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 a b s t r a c t

We analyse the properties and characteristics of kinetic-energy-preserving, entropy-preserving, 
and pressure-equilibrium-preserving split convective forms for compressible multi-component 
flows. The results show that such schemes offer improved pressure-equilibrium-preserving prop-
erties and numerical stability compared to most other existing schemes, but also that the preserva-
tion of pressure equilibrium is not guaranteed for flows with varying specific heats. Furthermore, 
for the convective terms in species mass fraction transport equations, some split forms may fail 
to preserve key physical properties discretely. We construct a formulation for the species con-
vective terms that consistently maintains these key physical properties, including species mass 
conservation, uniform mass fraction preservation, and temperature-equilibrium preservation. The 
capability of the proposed scheme in maintaining these properties is demonstrated analytically 
and tested in one-dimensional advection problems. Last, the proposed scheme is compared with 
schemes that do not satisfy these properties in under-resolved simulations of a modified invis-
cid Taylor–Green vortex flow. The results show improved performance of the proposed scheme 
and highlight the importance of a convective scheme for the species mass fractions to be able to 
consistently preserve these physical properties in a discrete sense.

1.  Introduction

High-order and non-dissipative numerical schemes are advantageous for modelling compressible turbulence flows in direct numer-
ical simulations and large-eddy simulations [1–4], due to their nature of small truncation errors [5,6] and low numerical diffusion [7] 
that enables high-fidelity turbulence simulations with reduced computational grid points. However, it is well known that such schemes 
lead to significant aliasing errors and may cause numerical instabilities [6,8], particularly for flows with high Reynolds numbers.

In high-Reynolds number turbulence simulations, aliasing errors arise when nonlinear convective terms (derivatives of multi-
variable products) are evaluated on a discrete grid, due to the under-resolved content above the Nyquist limit being misrepre-
sented as (or aliased into) the resolved wavenumbers. Consequently, these errors often manifest as unphysical energy growth at 
higher wavenumbers, leading to inaccurate energy transfer and potential numerical instability [6,9]. In this situation, adding ar-
tificial dissipation such as high-order filters [10–12] becomes an option to remove the aliased energy and stabilise simulations; 
however, it is not always the first option [9]. As an alternative, recasting the convective terms in the ‘skew-symmetric’ split 
forms has been proposed to mitigate energy aliasing and nonlinear instability without needing artificial dissipation [6,9,13,14]. 

∗ Corresponding author.
 E-mail addresses: ye.wang7@unswalumni.com (Y. Wang), armin.wehrfritz@utu.fi (A. Wehrfritz), evatt.hawkes@unsw.edu.au (E.R. Hawkes).

https://doi.org/10.1016/j.jcp.2025.114269
Received 25 June 2024; Received in revised form 29 July 2025; Accepted 1 August 2025

Journal of Computational Physics 540 (2025) 114269 

Available online 5 August 2025 
0021-9991/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/jcp
https://www.elsevier.com/locate/jcp
https://orcid.org/0000-0003-4029-371X

\begin {align}\frac {\partial \rho }{\partial t}+\frac {\partial \rho u_j}{\partial x_j}&=0, \label {masseq} \\ \frac {\partial \rho u_i}{\partial t}+\frac {\partial \rho u_iu_j}{\partial x_j}+\frac {\partial p}{\partial x_i}&=0, \label {momeq} \\ \frac {\partial \rho E}{\partial t}+\frac {\partial \rho Eu_j}{\partial x_j}+\frac {\partial pu_j}{\partial x_j}&=0, \label {energyeq} \\ \frac {\partial \rho Y_\alpha }{\partial t}+\frac {\partial \rho Y_\alpha u_j}{\partial x_j}&=0, \ \alpha =1,\cdots ,N_s-1, \label {specieseq}\end {align}


$t$


$x_i$


$u_i$


$i^\text {th}$


$\rho $


$p$


$Y_\alpha $


$\alpha $


$N_s$


$N_s-1$


$N_s$


$\sum ^{N_s}_{\alpha =1}Y_\alpha =1$


$E=e+k$


$e$


$k=u_iu_i/2$


\begin {equation}\frac {\partial \rho E}{\partial t}+\frac {\partial \rho eu_j}{\partial x_j}+\frac {\partial \rho ku_j}{\partial x_j}+\frac {\partial pu_j}{\partial x_j}=0. \label {energyeqek}\end {equation}


$H=E+p/\rho $


\begin {equation}\frac {\partial \rho E}{\partial t}+\frac {\partial \rho Hu_j}{\partial x_j}=0. \label {energyeqhk}\end {equation}


$C_{p,\alpha }$


$C_{v,\alpha }$


$\alpha $


\begin {equation}e_\alpha =C_{v,\alpha }T=\frac {R_u/W_\alpha }{\gamma _\alpha -1}T=\frac {p_\alpha }{\rho _\alpha (\gamma _\alpha -1)}, \label {es}\end {equation}


\begin {equation}e=\sum _{\alpha =1}^{N_s}{Y_\alpha e_\alpha }. \label {intdef}\end {equation}


$T$


$R_u$


$W_\alpha $


$\gamma _\alpha $


$\alpha $


$p_\alpha =pX_\alpha $


$X_\alpha $


$\rho _\alpha =\rho Y_\alpha $


$\alpha $


$Y_\alpha /X_\alpha =W_\alpha /W$


$W$


\begin {equation}W=\sum _{\alpha =1}^{N_s}{X_\alpha W_\alpha }=\left ( \sum _{\alpha =1}^{N_s}{\frac {Y_\alpha }{W_\alpha }} \right )^{-1}. \label {molarmass}\end {equation}


$\gamma ={C_p}/{C_v}$


$C_p=\sum _{\alpha =1}^{N_s}{Y_\alpha C_{p,\alpha }}$


$C_v=\sum _{\alpha =1}^{N_s}{Y_\alpha C_{v,\alpha }}$


$\gamma $


\begin {equation}\frac {1}{\gamma -1}=\sum _{\alpha =1}^{N_s}{\frac {X_\alpha }{\gamma _\alpha -1}}. \label {gammaandgammas}\end {equation}


\begin {equation}e={\frac {p}{\rho (\gamma -1)}}, \label {intdefmixture}\end {equation}


\begin {equation}p=\rho \frac {R_u}{W}T. \label {iglaw}\end {equation}


$F$


$j^\text {th}$


$m$


\begin {equation}\left .\frac {\partial F_j}{\partial x_j}\right \vert _{m}\approx \frac {\hat {F}_j\vert _{m+\frac {1}{2}}-\hat {F}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}, \label {numericalflux}\end {equation}


