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whose irrationality exponents are strictly greater than 2. This
class contains an uncountable subclass of Liouville numbers.
© 2024 The Author. Published by Elsevier Ltd. This is an open access
article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The fractional part of the expansion of a real number in some base can be interpreted as a
right-infinite word. Major open problems in number theory concern the expansions of well-known
numbers such as +/2, 7, or e. The inverse problem of inferring properties of a number &, whose
fractional part matches a prescribed infinite word x has attracted much attention especially in
the last two decades. One of the most significant results is that of Adamczewski and Bugeaud [3]
from 2007 stating that if the factor complexity function p(x, n) of an aperiodic infinite word x (a
purely combinatorial notion) is sublinear, then & is transcendental. More recently, Bugeaud and
Kim [13] introduced the notion of the exponent of repetition of an infinite word and studied it in
relation to Sturmian words proving, among other results, that if lim,_, o(p(X, n) —n) < oo, then the
irrationality exponent of & is at least 5/3 + 4«/%/ 15. The exponent of repetition is closely linked
to the notion of the Diophantine exponent of an infinite word. The significance of this notion is that
the Diophantine exponent of X is a lower bound to the irrationality exponent of &. In this paper, we
consider the class of regular episturmian words and prove results on their Diophantine exponents
by characterizing their initial nonrepetitive complexity function. This provides novel results on the
irrationality exponents of numbers whose fractional parts match a regular episturmian word.

1.1. Episturmian words

An infinite word is Sturmian if it has exactly n 4+ 1 distinct factors (subwords) of length n for all
n. Sturmian words have many equivalent definitions and they can be generalized in various ways
depending on the definition being used. Generalizing the work of de Luca on iterated palindromic
closure, Droubay, Justin, and Pirillo introduced in [16] episturmian words that further generalize the
so-called Arnoux-Rauzy words [8]. This purely combinatorial generalization is defined as follows.
For a finite word w, let w(*) be the shortest palindrome having w as a prefix. Let A = y;y, - - - be
an infinite word and define a sequence (uy) of finite words as follows:

up =g,
Ug1 = (UYx)

The limit ¢, of the words (uy) is the standard episturmian word with directive word A. An
episturmian word with directive word A is an infinite word sharing the set of factors with c4.
Sturmian words correspond to directive words that are binary and not ultimately constant. The
most famous standard episturmian word that is not Sturmian is the Tribonacci word

01020100102010102010010201020100102010102010010201 - - -

having directive word 012012012 - - -. The main results of this paper are stated for regular epistur-
mian words whose directive words are of special form. Write A in the form x‘;‘xgz - With Xg # Xgqq
and a; > O for all k. If the sequence x1x; - - - equals the periodic sequence with period 012 - --(d—1)
for some d, then we say that the episturmian words with directive word A are regular with period
d. This class of regular episturmian words contains Sturmian words (case d = 2) and d-bonacci
words, generalizations of the Fibonacci and Tribonacci words.

Episturmian words enjoy many of the good properties of Sturmian words as described in the
foundational papers [16,23,24] and the survey [19], but some properties such as interpretation as
codings of irrational rotations are lost. Standard references for Sturmian words are [26, Ch. 2], [32,
Ch. 6]. We refer the reader to [31, Ch. 4] for an introduction to Sturmian words as codings of
irrational rotations.
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1.2. Initial nonrepetitive complexity

We define the initial nonrepetitive complexity function inrc(x, n) of an infinite word x by
inrc(x, n) = max{m:x[i,i+n—1] #x[j,j+n— 1] foralli,jwith 1 <i <j < m}.

The number inrc(x, n) is the maximum number of factors of length n seen when x is read from
left to right prior to the first repeated factor of length n. In other words, the prefix of x of length
inrc(x, n) 4+ n is the shortest prefix of X containing two occurrences of some factor of length n.

The notion of initial nonrepetitive complexity was introduced independently by Moothatu [28]
and Bugeaud and Kim [13]. Nicholson and Rampersad [29] examine the general properties of this
function and determine it explicitly for certain words such as the Thue-Morse word, the Fibonacci
word, and the Tribonacci word. Their results were generalized for all standard Arnoux-Rauzy words
in [27] by Medkova et al.

In this paper, we set up a framework that allows us in principle to determine the initial
nonrepetitive complexity of any episturmian word. In order to do this, we generalize the S-adic
expansion of Sturmian words derived in [10] to all episturmian words and prove in Theorem 3.13
that an episturmian word t can be expressed in the form

t= lim T*(c)
k— o0

where c is the corresponding standard episturmian word and (py) is an integer sequence expressed
in a generalized Ostrowski numeration system. In other words, we show that each episturmian
word is a limit of appropriate shifts of the corresponding standard word c. This means that studying
a property of episturmian words can be reduced to studying the property on shifts of standard
episturmian words. Here we apply this principle and determine the initial nonrepetitive complexity
of regular episturmian words generalizing a result of Wojcik [35] on Sturmian words. This results
in Theorem 5.10 which is too complicated to be stated here. We leave the characterization of this
function for all episturmian words open.

1.3. Diophantine exponents and main results

The Diophantine exponent is a combinatorial exponent of infinite words. It is introduced in [2],
but is used implicitly in the earlier works by the same authors.

Definition 1.1. Let x be an infinite word. We let its Diophantine exponent, denoted by dio(x), to be
the supremum of all real numbers p for which there exist arbitrarily long prefixes of x of the form
UVe, where U and V are finite words and e is a real number, such that

|uve|
> p.
[UV|

The concept of Diophantine exponent has inherent interest to a word-combinatorist, and the
concept has connections to other combinatorial exponents widely studied in combinatorics on
words. What makes it special is the ingenious and simple result that dio(x) is a lower bound for the
irrationality exponent w(&x ) of the real number & , having x as the fractional part of its base-b
expansion.

The crucial result here is that of Bugeaud and Kim [13] stating that

n
dio(x) =1+ limsup ——.
n—oo INIC(X, 1)
This, together with the characterization of the function inrc(x, n) for regular episturmian words
(Theorem 5.10), provides means to find lower bounds for (&« ») when X is a regular episturmian
word.
Our two main results are as follows. The results were previously proved for Sturmian words by
Adamczewski (based on the results of [10]) and Komatsu [25] respectively.
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Theorem 1.2. Let t be a regular episturmian word of period d with directive word A = x‘;‘xgz - If
d =2 or limsup, ax > 3, then u(&p) > 2.

Theorem 1.3. Let t be a regular episturmian word with directive word A = xi”x;’z -+~ Then & is a
Liouville number if and only if the sequence (ay) is unbounded.

We thus identify a new uncountable class of numbers with irrationality exponent strictly greater
than 2 and a new uncountable class of Liouville numbers.

In addition, we show in Section 7 that it is possible that w(&¢ ) > dio(t) for an episturmian word
over a 3-letter alphabet. For Sturmian words, we have the equality (&) = dio(t) by a result of
Bugeaud and Kim [13]. Additional results on the Diophantine exponents of d-bonacci words are
provided in Section 6.

2. Preliminaries from combinatorics on words

We use standard notions and notations from combinatorics on words. For a general reference,
see, e.g., [26].

A word is a finite sequence of symbols from some finite set of letters called an alphabet. If
w = wi - - - wy, With w; € A, then we say that w is a word of length n over .4, and we set |w| = n.
The empty word, the unique word of length 0, is denoted by ¢. The set of words over A is denoted
by A*. If u and v are words such that u = u;---u, and v = vq--- vy with u;, v; € A, then their
concatenation uv is the word u; - - - uyv1 - - - vy If w = uzv, then u is a prefix of w, v is a suffix of w,
and z is a factor of w. If u # w, then u is a proper prefix of w; proper suffix is defined analogously.
If w = uv, then by u~'w and wv~! we respectively refer to the words v and u. An occurrence of
uin wq---wy, is an index i such that u is a prefix of w;wjyq --- wy. By wl[i, j] we mean the factor
w; - - - wj whenever the indices i and j make sense.

Let w be a word over A. By w" we refer to the concatenation w - - - w where w is repeated n
times. This is an integer power, and by a fractional power w¢, e > 1, we mean the word (uv)"u
with uv = w and e = n + |u|/|w|. If w = u" only if n = 1, then we say that w is primitive. The
word w is primitive if and only if w occurs exactly twice in w?. If w = uv, then the word vu is a
conjugate of w. If w = wq---wy, w; € A, then the reversal of w is the word w;, - - - wy. If a word
equals its reversal, then we say that it is a palindrome (we count the empty word as a palindrome).
If w; = wiy, for all i such that 0 < i < |w| — p, then w has period p. A mapping 7: A* — A*is a
morphism if t(uv) = t(u)r(v) for all u, v € A*.

An infinite sequence of letters x over A is called an infinite word. The set of infinite words over
A is denoted by .4®. This set is naturally equipped with the product topology. If X = x1x,x3 - - - with
X; € A, then its shift T(x) is the word x,x3 - - -. The map T is continuous with respect to the product
topology. The language Ly of x is its set of factors (the preceding notions of prefix, suffix, factor,
and occurrence directly generalize to infinite words), and by £ we refer to the set of factors of x of
length n. We say that the language L is closed under reversal if the reversal of each w in Ly is also in
Lx. If wa, wb € Ly for distinct letters a and b, then we say that the factor w of x is right special; left
special factors are defined analogously. If a factor is both right and left special, we say it is bispecial.
The set {w € A“ : Ly, C Ly} is called the subshift generated by x. The subshift is a T-invariant and
closed set. An infinite word x is ultimately periodic if x = uv® where u and v are finite words, v # &,
and v = vvv - - -. If X is not ultimately periodic, then it is aperiodic. If x = x1x, - - - with x; € A and
7:A* — A* is a morphism, then we define t(x) to be the infinite word t(x{)t(x5)- - -.

3. Episturmian words and generalized Ostrowski numeration systems

Episturmian words were introduced in [16] as generalizations of Sturmian words based on
palindromic closure.

Let A be the integer alphabet {0, 1, ...,d — 1} of d letters. Let w(*) be the shortest palindrome
having the word w as a prefix. Let A = y;1y, - - - be an infinite word over .4 and define a sequence
(uy) of finite words as follows:

up =g,
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U1 = (i)™
and set ¢, = limy_, o, Ux. We say that ¢, is a standard episturmian word with directive word A. In
what follows, we often use the name epistandard for a standard episturmian word. Each epistandard
word has a unique directive word. The words uy are called central words and they are exactly the
palindromic prefixes of c,. In fact, the words u; are exactly the bispecial factors of c,. This means
in particular that every prefix of ¢, is left special.

An infinite word t is episturmian with directive word A if £, = L¢,. Equivalently, a word t is
episturmian if £ is closed under reversal and t has at most one right special factor of length n for
all n [16, Thm. 5]. If t is binary and aperiodic, then we call t Sturmian. It is equivalent to require
that A is binary and contains both 0 and 1 infinitely often.

An episturmian word is ultimately periodic if and only if the directive word A is eventually
constant, that is, y, = a for some a € A for all n large enough [16, Thm. 3]. In this paper, we
consider only aperiodic episturmian words, so we assume that (y,) is not eventually constant.

)

3.1. The intercept of an episturmian word

Our next aim is to desubstitute an episturmian word with episturmian morphisms in a certain
way that gives rise to the concept of the intercept of an episturmian word. This generalizes the
arguments of [10] for Sturmian words.

Let A be the integer alphabet {0, 1, ..., d — 1} as before. For each y € A, define the morphisms
L, as follows:

y, ifx=y,
L =
y(%) {yx, ifx £y.

These morphisms belong to the class of episturmian morphisms; see [19, Sect. 3]. Let t be an
episturmian word over A with directive word yy, - - -. Then, depending on if the first letter of t
is yq, we have t = L, (t;) or t = T(L,,(t;)) for some unique infinite word t;. It is well-known that
t; is also an episturmian word over A (possibly over a strict subalphabet of A) [23, Thm. 3.10].
Thus there exist an integer b; in {0, 1} and a unique episturmian word t; such that t = T?1 oLy, (t1).
By repeating this decoding, we see that there exists a unique integer sequence (by) and a unique
sequence (t,) of episturmian words such that

t=(T"" oL, )o--o(T oLy )t) (1)

for all k > 1. It is easy to see that if yy = yx+1 and byq = 0, then by = 0. Indeed, if b, = 1, then
t,_1 does not begin with yi so, by the form of the morphism L, neither does t; begin with yj.
Since yy = Yk+1, this implies that by ; = 1.

Let us write the directive word A more compactly as follows:

k+1°

A=yyr-=x'% (2)

with a; > 1, and x; # x4 for all k. We call the sequence (ay) the sequence of partial quotients of t
(the choice of the name will become apparent below). Letro =0and ry, = ay +--- + a, for k > 1.
By the property given at the end of the previous paragraph, we see that b, 1---b viewed as a
word over {0, 1}) is of the form 0*1*, so we may write

biby--- = QU 11102212 . ..
for some integers ¢, such that 0 < ¢, < ai for all k. Therefore
t= (Lﬁ; 1o (T ol )CI) 0.0 (Lﬁ’;*ck o(T oly, )"‘)(t,k)

for all k. It is easy to verify that L, o T o L, =T o L, o L, for all letters y, so we find that

Tk+1 (

=T o 0 THL(t,) 3)

for all k. We call the sequence c;c; - - - the intercept of t. The choice of the name will become apparent
after we discuss Sturmian words below. Notice that the intercept of t is unique. Notice also the
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important fact that the above derivation guarantees that T“! Lﬁ} 0---0 T‘kL,a(’,j(z) is nonempty when
z is the first letter of t;,.

Lemma 3.1. Let A be a directive word as in (2). The intercept of the epistandard word c, is 0.

Proof. The word c, begins with x;, so by = 0. The claim follows by induction because t; is
epistandard by [16, Thm. 9]. O

Next we introduce several sequences of morphisms and words in order to define the important
generalized standard words and show their connection to the central words uy. See [23, Sect. 2]
for a slightly more elaborate presentation.

Let A be a directive word as in (2). Set

ag
mg =1L, o0---0L, and ‘L’kzurk:Lf:}o-woka

with 1o and 7o being the identity map, and define the sequences (hy)k>0, (Sk)k=0, and (qi)k=o0 by
setting

he = peWis1), sk = hy, = Telxer1), and g = Isil.

The words s are the (finite) standard words associated with the directive word A. By definition, the
epistandard word c, is the limit of both (hy) and (si). The words s, are primitive [23, Prop. 2.8].
Notice that if i is such that r,_; < i < r, then hy = s_1.

Let (c,) be the sequence of epistandard words such that ¢, = u,(c,) as in (1) (see Lemma 3.1)
and (unk), (thk), (Unk) (hnk), and (sn) be the respective sequences for c,. A simple induction
argument (see [23, Eq. 3]) shows that

U = pp(Up k—p)Ups (4)
for all p such that 0 < p < k. Replacing k by k + 1 and p by k — 1 in (4) yields

U1 = Mg (5)
for all k > 1. Using (5) repeatedly, we obtain

U = hgahg—s - hy_qup = h_ohg_3---hihg (6)
for k > 2. The Eq. (6) directly implies the following important formula for k > 1:

Une1 =S558 g’ (7)
Definition 3.2. Let A be as in (2), and let P(k) = max{p < k : y, = yi} if this integer exists, and
leave P(k) undefined otherwise. Define j(k) as the largest j such that j < k and x; = X1 when
P(r; + 1) exists and leave j(k) undefined otherwise.

For the next lemma, we make the following convention which makes our formulas less “noisy”.
We often have formulas involving SZ"“ where the subscript k + 1 in the superscript a1 is one
greater than in the subscript k. This conveys no essential information, so we will write s;* instead
whenever there is no risk of confusion. We also take s*~' to mean s{**'~' and s~ to mean

Ag1—C
Skk+1 k+1 etc.

Lemma 3.3. Let A be a directive word as in (2) and k > 0. If P(r, + 1) exists, then
Sk = S - SiSitk—1- (8)
If P(r + 1) does not exist, then

a a.
Sk =Sg"q+ So Kk (9)
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Proof. Suppose first that P(r, + 1) exists. Set j = j(k). First of all, as x, # Xyy1, we have
= Tp—1 (Lt = - = sp¢ As 1 k—t>j,weh d
Sk = Te1(Ly (Xt 1)) = To1(X K1) = 5,2 Tk-1(Xie1). As long as > j, we have xy_; # X1 an
Tht(Xka1) = skk_‘[f_lrk_[_l(xkﬂ) by a similar computation. Hence we find that
Sk =Sk q S (Xkrn) = Sy ST haX) = s 8 si

because x; = Xj1. Say P(ri + 1) does not exist. Then x;_; # x4 for all t such that 0 <t < k and
the above arguments yield

Sk = S 1 Thm1(Xip1) =+ -+ = S -+ " To(Xiq1)-
The claim follows as 7o(Xg+1) = Xkr1. O
The Egs. (8) and (9) imply that

Gk = kGk—1 + - - - + i1tk + Gick)—1 (10)
when P(r, + 1) exists and
Qk = k-1 + -+ d1qo + 1 (11)

when P(r, 4+ 1) does not exist. If A is periodic with period d, then we see that (qi) satisfies a linear
recurrence of order d.

3.2. Regular episturmian words

In this section, we define regular episturmian words which have directive words of special form.
This subclass of episturmian words has not had specific attention except for the paper of Glen [18]
where the powers occurring in these words are studied.

