine the interaction between MFRs and SEPs.
In this context, the massive SEP event of 5 September 2022, when PSP was at a
radial distance of about 15 R, has attracted considerable interest (e.g. Paouris
et al. 2023; Trotta et al. 2024). By examining energetic proton populations,
Cohen et al. (2024) found that PSP recorded a significant intensity drop at the
shock, followed by a rapid increase in intensity by multiple orders of magnitude,
as PSP crossed the CME flank and entered a region of closed magnetic field lines,
identified as a magnetic cloud. The authors also highlighted the confinement
of protons within the cloud and occasional anisotropies observed in the proton
distribution inside the cloud.

In another study, using data from PSP orbit 5 in 2020 at radial distances from
0.45au down to 0.2 au, Pecora et al. (2021) showed that flux ropes can act as
boundaries, separating trapped particle populations within the flux rope from
those moving outside of it. Schwadron et al. (2024b) reached similar conclusions
when they investigated PSP observations from March 2022 at a radial distance
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of 0.2 au, when PSP passed through the flank of a CME. They found energetic
particle populations trapped within flux tubes, with the edges of the flux tubes
acting as barriers to other particles.

So-called Forbush Decreases (FD; Cane 2000; Belov 2009) further support the
view that MFRs can act as barriers for energetic particles. Observations of
galactic CR fluxes often show sudden two-step decreases that are attributed,
among other causes, to passing CMEs. The first step in the decay of galactic
CR fluxes is associated with the CME-driven shock and the turbulent sheath
between the shock and the driver. The second, faster step is then caused
by isolated MFRs blocking the particles. Recently, Benella et al. (2020) and
Laitinen & Dalla (2021) performed full-orbit particle simulations and showed
that isolated flux ropes significantly hinder galactic CRs from penetrating the
CME, while the CRs could enter the CME via the x-point.

Besides the recent PSP observations, type IV radio bursts are another indicator
for energetic particles trapped within flux ropes (Morosan et al., 2019). Among
the proposed explanations for these phenomena is cyclotron emission by electrons
trapped inside CME loops (Bastian, 2007), which is discussed in detail in
Chapter 6.

Over the last two decades, considerable efforts have been made to develop
and improve different simulation tools for modelling SEP transport in the
corona. As with heliospheric models, these tools typically combine MHD models
of the coronal plasma with energetic particle transport codes. A prominent
example is EPREM (Kozarev et al., 2010) that utilises input from CORHEL
(Young et al., 2021), both integrated into the Solar particle event Threat
Assessment Tool (STAT) software suite. More recently, EPREM has also
been used in combination with the Magnetohydrodynamic Algorithm outside a
Sphere (MAS) model to study particle acceleration in quasi-separatrix layers,
which are regions in the corona where magnetic field lines rapidly diverge,
enabling the formation of current sheets and MR (Schwadron et al., 2024a).
Another recent model is the Multiple-Field-Line-Advection Model for Particle
Acceleration (M-FLAMPA; Borovikov et al. 2018) that takes input from the
Alfvén Wave-driven Solar atmosphere Model (AWSoM; Sokolov et al. 2021) to
simulate particle acceleration and transport in the corona. Lastly, the improved
Particle Acceleration and Transport in the Heliosphere (iPATH) framework (Hu
et al., 2017; Ding et al., 2024) uses MHD simulations of CME-driven shocks, for
instance computed with the MHD code ZEUS (Hayes et al., 2006), to model
SEP events upstream of these shock waves.

Building on the motivation to extend SEP modelling into the corona, we
introduce the COCONUT-PARADISE model as an extension of the heliosphere-
focused frameworks EUHFORIA-PARADISE and Icarus-PARADISE. As a first
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application, we present a theoretical study of particle transport in the corona
in the presence of a CME. Using COCONUT, we first generated a coronal
background configuration spanning from 1 Ry to 21.5 Ry (& 0.1 au), which
included a CME modelled as an unstable modified TD flux rope (Titov &
Démoulin, 1999; Titov et al., 2014). We then utilised PARADISE to inject
monoenergetic 100 keV protons near one of the footpoints of the MFR, close
to its central axis, and simulated their propagation through the evolving
COCONUT snapshots. To examine the impact of CFD on particle transport
in the corona, we performed three types of simulations. First, we simulated
particle transport by solving the FTE without the CFD coefficient. We then
conducted simulations using two different approaches to modelling CFD, and
explored various parameter settings. In one case, the perpendicular MFP for
CFD was set to a constant value, while in the other, it was defined as a function
of the proton’s Larmor radius (see Section 2.2 for details).

The remaining part of the chapter is structured as follows. Section 5.2 describes
the numerical setup. The simulation results are presented and discussed in
Section 5.3, starting with the case without CFD in Section 5.3.1, followed
by simulations using a constant perpendicular MFP in Section 5.3.2, and a
Larmor radius-dependent perpendicular MFP in Section 5.3.3. Supplementary
modelling details are provided in Section 5.4, including a discussion on the
two CFD approaches in Section 5.4.1, the interpolation from the unstructured
COCONUT grid onto a structured grid in Section 5.4.2, and a note on numerical
diffusion in the COCONUT-PARADISE model in Section 5.4.3. The chapter
concludes with a summary in Section 5.5.

5.2 Numerical setup

This section outlines the configuration of COCONUT and PARADISE to
simulate particle transport in the corona in the presence of a CME. The
COCONUT setup closely follows the approach of Linan et al. (2023) to generate
the required background corona configurations. The corona is reconstructed
from an HMI magnetogram from 2nd July 2019 (during solar minimum),
which provides the inner boundary conditions for the MHD simulation (see
Section 3.1.3).

A CME was introduced at t = 0 using the modified analytical circular TD
flux rope model (Titov & Démoulin, 1999; Titov et al., 2014). We adopted
the ¢ = 12 case from Linan et al. (2023) in this study (see Section 3.1.3 and
Eq. 3.1). The MFR had an initial magnetic field strength of Brp o = 10.5G
(or 10.5 x 10° nT), resulting in an initial eruption speed of vrp o = 827 km/s. It
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Figure 5.1. Visualisation of the flux rope CME modelled with COCONUT. The three
panels show the evolved flux rope at different times: ¢ = 0.48h (panel a), t = 1.53 h
(panel b), and t = 3.06 h (panel c). The sphere of radius 1 R represents the Sun, with
the mapped radial magnetic field component on its surface. The sphere and MFR,
are colour-coded by magnetic polarity: red indicates positive polarity, blue indicates
negative polarity, and white corresponds to zero values. Black lines illustrate a sample
of the global magnetic field.

was placed at colatitude § = 90° and Carrington longitude ¢ = 180°, while the
centre of the toroidal axis was located at a height of 0.15 R, above the solar
surface. The major and minor radii were 0.3 Ry and 0.1 R, respectively.

The COCONUT domain comprised approximately 2 million prism-shaped cells
arranged in concentric shells that increased in size with radial distance (see
Section 5.4.2 and Brchnelova et al. 2022 for details). Simulation outputs were
produced every 289 s (= 5min). For the transport simulations in Section 5.3,
we used the first ~ 7h of the COCONUT run, which covered the propagation
of the MFR up to the outer boundary at 21.5 Rs. To minimise possible outer
boundary effects, the coronal simulation extended to 25 R, as recommended
by Brchnelova et al. (2022).

Figure 5.1 shows the evolution of the MFR at three time steps: ¢ = 0.48h
(panel a), 1.53h (panel b), and 3.06 h (panel c¢). The sphere of radius 1 Rg
represents the Sun. Instead of showing numerical values, we visualise the
magnetic polarity of the radial magnetic field component B, via shading: red
indicates positive polarity (B, > 0), blue indicates negative polarity (B, < 0),
and white corresponds to regions where B, = 0. The black field lines trace
a sample of the global magnetic field. The panels illustrate the dynamic
evolution of the MFR as the CME propagates through the solar corona. Panel
a) highlights the highly twisted magnetic field configuration at an early stage
of the CME evolution, with field lines spiralling tightly around the central axis
of the MFR. This twist creates a complex magnetic topology, characterised
by variations in both magnetic field strength and curvature. Panels b) and c)
show the continued expansion of the flux rope as it propagates radially outward,
introducing time-dependent variations in the magnetic field’s magnitude and
geometry. Moreover, as the MFR expands, MR occurs both at the footpoints
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and the apex of the CME, altering the magnetic topology.

For all subsequent transport simulations with PARADISE in Section 5.3, we
used a constant parallel MFP A\ = 21.5 Ry (0.1au), corresponding to the
radius of the simulation domain?. For the simulations that accounted for CFD,
we employed two approaches to describe the CFD tensor (see Section 2.2 for
details). In Section 5.3.2, we first assumed a constant perpendicular MFP
AL in Eq. (2.29), following a similar approach as Wijsen et al. (2021) and
Husidic et al. (2024a). Then in Section 5.3.3, we applied a model by Droge
et al. (2010), which also had been employed in other studies (e.g. Wijsen et al.
2019b; Niemela et al. 2024). In this model, A, is a function of the particle’s
Larmor radius 71, (Eq. 2.31) and is given by the expression in Eq. (2.32). The
form of A, contains also a reference Larmor radius r1,9 and a dimensionless
scaling parameter x. In this study, we assumed 719 for a 1 MeV proton in a
magnetic field of strength By = 30nT, corresponding to a typical field strength
value at the outer boundary. For comparison, B at the inner boundary point
was approximately 5 x 104 nT. This way, only the parameter x was varied to
determine the effect of different levels of CFD on the particle distributions.

In all simulations, particles were uniformly injected within the radial range of
1.49 R to 1.50 Rg, specifically in regions where the magnetic field strength
exceeded 9 x 10* nT, and the magnetic polarity was inward. This effectively
placed the initial particle distribution near the central axis of the flank of the
flux rope with negative polarity, close to the inner boundary of the simulation.
We injected an isotropic (in pitch angle) monoenergetic distribution of 100 keV
protons, with all particles introduced at ¢t = 0.46 h into the simulation (where
t = 0 corresponds to the flux rope insertion). By this time, the apex of the
erupting flux rope had reached a heliocentric distance of approximately 3 Rg.
Since the FTE is solved in a stochastic manner, we injected a total of 3.6
million pseudo-particles to guarantee adequate statistics. Absorbing boundary
conditions were used at both the inner and outer boundaries of the PARADISE
simulation domain.

5.3 Simulation results

In this section, we present and analyse the simulation results, starting with the
case that excludes CFD.

2When the CME apex reached 21.5 Rg), some twisted field lines of the flux rope could
reach lengths up to 10 x .
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5.3.1 Simulations without CFD

Figure 5.2 shows a time-lapse of the results of a particle transport simulation
without CFD (i.e. Ay = 0). The four panels display 3D plots of the evolving
MFR together with contours of the particle intensity at four different times:
0.48h, 1.53h, 3.06h, and 4.5h, shown in panels a) through d), respectively.
Panel a) shows that after their injection at the base of the MFR flank, the
particles have propagated upwards along the interior field lines of the MFR,
which follow the arc-shaped axis of the MFR, and remain confined to these
field lines. In panel b), the particles reach the opposite footpoint of the MFR.
Some are magnetically reflected and return towards the original flank, while
others fall back to the Sun and are removed from the simulation. In panel c),
roughly 2.5 h after their injection, some particles at the base of the MFR gain
access to its exterior magnetic field lines, which wrap around the interior ones,
and begin propagating along them. In panel d), particles continue to propagate
both along the interior and exterior MFR field lines.

This behaviour likely results from MR between interior and exterior MFR field
lines near its footpoints and is influenced by numerical diffusion. Any ideal
MHD simulation will include numerical diffusion and thus induce artificial MR.
However, the reconnection in this case occurs in regions where real MR is
physically expected. The highest particle intensities remain concentrated along
the central axis of the flux rope throughout the simulation. Furthermore, open
magnetic field lines are visible in panels ¢) and d); however, without the CFD
mechanism, the protons with an initial energy of 100keV do not gain access
to those or the global magnetic field lines in our simulation and stay confined
to the MFR. Nonetheless, MR between the MFR field lines and the global
magnetic field is also present, suggesting that particle escape into the global
field may eventually occur.

5.3.2 CFD with a constant perpendicular MFP
length

Figure 5.3 shows particle transport simulations that include CFD using a
constant perpendicular MFP length A, . The layout of the figure is organised
such that the three columns represent increasing simulation times, from left to
right: 1.53h, 3.06 h, and 4.5 h. The three rows correspond to decreasing values of
A1, from top to bottom: 2.15 x 1072 Ry, 1.075 x 1072 Ry, and 2.15 x 1073 Re.

In the top row, where A} = 2.15 x 1072 R, (or 10~*au), we used a value
commonly employed in heliospheric simulations (e.g. Wijsen et al. 2019b; Husidic
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Figure 5.2. Time-lapse of particle propagation in the flux rope without CFD. Panels
a) through d) show particle intensity contours at ¢ = 0.48h, 1.53h, 3.06 h, and 4.5h,
respectively, plotted together with the MFR. The sphere of 1 Rs with the mapped
radial magnetic field component symbolises the Sun.

et al. 2024a). Despite the small ratio AL /A\j = 1073, we see that CFD has
a significant effect on particle transport. Comparing panel a) of Fig. 5.3 to
panel a) of Fig. 5.2 (no CFD), we see that particles not only diffuse along the
exterior field lines of the MFR, but also escape the CME region, primarily
in the propagation direction of the CME. Panels b) and ¢) show that this
effect is more pronounced at later steps, indicating that particles also diffuse
longitudinally. Once particles access open field lines ahead of the CME, they
can easily escape the computational domain through parallel transport aided
by magnetic focusing.

In the middle row, with A\; = 1.075 x 1072 Ry and AL/Ap =5 x 1074, we
observe considerably less CFD. In panel d), particles already access the exterior
field lines of the MFR but remain largely confined to it, with some particles
escaping the CME site along its propagation direction. This behaviour aligns
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Figure 5.3. Time-lapse of particle propagation in a MFR using the CFD approach
with a constant A . Panels a) through c¢) in the top row show the results for A; = 2.15x
1072 Re; panels d) through f) in the middle row correspond to Ay = 1.075 x 1072 Re;
and panels g) through i) in the bottom row show results for A\; = 2.15 x 1072 Ro.
The three columns represent simulation times of 1.53 h, 3.06 h, and 4.5 h, respectively.
The colour bar for the particle intensities from Fig. 5.2 also applies here.

with our expectations, as the propagation direction is where significant MR
and, thus, the opening of flux rope field lines is anticipated. In panels e) and f),
more particles escape the MFR, and compared to the case in the top row, the
longitudinal spread of the particles is significantly reduced.

Finally, in the last row of Fig. 5.3, where A, = 2.15 x 1073 R ~ 1500 km and
AL/ = 1075, as expected, the least amount of CFD is observed. Across all
three panels, particles wrap around the CME but remain primarily confined
to it. However, in Fig. 5.5 in Sec. 5.3.3 it is shown that even in this case,
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some particles manage to escape the flux rope along the opening magnetic field
lines at the apex of the flux rope. In general, the results indicate that varying
A1 within one order already drastically changes the effect of CFD on particle
transport.

5.3.3 CFD with a Larmor radius-dependent
perpendicular MFP length

Finally, we present simulation results in which CFD was implemented in the
FTE using A1 = AL(x,A|,7n) which in particular depends on the 71, of the
particle, since )| is kept constant. Different x-values were prescribed (see
Sec. 2.2 and Eq. 2.32). The columns in Fig. 5.4 are arranged similarly to those
in Fig. 5.3, but here, the top, middle, and bottom rows display results using
x = 10, x =5, and x = 1, respectively. Because A, is inversely proportional to
the magnetic field strength, A\ became very large in our simulations (about
one order of magnitude larger than )\) in regions containing a current sheet,
where the magnetic field strength was very small. For this reason, we limited
AL to a maximum value of A|. That is, within the central regions of the current
sheets, we prescribed an isotropic spatial diffusion coefficient.

In the top row, where y = 10, we observe the strongest CFD effects, even
stronger than in the case of a constant A\; = 2.15 x 1072 R, in the top row of
Fig. 5.3. Already in panel a) of Fig. 5.4, particles stream away from the CME
in all directions, while in panels b) and c), the half-plane containing the flux
rope is nearly filled with the test particles. Furthermore, panels b) and ¢) show
that particles move increasingly into the opposite half-circle.

Decreasing x to a value of 5, as shown in the panels of the middle row, results
in a significant reduction of CFD compared to the prior case, but still exhibits
widespread test particles. In panel d), particles already tend to move away from
the MFR in all directions, while in panels e) and f), the test particles further
fill out the half-circle into which the CME is propagating.

Reducing x further to 1, as illustrated in the bottom row, the least amount of
CFD is observed among the three presented cases. In panels g) and h), particles
are still mainly confined to the CME along the interior and exterior magnetic
field lines. Panel i) is comparable to the case of constant A} = 2.15 x 1073 R,
in Fig. 5.3, showing that particles still do not spread as widely as in the previous
cases but receive access to the open field lines at the flux rope apex.

To quantify the number of particles that escaped the CME in the simulations
with CFD, we integrated the intensities at the outer boundary of the simulation
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Figure 5.4. Time-lapse of particle propagation in a MFR using the CFD approach
with a A, that is a function of the Larmor radius. Panels a) through c) in the top
row show the results for x = 10; panels d) through f) in the middle row correspond to
X = 5, and panels g) through i) in the bottom row show the results for x = 1. The
three columns represent simulation times 1.53 h, 3.06 h, and 4.5 h, respectively. The
colour bar for the particle intensities from Fig. 5.2 also applies here.

domain from ¢t = 0 to t = 6.5h (shortly before the apex of the MFR reaches
21.5Rg). The 2D intensity contour plots in the § — ¢ plane are shown in
Fig. 5.5. The top row contains the plots for the Larmor radius-dependent model
(x = 10;5; 1 in panels a through c, respectively), while the bottom row displays
the plots for a constant A} (A, = 2.15 x 1072;1.075 x 1072;2.15 x 1073 R, in
panels d through f, respectively). The largest spread of particles and the highest
number of escaped particles was observed in the Larmor radius-dependent
model with x = 10, where most of the particles escaped in the direction parallel
to the flanks of the TD flux rope. Even the case with xy = 5 results in a
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Figure 5.5. Particle intensities integrated over the first ~ 6.5 hours at the outer boundary (21.5 Rg), shown in the 6-¢ plane,
illustrating particle escape from the flux rope. The top row shows results for the Larmor radius-dependent A, : x = 10 (panel
a), x = 5 (panel b), and x = 1 (panel c). The bottom row shows results using a constant A : Ay = 2.15 x 1072 R (panel d),
AL = 1.075 x 1072 Rg au (panel e), and 2.15 x 10™% Rg, (panel f).
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broader spread of particles compared to all cases with constant A; . In general,
Fig. 5.5 illustrates that in all CFD simulations, the most substantial effect of
CFD is noticeable in the propagation direction of the CME (evident in the
most significant intensities being around 90° colatitude and 180° longitude.)
As suggested by the plots in Figs. 5.3 and 5.4, the cases with the smallest
parameter values in both models show the least amount of escaped particles
and the narrowest spread of particles.