$\hat {F}_j\vert _{m\pm \frac {1}{2}}$


$m\pm \frac {1}{2}$


$m$


$m\pm 1$


$\Delta x_j$


\begin {align}\left .\frac {\partial \rho }{\partial t}\right \vert _m&+\frac {\hat {C}_j\vert _{m+\frac {1}{2}}-\hat {C}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}=0, \label {massflux} \\ \left .\frac {\partial \rho u_i}{\partial t}\right \vert _m&+\frac {\hat {M}_{ij}\vert _{m+\frac {1}{2}}-\hat {M}_{ij}\vert _{m-\frac {1}{2}}}{\Delta x_j}+\frac {\hat {G}\vert _{m+\frac {1}{2}}-\hat {G}\vert _{m-\frac {1}{2}}}{\Delta x_i}=0, \label {momflux} \\ \left .\frac {\partial \rho E}{\partial t}\right \vert _m&+\frac {\hat {E}_j\vert _{m+\frac {1}{2}}-\hat {E}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}+\frac {\hat {D}_j\vert _{m+\frac {1}{2}}-\hat {D}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}=0, \label {energyflux} \\ \left .\frac {\partial \rho Y_\alpha }{\partial t}\right \vert _m&+\frac {\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}-\hat {Y}_{\alpha ,j}\vert _{m-\frac {1}{2}}}{\Delta x_j}=0, \ \alpha =1,\cdots ,N_s-1, \label {speciesflux}\end {align}


$\hat {C}_j$


$\hat {M}_{ij}$


$\hat {G}$


$\hat {E}_j$


$\hat {D}_j$


$\hat {Y}_{\alpha ,j}$


$i^\text {th}$


$\alpha $


\begin {align}\left .\frac {\partial \rho E}{\partial t}\right \vert _m&+\frac {\hat {I}_j\vert _{m+\frac {1}{2}}-\hat {I}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}+\frac {\hat {K}_j\vert _{m+\frac {1}{2}}-\hat {K}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}+\frac {\hat {D}_j\vert _{m+\frac {1}{2}}-\hat {D}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}=0, \label {energyfluxek} \\ \left .\frac {\partial \rho E}{\partial t}\right \vert _m&+\frac {\hat {H}_j\vert _{m+\frac {1}{2}}-\hat {H}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}=0, \label {energyfluxhk}\end {align}


$\hat {I}_j$


$\hat {K}_{j}$


$\hat {H_j}$


\begin {equation}\left .\frac {\partial \rho e}{\partial t}\right \vert _m+\frac {\hat {I}_j\vert _{m+\frac {1}{2}}-\hat {I}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}+p\vert _m\frac {\hat {U}_j\vert _{m+\frac {1}{2}}-\hat {U}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}=0, \label {internalsemi}\end {equation}


$\hat {U}_j$


$\partial u_j/\partial x_j$


$p\partial u_j/\partial x_j$


$F=fg$


$F=fgh$


$f$


$g$


$h$


$x$


\begin {equation}\frac {\partial fg}{\partial x}=\alpha _q\frac {\partial fg}{\partial x}+\left (1-\alpha _q\right )\left (f\frac {\partial g}{\partial x}+g\frac {\partial f}{\partial x}\right ), \label {quageneral}\end {equation}


$\alpha _q$


$\alpha _q=1/2$


$\alpha _q$


\begin {equation}\begin {aligned} \frac {\partial fgh}{\partial x}=\alpha _c\frac {\partial fgh}{\partial x}&+\beta \left (f\frac {\partial gh}{\partial x}+gh\frac {\partial f}{\partial x}\right )+\kappa \left (g\frac {\partial fh}{\partial x}+fh\frac {\partial g}{\partial x}\right )+\delta \left (h\frac {\partial fg}{\partial x}+fg\frac {\partial h}{\partial x}\right )+\zeta \left (gh\frac {\partial f}{\partial x}+fh\frac {\partial g}{\partial x}+fg\frac {\partial h}{\partial x}\right ), \label {cubgeneral} \end {aligned}\end {equation}


$\alpha _c+\beta +\kappa +\delta +\zeta =1$


$h=1$


$\alpha _c+\delta =\alpha _q$


$\beta +\kappa =1-\alpha _q$


$\alpha _c = \zeta = \frac {1}{2}$


$\beta =\kappa =\delta =0$


\begin {equation}{\rr \frac {\partial fgh}{\partial x}=\frac {1}{2}\frac {\partial fgh}{\partial x}+\frac {1}{2}\left (gh\frac {\partial f}{\partial x}+fh\frac {\partial g}{\partial x}+fg\frac {\partial h}{\partial x}\right ).} \label {KG}\end {equation}


\begin {align}&\rr \frac {\partial \rho }{\partial t}+\frac {1}{2}\frac {\partial \rho u_j}{\partial x}+\frac {1}{2}\left (u_j\frac {\partial \rho }{\partial x}+\rho \frac {\partial u_j}{\partial x}\right )=0, \label {masseqkG} \\ &\rr \frac {\partial \rho u_i}{\partial t}+\frac {1}{2}\frac {\partial \rho u_i u_j}{\partial x}+\frac {1}{2}\left (u_iu_j\frac {\partial \rho }{\partial x}+\rho u_j\frac {\partial u_i}{\partial x}+\rho u_i\frac {\partial u_j}{\partial x}\right )+\frac {\partial p}{\partial x_i}=0, \label {momeqKG} \\ &\rr \frac {\partial \rho E}{\partial t}+\frac {1}{2}\frac {\partial \rho E u_j}{\partial x}+\frac {1}{2}\left (Eu_j\frac {\partial \rho }{\partial x}+\rho u_j\frac {\partial E}{\partial x}+\rho E\frac {\partial u_j}{\partial x}\right )+\frac {1}{2}\frac {\partial p u_j}{\partial x}+\frac {1}{2}\left (u_j\frac {\partial p}{\partial x}+p\frac {\partial u_j}{\partial x}\right )=0, \label {energyeqKG} \\ &\rr \frac {\partial \rho Y_\alpha }{\partial t}+\frac {1}{2}\frac {\partial \rho Y_\alpha u_j}{\partial x}+\frac {1}{2}\left (Y_\alpha u_j\frac {\partial \rho }{\partial x}+\rho u_j\frac {\partial Y_\alpha }{\partial x}+\rho Y_\alpha \frac {\partial u_j}{\partial x}\right )=0, \ \alpha =1,\cdots ,N_s-1. \label {specieseqKG}\end {align}


$\zeta =0$


\begin {align}\text {Divergence form}:\ &\frac {\partial fgh}{\partial x}, \label {divergence}\\ \text {Quadratic-split form}:\ &\frac {1}{2}\left (\frac {\partial fgh}{\partial x}+f\frac {\partial gh}{\partial x}+gh\frac {\partial f}{\partial x}\right ), \label {quadractic} \\ \text {Cubic-split form}:\ &\frac {1}{4}\left (\frac {\partial fgh}{\partial x}+f\frac {\partial gh}{\partial x}+gh\frac {\partial f}{\partial x}+g\frac {\partial fh}{\partial x}+fh\frac {\partial g}{\partial x}+h\frac {\partial fg}{\partial x}+fg\frac {\partial h}{\partial x}\right ), \label {cubic} \\ \text {Product-rule form}:\ &f\frac {\partial gh}{\partial x}+gh\frac {\partial f}{\partial x}, \label {product}\end {align}


$h=1$


$\alpha _c=\beta =\frac {1}{2}; \kappa =\delta =\zeta =0$


$\alpha _c=\beta =\kappa =\delta =\frac {1}{4}; \zeta =0$


\begin {equation}{\text {Square-root form}:\srr \ \frac {1}{2}\left (\sqrt {g}\frac {\partial f\sqrt {g}h}{\partial x}+f\sqrt {g}h\frac {\partial \sqrt {g}}{\partial x}\right )+\frac {1}{2}\left (f\sqrt {g}\frac {\partial \sqrt {g}h}{\partial x}+\sqrt {g}h\frac {\partial f\sqrt {g}}{\partial x}\right ).} \label {square}\end {equation}