Definition 3.4. Let A be a directive word as in (2). If there exists an integer d such that d > 2,
the letters xy, - - -, X4 are pairwise distinct, and x1x; - - - = (X1 - - - X4)®, then we say that the directive
word A is regular with period d. An episturmian word is regular if its directive word is regular.

In what follows, we often assume that xyx;--- = (012---(d — 1))® for some integer d such
that d > 2. Notice that regular episturmian words are exactly the Sturmian words when d = 2.
This class includes the d-bonacci words f; which are the epistandard words having directive words
(012 ---(d— 1))*. The 2-bonacci word is called the Fibonacci word, and the 3-bonacci word is called
the Tribonacci word.

The main advantage in studying regular episturmian words is that the function j(k) is simple:
j(k) = k—(d—1) when j(k) is defined, i.e., when k > d. This simplifies many properties. For example,
from (8) and (9), we have

Sk =Sk 1" So Xkt (12)
for 1 <k <d, and

NES szil c Sii(d,l)sk—d (13)
for k > d. Two consecutive applications of (13) show that

(rs1 + 1)qr = qes1 + (Qr—d—2) — Dqk—(@—1) + Qk—a
for k > d. In particular, we see that

Qi1 < (Arr + 1)Gk (14)
for k > d. In a similar fashion, combining (7) and (13) yields that

[tr, | = arGk—1 + qr—(d+2) (15)
fork > d+ 2.

We believe that most of the results of this paper can be carried out for general episturmian
words. However, this leads to very complicated arguments; the arguments are already tedious and
complicated in the regular case.
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3.3. Generalized Ostrowski numeration systems

Let us now define a representation for a nonnegative integer n in terms of the shift T"(c,) of the
epistandard word c,. First, we prove a generalization of a famous result of Brown [11, Thm. 2].

Proposition 3.5. Let A be a directive word as in (2), and let n be a positive integer. Let cc; - - - be the
intercept of T"(c4). Then there ex1sts an mteger k such that ¢, # 0 and ¢c; = 0 for all i > k. Moreover
the prefix of ¢, of length n equals sk sk . sO‘.

Proof. We prove the claim by induction on n. From Lemma 3.1, it follows that ¢, = t1(c4’) where
A = T%(A). Thus if n < ay, then n0® is a valid intercept for T"(c,), and the uniqueness of the
intercept implies that ¢; = n. By definition, the word s; is a prefix of ¢, and s; = 171(x3) = x?‘xz,
S0 561 is a prefix of c,. This establishes the base case.

Suppose that n > a;. Then it follows from (3) and the arguments preceding it that T"~“19(c,)
is a t1-image of an episturmian word t with intercept cycs - - - (recall from above that go = 1). In
fact, as in the proof of Lemma 3.1, the word t is a suffix of the epistandard word c,.. Let w be the
prefix of ¢, such that |7;(w)| = n — ¢1qo, that is, say t = T"*!(c4/). The word w must be nonempty
asn > a; and ¢; < a;. Now 0 < |w| < n, so the induction hypothesis implies that there exists an
integer k such that ¢, # 0, ¢; =0 for all i > k, and

c
«-S 2

w = 5 A0

e k=2
where s, ; is the jth standard word for the directive word A’. By definition, we have 71(s j) = Sj41
for all j, so

T(w) = s 5 - sP.
Since T"“190(c,) = 7y(t), the word T"~1%(c,) must begin with x{'. It follows that 7i(w)s' is a
prefix of T"(c,). Since |r1(w)sg‘| = n, the claim follows. O

The connection to Brown'’s result becomes clearer as we study greedy expansions below. Thanks
to Proposition 3.5, we can give the following definitions.

Definition 3.6. Let A be a directive word as in (2), and let n be a positive integer. We let the
representation, or the Ostrowski expansion, rep ,(n) of n to be the word c; - - - ¢, where ¢, # 0 and
c1 -+ - k0 is the intercept of the word T"(c,). In addition, we set rep ,(0) = ¢.

Definition 3.7. Let A be a directive word as in (2). If ¢ - - - ¢ is a sequence of nonnegative integers,
then we set the value vala(cq - - - ¢¢) of ¢1 - - - ¢ to be the number

k
Z Ciqi—1.
i=0

We often omit the subscript A in rep,(n) and val,(w) if the directive word A is clear from
context.

It follows from Proposition 3.5 that if rep,(n) = ¢ - - - ¢, then val,(c; - - - ¢x) = n. Therefore the
Ostrowski expansion of an integer can be viewed as an expansion with respect to the numeration
system associated with the sequence (qi) (for a gentle introduction to numeration systems, see
the book [33]). However, we emphasize that the Ostrowski expansion of a number n does not
necessarily coincide with the greedy expansion of n with respect to (qy) as indicated by the following
example.

Example 3.8. Consider the nonregular directive word A = 010(201)®. Then (qx) = (1,2, 3,7,. )
so the greedy expansion of the number 6 is 002 since6 =0-1+0-2+2-3. Now c, = 0100102 -

so T8(c,) = 2--- and ¢c; = 1. As in the proof of Proposition 3.5, the prefix 01001 of ¢, is an
Lo-image and T®(c,) = T(Lo(T3(c))) where A’ = 10(201)°. Next ¢, = 1012...,s0 ¢, = 1

8
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and T3(cy) = T(Li(T(car))) with A” = 0(201)”. As the intercept of c,» is 0”, we find that
rep,(6) = 111, so the Ostrowski expansion of 6 is different from its greedy expansion.

Our next aim is to prove that the Ostrowski expansion of an integer coincides with the greedy
expansion in the important special case of regular episturmian words. We leave the characterization
open in the case of nonregular directive words. Whenever we discuss greedy expansions below, we
assume that the greedy expansion is written the least significant digit first and without trailing
zeros.

Definition 3.9. Given a directive word A as in (2), an infinite word c;c; - - - over the alphabet
{0, 1, 2, ...} satisfies the Ostrowski conditions if 0 < ¢, < a; for all k and for all k > 1 the following
implication holds:

P(ri + 1) exists and ¢; = a; for all i such that j(k) <i < k = c¢jg) = 0.

A finite word c; - - - ¢ satisfies the Ostrowski conditions if it is a prefix of an infinite word satisfying
the Ostrowski conditions.

If A is regular with period d, then the Ostrowski conditions state that 0 < ¢, < a, for all k and
that if ¢; = g; for all i such that k — (d — 1) < i < k and k > d, then ¢;_(4_1) = 0.

Lemma 3.10. The intercept of a regular episturmian word satisfies the Ostrowski conditions.

Proof. Let cic,--- be the intercept of a regular episturmian word t with directive word A as in
(2). The property that 0 < ¢, < qy for all k follows directly from the derivation of the intercept
preceding Lemma 3.1. Suppose that P(r; + 1) exists, that is, say k > d, and assume that ¢; = q;
for all i such that k — (d — 1) < i < k. Let z be the first letter of t;,. From (3) and the discussion
following it, we see that

T o -+ o T*L(2) (16)

is a nonempty prefix of t. Suppose for a contradiction that there exists a largest £ such that z = x,
with k — (d — 1) < € < k. Thus T4Ly/(z) = T%(x{'z) = z when i > £. It follows that

TLY o o T*LK(2) = TLi'(z) = ¢

because z = x; and ¢, = a, > 0. This contradicts that (16) is nonempty. Since the directive word
A contains d distinct letters, we deduce that z = X,_g—1). Thus z = X4 for x;x; - - - is d-periodic.
Clearly TSLS (xk+1) T (x X1+1) = Xgqq for all i such that k—(d—1) <i < k. Slnce the prefix (16)
must be nonempty, we deduce that To-(- ULx;‘ 1 (Xir1) # €. As Xi_(a_1) = Xi1, the only option

is that ¢x_(g—1) = 0. Therefore c;c; - - - satisfies the Ostrowski conditions. O

The arguments presented so far generalize those of [10]. In the case of Sturmian words, the
sequence of partial quotients (ai) can be viewed as the continued fraction expansion [0; ay, az, .. .]
of a number o which equals the frequency of the letter x, in t. A Sturmian word t can be seen as
a coding of the rotation x — x 4+ « of a point p in the torus [—«, 1 — «). The point p, often called
the intercept of t due to the connection to so-called mechanical words, can be expressed as a sum

oo
> cl@ire = pir)
k=1

where py_1/qr—1 are the convergents of « and (ci) is an integer sequence satisfying the conditions
0 < ¢ < ay for all k and ¢x1 = axr1 = ¢ = 0 for all k. The sequence (ci) is exactly the intercept
of t in the sense we defined above and the conditions match the Ostrowski conditions. Moreover,
the denominators of the convergents match the lengths of the associated standard words. The sum
representation of p often goes by the name of Ostrowski expansion of a real number. For the proofs
of these facts and more details, see [10]. Thus the concepts we defined have nice number-theoretic
interpretations in the context of Sturmian words. Unfortunately no such interpretations are known

9
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for general episturmian words. See [16, Sect. 5] for an intercept defined for episturmian words that
are fixed points of morphisms.

Equalities like (3) make sense even when the word cic,--- does not satisfy the Ostrowski
conditions. A whole theory of so-called spinned directive words has been developed for studying
alternative representations of episturmian words; see [ 19, Sect. 4]. Our notion of intercept coincides
with the normalized directive word of [20].

Lemma 3.11. Let A be a directive word as in (2). If ¢; - - - ¢ satisfies the Ostrowski conditions, then
vala(cr -+ k) < G-

Proof. Let us prove the claim by induction on k. The base case is established by observing that
val(e) = 0 < qo = 1. Say P(ry + 1) exists, and set j = j(k). Assume first that there exists a largest i
such that j < i < k and ¢; < a;. Then
val(cy - --¢) = val(cr -+ - ¢io1) + €iGim1 + Gip1qi + -+ - + AGr—1
< Gi—1+ (@ — 1)qi—1 + Qir1Gi + - - - + QGr—1
< aj+1Gj + - - - + Ak Gk—1
< Qk
where the first inequality follows from the induction hypothesis and the final inequality follows
from (10). Suppose then that no i like above exists. The Ostrowski conditions now imply that ¢; = 0,
S0
val(cy ---¢) = val(cr -+ - ¢o1) + Gj41G5 + - - - + QG-
< @j—1 + Gj41G + - - - + AGr—1
= gk
by the induction hypothesis and (10).
Suppose then that P(r; + 1) does not exist. Then
val(cy - - - ) < val(ay - - ) = aiqo + - - - A1 < G

by (11). The claim follows. O

Proposition 3.12. Let A be a regular directive word. Let c,---c, be the greedy expansion of a
nonnegative integer n with respect to the numeration system associated with (qy). Then rep,(n) =
C1- - Cg.

Proof. If n = 0, then the claim is clear as the greedy expansion of 0 is ¢ by convention. Suppose
that n > 0. Let £ be the largest integer such that g,_; < n. Then there exists a unique nonnegative
integers by and r,_q such thatn = byqy_1+1,_1 withr,_1 < qp_1. Writing similarly r; = b;qi_14+ri_1

fori=+¢—1,...,1yields the greedy expansion by - - - by of n with respect to (qy). It is evident that
vala(by---b;) < g fori =1,..., £ Let then rep,(n) = c¢; - - - ¢. It follows from Lemma 3.11 that
vala(cy---¢) < qifori=1,..., k. For the claim it suffices to prove that by---b, =c;1--- .

Without loss of generality, we may assume that k < £.Ifk < ¢, then val(b; - - - by) > val(0¢~11) =
qe—1. Then val(cq - - - cx) < qx < q¢—1 which contradicts that vala(by---bg) = vala(cy---cx) = n.
Therefore k = £. Suppose by symmetry that ¢, < b,. If ¢, < by, then by---by,_1(by — ¢) and
Cq - -+ Cxk—10 represent the same number which is impossible by what we just argued. Thus b, = cy.
By repeating the argument for the words c¢;---cx_q and by ---by,_1, which represent the same
number, we see that ¢y --- ¢y = by - - - by. The claim follows. O

Proposition 3.12 allows easy computation of Ostrowski expansions in the case of regular directive
words. For example, if A = (012)*, then (qx) = (1, 2,4, 7, 13,24, 44, ...) and rep,(7) = 0001 and
rep,(10)=1101as 10 =142 +7.

Observe how the proof of Proposition 3.12 fails in Example 3.8. We have rep(6) = 111, but it is
not true that val(11) = qo + ¢ = 14+ 2 = 3 < ¢, = 3. Thus a result akin to Lemma 3.11 is not
valid for general directive words.

10
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3.4. Auxiliary results on generalized standard words

In this section, we prove further results on generalized standard words needed in this paper.
Most of the presented results appear in some form in [23, Sect. 3.3]; our proofs follow a somewhat
different philosophy being based purely on properties of the numeration system. See also [24] on
additional results on the numeration system.

Proposition 3.5 states that if in an episturmian word has intercept c - - - ¢,0%, then it equals
Tvalc1a)(c,). We generalize this to arbitrary intercepts as follows. This result is found as [16,
Thm. 3.20].

Theorem 3.13. Iftis an episturmian word with directive word A as in (2) and intercept cic; - - -, then

t = lim T %) (c,).

k— o0

For the proof, we need the following lemma.

Lemma 3.14. Let A be a directive word as in (2) and cic, - - - be an intercept. Then there exists an
integer k such that ¢, < ay.

Proof. This proof is similar to that of Lemma 3.10. Let z be the first letter of t, where t,, is as in
(3). Since A contains finitely many distinct letters and is not eventually constant, there must exist
integers j and k such that j < k, x; = z, and x; # z, when j < i < k. If ¢; < a; for some i such
that j < i < k, then the claim is clear, so assume that ¢c; = a; when j < i < k. It follows that
T<Lg(z) = T%(x{"z¢) = z for all i such that j < i < k. Therefore

T9L) o - T*L(z) = T9LY(2i) = T9(z)

since x; = z. It follows from (3) that T%(z;) must be nonempty, so we conclude that ¢; = 0. The
claim follows. O

Proof of Theorem 3.13. Since the suffix of an intercept is a valid intercept, Lemma 3.14 implies
that there exists an increasing integer sequence (k,) such that ¢,, < ay, for all n. From (3), we have

_ TC17a1 . TCkn—1 Ak —1 ¢ Akn —Ckp
t=TOLy - TH Lo (X, Ziy - )

for a letter z;,. Thus t and the episturmian word with intercept ¢; - - - ¢x,0“ have common prefix
ciya Chry—1 7 Hkn—1 7, %n —Ckn
TOLG - T L (" " 2y,

1

By definition, we have [T“1Ly! - Tfkn—lLf:L‘:;

(Xk,)| = 1, so this common prefix equals

ciya Ce—17 %kn—1 Ak —Cep —1
T ILXI o Thn 1kag,1 (xkn) . Tkn71(xkn" " Zk, ).

The length of this common prefix is thus has at least |t,—1(z,)|, and this length tends to infinity
as n — oo provided that the directive sequence A is not ultimately constant (we always assume
this). If we denote the episturmian word with intercept c; - - - ¢,0” by ti, we have t = limy_, o t.
Since t, = TV!(¢1"%)(¢,4) by Proposition 3.5, the claim follows. O

The significance of Theorem 3.13 is that, in principle, the properties of a general episturmian
word reduce to those of shifts of an epistandard word. This result suggests to consider the longest
common prefixes of the words in the sequence (T'3(“1*%)(c,)). This is found in Lemma 3.20, but
we need several auxiliary lemmas for the proof.

Lemma 3.15. The word u,, is a proper prefix of s for all k > 1.

Proof. If k = 1, then u,, = sg' ' by (5) and (7) and s; = s3'x,, so the claim holds. Assume
that k > 1. Say P(r + 1) exists. Since both u,, and s, are prefixes of c,, it suffices to show that

11
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[ur, | < Iskl. By (5) and (7), we have |u, | = (ax — 1)qx—1 + Gx—1qx—2 + - - - + a1qo. Moreover, we have
Gk = GkGk—1 + -+ + Gigo+1Gj00 + Gigk—1 by (8). Thus [s| — [ur | = qe—1 — [u, | Since j(k) < k, we
have [Urgy | < lug_, |- Thus by the induction hypothesis, we have |si| — |u, [ > qx—1 — |uy_,| > 0.
When P(r, + 1) does not exist, the claim follows by similar arguments. O

Lemma 3.16. We have the following implications for all k > 0.

-1

: . +1
(i) If P(rx+1 + 1) and P(ry + 1) exist, then sy 15k = SZ* Urig Uriges 1, Sk ]
ax+1_—1

(i) If P(ry41 + 1) exists and P(r, 4 1) does not exist, then Si;1Sk = S Xk+lurj(k+1)
(iii) If P(ryy1 + 1) does not exist and P(ry + 1) exists, then sy 1S, = sk u,j(k)karzsk.
(iv) If neither P(r1 + 1) nor P(ry + 1) exists, then S5k = Sy X X 25k

Proof.. Suppose that P(ry4q + 1) exists. As j(k + 1) < k + 1, we see that Urj ) Is @ prefix of sy.
Applying (7) and (8), we have
x\—1 + * -1 * 5 -1
()7 k18K = S+ S 1)tk 1)=1 Uy Uy Sk = Seq 750" Upy Sk
When P(r + 1) exists, then sp* | - - - sg* = = Skl and (i) holds. If P(ry + 1) does not exist, then we
deduce from (9) that

A -1
(g ) skqask = S’{xk+]ur(k+1)5’(s

so (ii) holds.
Suppose then that P(ry,1+ 1) does not exist. Then sy 1 = sz* .- -SS*X,<+2 by (9). If P(ry + 1) exists,
then sp* | - sp" = Skliry,, like above, and we have

(5") ™Sk 1Sk = Skl Xk 25k
o (iii) holds. If P(ry 4+ 1) does not exist, then
(56 ) Sk 1Sk = SkXig, 1 Xea2Sks
and we see that (iv) holds. O

Lemma 3.17. For all k > 0 the word s"*Jrl is a prefix of ¢, if and only if P(ry + 1) exists. If P(ry, + 1)
does not exist, then s xkﬂxkﬂ isa prefx of c4. The word s"*+2 is not a prefix of c4.

