S84l UNIVERSITY
%t OF TURKU

This is an Accepted Manuscript version of the article published originally by
Springer accepted for publication in the journal:

Journal of Mathematical Sciences

This version may differ from the original in pagination and typographic details.
When using, please cite the original.

AUTHOR(S)
Dovgoshey, O., & Kostikov, A.

TITLE
Delhomme-Laflamme-Pouzet—Sauer Space as Groupoid

YEAR
2024

DOI
10.1007/s10958-024-07352-1

CITATION

Dovgoshey, O., & Kostikov, A. (2024). Delhomme-Laflamme-Pouzet-Sauer
Space as Groupoid. Journal of Mathematical Sciences, 284(3), 315-328.
https://doi.org/10.1007/510958-024-07352-1

VERSION
Accepted Manuscript

LICENSE
In Copyright © 2024 Springer


https://doi.org/10.1007/s10958-024-07352-1

DELHOMME-LAFLAMME-POUZET-SAUER SPACE
AS GROUPOID

OLEKSIY DOVGOSHEY AND ALEXANDER KOSTIKOV

ABSTRACT. Let R = [0,00) and let d* be the ultrametric on R
such that d*(z,y) = max{z,y} for all different z,y € RT. It is
shown that the monomorphisms of the groupoid (R*,d*") coincide
with the injective ultrametric-preserving functions and that the auto-
morphisms of (R*, d*) coincide with the self-homeomorphisms of R™.
The structure of endomorphisms of (R*,d*) is also described.

1. INTRODUCTION. ULTRAMETRICS AND PSEUDOULTRAMETRICS
Let denote by R* the set of all nonnegative real numbers.

Definition 1.1. Let X be a nonempty set. An wultrametric on X is a
function d : X x X — R* such that for all z,y, 2 € X:
(i) (d(z,y) =0) <= (z = y), the positivity property;
(ii) d(x,y) = d(y, x), the symmetry property;
(ili) d(z,y) < max{d(z, z),d(z,y)}, the strong triangle inequality.

If d is an ultrametric on X, then we will say that (X, d) is an ultrametric
space.

The following ultrametric space was introduced by Delhomme,
Laflamme, Pouzet and Sauer in [6] and this space is the main focus
of our research.

Let us define a mapping d™ : RT x RT — R* as

+ o 07 if p=4q,
(1.1) d"(p,q) '_{ max{p, q}, otherwise.
Then d* is an ultrametric on R*.

Different properties of ultrametric spaces have been studied in [1, 6,
7,12-23,25-31, 33, 37, 38, 42, 43, 45, 46]. The importance of the space
(R, d") and its subspaces in the theory of ultrametric spaces was noted
by Yoshito Ishiki in [21].
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2 OLEKSIY DOVGOSHEY AND ALEXANDER KOSTIKOV

The useful generalization of the concept of ultrametric is the concept
of pseudoultrametric.

Definition 1.2. Let X be a nonempty set and let d : X x X — R™ be
a symmetric function such that d(z,x) = 0 holds for every z € X. The
function d is a pseudoultrametric on X if it satisfies the strong triangle
inequality.

If d is a pseudoultrametric on X, then (X, d) is called a pseudoultra-
metric space.

Definition 1.3. A function f : Rt — R% is ultrametric-preserving
(pseudoultrametric-preserving) if (X, fod) is an ultrametric space (pseu-

doultrametric space) for every ultrametric (pseudoultrametric) space
(X, d).

Remark 1.4. Here we write f o d for the mapping
Xx X SR LR

As in [11] we denote by Py and the set of all ultrametric-preserving
functions and, respectively, by Ppy the set of all pseudoultrametric-
preserving ones. We also will use the following designations:

In(Py) — the set of all injective f € Py;

In(Ppy) — the set of all injective f € Ppy;

Ai(Ppy) — the set of all f € Ppy with injective restriction fir+\s-1(0);

ASI — the set of all f: RT — R* with f(0) = 0 and strictly increasing
restriction f|R+\f—1 (0)>

ST — the set of all strictly increasing f € ASI;

End(S, %) — the set of all endomorphisms of a groupoid (.5, *);

Mon(S, *) — the set of all monomorphisms of (S, );

Aut (S, x) — the set of all automorphisms of (S, *).

The main goal of the present paper is to prove the equalities

(1.2) ASI = End(R™, d"),

(1.3) SI = Mon(R",d").