5.4 Supplementary modelling notes

We present here additional analyses of the simulations conducted in Section 5.3.

5.4.1 A note on the CFD models

To provide the reader with an understanding of the Larmor radius-dependent
A1 and the y-values in the case of constant A, , Fig. 5.6 presents contour plots
of these parameters in the two planes perpendicular to the CME. The left panel
shows the Larmor radius-dependent A\, in the case of x =5 (corresponding to
the middle row of Fig. 5.4), while the right panel displays the x-values based on
the case of constant A = 1.075 x 1072 R, (see middle row of Fig. 5.3). In both
cases, 71, (Eq. 2.30) was calculated based on the speed of a proton of 100 keV
energy. The left panel shows distinct regions where A has comparatively large
values, which would exceed those of A\ by an order of magnitude if the limit
were not set to A|. These large Aj-values result from very small local magnetic
field strengths due to current sheets. In the simulations discussed in Sec. 5.3,
the level of CFD was largely influenced by the A -values in and near the CME,
rather than by the large A -values along the CME propagation direction.

5.4.2 Interpolating unstructured COCONUT to
a structured grid

As described in Section 3.3, the unstructured grid in COCONUT required
the implementation of alternative algorithms in PARADISE, such as those
for tracing the particles or calculating the gradients of the magnetic field and
velocity components on an unstructured grid. Because these new algorithms take
significantly longer than the original methods in PARADISE, we developed a
code to interpolate the unstructured grid onto a EUHFORIA-like structured grid,
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Figure 5.6. Contour plots comparing the parameters of the two CFD approaches.
Panel a) shows the Larmor radius-dependent A, in the case of x = 5 (corresponding
to the results in the middle row of Fig. 5.4), while panel b) illustrates values of x
based on a constant A; = 1.075 x 1072 R (corresponding to the results in the middle
row of Fig. 5.3). Both panels show the contours in the two planes perpendicular to
the MFR at ¢t = 3.06 h.

enabling us to utilise the faster existing architecture of EUHFORIA-PARADISE.
Figure 5.7 compares particle intensities at two different times (1.04h and 2.01h),
where panels a) and ¢) show results based on the unstructured grid, and panels
b) and d) are based on the interpolated grid. Since the MFR erupts in the
direction of ¢ = 180°, we limited the domain in the interpolated snapshots in
colatitude to 6 € {40°,140°} and ¢ € {90°,270°}, which allowed us to increase
the resolution of the interpolated snapshots. On the structured grid, the cells
increased in length in the radial direction from about 8.5 x 10~* R, to about
1 R, approximately matching the radial spacing of the original COCONUT grid
towards the outer boundary, while having a coarser grid at the inner boundary
compared to the unstructured grid.

In comparison, the unstructured grid has the smallest cell lengths at the inner
boundary, with approximately 2.5 x 10~ R, which increase to 1 R at the outer
boundary. The cell spacing in both colatitudinal and longitudinal directions
was set to a constant value, with an angular resolution of approximately 0.8°.
The solar wind plasma variables were interpolated from the COCONUT grid to
the structured grid using all locally connected cells (i.e. a group of cells that
share at least one node with the local cell) in COCONUT, weighted linearly
with distance. The plots at 1.04h (upper row) show the particle intensities
about 30 min after injection. The intensities at this time are highly similar,
whereas at the later time of 2.01h (lower row), the particles in the simulation
with the interpolated grid experience slightly more diffusion, possibly due to
a smoothing of the solar wind values by the interpolation onto the structured
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grid. While COCONUT itself has been benchmarked against other models and
observations (Perri et al., 2022a, 2023; Kuzma et al., 2023), the interpolation
of COCONUT to a EUHFORIA-like grid also serves as a test for the correct
implementation of the unstructured grid in PARADISE.

We continue to improve PARADISE working with the unstructured grid, but
also intend to enhance the interpolated model by implementing more elaborate
interpolation schemes to reduce the additional diffusive effects. The wall time
component plays a crucial role, as the aim is to eventually use COCONUT-
PARADISE as a forecasting tool. A further advantage of using the original
EUHFORIA-PARADISE architecture also with COCONUT, is the coupling
of COCONUT to EUHFORIA (Linan et al., 2025), allowing particle transport
simulations from the Sun’s surface up to 1au and beyond in PARADISE in a
consistent manner.

5.4.3 A note on numerical diffusion

Solving Partial Differential Equations (PDEs) numerically, such as the ideal
MHD equations (2.4)—(2.7) with models such as FUHFORIA, Icarus, or
COCONUT, requires a discrete numerical representation of the functions
involved. Typically, one performs a Taylor expansion of the original functions
to derive a finite difference scheme for the PDEs. In general, such a procedure
leads to additional terms appearing in the new representation of the PDEs. A
commonly used example to illustrate this is the (1D version of the) continuity
equation (Eq. 2.4). In its discrete numerical representation, an additional factor
has units of a diffusion (or viscosity) coefficient and is interpreted as numerical
diffusion or dissipation (e.g. Bodenheimer et al. 2007). While numerical diffusion
is sometimes desired to stabilise solutions and remove spurious oscillations
(Teyssier & Commercon, 2019), at other times, the cumulative effects of
numerical diffusion lead to inaccuracies and significant deviations from the
true solution. The significance of numerical diffusive artefacts caused by field
discretisation has been recently addressed by Guzmén et al. (2024).

To examine effects of numerical diffusion concerning the particle transport
simulations, we compared simulation outcomes using different timesteps within
PARADISE and different output intervals in COCONUT, illustrated in Fig. 5.8.
The four panels show 3D plots of the particle intensities, similar to Sections 5.3.1—
5.3.3. Panel a) shows the results for the default setup for all simulations in the
main part, employing a minimal time step of Atyi, = 107%s and a COCONUT
output interval of about 5 min. Here, At,,;, represents a user-specified lower
bound for the adaptive time step used in PARADISE. During a PARADISE
simulation, the actual timestep At is dynamically determined at each substep
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Figure 5.7. Comparison of unstructured COCONUT to COCONUT interpolated
onto a structured grid. Panels a) and c¢) show 3D plots of particle intensity contours
and the MFR on the (original) unstructured COCONUT grid, while panels b) and d)
show the results on the interpolated structured grid. The top two panels correspond
to t = 1.04 h, and the bottom two panels to ¢t = 2.01 h.

based on several physical constraints, including particle speed, local spatial
resolution, magnetic field focusing, and the parallel and perpendicular diffusion
coefficients, but cannot fall below Aty;,. This approach ensures numerical
stability and prevents excessively small timesteps that would increase the
computational time. For panels b) and c), Aty is the same as in panel
a), but the COCONUT output cadences are 15min and 20 min, respectively.
While panel b) shows only a slight increase in numerical diffusion, in panel c),
the particles exhibit significant additional diffusion within the CME, allowing
particles to escape the CME.
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Figure 5.8. Illustration of numerical diffusion effects using COCONUT-PARADISE.
Panels a) through c) show a COCONUT snapshot at ¢t = 1.77 h from simulations with
an output interval of approximately 5, 15, and 20 minutes, respectively, and a minimal
timestep of Atmin = 10~* s within PARADISE. Panel d) uses a simulation with an
output interval of 5 min but Atmin = 5 s.

In panel d), the MHD output cadence is the same as in panel a), but Aty is
increased to 5s. The additional numerical diffusion in panel d) is comparable
to the case in panel c). Decreasing Atni, = 10~%s by a factor of 100 led
to significantly longer wall times without a sufficiently notable reduction in
numerical diffusion. We conclude that the minimal timestep in panel a) already
causes a sufficiently small amount of numerical diffusion for the given particle
energy and MHD output interval of 289s, and thus At,;, = 10~*s has been
selected as the default setup for all simulations in the main part of this chapter.
Reducing the output interval in COCONUT to a value such as 1min would
minimise numerical diffusion further. However, it would significantly increase
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the data volume, which needs to be considered in relation to the potential use
of COCONUT-PARADISE as a forecasting tool.

5.5 Summary and discussion

In this chapter, we introduced the novel COCONUT-PARADISE model aimed at
simulating the transport of energetic particles in the solar corona in the presence
of an MFR. Using COCONUT, we generated coronal background configurations
containing a CME modelled as a modified TD flux rope. Subsequently, we
employed PARADISE to evolve energetic particles through these backgrounds
in order to investigate the general propagation of particles within the MFR and,
in particular, the effects of CFD on particle transport in the corona by using
two different approaches for the CFD coefficient in the FTE. In all simulations,
we injected monoenergetic 100keV protons in one of the flanks of the MFR
close to its footpoint. The simulation without any CFD mechanism showed
that particles initially spread along the interior field lines of the MFR, later
gaining access to the exterior field lines of the MFR. However, the particles
remained confined to the CME and did not gain access to the field lines ahead
of the CME that had opened due to MR.

The first approach for the CFD coefficient assumed a constant perpendicular
MFP. Even a relatively small value typically used in heliospheric simulations
that employs this type of CFD model, such as Ay /A = 10~3 with Al =215Rg,
yields a large spread of particles along the longitudinal range in our coronal
simulations. In the second approach to modelling CFD, we used a A\; dependent
on the particle’s Larmor radius and obtained qualitatively similar results to
those of the first approach. In both models, by reducing the constant A, or the
Xx-parameter by one order of magnitude, we observed considerably less CFD.
However, in all three presented cases, particles gained access to the reconnected
open magnetic field lines at the apex of the MFR and, as a result, escaped the
flux rope primarily in the propagation direction of the CME.

As discussed in Section 5.1, observations by PSP, along with phenomena such
as type IV radio bursts and FDs, indicate that CMEs trap particles within
their flux ropes and prevent external particles from entering the MFR. The
rapid increases in SEP intensity recorded by PSP in the solar corona during the
massive September 2022 SEP event inside an MFR suggest limited perpendicular
diffusion across the CME boundaries. Consequently, the simulations without
CFD or with weak CFD would be more physically realistic, demonstrating that
particles can remain trapped in a flux rope for an extended period. However,
our simulations reveal that the effect of CFD is most pronounced at the apex
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of the CME. Since PSP passed through the flank and backside of the CME
during the September 2022 SEP event, it may thus have missed any strong
CFD signatures.

Several projects using the COCONUT-PARADISE model are anticipated.
COCONUT has been integrated with FUHFORIA (Linan et al., 2025) to
simulate CME propagation from the lower corona to 1au and beyond. This
will help extend our current study on particle confinement within MFRs and
investigate widespread SEP events. Such studies could extend this chapter’s solar
minimum-based coronal simulations by modelling solar maximum conditions,
where increased interaction between energetic particles, CMEs, and the ambient
solar wind is expected. Furthermore, in the present work, we neglected the
minor acceleration of particles escaping the CME and crossing the shock driven
by the CME. We plan to conduct a more detailed analysis of particle acceleration
with the fully coupled FEUHFORIA-COCONUT model. We also aim to explore
particle guiding centre drifts, which are essential for understanding perpendicular
transport (e.g. van den Berg et al. 2021). Additionally, the COCONUT-
PARADISE model combined with EUHFORIA (or Icarus) may be used to
investigate the back-propagation of energetic particles during long-duration
gamma-ray flares (e.g. Hutchinson et al. 2022). Future work will benefit from
observations by various spacecraft, especially PSP, which will provide valuable
in-situ data to validate and refine our simulations, thereby enhancing our
understanding of particle dynamics in the solar environment. Finally, we plan
to compare particle transport in complex flux ropes (such as the TD flux
rope) with that in static, twisted and untwisted coronal loops, to explore the
differences in particle confinement and CFD between these magnetic structures,
offering deeper insights into the effects of magnetic twist and evolving magnetic
fields.
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Modelling gyrosynchrotron emission in
the solar corona

Most of this chapter was published in “Modelling gyrosynchrotron
emission from coronal energetic electrons in a CME flux rope”, 2025,
Astron. Astrophys., 701, A53 (Husidic et al., 2025), and parts of
the text and figures have been reproduced here directly. E. Husidic
developed the coupling between COCONUT-PARADISE and the UFGSCs,
implemented the code for generating virtual observer configurations, and
designed tools to trace particles and solar wind parameters along lines of
sight. Furthermore, E. Husidic performed all the simulations, generated
the data and figures, and drafted the complete original manuscript.

Abstract. This chapter! presents a modelling framework to simulate GS
emission from electrons trapped in a coronal CME flux rope. SRBs are closely
linked to space weather phenomena such as flares, CMEs, and SEP events,
offering valuable diagnostic tools for local particle populations and plasma
conditions. Among them, type IV radio bursts stand out for their complexity
and not fully understood origin and mechanisms. In this study, we explored
how various parameters shape type IV-like GS spectra and demonstrated the
diagnostic potential of the model for future applications. Using COCONUT, we
generated coronal configurations containing an analytical TD MFR. Energetic
electrons following a power-law spectrum were injected into the MFR and
propagated as the CME evolved outwards. The resulting MHD snapshots
and electron distributions were used as inputs to the UFGSCs to compute
GS emission. We found that the injected electrons remained largely confined
and produced GS spectra resembling observed type IV features. Varying
observer vantage points, CME properties, and electron spectral indices affected
burst intensities and durations. The strongest GS emission was observed to

IThis chapter is based on CGS units.
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originate from the CME flanks. Our results suggest that GS emission is a major
contributor to type IV bursts, though additional mechanisms cannot be ruled
out.

6.1 Background and motivation

The solar corona is a highly dynamic environment, characterised by spatio-
temporal variations that manifest across its broadband electromagnetic
spectrum, extending from radio wavelengths to gamma rays. Fundamental
plasma processes in the corona give rise to diverse radiative phenomena and are
broadly categorised by how individual electrons contribute to the observed
radiation (Kundu, 1965). A standard classification distinguishes between
coherent and incoherent emissions (Kaplan & Tsytovich, 1969). In coherent
emission, many thermal or non-thermal electrons act collectively, producing
phase-correlated waves. This collective behaviour can lead to highly amplified
and organised bursts of radiation (Zheleznyakov, 1970; Melrose, 1980, 2017). In
contrast, incoherent emission occurs when electrons radiate independently with
random phases, resulting in more gradual and less intense radiation (Schwinger,
1949; Ginzburg & Syrovatskii, 1964; Born & Wolf, 1999). These classifications
relate to the underlying emission mechanisms. Spontaneous emission, for
instance, occurs when electrons radiate independently, typically resulting in
incoherent radiation. Induced (or stimulated) emission, on the other hand,
occurs when incident radiation triggers electrons to emit additional phase-
aligned radiation, often resulting in coherent bursts (Galeev et al., 1965; Litvak
& Trakhtengerts, 1971; Papadopoulos & Freund, 1979).

Under typical coronal conditions, and more broadly in space plasmas,
characteristic plasma frequencies, such as the electron plasma frequency and the
electron gyrofrequency, fall within the radio regime, making radio observations
a powerful diagnostic tool (Nindos, 2020). Spontaneous, incoherent processes
generally dominate in thermal plasmas. In contrast, spontaneous and induced
processes may occur in non-thermal environments, such as during solar flares,
giving rise to a rich variety of radio emission features (Pick & Vilmer, 2008).
During extreme releases of the Sun’s magnetic energy, whether through solar
flares or CMEs, all types of radio emissions may be observed, providing a unique
window into high-energy physics that remains inaccessible at other wavelengths
(Knock & Cairns, 2005; Jebaraj et al., 2021; Alissandrakis et al., 2021; Klein
et al., 2022; Jebaraj et al., 2023, 2024; Wilson et al., 2025). This makes radio
emission a valuable probe of the acceleration, release, and transport of SEPs.
However, only energetic electrons directly produce radio emissions that are
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Figure 6.1. Dynamic radio spectrum of a type IV radio burst detected by the
Sagamore Hill Solar Radio Observatory on 24 September 2011. Adapted from Kumari
(2022).

detectable from the solar atmosphere (Kouloumvakos et al., 2015).

Solar radio emissions have been studied extensively (e.g. Melrose 1980; Gary &
Keller 2004), but several fundamental questions remain. An enduring conundrum
involves the origin of type IV bursts, which are associated with energetic
eruptions. The name type IV refers to both a broadband continuum and the
bursty emission that may occur within it. It is important to distinguish between
the two because their emission mechanisms are believed to be fundamentally
different and occur under distinct conditions. Typically, the background
continuum is attributed to incoherent GS emission (Tun & Vourlidas, 2013;
Bastian et al., 2001), whereas the bursty fine structures are linked to coherent
emission sources (Aurass et al., 2003; Morosan et al., 2019). Figure 6.1 shows
a dynamic radio spectrum of a type IV burst recorded by the Sagamore Hill
Radio Observatory on 24 September 2011 (Kumari, 2022). The spectrum
displays several features commonly observed in type IV bursts, including a
gradual drift of the peak intensity toward lower frequencies over time (above
125 MHz), stationary (in frequency) structures (between 25 and 50 MHz), and
a bursty, high-intensity core surrounded by regions of weaker emission. While
the depicted type IV burst lasted around 5 hours, typical durations of type IVs
range from minutes to about an hour (Robinson, 1978; Gergely, 1986).

