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Abstract. In a smooth domain a function can be estimated pointwise by the classical Riesz
potential of its gradient. Combining this estimate with the boundedness of the classical Riesz
potential yields the optimal Sobolev—Poincaré inequality. We show that this method gives
a Sobolev—Poincaré inequality also for irregular domains whenever we use the modified
Riesz potential which arise naturally from the geometry of the domain. The exponent of
the Sobolev—Poincaré inequality depends on the domain. The Sobolev—Poincaré inequality
given by this approach is not sharp for irregular domains, although the embedding for the
modified Riesz potential is optimal. In order to obtain the results we prove a new pointwise
estimate for the Hardy—Littlewood maximal operator.

1. Introduction

In irregular domains a function can be estimated pointwise by a modified Riesz
potential of its gradient where the Riesz potential depends on the geometry of the
domain. When the modified Riesz potential is bounded from L? to LY here LY
is an Orlicz space, this leads to the Poincaré inequality

lu = upll s py < ClIVullLo(p).-

This method is well known for smooth domains, or more precisely for John domains,
and it gives the optimal Sobolev embedding, we refer to [5, Chapter 7] and [24]. We
will show that this method does not give the optimal integrability in more irregular
domains than John domains although the embedding for the Riesz potential is sharp.

We assume that ¢ is a continuous, strictly increasing function on [0, co) such
that for some constant C,,

t t
e < C(pM whenever 0 <t < 1. (1.1)
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In Theorem 4.4 we show that if D is a ¢-John domain, Definition 4.1, then

) —up| = ¢ [ O
D p(lx —yl)

for every u € L}(D). Here up is the integral average of u over D. For ¢(t) = ¢
this result was proved in [5, Chapter 7] and [24].

F.-Y. Maeda, Y. Mizuta, T. Ohno, and T. Shimomura showed in [16, Corol-
lary 6.5] that the modified Riesz potential is bounded from L? to LY, where L¥
is an Orlicz space and the Orlicz function H depends on ¢. We give an alterna-
tive proof for their result in Theorem 3.8. Our proof is based on a new pointwise
estimate by the Hardy-Littlewood maximal operator, see Theorem 3.5.

These results together give the Sobolev—Poincaré type inequality

lu—uplipupy < ClVullLrp)

that is presented in Theorem 5.2. As a special case we study the situation

' >a,,<_1>i<1_p>
logf (e + 1) log?"=D(m + 1) '

where 1 <« <n/(n—1)and B > 0. This special case has been earlier studied by
the authors in [10]. This is sharp when @ = 1 and § = O or wheno > 1,8 =0
and p = 1. However, when o > 1, 8 = 0 and p > 1 the Sobolev—Poincaré type
inequality |u —upl|l npy < ClIVulLr(p) is not sharp. We conjecture that the right
exponent is ot(n+)p—p+l also in the case B > 0. For more details and for references
we refer to the discussion after Theorem 5.2. Somewhat suprisingly, in Theorem 6.5
we show that in these cases the Rieszembedding L? < L issharpin the sense that
the exponent m cannot be larger and the exponent §(n — 1) cannot be
smaller. Our conclusion is that in very irregular domains the natural modified Riesz
potential is not the right tool for the optimal Sobolev—Poincaré type inequalities.
The paper is organised as follows. We have collected main properties of Orlicz
spaces to Sect. 2. In Sect. 3 we prove pointwise estimates to the modified Riesz
potential and prove boundedness. In Sect. 4 we show that our modified Riesz
potential arises naturally from the geometry of the domain. In Sect. 5 we prove
the Sobolev—Poincaré inequalities. In Sect. 6 we study the sharpness of the results.

o

o(t) = and H(t) = (

2. Preliminaries

Throughout this paper we assume that the function H : [0, c0) — [0, co) has the
properties: (1) H is continuous; (2) H is strictly increasing; (3) H is convex; (4)
lim,_, o+ @ = 0 and lim;_, @ = 00; (5) %’) < %S) for0 <t < s; and
(6) there exists Cff such that H(2t) < C 22 H (t) for all t > 0. In other words, we
suppose that H is an N-function, [1, 8.2], that satisfies the A,-condition.

Let G in R” be an open set. The Orlicz class is a set of all measurable functions

u defined on G such that
H(|lu(x)|)dx < oo.
1 (o)
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We study the Orlicz space L (G) which means a space of all measurable functions
u defined on G such that
f H(x|u(x)|) dx < 00
G
for some A > 0.

When the function H satisfies the A,-condition, then the space LY (G) is a
vector space and it is equivalent to the corresponding Orlicz class. We study these
Orlicz spaces and call their functions Orlicz functions. The Orlicz space LY (G)
equipped with the Luxemburg norm

o o) =inf{k -0 | @('”(’“") dx < 1}
G A

is a Banach space.

We note that if the n-Lebesque measure of G is finite, then there is a continuous
embedding L (G) < L'(G). For more information about Orlicz spaces we refer
to [1, Section 8] and [6, Section 6.3].

The space of locally integrable functions defined on an open set G is written as
Llloc(G). We recall that the space L },(G) , 1 < p < o0, is a space of distributions
on G with the first order derivatives in the space L? (G).