$f$


$g$


$h$


$f=u_i$


$g=\rho $


$h=u_j$


$f=u_j$


$g=\rho $


$h=u_i$


$2L^\text {th}$


\begin {equation}\hat {F}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}{\widetilde {(f,g,h)}_{m-k,l}}}, \label {genealhigh-order}\end {equation}


$a_{L,l}$


$2L$


$\widetilde {(f,g,h)}_{m-k,l}$


\begin {align}&\widetilde {(f,g,h)}^{\text {Divergence}}_{m-k,l}= \frac {(fgh)\vert _{m-k}+(fgh)\vert _{m-k+l}}{2}, \label {divergencetwopoint}\\ &\widetilde {(f,g,h)}^{\text {Quadratic-split}}_{m-k,l}= \frac {f\vert _{m-k}+f\vert _{m-k+l}}{2}\frac {(gh)\vert _{m-k}+(gh)\vert _{m-k+l}}{2}, \label {quadractictwopoint} \\ &\widetilde {(f,g,h)}^{\text {Cubic-split}}_{m-k,l}= \frac {f\vert _{m-k}+f\vert _{m-k+l}}{2}\frac {g\vert _{m-k}+g\vert _{m-k+l}}{2}\frac {h\vert _{m-k}+h\vert _{m-k+l}}{2}, \label {cubictwopoint} \\ &\widetilde {(f,g,h)}^{\text {Product-rule}}_{m-k,l}= \frac {f\vert _{m-k+l}(gh)\vert _{m-k}+f\vert _{m-k}(gh)\vert _{m-k+l}}{2}, \label {producttwopoint} \\ &\srr \widetilde {(f,g,h)}^{\text {Square-root}}_{m-k,l}= \frac {f\vert _{m-k}+f\vert _{m-k+l}}{2}\sqrt {g\vert _{m-k}g\vert _{m-k+l}}\frac {h\vert _{m-k}+h\vert _{m-k+l}}{2}. \label {squaretwopoint}\end {align}


$f$


$g$


$h$


$\hat {C}_j$


$\hat {M}_{ij}$


\begin {align}\hat {M}_j\vert _{m+\frac {1}{2}}=\hat {C}_j\vert _{m+\frac {1}{2}}\frac {u_i\vert _m+u_i\vert _{m+1}}{2}, \label {Jamesoncondition}\end {align}


$2L^\text {th}$


\begin {align}&\hat {C_j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}{\widetilde {(\rho ,u_j,1)}_{m-k,l}}}, \label {massfluxhighorder}\end {align}


\begin {align}&\hat {M_j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}{\widetilde {(\rho ,u_j,u_i)}_{m-k,l}}}, \label {momentumfluxhighorder}\end {align}


\begin {align}&\widetilde {(\rho ,u_j,u_i)}_{m-k,l}=\widetilde {(\rho ,u_j,1)}_{m-k,l}\frac {u_i\vert _{m-k}+u_i\vert _{m-k+l}}{2}, \label {conditionhighorder}\end {align}


$\widetilde {(\cdot ,\cdot ,\cdot )}$


\begin {align}&\hat {C}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {masshigh-orderfinal} \\ &\hat {M}_{ij}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {u_i\vert _{m-k}+u_i\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {momemtumhigh-orderfinal}\end {align}


\begin {align}&\hat {C}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho u_j)\vert _{m-k}+(\rho u_j)\vert _{m-k+l}}{2}}, \label {masshigh-orderfinal2} \\ &\hat {M}_{ij}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho u_j)\vert _{m-k}+(\rho u_j)\vert _{m-k+l}}{2}\frac {u_i\vert _{m-k}+u_i\vert _{m-k+l}}{2}}, \label {momemtumhigh-orderfinal2}\end {align}


\begin {align}&\rr \hat {C}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {masshigh-orderRozema} \\ &\rr \hat {M}_{ij}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\frac {u_i\vert _{m-k}+u_i\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {momemtumhigh-orderRozema}\end {align}


\begin {equation}\frac {\partial \rho s}{\partial t}+\frac {\partial \rho su_j}{\partial x_j}=\frac {1}{T}\bigg (\Big (sT-e-\frac {p}{\rho }\Big )\Big (\frac {\partial \rho }{\partial t}+\frac {\partial \rho u_j}{\partial x_j}\Big )+\Big (\frac {\partial \rho e}{\partial t}+\frac {\partial \rho eu_j}{\partial x_j}+p\frac {\partial u_j}{\partial x_j}\Big )\bigg ), \label {Gibbsconserve}\end {equation}


$s=C_v \ln (p/\rho ^{\gamma })$


\begin {equation}\frac {\partial \rho e}{\partial t}+\frac {\partial \rho eu_j}{\partial x_j}+p\frac {\partial u_j}{\partial x_j}=\left (\frac {\partial \rho E}{\partial t}+\frac {\partial \rho Eu_j}{\partial x_j}+\frac {\partial p u_j}{\partial x_j}\right )-\left (\frac {\partial \rho k}{\partial t}+\frac {\partial \rho ku_j}{\partial x_j}+u_j\frac {\partial p}{\partial x_j}\right ). \label {energyeqsplitreverse}\end {equation}


$u_j\partial p/\partial x_j$


$p\partial u_j/\partial x_j$


$\checkmark $


$\text {\sffamily x}$


$^*$


$^{\ddagger }$


$\hat {K}_j$


$\hat {C}_j$


$\hat {M}_{ij}$


\begin {equation}\hat {K}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {u_i\vert _{m-k}u_i\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {kinetichigh-orderfinal}\end {equation}


$\hat {I}_j$


\begin {equation}\hat {I}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {e\vert _{m-k}+e\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {internalhigh-orderfinalKEEP}\end {equation}


\begin {equation}\frac {\partial \rho k u_j}{\partial x_j}+\frac {\partial \rho e u_j}{\partial x_j}=\frac {\partial (\rho k +\rho e)u_j}{\partial x_j}, \label {Xeqn20-53}\end {equation}


$\hat {I}_{j}$


$\rho $


$e$


$\hat {K}_{j}$


$\rho $


$k$


$u_j$


\begin {equation}\hat {I}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho e)\vert _{m-k}+(\rho e)\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {internalhigh-orderfinalKEEPPE}\end {equation}


$\hat {D}_j$


\begin {equation}\hat {D}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {p\vert _{m-k+l}u_j\vert _{m-k}+p\vert _{m-k}u_j\vert _{m-k+l}}{2}}, \label {pressurediffusionhigh-orderfinal}\end {equation}


$\partial p/\partial x_j$


\begin {equation}\hat {G}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {p\vert _{m-k}+p\vert _{m-k+l}}{2}}, \label {pressureradienthigh-orderfinal}\end {equation}


$\partial u_j/\partial x_j$


\begin {equation}\hat {U}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {velocitygradienthigh-orderfinal}\end {equation}


$\text {KEEP}_\text {PE}$


$\hat {C}_j$


$\hat {M}_{ij}$


\begin {align}&\rr \hat {K}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\frac {u_i\vert _{m-k}u_i\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {kinetichigh-orderRozema} \\ &\rr \hat {I}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\sqrt {e\vert _{m-k}e\vert _{m-k+l}}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {internalhigh-orderRozema}\end {align}