Type IV emissions are subdivided into moving and stationary spectral types,
referred to as type IVm and type IVs, respectively (e.g. Vourlidas 2004 and
references therein). Type IVm can be synchrotron, GS, or plasma emission of
electrons entrained within CMEs (e.g. Dulk 1973). Type IVs radio bursts are
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usually attributed to plasma emission (Melrose, 1980). Historically, spectral
drift has often been interpreted as a proxy for radio source motion, with spectral
drift implying spatial motion of the emission region (Weiss, 1963; Robinson,
1978; Zlotnik et al., 2003; Chernov, 2006; Nishimura et al., 2013; Bain et al.,
2014; Kumari et al., 2021), and the absence of spectral drift suggesting a
stationary source (Weiss, 1963; Robinson & Smerd, 1975; Dulk, 1985; Lv et al.,
2021). However, it should be noted that imaging observations have indicated
that both (spectrally defined) IVin and IVs continua can exhibit spatial drift
(Koval et al., 2016; Salas-Matamoros & Klein, 2020; Morosan et al., 2021). In
addition, Lv et al. (2021) have reported frequency-dependent spatial structuring
for IVs events, possibly reflecting embedded CMEs. Furthermore, Kumari et al.
(2021) found in their study that while most CMEs were accompanied by type IV
bursts, only a minority of these were actually of the moving type. If such a
spectral and spatial decorrelation exists in type IV behaviour, it must be an
intrinsic property of the source itself.

Non-thermal electrons accelerated during CME eruptions can emit GS radiation
if they remain trapped within an erupting flux rope or plasmoid. This type of
emission, sometimes referred to as a 'radio CME’, differs from the radiation
originating at shock fronts or from remote flare loops. Relativistic electrons
(with Lorentz factors v 2 1) spiralling along solar magnetic field lines produce
GS radiation, whereas ultra-relativistic electrons (v > 1) generate synchrotron
emission. According to the standard theory, GS emission occurs in magnetoactive
plasma environments where dispersive effects significantly modify the radiation
and must be considered (Melrose, 1968a; Zheleznyakov, 1969). In contrast,
pure synchrotron emission is typically treated as a vacuum process, and it is
appropriate when plasma densities are low or emission frequencies are high
enough to minimise medium-related effects (Schwinger, 1949; Ginzburg, 1979).

For these reasons, type IVm bursts have an important space weather aspect, as
they carry information of the magnetic content of the CME (Vourlidas et al.,
2020). However, they have been challenging to detect and study. Coherent
emissions tend to dominate the radio spectra during eruptions, hindering the
detection of faint emission from the CME interior. Joint white-light and
radio observations of transients were rare until the launch of the SOlar and
Heliospheric Observatory (SOHO) in the mid-1990s. Soon after, Bastian et al.
(2001) reported the first direct radio imaging of a white-light CME, revealing
a moving radio source within the CME with a spectrum consistent with GS
emission. The study determined the spatial distribution of energetic electrons
within the CME and estimated both the internal magnetic field strength of
the CME and the properties of the electron population. Since then, several
additional events have been detected (Maia et al., 2007; Tun & Vourlidas, 2013;
Mondal et al., 2020; Kansabanik et al., 2024).
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A key research focus in type IV bursts is using their emission to estimate
CME magnetic fields, which are nearly impossible to assess by other means
(Morosan et al., 2019; Kumari et al., 2021). Various studies have interpreted GS
emission as the primary mechanism in type IV radio bursts to infer magnetic
field strengths within CMEs at specific solar radial distances (Gopalswamy &
Kundu, 1987; Bastian et al., 2001; Maia et al., 2007; Tun & Vourlidas, 2013; Bain
et al., 2014; Hariharan et al., 2016; Carley et al., 2017). However, significant
uncertainties remain regarding the inferred magnetic field strengths and the
detailed relationship between CMEs and type IV radio bursts, particularly when
relying solely on remote observational methods (Morosan et al., 2019; Kumari
et al., 2021).

Numerical models capable of realistically reproducing complex solar wind
structures and simulating the acceleration and transport of energetic particles,
combined with radio emission models, can help address open questions regarding
the mechanisms underlying particle acceleration and radio emission. We
demonstrate this approach in this chapter by coupling three numerical models to
simulate GS emission from energetic electrons, including mildly relativistic and
ultra-relativistic populations trapped within an erupting flux rope. We deployed
COCONUT (Perri et al., 2022b), constrained by observational magnetogram
data at the inner boundary, to generate the background coronal configurations,
where CMEs are modelled as analytical TD flux ropes (Titov & Démoulin,
1999; Titov et al., 2014). The transport of energetic electrons was modelled
with the PARADISE code (Wijsen et al., 2019a; Wijsen, 2020). The MHD
parameters derived from COCONUT and electron distributions obtained from
PARADISE were then passed into the UFGSCs (Fleishman & Kuznetsov, 2010;
Kuznetsov & Fleishman, 2021) to derive synthetic type IV radio spectra by
computing the full GS emission and absorption coefficients using fast and
accurate numerical approximations. By varying electron injection spectra and
MFR configurations, and observing the evolving CME from different vantage
points in the solar corona, we investigated how electron and CME properties
influence the characteristics of radio spectra, including intensity, spectral shape,
duration, and frequency range.

The remainder of this chapter is structured as follows. In Section 6.2, we describe
the numerical setup used to generate synthetic radio spectra. Simulation results
are presented and discussed in Section 6.3, and we conclude with a summary
and outlook in Section 6.4.
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6.2 Numerical setup

In this work, we used the recently updated version of COCONUT (Baratashvili
et al., 2024), which incorporates additional source terms for coronal heating,
radiation losses, and thermal conduction into the energy conservation equation
(see Section 2.1). The generation of the coronal background proceeded in
two stages. First, we computed the relaxed background solar wind using a
magnetogram obtained from HMI on board the SDO, dated July 2, 2019. We
then restarted the COCONUT simulation, modifying only the magnetic field by
superimposing an MFR at the solar surface. The magnetogram was taken from
a period of solar minimum, providing a less complex coronal environment that
minimises additional influences on the evolution of the CME and the energetic
particle distribution.

As outlined in Section 3.1.3, the CME can be characterised by the dimensionless
parameter (. In this work, we used two setups: one with ¢ = 30 and one with
¢ = 70. The case ¢ = 30 produced a CME with an initial magnetic field strength
of about 5.8 G and an initial speed of about 940 km/s, whereas the case ¢ = 70
resulted in a CME with a stronger field of about 10.6 G and a faster speed of
roughly 1300 km/s. The remaining parameters for the two CMEs used in the
TD model were identical.

The initial placement of the CME footpoints (i.e. the locations where the
MFR is magnetically anchored in the lower corona or photosphere) was around
colatitude # = 90° and Carrington longitude ¢ = 180°, with the centre of the
toroidal axis located at a height d = 0.15 R above the solar surface. The minor
radius was set to @ = 0.1 Re, while the major radius was set to R = 0.3 Re.
The unstructured COCONUT grid comprised about 1.5 million prism-shaped
cells in concentric, radially expanding shells (see Brchnelova et al. 2022 for
details). The output cadence of the MHD snapshots was about 87 seconds, and
we used the first 2.5 hours of the COCONUT simulations for the subsequent
particle transport simulations. We further note that the actual computational
domain of COCONUT in our simulations extended to 25 R, but we set the
outer boundary in the subsequent particle transport simulations to 21.5 R, to
avoid any numerical outer boundary effects, following the recommendations by
Brchnelova et al. (2022).

Next, the particle transport code PARADISE was used to inject and propagate
energetic electron distributions within the erupting MFR. We selected two
different spectral indices for the electron injection spectra. Assuming a power-
law energy distribution dN/dE oc E~%, we chose § = 2 and § = 3 with an initial
energy range from 10 keV to 10 MeV and an isotropic pitch angle distribution.
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The electrons were injected as a delta distribution in time, approximately 30
minutes after the eruption of the CME, within one of the CME flanks (i.e. the
side regions of the MFR, curving downward from the apex) near its central axis
and about 0.5 R above the solar surface. We adopted an injection method
similar to that used by Husidic et al. (2024b), in which a specified high magnetic
field value is used to identify the injection site. This approach has previously
proven effective to ensure particle confinement within the CME (see Chapter 5).
The selected energy range is motivated by previous studies identifying 10 keV
to 10 MeV as relevant for GS emission (Dulk & Marsh, 1982; Fleishman &
Kuznetsov, 2010; Kuznetsov & Fleishman, 2021), while spectral indices § > 2
are commonly observed (e.g. Maksimovic et al., 1997) and frequently adopted in
GS calculations and modelling (e.g. Dulk 1973; Dulk & Marsh 1982; Kuznetsov
& Fleishman 2021). At injection time, the CME reached a height of about
2.7 R for ¢ = 30, and for ¢ = 70, approximately 3.9 Rgy. By the end of the
simulation, the corresponding CME heights were about 8.1 Rg and 13.1 Rg,
respectively.

The simulation results from PARADISE are expressed as differential intensities
j, from which the particle distribution function f can be derived according to

j(r,p,u,t) :p2 f(r,p,,u,t). (61)

Because the FTE is linear, its solutions can be scaled by an arbitrary constant.
Below, we describe the required units for the GS code and how they are obtained.

In this study, we used the UFGSCSs in hybrid mode and set 7 = 12 (see
Section 3.1.5) as a threshold for switching both to the continuous code and to
the use of approximated Bessel functions, so that the code operated primarily in
continuous mode, which smoothed out harmonic structures and ensured a clean
approximation of incoherent GS emission. While the UFGSCs also allow for the
inclusion of bremsstrahlung from electron-ion (free-free) and electron-neutral
(neutral bremsstrahlung) collisions, we disabled those processes to isolate GS
emission.

To compute the GS emission from the COCONUT-PARADISE simulation, we
defined structured sets of LOS and prepared the corresponding plasma input
parameters at each discretised node, including the magnetic field magnitude
B, the background solar wind number density n, the solar wind temperature
T, and the viewing angle 0 (i.e. the angle between a line of sight and the local
magnetic field vector), along with the PARADISE electron distribution values.
The UFGSCs independently calculate the emission and absorption coefficients
along each line of sight. In many GS calculations, the emission is computed
along a single line of sight and scaled by the assumed source area, which is
sufficient for unresolved or compact sources. In our setup, the virtual spacecraft
is located outside the MFR but still in the corona, so the emission had to be
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Table 6.1. Observer geometry and parameter combinations in the simulation setup.

Perspective | Coordinates [Rg,Re,Re) ¢ ]

Base point Spacecraft

halo view (—1.1,0,0) (—18,0,0) |30, 70 |2, 3
edge-on view | (—8,—10,0) (—3,14,0) | 30, 70 | 2, 3
face-on view | (—10,0,—12) (—1.5,0,14) | 30, 70 | 2, 3

computed over an extended field of view that captures the complete spatial
structure of the source.

For this study, we explored three distinct observational geometries by placing
a virtual spacecraft at different locations relative to the erupting CME. Each
spacecraft position was associated with a central line of sight perpendicular to
a viewing field of 16 Rs x 16 Ry. The three viewing geometries are defined
as follows: 1) the ’halo view’, where the CME propagates directly towards
the observer—a configuration typical of Earth-directed events and commonly
observed as halo CMEs in coronagraph data (e.g. Howard et al. 1982; Schwenn
et al. 2005); 2) the ’edge-on view’, where the observer is positioned to the side of
the CME, with the central line of sight across the central axes of both flanks—a
geometry less commonly observed, as it would require the CME to be observed at
the solar limb and tilted by approximately 90°; and 3) the 'face-on view’, where
the observer is positioned above the CME, viewing the full curvature of the flux
rope—a configuration commonly encountered when CMEs are observed near the
solar limb (e.g. Bastian et al. 2001; Kansabanik et al. 2024). The coordinates of
the spacecraft and base points of the central line of sight, along with the vantage
points, CME and electron injection distribution parameters, are summarised
in Table 6.1. Figure 6.2 illustrates these configurations, showing the virtual
spacecraft (black cube), the CME, and the viewing field (violet-shaded area),
along with some representative LOS. In all three cases, we used a resolution
of 20 x 20 LOS, with each line of sight assigned an area of A¢oa1/NLos, that
is, the total viewing field area Aiota is divided by the total number of LOS
Ni,0s = 400.

To ensure robust statistics in the particle transport simulations, a total of
10.8 million electrons were injected in each simulation. While the pitch angle
diffusion coefficient is included in the FTE, for simplicity, we excluded CFD
(perpendicular) diffusion, and the guiding-centre drift velocity was set to zero,
since it is expected to be negligible for electrons. The parallel MFP length was
fixed to A = 0.1 au.
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Figure 6.3. Comparing the distribution function tails of the background and the
injected electron distribution. The particle distribution function (PDF) is plotted as
a red solid graph, while the background rRKD with x = 8 and £ = 0.001 is plotted as
a blue dashed graph.

At each node along a line of sight and for each time step, the particle distribution
function f, obtained from PARADISE, was passed to the UFGSCs as a 2D array
fi.; = f(E;, ny) in energy-pitch angle space. Here, E denotes the kinetic energy,
and f has the units cm™3 MeV~!. We added a background electron component
to the PARADISE output to avoid exact zeros resulting from the logarithmic
energy grid. This background was based on the relativistic Regularised Kappa
Distribution (rRKD; Han Thanh et al. 2022), reformulated in terms of relativistic
kinetic energy E = /(pc)? + (mg c2)2 — mg ¢ with electron rest mass mg. The
local number density and temperature at a given time and position in the rRKD
were extracted from the MHD simulation.

To ensure that the PARADISE electron distribution had physically meaningful
units, we computed the scaling factor by matching the injected particle
distribution at 10 keV to the rRKD, parametrised by the local solar wind
conditions obtained from the MHD simulation at the injection region and
time. The influence of the background was minimised in all simulations by
choosing x = 8 and a cut-off parameter £ = 0.001 for the rRKD (for details,
see Scherer et al. 2017; Han Thanh et al. 2022). Figure 6.3 shows the injected
electron distribution (red solid curve) for § = 2 and the background rRKD
(blue dashed curve), demonstrating the scaling. As illustrated, the background
distribution aligns with the PARADISE simulation at the lowest energy of the
injection spectrum and remains below it across the whole energy range. Since
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the PARADISE distribution steepens during the transport simulation, selecting
a k-value of 8 ensures the background stays below. This also helped to avoid
excessively steep gradients in the total distribution, which could otherwise lead
to numerical artefacts in the GS calculation and provide conditions resulting
in occasional oversaturated pixels in the computed spectra, with intensities
sometimes exceeding those of neighbouring pixels by several tens of orders of
magnitude.

Including the background inevitably introduced a small GS contribution from
it. However, due to the non-linearity of the emission and absorption coefficients,
the background contribution could not be directly subtracted. Nevertheless,
simulations ran with the background distribution alone showed that subtracting
its GS emission from that of the combined (PARADISE + background)
distribution resulted in a change of less than 0.01% at the peak intensities.

6.3 Simulation results

We investigate the impact of different CME configurations and energy injection
spectra on the resulting GS emission. Two CME setups were considered,
classified by the (-parameter with values 30 and 70, and each was paired with
injected electron energy distributions of spectral index § = 2 and § = 3. This
section refers to individual cases by their respective (- and initial d-values.
However, the actual spectral indices of the electron populations vary over time
and location due to transport effects, such as adiabatic cooling, particle losses,
and scattering.

We begin by outlining the general features shared across all computed radio
spectra and comparing them to real observations of type IV bursts. All obtained
radio spectra (Figs. 6.4 and 6.5) exhibit a similar structure, containing a high-
intensity centre surrounded by weaker emission. This feature is more pronounced
in the § = 2 cases compared to those with § = 3. Similar intensity structures
are regularly observed in dynamic spectra of type IV bursts, as illustrated in
Fig. 6.1 and documented by studies such as Melnik et al. (2018), Vasanth et al.
(2019), Morosan et al. (2020), and Kumari (2022). The high-intensity cores in
our simulations emerge from the local electron distribution, the CME magnetic
field strength, and the viewing geometry (see paragraphs below). Broadband
features with locally spiky or burst-like enhancements are often associated with
emission originating in the MFR flanks near the footpoints (Bastian et al., 2001;
Carley et al., 2017; Mondal et al., 2020; Chhabra et al., 2021), where magnetic
field strengths are high and pitch angle anisotropies are pronounced. These
conditions are entirely consistent with the GS framework.
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Furthermore, all twelve spectra exhibit a drift of the intensity peak from higher
to lower frequencies over time, resulting in broad, upward-drifting emission
lanes in the time-frequency domain (with the frequency axis being inverted in
the plots). This behaviour is typical for synchrotron emission from electrons
in the energy range of 1 — 10 MeV in expanding, twisted MFRs, such as the
TD model used in our simulations, where the internal magnetic field weakens
with time. Since the synchrotron peak frequency scales approximately with the
square of the magnetic field strength (f., peax o< B?), this leads to a downward
shift in frequency as the CME evolves. This effect is reinforced by the adiabatic
cooling of electrons, which reduces their energy as they propagate through the
medium. To quantify this behaviour, Table 6.2 lists the estimated drift rates
(in MHz/s) for all twelve spectra shown in Figs. 6.4 and 6.5. Drift rates were
obtained by applying a linear fit to the time evolution of the intensity peaks
over the first ~ 30 min (to compare across all cases). While no consistent trend
emerges across all cases, we find that the halo-view configuration consistently
exhibits the strongest negative drift rates.

Table 6.2. Frequency drift rates, Rarifc, estimated over the first ~ 30 minutes after
electron injection, and peak intensities for the different simulation configurations.