Proof. By Lemma 3.15, the word uy, ., is a proper prefix of sy. Say P(r + 1) exists. Lemma 3.16
implies that the word s“*Jrl is a prefix of sy, 1Sk. Since s 1Sk is a prefix of ¢4, we see that sa*+ is
a prefix of ¢4. Suppose that P(ri + 1) does not exist. Then (ii) or (iv) of Lemma 3.16 holds. ln the
latter case, the word s”*“ cannot be a prefix of sy, 1S; because x;11 # Xxii2 by definition. In the
former case, we have sy 15y = sk 1x,;:1 51 Sk Since sy is a prefix of cA, we see that the words s
and uy, , +1 share the prefix up, . xj(kH) (ﬂlerefore Sk415k has prefix s;* kaxj k+1)- By definition,
we have Xjj41) = Xk42, SO we see that sk kakarz is a prefix of c4. L1ke above, the word s“*“ is
not a prefix of c,. Thus we have proved the first and second claims.

Let us then prove the final claim. If P(ry + 1) does not exist, then the second claim shows that
sﬁ*“ is not a prefix of ¢4, so assume that P(r, + 1) exists. Suppose first that P(ri1 + 1) also exists.

The first claim shows that siH is a prefix of ¢4. From Lemma 3.16, we see that

1 ax+1 -1

2
Skr1 = Sk urj(k)urj(l(+l)s u’J(k)urj(kH)

Because sk is a prefix of ¢, and Uri i

) is a proper prefix of s, by Lemma 3.15, we see that the prefix
asx+1

s of s,(Jrl is followed by urﬂk)ﬁ‘,{‘ﬁﬁ Sl.mllarly, the word s, has the word Uy Xk+1 aS @ prefix. Since
Xk+1 7 X2, We conclude that s, 17 is not a prefix of c,.

Assume then that P(rp41 + 1) does not exist. Then s 1= SZ* i Xk2+ Since sﬁH is a prefix of
c, and Uiy is a proper prefix of si, we see that if sa*+ is a prefix 0% C4, then x> = Xj. Because
Xj(k) = Xk+1 and Xiy1 7 Xki2, We conclude that sa*Jr is not a prefix of c,. O

12
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Based on Lemma 3.17, we give the following definition.

Definition 3.18. If P(r, + 1) exists, then we let t; to be the longest word such that sﬁ*“tk is a prefix
of ¢, with period qy. If P(r, 4+ 1) does not exist, then we set t; = x,;fl.

Notice that the word ¢ is a proper prefix of s, when P(ry 4 1) exists, but t; can be empty.
Lemma 3.19. For all k > 0, we have sLtk = Uy, 4 for all i such that 1 <i < agqq.

Proof. Suppose that P(r, + 1) exists. By Lemma 3.17, the word si is a prefix of ¢4, S0 sity is a
right special prefix of c¢4. Therefore sity, = u,., for some integer ¢ (recall that the central words
uy are as bisgecial factors exactly the right special prefixes of ¢, ). It follows from [23, Eq. 2] that
Upin = Lxl(uﬂ)1 )x1 where u((]ﬁ] is the (¢4 1)th central word associated with the directive word T(A).
The word u,,, can be repeatedly decoded like this for a total of £ 4+ 1 times to obtain the empty
word i} *D_0n the other hand, we have sity = 1, (Xk11)tk, SO it must be possible to decode sty at
least r;, times before obtaining an empty word. Therefore r, +1 < £ + 2.
Assume for a contradiction that r, + 1 < £ + 2, that is, r, < £. By (8), we may write

a a
Skt = sk*—l ce Sj(;{)sj(k)—ﬁk = hrk—l ce hrj(k)—ltk-

On the other hand, by (6), we have sgty = h; - - - hg. As r, < £, the word hy - - - hg contains the product
hy—1- - hrj(k)_l, and we see that |t;| > |h¢| > |hy,| = qi. This contradicts the definition of t;. We
have thus proved that sify = uy,4q. The rest of the claim follows by observing from (5) that the

differences [uy4iy1] — |ur+il equal g for i = 1, ..., a1 — 1. These correspond to the differences
syt el — Isitel fori=1,..., a1 — 1.

Let us then assume that P(ry + 1) does not exist. Lemma 3.17 again implies that st is a central
x

word. B;y (9), we have s = Sp* | -+ -Sg" X1 SO Skt = Sg= 1+ +Sg* = hp—1++-ho = uy4+1 because
ty = X;,1- The rest of the claim follows as above. O

The following lemma was proved for Sturmian words in [35, Prop. 5.2..2].

Lemma 3.20. Let A be a regular directive word and cic, - - - be an intercept. Let k > 1, and assume
that there exists a least positive integer n such that c,., # 0. The length of the longest common prefix
of TV W)(¢,) and TV~ n)(c ) equals |5y, Sy -+ S| — val(cy -+ ).
Proof. As A is regular, it follows from Lemmas 3.10 and 3.11 that qyy,—1 — val(cy - - - ¢¢) > 0. Thus
we can let v to be the suffix of sy, of length qyyn—1 — val(cy - - - cx). Suppose that P(riyn—1 + 1)
exists. Then Lemma 3.17 implies that Sz:__;‘l_ltk+,&7] is the longest prefix of ¢, with period qyin—1.
Therefore the word Tval(cl"'ck)(_t:A) lalafcpreﬁx vski;”qt,prn_l. Since ¢y = -+ = Gp1 = 0, the
word TVa(€1"%k+n)(c,) has prefix vsy}, ™ tkrn—1. SINCE Cyn > 0, we have by the definition of the
word ti,,_; that the longest common prefix of the words T"¥€1"%)(c,) and TV (“1%+n)(c,) equals
st’j:an] tyern—1. The claim follows by a short computation applying Lemma 3.19.

The same arguments apply when P(ri,—1 + 1) does not exist as then the longest prefix of c,

; : as+1 -1 : —1
with period qx4n—1 equals s~ tkin—1 and txyn—1 = X . Notice that [x, | =—1. O

Let us then find out when the length of the longest common prefix increases. Let k > 1 and n;
and n, be the two least positive integers such that ny < 1, Cgqp, # 0, and ¢y, # 0. Let v be the
longest common prefix of T3(1%)(¢c,) and T %m)(c,) and v, be the longest common prefix
of T¥€1%m)(¢,) and TV %ma)(c ). By Lemma 3.20, we have

a4y —C. a. a. a a. a
|v2| - |U1| = |Sk*+n2*—l k:—nz—2 o '50*| - lsk:nl—lsk:—n]—Z o 'SO*|’
$0 |va| — |v1] > O unless n; = ny + 1 and Agqn, = Cyny-

Lemma 3.21. Let A be a regular word and cyc; - - - be an intercept. Define
M= 18y sy -+ so° | — val(c - - k)
for all k > 0. The sequence (ny) is nondecreasing and limk_, o, Nk = 0.

13
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Proof. Let k > 0. Then

A+2 —Ck+2 Ak a
Nk+1 = |Skf:1 o Sk e '5()1 | —val(cy -« Crg1)
a a
> 1558 = val(er i)
Ag41—Ck a, a
= |s; H <+1$kk_1 "'501| —val(cy--- )
= k>

so () is nondecreasing. From the discussion preceding this lemma, we see that n..q = ny if and
only if @42 = cgy2. By Lemma 3.14, there exist infinitely many k such that c,2 < ag.2. Since (1)
is nondecreasing, this shows that limy_, ., ny = co. O

Many additional properties of the words s, could be easily derived, but we do not need them in
this paper, so we will stop after the following required result.

Lemma 3.22 ([23, Thm. 3.17]). Let A be a directive word as in (2) and y be a letter occurring infinitely
many times in A. Define an intercept cic, - - - as follows: ¢, = 0 if x, =y and ¢, = ay if Xy # y. Then
c1Cy - - - is the intercept of the word yc .

Proof. Since y occurs infinitely many times in A, arbitrarily long central words u; are followed by
the letter y. As the language of ¢, is closed under reversal and uy, are palindromes, we see that yu
is a factor of ¢, for infinitely many k. Since c, is the limit of the sequence (uy), it follows that yc,
is an episturmian word with directive word A.

Let dqd; - - - be the intercept of yc,. Say y # x;. Then yc, = yx?xz -, 80ycy =T o Ly, (ycu)
where A’ = T(A). It follows that d; = a;. Suppose then that y = x;. Now it is plain that
yea = Ly, (ycar), so we have d; = 0. It follows from induction that yc, has the claimed intercept. O

4. Rauzy graphs of episturmian words

Let x be an infinite word. The Rauzy graph I"(n) of order n associated with the language of x is
a directed graph with vertices £y and edges Ly. There is an edge e from vertex u to vertex v if and
only if e has prefix u and suffix v. Each word with the language £y corresponds to an infinite path
in the graph I"(n) starting from its prefix of length n. The initial nonrepetitive complexity inrc(x, n)
can be determined from 7"(n): start from the vertex corresponding to the prefix of x of length n
and follow the path dictated by x until a vertex is repeated for the first time. In general, this is of
no help as the graph I'(n) can be very complicated. However, when x has low factor complexity,
there are only few right special factors of length n and the analysis is more likely to succeed. This
is indeed the case with episturmian words whose Rauzy graphs have especially nice form.

An episturmian word t with directive word A can be equivalently defined as an infinite word
such that its language is closed under reversal and it has exactly one right special factor of each
length [16, Thm. 5]. The reversal of the right special factor must thus be left special, so there is
exactly one left special factor and exactly one right special factor of each length. A moment’s thought
shows that this means that I"(n) is composed of cycles sharing a common part, called the central
path, like in Fig. 1. The number of cycles depends on the number of letters that eventually appear in
the directive word. If t is regular with period d, then there are exactly d cycles. Indeed, each central
word uy has as a suffix all shorter central words, so each central word is followed by each letter 0, 1,
..., d—11n c4. The suffixes of the central words yield right special factors for each length, and the
claim follows. Notice that we just argued that the central words are right special. This means that
they are left special because they are palindromes. Therefore the central path of I'(|u|) reduces to a
single vertex. Notice that the graph I'(n) “evolves” to I'(n+ 1) in a deterministic fashion whenever
n does not equal the length of a central word: the central path is shortened by one edge and all
cycles maintain their number of edges. When n equals some |uy|, the evolution or “bursting of the
bispecial factor” is determined by A. In the case of episturmian words, determining inrc(t, n) is
thus rather straightforward: find out the location of the vertex v corresponding to the prefix of t
of length n and determine the length L of the next cycle taken. If v is on the central path, then
inrc(t, n) equals L. Otherwise we need to add to L the number of edges that need to be traversed
from v to the vertex of the left special factor.
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0

Fig. 1. The Rauzy graph of an episturmian word. The left special factor corresponds to the vertex ¢ and the right special
to the vertex r. The directed path from ¢ to r is the central path.

5. Initial nonrepetitive complexity of regular episturmian words

In this section, we derive a complete description of the initial nonrepetitive complexity of
regular episturmian words; see Theorem 5.10. We specialize the most significant propositions to the
case of Sturmian words. Our proof method generalizes that of Wojcik who determined the initial
nonrepetitive complexity of Sturmian words [35, Sect. 5.3].

The majority of the results presented need the assumption that the directive word A is regular.
We make the convention that this is implicitly assumed in the following discussion, but we make
the assumption explicit in the statements of lemmas, propositions, etc.

It is natural to partition the positive integers according to the sequence (qi), but it is in fact
better to do it using the central words u;. We set

I ={lun | + 1, [up |+ 2, ..., g, 1}
for k > 0 with the convention |uy,| = —1. Clearly N is a disjoint union of these intervals. We further
subdivide each interval Z; into ay,; subintervals by setting

Tiee = {tupel + 1, .00, [Upqeq1l}
for ¢ = 0,...,a,41 — 1. Notice the following peculiarity: the first subinterval Z;o has qx_;
elements while the remaining intervals have g, elements (when k > 0). Indeed by (5), we have
Ur+1 = hp—1ly,, SO [Up 41| — || = Ry 1] = k1. Similarly |y, 4¢| — |ty 4c—1] = gk for t such that

2 <t < ay41. The chief reason for defining the intervals like this is that when the directive word A
is regular with period d, we are guaranteed that qxyq—1 > |ur,,|, that is, gky4—1 exceeds the right
endpoint of Z;. If we had defined the right endpoint of Z; to be |uy,, 1], which is a priori more
natural, this is not true when d = 2 as indicated by the proof of the following lemma.

Lemma 5.1. Let A be a regular directive word with period d. We have qy1q—1 — 1 > |uy,,,| when
k>0andd > 2. Ifd > 2, then qgrg-1 — 1 > |y, 1| for k> 0.

Proof. Let us first prove the latter claim. By (7) and (13), we have u_ 41 = sz* .- 'sg* and
Sktd—1 = Sghg_s * Sk Sk—1. When d > 2, the word sy44—1 has the factors s;_114—1 and s;"*s,_1. We

15
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=

~

Fig. 2. Plots of the initial nonrepetitive complexity of the episturmian words with directive word (001122)” having
intercepts 0“ (dark gray), (01)* (dashed light gray), and 1“ (black). The major ticks 1, 5, 17, 51, 147 on the x-axis are
the endpoints of the intervals Zy, and the minor ticks are the endpoints of the intervals Zj o.

conclude that if d > 2 and gx—144-1 > |Un+1l, then geya—1 — 1 > |uy, 1], It then suffices to check
that gg_1 > |uy,41], but this is trivially true as ur&:rl =sg" and Sq_1 = S§", - - - S Xq by (12).

Say d = 2 Like above;, we have u”<+al = ff‘z*’]skj .. -Sg* and Skl = S Sk—1. Consequently gy —
1> |up,,| if and only if |sy| — 1 > [s;”'s.”, - - - sy*|. By repeating the argument, we see that the
claim is true if and only if |s1] — 1 > |sg*_1 |. Since s; = sglxz, the claim follows. O

We set out to figure out inrc(t, n) for a regular episturmian word t when n € Z; for k > 0. In
view of Theorem 3.13, the aim is to reduce finding this number to the study of shifts of c,. In fact,
if t is regular with period d and intercept c;c; - - -, then in most cases inrc(t, n) is determined by the
word TV3(1%+i-1)(c 4 ); see Proposition 5.7 for the complete details. See Fig. 2 for example plots of
the function inrc(t, n).