The paper is organized as follows. The next section contains some defi-
nitions and results related to groupoids, ultrametric-preserving functions,
and pseudoultrametric-preserving ones.

The main results of the paper are given in Section 3. Equalities (1.2)
and (1.3) are proved in Theorems 3.6 and 3.9 respectively.

Theorem 3.14 shows that Aut(R*,d") coincides with the set of all
self-homeomorphisms of R*.
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2. PRELIMINARIES ON ULTRAMETRIC-PRESERVING FUNCTIONS AND
GROUPOIDS
Recall that f: RT — R* is increasing iff
(@ >b) = (f(a) = f(b))
holds for all a,b € RT. Moreover, f : Rt — R* is strictly increasing iff
(@ >b) = (f(a) > (b))
holds for all distinct a,b € R*.
A function f:R" — R is said to be amenable if f~(0) = {0}.
P. Ponsgriiam and I. Termwuttipong found the following simple char-
acterization of Py in [33].

Theorem 2.1. A function f : RT™ — R" is ultrametric-preserving if and
only if f s amenable and increasing.

The next extension of Theorem 2.1 was obtained in [9)].

Proposition 2.2. The following conditions are equivalent for every func-
tion f: Rt — R*.
(i) f is increasing and f(0) = 0 holds.

(i) f is pseudoultrametric-preserving.

Remark 2.3. The set Py of ultrametric-preserving functions was also
studied in [2,3,10,24] and [44].

Proposition 2.2 and the definition of SI imply the following corollary.
Corollary 2.4. The equality

(2.1) SI = In(Ppy)

holds.

Proof. To prove (2.1) it is sufficient to note that an increasing function
f is strictly increasing if and only if f is injective. 0

Lemma 2.5. Let us consider arbitrary f € In(Ppy). Then f is
ultrametric-preserving,

(2.2) f ePy.

Proof. 1t follows from f € In(Ppy) that f € Ppy. Since f belongs to
Ppuy, f is increasing and the equality

(2.3) f(0)=0
holds by Proposition 2.2. The injectivity of f and (2.3) imply

f71(0) = {o}.
Thus f is amenable and increasing. Hence (2.2) holds by Theorem 2.1 [
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Lemma 2.5 gives us the next proposition wich will be used in Section 3
below.

Proposition 2.6. The equality

(2.4) In(Ppy) = In(Py)

holds.

Proof. Theorem 2.1 and Proposition 2.2 imply the inclusion
(2.5) In(Ppy) 2 In(Py).

Suppose now that f : RT — RT is an arbitrary element of the set
In(Ppy). Then the membership

(2.6) fePy
is valid by Lemma 2.5. Since f is injective, (2.6) implies
f € In(Py).

Consequently the inclusion
In(Ppy) C In(Py)
holds. The last inclusion and (2.5) give us (2.4). O
Let us recall some definitions connected with the concept of groupoid.

Definition 2.7. A groupoid is a pair (S,*) consisting of a set S and a
binary operation x : .S x S — S which is called the composition on S.
An element e € S of a groupoid (X, ) is said to be the identity of S if
the equalities

exs=s5%xe=S35
hold for every s € S.

Remark 2.8. Nicolas Bourbaki uses the term “unital magma” to refer to
a groupoid with identity element (see Definition 2 in [4, p. 12]).

It is easy to prove that, for arbitrary groupoid (S,x*), the identity
element is unique if it exists, see, for example [41], p. 111, Proposition 1.
In what follows we denote such element as 1g.

Let us consider the basic example of a groupoid for us.

Example 2.9. Let (R*,d") be the ultrametric space defined by for-
mula (1.1). Then (R*,d") is a groupoid with the composition d* and
the identity element

(2.7) lg+ = 0.
To see that (2.7) holds it suffices to note that the equalities
d*(x,0) =z =d*(0,x)
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follow from (1.1) for each x € R*.

Definition 2.10. A groupoid (S, %) is said to be a monoid if S contains
an identity element and * is associative.

Example 2.11. Let us define a composition V on the set RT as
xVy=max{z,y}

for all z,y € R*. Then (RT,V) is a monoid with the identity element

(2.8) Ig+ = 0.

To see that (RT, V) really is a monoid and (2.8) holds, it suffices to note
that the equalities

max{{z,y}, z} = max{x,y, 2z} = max{x,{y, z}}
and
max{z,0} = max{0,2} =z
are satisfied for all z,y,z € R*.