$\text {KEEP}_\text {PE}\text {-R}$


$\hat {H}_j$


\begin {equation}\hat {H}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {H\vert _{m-k}+H\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}. \label {enthalpyhigh-orderfinal}\end {equation}


$\text {KEEP}_\text {PE}$


$\hat {I}_j$


$\hat {U}_j$


\begin {equation}\begin {aligned} \left .\Delta x_j\frac {\partial \frac {p}{\gamma -1}}{\partial t}\right \vert _m=-2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}&\Bigg (\widetilde {\left (u_j,p,\frac {1}{\gamma -1}\right )}^{\text {Quadratic-split}}_{m-k,l}-\widetilde {\left (u_j,p,\frac {1}{\gamma -1}\right )}^{\text {Quadratic-split}}_{m-1-k,l}\\ &-p\vert _m\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}-u_j\vert _{m-1-k}-u_j\vert _{m-1-k+l}}{2}\Bigg ). \label {internalsemi2} \end {aligned}\end {equation}


$t_n$


$t_n$


$u_j\vert ^{t_n}_m={u_j}_0$


$p\vert ^{t_n}_m=p_0$


$\forall m$


\begin {equation}\left .\Delta x_j\frac {\partial \frac {p}{\gamma -1}}{\partial t}\right \vert ^{t_n}_m=\left .-2p_0{u_j}_0\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\Bigg (\widetilde {\left (\frac {1}{\gamma -1},1,1\right )}_{m-k,l}-\widetilde {\left (\frac {1}{\gamma -1},1,1\right )}_{m-1-k,l}\Bigg )\right \vert ^{t_n}, \label {internalsemi3}\end {equation}


$1/(\gamma -1)$


$\gamma $


$\gamma _\alpha =\text {const.}$


$\forall \alpha $


\begin {equation}\left .\frac {\partial p}{\partial t}\right \vert ^{t_n}_m=0,\ \forall m, \label {internalsemi5constantgammma}\end {equation}
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\begin {equation}\hat {I}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho e u_j)\vert _{m-k}+(\rho e u_j)\vert _{m-k+l}}{2}}, \label {internalhigh-orderfinalCD8}\end {equation}


$\gamma $


$\gamma $


\begin {equation}\frac {\partial }{\partial t}\bigg (\frac {1}{\gamma -1}\bigg )+u_j\frac {\partial }{\partial x_j}\bigg (\frac {1}{\gamma -1}\bigg )=0, \label {gammatransport}\end {equation}


\begin {equation}\left .\Delta x_j\frac {\partial \frac {1}{\gamma -1}}{\partial t}\right \vert ^{t_n}_m=\left .-2{u_j}_0\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\Bigg (\widetilde {\left (\frac {1}{\gamma -1},1,1\right )}_{m-k,l}-\widetilde {\left (\frac {1}{\gamma -1},1,1\right )}_{m-1-k,l}\Bigg )\right \vert ^{t_n}. \label {gammasemi}\end {equation}


\begin {equation}\left .\frac {\partial }{\partial t}\bigg (\frac {p}{\gamma -1}\bigg )\right \vert ^{t_n}_m=\left .p_0\frac {\partial }{\partial t}\bigg (\frac {1}{\gamma -1}\bigg )\right \vert ^{t_n}_m+\left .\bigg (\frac {1}{\gamma -1}\bigg )\right \vert ^{t_n}_m\left .\frac {\partial p}{\partial t}\right \vert ^{t_n}_m. \label {internalsemi3left}\end {equation}
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$\Delta x_j\left .\partial ({p}/({\gamma -1}))/\partial t\right \vert ^{t_n}_m$


$\left .\partial p/\partial t\right \vert ^{t_n}_m$
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\begin {align}&\rb \hat {C}_j\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\phi ^-\rho \vert _{m-k}+\phi ^+\rho \vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {masshigh-orderFujiwara} \\ &\rb \hat {M}_{ij}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\phi ^-\rho \vert _{m-k}+\phi ^+\rho \vert _{m-k+l}}{2}\frac {u_i\vert _{m-k}+u_i\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {momemtumhigh-orderFujiwara} \\ &\rb \hat {K}_{j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\phi ^-\rho \vert _{m-k}+\phi ^+\rho \vert _{m-k+l}}{2}\frac {u_i\vert _{m-k}u_i\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {kinetichigh-orderFujiwara}\end {align}


$\phi ^-=\frac {W\vert _{m-k}}{\rho \vert _{m-k}}\frac {\rho \vert _{m-k+l}}{W\vert _{m-k+l}}$


$\phi ^+=\frac {W\vert _{m-k+l}}{\rho \vert _{m-k+l}}\frac {\rho \vert _{m-k}}{W\vert _{m-k}}$
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\begin {equation}{\rb \hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\phi ^-\rho Y_\alpha )\vert _{m-k}+(\phi ^+\rho Y_\alpha )\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}},} \label {specieshigh-orderFujiwara}\end {equation}
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$u\vert ^{t_n}_m={u}_0$


$\rho \vert ^{t_n}_m=\rho _0$


$\forall m$


${\partial \rho }/{\partial t}\vert ^{t_n}_m=-{\partial \rho _0 u_0}/{\partial x}\vert ^{t_n}_m=0$


$\forall m$


\begin {equation}\srb \Delta x\left .\frac {\partial \rho }{\partial t}\right \vert ^{t_n}_m =-\rho _0u_0\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\bigg (\frac {W\vert _{m-k}}{W\vert _{m-k+l}}+\frac {W\vert _{m-k+l}}{W\vert _{m-k}} -\frac {W\vert _{m-k-1}}{W\vert _{m-k+l-1}}-\frac {W\vert _{m-k+l-1}}{W\vert _{m-k-1}}\left .\bigg )\right \vert ^{t_n}, \label {PE-Pmasserror}\end {equation}
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\begin {equation}\frac {\partial Y_\alpha }{\partial t}=\frac {1}{\rho }\bigg (\frac {\partial \rho Y_\alpha }{\partial t}-Y_\alpha \frac {\partial \rho }{\partial t}\bigg )=\frac {1}{\rho }\bigg (Y_\alpha \frac {\partial \rho u_j}{\partial x_j}-\frac {\partial \rho Y_\alpha u_j}{\partial x_j}\bigg ),\ \alpha =1,\cdots ,N_s-1,\label {speciesadveq}\end {equation}


$Y_\alpha \vert ^{t_n}_m={Y_\alpha }_0$


$\forall m$


$t_n$


\begin {equation}\left .\frac {\partial Y_\alpha }{\partial t}\right \vert ^{t_n}_m=\frac {1}{\rho \vert ^{t_n}_m}\bigg ({Y_\alpha }_0\left .\frac {\partial \rho u_j}{\partial x_j}\right \vert ^{t_n}_m-\left .\frac {\partial \rho {Y_\alpha }_0u_j}{\partial x_j}\right \vert ^{t_n}_m\bigg )=0,\ \forall m,\forall \alpha \in [1\intedot N_s-1].\label {speciesadveq2}\end {equation}


$\partial Y_\alpha /\partial t=-u_j\partial Y_\alpha /\partial x_j$


$N_s-1$


$\partial \sum ^{N_s}_{\alpha =1}Y_\alpha /\partial t=0$
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$(\sum ^{N_s}_{\alpha =1}Y_\alpha =1)$