Let n € Zy, for k and ¢ such that k > 0 and 0 < ¢ < ai4q, and let 6, be the length of the
central path of the Rauzy graph I'(n) of ¢, (the number of edges on the central path). The number
inrc(T™(c,), n) is determined by the cycle sequence taken in the Rauzy graph I"(n) when the word
€, is read. We denote by C, the cycle of I"(|uy,4¢+1]) containing the edge corresponding to the factor
Up,+e+1Y- We denote the length of G, by |G, . Notice that the graph I"(n) has the same cycle lengths
as the graph I'(|uy, 414]):

Let us next show that |||l = |ur+e(¥)l- Say we start at the vertex uy, 41 Of I'(|uy,4¢41]), take
the cycle G, and return to the vertex uy, 4¢+1. This sequence of vertices corresponds to a factor w of
length |u;, +¢—1]+ |G|l such that w contains exactly two occurrences of uy, 4,1, one as a prefix and
one as a suffix. If follows from [23, Eq. 2] that u;, 1¢41 = Ly, (v1)X; where vy is the (r; + £)th central
word associated with the directive word T(A). Hence the word obtained from w by removing its
last letter decodes to a word w; such that w has exactly two occurrences of vy, one as a prefix
and one as a suffix. Moreover, we deduce from the form of the morphism Ly, that the prefix v;
of wy is followed by y. This procedure may be repeated r, + £ times to obtain w, 4+, = y. The

procedure removes the suffix u;, 41 completely, so it must be that |i,+¢(V) + [Uup4e1] = |wl,
that is, |Gy [l = |ptr+eW)I.
Next we partition the interval {0, 1, ..., qxrq—1 — 1} into intervals X;, and we further divide

these intervals into subintervals A;; according to the cycle sequence as described below. Our
aim is to show that the initial nonrepetitive complexity has simple description on each ;;. See
Proposition 5.3.
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Let
! — TTk+1 _ 2 " grgte k1= Gk
A =T1(A)=x.5--- and A" =T*"(A)=x.7 x.5 .
. —04+1 . - .
Preceding the first occurrence of xZ’f]l , the standard word c,~ is formed of blocks xi’j:’]‘ y with

Y # Xi+1. We say that such a block is of type y. Notice that the block types are given by the letters of
the standard word with directive word A’. It is straightforward to verify that the number of blocks
including the first block of type x,.4 equals Ky, where

-1
Ky = H(ak+i +1).
i=2

In particular, K; = 1.
Corresponding to the ith block, 1 < i < Ky, we define an interval A; as follows. If i = 1, then we
let L; = 0, and otherwise we let L; — 1 to be the largest element of A;_;. We define
i =A{Li, ..., Li+ |t (vi)l — 1}
where y; is the type of the ith block. The number of elements of A; is simply the length of the

. . b0 -
[r,+¢-image of the block since prro(xe '~ vi) = el 1) = T (0):

Next we subdivide the interval A; into four adjacent intervals that respectively have sizes
(@1 = € = DGy |l + 6n + 1, Gy, Il = (B + 1), 65 + 1, and [[G,[| — (B + 1). More formally,
we define

Aiv={Li, ..., L+ (a1 — € = DGy, | + 6n),

hiz = {Li+ (@1 — € = DICypq I + 60 + 1, oo, Li 4+ (a1 — Ol Gy | — 1}
Aiz = {Li + (@1 — OllCoi Nl - - oo Li + (a1 — Ol Gy, II + 61}, and

Aia ={L + (@1 — OlCyq | + 00 + 1oy Li 4 (@1 — NGy | + 1G 1l — 13

Let us find out the size of the union of the intervals A; fori = 1, ..., K;. The intervals are clearly
disjoint and adjacent, so the size equals |7i1(y)] summed over the block types y. Thus the size
of the union equals the length of the t;,,-image of the prefix of ¢, having the first occurrence
of x4 as a suffix. By (12), this prefix equals v4_, where vy_, is the (d — 2)th standard word for

the directive word A’. Then the 7,,i-image of vy_, equals sy 4_1. Indeed, by definition, we have

L2 o0 Lt (Xeq), SO Ty 1(Va—2) = Thrd—1(Xkd) = Skrd—1. It follows that

Vd—2 = Ly Xe+d—1

Kq
U)»i =1{0,1,..., Qrgd—1 — 1}.
i=1

Example 5.2 (Sturmian Case). When A is binary and d = 2, we have K; = 1, so there is only one
block. Now |Gy, Il = |Tk(Xk+1)| = qr. The type y of the block is clearly x;», so

G 1l = Iitnerei2)l = |itr (Kep1Xir2)l = €qi + [ r (Xi)| = LGk + Qi1
By recalling that L; = 0, we find that the intervals A, are as follows:

A1 =10, ..., (1 — € — 1)qi + 6},

Ma={(Gks1 —€—1)q + 6+ 1, ..., (a1 — Oqr — 1},

A3 = {(@ky1 — €k, - - - (A1 — €)qx + 6}, and

Ma={(G1 —Oq+ 6+ 1,..., qey1 — 1}
The union of the intervals equals {0, 1, ..., qx+1 — 1}.
Proposition 5.3. Let A be a regular directive word. Let n and i be integers such that n € Iy , with
k>0and 0 < ¢ < ayy1 and 1 < i < Ky. Suppose that the ith block has type y;.

17
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(i) If m € A4, then inrc(T™(ca), n) = qk.

(ii) If m € A;, then inrc(T™(ca), n) = [Tes1(yi)l + Li — m.
(iii) If m € X; 3, then inrc(T™(c,), n) = €qx + |tk(y,)|
(iv) If m € A; 4, then inrc(T™(ca), n) = qx + Liv1 —

Proof. We are concerned with the cycles taken in the graph I'(n), which evolves to I"(up414¢).
Recall that the cycle sequence taken in I'(uy,414¢) is determined by the letters of the standard
word ¢ with A” = TH(A) = xZ’j:’ll lx,‘:’j:’zz ... and that the cycle lengths are given by the lengths
of the p;,4¢-images of these letters. Let v be the prefix of T™(c,) of length n.

Case A. Suppose that m € A; ;. By the discussion preceding Example 5.2, the number L; equals
the length of the w1 ,-image of the first i — 1 blocks. Then, from the remark at the beginning of
this proof, we see that reading off L; letters from the beginning of ¢, amounts to traveling complete
cycles in I"(uy,+1+¢). Since all prefixes of ¢, are left special, we see that the prefix of T!(c,) of length
n corresponds to the left special vertex of I"(n). Assume that L; < m < L; + (a1 — € — 1)||Ca>‘k+1 ”z
Since the cycle C; of I'(n) having length [|Cy,, || is initially taken a4 —¢€ times (as the word xk’jr*]1
is a prefix of c’}), it follows that v lies on C; and C; is traversed at least once more after the prefix

v of T™(c,). It follows that

inre(T™(ea), n) = Gl = Gy | = | trere(Xis 1)l = G

Assume then that L + (axy1 — € — 1[Gy, | < m < Li + (@1 — € — 1)[|Cy | + 5. Then v lies on
the central path of I'(n) during the (a,,1 — £)th traversal of C;. Hence inrc(T™(c,), n) = qy in this
case as well.

Case B. Suppose that m € A;,. By the arguments in the latter case of the previous paragraph,
we see that v lies on the cycle C; during the (a,,; — £)th traversal of C;. Moreover, the vertex v is
not on the central path of I"(n) and exactly ||Cq|| — (m — (L; + (agr1 — € — 1)||C1||)2 edges need to
be traversed to return to the left special vertex of I'(n). The ith block equals xk ¥i, so the cycle
C; is followed by a cycle C, having length |, 4¢(y;i)|. Therefore the initial nonrepetltive complexity
is determined by the return to the left special vertex of I"(n) when traversing the cycle Cy, that is,
we have

inre(T™(c4), n) = [IC1ll + IGIl — (m — (Li + (a1 — € — DI D)
= [rre(¥i)l — (M — (L + (aks1 — £)qr))
= |t(Xe1y0)| = (M = (Li + (@1 — £)i))
= Lqk + [Tyl — (m — (Li + (a1 — €)qk))
= Qg+1qk + lT(yi)l + Li —
= |tk+1(¥i)l + Li — m.

Case C. Suppose that m € ;3. Now v lies on the central path of I"(n) and the next cycle to be
traversed is C,. Since v is on the central path, the initial nonrepetitive complexity is simply [|G]|.
The claim follows from the preceding computations.

Case D. Suppose that m € A;4. In this case v lies on C, but not on the central path. From the
form of the word c,~, we deduce that the next cycle taken is Cy. Exactly L;; 1 — m edges need to be
traversed to arrive at the left special factor of I"(n). Therefore

inre(T™(e4), 1) = Ly — m+ G| = g+ Lisg —m. O

In the Sturmian case, Proposition 5.3 simplifies as follows. This result was obtained in [35,
Prop. 5.3.0.1].
Proposition 5.4 (Sturmian Case). Assume that A is a binary directive word. Let n € Iy, for k > 0 and
0 < l < Apey1.
(i) If 0 <m < (agy1 — € — 1)qx + 6y, then inrc(T™(c4), n) = qi.
(ii) If (a1 — € — 1)qi + 0y < m < (a1 — £)q, then inrc(T™(€4), n) = 1 — M.
18
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(iii) If (a1 — €)qx < m =< (a1 — £)qx + On, then inrc(T™(ca), n) = £qx + Q1.
(iv) If (kg1 — )k + Oy < M < qry1, then inrc(T™(c4), 1) = Geg1 + G — M.

Proof. The claim follows by short computations using the information provided in Example 5.2. O

The following proposition gives the nonrepetitive initial complexity of certain shifts of the
regular standard episturmian words for the lengths in the interval Z;. The statement is quite
complicated. We advise the reader to read the proof and study the implications (18), (19), (20),
and (21) rather than spending much time on the statement itself.

Proposition 5.5. Let A be a regular directive word and A’ = T™*+1(A) for k > 0. Suppose that n € I,
and let m be an integer such that 0 < m < qiq—1 and rep,(m) = ¢1 - - - Ckra—1 (possibly with trailing
zeros). Let y; be the ith letter of co» when i = vala/(Cxy2 -« * Chya—1) + 1.

(i) IfO0 < Cky1 < Ggy1 — 1 Or g1 = a1 — 1 > 0 and ¢ = 0, then we have the following
implications:

o |up| < n < |up,, | —vala(cr -+ - Crp1)
— inrc(T™(c4), n) = q,
o |up, | —vala(cr- - 1) <1 = Jup | — Crr1Ge
= inr¢(T"(ca), n) = |Tep1 Vi)l — valaler - - - Cey1)s
o [up | = Cep1qe <1 < |t | + g — vala(cr - - - Cey1)
= inrc(T™(ca), 1) = (Gg41 — Cor-1)qk + |T(Yi)l,
o |up | +qx— vala(cr -+ 1) < < up,, |
= inrc(T™(ca), n) = qi + |tk 1(i)| — vala(cr - - - Crg1)-

(ii) If ckr1 = agsq, then we have the following implications:

o |up | <n <|up |+ g —vala(ci - c)
= inrc(T"(ca), n) = |ne(yi)l,
o [up, |+ g —valacr - ) < n < up,,|
= inrc(T™(c4), n) = qi + |w(yi)l — valalcr - - - ).

(iii) If k1 = ag+1 — 1 > 0 and ¢, # 0, then we have the following implications:

o |up| <n < |up41]

= inrc(T"(ca), n) = qx + |w(yi)l — valalcr - - - ck),
o |up41l <1 < |up41] + g — vala(cr - - )

= inrc(T™(ca), n) = qi + [w(yi)l,
o U1l + g —vala(cr - ) < n < up,, |

= inr(T™(ca), n) = 2qx + [7(yi)| — vala(cq - - - k).

(iv) If ckr1 = 0 and c, = 0, then we have the following implications:

o |ug| <n < up,, | —vala(cr - 1)
= inrc(T™(ca), n) = qi,
o |up, | —valalcr - 1) < < up,|
= inrc(T"(ca), n) = |t Vi)l — valaler - - - cx—1).

(v) If ckr1 = are1 — 1 = 0 and ¢, # 0, then we have the following implications:

o |up| <n < |up,,l
= inrc(T™(ca), n) = |Te1(¥i)l — valaler - - - ).
(vi) If age1 — 1 > 1 = 0 and ¢, # O, then we have the following implications:

o |ug| <n < up,, | —valaler---cx)
— inrc(T™(c,), n) = qy.
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o |up, | —vala(cr- ) < n < |up,|
= inrc(T"(ca), n) = |t 1(yi)l — vala(cy - - - c).

Proof. Since 0 < m < Qi4—1, We see that m € A; for some i. The discussion preceding
Example 5.2 tells us that the left endpoint L; of A; equals the 7 ;-image of the prefix of ¢, of
length i — 1. Let v; = rep,(i — 1) and v, = rep(i). It follows that 0¥t'v; <jex rep,(m) <iex
01y, (here <o is the lexicographic order on N). Since v; and v, are the representations of two
consecutive integers, we see that rep ,(m) must end with v;. In other words, we have showed that
i =valp(Crya - - - Ckrd—1) + 1. Thus the type of the ith block is y; where y; is the ith letter of c,.
Assume that n € Zy; for some £ such that 0 < £ < ay1, and write
n = [Upte1] — On = |Up1] + €qk — 6. (17)

Recall that 6, is the length of the central path of I'(n) and that the intervals Z; , have size qi except
in the case £ = 0 when the size is qj_1.

Case A. Let us first consider the case where m € A;;. Now L; = val A0 s - - Crged—1), SO
m € X if and only if

0 < vala(cr -+~ k1) < (@1 — € — 1)qk + On.
Substituting 6, from (17) to the right inequality yields
N < (Ggs1 — € — 1)qi + 1] + € — vala(cr - - - Ces1)

= (A1 — DG + [Upe1] — vala(cr - - - Cpr1)
= Uy, | — vala(cr - - - 1)

The left inequality vala(cy - - - cxs1) > 0 is trivially true, so we conclude using Proposition 5.3 that
[un | <n < up,,| —vala(cr - - - ce1) = inrc(T™(ca), n) = qr. (18)

Now |up ;| = |up| + gk—1 + (a1 — 1)qk, so the antecedent is false only if vala(cq - - cx1) >
(ar+1 — 1)qk + qr—1. Using Lemma 3.11, we see that this happens exactly when ¢, 1 = axq or
Cir1 = Qg1 — 1 and ¢, # 0.

Case B. Assume that m € A; . Like above, this holds if and only if

(a1 — € — 1)q + 6, < vala(cr - - - cpg1) < (Arg1 — £)qi-

The only option is that ¢, 1 = axr1 — € — 1, which cannot happen if ay.1 = ci1. Substituting 6,
from (17) to the left inequality implies that

N> (Aerr — Dqi + [un1] — valaler - - - 1) =t | — vala(cr - -« Cepr)-

The right inequality vala(cq - - - Ckq1) < (Ag1 — £€)qi is trivially true. Since [up41q| + £qx = |Up41| +
(@41 — k1 — 1)qk = |y, | — Ckr1qk, We conclude from Proposition 5.3 that

[Urq | — vala(cr -+ - Copr) < < Uty | — Cor1qi

= inrc(T"(c4), n) = |te1(vi)l — vala(cr -+~ Cer)- (19)

Notice indeed that here Li — m = val (0% ¢y - - - Crpg—1) — m = —vala(cy - - - Cry1).
Case C. Suppose that m € A; 3. This holds if and only if

(A1 — O)aq < valalcr - - - g1) < (A1 — £)qk + Gn.

Since 6, < qy, it must be that ¢;;1 = ax1 — £, and this cannot happen if ¢,;1 = 0as 0 < £ < Gyy1.
The left inequality is trivial. Utilizing again (17), the right inequality transforms into

N < GGk + [Uper| — valaler - - - Cepr) = [, | + g — valaler - - - 1)
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As uptel = [upa| + (€ = 1gk = [upe1| + (@1 — 1 — 1)qe = un | — Ck+1Gk, We have the
following:

[Ure1] — GGk < 1< [Up, | + @ — valaler - - - 1)

= inrc(T"(€a), n) = (@er1 — Cr1)qk + [T(yi)l- (20)

Case D. Assume finally that m € A; 4. This is true only if

(A1 — €)qx + O < vala(cr -+« k1) < (k1 — )Gk + 1Tk Vi)l
From the left inequality, we obtain the following inequality:

n > Qer1qe + [Une1] — vala(cr - - - Gg1) = [, | + g — vala(cr - - - Cep).

Since n € 7 4, we see that this is possible only when g, < vala(cy - - - cx41), that is, when cxq # 0.
The right inequality holds trivially, so we have

[Ureq | + Qe — valalcr -+ Cry1) < < up,, |

= inrc(T"(€a), n) = G + |Ter1 (i) — vala(cr - - - Crr)- (21)

Here the facts Liy1 = L; + |tk1(yi)] and L; — m = —vala(cq - - - cks1) Were used.
Let us then put the above results together. If ¢y, satisfies 0 < c¢x+q < axrq — 1, then the
antecedents of (18), (19), (20), and (21) are all satisfied. Clearly the interval {|u, |+ 1,..., [uy_,|}

is partitioned by these four cases and the initial nonrepetitive complexity is determined on each
partition. Exactly the same happens if ¢,11 = ax+1 — 1 and ¢, = 0. This gives (i). Suppose then that
Ck+1 = Qx+1. Then, as we saw above, the antecedents of (18) and (19) are not satisfied, so these
cases are omitted. The left inequality is trivial in the Case C and n € Zy o, so we may now deduce
that inrc(T™(ca), n) = |w(y;)| provided that |uy | < n < |upy_,| + qx — vala(ci - - - Ceyq)- The Case D
directly applies, and we have (ii). The remaining cases are similar. O

The Sturmian case was determined in [35, Cor. 5.3.0.2].

Proposition 5.6 (Sturmian Case). Let A be a binary directive word. Suppose that n € 7, for k > 0, and
let m be an integer such that 0 < m < qyy1 and rep(m) = ¢y - - - cg1q (possibly with trailing zeros).

(i) IfO0 < Cky1 < Gry1 — 1 oOr g1 = a1 — 1 > 0 and ¢, = 0, then we have the following
implications:

® gk — 2 <n = qrpr —2—val(cq - )
— inrc(T™(c4), n) = q,
® Qrr1 — 2 —val(cy -+ Cpq1) <N < Qrg1 — 2 — 1
= inrc(T™(c4), ) = Q41 — val(cy - - - Crg1),
® Q1 — 2 — Cep1Gk < N =< Qi1 + G — 2 — val(cy - - - Cry1)
= inrc(T™(ca), n) = Q41 — Cks1Gk
® Qrr1+qr—2—val(cr- - Cr1) < =S oy — 2
= inrc(T™(ca), 1) = Qi1 + G — val(cy - - - Cry1).

(i) If cky1 = ary1, then we have the following implications:
® gk —2 <n = g1 —2—val(er - )
= inrc(T™(ca), n) = Gi-—1,
® Ger1—2—val(er---a) <M< qryr — 2
= inrc(T™(ca), n) = gk + qe—1 — val(cy -+ - ).
(iii) If k1 = age1 — 1 > 0 and ¢, # 0, then we have the following implications:
o gy —2<n=(qp+qr—1—2
= inr¢(T™(ca), n) = Gk + Ge—1 — val(cq - - - ),
® Qi+ qr—1— 2 <N < 2qx + qe—1 — 2 — val(cy - - - i)
= inr(T™(ca), n) = Gk + Ge—1,
21
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® 2qk + qk—1 —2—val(cr ) < < Qg1 — 2
= inr(T™(c4), n) = 2qx + qx—1 — val(cy - - - )

(iv) If ckr1 = 0 and ¢, = 0, then we have the following implications:

® gy —2<n = (g1 —2—val(cg - cg-1)
= inr(T"(ca), n) = qi,

® Q1 —2—val(cr - k-1) <N =< Qg1 — 2
= inr¢(T™(ca), n) = qyy1 — val(cy -+ - cg1)-

(v) If ckr1 = are1 — 1 = 0 and ¢, # 0, then we have the following implications:

® gk —2<n=(ry— 2
= inr¢(T"(cx), n) = qiy1 — val(cy - - - ck).