Proposition 2.12. The groupoid (R™,d") is not a monoid.

Proof. Indeed, let z,y € R™ and let the double inequality
(2.9) x>y>0
hold. Then using (1.1) and (2.9) we obtain
d"(d"(z,2),y) =d"(0,y) =y #0=d"(z,2) = d"(z,d"(z,y)).
Thus the composition d* is not associative. U

Definition 2.13. Let S = (S, %,1g) be a groupoid. Then a mapping
®: S — Sis called an endomorphism if, for all x,y € S, we have

Oz xy) = (z) * B(y)
and the equality
d(1g) =15
holds. An injective endomorphism S — S is called a monomorphism
of S. The bijective endomorphisms of S are called the authomorphisms

of S.

Lemma 2.14. A function f : Rt — R is an endomorphism of the
groupoid (RY,d") if and only if f(0) =0 and the equality

fd(z,y)) = d"(f(z), f(y))
holds for all x,y € R*.

Proof. Tt follows from Definitions 2.7 and 2.13. U
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3. MAIN RESULTS

Let us turn now to the set End(R™,d") of endomorphisms of the
groupoid (R*,d").

Lemma 3.1. The inclusion
(31) End(R+, d+) g PPU
holds.

Proof. Let us consider an arbitrary endomorphism f of the groupoid

(R, d7),

(3.2) f € End(R*,d").
To prove inclusion (3.1) we must show that
(3.3) f € Ppu.

By Proposition 2.2 membership (3.3) holds if f is increasing and satisfies
the equality

(3.4) £(0) = 0.
Equality (3.4) follows from Definition 2.13 and membership (3.2). Thus,
it is enough to prove that f is an increasing function, i.e.

(3.5) fl@) < fy)
holds whenever x,y € R™ and
(3.6) r < y.

Let us consider arbitrary x,y € R satysfying (3.6). By Lemma 2.14
membership (3.2) implies the equality

(3.7) Fd*(z,y) = d*(f(x), f()).
Using (1.1) and (3.6) we obtain the equality d*(z,y) = y. The last
equality and (3.7) give us

(3:8) fly) = d*(f(z), f(y))-
Suppose first that f(y) = 0. Then we can rewrite (3.8) us
(3.9) d*(f(x), f(y)) =0.
Since d* is an ultrametric, (3.9) is valid iff

fa) = f(y),
that implies (3.5). If f(y) # 0, then (3.8) implies the equality
(3.10) fy) = max{f(z), f(y)}.

Inequality (3.5) follows from (1.1) and (3.10).
The proof is completed. O
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The following example shows that End(R*, d*") is a proper subset of
PPU.

Example 3.2. Let a be an arbitrary point of (0,00). Let us define

f:RT - R as
0, if t=0,
F(t) = { a, otherwise.

Proposition 2.2 implies f € Ppy. Suppose that f is an endomorphism
of (R*,d"). Then, by Lemma 2.14, the equality

(3.11) fld™(z,y)) = d*(f(z), f(y))

holds for all z,y € R*. In particular, for x = 0 and y = 1, using (1.1)
we obtain

(3.12) fla) = f(d™(0,1)) = d*(f(0), f(1)) = d™(0,a) = a.
Similarly if x =1 and y = 2 then (3.11) implies

(3.13) fla) = fH(d"(1,2)) = d*(f(1), f(2)) = d"(a,a) = 0.

It follows from (3.12) and (3.13) that @ = 0, contrary to a > 0. Thus we
have

fePpy and f ¢ EndR",d").
By analysing Example 3.2, we can prove the following lemma.

Lemma 3.3. Let a € (0,00) and let f : RT — R be a function such
that f(0) =0 and

flx)=fly)=a
for some different x,y € (0,00). Then f is not an endomorphism of the
groupoid (RY, d"),

f ¢ End(R*,d").

Lemma 3.4. The inclusion

(3.14) End(R",d") C ASI
holds.

Proof. Let us consider an arbitrary function
(3.15) f € End(R*,d").
We must show that

(3.16) f € ASL

Suppose contrary that
(3.17) f ¢ ASIL
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By Lemma 3.1, membership (3.15) implies
(3.18) f € Ppu.