6 ¢ View  Rayitt [MHz/S]  Inax [sfu]
2 30 Halo -0.0875 ~ 2
2 30 Edge-on -0.0199 ~ 28
2 30 Face-on -0.0251 ~ 48
3 30 Halo -0.0614 ~ 0.002
3 30 Edge-on -0.0064 ~ 0.05
3 30 Face-on -0.0025 ~ 0.09
2 70 Halo -0.0372 ~ 35
2 70 Edge-on -0.0271 ~ 248
2 70 Face-on -0.0075 ~ 442
3 70 Halo -0.0192 ~ 0.06
3 70 Edge-on -0.0051 ~ 0.8
3 70 Face-on -0.0010 ~ 2

Frequency drifts in type IV spectra, especially those associated with CMEs, have
been frequently reported across a broad range of values. For instance, Kumari
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et al. (2021) identified downward frequency drifts in the majority of CMEs in
their sample, using drift rates (in absolute value) |Rayig| > 0.03 MHz/s as an
indicator for IVm bursts. The authors found that most type IV bursts exhibited
drift rates | Rayitt| < 0.5 MHz/s. Other studies reported higher drift rates for fine
structures embedded within type IV continua, ranging from several MHz/s up to
tens of MHz/s (Nishimura et al., 2013; Melnik et al., 2018), while the background
continuum typically drifts more slowly, with |Rgyire| & 10 kHz/s (Melnik et al.,
2018). In this context, the drift rates obtained from our simulations fall towards
the lower end of the reported literature values. A plausible explanation may lie
in our modelling framework, including only synchrotron/GS emission, where
frequency drifts primarily arise from the gradual weakening of the magnetic
field within the expanding MFR. It should be further noted that the reported
drift rates were mainly derived from lower frequencies compared to our results,
which may also explain the discrepancies.

The GS emission is detected at all spacecraft positions from the time of electron
injection (approximately 30 min into the simulation, with ¢ = 0 min being the
time of CME eruption), as the CME is initially entirely within the field of view.
In general, the radio bursts are obtained in frequency ranges between 20 MHz
and 8 GHz, with core intensities > 10~ solar flux units (sfu) and < 103 sfu (see
peak intensities in Table 6.2), and durations between ~ 30 min and ~ 2 h. While
type IV bursts are commonly detected in the 10'-10? MHz range (Melnik et al.,
2018; Vasanth et al., 2019; Morosan et al., 2020; Kumari et al., 2021; Kumari,
2022; Mohan et al., 2024), observations also show extensions to higher frequencies
from 102-10% MHz (Liu et al., 2018; Morosan et al., 2019) to several 10> MHz
(Xie et al., 2002; Nishimura et al., 2013; Karlicky & Rybdk, 2020). Similarly,
reported spectral flux densities span a wide range, from 101102 sfu (Dulk, 1973;
Carley et al., 2017; Melnik et al., 2018) to multiple 10? sfu (Bouratzis et al.,
2015), to around 10% sfu (Melnik et al., 2018), and even approaching 10* sfu in
cases involving fine structures (Alissandrakis et al., 2019). It is important to
note that the peak intensities also depend on the number of injected electrons.
Finally, recorded type IV durations are also highly variable, ranging from a
few minutes (Karlicky & Rybék, 2020; Morosan et al., 2021; Kumari et al.,
2021; Mohan et al., 2024) to several hours (Liu et al., 2018; Melnik et al., 2018;
Vasanth et al., 2019). Historically, type IVm were associated with durations
< 1 h, while durations > 1 h were attributed to type IVs. However, more
recent studies reported IVm events lasting > 1.5 h (Ramesh et al., 2013) and
even > 2.5 h (Vasanth et al. 2019; see also the discussion in Kumari et al.
2021). These comparisons suggest that our synthetic GS spectra are physically
realistic in terms of frequency range, spectral flux density, and duration. The
simulated spectra represent a broadband GS continuum consistent with the
full range theoretically permitted by the electron energy distribution. In the
optically thin regime, the high-frequency cut-off is determined by the electron
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distribution, while the low-frequency turnover arises from self-absorption and
Razin suppression. Observations usually show narrower bandwidths, possibly
due to limited sensitivity of the instruments.

When comparing the intensities for different spectral indices of the injected
electrons at each spacecraft location, we consistently find higher intensities
and longer radio burst durations for § = 2 compared to § = 3. This outcome
is expected, as the spectrum with § = 2 is flatter than that with § = 3,
meaning a larger fraction of the electron population is in the high-energy range.
Consequently, the GS spectrum is dominated by higher-energy electrons, which
produce stronger emission due to their greater radiative power (see Liénard
formula or Eq. 6.2). We further note that, due to the energy dependence of
particle transport, the intensity ratios between these two cases are not constant
over time. The case with initial § = 2 not only contains more electrons of higher
energy, but also a greater fraction of faster particles, yielding different transport
behaviour over time and leading to a distinct evolution of the injection spectra.

Next, we analyse the individual CME cases. Figure 6.4 presents the radio
spectra obtained for the case ¢ = 30, with 6 = 2 in the left column and § = 3 in
the right column. The spectra are shown from the point of particle injection up
to about 2.5 hours into the simulation. Considering the left column (6 = 2), at
the first spacecraft position, where the observer is directly ahead of the CME,
we find a peak intensity ratio of approximately Imax s=2/Tmax,6=3 =~ 1100. At
the second spacecraft location (observer viewing the MFR edge-on), the ratio
is about 564. A similar ratio of roughly 560 is observed when the observer is
directly above the CME (face-on view). The results are qualitatively similar for
the 0 = 3 cases in the right column (see Table 6.3).

The synthetic GS emission across different spacecraft positions also reveals
noteworthy differences. Comparison of peak intensities between the edge-on
and halo view for ( = 30 and § = 2 (panels a and c in Fig. 6.4) indicates a ratio
of Iinax,edge—on /Imax halo = 13. In contrast, a comparison between the face-on
and halo view (panels a and e) yields Iiax face—on/Imax,halo = 23, highlighting
the substantial variation in GS intensity with observer vantage point.

The variation in the radio emission spectra across the three observer positions
can be understood in terms of the local magnetic field strength and the viewing
angle. The GS emission is sensitive to the observer’s viewpoint relative to the
MFR geometry. The GS brightness is proportional to the component of the
magnetic field perpendicular to the electron motion, given by the electron pitch
angle, as B, = B sin . Thus, the viewing angle has a strong influence on both
the emission intensity and the visibility of frequency drift.

The halo view aligns the observer’s LOS with the magnetic field lines that are
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Figure 6.4. Synthetic radio spectra for the CME case with ( = 30. The panels in
the left column show the observed radio emission from the injection spectrum with
6 = 2 seen from the three spacecraft locations, while the panels in the right column
contain the radio emission from the injection spectrum with 6 = 3.
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Table 6.3. Peak intensity ratios across observer positions, spectral indices, and CME
cases.

(1) Intensity ratios across views

¢ 9 Leage—on/Inato  Itace—on/Inalo
30 2 13.1 22.5
30 3 25.5 44.1
70 2 7.2 12.8
70 3 14.3 38.1

(2) Intensity ratios across spectral indices

C View L;:Q/Ls:g

30 halo 1100
edge-on 564
face-on 560

70 halo 620
edge-on 310
face-on 208

(3) Intensity ratios across CME cases

§  View Te=70/Ic=30

2 halo 16.2
edge-on 8.9
face-on 9.2

3 halo 28.6
edge-on 16.1
face-on  24.7

essentially approximately parallel to the viewing direction, particularly along
the MFR flanks. The field lines become more perpendicular only closer to
the CME apex. Because GS emission is strongest when the magnetic field is
perpendicular to the LOS, this geometry results in weaker overall emission,
although the frequency drift remains visible.
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From the edge-on view, the observer’s LOS traverse both CME flanks,
encountering a thicker cross-section of the MFR where magnetic fields are
both stronger and more perpendicular to the LOS. This configuration enhances
the GS brightness. It supports magnetic mirroring, as the magnetic field
converges near the anchored MFR footpoints, which remain part of the closed
field structure and exhibit the highest magnetic field strengths in the simulation.
These conditions enable effective particle trapping and sustained GS emission.

Finally, the face-on view provides visibility of both CME flanks and part of the
apex, with many LOS quasi-perpendicular to the flux rope axis. This geometry
yields the strongest GS emission of the three configurations, owing to both
favourable pitch angle orientation and a large effective emitting region. Again,
qualitatively similar results were obtained for the simulations with spectral
index § = 3 (see Table 6.3). It is worth noting that these results are specific
to the generated MFR configuration. Increasing the twist of the MFR would
modify the magnetic field geometry, change local viewing angles, and thus
modify the observed GS emission.

Figure 6.5 shows the radio spectra obtained from the COCONUT simulation
with the CME of ( = 70. The plots are arranged similarly to those in Fig. 6.4,
that is, the left column presents results based on spectral index § = 2, while
the right column shows the plots for § = 3. Comparing the results for different
spectral indices and spacecraft positions, we find qualitatively the same trends as
in the CME case ¢ = 30. Again considering the § = 2 spectrum, we find that, for
the halo view, the ratio between the peak intensities for the two spectral indices
is approximately Imax,6=2/Imax,6=3 =~ 620. At the edge-on-view location, we find
a ratio of approximately 310, while at the face-on-view position, a ratio of about
208 is observed. The § = 3 electron spectrum results are qualitatively similar
(see Table 6.3). The differences across observer positions again indicate that
from the face-on-view vantage point, the highest intensity is detected, followed
by the edge-on-view and halo-view positions. The ratios between the peak
intensities are Imax,edgefon/lmaxhalo ~ 7.2 and Imax,facefon/lmax,halo ~ 12.8.

In the ¢ = 70 case, our simulations additionally reveal a secondary emission
lane at higher frequencies, distinct in drift rate and typically weaker than the
main lane. These secondary lanes appear only in the edge-on and face-on
view configurations, where some of the LOS from the observer’s viewing field
intersect regions in the lower MFR flanks close to the MFR footpoints. Although
the actual footpoints are not directly visible in these views, the detected GS
emission originates from nearby locations where the magnetic field is strong,
and the LOS orientation is largely perpendicular to the local field direction.
These regions also exhibit enhanced pitch angle anisotropies and may contain
distinct populations of high-energy electrons. The footpoints themselves remain
anchored and largely static; however, the close MFR flank regions continue to
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Figure 6.5. Synthetic radio spectra for the CME case with ( = 70. The panels in
the left column show the observed radio emission from the injection spectrum with
6 = 2 seen from the three spacecraft locations, while the panels in the right column
contain the radio emission from the injection spectrum with 6 = 3.
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expand over time, leading to moderate field weakening and a slight frequency
drift. As electrons move into stronger magnetic fields near the footpoint regions,
they conserve their magnetic moment (Eq. 2.19), requiring an increase in pitch
angle and leading to magnetic mirroring. This process results in localised,
time-varying enhancements in GS brightness that manifest as the observed
secondary emission lanes, visible in the plots at frequencies above 100 MHz and
extending into the GHz range.

The total synchrotron power from a single relativistic electron can be derived
from the Liénard formula (Rybicki & Lightman, 1986), and is approximately
given by

4
Py = gO’T cy? 32 Up sin? «, (6.2)

where the emission strength depends on the electron speed, the magnetic energy
density Ug = B?/(8 ), and the pitch angle term sin? . Here, o denotes the
Thomson scattering cross-section. Near the MFR footpoints, both B and « tend
to be large, substantially enhancing Pyyn. As electrons are trapped within the
MFR, they mirror at the stronger magnetic fields near the footpoints and travel
back towards the weaker field near the MFR apex. Each time they pass through
the footpoint regions, they produce bursts of local synchrotron emission, leading
to a periodic emission pattern. Since the lower MFR regions near the magnetic
footpoints are compact and maintain strong magnetic fields and large pitch
angles, they produce locally strong GS emission despite their limited spatial
extent. In our simulation setup, electrons are magnetically confined and mirror
in these lower regions of the MFR, which remain anchored to the surface. This
trapping mechanism contributes to the intermittent GS enhancements observed
along the LOS intersecting these regions.

In contrast, the primary GS lane originating from the main body of the
expanding MFR appears smoother and more continuous. The gradual expansion
of the MFR causes the magnetic field magnitude to decrease, leading to a
steady, upward frequency drift. Although magnetic fields near the footpoints
are stronger, the total emission is dominated by the larger electron population
distributed throughout the main body of the flux rope. The secondary emission
lane, by comparison, appears more intermittent and consists of faint, locally
enhanced features of GS emission. These features arise from a smaller electron
population and are linked to confined mirroring in lower regions of the MFR
flanks near the footpoints.

In more complex scenarios, flux ropes can expand rapidly and non-ideally
in the solar corona, developing kinks, deflections, and asymmetries. These
deformations may produce multiple distinct drifting GS lanes, each dependent
on observer perspective and characterised by unique emission signatures. While
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our model assumes a simplified scenario with constant footpoints and no new
flux emergence or footpoint diffusion, more intricate flux rope dynamics, such as
increased twist or enhanced poloidal magnetic fields, could introduce localised
gradients that might alter electron mirroring. In such cases, bursty broadband
emissions can arise near footpoints and throughout other regions of the flux
rope structure.

We note that the employed MFR model is already significantly more realistic
than many idealised models historically used in GS studies (e.g. Dulk 1973;
Fleishman & Melnikov 2003; Kuznetsov et al. 2015). Our erupting MFR
introduces a dynamically evolving magnetic topology with strong twist, leading
to varying field curvatures and strengths, all of which directly affect particle
transport and confinement. Furthermore, the continued expansion and radial
outward propagation of the MFR also involves time-dependent variations in
both field strength and geometry, capturing important physical aspects relevant
to GS emission in a type IV burst. In contrast, flux emergence and footpoint
diffusion processes occur on much longer timescales (e.g. Giacalone & Jokipii
2004) than those associated with the particle acceleration and GS emission
modelled here in the low corona, and are therefore expected to have a negligible
influence on the simulation results.

Finally, we may compare the differences in the intensities of the GS emission
for the different CME cases. Considering the spectral index é = 2, we note
from the halo view observer that the peak intensity in the ( = 70 case is
about 16 times higher compared to ( = 30, at the edge-on view about 9
times higher, and at the face-on view also about 9 times higher. Qualitatively
similar results are found for the 6 = 3 spectra, and all ratios are summarised
in Table 6.3. The stronger GS intensities in the ¢ = 70 simulation can be
attributed to the stronger magnetic field strengths present within the CME,
consistent with Eq. (6.2). Additionally, a higher degree in twist associated with
larger (-values may enhance the variation in the magnetic field along the MFR,
promoting more effective magnetic mirroring and particle confinement, thus
yielding longer-lasting and more intense GS emission.

To further illustrate the differences in the observed GS emission intensities and
their relationship to the magnetic field configuration, Fig. 6.6 shows the weighted
mean magnetic field strength evolution for different observer vantage points
and CME setups. The mean field was computed by weighting the magnetic
field along each line of sight using the electron distribution from the § = 2 case,
followed by averaging across all LOS for each observer position. These values are
not direct measurements of the local field at emission sites, but rather effective
field strengths that contribute to the observed GS signal from each vantage
point. As a result, they tend to be lower than typical observational estimates
(e.g. Maia et al. 2007; Tun & Vourlidas 2013), which often reflect localised peak
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Figure 6.6. Comparing the weighted mean magnetic field strength over time for
different observer positions and CME cases. For calculating the weighted average

B, we used the electron distribution of the § = 2 case. Each curve corresponds to a
specific vantage point (halo, edge-on, face-on) and CME case (¢ = 30, ¢ = 70).

values near the emission core. In our model, localised fields in parts of the CME
(e.g. in the MFR flanks) are indeed higher, but their contribution is diluted in
the averaged LOS-weighted magnetic field.

A clear positive correlation is observed between stronger magnetic fields and
higher GS emission intensities. The highest emission levels occur in the ¢ = 70
CME simulation for the face-on and edge-on views, which coincide with the
strongest weighted magnetic fields in Fig. 6.6. Additionally, the halo view
observer in the ( = 70 case registers stronger magnetic fields than the halo and
edge-on view observers in the ( = 30 simulation, consistent with the observed
peak GS intensities (see also Fig. 6.8).

The magnetic fields observed in the { = 70 halo view are initially weaker than
those in the ¢ = 30 face-on view, which is consistent with the detection of
slightly lower GS intensities; however, this trend reverses at later times. Notably,
the rising trend of the ¢ = 70 halo view curve does not necessarily indicate
an increase in the CME’s field strength but may result from CME expansion.
When comparing field strengths along individual halo view LOS, we observe
that increasing values occur along LOS farther from 90° colatitude and 180°
longitude (i.e. the central launch coordinates of the CME) and into which the
CME expands. In contrast, LOS already intersecting the CME and closer to
these coordinates show a declining field strength over time. As a result, the final
curve in Fig. 6.6 reflects the growing contribution of oblique LOS contributing
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to the overall averaging.

As described earlier, the simulations both in Figs. 6.4 and 6.5 indicate a shift of
the peak intensities from higher to lower frequencies with time. To illustrate
this frequency drift, we present two examples in Fig. 6.7, where the left panel
shows the case ( = 30 (same as the top left panel in Fig. 6.4), and the right
panel shows the case ( = 70 (same as the top left panel in Fig. 6.5). Both panels
correspond to the halo view and are based on § = 2. The black dotted curve
indicates the peak intensities in the observed radio spectrum at each time step.
To compare the results with theoretical expectations and to serve as a form
of model validation, we additionally calculated the characteristic synchrotron
peak frequencies following Ginzburg (1979) and Longair (1992) as

7ieB(t) 5 3
CA4r m607 CAr

Fopeak(®) Q1)+, (6.3)
which are included as dark-red dashed curves in Fig 6.7. Here, ) is the
gyrofrequency as defined in Eq. (A.83). For the magnetic field in Eq. (6.3),
we calculated a linearly weighted mean of B along each line of sight, using
normalised particle intensities as weights. The simulation and theoretical peak
frequencies are in reasonable agreement, showing a similar trend. We note
that Eq. (6.3) is formulated for a single (constant) Lorentz factor. Since the
highest-energy electrons contribute most to the GS emission in type IV radio
bursts, we computed the Lorentz factor based on an electron kinetic energy of
9 MeV. However, choosing lower energies can significantly alter the theoretical
curve, as the Lorentz factor in Eq. (6.3) is a constant scaling factor. For instance,
using a kinetic energy of 6 MeV instead of 9 MeV would reduce the theoretical
frequencies to approximately 47% of their original values.