(vi) If agr1 — 1 > 1 = 0 and ¢, # O, then we have the following implications:

o gk —2<n=(qry1 —2—val(cr---¢)
— inrc(T™(c,), n) = .

® Q1 —2—val(cr-- ) <N < 1 — 2
= inr¢(T"(ca), n) = qiy1 — val(cy - - - ck).

Proof. An easy induction argument shows that |u, | = qx — 2 for all k > 1 in the Sturmian case.
Utilize again the computations of Example 5.2. O

Keeping in mind Theorem 3.13, we now determine which shifts of ¢, need to be considered
in order to determine the initial nonrepetitive complexity. Notice that if precise information is
not required, the first case of the following proposition can be omitted since the longest common
prefix of t and TY3(1%+d)(c,) is at least as long as that of t and TV (“1"%+d-1)(c,) according to
Lemma 3.21. Notice also that when the case (i) of the proposition applies, we can compute the
initial nonrepetitive complexity using Proposition 5.5. This result was proved for Sturmian words
in [35, Prop. 5.3.0.3].

Proposition 5.7. Let t be a regular episturmian word with directive word as in (2) and intercept
ciCcy---. Let n € 7y for k > 0.

(i) If ¢; < a; for some i such that k + 2 < i < k + d, then inrc(t, n) = inrc(TV3(C1%+a-1)(¢ 4), n).
(i) If c; = a; for all i such that k + 2 < i < k + d, then inrc(t, n) = inrc(T¥¥ (€1 %+d)(c,), n).

For the proof, we need some auxiliary lemmas. They include more information than we need,
but the complete statements could be useful in some other contexts.

Lemma 5.8. Let A = x‘lllxg2 -+ be a regular directive word with period d. Let k and i be such that
1<k<dand 0 <i <k Then tu(Xe—i) = Sp" | -+ - " iSk—(i+1)-

Proof. Let k = 1 and i = 0. Now ti(x¢_;) = 71(x1) = X1 = Sg, SO the base case is established.
Let then k > 1 and i be such that 1 < i < k. If i > O, then x; # xy_; because A is regular,
so t(xp_i) = sﬁjlrk,](xk,,-), and the claim follows from the induction hypothesis. If i = 0, then

Tk_1(Xk_i) = Sk_1, and the claim follows. O

Lemma 5.9. Let A = x{'X;?--- be a regular directive word with period d. For k and ¢ such that
0<k<dand 1< ¢ < ay1, we have

(i) tly,,,(Xis1) = S
(ii) r,<Lﬁ,(+1(xi) =SS, - -Si*si_g when 1 <i <k, and

(iii) TkLﬁm(X") = stsp* - -sgix wheni > k+ 1.
Let k, ¢, and i be such that k > d, 1 < ¢ < ayy1, and 1 <i < d. Then
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(iv) rkLﬁkH(x,-) =s;ifi=k+ 1 (mod d) and
(v) rkakH(x,-) = sﬁsﬁ*_l .- -sz*_jsk,j,1 when i # k+ 1 (mod d) and j is the smallest integer such that

k—j=1i (mod d).

Proof. Assume that k and £ are such that 0 < k < dand 1 < £ < a;,1. Notice that since A is regular,
we have X1 #x;fori=1,...,kandi =k+ 2,...,k+ d. Clearly rkaZk“(ka) = Ti(Xkr1) = Ske
It is straightforward to show that 7y(x;) = siil .- «sg*xi for i such that k+ 1 < i < d, so we obtain
Tl (%) = (X 1%i) = SgTi(Xi) = SiS" - - Sgx; for these i. Let then i be such that 0 < i < k.

TXk+1 !
Since Xx_; # Xx+1, we infer from Lemma 5.8 that

4 4 l.a a
Tely,  (Xk—i) = SpTe(Xe—i) = S8t q -+ S iSk—(i41)-

Xk-+1

This proves the first part of the claim.
Suppose then that k > d, 1 < ¢ < ay41, and 1 < i < d. Again we have rka(kH(ka) = s, which
gives (iv). Assume that i # k+ 1 (mod d). Let j be the smallest number such that k—j =i (mod d).

Applying computations as above, we obtain that

0 O

Ly, (%) = SpSp  Teo1 () = -+ - = S8y - Sy Tog(X) = SiSEy e S Skt

Xk-+1

This proves (v). O

The point of Lemma 5.9 is that the words rkL,’fk 1(xi) are ordered by length in a predictable
pattern. Let us consider the words rkakH(xi) ordered by the index i in the natural order of
{1,2,...,d}. Then the first part of Lemma 5.9 states that the lengths |rkLﬁk+1 (x;)| strictly decrease
when i increases from 1 to k + 1. The remaining words are of equal length that is strictly greater
than the preceding values. In other words, the shortest word T"Lﬁk+1(xk+1) is pushed to the right in
a cyclical fashion. The second part of the lemma states that this cyclical pattern continues modulo
d.

Proof of Proposition 5.7. Suppose that n € Z;, for some ¢ such that 0 < ¢ < a4q. Let
m = val(cq - - - Ckrd—1).- Now m belongs to the ith block where i = vala/(Crs2 - - Ckra—1) + 1 and
A’ = T'+1(A) (see the first paragraph of the proof of Proposition 5.5). Say the block has type y;.
Write n = |ty 1] + £qk — 6n.

We assume first that there exists a largest i such that k+ 2 <i < k+d and ¢; < a;. In order to
show that inrc(t, n) = inrc(T™(c ), n), it suffices to demonstrate that the longest common prefix of
these words has length at least inrc(T™(c), n) + n. Below we do this depending on which interval
Aij the number m belongs to. If t = T™(c,), there is nothing to prove, so we assume that there
exists a least positive integer j such that cx14—14j 7 0. By Lemma 3.20, the longest common prefix
of T™(c,) and TY3(€1%+d-1+i)(¢ 4 ) has length P where

1 Ox—Cx as ax
P =18 a 11-15Kd—14j—2 =~ - So” | — val(c1 - -+ Cea—1)-

It follows from Lemma 3.21 that t and TY(1%+d-14)(c,) also have a common prefix of length P.
It thus suffices to show that P > inrc(T™(c,), n) + n to establish (i).

Case A. Assume that m € A; . As in the proof of Proposition 5.5, we see that this means that
0 <wval(cq -+~ ky1) < (A1 — € — 1)qx + On, SO —6y < (A1 — € — 1)qx — val(cy - - - Cky1). Hence we
obtain from Proposition 5.3 that

inrc(T™(ca),n)+n=qy+n
= gk + un, | +£€qk — On
< |upet| + Ak qe — val(cr - - - Ceq1)
= |y 1] — val(cy - - - Ceg1)-
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By applying Lemma 3.21 and the preceding inequality, we obtain

A5 —Cx

P> [spi5 s - - sp" | — val(cr - - Cpr)
> |$k 0*| _Val(c] "'Ck+1)
= |upq+1] — val(cr - - - 1)
> inrc(T™(c4), n) +n,
so we conclude that inrc(t, n) = inrc(T™(c,), n).
Case B. Assume that m € A; . As in the proof of Proposition 5.5, we have
(A1 — € — 1)q + 6, < val(cq - - - 1) < (A — £)qx

and cgy1 = ary1 — £ — 1. Thus Proposition 5.3 gives

inrc(T™(c4), n) + n = |t 1 (yi)l — val(cy - - - 1) + [Ups1l + £qx + 6,

= |t 1)l — val(cy - - - k1) + g 1] + (A1 — o1 — 1)Gi + 6n
= |Tk+1(YI)| - Va] * Cik1 )+ |urk+1+1| (CI<+1 + 1)Qk + 9n-
<

Recall that there exists a largest i such that k + 2 i < k+dand ¢; < ag;. An application of

Lemma 3.21 yields

P> |sf e

s¢, - sgt | — val(cr - ci1)
> Qi1+ Isi, -+ sgt | — val(cy -+ 1)
> Q1 + IS - sg° | — val(cq - -+ Crgr)
= Qi1 + un 11| — val(er - - - Gep)
It thus suffices to prove that |t 1(¥i)| < qk+1 in order to conclude that inrc(t, n) = inrc(T™(c,), n).
Since y; # Xyt1, the j in (v) of Lemma 5.9 is at most d — 2 which implies that 7,41(y;) is a
prefix of s;* - - -sz*_(d_z)sk,(d,l). Since 5" -+ - Syt 1_gs15k+1—d = Ske1 by (12) and (13), it follows that
[Ter1 Vi)l < Qe
Case C. Suppose that m € A;3. Then (a1 — €)q < val(cy---ck1) < (Akr1 — €)qk + 6n,
Ck+1 = A1 — ¢, and cx4q 7# 0. Proposition 5.3 implies that
inrc(T™(ca), n) + n = |yl + £qx + g1l + €qic — 6,
= |tk 1 (Vi) — (A1 — )i + |urk+1| + ZQk — 0n
= |t 1)l — Qrer1qr + 2€qx + g 1| —
= |t 1)l — Qrr1Gr + 2(aey1 — Ck+1)qk + |urk+1| — On
= |tk 1)l + [Urepq+1] — 2Ckr1Gk — On.
Like in the previous case, we have P > @1 + |Up,+1| — val(¢q - - - Cey1), SO we just need to show
that val(cy - - - Cgr1) < 2Ckt1Gx + 6y This is equivalent with val(cq - - - ¢x) < ck+1qx + 6n and this
in turn is true when c,y; # 0 because val(c;---¢) < qx by Lemma 3.11. We conclude that
inrc(t, n) = inrc(T™(c4), n).
Case D. Suppose that m € A; 4. Now
(A1 — )G + On < val(cy -+ - Cer1) < (kg1 — )Gk + [T (¥0)
and c¢x4q # 0. From Proposition 5.3, we obtain that

inrc(T™(ca), n) +n = qi + |1 Vi)l — val(cr - - - Crp1) + ltpr1| + £qi — Oy
< i+ Qe + 11l — val(cr - Cept) — Gr1qr + £qk — On
<P+ qk — 19k + €qx — On
<P — (A1 — € — 1)q
<P

24



J. Peltomdiki European Journal of Combinatorics 118 (2024) 103942

because P > qiy1 + |up 41l — val(cr---Cep1), 60 > 0, and € < agyq. Therefore inrc(t, n) =
inrc(T™(c,), n) also in this case.

We have now finished the first part of the proof. Let m’ = val(c; - - - cx4q), and assume that
¢; = q; for all i such that k + 2 < i < k + d. Since the intercept cic, - - - satisfies the Ostrowski
conditions, it follows that ¢,y = 0 and Cgigr1 < Qksd+1. Thus we immediately see that the
preceding Cases C and D do not occur as then we had c,y; # 0. The arguments given in the Case
A still work, and we see that inrc(t, n) = inrc(T™(c ), n) when m € A; ;. Since the longest common
prefix of t and T'“/(CA) is at least as long as that of t and T™(c,) by Lemma 3.21, we deduce that
inrc(t, n) = inrc(T’“/(cA), n) if m € A; 1. We are thus left with the case m € A; . Earlier in Case B we
deduced that € = agy1 — €1 — 1, that is, £ = a1 — 1. This means that n = |uy,, | — 6y.

If T’“/(CA) = t, then the claim is clear, so we assume that there exists a least positive integer j’
such that ¢;417 # 0 (notice that since ¢x14 = ar4q4, We have j = 1). By Lemma 3.20, the longest
common prefix of t and T’"/(cA) has length P’ where

P'= |521d53/_15Z1a+j/_z
Ay —Cx

(/1% a.
> I8hd ka1 * S0 | — val(cr - -+ Crpa)
> Qird + IS¢ g1 -+ Sg7| — val(cy -+ - Cira)
= Qid + IS5 -+ Sg7 | — val(cq - -+ Cqr)

= Qikyd + U 1] —val(cr -+ - ).

-e-sgl —val(cr - - - Cega)

We used above the facts that ¢y 411 < Grrdr1, k1 = 0, and ¢; = q; for all i such that k+2 <i <
k + d. Apply Proposition 5.5 (ii) to obtain that

inre(T™ (€4), 1) = |1 ()]
for aletter y when |uy,, | < n' < |uy,, [4qe—val(c; - - - ¢). Since the initial nonrepetitive complexity
is nondecreasing and |tx1(y)| < qr+1 (see Case B), we find that

inrc(T™ (€4), 1)+ 1 < Gt + 1 = Geyr + [ty | — 6n.
Therefore

P" > Qiyd + |t 41| — val(cr - - - )
= Qitd + Uy, | + g — val(cr -+ - )
> k1 + |urk+1|

> inrc(T’"/(cA), n)+n.
It follows that inrc(t, n) = inrc(T’"’(cA), n). This establishes (ii) and ends the proof. O

We are finally in the position to give a complete description of the initial nonrepetitive com-
plexity of a regular episturmian word. This mostly amounts to putting together Propositions 5.5 and
5.7. The statement is again complicated, but all listed cases are different. The initial nonrepetitive
complexity of a general epistandard word is determined in [27, Thm. 16].

Theorem 5.10. Let t be a regular episturmian word with a directive word A of period d and intercept
c1Cy - - - Suppose that n € Ty for k > 0, and let A" = T'*+1(A) and y; be the ith letter of ¢, when
i =valy(Ces2 - Chpa—1) + 1.

() IfO0 < Ck41 < Ggy1 — 1 or cgy1 = a1 — 1 > 0 and ¢ = O, then we have the following
implications:
o |up| <n < |up,, | —vala(cr -+ - Crp1)
— inrc(t, n) = qy,
o |up, | —vala(cr - 1) <1 = Jup | — Crr1Ge
= inrc(t, n) = |t (¥i)| — valaler - - - 1)
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o |up, | = Cep1Gr < 1 < Uy, |+ qe — vala(cr - - - Cegr)
= inrc(t, n) = (1 — Cer1)qx + 1Ti)l,

o |up | +qr —vala(cr - k1) < < up, |
= inrc(t, n) = qx + |71 (Vi) — valaler - - - Ceg1)

(ii) If ckr1 = Gry1, then we have the following implications:

o |up | <n < upyq| —vala(er--- )
= inrc(t, n) = |% i)l
o U1 —vala(er---a) < n < Jup,,|
= inrc(t, n) = qx + |n(yi)l — vala(cy - - - ).

(iii) If k1 = a1 — 1 > 0 and ¢, # 0, then we have the following implications:

L4 |urk| <n=< |urk+1|

= inrc(t, n) = qx + |7(yi)l — vala(cr - - - ),
o |up i1l <n < |upq1| + qe — valalcr -+ - )

= inrc(t, n) = qx + | (yi)l,
o U1+ qr —vala(er - ) < n < up,,|

= inrc(t, n) = 2q; + |t (yi)l — valalcr - - - c).

(iv) Suppose that c;.1 = 0 and there exists i such that k +2 <i < k+d and ¢; < a;.
(iv.a) If ¢y = 0, then we have the following implications:

o |up| <n < |up,, | —valalcr -+ - k1)
— inrc(t, n) = qy,
o |up, | —vala(cr - 1) <1 < g, |
= inrc(t, n) = |te1(vi)| — valaler -+ - ck—1).

(iv.b) If ax.1 = 1 and ¢, # 0O, then we have the following implication:

o |up| <n < |up,|
= inrc(t, n) = |t (i)l — vala(cr - - - ).

(iv.c) If axr1 > 1 and c, # 0O, then we have the following implications:

o Uy | <n < |up,, | —vala(cr---c)
— inrc(t, n) = qy.
o |up, | —vala(cr-- o) <n < up,|
= inrc(t, n) = |t (i)l — vala(er - - - ).

(v) If ckx1 = 0 and a; = c; for all i such that k +2 < i < k + d, then we have the following
implication:

o |up| <n<lup,,l
— inrc(t, n) = qy.

Proof. Let m = val(cy - - - Cyrg—1) and m’ = val(cy - - - Cyrq)-

Suppose that 0 < cgy1 < Ggyp — 1 O Gy = a1 — 1 > 0 and ¢ = 0. Then the
Ostrowski conditions guarantee that there exists i such that k +2 < i < k+dand ¢; < a;.
Therefore Proposition 5.7 implies that inrc(t, n) = inrc(T™(c,), n). Thus (i) follows directly from
Proposition 5.5(i). We apply Proposition 5.5 similarly when ¢y 1 = @41 OF C1 = a1 — 1 > 0 and
¢x # 0 to obtain (ii) and (iii). When there exists i such that k 4+ 2 <i < k+d and ¢; < a;, then we
obtain (iv) directly from Proposition 5.5.