An open ball with a center x and radius » > 0 is written as B(x,r). The
corresponding closed ball is denoted by B(x, r). Given any proper subset A of
R”" and any x € R", the distance between x and the boundary 9 A is written as
dist(x, 0A), and diam(A) stands for the diameter of A. The characteristic function
of a set A is denoted by yx4. When A in R” is a Lebesgue measurable set with
positive n-Lebesgue measure |A| we write the integral average of an integrable
function u in A as

Ua :fu(x)dx = |A|71 / u(x)dx.
A
A

We let C(x, - - - , %) and C, denote constants which depend on the given quan-
tities only. In the calculations from one line to the next line we usually write C for
constants when it is not important to specify constants’ dependence on the quan-
tities appearing in the calculations. From line to line C might stand for a different
constant.

3. Pointwise estimates for a modified Riesz potential

The classical centered Hardy-Littlewood maximal function is written as

Mf(X)=SUP][ lfOD)ldy

r>0
B(x,r)
where f is a locally integrable function defined on R”, [25, Section 1]. We give
two pointwise estimates by using the Hardy—Littlewood maximal operator in Lem-
mas 3.1 and 3.3. Lars Inge Hedberg stated and proved the corresponding results
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when ¢(¢) = ¢, [13, Lemma (a), (b)]. A. Cianchi and B. Stroffolini used the Hed-
berg method for the classical Riesz potential when functions are Orlicz functions,
[4, Theorem 1, Corollary 1].

Lemma 3.1. Let ¢ : [0, 0c0) — [0, 00) be a continuous, strictly increasing func-
tion. Let h : [0, 00) — [0, 00) satisfy

0]

Q@ Fry
Z PR <h(t) forall t>0. (3.2)
k=1

Let § > 0 be given. If f € Llloc (R™), then there exists a constant C (n) such that
the inequality

/ Oy < copneymso
B(x.5) ¢(x — y)

holds for every x € R".

Proof. Let x € R" be fixed and let 6 be given. Let us divide the ball B(x, §)

into annuli. By bringing in the Hardy-Littlewood maximal operator and by using
inequality (3.2) we obtain

/B _WOL_ gy < Zw(az—k)l—" / |F)ldy

.8 e(lx —yD" ! (2278 <|x—z|<2-k+15)

2 kS n
< Cn >Z ((82 k)),, o o

(z:lx—z|<2—K+15}

o~ (@ 7rey
< CMf () ]; PR

= C(m)Mf(x)h(3).

We consider the integral over the set R"\ B(x, §), too.

Lemma 3.3. Let ¢ : [0, 00) — [0, 00) be a continuous strictly increasing function
such that inequality (1.1) holds. Let 1 < p < n. Let§ > 0 be given. If || f | Lr®n) <
1, thenthereis a constant C, depending onn, p, and Cy, only such that the inequality

1
/ [f ()] - dySC(p(S)lfnsn(lfg)
R\ B(x,8) P(Ix — yD"
holds for every x € R™.
The inequality in Lemma 3.3 has been proved for the function ¢(t) =
1“/logP(e + ™"y when 1 < @ < 1+ 1/(n —1) and B > 0 in [10, Lemma

3.2]. The proof here is a generalization of this earlier result. We give the proof for
the sake of completeness.
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Proof of Lemma 3.3. Suppose that 1 < p < n and let us write p’ = p/(p — 1).
Let the point x € R” be fixed and let 6 > 0 be given. By Holder’s inequality we
obtain

[fDI
——————dy < || fllLr@n
/Rn\B(x,a) @(jx — ypr-1 &

XR\B(ry@(Ix — D" ”Lp’(R")

—_n|(n=1)/n
< [ xensese(x = D7 oty

For every y € R" \ B(x, 3),
o(lx =y ™" = C)|B(y. ¢(lx — y))| ™!

— ) ][ Xy ()| BGx, 8)] !

B(y,2lx—yl)
|B(y,2|x — y])I
[B(y, o(lx — y)I

By assumption (1.1) we obtain that

|B(y,21)| ( s )"
B0, o = "6
for every ¢ > §. Hence,

ok —y)™" = Can, cw( (3)) M (x50 B &) )

forevery y € R" \ B(x, $).

Since 1 < p < n, we have 1 < ”n;l p’ < oo. Thus, the Hardy-Littlewood
maximal operator is bounded in L(=Dp'/n (R™), [25, Section 1, Theorem 1(c)],
and we obtain

(n=1)/n

||XR)1\B(X 8)§0(|x —D- " ” (m=Dp'/n (R
<C,C 8 M B sy~
(n, Cyp) 20 H (XB(x,8)| (x,9)] ) LO-10n (y
<Cn.C 1) Blx. 5)-! (n—=1)/n
. Co. (555 me ST e
— (n—1)/n
S C(”a Cgov p)(p((s) || XB(X,5)| L(n—l)p’/n(]Rn)
< C(n, Cyp, p)e(8)' 87
Hence, the claim is proved whenever 1 < p < oo.
If p=1,and § > 0is given, and ||f||L1(Rn < 1, then
[f (I _ _
/ —— s dy < ¢(8)' " IfDldy < @) "
R\ B(x,8) P(1x — ¥I) R™\B(x,5)
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Remark 3.4. Let us assume that ¢(¢) = 10g"‘<[e+")’ o € [1, 1+ ﬁ) and 8 > 0.
We use this ¢ in Corollary 5.10. In this case the restriction p < n in Lemma 3.3
can be replaced by the inequality p < n/(n — a(n — 1)). This yields that in
Theorems 3.5, 3.8 and 5.1 the restriction p < n can be replaced by p < n/(n —
a(n —1)). In the proof of Lemma 3.3 we may estimate the term || xgm\ p(x,5)¢ (|x —
Pl ” LY (R1) by using the following calculation:

| xen Besex = D" Loy

1
Il v
= (/ @(lx =P dy)
R\ B(x,8)

00 L
- (C(n)/ Q)P A=mn=1 dt)l
5
1

— C(f’l, p) </OO tozp/(lfn)+n71 logﬂp,(nfl)(e + tl)dt) P
)
1

o -
<C(n, p) logﬁ(”_l)(e +5—1) <f totp/(l—n)+n—1 dt)p .
8

The last integral is finite if ap’(1 — n) +n < 0. In this case we obtain
_ _ _ 1—n)+1
e 5.2 = YDy < Cl, p)logh =D e 4 6716 %0