Now using (3.18) and Proposition 2.2 we obtain that f is increasing and
satisfies f(0) = 0. Hence (3.17) implies that the restriction of f on the
set RT\ f71(0) is not strictly increasing. An increasing function is strictly
increasing iff it is an injective function. Thus fig+\-1(0) is not injective.
Consequently there are a € (0,00) and z,y € R*\ f~1(0) such that

(3.19) f@) = fy) =a
The equality f(0) = 0 implies
RT\ £71(0) C (0, 00).

Consequently the points a,z and y belong to (0,00). Now applying
Lemma 3.3 we obtain
f ¢ End(R",d")

contrary to (3.15). Thus (3.16) is valid, that implies (3.14). The proof
is completed. O

Lemma 3.5. The equality
ASI = Ai(Ppy)
holds.

Proof. Let f : RT™ — R™ be an increasing function such that f(0) = 0.
Then the restriction figr+\s-1(0) is strictly increasing iff this restriction is
injective. U

The following theorem is the first main result of the paper.
Theorem 3.6. The equalities
(3.20) End(R",d") = ASI = Ai(Ppy)
holds.
Proof. By Lemma 3.5 we have the equality
ASI = Ai(Ppy).

Moreover, Lemma 3.4 gives us the inclusion

End(R*,d") C ASIL.
Hence (3.20) holds iff
(3.21) ASI C End(R*,d").
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To prove (3.21) let us consider an arbitrary function f € ASI. It is
sufficient to show that

(3.22) f € End(R*,d").
By Lemma 2.14 membership (3.22) is valid if
(3.23) Fd™(z,y)) = d™(f(2), f(v))

holds for all z,y € R*.
Let us consider arbitrary x,y € R™. Suppose first that

(3.24) z,y € f71(0).
Assume, without loss of generality, that

T =y.
Then d*(z,y) = x holds by (1.1) and we have
(3.25) fl@)=fly) =0

by (3.24).
Now using (3.24) and (3.25) we obtain (3.22),
fld™(z,y)) = f(x) = 0=d"(0,0) = d"(f(z), f(y))-

Suppose now that exactly one from the points z,y belongs to f~1(0).
WLOG , let z € R\ f71(0) and y € f~'(0). Then we have

(3.26) f(x)>0 and f'(y)=0.

The membership f € ASI implies that f is increasing. Conse-
quently (3.26) implies the inequality

(3.27) d*(f(x), f(y)) = f(x).
Now using (3.26), (3.27) and (1.1) we obtain
(3.28) f(d™(z,y)) = f(x)
and

(3.29) d*(f" (@), fT () = f).

Thus (3.23) holds. To complete the proof of (3.22), it remains to consider
the case when

(3.30) r,y € RT\ £710).

If x =y, then f(z) = f(y) and consequently we have

fld™(z,y)) = f(0) =0 =d"(f(z), f(y)),
that implies (3.22). Suppose that z # y. WLOG let = > 0.
Then (3.30) implies
f(x) > f(y)
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Therefore (3.28) and (3.29) follows as above.

Thus equality (3.23) is valid for all z,y € R, that implies the validity
of (3.22).

The proof is completed. O

The next theorem was proved in [11].
Theorem 3.7. The sets End(R™,V) and Ppy are the same,
(3.31) End(R",V) = Ppy.

This theorem implies the following

Lemma 3.8. The equality

(3.32) Mon(R*,V) = In(Ppy)

holds.

Proof. Equality (3.32) follows from (3.31) and the definitions of
Mon(R*,V) and In(Ppy). O

The next theorem is the second main result of the paper.

Theorem 3.9. The equalities
(3.33)  Mon(R",d") = SI = In(Py) = In(Ppy) = Mon(R*, V)
hold.
Proof. The equality

Mon(R*,V) = In(Ppy)
was proved in Lemma 3.8. Lemma 2.5 and Proposition 2.6 give us the
equalities

SI = In(Py) = In(Ppy).
Consequently (3.33) holds iff
(3.34) Mon(R*,d") = SL.

Theorem 3.6 implies the equality
End(R",d") = ASL

The last equality and Definition 2.13 give us

(3.35) Mon(R",d") = {f € ASI: [ is injective}.
Now using the definition of the sets ASI and SI we see that
(3.36) SI={f e ASI: f is injective}.