Consider the final case (v), that is, assume that ¢; = a; for all i such that k+2 <i < k+d. Then
the Ostrowski conditions imply that ciq = 0. In the latter part of the proof of Proposition 5.7, we
saw that our assumptions implied that m ¢ A; 3, A; 4. Moreover, we proved that if m € A; 4, then
inrc(t, n) = inrc(T™(c,), n). If m € A; 1, then the Case A of the proof of Proposition 5.5 applies, and
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we have inrc(T™(c,), n) = q, when |up, | < n < |ug4q| — vala(cq - - - ¢,). Assume then that m € ;.
As we saw in the Case B of the proof of Proposition 5.7, this means that n € Z , with £ = ay; — 1.
Now inrc(t, n) = inrc(Tm/(cA), n) by Proposition 5.7, so it suffices to prove that inrc(Tm/(cA), n) = q
to obtain (v).

Recall that the number inrc(T™(c,), n) is determined by the cycle sequence taken in the graph
I’'(n) and that the cycle sequence is determined by the letters of the standard word c,» with
A" = TH(A) = xkﬂxk’j:’zz ---. Recall also that the prefix of T!i(c,) of length n corresponds to
the left special vertex of I"(n) and that L; equals the length of the u, 4.-images of the first i — 1
blocks. Phrased alternatively, L; is the length of the 7, 1-image of the prefix of A’ of length i — 1
where A" = T+1(A) = T(A”). Now m' — m = Cgy4qk+d—1, SO reading off the first L; + m’ — m letters
of ¢, corresponds exactly to taking the cycles determined by the foi} -t -image of ¢, of length
vala(Cryz -+ * Cega)-

Let us then find out the letter y of c, at position vala/(ckiz - - - Ckrq) + 1. By (12), we have
Va1 = vy - vy x4 for standard words v, with the directive word A’. The length of the prefix
of v4_1 obtained by removing the suffix x;, 1 equals val o/(Cxy2 - - - Ck1d), SO Y = Xk+1. The next cycles
taken after reading off the first L; + m’ — m letters of ¢, are thus determined by the L 1 —1mage

X+
of the letter y and the letter immediately after it. Since the fo‘ﬂ Z—1mage of any letter Ii)égms with
Xi41, we see that T +m' ~™(c4) initially takes the cycle Gy, , twice.

Since m € X;,, we see as in the Case B of the proof of Proposition 5.3 that the prefix of T™(c,) of
length n lies on the cycle Cy,, but not on the central path. In other words, when m — L; edges are
traversed on the cycle Gy, ,, startlng from the left special vertex, the whole cycle is not traversed.
Consider now the word TLi+™ ~™(ca) that takes the cycle G, , twice. When m — L; more letters
are read, the current vertex is vertex v on the cycle G, ,. When ||G,,, | more letters are read, the
vertex v is encountered again. Since Li+m’ —m+m—L; = m’, we see that inrc(T"‘/(cA), n) = |Gy II-
Now |Gy, Il = gk, and the claim is proved. O

The Sturmian case was determined in [35, Théor. 5.3.0.4].

Theorem 5.11 (Sturmian Case). Let t be a Sturmian word with directive word A and intercept c1C3 - - -.
Suppose that n € T, for k > 0.

(i) IfO0 < Cky1 < Ggy1 — 1 Or €1 = a1 — 1 > 0 and ¢ = 0, then we have the following
implications:

® qx—2 <N = Qe —2—val(er -+ 1)
— inrc(t, n) = qy,
® Qi1 —2—val(Cr - Cg1) <M= Gyt — 2 — Crr1
= inrc(t, n) = g1 — val(cr - - - Cey1),
® Qkr1— 2 — Cer1Gk < N = Qg1 + G — 2 — val(cq - - - Crq1)
= inrc(t, n) = qk+1 — Ckr1Gk
® Qi1+ qr—2—val(cr- - 1) <1 = Gy — 2
= inrc(t, n) = Qg1 + qx — val(cy - - - Cry1)-

(i) If cky1 = ary1, then we have the following implications:

o gk —2 <N = (1 —2—val(cr---¢)
= inrc(t, n) = i1,

® g1 —2—val(cr--q) < < Q1 — 2
= inrc(t, n) = qx + qx—1 — val(c - - - )

(iii) If k1 = age1 — 1 > 0 and ¢, # 0, then we have the following implications:

oy —2<n=(qg+qe1—2
= inrc(t, n) = gk + qx—1 — val(cr - - - ),

® Gk + Q-1 — 2 <1 =< 2qk + Qg1 — 2 —val(cy - - - )
= inrc(t, n) = qx + k-1,
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® 2k + gk —2—val(cr ) <N = Qg1 — 2
= inrc(t, n) = 2qy + qx—1 — val(cy - - - ¢).

(iv) Suppose that ci+1 = 0 and ¢y < gz
(iv.a) If ¢, = 0, then we have the following implications:

o qk—2 <n = Q1 —2—val(cq - k1)
= inrc(t, n) = qy,

® Qer1—2—val(cr - 1) <N = Qg1 — 2
= inrc(t, n) = qe1 — val(cy - - - 1)

(iv.b) If a1 — 1 = cpyq1 and ¢, # 0O, then we have the following implication:

o gk —2<n=(g1—2
— inrc(t, n) = qx+q — val(cy - - - cx).

(iv.c) If akr1 — 1 > cryq1 and cx # O, then we have the following implications:

e gy —2<n<qg—2—vallcr )
— inrc(t, n) = qy.

e grr1—2—val(cy- o) <n < Qe —2
= inrc(t, n) = qg+1 — val(cq - - - ).

(v) If ckr1 = 0 and ayyo = Cry2, then we have the following implication:

e gk —2<n=(qpy1—2
— inrc(t, n) = qy.

Proof. Utilize again the computations of Example 5.2. O
6. Diophantine exponents

Recall the definition of the Diophantine exponent dio(x) of an infinite word x from Section 1.3.
It is clear from the definition that dio(x) > 1 for all infinite words X. It is possible that dio(x) = oo
(as we shall see). It is proved in [17] that for each real number 6 such that 6 > 1, there exists an
infinite binary word x such that dio(x) = 6. Propositions 4.3 and 6.2 of the recent paper [6] provide
lower and upper bounds for Diophantine exponents of infinite words generated by morphisms.

Diophantine exponents relate to our work through the following result that allows us to compute
the Diophantine exponent of a regular episturmian word with the help of Theorem 5.10.

Proposition 6.1 ([13, Lemma 10.3]). If X is an infinite word, then

dio(x) = 1+ limsup ——.
n—oo iNrc(X, n)

Proof. There are some notational differences. The claim follows directly from [13, Lemma 10.3]
with the observation that inrc(x, n) = r(n, X) — n where r is defined as on p. 3282 of [13]. O

By Proposition 6.1 and Theorem 5.10, finding dio(t) for a regular episturmian word t amounts to
determining the ratio n/inrc(t, n) on the right endpoint of each of the subintervals of Z; described
by Theorem 5.10.

Let us then define the closely-related notions of initial critical exponent and index.

Definition 6.2. Let x be an infinite word. The initial critical exponent of X, denoted by ice(x), is the
supremum of the rational numbers p for which there exist arbitrarily long prefixes V of x such that
V? is a prefix of x.
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A formula for the initial critical exponent of a Sturmian word is given in [10, Cor. 3.5]. According
to our knowledge, no attempt to study the initial critical exponents of general episturmian words
has been attempted. The methods used to prove Theorem 5.10 could be used for such a study. It is
worth mentioning that a slight modification of the proof of [13, Lemma 10.3] yields

ice(x) =14 limsup ——
n—>oo PpNrc(X, n)

for an infinite word Xx. Here pnrc(X, n) is the prefix nonrepetitive complexity function of X defined by
setting

pnrc(x, n) = max{m:x[i,i+n— 1] #x[1,n— 1] forall 2 <i < m}.

Thus the prefix of x of length pnrc(x, n) + n is the shortest prefix of X containing two occurrences
of the prefix of x of length n. We have the obvious relation inrc(x, n) < pnrc(x, n) for all n.

Definition 6.3. Let x be an infinite word. The index (or critical exponent) of X, denoted by ind(x),
is the number

supf{e € QN [1, 00) : x has an e-power as a factor}.

The indices have been determined for various classes of infinite words. It suffices to say here that
a formula for the index of Sturmian words was derived independently in [14,15,22] (see also [30]).
The index of a regular episturmian word can be found by applying [18, Lemma 6.5,Thm. 6.19]. It
seems that the discussion in Sections 4.1 and 5.5 of [23] is all that has been said of the indices of
general episturmian words.

From the definitions, we infer the following inequalities:

ice(x) < dio(x) < ind(x).

It is possible that ice(x) < dio(x) (see [10, p. 18]) or dio(x) < ind(x) (see Proposition 6.5).
Let us then show that the Diophantine exponent is shift-invariant. The same is not true for the
initial critical exponent; see [10, Prop. 2.1, Sect. 4.2].

Proposition 6.4. Let X be an infinite word. Then dio(T™(x)) = dio(x) for all m > 0.

Proof. Let (U,), (V,), and (e;) be sequences such that |U,V;"|/|U,V,| converges to dio(x) and (|U,V;|)
is increasing. Since either |U,| — 00 or |V,| — oo, we may factorize the prefix of T™(x) of length
|UaVi*| — m as UV, for a conjugate V,, of V,, for n large enough. For n large enough, we have

U Ver ULV | —=m [UnVi"|/|UpVa| — m/|UpVa| i UnVi"|
[UpVal [UnVn| —m 1—m/|UpVy| n—00 |UpVy|

n

dio(x).

Therefore dio(T™(x)) > dio(x). A similar argument establishes that ice(T™(x)) > ice(x).

A symmetric argument where we prepend a factor of length m to words U,Vy" such that (|U,V,|)
is increasing and |U,V:"|/|U,V,| converges to dio(T™(x)) establishes that dio(x) > dio(T™(x)). This
argument does not apply to the initial critical exponent unless the prepended factor is compatible
with the prefix powers of T"(x). O

6.1. Diophantine exponents of regular episturmian words

As the first application of Theorem 5.10, we find the Diophantine exponent of a regular
epistandard word.

Proposition 6.5. Let A be a regular directive word as in (2). Then

dio(cs) = 1+ limsup(ax1 + |un__,,1/qk) = ind(ca) — 1.

k—o00
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Proof. The intercept of ¢, is 0“. Thus we find from the first implication of Theorem 5.10 (iv.a) that

n [ur ]
max - — Tk+1
neZ inrc(ca, n) ]t

a.—1 _ax

for k > 0. Since uy,,, =8, 'S -+ Sg” = Sg"Un,_4,, by (7) and (13), it follows from Proposition 6.1
that dio(ca) = 1+ lim sup;_, .o (a+1 + [Ur_,_1/qk)- If €4 has unbounded partial quotients, that is,
the sequence (ay) is unbounded, then dio(c,) = oo. Since dio(c,) < ind(c,), the claim follows. If
c, has bounded partial quotients, then it follows from [18, Lemma 6.5,Thm. 6.19] that
ind(cA) =2 + llin Sup(ak+1 + |urk_(d_1) |/qk) 0
— 00

We saw in the preceding proof that dio(c,) = oo if and only if ¢, has unbounded partial
quotients. This is in fact true for all words in the subshift generated by ¢, as the next theorem
states. This theorem was originally proved for Sturmian words in [4, Prop. 11.1] and an alternative
proof was given in [13, Thm. 3.3]. Our more general proof uses yet another approach.

Theorem 6.6. Let t be a regular episturmian word. Then dio(t) < oo if and only if t has bounded
partial quotients.
Before the proof, let us derive some helpful inequalities.

Lemma 6.7. Let t be a regular episturmian word of period d with directive word A and intercept
c1Cy - - - Let y be a letter occurring in A and Q a nonnegative integer. Then

[Ur,, | > Qg+ + Qkf(d+l)/Qk’ (22)
qk + |t 1Y)l — val(cr - - - Ceq1) A1 — Crg1 + 2
[t | —val(cy - - - Crq1)
et o > G — Gt — 1 qk—(d+1)/ Gk (23)
| > (@is1 + a1/ ) (24)
Qqr + lm(y)l — val(cq - - - ¢x) Q+1

for all k large enough.

Proof. From Lemma 3.11, (14), Lemma 5.8, and (15), we find that
0 =< wal(cr -+ ) < Grs
Qk+1 < (@1 + 1)qs,
|7l < qr, and
k-1 + Gr—(d+2) < [Ur,|
for all k large enough. Therefore
[ty ] - A1qk + Qr—(d+1)
Gk + |1 ()l — val(cr - 1) — G+ Qi1 — val(er -+ - 6) — Crr1dr
Ak+1Gk + Gk—(d+1)
Qi+ (k1 + DGk — GGk
k1t Qr—(d+1)/ Gk
W1 — Crpr + 2
for all k large enough. This proves the first inequality. The second inequality is derived similarly:

[Upe,, | —val(cr -+ k1) Gk1Gk + Gre(a+1) — Val(cy - - - Crg1)
dx dk
- Ttk + Qk—(d+1) — Ck+19k — qk
qk
= Og1 — Ckr1 — 1+ Gr—(a+1)/dk
30




J. Peltomdiki European Journal of Combinatorics 118 (2024) 103942

for all k large enough. The third inequality is derived analogously by using the inequality |uy,, | >
Gk+1Gk + Gr—d+1) in the numerator and the inequalities |t (y)| < qx and val(c; ---cx) > 0 in the
numerator. O

Proof of Theorem 6.6. Say t has directive word as in (2) and intercept c,c; - - -. If t has bounded
partial quotients, then ind(t) < oo [23, Sect. 4.1], so dio(t) < ind(t) < co. We may thus assume
that t has unbounded partial quotients. Thus there exists a sequence (k;) such that Qg1 — 00 as
j — oo. Below we impose restrictions on (k;) and show that under each restriction dio(t) = oo. It is
straightforward to see that (by taking an appropriate subsequence) some (k;) must satisfy at least
one of the restrictions or ¢, = 0 for k large enough. When ¢, = 0 for all k large enough, the word t
is a shift of ¢4, and Propositions 6.4 and 6.5 imply that dio(t) = oo.

Case A. Assume that 0 < Chit1 < Op1 — 1 for all j. Suppose additionally that there exists
a nonnegative constant M such that ag+1 — g1 = M for all j. By the fourth implication of
Theorem 5.10(i), it suffices to show that

|urkj+1 | j—oo
Qi + 1T+1(yi)l — val(cr - - - 1)

in order to conclude that dio(t) = oo (here y; is as in Theorem 5.10). By (22), we have

e}

|ur:<j+1| - Ai+1 + Qri—(d+1)/ Qi - 1 a
Qi + 1Tl — val(cr -+ - 1) = @1 — G120 T M+ 2

ki+1

for j large enough. As Qg+1 —> 00 as j — oo, it follows that dio(t) = oo. Assume then that the
difference Qi1 — Cij+1 is unbounded. This time around, we consider the first implication of Theo-
rem 5.10(i). Notice that we need to ensure that the interval {|u, [, ..., [ty | —val(cq - - ck41)} iS

.. . ] j J
nonempty, but this is straightforward to do. From (23), we have

|u1‘kj+1| - Val(cl o ij+1)
i;

because the difference +1 — Cj+1 is unbounded. Hence dio(t) = oo in this case as well.

Case B. If Cj+1 = Qi1 — 1 > 0 and ¢, = O for all j, then the difference i;+1 — Chj+1 is bounded.
By repeating the arguments of Case A, we see that dio(t) = oo.

Case C. Suppose that Cij+1 = Qi1 for all j. From (24), we see that

j—oo
> Qi1 — Cg+1 — 14 Q—a+1)/qig —> 00

|urkj+1| - 1(a +q Ja0)
= S \Uk; k—(d k
Qi + 17| — val(cy - q) — 2 0T @

so dio(t) = oo by the last implication of Theorem 5.10 (ii).
Case D. Assume that Ckj+1 = Ok1 — 1> 0 and c; #0 for all j. We apply the last implication of
Theorem 5.11 (iii) and obtain similar to the Case C that

|urkj+1 | -

1
2q; + |Tig(yi)l — val(cq---c) — 3

(a1 + Gk—(a+1)/k)-

Hence again dio(t) = co. O

Interestingly a statement analogous to Theorem 6.6 is not true for the initial critical exponent. It
is shown in [ 10, Prop. 4.1] that every Sturmian subshift contains a word t such that ice(t) < 14+¢ ~
2.6180 where ¢ is the Golden ratio. Even more interestingly it is possible that ice(t) = 2 for certain
Sturmian words t with unbounded partial quotients [10, Thm 1.1]. We suspect that it is equally
possible that the initial critical exponent is finite while the Diophantine exponent is infinite when
d> 2.

Next we show that dio(t) > 2 for essentially all regular episturmian words. For Sturmian words,
this result can be inferred from the results of [10] as indicated in the proof of [1, Prop. 4].
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Theorem 6.8. Let t be a regular episturmian word of period d with directive word as in (2). Ifd = 2
or limsupy ax > 3, then dio(t) > 2.

Proof. The claim follows from Theorem 6.6 if t has unbounded partial quotients. Suppose that t has
bounded partial quotients and intercept cic; - - -. Let C = M + 1 where M = lim sup,, a;. It follows
from (14) that qx+1/qx < C for all k large enough.