Finally, we illustrate in Fig. 6.8 single-line profiles of the observed intensities as
a function of frequency, approximately 32 minutes into the simulation and about
3 minutes after the electron injection. The left column shows ( = 30 results,
while the right column corresponds to ( = 70, with rows ordered according to
the three spacecraft positions. Each panel contains results based on the two
spectral indices 6 = 2 (black solid curve) and § = 3 (red dashed curve). As
noted in the discussion of the histograms above, the smaller spectral index (i.e.
a flatter slope) consistently produced higher intensities.

Furthermore, in all cases, the roll-over (i.e. the transition from the optically
thick, self-absorbed regime to the optically thin, emission-dominated regime),
indicated by the vertical lines, occurs at higher frequencies for the § = 2 electron
spectrum compared to the § = 3 spectrum. The roll-overs are found between
165 MHz and 300 MHz in the ¢ = 30 simulation, and between 65 MHz and
145 MHz in the ¢ = 70 simulation, with those for the smaller spectral index
being shifted to higher frequencies by approximately 40 MHz to 70 MHz.
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Figure 6.7. Radio spectra with the peak intensity drifts from the simulation results
and those calculated from theory. Exemplary, the drift of the peak intensity from
higher to lower frequencies with time is shown for the case ¢ = 30, § = 2 (left panel),
and ¢ =70, 6 = 2 (right panel), both seen from the halo view. The black dotted curve
shows the peak intensities from the simulation results, while the dark-red dashed curve
shows the theoretical peak intensities calculated with Eq. (6.3).

Comparing the spectra across the spacecraft positions for each CME case also
reveals a shift of the roll-over frequency to lower values for vantage points where
stronger GS emission was observed. When comparing the results across the two
CME cases, we find that for ( = 70 (a stronger magnetic field), the roll-over
occurs at lower frequencies (approximately 65 MHz to 145 MHz) compared to
the corresponding ¢ = 30 case (approximately 165 MHz to 300 MHz).

At first glance, this contradicts Eq. (6.3), since the frequency at the intensity
peak scales with the electron gyrofrequency and thus with the magnetic field
strength. However, the spectra in Fig. 6.8 show that the slopes of the intensity
curves in the { = 70 case are steeper than in the ¢ = 30 case, suggesting stronger
self-absorption, which shifts the roll-over to lower frequencies, reducing the
transition to the optically thin regime.

Although the intensity curves displayed in Fig. 6.8 do not have a clear power-law
form, they nonetheless suggest spectral indices x that are steeper than those
predicted by conventional analytical models of synchrotron and GS emission.
In the optically thin regime, the typical relation for synchrotron emission
is x = (6 — 1)/2 (Ginzburg & Syrovatskii, 1964), while a commonly used
approximation for GS emission is y = 0.9 — 1.22 (Dulk & Marsh, 1982). As
expected, the GS slope is steeper than that of pure synchrotron emission, likely
due to propagation effects and the influence of the ambient medium. At the
same time, these idealised expressions do not fully capture the complexities
of real systems. Observational data frequently reveal significantly steeper
indices in electron distributions, and our particle transport simulations are
consistent with this pattern, showing early deviations from the initial spectral
index of the injected electron distributions towards steeper slopes (Milligan
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Figure 6.8. Intensity curves as a function of frequency for a single time. The panels
in the left column show the emission spectra in the case ( = 30 of the electrons
injected with spectral indices § = 2 (black solid line) and § = 3 (red dashed line). In
contrast, the right column depicts the equivalent results in the case { = 70. Vertical
lines mark the roll-over (or peak) frequencies. All spectra were recorded approximately
32 minutes into the simulation, which is about 3 minutes after the injection of the
electrons.
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et al., 2006; Glesener et al., 2020; Wang et al., 2021). This steepening may,
in part, be explained by energy-dependent transport effects. Lower-energy
electrons (e.g. ~ 100 keV) have longer effective residence times in the flux
rope due to their smaller velocities and reduced mirroring rates. In contrast,
higher-energy electrons undergo more frequent magnetic mirroring between
footpoints, increasing their probability of entering the loss cone and precipitating.
Thus, their reduced contribution to the observed emission can lead to a steeper
spectral slope. Additional discrepancies between analytical predictions and our
numerical results may arise from uncertainties in the ambient plasma properties
and simplifications inherent in analytical models.

While we considered only (incoherent) GS emission in the present study, the
presence of coherent emission mechanisms, often proposed for type IV bursts,
cannot be ruled out. Plasma emission, in particular, has been suggested for both
type IVs (Weiss, 1963; Benz & Tarnstrom, 1976) and type IVm bursts (Gary
et al., 1985; Morosan et al., 2019). In addition, maser emission driven by a
maser instability in non-thermal electron populations with strong perpendicular
anisotropy, typically characterised by a loss-cone distribution, has frequently
been proposed as a contributing mechanism (Winglee & Dulk, 1986; Aschwanden
& Benz, 1988; Treumann et al., 2011; Morosan et al., 2016). Under suitable
conditions, such instabilities can amplify electromagnetic waves near the electron
gyrofrequency (e.g. Tsytovich 1970; Papadopoulos & Freund 1979; Galeev &
Krasnoselskikh 1979). Whether such plasma instabilities actually develop in
coronal conditions similar to those modelled here, and whether the resulting
coherent emission is present in observed type IV radio spectra, remains an open
and debated question (e.g. Morosan et al. 2016; Carley et al. 2017).

6.4 Summary and discussion

With this study, we presented a novel coupling of three models to generate
synthetic radio spectra and investigate the influence of different injection spectra
and initial CME parameters on the observed emission spectra. Using the
3D MHD coronal model COCONUT, we constructed a coronal configuration
based on an HMI magnetogram. We then performed two simulations, each
modelling a CME as an MFR with different initial properties in terms of
magnetic field strength and speed, encapsulated in the dimensionless parameter
¢, here with values of 30 and 70. Next, we used the SEP model PARADISE to
simulate energetic electrons trapped within the erupting MFR. Finally, using
COCONUT's plasma parameters and the electron energy distributions obtained
from PARADISE, we applied the UFGSCs to compute GS emission from the
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trapped electron populations as observed from three different vantage points
(halo view, edge-on view, face-on view) in the solar corona.

Comparing the radio spectra for each CME across different spectral indices,
we found that the flatter spectrum with § = 2 consistently produced stronger
GS radiation and longer-lasting radio bursts than the steeper spectrum with
0 = 3. A comparison between the two CMEs revealed that the electrons in the
¢ =70 CME, characterised by a stronger initial magnetic field strength (nearly
twice that of the ( = 30 CME) and a higher initial speed, generated much more
intense GS emission. Finally, benchmarking the three observer positions against
each other demonstrated that the strongest GS emission was detected when the
spacecraft was above the CME, followed by the perspective viewing both CME
flanks from an edge-on view. In contrast, the weakest GS emission was detected
when the observer faced the front of the approaching CME (halo view).

It should be noted that modifying the employed energy range or further
steepening the injection spectrum would significantly affect the resulting
GS emission, including frequency range, intensity, and duration. Since an
electron’s pitch angle directly influences its radiated power, the initial pitch
angle distribution of the injected population can also impact the morphology
and quantitative properties of the resulting type IV spectra. While we adopted
an isotropic distribution in this study, test simulations with highly beamed
electron populations revealed a range of pitch angle distributions at early times
in the type IV event, depending on the energy channel and location. For
instance, we found single electron beams (both field-aligned and anti-field-
aligned), counter-beam populations, and populations transitioning towards
isotropy. The computed spectra were morphologically similar, but showed
slightly reduced peak intensities (by ~ 20 %). This is consistent with theoretical
expectations for smaller pitch angles. Furthermore, the reduced GS emission
may also stem from a significant fraction of particles entering the magnetic
bottle’s loss cone, leading to precipitation into the inner simulation boundary
and their removal from the simulation.

A detailed exploration of these dependencies goes beyond the scope of the present
study. In future work, we aim to conduct MHD and transport simulations with
significantly higher temporal resolution (e.g. 10 s sampling times), focusing on
the early evolution (first 30-60 min) of type IV events to investigate the role
of pitch angle and other energy distributions (e.g. initially monoenergetic or
kappa-distributed, or using different energy ranges) more systematically.

The radio spectra obtained from our simulations suggest that type IV radio
bursts contain GS radiation from electrons trapped within the strong magnetic
field lines of CMEs. Furthermore, our results indicate that the GS emission
primarily originates from the CME flanks, consistent with imaging observations



SUMMARY AND DISCUSSION 145

and previous studies (see, e.g. Gopalswamy & Kundu 1990; Bastian et al. 2001;
Bain et al. 2014; Carley et al. 2020). Additionally, our simulations demonstrate
that the orientation of the flux rope relative to the observer’s LOS significantly
influences the detected emission (e.g. Nindos 2020). This finding highlights the
importance of multi-messenger observations, as the evolution of the radio source
cannot be fully understood without complementary observational constraints.

All computed emission spectra exhibit a similar structure, consisting of a high-
intensity core surrounded by regions of weaker emission, with the peak intensity
gradually drifting to lower frequencies over time. These spectral features are
physical within the GS framework implemented in the UFGSCs and arise
entirely from incoherent GS emission. The spatial and spectral variations,
such as LOS-dependent intensity patterns and secondary emission lanes, can
be consistently understood using the Liénard formula (Schwinger, 1949). GS
emission is particularly enhanced in MFR flank regions near the footpoints,
where the local pitch angle distribution and magnetic field geometry favour
spiky, burst-like signatures. These regions naturally support GS radiation, as
similar behaviour is expected whenever electrons are injected into an MFR.
However, the absolute brightness depends on the flux rope structure itself.

While the present work did not attempt a case study, several aspects support
the physical realism of our simulation results. All three coupled models are
physics based, providing physical credibility beyond empirical parameter fitting.
Moreover, the morphological features of the obtained spectra match type IV
observations. Finally, our results quantitatively fall within the observationally
established ranges in terms of frequency intervals, spectral flux densities,
frequency drift rates (supported by both literature values and theoretical
expectations), and event durations.

In conclusion, our simulation results yield several key insights regarding GS
emission in type IV radio bursts:

1. A synchrotron or GS background is likely present in most type IV radio
bursts. The brightness of this background is determined by the high-
energy electron distribution, the magnetic field strength, the topology,
and other properties of the MFR confining the electrons, as well as its
orientation relative to the observer.

2. GS emission is strongest in the CME flanks near the footpoints rather
than the CME apex, due to stronger magnetic field strengths and more
favourable pitch angle distributions, supporting earlier observations of
enhanced GS emission from CME flanks.

3. Both spectral and spatial drift are natural consequences of CME expansion
and evolving field conditions. In our simulations, the GS emission source
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(i.e. energetic electrons) moves outwards with the expanding MFR, while
the associated spectral drift depends on the magnetic field evolution and
energetic electron distribution. This may help explain why some type IV
bursts are observed as moving, while others appear stationary in radio
imaging.

These findings emphasise the importance of considering GS emission as a
fundamental mechanism in type IV radio bursts, and illustrate how CME
properties and observer geometry shape the observed radio spectra. Additionally,
our results suggest that type IVm spectra can exhibit drift rates below thresholds
proposed in previous studies (e.g. Kumari et al. 2021), implying that some
bursts classified as IVs might still be associated with erupting MFRs. While our
analysis is based solely on the incoherent background continuum GS radiation,
which nonetheless produces burst-like features consistent with the GS framework
and the applied model, it does not necessarily exclude the presence of other
emission mechanisms that may contribute to, or modify the observed spectral
features. In particular, the observed spectral flux densities may result from
a superposition of multiple mechanisms, including coherent processes, which
may yield stronger emission than the GS component alone in our simulations.
Ultimately, this study helps clarify the role of GS emission in shaping radio
spectra and provides a framework for identifying regions where additional
coherent emission from the maser instability might occur, which is beyond the
scope of this work.

Finally, we would like to contrast our study with the recent work by Kozarev
& Nedal (2025). The authors investigated whether GS emission contributes
substantially to the quiet Sun’s low-frequency radio spectrum (20-90 MHz).
To achieve this, they employed a synoptic MHD model providing steady-state
plasma parameters of the corona, and combined it with the UFGSCs using
idealised electron distributions to generate GS emission maps under quiet-
Sun conditions. The synthetic emission, comprising thermal bremsstrahlung
and gyroresonance radiation, was then compared with LOw-Frequency ARray
(LOFAR) observations. Subtracting the thermal images from the LOFAR data
revealed an on-desk excess. The authors then compared separately computed
synthetic GS maps to this excess and found broad spatial agreement, suggesting
that quiet-Sun GS emission contributes to the observed excess. Both studies
highlight that GS emission likely plays a crucial role in shaping solar radio
spectra, whether during quiescent periods or eruptive events.

The present study with COCONUT-PARADISE and the UFGSCs provides a
foundation for future research on CME kinematics and GS emission to infer
electron properties and magnetic field characteristics within CMEs, with the
potential for direct validation using radio and particle measurements from PSP.
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Future work will also explore magnetoionic properties of GS radiation, focusing
on polarisation to refine estimates of magnetic field strength and topology.






7

Conclusions

In this concluding chapter, we summarise and discuss the key findings of the
thesis in Section 7.1, and outline potential directions for future research in
Section 7.2, building on the modelling framework established in this work.

7.1 Summary and discussion

This thesis introduced a novel modelling framework to simulate the acceleration
and transport of energetic particles in the solar corona and inner heliosphere,
including the generation of associated radio signatures in the corona. Each
development stage was accompanied by a dedicated application, designed to
both demonstrate the model’s capabilities and yield initial physical insights.

In Chapter 1, we discussed key aspects of solar physics and highlighted the
complexity of the processes in coronal and heliospheric plasmas. To motivate
the work presented in this thesis, we emphasised the increasing impact of
space weather events on spacecraft and astronauts. Given the limited number
of operating spacecraft providing in-situ and remote measurements in the
heliosphere, and the interpretation difficulties of ML-based forecasting tools,
sophisticated physics-based models are essential for advancing our understanding
of the underlying physical mechanisms. For this reason, we extended the
EUHFORIA-PARADISE framework for energetic particle modelling in the
heliosphere in three stages: incorporating the advanced heliospheric model
Icarus, the coronal model COCONUT, and the UFGSCs to compute GS emission.

In Chapter 2, we outlined the theoretical and mathematical foundations
underlying the numerical models used throughout the thesis. For simulating
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the heliospheric and coronal plasma environments, EUHFORIA, Icarus, and
COCONUT solve the set of 3D ideal MHD equations, closed by an ideal equation
of state. In-situ measurements frequently reveal the ubiquitous existence of non-
thermal particle populations in (nearly) collisionless space plasmas. Nevertheless,
the single-fluid MHD approach, implicitly assuming particle distributions close
to Maxwellian, often works well at large scales because of the collective bulk
behaviour and the high conductivity of the coronal plasma and solar wind.

Nonetheless, the MHD approach neglects important processes on the kinetic
scale, such as MR and turbulence, which are crucial in dynamic plasma
environments. To describe the propagation of energetic particle populations,
including pitch angle scattering from turbulent magnetic fluctuations and CFD,
the FTE is solved in PARADISE, bridging the gap between microscopic and
macroscopic scales. The test particle approach employed in PARADISE is
justified when energetic particle density and pressure are small compared to the
background plasma. However, this framework does not account for wave-particle
interactions amplifying Alfvénic turbulence that are believed to be significant
near strong shocks, thereby neglecting the particle feedback on turbulence.
Further limitations arise from our incomplete understanding of turbulence in
the corona and heliosphere.

We also derived the full GS emission and absorption coefficients from first
principles, motivated by the fragmented and sometimes inconsistent original
literature, which dates back to the 1950s and 1960s. By presenting a consistent
and complete derivation, we illustrated how particle motion, background plasma
parameters, and the shape of the electron distribution influence the GS emission.
However, the current treatment only explicitly includes spontaneous emission but
not stimulated emission, and neglects scattering, which may become relevant in
dense or turbulent coronal conditions. Stimulated emission is implicitly included
in the GS framework in Section 2.3 by defining the net absorption coefficient as
the difference between stimulated absorption and stimulated emission. When the
emission frequency approaches the low harmonics of the gyrofrequency and the
electron distribution exhibits strong anisotropy, the Electron Cyclotron Maser
Instability (ECMI) can occur, manifested as a negative absorption coefficient
corresponding to wave amplification. However, using the UFGSCs primarily in
the continuous mode smooths out the discrete resonance structure that enables
the ECMI (Fleishman & Kuznetsov, 2010).

Furthermore, the macroscopic description of radiative transfer relies on
assumptions from geometrical optics and overlooks constraints imposed by
quantum uncertainty. This approach may break down when spatial or directional
variations occur on scales comparable to the wavelength (i.e. dAdQs > \2).
The frequency range considered in this work (~ 107°-10'° Hz) corresponds to
wavelengths of approximately 1072-10! m. Consequently, spatial structures and
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angular variations in the simulation are expected to be large compared to the
radio wavelengths, and the initial assumption should remain valid. Additionally,
the straight-line transport approximation used for the ray paths is largely
justified in the considered frequency range, but may become inaccurate at lower
frequencies or in regions with strong gradients in plasma density and refractive
index, where refraction can no longer be neglected. Thus, once lower frequencies
in the kilohertz range or below are considered, where wavelengths approach
~ 10° m and small-scale structures such as thin current sheets become relevant,
alternative methods beyond the standard RTE application may have to be
considered (e.g. Rybicki & Lightman 1986). Moreover, at such low frequencies
the Razin effect becomes increasingly relevant, suppressing GS emission.

In Chapter 3, we described the numerical models used in this work and detailed
the main modifications implemented in PARADISFE to support outputs of
the MHD models. To enable coupling with Icarus, we included the necessary
algorithms to trace particles, locate grid points, and compute the various
gradients of the solar wind parameters on block-based grids. Special care
was required to handle cases near block edges, which requires communication
between several blocks, particularly when multiple levels of AMR are applied. To
enable coupling with COCONUT, we further modified PARADISE by including
algorithms for unstructured grids. A major difference involved the gradient
computation, where the finite difference schemes used for structured EUHFORIA
and Icarus grids had to be replaced by a least-squares approach with Taylor
expansions. These upgrades significantly extend the range of applications
for PARADISE, allowing energetic particle studies across the heliosphere and
low corona. However, these developments also led to increased computational
costs due to larger data volumes, finer time resolution requirements in coronal
simulations, and a greater number of individual steps in the modelling chain.