Theorem 3.5. Let 1 < p < n be given. Let ¢ : [0, 00) — [0, 00) be a continuous,
strictly increasing function which satisfies condition (1.1). Suppose that there exists
a continuous function h : [0, o0) — [0, 00) so that (3.2) holds. Let 6 : (0, 0c0) —
[0, 00) be a continuous function and let H : [0, 00) — [0, 00) be an Orlicz function
satisfying the A,-condition. Suppose that there exists a finite constant Cy such that
the inequality

H (hGO) + G 6@y ™) < Cur? (3.6)

holds for all t > 0. Let G in R" be an open set. If || f||Lrrr) < 1, then there exists
a constant C such that the inequality

H (f L)'_ldy) < C(Mf(x))? 3.7
G ¢(lx —yD"

holds for every x € R". Here the constant C depends on n, p, Cy,, Cy, and the
As-constant of H only.

Proof. We may assume that M f (x) > 0, since otherwise f(x) = 0 almost every-
where. By Lemmas 3.1 and 3.3 there exists a constant C such that we obtain

/ [f I dy S/ [f I J
G ¢(jx —yphr-! re @(Jx — yr!

< Ch(3(Mf(X)))Mf(x) —+ Cw(‘s(Mf(x)))l_n(Mf(x))"(l_%)
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for every x in R”. Condition (3.6) implies for all x in R”

H(/ Lﬂ_@) < C(Mf(x))P.
p ¢(jx — ypr-!

O

F.-Y. Maeda, Y. Mizuta, T. Ohno, and T. Shimomura showed in [16, Corol-
lary 6.5] that the modified Riesz potential is bounded in generalized Orlicz spaces.
The following result is a special case of their result. We have written the result for
an open set G in R” to make it clear that the result does not depend on the geometry

of the domain. This formulation also is more convenient when we connect it to
irregular domains. We point out that it is possible to choose G = R".

Theorem 3.8. (Corollary 6.5 in [16]) Let H be an Orlicz function and ¢ be an
increasing function as in Theorem 3.5. Let G be an open set in R". Then there
exists a constant C such that the inequality

/H(/ Mdy) dx <C
G G e(jx — yphr-!

holds for every f when || fllLogL(G) < 1 if p = 1 in (3.6), and for every f when
Il fllLrcy < 1if1 < p < nin(3.6). Here the constant C depends onn, p, Cy, Cy,
and the As-constant of H only.

We give an alternative proof for this theorem based on the Hedberg method.

Proof. Suppose that 1 < p < n. Let us assume that || f|l,»G) < 1. Then by
Theorem 3.5 the inequality

H (/ Lﬂﬁ@) < C(Mf(x)P
G ¢(x —yD"

holds for every x € G. Since the Hardy-Littlewood maximal operator M : L? —
L? is bounded whenever 1 < p < oo, we obtain by integrating both sides of this
inequality over G

/H(/ Lﬂ_ﬁi)}) dng/ (Mf(x))? dx
G G ¢(x —yDh" G

< C/ | f()|Pdx < C.
G

The proof in the case p = 1 follows in the same lines; but the fact that the
maximal operator M : LlogL — L' is bounded had to be used instead of the
boundedness of the maximal operator M : L” — LP whenever | < p <oo. O

Remark 3.9. Note that if the inequality

/H(/ |f(—y)|dy) dx <C
G G o(Jx —yphr-!
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holds for every f whenever || f||1rG) < 1, where 1 < p < oo, then

’/ Lf DI dy
G ¢(lx —ypr—!

for every f whenever || f| () < 1and I < p < oo. The boundedness of the
Luxemburg norm follows by applying this inequality to f/|| fllL»(G) whenever
1 < p < oco. Arguments in the case p = 1 are similar.

<C
LH(G)

We state the boundedness of the Luxemburg norm in the following corollary.

Corollary 3.10. Let H be an Orlicz function and ¢ be an increasing function as in
Theorem 3.5. Let G be an open set in R".
If 1 < p < n, then there exists a constant C such that the inequality

Lf
— 7 dy
G e(-—yb"
holds for every f € LP(G). Here the constant C depends on n, p, Cy, Cy, and

the Ay-constant of H only.
If p = 1, then there exists a constant C1 such that the inequality

‘ / LF J
n—1

G e(-—=yD

holds for every f € Llog L(G). Here the constant Cy depends onn, Cy, Cy, and

the Aj-constant of H only.

<Clflrr
LH(G)

< CillfliLogL(G)
LH(G)

Remark 3.11. (a) Theorem 3.5 reduces to the classical pointwise estimate for the

Riesz potential I f,
Lf ()]
1 = — - _dy,
o f(x) /I‘Q" Ix — y|r—« y

that is, there exists a constant C such that
o f GO/ =) < CMF )P | FIISE "

wheno € (0, 1]and 1 < p < n, [13, (3) in the proof of Theorem 1]. Indeed if

P(R" T —_— t_”
f € LP(R") is given and we choose ¢(t) = ¢ lh(t) 1%, 5(t) = T an”

and H(t) = "nﬂt"”/ (n=ep) " then the assumptions of Theorem 3.5 are valid.
If « € (1, n), then inequality (1.1) fails and we can not use the method of our
proof for Theorem 3.5.