Case A. Assume first that there exists infinitely many k such that 0 < cyy1 < ag+1 — 1. By the
first implication of Theorem 5.10(i), we have

u —val(cy...c
dio(t) — 1 > limsup| e GRIECERY
k— 00 qdk

where we consider the limit superior over an appropriate subsequence like in the proof of
Theorem 6.6. From (23), we find that
|urk+1 | —val(cy ... cCrp1)

dk
The claim follows.
Case B. Let us assume that ¢x4q1 = a1 — 1 > 0 and ¢, = O for infinitely many k. Suppose in
addition that a1 > 3. By the final implication of Theorem 5.10(i), we have

> Grp1 — o1 — 1+ Qe—@+1y/q = 1+ c—+n,

|u"k+1 |
dio(t) — 1 > lim sup .
koo Gkt |Ter1 (i)l — val(cr - - - i)
By applying (22), we see that
[ | o ki1 + Qk—(d+1)/ QK

Gk + |t 1)l — val(cr - - 1) = A1 — Chg1 + 2
A1 + Gk—(d+1)/ Gk
3

14 W3,

%

so the claim follows.

Case C. Assume that ¢y1 = a1 — 1 > 0 and ¢, # O for infinitely many k. Assume moreover
that ay,q > 3. The last implication of Theorem 5.10 (iii) gives
|urk+1 |

dio(t) — 1 > lim sup .
koo 2qk + [Te(yi)l — val(cy - - - )

From (24), we obtain that

|u"k+1 |
2qx + |te(yi)l — val(cy - - )
so the claim holds in this case as well.

Case D. Suppose that ¢, 1 = ay1 for infinitely many k. Assume moreover that ;.1 > 2. By the
second implication of Theorem 5.10 (ii), we have

]
3 (@1 + Qqasny/qe) = 1+ C7Y3,

|urk+1 |

dio(t) — 1 > lim sup .
k—oo Gk + |Tr(yi)| — val(cq - - - ¢)

Again, from (24), we see that
|urk+1 |
gk + |Te(yi)l — val(cq - - )

Case E. Suppose that c¢x1 = ¢, = 0 for infinitely many k. Suppose additionally that ay,; > 2.
Then the first implication of Theorem 5.10 (iv.a) gives

u —val(cq -+ - ¢
dio(t) — 1 > limsup| | (c K 1).
k—00 qdk

1
5 (Qkr1 + Ge—(@/qe) = 1+ c@ g,
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Now from (23), we find that
|Ur,<+1| —val(cy -+ c1)
Ak

so the claim follows.
Case F. Assume finally that ¢,y = 0 and ¢; # 0 for infinitely many k. Suppose in addition that
ag+1 > 2. We deduce from the first implication of Theorem 5.10 (iv.c) that

> ageq — 1+ C@D,

u —val(cy---¢
dio(t) — 1 > limsup| e ©---a)
k—o0 qk

Thus the claim follows by an application of (23) as in the Case E.

The Cases A-F prove the claim when lim sup, a; > 3, so we may consider the special case d = 2.
Next we handle the Cases B-D unconditionally. Consider the Case D first. The Ostrowski conditions
imply that ¢, = 0. Thus the first implication of Theorem 5.11 (ii) gives

Qky1 — 2 —val(cr--- ) Qer1qe + Ge—1 — 2 — val(cq - - - Ck—1)

k-1 qk—1
Qgy1Gk — 2
T Gk

a =2
= Qs + k+1qk—2 ’

qk—1

)
a =2
dio(t) — 1 > limsup (akﬂak + %> >14+C.
k—o0 qk—1

Suppose then that ¢y = a1 — 1 > 0 and ¢, = 0. Taking into account what we have already
proved, we see that we may assume that ¢;_1 < ax_1. Now the first implication of Theorem 5.11(i)
yields

Grs1 —2 —val(er -+~ G1) Qe+ G — 2 — val(eq -+ - 1)

qk qk
1 — 2 — Cr—1qQr— — val(cy -+ - ¢
_ g B k—1qk—2 (c1 —2)
qk
_1—2— (¢ 1)qi—
21+qk1 (k=1 + Dqr—2
qk
_3—2
> 14 K372
qk

so dio(t) — 1 > 1+C~3. Suppose finally that ¢;;; = a;41 — 1 > 0 and ¢, # 0. We may again assume
that ¢, < ay. From the second implication of Theorem 5.11 (iii), we have

2qx + qx—1 — 2 —val(c1 - - - ¢) " qk — 2 — CkGr—1 — val(cy - - - Cr—1)

=1
Ak + k-1 Ak + qr—1
—— qr — (ck + 1)qp—1 — 2
qk + qk—1
2 —2
Ak + qk—1
S 14 qk—2 — 2,
qr+1

so dio(t) — 1 > 1+ C~3 in this case as well. As the cases A-D are now handled when d = 2, the
claim is true or ¢, = O for all k large enough. In the latter case the word t is a shift of ¢4, and the
claim follows from Propositions 6.4 and 6.5. O
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For a fixed d, the conclusion of Theorem 6.8 can be improved. For example, it is shown in [13,
Thm. 4.3] that

54\F

dio(t) > — 3 + ——— &~ 2.5099

for a Sturmian word t. We have not attempted such a study for d > 2. However, if d is not fixed,
it is unlikely that the lower bound 2 can be improved. The main indication to this is the fact that
the Diophantine exponent of the standard d-bonacci tends to 2 as d — oo (see the discussion after
Proposition 6.15).

Theorem 6.8 leaves open if dio(t) > 2 when lim sup; a; < 2 and d > 2. We show next that this
is not necessarily true by providing explicit counterexamples. Before this, we prove the following
lemmas that narrow down the exceptional directive words and intercepts even further.

Lemma 6.9. Let t be an episturmian word of period d with directive word as in (2) and intercept
c1Cy - - - If one of the conditions

(i) 0¢ occurs infinitely many times in cic; - - -,
(ii) there exist infinitely many k such that ¢; = a; for all i such that k <i<k+d—2

is satisfied, then dio(t) > 2.

Proof. We may assume that t has bounded partial quotients and let C = 1 + lim sup, a. Suppose
that 0¢ occurs infinitely many times in c;c,---. Let k be such that ¢; = 0 for all i such that
k —(d — 1) <i < k. Suppose that ¢, = 0. Then we apply the first implication of Theorem 5.10
(iv.a), (7), Lemma 3.11, and (14) as follows:

) . u —val(cq -+ - Ckg
dio(t) — 1 > lim sup U1 © )
k—o00 qk
asx—1 (e™
. k1S g - So | — Qk—d
thsupq ISk a ol —
k— 00 qk

ax—1 Qe
. Qk—d + 1S 5+ So™| — Qr—d
> 1+ limsup k=2d 0
k—o00 qk

>1+C 2d+1

Consider then the case c,1 # 0. By inspecting the first implications of Theorem 5.10(i) and (ii), we
find that
u —val(c;---c¢
dio(t) — 1 > lim sup [ur1] (c k),
k—o00 qk

so dio(t) — 1 > 1+ 41 Jike above.

Assume then that there exist infinitely many k such that ¢; = a; for all i such that k+2 < i < k+d.
We must have ¢y 1 = 0 by the Ostrowski conditions. We infer from Theorem 5.10 (v) that

. g | ISeq’ S| )
dio(t) — 1 > limsup —— > limsup | ay4+1 + qi >1+C O
k

k— o0 qk k— o0

Lemma 6.10. Let t be a regular episturmian word with directive word as in (2) with d = 3. If
lim sup, ax = 1, then dio(t) > 2.

Proof. Say limsup, ax = 1 and that t has intercept c;c; - - -. By Lemma 6.9, the claim follows if the
intercept contains 0° infinitely many times or 11 infinitely many times. Therefore we may assume
that cqc; - - - is eventually a product of the words 01 and 001.

Assume that 001 occurs infinitely often in the intercept. Let k be large enough such that we are
guaranteed that ayy; = ay = a1 = 1, ckx1 = 1, and ¢y = cx—1; = 0. By the first implication of

34



J. Peltomdiki European Journal of Combinatorics 118 (2024) 103942

Theorem 5.10 (ii), we have

u —val(c;---¢
mmn—lznmmm|”“| GR)
k00 [Te(yi)l

By Lemma 5.8, we have |7(y;)| < qk—1 + qk—2. Therefore
[upe1] — val(cr -+~ k) _ [Sk—1Sk—28y 5 -+~ Sg"| — val(cy -+ - G—a)
[T(yi)l - Qi1 + Gk—2
_ Gt sty
qr—1 + qr—2
Qeot + Qe + 1555 sE g - 55
qk—1 + qk—2

> 1+ qrk—6
qk

>1+C"

where C = 1 + lim sup ax = 2. Therefore dio(t) > 2.

The only case left is the case where cyc; - - - has suffix (01)“. Say k is large enough and ¢, ;1 =0
and c2 = ¢ = 1. Since ¢42 = 1, we have y; # Xgio, and so |t 1(¥i)l = qx + qk—1. From
Theorem 5.10 (iv.b), we have

|url<+1 |

dio(t) — 1 > lim sup
ksoo  |Tep1(yi)l — val(cy - - - ¢)
sa* e Sa*
> limsup — <=L 0" |
k—oo  qk t+ qr—1 — qk—1

IS g -+ -Sg°

v

1+ lim sup

k—o00 qk

1+C™. O

A%

By Lemma 6.10, the conclusion of Theorem 6.8 can fail only if lim sup, ax = 2 when d = 3. The
next proposition shows that this may happen. For the proof, recall that the Stolz-Cesaro Theorem
states that

. Qg . Qg — Q-1
lim — = lim ————
k—oo by k—oo by — br_q

whenever the right side limit exists and the sequence (by) is strictly monotone.

Proposition 6.11. Let t be the episturmian word with directive word (001122)“ having intercept 1¢.
Then

1
mmn=1+;ﬁ—UmLM%
where B, approximately 2.8312, is the real root of the polynomial x> — 2x* — 2x — 1.

Proof. Suppose that k is such that k > 4. It follows from Theorem 5.10 (iii) that dio(t) — 1 equals
the largest of the limits of the ratios

[t [Up,41] + g — val(cy - - - ¢x) [ty ]
Gk + (i)l — val(cy - - )’ Qi + |Te(yi)l " 2q + |nyi)| — val(cq -+ - i)
as k — o0o. Here A" = Tk+1(A) = T2*+1(A), so the words A and A’ are isomorphic.

Therefore the Ostrowski numeration systems associated with A and A’ are the same. It follows that
valp/(Cry2 - - - Ckrd—1) = vala(1) = 1 meaning that y; is the second letter of the word ¢4/, that is,
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Vi = X2 Thus (y;) = sﬁflsk,z. The numbers g; satisfy the linear recurrence q; = 2q;_1 + 2q;_» +
gi—s3, so it follows from the theory of linear recurrences that qy,¢/qx — B¢ as k — oo.

Let us compute the last limit. From (5), we find that |uy_,| — [uy| = gk + qk—1. In addition,
we have 2q; + |t (Vi) = qiqq and val(1%) — val(1¥~') = q,_;. Therefore the Stolz-Cesaro Theorem
implies that

[Ur,q | lim Qk + G-

lim = =
k—oo 2q, + |Te(yi)l — val(cy - - ck) k=00 Qg1 — qk — Gr—1
_ Qi + qk—1
k=00 Qk + Qk—1 + qk—2
_ B*+B
B2+B+1
1
=-(B-1
2(/3 )
~ 0.9156.

Therefore dio(t) is at least as large as claimed. It thus suffices to show that the other two limits do
not exceed this value. For the first ratio, we find like above that

u 2qk— 2

lim [ Chim 2Bt 2P 8409
k—oo g + |Te(yi)| — val(cr -+ - ¢)  k—oo 2qk1+qr2 2B +1
and, for the second ratio, we have

g1l + g —val(cq - - - i) , dk B

lim = lim =
k=00 qr + |T(yi)l k—oo 3qk—1 + G2 3B+ 1

Notice that Proposition 6.11 shows that the Diophantine exponent can be less than that of

the corresponding standard word. The next proposition demonstrates that Lemma 6.10 does not
generalize to d > 3. Therefore the assumptions of Theorem 6.8 are necessary.

~ 0.8443. O

Proposition 6.12. Let t be the episturmian word with directive word (0123)“ having intercept (001)®,
(010)®, or (100)®. Then

1
dio(t) = 1+ ﬁ(—m” +15¢% + 1384 — 4) ~ 1.9873

where ¢4, approximately 1.9276, is the positive real root of the polynomial x* — x>

—x*—x—1
Proof. Assume that the intercept cic; - -- equals (001)”. Suppose that k is such that k > 3 and
ck+1 = 1. It follows from Theorem 5.10 (ii) that dio(t) — 1 is it least as large as the limits of
[up .| — val(cr - - ) an [Ury |
[Te(yi)] qr + |T(y:)l — val(cy - - - ck)

as k — oo (along appropriate subsequences). NOW Cy - - - Ck+q—2 = 00, so y; is the first letter of
the epistandard word with intercept Xy pXr.3---, that is, y; = xy4» (notice that the word A’ of
Theorem 5.10 is isomorphic to the directive word (0123)®, so the numeration systems associated
to both directive words are the same). It follows that ti(y;) = Sk_1Sk_25k—3. The numbers g; satisfy
the linear recurrence q; = ¢i_1+qi_2 +qi_3+¢i_4, so it follows from the theory of linear recurrences
that quie/qx — ¢f as k — oo.

From (7), we find that |uy, | — |uy_,| = gk — qk—4. In addition, val(c; - - - ¢x) — val(cq - - - ck—3) =
gk—3. Using the Stolz-Cesaro Theorem, the limit of the first ratio is found as follows:

. g | = Tug | = (val(cq - - - ) — val(cy - - - ck—3))
lim = lim
k—o00 [Tk(yi)] k—o00 [7e(Wi)l — lTi—3(y)l
k-1 + k-2
im
k—oo (k-1 + Qk—2 + qk—7
36
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_ aty
4 +1
1
= 5o (=7¢ + 158 +13¢4 — 4)
~ 0.9873.

Therefore dio(t) is at least as large as claimed. It thus suffices to show that the analogous limits do
not exceed this value in the other cases. For the latter ratio, we find that

|urk+1 | qk — qk—4

lim = lim ~ 0.6107.
koo qi + |Te(yi)l — val(cy---¢x) k=00 G + qk—1 + Qk—2 — 2qk—3 + qk—7

Assume then that ¢, = 0 and ¢, = 1. By Theorem 5.10 (iv.b), we need to find the limit of

|ufk+1 |

[Tk 1(yi)l — val(cr - - - )
NOW Cpy2*++ Cktg—1 = 01 and val(Cry2 - - Ckra—1) = 2, S0 again y; = Xy2 and [ty 1(¥i)l = Qe
Moreover, we have val(cy - - - ¢,) — val(cq - - - ck_2) = qx—1. Hence

u —_ _
[Urs | = lim — =Bt 8130

lim =
koo [T (Vi) — val(cy -+ - k) k=00 Qe — Gr—2 — Gk—1

Suppose finally that ¢y 1 = ¢, = 0. By Theorem 5.10 (iv.a), we need to consider the ratios

|urk+1 | —val(cy -+~ ck-1) |Urk+1 |

and .
qk [Tk (vi)l — val(cr - - - k1)

This time around Cyy3 - - - Cera—1 = 10, val(Crya - - - Copa—1) = 1, ¥i = Xiy3, Ter1(Vi) = SkSk—15k—2, and

val(cy - - - ¢cx) — val(cy - - - ck—2) = qk—2. Proceeding as above, it is straightforward to show that the

limits are approximately 0.7653 and 0.7309. This proves the claim. It is straightforward to check

that the intercepts (010)® and (100)“ lead to exactly the same result. O

The intercepts (001)®, (010)®, and (100)“ are not the only interesting ones for words in the
4-bonacci subshift. It can be computed (like in the proof of Proposition 6.12) that the words with
intercepts (01)” or (10)” have Diophantine exponent 2. The word with intercept (011)” and the
words with conjugate intercepts (110)” and (101)® have Diophantine exponent l+{f—§4 ~ 2.7879.
The intercepts (0001)” and (0011)* and their conjugate intercepts give Diophantine exponent
dio(c123)») =~ 2.0781. We have not attempted to compute Diophantine exponents for aperiodic
intercepts. Computer experiments suggest that the Diophantine exponent of the word in the 5-
bonacci subshift with intercept (001)” is approximately 1.9148 and approximately 1.8535 for the
intercept (01)”. We believe that similar results are obtained for d-bonacci words for d > 4 and for
words that satisfy lim sup, ay = 1.

Since ice(x) < dio(x) for any infinite word X, Proposition 6.11 has the following remarkable
consequence.

Corollary 6.13. There exists an episturmian word over a 3-letter alphabet having only finitely many
square prefixes.

This is indeed unexpected since every Sturmian word and every regular epistandard word has
arbitrarily long square prefixes [18, Lemma 6.5]. We expect that a regular episturmian word has
infinitely many square prefixes when limsup,_,, ax > 3, but we have not attempted to prove

this. We also expect that every infinite word in the Tribonacci subshift has arbitrarily long square
prefixes.
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6.2. Diophantine exponents of d-bonacci words
Here we prove more explicit results on the Diophantine exponents of d-bonacci words.

Definition 6.14. The d-bonacci constant ¢4 is the positive real root of the polynomial x¢ — x¢~1 —
R

Proposition 6.15. For the d-bonacci word f; with directive word (01---(d — 1))® and intercept 0%,
we have dio(fy) = ice(fy) = ind(fy) —1 =1+ 1/(&g — 1).