In Chapter 4, we introduced Icarus-PARADISE as the first enhancement of the
original FUHFORIA-PARADISE framework, primarily to overcome resolution
limitations and reduce computational costs associated with FUHFORIA. We
applied this model to study particle acceleration and transport at a CIR using
a synthetic solar wind configuration. After validating the new model against
results from the original setup, we systematically increased the levels of AMR
at the CIR shocks to explore their effect on particle acceleration. The obtained
particle intensity profiles and intensity-energy spectra clearly showed that higher
refinement led to more efficient particle acceleration, highlighting the importance
of shock resolution for correctly capturing DSA processes. Additionally, we
observed the emergence of small-scale solar wind structures at higher AMR
levels, which may further modulate particle transport. While AMR improves
shock modelling in Icarus, the relatively diffusive TVDLF scheme may still
limit the sharpness of shocks. Future work can benefit from exploring sharper
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numerical schemes available in the MPI-AMRVAC framework.

In Chapter 5, we introduced the COCONUT-PARADISE model to study particle
transport in the corona, potentially including CMEs. This step was motivated
by recognising that critical space weather processes, including CME evolution,
shock formation, and SEP acceleration, originate in the lower corona. As a first
application, we generated realistic coronal configurations with a CME modelled
as an MFR, and injected energetic protons inside one of the MFR flanks. To
investigate particle confinement and escape, we first performed simulations
without CFD, in which particles remained entirely confined within the CME.
We then considered two different CFD approaches, one assuming a constant
perpendicular MFP, and another using a Larmor radius-dependent MFP. In
both cases, we found that reducing the relevant parameter by just one order
of magnitude produced substantial differences in the degree of particle escape
via CFD, illustrating that even values commonly used in heliospheric models—
while yielding moderate CFD there—can lead to significantly enhanced CFD
in the corona. These results highlight the sensitivity of particle access to open
magnetic field lines to the underlying CFD model and parameter choice.

Qualitative comparisons to PSP observations indicate consistency in the
simulations with only weak CFD effects. However, the observations come
from CME flanks, whereas in the simulations CFD was strongest at the CME
apex. Limitations of our study involve the neglect of any acceleration processes
that may occur for particles leaving the CME and becoming trapped at the shock
front. Additionally, guiding centre drifts were omitted, though they may become
more important for heavier or higher-energy ions and should be addressed in
future work. Importantly, this coupling between COCONUT and PARADISE
serves as a crucial intermediate step towards a comprehensive modelling chain
from the solar surface to Earth’s orbit and beyond, by additionally including
EUHFORIA or Icarus to the simulation setup.

In Chapter 6, we presented the third stage of the development of the new
modelling framework by incorporating GS emission into the coronal simulations.
We motivated this step by the relevance of radio signatures in space weather,
particularly their potential to serve as precursors of CME and SEP events, and
their use in inferring magnetic field strengths in CMEs near the Sun. Building
on the setup from Chapter 5, we simulated confined electron transport within
an MFR. We investigated how GS emission spectra depend on CME properties,
injection spectra, and the observer’s vantage point. We considered two CME
setups, differing in initial magnetic field strength and eruption speed, two
power-law indices for electron injection, and three idealised observer positions.

Using the MHD and transport simulation results as inputs for the UFGSCs,
we computed GS emission. The resulting spectra resembled observed type IV
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spectra, displaying realistic frequencies, durations, solar flux densities, and
morphological features, including a bursty core surrounded by weaker emission,
and a gradual frequency drift over time. We showed that GS emission alone can
produce features typically seen in type IV spectra, without requiring additional
coherent mechanisms. The variations in duration and intensity across different
spectral indices, CME cases, and viewing geometries were physically consistent
with differences in particle energies, magnetic field topology and strength, and
LOS effects. However, it is commonly believed that GS emission forms the
background continuum, while the bursty spikes are attributed to coherent
plasma or maser emission.

Our main findings included that GS emission is a key contributor to type IV
spectra, and that GS emission is strongest near the CME flanks close to
their footpoints, where stronger magnetic fields and favourable pitch angle
distributions enhance GS emission. While spatial drifts were naturally explained
by the CME expansion, spectral drifts were associated with changing field
strengths and electron energies. The sensitivity of our results to observer
geometry highlights the importance of multi-messenger radio measurements
during space weather events.

The ability of the model to reproduce characteristic type IV features from
first principles, without empirical fitting, offers a powerful diagnostic tool for
interpreting type IV bursts. However, the current implementation overlooks
coherent emission mechanisms, which may predominate in certain real events
and thus lead to underestimations of the spectral flux. Ideally, future frameworks
would allow for multiple emission mechanisms that can be switched on and
off to isolate contributions. Additionally, we adopted an isotropic pitch angle
distribution, while test cases with electron beam populations showed notable
differences in the spectra, motivating a more systematic exploration in future

GS studies.

7.2 Outlook

We conclude this thesis by discussing some of the possible future research
directions that can be built upon using the developed modelling framework
and established results. While Chapters 4-6 already introduced some of the
anticipated applications, we summarise here the main ideas along with additional
opportunities.

Possible studies involving the Icarus-PARADISE framework include the
following projects:
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o Less diffusive shock-capturing schemes, such as HLL or Roe-type solvers,
can be explored to improve shock resolution and enhance particle
acceleration modelling.

o In the initial study in Chapter 4, we only applied AMR, but future studies
will also consider grid stretching. Although currently implemented only
in the radial direction, a generalised version allowing stretching along any
coordinate axis (limited to one axis at a time) could be implemented in
PARADISE with little effort.

o With the ability to locally achieve high resolution in the solar wind, the
model can be applied to study particle dynamics in the HCS, where the
role of classical drifts, and enhanced trapping or scattering remain debated
(e.g. Burger et al. 1985; Khabarova et al. 2015).

e As discussed in Section 1.2.3, non-thermal particle populations are
ubiquitously present in the heliosphere. Previous theoretical studies have
shown that superthermal particles, well-described by standard Kappa
or regularised Kappa distributions, can significantly enhance transport
coefficients (Husidic et al., 2021, 2022). Future studies may explore the
use of these more realistic Kappa distributions as seed populations in
particle acceleration and transport models, implement and test transport
coefficients derived from non-Maxwellian theory, and compare model
predictions with data from PSP, SolO, and others.

e Another promising direction involves exploiting recent upgrades in the
Icarus code, which now supports dynamic inner boundary conditions
(Baratashvili et al., 2025). In contrast to the steady-state inner boundary
used in this thesis or in earlier studies, time-updated magnetograms allow
for a more realistic modelling of the evolving solar wind, which may
affect the results of particle acceleration and transport studies at CIR and
CME-driven shocks.

Potential future work with COCONUT-PARADISE, including the extension for
modelling GS emission and potential combinations with EUHFORIA or Icarus,
may involve the following points:

e The next logical step is to extend the energetic particle modelling domain
to cover both the corona and the inner heliosphere. This can be done by
using COCONUT-PARADISE either with EUHFORIA or Icarus. Such
a setup would allow to study particle acceleration at a CME-driven
shock already from the low corona through interplanetary space, both
in theoretical and real-event simulations, and across different solar cycle
phases.



OUTLOOK 155

o With a global model, CFD effects can be examined in more detail. This
includes testing alternative CFD approaches, exploring parameter ranges
different for coronal and heliospheric transport, and possibly including
guiding centre drifts.

o The combined model encompassing the corona and heliosphere may allow
to study conditions under which particles accelerated at CME-driven
shock waves could return to the solar surface and produce long-duration
gamma-ray flares.

o For space weather forecasting, fast simulations are essential. Since
particle tracing and gradient computations on unstructured grids are
computationally demanding, improving the interpolated structured-grid
version of COCONUT-PARADISFE with more sophisticated interpolation
methods, such as those beyond simple linear interpolation, could provide
a valuable alternative to the unstructured version.

e The combined framework of COCONUT-PARADISE and the UFGSCs
allows detailed studies of the early phase of type IV events with higher
spatial and temporal resolution, particularly how varying pitch angle and
energy distributions affect the shape and intensity of GS spectra.

e Since GS emission is modelled in isolation, we can explore how the intrinsic
magnetic field of CMEs influences GS emission and may derive magnetic
field strengths from GS spectra.

e While our current work focused on incoherent GS emission, future projects
may incorporate coherent emission mechanisms, such as maser emission,
to evaluate their contribution to real type IV spectra.

o Finally, the polarisation states of the radio emission can be investigated
to determine under which conditions polarisation-altering effects, such
as Faraday rotation or mode coupling, can be neglected, and when they
must be explicitly taken into account.

Common to all the modelling efforts presented in this thesis is the growing
potential for model validation, parameter constraints, and case studies, utilising
data from modern spacecraft, most notably PSP and SolO. Due to their
unprecedented proximity to the Sun, these missions have already delivered
valuable insights into solar eruptive events and the properties of energetic
particles in the corona and inner heliosphere (see references in Chapter 5).
Several upcoming missions are expected to expand our observational capabilities.
For instance, the Japanese mission SOLAR-C, scheduled for launch in 2028, is
designed to address the coronal heating problem, solar wind generation, and MR
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processes through high-resolution spectroscopic imaging (Suematsu et al., 2021).
In addition, NASA’s Interstellar Mapping and Acceleration Probe (IMAP),
planned for launch in September 2025, will investigate the interaction between
the solar wind and the interstellar medium via Energetic Neutral hydrogen
Atom (ENA) imaging, and will provide in-situ measurements of accelerated
SEPs (McComas et al., 2018). In this context, IMAP’s ENA observations
may also serve to probe SEP acceleration and transport processes (Mewaldt
et al., 2009). As PSP and SolO continue to explore different regions of the
solar atmosphere and interplanetary space, and as upcoming missions become
operational, their findings can be incorporated into the modelling framework
presented here to further improve realism and predictive capabilities.

In conclusion, the thesis presented a versatile, physics-based modelling
framework capable of generating complex and realistic coronal and heliospheric
3D configurations, simulating the acceleration and transport of energetic
particles, including diffusive processes due to turbulence, and modelling radio
signatures generated by energetic particles propagating through the MHD
backgrounds. While each model has its limitations, including simplifying
assumptions about the background plasmas and shocks, uncertainties in
turbulence and diffusion models, and the neglect of scattering effects together
with the use of straight-line approximations in the radiative transfer, the
combined framework nonetheless offers a significant step towards self-consistent
multi-scale modelling of SEP events and associated radio signatures derived
from fundamental physical principles.
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Appendix

In this appendix!, we provide supplementary derivations that expand on the
formalism presented in Section 2.3.

A.1 Validity of the straight-line trans-
port approximation of radio waves

In Section 2.3.1, we assume that electromagnetic radiation emitted by a radio
source propagates as straight rays towards the observer. This is a reasonable
and commonly used approximation in a (nearly) perfect vacuum. However, in a
magnetoionic medium such as the coronal plasma, spatial gradients in density
and the presence of magnetic fields can significantly modify the propagation and
characteristics of electromagnetic waves. These effects may include ray bending
due to spatial variations in the refractive index (e.g. Moschou et al. 2018),
suppression of propagation if the wave frequency falls below the local plasma
cut-off (e.g. Melnikov et al. 2008), a change in polarisation due to Faraday
rotation (e.g. Mancuso & Spangler 2000), energy exchange between different
wave modes via mode coupling (e.g. Sirenko et al. 2002), and scattering of
photons into or out of the ray path (e.g. Murphy et al. 2021).

The total intensity and the polarisation state of electromagnetic radiation can
be described by the four Stokes parameters I, @, U, and V (Chandrasekhar,
1960; Schaefer et al., 2007). In Chapter 6, we consider only the total intensity
(i.e. sum over all polarisation components, represented by Stokes parameter I),
which is generally not affected by Faraday rotation or mode coupling under

IThis appendix is based on CGS units.
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typical coronal conditions. However, scattering can significantly impact the
observed intensity, for instance, when the radio emission is near the local plasma
frequency or propagates through regions of strong density turbulence (Krupar
et al., 2018; Kontar et al., 2019). A detailed treatment of polarisation and
scattering effects is deferred to future work. Therefore, in this section?, we
outline the limitations of the straight-line transport approximation, describe
the conditions under which it remains valid, and address the effects of emission
suppression and ray-bending that may influence radio wave propagation in a
magnetised plasma, within the scope of the present thesis.

Propagation limits and transmissibility in a plasma

For electromagnetic waves to propagate through a plasma, their frequency must
exceed the local plasma frequency. Otherwise, due to the collective behaviour
of the plasma, waves become evanescent, with a decay length given by the
(electron) inertial length or skin depth, defined as le = ¢/wpe (e.g. Goedbloed
et al. 2019). In the case considered in Chapter 6 (cold plasma limit), wave
frequencies must exceed the local cut-offs: the O-mode requires w > wpe, while
the X-mode has an angle-dependent cut-off. In the high-frequency limit, the
refractive index for both modes tends to unity (ny — 1), and the medium
becomes effectively transparent (Stix, 1962; Budden, 1985). At low frequencies,
GS emission can be suppressed by the Razin effect, which becomes important
below a characteristic scale wgrs ~ wge /e x ne/B. The Razin effect refers to
the suppression of synchrotron or GS radiation at low frequencies in a dense
plasma, where n < 1 (Ginzburg & Syrovatskii, 1965). Since the frequencies
used in this work satisfy w > {wpe, e, WRa}, dispersion effects are weak and
GS emission is not suppressed (Dulk, 1985), and the radiation can propagate
through the coronal plasma to reach the observer in our simulations.

Refraction of electromagnetic waves

Electromagnetic waves can undergo refraction (i.e. a change in propagation
direction), when the ambient medium exhibits spatial variations in refractive
index (Eq. 2.52), typically caused by gradients in the dielectric response.
Moschou et al. (2018) demonstrate ray-bending in ray-tracing simulations
of (magnetoionic) coronal models (see their Egs. 8-10), particularly at low
radio frequencies (tens to hundreds of MHz) and in regions with strong density
gradients. In addition, small-scale density fluctuations can cause scattering and
angular broadening of the rays (e.g. Ingale et al. 2015).

2] would like to thank Dr Immanuel Christopher Jebaraj for valuable discussions and
assistance with this section.
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In the present work, we restrict our model to the high-frequency, weak-gradient
magnetoionic limit. We denote the angular wave frequency as w, and the
(electron) plasma frequency as wpe = /47 ne €2 /me, where n, is the electron
number density, e the elementary charge, and me the electron mass. The
electron gyrofrequency is given by || = e B/(m, ¢), with B the magnetic field
strength and ¢ the speed of light in vacuum. The Appleton-Hartree formula
(Stix, 1962; Budden, 1985) shows that in the limit w > wpe and w > ||, the
two magnetoionic modes, X-mode (corresponding to the plus sign) and O-mode
(corresponding to the minus sign), satisfy

2 2 4
s Whe | Whe e cos(0) Wpe
ni—l—wziT—i—O w4 y (Al)
w2, Qe cos()
An=n, —n_ =~ pT : (A.2)
1 2
ne =n~1— - (wpe/w)*, (A.3)

2

where 0 is the emission angle (see also Section 2.3.8 and Appendix A.11).
Equation (A.2) shows that birefringence decreases even more rapidly with
increasing frequency, while Eq. (A.3) gives the first-order Taylor expansion of
the refractive index for both modes (neglecting the birefringence term).

The bending of rays can be described using geometrical optics, assuming that
spatial scales are much larger than the wavelength of the radiation, via the
equations

dr
E =S, (A4>
d .

along a ray path parametrised by arc length s, with unit tangent vector § (see
Chandrasekhar 1960; Born & Wolf 1999, and compare with Moschou et al. 2018).
The local curvature of the rays is approximately given by k. &~ |V | In(n)|, where
V. denotes the gradient component perpendicular to the local ray direction.
Over a path of length L, the total bend angle satisfies

L
gbend ,S /0 ds @ . (AG)

Using Eq. (A.3) for the refractive index, and defining a transverse density scale
of L, = |V In(ne)|™! (where n, is assumed normalised to a reference value
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before taking the logarithm), Eq. (A.6) becomes

1 fwpe\2 L
Obend S 5 ( ” ) I (A7)
It follows from Eq. (A.7) that the straight-line approximation holds when
(wpe/w)? (L/Ly) < 1 (see the numerical estimate below, which shows that
this condition is well satisfied in the high-frequency range). This is consistent
with coronal ray-tracing studies showing that curved rays and straight lines
converge at high frequencies above a few GHz (Moschou et al., 2018). While
this condition is satisfied at the upper end of the frequency range obtained in
the radio spectra in Chapter 6, for frequencies in the range of a few hundred
MHz to a few GHz, the straight-line approximation could be regarded as a
first-order treatment.

In Chapter 6, we solve the scalar RTE (Eq. 2.38) along fixed LOS, which
approximate true ray paths. This is justified when the bend angle is small,
as illustrated by the numerical example below at the upper frequency end of
our computed spectra. The UFGSCs compute the GS emission and absorption
coefficients (Egs. 2.180 and 2.181, respectively) at each node along the LOS
using the local plasma and magnetic parameters, and incorporating Razin
suppression and self-absorption that are intrinsic to the plasma GS formulas.

To estimate the amount of ray bending, we use some of the values typical for
our model in Chapter 6. Taking n, ~ 10® cm ™2, we find wpe/(27) &~ 90 MHz.
Assuming B ~ 50 G, we obtain |Q|/(27) ~ 140 MHz. Furthermore, we assume
an observed frequency of w/(27) = 8 GHz, a ray path length of L ~ 10'° cm,
and a transverse density scale of L, ~ 5 x 10° cm, which are typical length
scales associated with coronal loops (Reale, 2010; Peter et al., 2013). With
these values, we find from Eq. (A.7) that fpeng < 1.3 x 1074 rad (= 0.007°),
which is negligible for our purposes.

Even at larger distances such as L = 20 Ro ~ 1.39 x 10'? cm, corresponding
to the farthest virtual spacecraft positions in our simulations, the ray-bending
amounts to only Onenq &~ 1.009°. These values are representative of large-scale
coronal conditions without strong discontinuities. However, we note that radio
emission passing through regions such as CME shock sheaths may enhance
refractive and scattering effects due to sharper density gradients and increased
turbulence.