(b) The classical (np/(n — ap), p)-inequality for the Riesz potential I, f, that is,
fora > 0,1 < p < oo, and ap < n there is a constant C(n, p, o) such
that ||Iaf||an/(n7ap>(Rn) < C(n, p, @) || flLr @~y Whenever f € LP(R"), [13,

Theorem 1], is a special case of Theorem 3.8 with ¢(¢) = t7=T and H(t) =
—n;;lpt"p/(”_“”) whenever @ € (0,1]and 1 < p < n.
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(¢) Trudinger’s inequality [28, p. 479], [19, Theorem 1], [26, Theorem], and [13,
Theorem 2] for functions with compact support follows from Theorem 3.8 when
(t) = tasin [13, p. 507].

More generally boundedness results to the Riesz operator I, from an Orlicz
space to another Orlicz space are foundin [15,21,27], and [2]. Cianchi characterized
the Orlicz functions which give the corresponding norm inequalities, [3, Theorem
2 (ii)]. Cianchi and Stroffolini gave simplified proofs, [4, Theorem 1 , Corollary 1].
For recent developments we refer to [20].

4. Pointwise estimates for functions defined on irregular domains

We are going to give new embedding results for L},-functions, which are defined
on domains with fractal boundaries. We recall the definition of very irregular John
domains and give an integral representation to functions defined on these domains.

Definition 4.1. Let ¢ : [0, c0) — [0, 00) be a continuous, strictly increasing func-
tion. A bounded domain D in R" ,n > 2, is a ¢-John domain if there exist a
constant c; > 0 and a point xo € D such that each point x € D can be joined to
xo by a rectifiable curve y : [0,]] — D, parametrized by its arc length, such that
y(0) =x,y() =x0,l <cy,and

@(t) < cydist (y(t),dD) forall t€[0,cyl.

The point x¢ is called a John center of D and the constant c; is called a John
constant of D.

If a domain is a ¢-John domain with a John center xq, then it is a ¢-John domain
with any other x € D, but the John constant might be different.

Lipschitz domains, classical John domains, and the so called s-John domains
are examples of these domains. But there are more irregular domains such as the
mushrooms domain studied in [10, 6. Example] and in [11, 6. Example].

The following lemma is needed to prove a pointwise integral representation to
L}—functions defined on a ¢-John domain. Lemma 4.3 is a generalization of [9,
Theorem 9.3] where the classical John domain, corresponding to the case ¢ () = t,
is considered. For the function ¢(r) = t/log(e +t~!) the corresponding result has
been proved in [11, Lemma 3.5]. The following inequality (4.2) is needed: There
exists a constant C g/a depending on ¢ and c; only such that

o) < C;,t forall t e [0, cy]. (4.2)

Namely, for a given John domain with a John constant ¢; by inequality (1.1) there
exists a constant Cy, such that

w(cy)

@) < Cy t=:C(’ﬂt forall t e [0,cy].
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Lemma 4.3. Let ¢ : [0, 00) — [0, 00) be a continuous, strictly increasing A;-
function satisfying inequality (4.2). Let D in R" ,n > 2, be a ¢-John domain
with a John constant cj and a John center xy € D. Then for every x € D\
B(xg, dist(xqg, 0 D)) there exists a sequence of balls (B(xi, ri)) such that B(x;, 2r;)
isinD,i=0,1,..., and for some constants K = K(cy, C(/p), N = N(n), and
M = M(n)

(1) By = B(xo, L dist (xo, aD));

(2) p(dist(x, B;)) < Kri,andri — 0asi — oo,

(3) no point of the domain D belongs to more than N balls B(x;, r;); and
@) |B(xi, ri) U B(xiy1, rig1)| < M|B(xi, ri) N B(Xit1, Fit1)|-

Proof. The definition of ¢ affects only to the property (2). Thus the proofs for (3)
and (4) are the same as in [11, Lemma 3.5].
Letx € D\ B(xp, dist(xg, dD)). Let y be a John curve joining x to x, its arc

length written as /. We write B(/) =B (xo, 4—1‘ dist (xo, 8D)) and consider the balls
B, and

1
B(y(z), Z dist (v().0D U {x})),

where ¢ € (0, [). By the Besicovitch covering theorem, there is a sequence of closed
balls B{, B}, ... and B that cover the set {y(t) : t € [0,/]} \ {x} and have a
uniformly bounded overlap depending on n only. We write B(x;,r;) = 2B/ for
everyi =0,1,2,...,wherex; = y(#),t; € (0,1),and r; = %dist (xi, dDU{x}).

By the fact that ¢ is an increasing function and by the definition of ¢-John
domain we obtain

@(dist(x, Bo)) < ¢(I) < cydist(xo, dD) = 2c;rp.

Let us suppose then thati > 1. If r; = %dist(x,-, x), then by inequality (4.2) we
obtain

p(dist(x, B(x;, ;) < C(’p dist(x, B(xj, 1)) < ZC(;ri.

If r, = L dist(x;, 0 D), then the fact that ¢ is increasing and the definition of a
¢-John domain give

@(dist(x, B(x;, 1)) < ¢(dist(x, x;)) < @(t;)
< cydist(x;, 9D) = 2cyr;.