Proof. We deduce from Theorem 5.10 (iv.a) and the Stolz-Cesaro Theorem that

1
dio(f;) — 1 = lim = lim —3  _ .
koo gy koo Q — qk-1 Ca— 1
In particular, we have dio(f;) ~ 2.6180, dio(f;) ~ 2.1915, and dio(f;) ~ 2.0781. Moreover, we
have dio(f;) — 2 as d — oo since it is well-known that ¢; — 2 as d — oo (see, e.g., [21]).

|u1’k+l|

Lemma 6.16. Let t be a word in the d-bonacci subshift with intercept c,c; - - - that is not in the shift
orbit of £4. If 0¢ occurs infinitely many times in cic, - - -, then

dio(t) > 2 + — > dio(fy).
{d - Cd
If 0¢ occurs in c;cy - - - for arbitrarily large ¢, then
. &
dio(t) > 1+

(Ga—1)Ngf = 1)

Proof. Since t is not in the shift orbit of f, the intercept does not end with 0. Therefore it contains
0°1 infinitely many times for some £. Let k be such that ¢y = land ¢y = - -- = Ck—(e—1) = 0. Using
Lemma 5.9, we see that

|up+1] —valler - --6) _ [sk-1---Sol —val(cs - - - cie)

[Te(yi)l - [Sk—1 " * Sk—(d—1)|
Sk—1---So| — val(cq---cp—
_ Sk—1 ol (¢ k z). (25)
qk — qk—d

k— _ _ .
Now —val(c; - - - Ceee)/(Qk — Qkd) = — Qe /(Qk — Qred) ——> —¢7t /(1 — £7%), so if £ can be taken
arbitrarily large, we have from Theorem 5.10 (ii) that
-1 +lu dio(fy) — 1
dio(t) — 1 > lim ISk Sol — lim Qe + | rk—d+1| _ io(fy) _
k—oo (qx — Qk—d k=00 (qx — Qk—d 1— C‘;

where the last equality follows from the proof of Proposition 6.5. The latter claim now follows from
Proposition 6.15 and simplification. If £ > d, then we deduce from (25) that

|une+1] —valer -6 _ [Sk=1 - - Sk—(@—n)l + [Sk—(@+1) - -Sol _ 1+ [Un_g4q]
[T(yi)l - dk — Qk—d Gk — Qr—d
so, like above,
dio(f;) — 2 1
dio(t) — 1> 1+ (d)fd =1+ 0.
1-— ;d fd - gd

It is easy to check that this lower bound is larger than dio(f;). Thus the first claim is proved. O

We believe that there always exists a word in the subshift of the d-bonacci word such that
dio(t)=2+1 /(;é’ — &g), but we have not attempted to prove this rigorously.
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Corollary 6.17. Let t be a word in the Fibonacci subshift with intercept c,c, - - -. If t is in the shift orbit
of the standard word ¢, then dio(t) = ice(t) = 14 ¢,. Otherwise dio(t), ice(t) € [3, 24 ¢, ]. Moreover,
if c1cy - - - contains 101 for arbitrarily large ¢, then dio(t) = ice(t) = 2 + ¢, = ind(t).

Proof. If 0% occurs infinitely many times in c;c; - - -, then Lemma 6.16 implies that dio(t) > 3. If
0% does not occur in c;c; - - - infinitely many times, then the intercept ends with 1* or (01)?. The
former case is impossible since the intercept satisfies the Ostrowski conditions by Lemma 3.10. It
follows from Lemma 3.22 that

t=TL o+ o THL(yen) = TOLY o+ - o T*Ly (y)T(Ca)

for some integer k, letter y, and A’ = T*(A). Clearly ti(c/) is an episturmian word with directive
word (01)® and intercept 0%, so tx(cs’) = f;. Therefore t = wf, for some finite word w. It follows
from Propositions 6.4 and 6.15 that dio(t) = dio(f,) = 1+¢,. The last claim follows from Lemma 6.16
because 1+ ¢7/((& — 1)(¢F — 1)) = ind(f,) = 2 + &. The claim for ice(t) was established in the
proof of [10, Prop. 4.3]. O

We can prove a result like the preceding corollary for the Tribonacci subshift, but this result does
not anymore generalize to d > 3 as indicated by Proposition 6.12.

Proposition 6.18. If t is a word in the Tribonacci subshift, then dio(f3) < dio(t) < ind(f3).

Proof. Say t has intercept cic; - - -. If the intercept has suffix 0, then dio(t) = dio(f3), so we may
assume that 1 occurs infinitely often in cic; - - -. By Lemma 6.16, the claim is clear if the intercept
contains 0° infinitely many times.

Suppose that 0011 occurs infinitely often in cic; - - -. Then there exists infinitely many k such
that 42 = ckr1 = 1 and ¢, = ck—1 = 0. Then the first implication of Theorem 5.10 (ii) yields
dio(t) — 1> lim sup nertl = vall&r--- &)

k=00 [T (i)l

Since ciy2 = 1, we have y; # Xi12, SO |tk(¥i)| = qk—1 by Lemma 5.8. Therefore

U1l —val(cr---c)  upa| — val(er - - - c—2) o4 qk—3 k—oo 1462

(i)l B i1 i1
Hence dio(t) > 2 + 53’2 > dio(f3). We may thus assume that eventually all occurrences of 11 in
c1Cy - - - are preceded by 10. Assume that 1101 occurs infinitely many times in cic; - - -. Letting k+ 1
to correspond to the third letter of this pattern, we have from Theorem 5.10 (iv.b) that

u
dio(t) — 1 > limsup Ui | )
ksoo |Ter1(Yi)l — val(cy - - - ¢)

Again ¢y = 1, so |tk+1(¥i)| = gk + qk—1. Using the fact that 1101 is preceded by 10, we have

|urk+1 | _ |u’k+1 |
[Tes1 ()l —val(cr - ) Gk + Qrmt — Qk1 — Gk—2 — Qs — Val(Cy -~ Cha)
|urk+1 |

Tk — Qk—2 — Qk-4
> dk

qk — qk—2 — qk—4
k— o0 1

-2 g°

> 1.6206.

Hence dio(t) > 2.6206 > dio(f3). We may thus assume that 11 is eventually always followed by 00.
Suppose then that 100101 occurs infinitely many times in the intercept. Letting k+ 1 to correspond
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to the fifth letter of this pattern, we have from Theorem 5.10 (iv.b) that

|urk+1 |

dio(t) — 1 > lim sup .
koo |Tks1(Yi)l — val(cr - - - )

Now |4 1(¥i)l = gk + qr—1 and so

|urk+1 | - |urk+1 | -~ i + dk—4 k—oo

[Ter1(vi)l —val(er - -ck) = Qe+ qk-1 — Q-1 — Gk-4 ~ Qk — k-4

meaning that dio(t) > dio(f;). We may thus assume that 100 is eventually always followed by 100.
We may now prove that the intercept contains only finitely many occurrences of 11. Indeed, the
preceding assumptions imply that late enough occurrences of 11 must be followed by 00 and each
late enough occurrence of 100 must be followed by 100. Thus c;c; - - - has suffix (100)® and 11
occurs only finitely many times.

We have now argued that the claim holds or the intercept is eventually a product of the words
10 and 100. Moreover, the pattern 100101 does not eventually occur, so the intercept has suffix
(10)“ or (100)”. Say it has suffix (10)“. Let k be large enough such that ¢;11 = c¢,—; = 0 and
Ck+2 = Ck = Ck—2 = 1. Again |Tk1(¥i)l = Gk + qk-1, and

dio(f;) — 1,

|urk+1| _ |ufk+1|
[T (yi)l — val(cr -+ -ck) Qi+ Gr—1 — Qe—1 — Qr—3 — val(cy - - - Cx—3)
- [Sk—1- - Sol

" k-1t Qk—2
- qQk—1 + qik—2 + qk—3

Qk—1 + qk—2
k—o00

— dio(f3) — 1,

so dio(t) > dio(f3) by Theorem 5.10 (iv.b).

We can now assume that the intercept has suffix (100)“. Since the Diophantine exponent is
shift-invariant, we may focus on the intercept (100)” and its conjugate intercepts (010)®, and
(001)~.

Let us first consider the intercept (100)“. Let k be such that ¢y = 1. Here | t(¥i)| = qk—1+ Gk—2,
[Up+1] — IUp_511] = gk, and val(cq - - - ¢¢) — val(cy - - - cx—3) = qk—3, so we find with the help of the
Stolz-Cesaro Theorem that (along an appropriate subsequence)

g el —valle ) L Gt e _ G4 1
k=00 [Te(yi)l k>0 Qo1+ Q-3 241 -1

so dio(t) > dio(f3) by Theorem 5.10 (ii). In fact, it can be showed that dio(t) = dio(f3). The remaining
cases lead to the same result as is straightforward to show. O

7. Irrationality exponents

The results of the previous section on Diophantine exponents allows us to obtain novel results
on irrationality exponents of numbers whose fractional parts are regular episturmian.

Definition 7.1. The irrationality exponent (&) of a real number £ is the supremum of the real
numbers p such that the inequality
1
< —
qP
has infinitely many rational solutions p/q. If u(&) = oo, then we say that & is a Liouville number.

(P
q

Recall that (&) > 2 whenever £ is irrational and that (&) = 2 for almost all real numbers &
with respect to the Lebesgue measure. Roth’s theorem states that u(£) = 2 when £ is algebraic.
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Definition 7.2. Let b be an integer such that b > 2 and x be an infinite word over the alphabet
{0,1,...,b — 1} such that X = xyx; - - -. Then &, is the real number 21@1 xi/bk.

The following result is the key result linking combinatorial properties of x to the Diophantine
properties of & p. For its proof, see, e.g., [1, Sect. 3] and [4, Thm. 2.1]. The function p of the statement
is the factor complexity function that counts the number of factors of length n, that is, p(x, n) = | x|
for all n.

Proposition 7.3. Let b be an integer such that b > 2 and x be an aperiodic infinite word. Then
(éxp) > dio(X). If, moreover, there exists an integer K such that p(x, n) < Kn for all n large enough,
then wu(&xp) < (2K + 1)3(dio(x) + 1).

Showing that u(éx ) > 2 implies that & is transcendental by Roth’s theorem, so computing
Diophantine exponents of infinite words can be used to show transcendence results. While the
following results allow us to conclude the transcendence of certain numbers, these facts are not
new. One of the main results of [3] states that if x is aperiodic and has sublinear factor complexity,
then & 5, is transcendental. Since episturmian words have sublinear factor complexity [16, Thm. 7],
it follows that &, is transcendental for an arbitrary aperiodic episturmian word t.

Theorem 6.8 together with Proposition 7.3 directly implies the following result. The result was
obtained in [1] when d = 2 based on the results of [10].

Theorem 7.4. Let t be a regular episturmian word of period d with directive word as in (2). Ifd = 2
or limsup, ax > 3, then u(&cp) > 2.

Hence we have identified a new class of transcendental numbers whose irrationality exponents
are greater than 2. This class is uncountable because the set of directive words in the statement is
uncountable and an episturmian word has a unique directive word.

The next theorem identifies a new uncountable class of Liouville numbers. The case d = 2 was
first established by Komatsu [25].

Theorem 7.5. Let t be a regular episturmian word. Then &, is a Liouville number if and only if t has
unbounded partial quotients.

Proof. If t has unbounded partial quotients, then dio(t) = co by Theorem 6.6 and & is a Liouville
number by Proposition 7.3. If t has bounded partial quotients, then dio(t) < oo by Theorem 6.6,
and Proposition 7.3 yields a finite upper bound for u(& ;) since a regular episturmian word over d
letters has (d — 1)n + 1 factors of length n for all n [16, Thm. 7]. O

Adamczewski and Cassaigne established in [5] that & is not a Liouville number if X is a k-
automatic word. Theorem 7.5 establishes the following weak analogue of this result: if t is a
regular epistandard word (or its shift) and the sequence (qi) satisfies a linear recurrence, then
&.p 1s not a Liouville number. Indeed, when the sequence (qx) satisfies a linear recurrence, the
corresponding Ostrowski numeration system can be viewed as a positional numeration system and
the corresponding standard word is automatic with respect to this numeration system. For more
on Ostrowski-automatic words, see the recent paper [9]. For a general reference on these topics,
see, e.g., [33, Ch. 2].

In [13], Bugeaud and Kim prove the following remarkable result.

Proposition 7.6 ([13, Thm. 4.5]). If t is a Sturmian word, then (& ;) = dio(t).

This result states that the irrationality exponent of &, can be read off its base-b expansion for a
Sturmian word t. For most real numbers, this is not possible [13, p. 3287]. Since many properties
of Sturmian words transfer to all episturmian words, it is natural to wonder if this result can be
generalized. As a consequence to Proposition 6.12, we obtain a negative answer to this question.

Proposition 7.7. There exists an episturmian word t over a 3-letter alphabet such that (&) > dio(t).
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Proof. Let t be the episturmian word with directive word (001122)® and intercept 1. Since t is
aperiodic, the number & is irrational, and hence w(&;5) > 2. On the other hand, we showed in
Proposition 6.11 that dio(t) < 2. The claim follows. O

This leaves open if the conclusion of Proposition 7.6 is true for regular episturmian words
satisfying the assumptions of Theorem 7.4. We see no reason to believe this as the proof of
Proposition 7.6 relies heavily on the theory of continued fractions and no such theory is available
for general episturmian words.

Bugeaud and Kim discuss on p. 3288 of [13] the base-b expansions of the numbers of the form
log(1+ 1/a). Their absolute lower bound for the Diophantine exponents of Sturmian words implies
that the fractional part of the base-b expansion of log(1+1/a) cannot be a Sturmian word for a > 34.
This result is a direct consequence of [7, Cor. 1] which provides an upper bound for the irrationality
exponent of log(1 + 1/a) which tends to 2 as a — oo. Applying this corollary to Proposition 6.18
yields the following.

Corollary 7.8. For every integer b such that b > 2 and every integer a > 23347, the fractional part of
the base-b expansion of log(1 + 1/a) is not isomorphic to any word in the Tribonacci subshift.

Results like this can be generated by finding results on the irrationality exponents of specific
numbers. Since the irrationality exponent of e is 2 (see, e.g., the proof of [1, Cor. 2]), we obtain the
following corollary. While this result is very minor, it seems that, besides the results of [1], very
little is known about the base-b expansions of e.

Corollary 7.9. Let t be a regular episturmian word of period d with directive word as in (2) such that
d = 2 or lim sup, ax > 3. For every integer b such that b > 2, the fractional part of the base-b expansion
of e is not isomorphic to t.

Obviously we conjecture that the conclusion is true when d > 2. We obtain the same conclusion
if we replace the number e by a badly approximable number. This observation is rather interesting
since there exist badly approximable numbers of sublinear complexity; see [12, Sect. 8.5].

8. Open problems

We have characterized the initial nonrepetitive complexity of regular episturmian words in
Theorem 5.10. It is unclear how this result can be generalized to all episturmian words.

Problem 8.1. Characterize the initial nonrepetitive complexity of a general episturmian word.

Such a characterization would allow to determine the Diophantine exponent of a general
episturmian word, but it is possible that this problem can be attacked in some other way.
Problem 8.2. Determine the Diophantine exponent of an episturmian word. Determine conditions that
ensure that the Diophantine exponent of an episturmian word is strictly greater than 2.

The Rauzy graph approach should work for studying the prefix nonrepetitive complexity function
and the initial critical exponent. However, we find this more difficult than characterizing initial
nonrepetitive complexity because we need to detect returning to the initial vertex in the Rauzy
graph, not a return to some vertex.

Problem 8.3. Adjust the methods of Section 5 for the study of prefix nonrepetitive complexity function
of regular episturmian words.

We believe Theorem 6.6 generalizes to all aperiodic episturmian words.
Conjecture 8.4. Let t be an aperiodic episturmian word. Then dio(t) < oo if and only if t has bounded
partial quotients.
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Let X be the set of regular episturmian words with period d. Define

B(d) = {dio(t) : t € X4} and
K(d) = {dio(t) : t € X4 and lim sup; a, > 3 or d = 2}.

It is proved in [13, Thm. 4.3] that B(2) > % + @ and that this lower bound is optimal. This is a
remarkable result, and we propose the following problems and questions.

Problem 8.5. Reprove that B(2) > % + @ using Theorem 5.10. Find and prove an optimal lower
bound for KX(d) when d > 2.

Question 8.6. What is the least element of K(d) and what is the least accumulation point of 1C(d)? Is
it true that inf B(d) = 1 when d > 2?

Theorem 6.8 was not enough to conclude that (&) > 2 for all regular episturmian words t. It
would be interesting to know if this is true.

Question 8.7. Is it true that p(&¢p) > 2 for all regular episturmian words t? What about all aperiodic
episturmian words?

Our results provide lower bounds for w(&¢ ) when t is a regular episturmian word, and Propo-
sition 7.7 suggests that the lower bounds are strict. Hence we propose the following problem.

Problem 8.8. Find a better upper bound than that of Proposition 7.3 for the irrationality exponent of
a regular episturmian word with bounded partial quotients.

Finally we propose the following problem related to the discussion after Theorem 7.5. This is an
analogue of a conjecture of Shallit [34] that was settled in [5].

Problem 8.9. Develop rigorously the notion of an Ostrowski-automatic word in the setting d > 2 and
settle the conjecture that if t is an Ostrowski-automatic word, then & is not a Liouville number.
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