In conclusion, the straight-line approach using the scalar RTE (Eq. 2.38) is
intended for cases with weak refraction, transparent and weakly dispersive
propagation (i.e. w > {wpe, e, WRra}, such that ny ~ 1, and cut-offs are
irrelevant), and an intensity-only scope. Under these conditions, straight-line
transport accurately captures the Stokes parameter I for the GS problem
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addressed in this thesis. A fully polarised, ray-traced treatment is beyond the
scope of this work.

A.2 Derivation of Einstein-like relations

To derive relations between the coefficients for spontaneous emission (Eq. 2.39),
stimulated emission (Eq. 2.41), and stimulated absorption (Eq. 2.43), we assume
that electrons in a dilute plasma radiate independently. This implies that the
differential rates n,,, Nws, and 7,4 (see Section 2.3.2) depend only on the position
and momentum of individual electrons, and not directly on the distribution
function. These rates are therefore microscopic, single-particle properties that
characterise quantum mechanical transition probabilities between electron states
induced by interaction with the electromagnetic mode density. The distribution
function enters only when computing macroscopic quantities, such as j,, and
, Via integration over phase space.

To calibrate the relative strength of spontaneous and stimulated processes,
we consider a plasma volume element enclosed within an adiabatic shield at
constant temperature, and assume Local Thermodynamics Equilibrium (LTE).
In this regime, the radiation field must correspond to the black body spectrum,
which, when accounting for dispersion, is described by the Planck formula

(Bekefi, 1966)
n? hw? hw -t
B,(w,0) = ——— -1 , A.

(@, ©) 873 2 {GXP (kB 9> ] (A.8)

where kp is Boltzmann’s constant, and © is the temperature.

We then apply the principle of detailed balance, or equivalently microreversibility,
which asserts that the probability of a process and its time-reversed counterpart
are governed by the same quantum mechanical matrix elements (see Fermi’s
golden rule). For this, we require that the rate of emission from state p — p’
equals the rate of absorption from state p’ — p. Using Egs. (2.39), (2.41) and
(2.43), this condition leads to

. (r,p) f(r,p)d’p =
Iw [nwA (I‘, p/) f(I‘, p/) dsp/ — Nws (I‘, p) f(I‘, p) dgp] ) (A9)
where I, is the spectral intensity of the radiation field.

Since the system is assumed in LTE, the electron momenta follow the relativistic
Maxwell-Jiittner distribution. For our derivation, it is sufficient to note its
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exponential dependence, given by

f(r,p) o< exp ( kf@) : (A.10a)
f(r,p’) < exp (— kfé) : (A.10b)

where F and E’ are the relativistic energies of the electron in states p and p’,
respectively.

Using the Maxwellian nature of the electron distributions from Egs. (A.10a)
and (A.10b), inserting them into Eq. (A.9), and noting that the radiation field
satisfies I,, = B,,, we obtain

Nw(r, p) exp (—kBE@) d*p = B, (w,0)

!

E E f
X {mA(r,p’) exp ( kB@> a*p’ — nus(r,p) exp <kB@> d“p] . (A1)

We now rearrange Eq. (A.11) to isolate B, (w, ®), divide both numerator and
denominator by 7,s(r,p) d®p, and apply energy conservation £ = E' + hw.
Substituting the Planck function from Eq. (A.8), we find

n?hwd hw -t
FpEpy [exp (k:B@) - 1} =
Nw (I‘, p)/an (I‘, p)
{nwa(r,p’) d®p'/ [nus(r, p) d3p]} exp [hw/ (kg ©)] — 1~

Since this relation must hold for every frequency w, the only way this equality
can be satisfied consistently is if both the numerators and denominators on
either side match separately. Equating these terms yields the Einstein-like
relations

(A.12)

n2 hw?
Nw(r,p) = mﬂws(r, p), (A.13a)
Noa (t, )% = nus(r,p) dp, (A.13b)

which match Eqgs. (2.46a) and (2.46b).
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A.3 Momentum-space expansion of the
distribution function

In the general expression for the absorption coefficient in Eq. (2.48), the
difference between the electron distribution functions in momentum states
p and p’ appears. Since we work in the classical limit, assuming that the photon
energy is much smaller than the electron energy, the momentum state transitions
involve only small changes. Consequently, the difference f(r,p’) — f(r,p) in
Eq. (2.48) is small and can be approximated using a first-order Taylor expansion
(Ramaty, 1969). In this expansion, derivatives are taken with respect to the
Lorentz factor v (representing energy) and pitch angle «, reading

of of

oy

(Y =7+ 50" —a). (A.14)

f(r7p/)7f(r7p)z da

However, since particle transport equations are commonly expressed using
momentum magnitude p and pitch angle cosine p as independent variables, we
transform the derivatives 9/0v — 9/9p and 9/0c — 9/0u. To achieve this, we
use the expressions for total electron energy and the Lorentz factor in terms of
momentum magnitude, given by

E=ymc?, (A.15)

y=4/1+ (%)2, (A.16)

p=mcy/y2 -1, (A.17)

where the third line is obtained from the second line. Then, from Eq. (A.17),
we get the coordinate transformation using the chain rule for derivatives,

dp mery m2c?y

o _ _ A8
of _ofop _m*ctyof (A.19)

oy adpoy p I’
where f = f(r,p)

When an electron emits a photon with energy hw, its energy reduces to E' =
E — hw. Substituting the energies using Eq. (A.15), we obtain for the change
in Lorentz factor, Ay :=~" —~,

Ay =—
i mc?
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_ _hwby (A.20)
pc

where we incorporate p = 8y mc in the second line.

For the pitch angle component in Eq. (A.14), we obtain for the coordinate
transformation

= cos(a), (A.21)
g—’: = —sin(a) = —/1 — p?, (A.22)
of _ofou _ ——0f
52 5uda " mau , (A.23)

where we use the Pythagorean trigonometric identity in Eq. (A.22).

We now evaluate Aa := o/ — « in Eq. (A.14). Let p be the electron momentum
vector and ppn, = hk the photon momentum vector, with magnitude p =
hwn/c. When considering the spontaneous emission of a single photon by a free
electron, conservation of energy and momentum generally requires accounting
for the exchange with the external electromagnetic field (e.g. Sokolov et al.
2009). However, under the assumption of a uniform, steady magnetic field,
the symmetry between emission and absorption processes is preserved, and it
becomes consistent to evaluate energy-momentum conservation using only the
electron and photon momenta. The influence of the external field is implicitly
accounted through this symmetry. While the numerical simulations in Chapter 6
involve globally time-dependent and spatially varying magnetic fields, the GS
emission and absorption coefficients are computed locally at individual grid
nodes using a single snapshot in time. Moreover, the electron gyroradii and
gyroperiods are much smaller than the modelled variation of the magnetic
field, justifying the assumption of a locally uniform and steady field during the
gyromotion.

Using these assumptions, the parallel and perpendicular momentum changes
can be formulated as
hwn

Apj =p| —P| = —Pph| = — cos(6), (A.24)

hwn

Apy =p| —pL = —PphL = — sin() . (A.25)

Using a = arctan(p /p|) and the derivative of the arc tangent, d/dz[arctan(z)] =
(22 +1)71, the total differential is

o Oa

da = —dp) + =—dp_, A.26
oy I L ( )

Oopy
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_ pydpL —pidp

da pe>

: (A.27)

where p? = pﬁ + p?. Approximating da ~ A« and inserting the expressions
from Egs. (A.24) and (A.25) into Eq. (A.27), we find

_ P AL —pi Apj

A«
P2

= Z—in[cos(&) sin(a) — cos(a) sin(6)] . (A.28)

Using the trigonometric identity cos(f — «) = cos(6) cos(a) + sin(6) sin(«), it
can be shown that3

n B cos(@ — a) =n B cos(f) cos(a) + sin(f) sin(a)] ~ 1 (A.29)

1 —np cos(f) cos(a)
n 3 sin(a) ’

< sin(f) = (A.30)

We prove the approximation used in Eq. (A.29) in the paragraph below.
Substituting Eq. (A.30) into (A.28), we obtain the simplified form

_ hwn B cos(f) — cos(a)

Ao =T B sm(a)

(A.31)

Finally, inserting Egs. (A.19), (A.20), (A.23), and (A.31) into Eq. (A.14) yields

, _ hw
1) = fp) ~ =2
Bm?c? 42 df nf cos(d) —cos(a) ——=0f
D p + 8 sin(a) 1= #2% , (A32)

which matches Eq. (2.49).

We now verify the validity of the approximation in Eq. (A.29). For this purpose,
we define the four-momentum p* of an electron and four-momentum pgh of a
photon as

P =(yme,ymeB)t (A.33)
hw hwne\"
pﬁh=(67 . k) , (A.34)

3T would like to thank Prof Nicolas Wijsen for pointing this out to me.
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where B := v/c is the dimensionless electron velocity, and k is the unit vector
in the photon propagation. The conservation of electron rest mass then implies

g PH P’ = p? =m2e?, (A.35)

with g,,, denoting the Minkowski metric. Using momentum conservation p’ =
D — Pph, We obtain

(p—ppn)’ —p* =0

—2pppn + P2y =0, (A.36)
where we use p? = p'? due to Eq. (A.35). From Eq. (A.34), we obtain for pih
Guv Py, P = Py = (FLCW)Q (1—n?). (A.37)
Furthermore, the mixed inner product in Eq. (A.36) becomes
G P oy = ymhw[1 — Bn cos(y)], (A.38)

where ¢ = 0 — « is the angle between the electron and photon directions.
Substituting Egs. (A.37) and (A.38) into Eq. (A.36), we find

—2ymhw][l — Bn cos(y)] + <ﬁcw) (1-n%)=0

< 1—Fncos(y) = f% anwcg (1—n?)
——
<1
=npf cos(yp) = 1. (A.39)

In the second line of Eq. (A.39), we use the assumption hw < ymc? (i.e.

photon energy is much smaller than the electron energy), from which the third
line follows, implying the approximation ¢ = 6 — a ~ 0.

A.4 On the spontaneous emission proba-
bility in quantum mechanical terms

To describe the spontaneous emission and absorption of GS radiation, we adopt
a semi-classical approach that neglects an explicit* calculation of stimulated

4Stimulated emission is implicitly included via the absorption coefficient ai‘,: in Eq. (2.181),
which represents the difference between stimulated absorption and stimulated emission. Hence,
if af becomes negative, stimulated emission is present.
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emission (for which a more rigorous quantum mechanical treatment is required,
see Melrose 1968a). In Section 2.3.3, the total power radiated in a particular
mode is expressed in terms of the quantum mechanical probability wgl (k) for
an electron to transition from an initial state S to a final state S’, emitting
a photon with wave vector k. The total emissivity is obtained by summing
over all possible final states S’ (see Eq. 2.50, first line). This sum is commonly
replaced by a sum over all harmonics. The equivalence of these two descriptions
can be understood through the structure of quantum states in a magnetic field.

In quantum mechanics, the state of a charged particle in a uniform magnetic field
is characterised by a set of quantum numbers. The transverse (perpendicular)
motion of a charged particle is quantised into discrete Landau levels, indexed
by the quantum number® ny. These levels are related to the (canonical)
perpendicular momentum, ¢, by (Melrose, 1968a; Tsytovich, 1970)

(QnL + 1)

2 _ lg| Bh
quic

:mQh(QnL+1)

OF

with ny, € Z>p. In the second line, we use the classical gyrofrequency from
Eq. (A.83). In the third line of Eq. (A.40), we include the energy formula from
Eq. (A.15) to incorporate the relativistic gyrofrequency from Eq. (A.84).

The longitudinal motion along the magnetic field (taken to point in z-direction)
remains unquantised, so parallel (canonical) momentum ¢, is treated as a
continuous quantum variable. This asymmetry reflects the fact that the Lorentz
force restricts motion in the plane perpendicular to the field, but allows free
propagation along it. The energy spectrum of the Landau levels is given by
E?2 =m?ct 4+ ¢ ¢ + ¢2 ¢ (Tsytovich, 1970).

We denote the particle’s quantum state as
S = {q,z7 nL} B
S ={q. — hk.,n —v}, (A.41a)

where the final state S’ = {¢.,n{} is determined by conservation laws. The
longitudinal momentum is reduced by A k., representing the momentum carried
away by the emitted photon. Simultaneously, the particle transitions between
Landau levels in the transverse plane, from ny, to ny, — v, corresponding to the

5The subscript 'L’ is used in this thesis to distinguish it from the refractive index n.
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emission of a photon with frequency w. Since the energy levels in the transverse
plane are quantised, the radiated energy corresponds to an integer multiple of
the fundamental cyclotron energy, resulting in harmonic emission.

The integer v therefore represents the number of Landau levels traversed during
the transition and determines the harmonic number of the emitted radiation.
A positive v corresponds to normal Doppler emission, where the particle loses
transverse energy by transitioning to lower Landau levels, while a negative v
represents anomalous Doppler emission, in which the particle gains transverse
energy by transitioning to higher Landau levels (Melrose, 1968a). Consequently,
the sum over final quantum states S’ can be reformulated as a sum over
harmonics v € Z. Although the Landau quantum number nj, must remain
non-negative, the sum over all v is justified, since transition probabilities for
forbidden values of v vanish.

A.5 Energy density in electromagnetic
fields

In the following, we derive the electromagnetic energy density used in
Section 2.3.4. Maxwell’s equations form the foundation of electrodynamics
and plasma physics. They are used to derive the ideal MHD equations discussed
in Section 2.1, the (in)homogeneous wave equation in Appendix A.7, and the
cold plasma dispersion relation in Appendix A.10. In differential form and
Gaussian units, Maxwell’s equations are expressed as

V-D=47p., (A.42)
V-B=0, (A.43)
10B
E=—— A.44
v X cot’ ( )
4, 182

VXB:7_]+ (A.45)

c ot
Equation (A.42), known as Gauss’s law, relates the electric displacement field
D = ¢E (with the permittivity e potentially being a tensor) to the charge
density p.. Equation (A.43) is the solenoidal constraint, enforcing the absence
of magnetic monopoles. Equations (A.44) and (A.45) correspond to Faraday’s
and Ampére’s laws, respectively. Throughout the following derivation, we
assume B = H with H being the magnetic field strength, but keep D # E to
allow for dielectric effects.
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To derive the electromagnetic energy density, we begin with the vector identity
for the divergence of a cross product,

V- (ExB)=B.(VxE)—E-(V xB). (A.46)

Next, we take the dot products of E with Eq. (A.45), and the dot product of B
with Eq. (A.44), to obtain

1. 0D 4dmw_ .,
1 0B
B-(VxE)=--B- 7" (A.48)

Inserting Eqs. (A.47) and (A.48) into Eq. (A.46) yields

1, 0B 1_ oD 4r¢_ .
VABxB) =B B R

c 1 0B oD )

where the second line follows by multiplying both sides by ¢/(4 7) and factoring
out 1/(4m).

The bracket expression in Eq. (A.49) motivates the definition of the
electromagnetic energy density W as

1
W= —(B-B+E-D), (A.50)
™

which represents the combined energy stored in the electric and magnetic fields.
Taking the time derivative of W, we obtain

ow 1 <B OB 8D>.

W*ﬂ +E- — (A51)

ot ot

Substituting Eq. (A.51) into the right-hand side of (A.49), we arrive at the
energy conservation equation for the electromagnetic field, given by

ow c .

=-V-S—-E-j, (A.52)

where S := ¢/(47) E x B is the Poynting vector, representing the energy flux of
the electromagnetic field.
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A.6 Mathematical identities involving
the adjugate tensor \;;

We derive two key identities involving the adjugate tensor A;; that are used in
computing the total radiated power in Sections 2.3.4 and 2.3.7.

First, we derive the identity from Eq. (2.83) in Section 2.3.4. We begin by
considering the wave equation

A E; =0, (A.53)

which is the homogeneous form of Eq. (A.75) derived in Appendix A.7. In the
resonant case where the determinant of the dispersion tensor A, £ = 0, the
matrix A has rank two and admits a single non-trivial null vector, denoted E;
and corresponding to the polarisation vector of the wave. From the general
identity for the adjugate matrix in Eq. (2.74), we see that for £ = 0, it reduces
to

Aij A =0. (A.54)

Thus, each column of \;; lies in the null space of A;;, which is 1D. It follows
that \;; must be of rank one.

Moreover, since the dielectric tensor €;; (in Eq. A.74) and hence A;; are
Hermitian, the same holds for A;;. A Hermitian, rank-one matrix can always
be written as the outer product of a vector with its Hermitian conjugate,

)\ij = LU; v (A55>

7

for some complex vector v and scalar «. Given that E; spans the kernel of
A;j, it is natural to identify v; with the normalised polarisation vector e; from
Eq. (A.76). Therefore, Eq. (A.55) becomes

)\ij =tLe; 6; . (A56)

Taking the trace of both sides of Eq. (A.56), and using the normalisation
condition from Eq. (A.77), we find

tr(\) = LZ eie; =1. (A.57)

Thus, the scalar coefficient ¢ equals tr(A). This gives the final form as

Xij = tr(\)e; €} (A.58)

%50
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which is the identity in Eq. (2.83).

We now derive the formula to compute the components of the polarisation
vector e based on an auxiliary vector a, as given in Eq. (2.151). This derivation
applies in the £ = 0 case and relies on the fact that A;; is a Hermitian matrix
of rank one. Since A;; Ajr = 0 for £ = 0, the adjugate \;; is constructed from
the kernel eigenvector E, and takes the form of an outer product involving the
polarisation vector, as in Eq. (A.58). Consequently, any vector of the form
Aij a; is parallel to e, provided that a satisfies the condition Eq. (2.150) in
Section 2.3.7. We therefore write

€; = O)\ij aj, (A59)

for some complex normalisation constant C to be determined. Imposing the
condition in Eq. (A.77) on Eq. (A.59), we obtain

eef =1
= |C]? \ij a; Ny aj
= ij Aj Aig O

= ‘Clz )\ij aj /\ki a;; 5 (A60)

where we exploit in the third line the Hermitian property A}, = Ag;. Since the
result of Eq. (A.60) is a scalar, we can reorder it to

* 2 %
€, e, = |C| ag >\ki)\ij aj

= |C]? aj AkjAii aj (A.61)
applying in the second line the identity from Eq. (2.148). We identify A;; in
Eq. (A.61) as the trace of A\, and thus obtain

e e = |C)? tr(\) ay Akj a;

= |C’|2 tI’(A) a;-‘ )‘ij aj, (A62)
where we rename the dummy index k — ¢ in the final step. Solving Eq. (A.62)
for C, we obtain the normalisation constant as
1
C=——. (A.63)
\/ tr()\) a’f Aij a;
Substituting Eq. (A.63) into (A.59) yields the final expression for the normalised
polarisation vector,
)\ij aj

\/ tI‘(A) CL;k )\ij Q; ’

which matches the expression in Eq. (2.151).