Thus, property (2) holds. O

The following pointwise integral representation for L } -functions defined on the
classical John domain is well known, [7,24]. The corresponding integral represen-
tation when ¢(t) = t/log(e + 1 is proved in [11, Theorem 3.4]. For the sake
of completeness we give the proof for the general function ¢ here. Lemma 4.3 is
essential to this proof.
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Theorem 4.4. Let ¢ : [0, 00) — [0, 00) be a continuous, strictly increasing A;-
Sunction satisfying (4.2). Let D in R" ,n > 2, be a ¢-John domain with a John
constant c¢j and a John center xo. Then there exists a finite constant C such that
foreveryu € L} (D) and for almost every x € D the inequality

[Vu(y)l
|u(x) = UB(x.distxo.0D)) | < C/ S
D g(|x — yl)
holds.
Proof. If x € B(xo, dist(xp, d D)), then

diam (B (x, dist(xg, 0 D)))"
n|B(xo, dist(xg, 9D))|

[Vu(y)|
n—1 dy
B(xo,dist(x,aD)) X — Y|

by [5, Lemma 7.16]. Since by inequality (4.2) there is a constant C (’p such that ¢ (]x —

|1 (x) — U B(xgdist(x0.00)) | <

ypl < (C(;|x - yl)"_l, the claim follows for points x € B(xo, dist(xq, 8 D)).

Let us then assume that x € D\ B(xg, dist(xp, dD)). Let (Bi)?io be a sequence
of balls constructed in Lemma 4.3. Property (2) in Lemma 4.3 gives that r; —
0 and dist(x, B;) — 0 whenever i — o0, since lim; o+ ¢(t) = 0 and ¢ is
continuously strictly increasing. Note that lim;_, o+ ¢(f) = O follows from the
definition of ¢-John domain by considering points near the boundary. Since r; =
%dist (xi, 3D U {x}), we obtain that r; = %dist(x,', x) when i is large enough.
Thus the Lebesgue differentiation theorem [25, Section 1, Corollary 1] imply that
up, — u(x) wheni — oo for almost every x. We obtain

o0 o0
lu(x) —upy| < Z lup, —up, | < Z (|”B,- — UBNB |+ |UBy — ”‘BiﬂBiHl)
i=0 i=0
o0
SZ ][ lu(y) —up;|dy + ][ |u(y)—u3i+||dy
=0 \ B:NBi+ BiNBi+1

By property (4) in Lemma 4.3 [u(x) —up,| <2C > 7%, |Bi|~! fBi lu(y)—up,|dy.
By using the (1, 1)-Poincaré inequality in a ball B;, [5, Section 7.8], we obtain

) ) = € Y_rif IVuGldy.
i=0

B;

By (4.2) we have ¢(2r;) <2C (’p r;. Since ¢ is strictly increasing, there exists the
strictly increasing inverse function ¢ ~! such that the inequality ¢! (2C€’0r,-) > 2r;
holds. Thus, for each z € B; we obtain by property (2) in Lemma 4.3 that

Ix — z| < dist(x, B) +2r; <@~ '(Kry) +2r; <297 '(Cri),
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C = max{K, 2C,}. Hence, we have ¢(%1x — z|) < Cr;. By using this estimate
and property (3) in Lemma 4.3 we obtain that

v
|”(x)_uBo|<CZrl][|Vu(y)|dy<CZ/ | u(y)l
<cZ/ 'Wy)'n Ve,

(31x —
IVM(y)I
=C / T
D ¢(51x — yl)
Since the function ¢ safisfy the A,-condition, the claim follows. O

5. Orlicz embbeding theorems

Continuous embeddings into Orlicz spaces of exponential type for domains with a
cone condition are well known, [28, Theorem 1, Theorem 2]; we also refer to [22,
23,29]. We recall that Cianchi has proved sharp results for Orlicz-Sobolev spaces
whenever relative isoperimetric inequalities are valid in the underlying domain, [2,
Theorem 2 and Example 1]. His work covers Orlicz spaces of exponential type and
more. In particular, classical John domains, that is, ¢ (¢) = ¢, satisfy the Trudinger
inequality, [2, Examplel].

We formulate the new embedding results for L },-functions defined on ¢-John
domains.

Theorem 5.1. Let ¢ : [0, 00) — [0, 00) be a continuous, strictly increasing Aj-
Sfunction which satisfies condition (1.1). Let H be an Orlicz function defined as in
Theorem3.5. Let 1 < p <n. If DinR" ,n > 2, is a o-John domain with a John
center xo, then there exists a constant C < 00 such that the inequality

/ H(u(x) — ey disi.om) ) dx < C
D

holds whenever u € L},(D) and ||Vullpr(py < 1; the constant C does not depend
on the function u.

If p = 1, we need an extra assumption on the Orlicz function H.
Theorem 5.2. Let ¢ : [0, 00) — [0, 00) be a continuous, strictly increasing A;-

Sfunction which satisfies condition (1.1). Let H be an Orlicz function defined as in
Theorem 3.5. Let D in R", n > 2, be a p-John domain. If

Y H@2 ) < oo, (5.3)

j=1
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then there exists a finite constant C such that the inequality
/ H (Ju(x) — up(xo.dist(xo.00))|) dx < C
D

holds for every u € L} (D) when ||[Vul| 11 (py < 1; the constant C does not depend
on the function u.

We state the corresponding norm inequalities next.

Corollary 54. If 1 < p < n, let ¢, H, and D be defined as in Theorem 5.1. If
p =1, let o, H, and D be defined as in Theorem 5.2. Then there exists a constant
C < oo such that the inequality

lu —upllpupy < CllVullLr(p)
holds for every u € L},(D); the constant C does not depend on the function u.
The pointwise estimate in Theorem 4.4 is crucial for the proofs.