$\alpha \in [1\intedot N_s]$


$t_n$


$Y_\alpha \vert ^{t_n}_m={Y_\alpha }_0$


$\forall m$


$Y_\alpha $


\begin {equation}\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}{\widetilde {(\rho ,u_j,Y_{\alpha })}_{m-k,l}}},\ \forall \alpha \in [1\intedot N_s-1], \label {speciesfluxhighorder}\end {equation}


\begin {equation}\hat {C_j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}{\widetilde {(\rho ,u_j,1)}_{m-k,l}}}, \label {massfluxhighorder2}\end {equation}


\begin {equation}\widetilde {(\rho ,u_j,1)}_{m-k,l}-\widetilde {(\rho ,u_j,Y_{\alpha })}_{m-k,l}=\widetilde {(\rho ,u_j,1-Y_{\alpha })}_{m-k,l},\ \forall \alpha \in [1\intedot N_s-1], \label {speciesconditionhighorder}\end {equation}


$\widetilde {(\cdot ,\cdot ,\cdot )}$


$\alpha =1,\cdots ,N_s-1$


\begin {equation}\left .\frac {\partial Y_\alpha }{\partial t}\right \vert _m=\frac {1}{\left .\rho \right \vert _{m}}\bigg (\left .Y_\alpha \right \vert _{m}\frac {\hat {C}_j\vert _{m+\frac {1}{2}}-\hat {C}_j\vert _{m-\frac {1}{2}}}{\Delta x_j}-\frac {\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}-\hat {Y}_{\alpha ,j}\vert _{m-\frac {1}{2}}}{\Delta x_j}\bigg ). \label {speciesadveqsemi}\end {equation}
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$Y_\alpha \vert ^{t_n}_m={Y_\alpha }_0$


$\forall m$


$t_n$


$\alpha =1,\cdots ,N_s-1$


\begin {equation}\begin {aligned} \left .\Delta x_j\frac {\partial Y_\alpha }{\partial t}\right \vert ^{t_n}_m=\frac {1}{\rho \vert ^{t_n}_m}2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\bigg (&{Y_\alpha }_0\widetilde {(\rho ,u_j,1)}_{m-k,l}-\widetilde {(\rho ,u_j,{Y_\alpha }_0)}_{m-k,l}-{Y_\alpha }_0\widetilde {(\rho ,u_j,1)}_{m-1-k,l}+\widetilde {(\rho ,u_j,{Y_\alpha }_0)}_{m-1-k,l}\left .\bigg )\right \vert ^{t_n}. \label {speciesadveqsemi1} \end {aligned}\end {equation}


${Y_\alpha }_0\widetilde {(\rho ,u_j,1)}_{m-k,l}={\widetilde {(\rho ,u_j,{Y_\alpha }_0\cdot 1})}_{m-k,l}$


$\alpha =1,\cdots ,N_s-1$


\begin {equation}\left .\Delta x_j\frac {\partial Y_\alpha }{\partial t}\right \vert ^{t_n}_m=\frac {1}{\rho \vert ^{t_n}_m}2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\bigg (\widetilde {(\rho ,u_j,{Y_\alpha }_0-{Y_\alpha }_0)}_{m-k,l}-\widetilde {(\rho ,u_j,{Y_\alpha }_0-{Y_\alpha }_0)}_{m-1-k,l}\left .\bigg )\right \vert ^{t_n}=0,\ \forall m. \label {speciesadveqsemi2}\end {equation}
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$N_s-1$
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\begin {equation}\begin {aligned} \left .\Delta x_j\frac {\partial \sum ^{N_s-1}_{\alpha =1}{Y_\alpha }}{\partial t}\right \vert ^{t_n}_m&=\frac {1}{\rho \vert ^{t_n}_m}2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\bigg (\sum ^{N_s-1}_{\alpha =1}\left .{Y_\alpha }\right \vert ^{t_n}_{m}\widetilde {(\rho ,u_j,1)}_{m-k,l}-\sum ^{N_s-1}_{\alpha =1}\widetilde {(\rho ,u_j,{Y_\alpha })}_{m-k,l}-\sum ^{N_s-1}_{\alpha =1}\left .{Y_\alpha }\right \vert ^{t_n}_{m-1}\widetilde {(\rho ,u_j,1)}_{m-1-k,l}\\ &\quad +\sum ^{N_s-1}_{\alpha =1}\widetilde {(\rho ,u_j,{Y_\alpha })}_{m-1-k,l}\left .\bigg )\right \vert ^{t_n}. \label {speciesadveqsemi3} \end {aligned}\end {equation}
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$\widetilde {(\rho ,u_j,1)}_{m-k,l}-\sum ^{N_s-1}_{\alpha =1}{\widetilde {(\rho ,u_j,Y_{\alpha })}_{m-k,l}}=\widetilde {(\rho ,u_j,1-\sum ^{N_s-1}_{\alpha =1}{Y_\alpha })}_{m-k,l}$


$\alpha =N_s$


$Y_{N_s}\vert ^{t_n}_m={Y_{N_s}}_0$


$\forall m$


$\sum ^{N_s-1}_{\alpha =1}Y_\alpha \vert ^{t_n}_m=1-{Y_{N_s}}_0$


$\forall m$
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$Y_{N_s}=1-\sum ^{N_s-1}_{\alpha =1}{Y_\alpha }$


$N_s$


\begin {equation}\left .\Delta x_j\frac {\partial {Y_{N_s}}}{\partial t}\right \vert ^{t_n}_m=\left .\Delta x_j\frac {\partial \left (1-\sum ^{N_s-1}_{\alpha =1}{Y_\alpha }\right )}{\partial t}\right \vert ^{t_n}_m=0,\ \forall m. \label {speciesadveqsemi4}\end {equation}


$\alpha =1,\cdots ,N_s$


\begin {equation}\left .\frac {\partial Y_\alpha }{\partial t}\right \vert ^{t_n}_m=0,\ \forall m. \label {speciessemi5}\end {equation}
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\begin {align}\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=&2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {(u_jY_\alpha )\vert _{m-k}+(u_jY_\alpha )\vert _{m-k+l}}{2}}, \label {specieshigh-orderfinalQ1} \\ \hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=&2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho Y_\alpha )\vert _{m-k}+(\rho Y_\alpha )\vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}}, \label {specieshigh-orderfinalQ2} \\ \hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=&2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {\rho \vert _{m-k}+\rho \vert _{m-k+l}}{2}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}\frac {Y_\alpha \vert _{m-k}+Y_\alpha \vert _{m-k+l}}{2}}, \label {specieshigh-orderfinalKGP}\end {align}


\begin {equation}\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho u_j)\vert _{m-k}+(\rho u_j)\vert _{m-k+l}}{2}\frac {Y_\alpha \vert _{m-k}+Y_\alpha \vert _{m-k+l}}{2}}, \label {specieshigh-orderfinalQ3}\end {equation}