Equality (3.34) follows from equalities (3.35)—(3.36).
The proof is completed. O
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Corollary 3.10. A function f : Rt — R* is a monomorphism of the
groupoid (RY,d") if and only if f is amenable and strictly increasing.
Proof. It follows from (3.33) and Theorem 2.1. O

Our next goal is to characterize the set Aut(R™,d*") of all automor-
phisms of the groupoid (RT,d™).
Lemma 3.11. Let f: R™ — R" be increasing. Write
f(zo+0) :=inf{f(x): x € (x,00)},
and
Flo — 0) 1= sup{f(z) : z € [0,20)}
for each xy € (0,00) and, in addition, denote by f(0+ 0) the infinum of
the set {f(x):x € (0,00)},
f(O+0) :=inf{f(z):x € (0,00)}.
Then f is a continuous function on R if and only if
f(0) = f(0+0),
and the equalities
f(xg = 0) = f(zo) = fzo+0)
hold for each xqy € (0,00).
For a proof see |32, pages 204-205].

The next lemma follows directly from Theorem 5 of [5] (see pages
338-339).

Lemma 3.12. A mapping f : R™ — R" is a self-homeomorphism of R*
if and only iof

fRT) =RT
and f is strictly monotonic and continuous on RY.

Remark 3.13. In Lemma 3.12 and Theorem 3.14 we consider R™ as a
topological space with topology included by the usual metric

d(l’,y): |£L’—y|, for l’,yER+.

Theorem 3.14. The following statements are equivalent for every func-
tion F: RT — R*.

(i) F € Aut(R*, d").

(ii) F is strictly increasing and satisfies the equality

(3.37) F(RY) = R*.

(iii) F is a self-homeomorphism of RY.
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Proof. (i) = (ii). Let F belong to Aut(R*,d"). Then
F € Mon(R",d")

holds and, consequently, F' is strictly increasing by Corollary 3.10. The
validity of (3.37) follows from Definition 2.13. Thus (i) holds.

(11) = (4i1). Let (#i) hold. Since F is strictly increasing, F' is
strictly monotonic. Moreover, (3.37) holds by statement (i7). Thus,
by Lemma 3.12, statement (i4i) is valid if F' is continuous.

Suppose contrary that F is a discontinuous function. Then, by
Lemma 3.11,

(3.38) f(0) < f(0+0)

or there is zy € (0, 00) such that

(3.39) f(xo—0) < f(xo+0).

If (3.38) holds, then using (3.11) we obtain the equality

(3.40) (f(0), f(0+0)) N f(RT) =0

where

(3.41) (f(0),f(0+0)={xeR": f(0) <z < f(0+0)}.

The interval (f(0), f(0 4 0)) is nonempty by (3.38). Hence F(R") is a
proper subset of RT,

(3.42) F(RY) CR*
contrary to (3.37).

If inequality (3.39) satisfied for some point zy € (0, 00), then reason-
ing in a similar way we can prove that (3.42) also holds. Since (3.42)
contradicts (3.37), statement (ii7) follows.

(14i) = (7). Let F': R™ — R" be a homeomorphism. We must prove
that
(3.43) F € Aut(R*,d").

By Lemma 3.12, equality (3.37) holds. Consequently, by Definition 2.13,
(3.43) is valid iff

(3.44) F € Mon(R",d").

It follows from Corollary 3.10 that (3.44) holds if F is strictly increasing
and satisfies the equality

(3.45) F(0) = 0.

Let us prove equality (3.45).
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The restriction of F' on the interval (0,00) is a homeomorphism of
(0,00) on RT\ {F(0)}. Consequently R*\ {F(0)} is a connected subset
of R*. The last statement is valid iff (3.45) holds.

Equality (3.45) and Lemma 3.12 imply that F' is strictly increasing.
Indeed, let 2y be an arbitrary point of (0,00). Since F' is a bijective
mapping (3.45) implies that

F(xg) € (0,00).
Thus the inequality
(3.46) F(zo) > F(0)

holds. By Lemma 3.12, the mapping F' is strictly monotonic. The last
property and (3.46) imply that F' is strictly increasing.

Thus (3.44) holds. Statement (i) follows.

The proof is completed. 0

It should be noted that the concept of ultrametric-preserving functions
has been extended to the special case of “ultrametric distances” (see [8]).
These distances were introduced by Priess-Crampe and Ribenboim [34]
and were studies by different researchers [35,36,39,40]. It seems to be
interesting to find generalizations of the main results of the present paper
to groupoids generated by such distances.
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