Proof of the embedding result Theorem 5.1. Letu € L;(D). Then, by [17, 1.1.2,
Theorem] u € L? (D). Let xo € D be a John center of D. Theorem 4.4 and

loc
Theorem 3.8 imply the claim. O

The proof of the embedding result is more tedious when p = 1.

Proof of the embedding result Theorem 5.2. Let us consider functions u € L%(D)
such that | Vu|| ;1 D) = 1. The center ball B(xq, dist(xg, 0 D)) is written as B. We
show that there exists a constant C < oo such that the inequality

/ H(lu(x) —upl)dx < C (5.5)
D

holds whenever [|[Vu||1p) < 1. First we estimate

f H(ju(x) —ugl)dx <) HQ/* Y dx.
D

ez /{xeD:2j<|u(x)uB|§2-f+l}

Let us define vj(x) = max {O, min {[u(x) — ug| — 2/, 21}} for all x € D. If

xe{xeD:2 <|u(x)—ug| <271}, thenv;_;(x) > 2/~!. We obtain

Z / H(?2/™) dx. (5.6)
ez {xeD:w;j(x)=27}

/ H(lu(x) —upl)dx =<

D

By the triangle inequality and Theorem 4.4 we have
vj(x) < |vj(x) = ()l + [(v))B]

< c/ VO 4wl
D g(lx — yl)
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for almost every x € D. By the (1, 1)-Poincaré inequality in a ball B, [5, Section
7.8], there exists a constant C such that

[(vj)Bl = (vj)B =][ vj(x)dx S][ lu(x) —upldx
B

B

< C][ |[Vu(x)|dx < C|B|™".
B

Thus, by the definition of B the number |(v;) g| is bounded by a constant depending
on n and the distance between the John center and the boundary of D only. We
write

Vv (0]
I (Vv-)(x):/ — 7
e D o(lx — )"

We continue to estimate the right hand side of inequality (5.6)
/ H(ju(x) —upl)dx <) HQ/*?)dx
D

jez v/{‘XEDIC]w(VU./)(X%FCEZ/.}

< HQ/" ) dx
jeZ/{xeD:Clq,(Vu_,)(x)zz./—'} (5.7
Jo )
+ Z /H(z/+2)dx.
j==00"P

By (5.3) we obtain

Jo ‘ Jo '

Z /H(zf+2)dx=|1)| Z HQ2/*?) < C|D|. (5.8)

j=—00 D j=—00

Then, we will find an upper bound for the sum

/ HQ2/*?)dx.
ez {xeD:Cl,(Vvj)(x)>2/"1}

Since |Vvjliz1py < IVullp1(py < 1, Theorem 3.5 implies that

/ HQ2/ ) dx
ez {xeD:Cl,(Vvj)(x)=2/"1}
< / HQ/ ) dx
jeZ {xeD:H(Cl,(Vv;)(x)=H2/~1)}

HQ/ ) dx.

=3

jez /{xeD:CMVv.fo)zH(zf-l)}
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We choose for every x € {x € D : CM|Vv;|(x) > H(2/7%)} a ball B(x, ry),
centered at x and with radius r, depending on x, such that

1 .
C ][ IVoj(ldy = ZH@™
B(x,ry)
with the understanding that |[Vv;| is zero outside D. By the Besicovitch covering

theorem (or the 5-covering theorem) we obtain a subcovering { By}, so that we
may estimate by the As-condition of H

f HQ2/t?)dx < ZZ/ H(2/1?) dx
ez {xeD:Cly(Vvj)(x)=2/~1} ez k=1
Jj+2
< ZZIBkIH(Z ) < ZZC|Bk|H(2, ])][Wv,(y)ldy
JEZ k=1 JEZ k=1
<CZf Vv (y)] dy.
JEZL

Let E; = {x € D : 2/ < |u(x) —up| < 2/*'}. Since |Vv;| is zero almost
everywherein D\ E; and |Vu(x)| = Zj |V (x)|xEg; (x) for almostevery x € D,
we obtain

H(@2 ) dx < c/ Vu(y)ldy =C. (5.9
D

ez [xeD:Clw(Vv_j)(x)>2jl}

Estimates (5.7), (5.8), and (5.9) imply inequality (5.5). o
Proof of Corollary 5.4. Let us write B = B(xg, dist(xg, dD)). Theorem 5.1 for
1 < p < n and Theorem 5.2 for p = 1 yield |lu — upll np) < C for every

u € L},(D) with [|Vu| rr(py < 1. By using this inequality for u/||Vu| rrp) we
obtain

lu —upllpupy = CliVullLr ().

By the triangle inequality |[u — up|l 1 py < llu —upll npy + lup —upllpup)
and furthermore for some constant C
lup —upllprpy=lup —upl1llLxp
< Hpmpylle —uplipi(p)
< Clltllpupyllu — upllpu(p)-
O
As an application of Theorems 5.1 and 5.2 we obtain the following corollary.

By Remark 3.4 we may replace the assumption p < n by the assumption p <

n/(n—am—1)).
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Corollary 5.10. (Theorem 4.1 in [10]) Let 1 < p < n/(n — a(n — 1)) be given.
Leta € [1,14+1/(n—1))and B > 0. Let ¢ : (0,00) - Rand H : [0, 00) - R
be the functions

tO{

)= ———— Cl}’ld
PO = et

H) ( t )(Jtp(llH(lp)
HN=| —
]ogﬁ(n—l)(m +1)

where m = m(n, p) > e. If D in R" ,n > 2, is a 9-John domain, then there is a
constant C such that the inequality

/ H(|Ju(x) — up(x,dist(xg,00)) 1) dx < C
D

holds for every u € L},(D) when ||VullLrpy < 1. The constant C does not depend
on the function u.