\begin {equation}\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\frac {(\rho u_jY_\alpha )\vert _{m-k}+(\rho u_jY_\alpha )\vert _{m-k+l}}{2}}, \label {specieshigh-orderfinalCD8}\end {equation}
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\begin {align}\rr \hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=&\rr 2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}\frac {Y_\alpha \vert _{m-k}+Y_\alpha \vert _{m-k+l}}{2}}, \label {specieshigh-orderRA} \\ \rr \hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=&\rr 2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\frac {u_j\vert _{m-k}+u_j\vert _{m-k+l}}{2}\sqrt {Y_\alpha \vert _{m-k}Y_\alpha \vert _{m-k+l}}}. \label {specieshigh-orderRG}\end {align}
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$\sqrt {\rho _\alpha \vert _{m-k}\rho _\alpha \vert _{m-k+l}}$


$Y_\alpha \vert ^{t_n}_m={Y_\alpha }_0$


$\forall m$


$\alpha =1,\cdots ,N_s-1$


$N_s$


$1-\sum ^{N_s-1}_{\alpha =1}\sqrt {Y_\alpha \vert _{m-k}Y_\alpha \vert _{m-k+l}}\neq \sqrt {Y_{N_s}\vert _{m-k}Y_{N_s}\vert _{m-k+l}}$


$\sqrt {\rho \vert _{m-k}\rho \vert _{m-k+l}}\frac {(u_jY_\alpha )\vert _{m-k}+(u_jY_\alpha )\vert _{m-k+l}}{2}$
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$\sqrt {\rho u_j \vert _{m-k}\rho u_j \vert _{m-k+l}}\frac {Y_\alpha \vert _{m-k}+Y_\alpha \vert _{m-k+l}}{2}$
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$c=\rho /W$


\begin {equation}T=\frac {p}{R_uc}. \label {tempmolar}\end {equation}


$c$


\begin {equation}\frac {\partial c}{\partial t}+\frac {\partial cu_j}{\partial x_j}=0, \label {ceq}\end {equation}


$t_n$


\begin {equation}\left .\frac {\partial c}{\partial t}\right \vert ^{t_n}_{m}=0,\ \forall m. \label {ceq2}\end {equation}


\begin {equation}\frac {\partial T}{\partial t}=\frac {1}{R_uc^2}\bigg (c\frac {\partial p}{\partial t}-p\frac {\partial c}{\partial t}\bigg ), \label {tempeq}\end {equation}


$c$


$c_\alpha =\rho Y_\alpha /W_\alpha $


\begin {equation}c=\sum ^{N_s}_{\alpha =1}c_\alpha =\sum ^{N_s}_{\alpha =1}\frac {\rho Y_\alpha }{W_\alpha }, \label {Xeqn52-95}\end {equation}
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$u_j\vert ^{t_n}_m={u_j}_0$


$c\vert ^{t_n}_m={c}_0$


$\forall m$


\begin {equation}\hat {Y}_{\alpha ,j}\vert _{m+\frac {1}{2}}=2\sum _{l=1}^{L}{a_{L,l}\sum _{k=0}^{l-1}{\widetilde {(\rho ,u_j,Y_{\alpha })}_{m-k,l}}},\ \forall \alpha \in [1\intedot N_s-1], \label {speciesfluxhighorders}\end {equation}


$\alpha \in [1\intedot N_s]$


\begin {equation}\widetilde {(\rho ,u_j,Y_{\alpha })}_{m-k,l}=\widetilde {(c_\alpha W_\alpha ,u_j,1)}_{m-k,l}, \label {speciesconditionhighorderrhoYs}\end {equation}
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$u_j\vert ^{t_n}_m={u_j}_0$


$\forall m$


$t_n$
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\begin {equation}\left .\Delta x_j\frac {\partial \rho Y_\alpha }{\partial t}\right \vert ^{t_n}_m=\left .-2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\bigg (\widetilde {\left (\rho ,{u_j}_0,Y_\alpha \right )}_{m-k,l}-\widetilde {\left (\rho ,{u_j}_0,Y_\alpha \right )}_{m-1-k,l}\bigg )\right \vert ^{t_n}. \label {speciessemi6}\end {equation}
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\begin {equation}\left .\Delta x_j\frac {\partial c_\alpha }{\partial t}\right \vert ^{t_n}_m=\left .-2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\bigg (\widetilde {\left (c_\alpha ,{u_j}_0,1\right )}_{m-k,l}-\widetilde {\left (c_\alpha ,{u_j}_0,1\right )}_{m-1-k,l}\bigg )\right \vert ^{t_n}, \label {speciessemi7}\end {equation}


$\forall \alpha \in [1\intedot N_s]$


$\forall m$


$c=\sum ^{N_s}_{\alpha =1}{c_\alpha }$


$c\vert ^{t_n}_m=c_0$


$\forall m$


\begin {equation}\left .\frac {\partial c}{\partial t}\right \vert ^{t_n}_m=0,\ \forall m. \label {speciessemi9}\end {equation}


\begin {equation}\left .\frac {\partial T}{\partial t}\right \vert ^{t_n}_{m}=0,\ \forall m. \label {tempeq2}\end {equation}
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\begin {equation}u = 1,\ p = 1,\ \rr \rho = 1+e^{\mathrm {sin}2\pi x}, \nonumber \end {equation}
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\begin {equation}\begin {aligned} \mathrm {G1}:\ &Y_{\mathrm {H_2}} = {\rr \left (e-e^{\mathrm {sin}(2\pi x)}\right )/(e-e^{-1})},\ Y_{\mathrm {N2}} = 1-Y_{\mathrm {H_2}};\\ \mathrm {G2}:\ &Y_{\mathrm {H_2}} = {\rr \left (e-e^{\mathrm {sin}(2\pi x)}\right )/(e-e^{-1})},\ Y_{\mathrm {H_2O}} = 1-Y_{\mathrm {H_2}};\\ \mathrm {G3}:\ &Y_{\mathrm {H_2}} = f(1/(\gamma -1)),\ Y_{\mathrm {H_2O}} = 1-Y_{\mathrm {H_2}}. \nonumber \end {aligned}\end {equation}
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\begin {equation}\begin {aligned} \nonumber (\gamma _{\mathrm {H_2}}, \gamma _{\mathrm {N_2}}, \gamma _{\mathrm {H_2O}})&= (1.4, 1.4, 1.33),\\ (W_{\mathrm {H_2}}, W_{\mathrm {N_2}}, W_{\mathrm {H_2O}})&= (0.002, 0.028, 0.018), \end {aligned}\end {equation}
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\begin {equation}\begin {aligned} &\rho = 1, \\ &u = M_0\mathrm {sin}(x)\mathrm {cos}(y)\mathrm {cos}(z), \\ &v = -M_0\mathrm {cos}(x)\mathrm {sin}(y)\mathrm {cos}(z), \\ &w = 0, \\ &p = \frac {1}{\gamma _0}+\frac {\rho {M_0}^2}{16}\Big (\mathrm {cos}(2x)+\mathrm {cos}(2y)\Big )\Big (\mathrm {cos}(2z)+2\Big ), \\ &Y_{\mathrm {H_2}} = 0.8, \\ &Y_{\mathrm {N_2}} = 1-Y_{\mathrm {H_2}}. \nonumber \end {aligned}\end {equation}
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\begin {equation}\begin {aligned} &u = 1+0.1\mathrm {sin}(2\pi x),\ p = 10,\ \rho = 2+\mathrm {sin}(2\pi x), \\ &Y_{\mathrm {H_2}} = 0.5,\ Y_{\mathrm {N_2}} = 1-Y_{\mathrm {H_2}}, \nonumber \end {aligned}\end {equation}
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\begin {equation}\begin {aligned} &u = 1,\ p = 1,\ \rho = 2+\mathrm {sin}(2\pi x),\ T=1, \\ &Y_{\mathrm {O_2}} = 0.1,\ Y_{\mathrm {H_2}} = f(p,\rho ,T,Y_{\mathrm {O_2}}),\ Y_{\mathrm {N_2}} = 1-Y_{\mathrm {H_2}}-Y_{\mathrm {O_2}}, \nonumber \end {aligned}\end {equation}
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\begin {equation}\begin {aligned} &Y_{\mathrm {H_2}} = 0.5+0.1\mathrm {sin}(x-\pi ), \\ &Y_{\mathrm {N_2}} = 1-Y_{\mathrm {H_2}}, \\ &\rho = \rho _{\mathrm {sf,H_2}}Y_{\mathrm {H_2}} + \rho _{\mathrm {sf,N_2}}Y_{\mathrm {N_2}}, \\ &u = M_0\mathrm {sin}(x)\mathrm {cos}(y)\mathrm {cos}(z), \\ &v = -M_0\mathrm {cos}(x)\mathrm {sin}(y)\mathrm {cos}(z), \\ &w = 0, \\ &p = \frac {1}{\gamma _0}+\frac {\rho {M_0}^2}{16}\Big (\mathrm {cos}(2x)+\mathrm {cos}(2y)\Big )\Big (\mathrm {cos}(2z)+2\Big ), \nonumber \end {aligned}\end {equation}
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$(-u_i^2/2)\vert _m$