(A.64)

€; =
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A.7 Inhomogeneous wave equation

In the following, we derive the inhomogeneous wave equation in Fourier space
from Maxwell’s equations in a linear dielectric medium. We assume all fields
vary as exp[i(k - r) — wt], which allows us to use the known transformations

En — —lw, (A.65)

V—ik. (A.66)

Applying Fourier transforms to Egs. (A.44) and (A.45) yields

kxE="B, (A.67)

C

4
kxB=-2D-"Tj. (A.68)
c c
To eliminate B in Eq. (A.68), we solve Eq. (A.67) for B and substitute into

Eq. (A.68), resulting in

2 4
kx(kxE)=-2D- 7%
c c
w? 4w,

where we use D = € E. Using the GraBmann identity k x (kx E) = k(k-E)—k? E,
we rewrite Eq. (A.69) as

w? dTw,
mk—H@E+§fE:— o
w?k? kk 14,

where the second line is obtained by multiplying the first line by ¢?/w? and
factoring out k2 on the left-hand side.

We now define the refractive index n and unit directional wave vector k as

k2 2
n? = wj , (A.71)
E:%. (A.72)
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Substituting these into Eq. (A.70) and using index notation, we obtain

[ng(l@fﬂj — 51]) + Gij]E]‘ = —T]l . (A??))

Equation (A.73) motivates the definition of the dispersion tensor
Aij = n®(kikj — 65) + €55, (A.74)
with which Eq. (A.73) takes the compact form

i4m
Aij(k,w)Ej(k7w) = —Tji(k,w) . (A75)
This equation is also known as the inhomogeneous wave equation (or dispersion
relation) for a cold plasma (see Appendix A.10), while the corresponding
homogeneous wave equation in Eq. (A.53) determines the natural modes of the
plasma in the absence of sources.

Finally, we define the normalised polarisation vector® e, which describes the
direction of the electric field oscillations, given by

_ E(k,w)
e(k,w) = Blk.o)]’ (A.76)
e-e" =1, (A.TT)

where the second line ensures unit norm.

A.8 Particle motion

To derive the equations of motion for a charged particle in a plasma, we assume
a uniform magnetic field pointing along the z-axis,

B=(0,0,B)". (A.78)

We begin with the relativistic Newton-Lorentz equation

dp ¢
E:E(E_FVXB)’ (A.79)
p(t) =ymv(t), (A.80)

S5We sometimes refer to both E and e as the polarisation vector, where e encodes only the
orientation of the field, while E is the full electric field vector.
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where Eq. (A.80) gives the relativistic momentum vector. For simplicity, we
neglect the electric field E, and define the initial condition for the velocity at
t=0as

v(0) = (ev1,0,v.)", (A.81)
where v, is the perpendicular velocity component, v, is the parallel velocity
component, and the sign variable ¢ is defined as

=L =41, (A.82)

lq

For the following derivation, it is useful to define the gyrofrequency {2 and the
relativistic gyrofrequency €2, given by

B
g 4B (A.83)
mc
6qne _ 2 (A.84)
=== ,

Using v = (vz,vy,v;)", evaluating the cross product in Eq. (A.79) with B
from Eq. (A.78), incorporating Eq. (A.80) and the definitions from Eqs. (A.82)—
(A.84), while treating -y as a constant, we obtain

dv, ~
E :EQ’Uy7 (A85)
dvy ~

Y— _ Q) A.
g eQu,, (A.86)
dv

d = . A
T 0 (A.87)

Differentiating Eqs. (A.85) and (A.86) with respect to time once more and
substituting into them, we find

d?v,

ETE R eQ e —(e0)?v,, (A.88)
d?v ~ dv, ~
dto =—c() O —(e0)?v,. (A.89)

Hence, v, (t) and v, (t) are harmonic oscillators of angular frequency €2, describing
a circular motion in the z-y plane. The general solutions for such differential
equations are (e.g. Martin & Shaw 2015)

v (t) = Cy cos(e Qt) + Cy sin(e Qt), (A.90)
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vy (t) = C3 cos(e Qt) + Cy sin(e Q1) . (A.91)

Using the initial condition from Eq. (A.81), we determine the constants to be
Ci=c¢cvy,(Cy=C3=0,and Cy = —ev, . This yields the velocity vector as

v(t) = [evy cos(e Qt), —cv, sin(e Qt),v.]T. (A.92)
With r(¢) = [ d¢v(t) and the initial condition
r(0) = (0, Ry, 0)T, (A.93)
where the gyroradius R, is defined as

Ry == =— (A.94)

we find for the position vector

r(t) = [Ry sin(e Qt), Ry cos(e Qt), v, t]T. (A.95)

The above assumptions of a uniform, constant magnetic field are consistent
with the numerical computations of the GS emission and absorption coefficients
in Chapter 6, where the coefficients are computed locally, instantaneously, and
individually at each node. In this limit, the electron motion describes a helical
trajectory, where the field can be treated as uniform and constant across a
single gyration.

A.9 Regularisation of products of Dirac
delta distributions

Equation (2.121) in Section 2.3.6 contains a product of two Dirac delta
distributions that becomes a delta-squared expression, which is mathematically
ill-defined and requires regularisation to proceed with the derivation of the
spontaneous emission probability expression. In this section, we illustrate how
the identity in Eq. (2.122) emerges as a valid regularisation of the delta product.

Let 2 = w—Fk.vs, a = ve), and b = v/ eQ. Then the product of delta
distributions in Eq. (2.121) becomes

S(w—veQ—k,v,)0(w—1eQ—k,v,) =6z —a)d(z—0b). (A.96)
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As distributions in the variable z (with parameters a, ), we have that for any
test function Y(r)7,

/y(m) d(x —a)d(x —b)dx = Y(a)d(a —b)

= /y(x) 0(x—a)d(a—0b)dx. (A.97)
The identity shows, in the distributional sense, that
0(x—a)d(x—b)=d(x—a)dla—Db). (A.98)

We now regularise the otherwise ill-defined expression in Eq. (A.98) using the
Fourier representation of the Dirac delta. The singularity arises when a = b,
in which case the product d(z — a) §(x — b) becomes [§(z — a)]?, which is not
defined in standard distribution theory. The standard identity in Eq. (2.63) can
be reformulated in terms of the period T to

d(w) ! /OO dtexp(iwt)

).

1 (T2
= lim —/ dt exp(iwt), (A.99)

T—o00 277 —T/2

and regularised over a finite interval T as
1 [T/?

or(w) = Y= o dt exp(iwt)

1
T

{exp(i wT/2) —exp(—iwT/2)
2tw

_ sin(wT/2)

™w

T . wT
= 5 - sinc (2) , (A.100)

where sinc(z) = sin(z)/x.

Furthermore, we consider the behaviour of d7(a—0b) as b — a. Using Eq. (A.100)
and applying L’Hopital’s rule to evaluate the sinc expression, we find
T
lim 07 (a — b) =

b—a 27 ’

(A.101)

"The result is symmetric in a and b, so picking b would just result in relabelling later v
and v'.
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This suggests that

lim 6(a — b) ~ lim lim dp(a —b) = 0, (A.102)
b—a T—00 b—a
in agreement with the interpretation of the Dirac delta as a distribution.
Consequently, the regularised product é(a — b) 6(z — a) in the case of a = b can
be interpreted as

d6(a—0b)d(x—a) ~ %5(:3—@). (A.103)

Applying this to the double delta sum in Eq. (2.121), we now write

Zé(w—usfl—kzvz)é(w—u’sﬂ—kzvz)

T -
— ﬁzy:c?(w—yeQ—kzvz), (A.104)

which matches Eq. (2.122).

A.10 Cold plasma dispersion relation

In the following, we derive the expressions for the cold plasma conductivity and
dielectric tensors. The cold plasma dispersion relation is a classical result in
plasma physics (e.g. Stix 1962; Boyd & Sanderson 2003), which we derive here
in more detail. In the cold plasma approximation, thermal motions and pressure
are neglected. Starting from the Newton-Lorentz equation in Eq. (A.79), we
assume small-amplitude wave perturbations and linearise Eq. (A.79). We denote
the background magnetic field as By, and assume small perturbations in velocity
v1, electric field E; and magnetic field B, superimposed on static background
fields. The velocity, electric field, and magnetic field are then written as

vV =vg+Vy, (A.105)
E=E;+E;, (A.106)
B=B,+B;. (A.107)

We assume the plasma is initially at rest, implying vo = 0, and that Eq = 0,
while B is uniform and constant. Since vi, E;,B; < 1, we ignore second-order
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terms during linearisation. The resulting linearised Newton-Lorentz equation
then reads

dvy qs
—=—(E B A.108
1 mc( 1+v1 xByg), ( )

where the subscript ¢ denotes the particle species.

Considering plane-wave solutions of the form vi(r,t),Eq(r,t),B(r,t)
expli(k - r — wt)], we perform the transformations from Eqs. (A.65) and (A.66)
to write Eq. (A.108) as

—iwvl = % (E1 + v X Bo) . (A109)

S

To simplify the vector equations, we introduce the complex variables
Vit = V1g 101y, (A.110)
Eir =By, £iFEy,, (A.111)

going from Cartesian coordinates to a polarisation basis. The velocity
components then become

Ui+ = —Elj:7

V1iy = Elz, (A112)

where Q¢ and e are defined in Egs. (2.131) and (2.132), respectively. The total
current density vector is defined as the sum over all particle species ¢,

ji :qungvl. (A.113)
.
Ohm’s law, accounting for all particle species, is expressed as

ji=)_o.E, (A.114)
S

where o = ) o is the total conductivity tensor. We can obtain the components
of the current density vector by substituting the velocity components from
Eq. (A.112) into (A.113) to find

) iwpg
— E e T
Jix . 47 (wFecfd) 15>
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2

) )
== B, (A.115)

where we rewrite the components using the plasma frequency

471 neg?
2 S
Whe = R s (A.116)

of particle species ¢. Comparing Eqgs. (A.114) and (A.115) allows us to identify
the expression for the conductivity tensor (in circular basis) as

w2,
i ZS‘ wfepg Qe 0 ) 0
Ocircular =— E 0 Zg w+;:g§ 0 . . (A].].?)
oo o

To compute the conductivity tensor in Cartesian basis, we can obtain the z-
and y-components of the current density and electric field vectors (dropping

the index 1) via

1
B+ B = B, = 3(By + E_),
1
E+7E—:>Ey:272(E+7E—)7
. ) . 1. , 1
J+tI)- =z = §(J+ +j-) = §(U+ Ey+o_E_),
. ) . 1. , 1
J+ —J-=Jy = 570+ —J-) = 5 (04 By —0- E_), (A.118)

where o4 and o_ are the elements 11 and 22 of the tensor in Eq. (A.117),
respectively. Combining the relations in Eq. (A.118) allows us to obtain

Jo=gllox +0-)Ex +i(og —0-) By,

Jy = 5l=i(oy —0-) By + (04 +0-) Ey]. (A.119)

N = DN =

Then, using Eq. (A.119) and the expression for j, from Eq. (A.115), we can
identify the conductivity tensor elements in

jz Oxx Oxy 0 K,
Jyl =loy oy 0 |- |E, |- (A.120)
jz O 0 Oyy Ez
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To derive an expression for the dielectric tensor, we combine Eqs. (A.69) and
(A.114) to find

2 .
kx (kxE)= -2 {e+mo]E7 (A.121)

2 w
where the term in brackets is the total dielectric tensor. In a cold plasma, € = 7.

For general cases, we write
X%
€ =€+ E —o,
w
S

o 147
' = 0ij + i (A.122)

using index notation in the second line.

From this, we derive the tensor elements egz?t by inserting the computed
conductivity tensor elements. It is possible to identify specific recurring
terms, known as Stix parameters, which enable a more compact notation. The
dielectric tensor can then be expressed as Eq. (2.125) with the dimensionless

Stix parameters in Eqgs. (2.126)—(2.130).

A.11 Altar-Appleton-Hartree approxima-
tions

The AAH approximations are derived from the Stix parameters by considering
only the contribution of the electrons to the dielectric properties of the plasma
(Stix, 1962), appropriate in high-frequency regimes where electron dynamics
dominate. We define the dimensionless parameter

w?

wh = %, (A.123)
where wype is the electron plasma frequency from Eq. (A.116). Additionally,
since we consider the electron limit, we explicitly define the (signed) electron

gyrofrequency

Q.- -8B (A.124)

Me C

Using this, the Stix parameters in Eqgs. (2.126), (2.127), and (2.130) reduce to

WTW

R=1-
w—90Q,’

(A.125)
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, (A.126)

P=1-uwh. (A.127)
Hence, ion contributions are negligible when w > Q| and w > wp;.

From these approximations, we can derive expressions for various combinations of
the Stix parameters that appear frequently in the dispersion relation calculations,
including

RL= (1 - w‘”jge) <1 - w“l‘ge) _ (lw_z ‘fé_ % (A.128)
D:;(R—L):—o‘;’:‘_"%g, (A.129)
S = % (R+L) = w? (221"22 % (A.130)

PS=(1 _WT)Oﬂ 1-wh) -0 w?(1-uwh)’-02(1-uw) C(A131)

w? — Q2 w? — Q2
A helpful identity in this context is S? — D? = R L.

To obtain an approximate expression for the quantity F appearing in Eq. (2.141),
we start from the general form of F? in Eq. (2.142). Inserting the AAH
expressions for RL, P S, and D from above, after regrouping and simplifying,
we eventually identify the common factor

A% = Q% sin*(0) + 4w? (1 — w)? cos?(h). (A.132)
Using this, we can write F as

F?=(RL— PS)*sin*(0) + 4 D? P? cos*()

(wh2 02 A2
= m (A.133)
wi Q. A
F = 5 0z ) (A.134)

where in the last line, we keep only the positive root, consistent with physical
wave modes.

To derive an expression for n%, which emerges in Eq. (2.167), we start from the
general solution of the homogeneous dispersion relation An* — Bn? +C = 0,
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whose solutions are

, BEVBI_1AC
e = 24
_ ., [ BEVE-aAC

2A

adding a zero

B 2A-BFVB?—-4AC
2A '

In the second line, we add a strategic zero. In the third line we then expand

the —1 with the denominator of the fraction, and combine the terms. Next, we
multiply both numerator and denominator of the fraction in Eq. (A.135) by

2A—-B4++vB2—-4AC to obtain
o, 2(A=B+0)
* 29A-B+VB2_4AC

Now, applying the AAH approximations to the coefficients A, B, and C from
Egs. (2.138)—(2.140) and inserting them into Eq. (A.136) yields the final form
for the refractive index squared as

=1 (A.135)

(A.136)

2wl w? (1 —wh)
1=1- : A.137
it 2w2 (1 —wh) — 02 sin?(0) £ Q. A ( )

To evaluate the longitudinal and transverse components of the polarisation
vector (with respect to the wave vector), given in Egs. (2.159) and (2.160),
respectively, it is necessary to find an expression for the tensor element Ass.
From the A tensor in Eq. (2.135), we have (accounting for the two modes)

Aot = P S —ni [P cos?(6) + S sin®(0)]
=PS—-nl A, (A.138)

where we identify A from Eq. (2.138) in the second line. Using A = (B £
F)/(2n2), this becomes

+
Aogs = PS — BTF . (A.139)

Inserting the expression for B from Eq. (2.139) into Eq. (A.139), we arrive at
the simplified form

[(PS—RL)sin*0) ¥ 7] . (A.140)

|~

Aooy =
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With Eq. (A.140) in hand, we can find expressions for K1 and 71 by substituting
A221 into Egs. (2.159) and (2.160), yielding

D sin(0) (ni - P) B 2 D sin(f) (P —n3)

Ke= Moot T (PS—RL)sin?(0) £ F’ (A.141)
_ DPcos(d) 2D P cos(0)

Te = Ao (PS—RL)sin?(0) FF° (4.142)

Equation (2.161) can be further evaluated by using Eqgs. (2.149) and (A.140)
to find
1 FF(PS—RL) sin?(9)

e 7 . (A.143)

Applying the AAH approximations to Eq. (A.143) by using Eq. (A.134) and
PS—RL=Q%w/(w? - O2), we obtain
1 AFQ sin?(09)
T2+1 2A '

(A.144)

We use the AAH relations also in Egs. (A.141) and (A.142) to derive
approximations for £y and 71. Using Eq. (A.134) for F, we find for K,

2w (1 —wh —n2) sin(9)

’C =
* Q. sin2(0) FA

(A.145)

and similarly for 71 we obtain

2(1 —wh)w cos(h)

Te =g, sin?(0) F A

(A.146)

To derive an expression for 24 in Eq. (2.176), we first find expressions for
ar and by in Egs. (2.163) and (2.164), respectively. Using Eqgs. (A.145) and
(A.146), we find for ay,

atr = K4 sin(f) + T+ cos(6)

~ 2w[(1 —w') —nZ sin®(0)]
B Qe sin?(0) F A ' (A.147)

Similarly, we obtain for by the expression

by = Ky cos(f) — T sin(f)
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2wn3 cos(f) sin()
Q sin?(0) F A

(A.148)

Finally, we can compute 2[4 by inserting a1 and by from Egs. (A.147) and
(A.148) into Eq. (2.176), resulting in

A = aiN— +by Z’
=T, |:COS(0)ZI; — sm(@)lgjj + Ky [s1n(o9);i + cos (0 )gj_

(A.149)

T {COS(G) — N+ 5|] Ki

ny B sin(0) n+ B
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