Corollary 5.10 recovers the well known case when « = 1 and 8 = 0. Corol-
lary 5.10 with ¢ > 1, 8 = O and p = 1 is sharp but, withe > 1, 8 = 0 and
p > 1 itis not sharp. Namely, the exponent in the Orlicz function H should be
a(n+’p+], and not W, according to [8, p. 437] and [14, Theorem
2.3]. We propose a conjecture that % is the right exponent in the case
B > 0 also. We note that our method based on the modified Riesz potential does
not give a better exponent than m, see Theorem 6.5.

We give a detailed proof Corollary 5.10, since the proof shows why the values
of o should have the upper bound n/(n — 1). In Remark 5.11 we will point out that
the upper bound n/(n — 1) is the best possible with this Hedberg-type method for
the modified Riesz potentials.

ProofofCorollaryS 10. Letw € [1,1 +1/(n — 1)) and B > 0. When ¢(t) =
logﬂ(eT_l) calculations show that the Aj-condition of ¢ and inequality (1.1) hold.

In order to have condition (3.2) we substitute ¢ to the left hand side of (3.2)

and estimate, for o < -2~

n—1°
SESk

[e's)
1
§ n—a(n—1) § : —k(n—a(n—1) B(n—1) k -
o2 kpyn-1 =1 2 log (2 <e t))

k=1 k=1
< "D ogh =D <e + l) .
- t

Thus, we may choose

h(t) = Cr" 0% 10gP "= D(e +17!) and

H( ) ( t )ap(n D+n—np
=\—%—"7—"" .
log# =D (m 4 1)

Conditions A and (5.3) for the function H hold clearly.
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We choose § : (0,00) — (0,00),8(t) = t‘g, and show that condition (3.6)
holds with §, h, and H. By substituting # and § to the left hand side of (3.6) we
obtain

HBGE) +o60) ") "9 = H (207””‘"713”7"” 1ogP"=D (e + tf)) .
The definition of H and straightforward estimates imply
1—n n(i—1
H (hG@) + 960 51" 77)
pn
CtP (10gﬂ(n_l)(€ + t5)> ap(n—T)+n—np

pn
(10gﬂ(” ) (m +2C ap(n— 1)+n npl gﬁ(n 1)(6 1k )))ap(n—l)+n—np

pn
ap(n—1)+n—np

< Ct?.

IA

logh"=D (e 4 t%)

Ct?
logh= (m + 26zW)

IA

Thus the claim follows by Theorems 5.1 and 5.2. O

Remark 5.11. We emphasize that the assumption o« < 1 + n]Tl is natural when we

. . _ 1% . 1
consider the function ¢(¢) = =t Namely, if we assume that @ > 1 + e
and 8 > 0 and choose f = 1 in D, then we obtain that

f O / log" Vet Ix —yI7h |
p e(x —yD" " 7 (e min(1.dist(x.90))) |x — yle@=D

1

/B(x,min{l,dist(x,aD)}) |x — yle=D

v

%

1
/ ———dy =0
B(x,min{1,dist(x,aD)}) |X — Y|"

for every x € D.

6. Sharpness of the results

In this section we study sharpness of the norm inequalities

|u(z)

—d
po(-—2) "

< CllullLr(p)
L (D)

and |lu —upllpupy < ClVullLr(p). We start from the latter inequality.

Let ¢ : [0,00) — [0, 00) be a continuous, strictly increasing A,-function
which satisfies condition (1.1). We give a sufficient condition to the function H in
Theorem 6.2 so that the corresponding inequality in Theorem 5.1 fails. We do it by
constructing a mushrooms-type domain. Mushrooms-type domains can be found in
[10-12,17,18]. By using Theorem 6.2 we show that the embedding in Theorem 5.2
is sharp.
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Next we construct the mushrooms-type domain. Let () be a decreasing
sequence converging to zero. Let Q,,,m = 1,2, ..., be a closed cube in R” with
side length 2r,,. Let P,,,m = 1,2, ..., be a closed rectangle in R” which has side
length r,, for one side and 2¢(7,,) for the remaining n — 1 sides. Let Qg = [0, 1]".
We attach Q,, and P,, together creating 'mushrooms’ which we then attach, as
pairwise disjoint sets, to one side of Q. We have to assume here that ¢(r,,) < ry,.
We attach the mushrooms to the side that lies in the hyperplane x, = 1. We wish to
define a domain that is symmetric with respect to the hyperplane x, = % Thus, let
Q;, and P be the images of the sets Q,, and P,,, respectively, under the reflection
across the hyperplane x; = % We define

G:int(QoU U (QmUPmUQj;UP,:)>. 6.1)
m=1

We give a sufficient condition to the Orlicz function H so that the corresponding
Orlicz embedding result in Theorem 5.1 fails.