$u_i\vert _m$


$m$


\begin {equation}\left .\frac {\partial \rho \frac {u_i^2}{2}}{\partial t}\right \vert _m+u_i\vert _m\frac {\hat {M}_{ij}\vert _{m+\frac {1}{2}}-\hat {M}_{ij}\vert _{m-\frac {1}{2}}}{\Delta x_j}-\frac {u_i^2}{2}\vert _m\frac {\hat {C}_{j}\vert _{m+\frac {1}{2}}-\hat {C}_{j}\vert _{m-\frac {1}{2}}}{\Delta x_j}+u_j\vert _m\frac {\hat {G}\vert _{m+\frac {1}{2}}-\hat {G}\vert _{m-\frac {1}{2}}}{\Delta x_j}=0. \label {kineticsemi}\end {equation}


$\Delta V=\Delta x\Delta y\Delta z$


\begin {equation}\begin {aligned} \left .\sum _{V}{\Delta V\frac {\partial \rho \frac {u_i^2}{2}}{\partial t}}\right \vert _m=\sum _{x}\sum _{y}\sum _{z}\bigg (&-u_i\vert _m\frac {\hat {M}_{ij}\vert _{m+\frac {1}{2}}-\hat {M}_{ij}\vert _{m-\frac {1}{2}}}{\Delta x_j}+\frac {u_i^2}{2}\vert _m\frac {\hat {C}_{j}\vert _{m+\frac {1}{2}}-\hat {C}_{j}\vert _{m-\frac {1}{2}}}{\Delta x_j}-\,u_j\vert _m\frac {\hat {G}\vert _{m+\frac {1}{2}}-\hat {G}\vert _{m-\frac {1}{2}}}{\Delta x_j}\bigg )\Delta x\Delta y\Delta z. \label {kineticintegral} \end {aligned}\end {equation}


\begin {equation}\left .\sum _{V}{\Delta V\frac {\partial \rho \frac {u_i^2}{2}}{\partial t}}\right \vert _m=\sum _{y}\sum _{z}\mathcal {F}_x\vert _m\Delta y\Delta z+\sum _{x}\sum _{z}\mathcal {F}_y\vert _m\Delta x\Delta z+\sum _{x}\sum _{y}\mathcal {F}_z\vert _m\Delta x\Delta y, \label {kineticintegral2}\end {equation}


$j^\text {th}$


\begin {equation}\mathcal {F}_j\vert _m = \sum _{x_j}\bigg (-u_i\vert _m\left (\hat {M}_{ij}\vert _{m+\frac {1}{2}}-\hat {M}_{ij}\vert _{m-\frac {1}{2}}\right )+\frac {u_i^2}{2}\vert _m\left (\hat {C}_{j}\vert _{m+\frac {1}{2}}-\hat {C}_{j}\vert _{m-\frac {1}{2}}\right )-u_j\vert _m\left (\hat {G}\vert _{m+\frac {1}{2}}-\hat {G}\vert _{m-\frac {1}{2}}\right )\bigg ). \label {kineticintegral3}\end {equation}


$j^\text {th}$


$[1\intedot N]$


\begin {equation}\begin {aligned} \mathcal {F}_j\vert _m=& \sum _{m=1}^{N-1}{\bigg (\hat {M}_{ij}\vert _{m+\frac {1}{2}}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )-\hat {C}_{j}\vert _{m+\frac {1}{2}}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )\frac {(u_i\vert _{m+1}+u_i\vert _{m})}{2}\bigg )}-u_i\vert _N\hat {M}_{ij}\vert _{N+\frac {1}{2}}+\frac {u_i^2}{2}\vert _N\hat {C}_j\vert _{N+\frac {1}{2}}+u_i\vert _1\hat {M}_{ij}\vert _{\frac {1}{2}}\\ &\qquad -\frac {u_i^2}{2}\vert _1\hat {C}_j\vert _{\frac {1}{2}}+\sum _{m=1}^{N-1}\hat {G}\vert _{m+\frac {1}{2}}\left (u_j\vert _{m+1}-u_j\vert _{m}\right )-u_j\vert _N\hat {G}\vert _{N+\frac {1}{2}}+u_j\vert _1\hat {G}\vert _{\frac {1}{2}}. \label {step1sbp} \end {aligned}\end {equation}


$\hat {C}_j$


$\hat {M}_{ij}$


\begin {equation}\begin {aligned} \sum _{m=1}^{N-1}&\bigg (\hat {M}_{ij}\vert _{m+\frac {1}{2}}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )-\hat {C}_{j}\vert _{m+\frac {1}{2}}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )\frac {(u_i\vert _{m+1}+u_i\vert _{m})}{2}\bigg ) =\sum _{l=1}^{L}a_{L,l}\sum _{m=1}^{N-1}\bigg (\sum _{k=0}^{l-1}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m-k+l}-u_i\vert _{m+1}\right )\\ &\quad -\sum _{k=0}^{l-1}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m}-u_i\vert _{m-k}\right )\bigg )\left (u_i\vert _{m+1}-u_i\vert _{m}\right ). \label {step2substitute} \end {aligned}\end {equation}


$(u_i\vert _{m-k+l}-u_i\vert _{m+1})$


$(u_i\vert _{m}-u_i\vert _{m-k})$


\begin {align}\begin {aligned} &\sum _{k=0}^{l-1}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m-k+l}-u_i\vert _{m+1}\right )\\ &=\sum _{k=0}^{l-1}\widetilde {(\rho ,u_j,1)}_{m-k,l}\bigg (\left (u_i\vert _{m-k+l}-u_i\vert _{m-k+l-1}\right )+\left (u_i\vert _{m-k+l-1}-u_i\vert _{m-k+l-2}\right )+\cdots \,+\,\left (u_i\vert _{m+3}-u_i\vert _{m+2}\right )+\left (u_i\vert _{m+2}-u_i\vert _{m+1}\right )\bigg )\\ &=\sum _{k=0}^{l-1}\sum _{q=1}^{l-1-k}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m+q+1}-u_i\vert _{m+q}\right )\\ &=\sum _{k=0}^{l-2}\sum _{q=1}^{l-1-k}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m+q+1}-u_i\vert _{m+q}\right ), \label {step3expand1} \end {aligned}\end {align}