Theorem 6.2. Let p > 1. Let ¢ : [0,00) — [0, 00) be a continuous, strictly
increasing Aj-function which satisfies condition (1.1). Suppose that there exists
to > 0 such that p(t) < tfor0 <t < tg. Let G in R", n > 2, be a mushrooms-
type domain constructed as in (6.1). If H is an Orlicz function which satisfies the
Ao-property and the condition

lim "H o\
im = 00,
t—0+ go(t)"_l

then there exists a sequence of functions (uy) in L},(G) such that |VugllLrGy =1
for every k and

/ H(lup(x) — (ur)pl)dx — oo as k — oo.
D

Proof. Let us define a sequence of piecewise linear continuous functions (ux)g2
by setting

F(re)  in Ok,
up(x):=q —F(rx) in QF,
0 inQo,

where the function F will be given in (6.3). Then the integral average of uy over
G is zero for each k.
The gradient of u difters from zero in P, U P, only and

F(rm)

m

[Vug (x)| = , whenx € P, U Py;.

Note that

P
[ vwerar=2 [ (F(”")) dx = 21 (@ 2
G P, .

'm ‘m
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We require that [, [Vuy(x)|” dx = 1. Hence,

V,I:,71 1/p
F(rm) = <W> . (6.3)

Since (ux)g = 0 and uy is a constant in Q,, we have
/ H (lug(x) — (up)gl) dx > 2/ H(F(rm))dx = 2ry, H(F (ry)).
G Om

Hence, by (6.3), the A>-condition, and the assumption we have

n n rmp_l l/P
e =ri((ge5=) )
1 7ol 1/p

> _am
=3 () )

1 Fm P! 1/p
> r"H((—) ) — 00, whenever m — o0.

Cflz " (rp)"!

O

Theorem 6.2 implies that condition (3.6) in Theorem 5.2, in the p = 1 case, is
sharp.

Remark 6.4. Let H be an Orlicz A,-function which satisfies condition (5.3). Let
us assume that (3.6) holds with §(¢) = ¢~ in the case p = 1, that s,

1 1\ -~
H h(t_n>t+(p(t_") < Cygt forall > 0.

Then we obtain with every function / that

lim "H (

t—0t

) < lim /"H (h(t)f” + go(t)]’”)
t—0t

- —1/n _1y I
< lim¢t  "H|(h(t t+olt <Cyg.
11— 00

Next we study the modified Riesz potential in R”.

)1

Theorem 6.5. Let €,5,8 > Oand let o« € [1,1 +1/(n —1)). Let 1 < p <
n/(n —a(n — 1)) be given. Let ¢ : (0,00) — R and H : [0,00) — R be the
functions

o

() =

’

np
t >ap(n—1)+n(1—p> +e

and H(t) =
@ <logﬁ("_1)_‘s(m +1)

logf(e +1~1)

where m > e. If ¢ > 0 or § > 0, then there exists a sequence of functions (uy) in
LP(R") such that |\ug||pr®ey < C and

/ H(/ L)'ldz)dxeoo as k — oo.
n re @(lx —z[)"™



P. Harjulehto, R. Hurri-Syrjénen

Proof. Let A > 0. We will fix f € LP(R") later. By changing the variables we
obtain

48 st = ([ anranra)’

1
~([ irowar)” = fiura,

On the other hand, by changing the variables, Ax = z and Ay = w, we obtain
AP f(A
/ H / ATTAOL ) ay
" re @(lx — yD"~
A
Zf H(/ @ dz) ;
n VR AT (15— )

=/ AT"H (A'p""[ 1|f(Z)| ]dz> dow.
n Rt 9(A7 |z — @)™
Thus, by Fatou’s lemma

A7 f(A
lim H(/ L(xﬂl dx) dy
A—o00 JRn re @(lx — yD"~
> / lim A"H A%*”/ EAC dz ) dw.
- R2 A—00 Rn (p(A_1|Z — (,()|)n_l

Let f(x) = I whenx € B(0, 2) andlet f(x) = 0 otherwise. Hence, by substituting
o(t) = we obtain that for every w € B(0, 1)

tOt
logf (e+1=1)

A_nH<AZ—n/ |f(Z)| dZ)
rr @(A71z — w)n!

n ﬁ(n_l) —
=A—nH(Ap—n/ |f(z)|log (e+A/lz —w)) dz)
Rn

A—ot(n—])|Z _ w|ot(n—1)

—1
= A‘"H(A;—n+a(n—l) / IOgﬁ(n )(e + _A) dZ).
B, })

|Z _w|oz(n—l)

. 1 . . .
Since fB(w’%) [EEmEEy dz > C > Oforevery w € B(0, 1) and H is an increasing
function, we may estimate

lim A‘”H(AZ”f _1|f(Z)| — dz)
A—00 R 9(A7Hz — w])"

> lim A”H(CAZ’”“(”” 1ogﬁ<n1>(e+A)>.

A— o0
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By substituting H,

np

H( ) ( t )otp(nl)+n(lp) +e
1) = ,
logP=D=3(m + 1)

we obtain

lim A™"H A%*”/ /@) dz
A—00 re (A7l z — o)1

— lim CA&(%fnJra(nfl))

A— o0

np
ap(n—1)+n(1—p) +e

logf"=D(e 4 A)
loghn—= (CA%—n—Hx(n—l) logP"=D (e + A))

Note that | < p < n/(n —a(n — 1)) implies that % —n+an—1)>0.Ife > 0,

then A°GH0=D) o as A 00, and thus the last limit is infinite for every
w € B(0,1).If§ > 0 (and B > 0), then the term in the brackets tends to infinity
as A — 00, and thus the last limit is infinite for every w € B(0, 1). Hence, in both

cases we obtain
AP f(A
lim H(/ Mm) dy = oo,
A—o00 Jgn re @(lx — y"~
) and B(n — 1) in Corol-

Remark 6.6. By Theorem 6.5 the exponents m
lary 5.10 are the best possible in the sense that our method based on the use of the
modified Riesz potential cannot give a better exponent.

O
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