\begin {align}\begin {aligned} &\sum _{k=0}^{l-1}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m}-u_i\vert _{m-k}\right )\\ &=\sum _{k=0}^{l-1}\widetilde {(\rho ,u_j,1)}_{m-k,l}\bigg (\left (u_i\vert _{m-k+1}-u_i\vert _{m-k}\right )+\left (u_i\vert _{m-k+2}-u_i\vert _{m-k+1}\right )+\cdots \,+\,\left (u_i\vert _{m-1}-u_i\vert _{m-2}\right )+\left (u_i\vert _{m}-u_i\vert _{m-1}\right )\bigg )\\ &=\sum _{k=0}^{l-1}\sum _{q=1}^{k}\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m-q+1}-u_i\vert _{m-q}\right )\\ &=\sum _{k=0}^{l-2}\sum _{q=1}^{l-1-k}\widetilde {(\rho ,u_j,1)}_{m-q-k,l}\left (u_i\vert _{m-q+1}-u_i\vert _{m-q}\right ), \label {step3expand2} \end {aligned}\end {align}


\begin {align}&\sum _{m=1}^{N-1}\bigg (\hat {M}_{ij}\vert _{m+\frac {1}{2}}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )-\hat {C}_{j}\vert _{m+\frac {1}{2}}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )\frac {(u_i\vert _{m+1}+u_i\vert _{m})}{2}\bigg ) \nonumber \\ &=\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-2}\sum _{q=1}^{l-1-k}\sum _{m=1}^{N-1}\bigg (\widetilde {(\rho ,u_j,1)}_{m-k,l}\left (u_i\vert _{m+q+1}-u_i\vert _{m+q}\right )\left (u_i\vert _{m+1}-u_i\vert _{m}\right )-\widetilde {(\rho ,u_j,1)}_{m-k-q,l}\left (u_i\vert _{m+1}-u_i\vert _{m}\right )\left (u_i\vert _{m+1-q}-u_i\vert _{m-q}\right )\bigg ) \nonumber \\ &=\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-2}\sum _{q=1}^{l-1-k}\sum _{p=0}^{q-1}\bigg (\widetilde {(\rho ,u_j,1)}_{N-1-p-k,l}\left (u_i\vert _{N-p+q}-u_i\vert _{N-p+q-1}\right )\left (u_i\vert _{N-p}-u_i\vert _{N-p-1}\right ) \nonumber \\ &\quad -\widetilde {(\rho ,u_j,1)}_{-p-k,l}\left (u_i\vert _{-p+q+1}-u_i\vert _{-p+q}\right )\left (u_i\vert _{-p+1}\right .\left .-u_i\vert _{-p}\right )\bigg ) \nonumber \\ &=\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-2}\sum _{q=1}^{l-1-k}\sum _{p=0}^{q-1}\bigg (\Phi \vert _{N}-\Phi \vert _{1}\bigg ), \label {step4back}\end {align}


$\Phi \vert _{m} = \widetilde {(\rho ,u_j,1)}_{m-1-p-k,l}(u_i\vert _{m-p+q}-u_i\vert _{m-p+q-1})(u_i\vert _{m-p}-u_i\vert _{m-p-1})$


\begin {equation}\mathcal {F}_j\vert _m=B.T.+P.T., \label {step5finish}\end {equation}


$B.T.$


$P.T.$


$j=1,2,3$


$j$


$\hat {C}_j$


$\hat {M}_{ij}$


$\hat {G}$


\begin {equation}\left .\Delta x_j\frac {\partial \rho }{\partial t}\right \vert _m=-2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\Bigg (\widetilde {(\rho ,u_j,1)}_{m-k,l}-\widetilde {(\rho ,u_j,1)}_{m-1-k,l}\Bigg ), \label {masssemi1}\end {equation}


\begin {equation}\begin {aligned} \left .\Delta x_j\frac {\partial \rho u_i}{\partial t}\right \vert _m=&-2\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\Bigg (\widetilde {(\rho ,u_j,1)}_{m-k,l}\frac {u_i\vert _{m-k}+u_i\vert _{m-k+l}}{2}-\widetilde {(\rho ,u_j,1)}_{m-1-k,l}\frac {u_i\vert _{m-1-k}+u_i\vert _{m-1-k+l}}{2}\\ &-\,\frac {p\vert _{m-k}+p\vert _{m-k+l}-p\vert _{m-1-k}-p\vert _{m-1-k+l}}{2} \Bigg ). \label {momsemi1} \end {aligned}\end {equation}


$t_n$


$u_i\vert ^{t_n}_m={u_i}_0$


$p\vert ^{t_n}_m=p_0$


$\forall m$


\begin {equation}\left .\Delta x_j\frac {\partial \rho u_i}{\partial t}\right \vert ^{t_n}_m=\left .-2{u_i}_0\sum _{l=1}^{L}a_{L,l}\sum _{k=0}^{l-1}\Bigg (\widetilde {(\rho ,u_j,1)}_{m-k,l}-\widetilde {(\rho ,u_j,1)}_{m-1-k,l}\Bigg )\right \vert ^{t_n}. \label {momsemi2}\end {equation}


\begin {equation}\left .\frac {\partial \rho u_i}{\partial t}\right \vert ^{t_n}_m=\left .{u_i}_0\frac {\partial \rho }{\partial t}\right \vert ^{t_n}_m+\left .\rho \right \vert ^{t_n}_m\left .\frac {\partial u_i}{\partial t}\right \vert ^{t_n}_m , \label {momsemi3}\end {equation}


${u_i}_0$


\begin {equation}\left .\frac {\partial u_i}{\partial t}\right \vert ^{t_n}_m=0,\ \forall m, \label {momsemi4}\end {equation}
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Blaisdell et al. [13] showed that a quadratic-split form using spectral methods reduced these aliasing errors, compared to the di-
vergence form. Kennedy and Gruber[9] further developed stable cubically split forms by fully expanding the triple products for 
flows with large density variations (e.g., compressible reacting flows), which showed lower aliasing errors and improved stabil-
ity relative to quadratic-split forms. Unlike the analysis using exact Fourier modes by Blaisdell et al. [13] and Kennedy and Gru-
ber[9], Kuya and Kawai[15] used the modified wavenumber of finite-difference operators to analyse the spectral characteristics 
of split forms. This analysis [15] showed that in finite-difference methods, the more stable split forms exhibited larger aliasing er-
rors compared to the divergence form. This observation indicated that reducing aliasing errors of split forms may not always be 
the primary mechanism by which to improve stability in finite-difference methods [15], as also noted by Honein and Moin[16]. 
Furthermore, Honein and Moin[16] and Kuya and Kawai[15] suggested that preserving secondary conservative variables, such 
as kinetic energy and entropy, could be more crucial for improving numerical stability by the split forms in finite-difference
methods.

Given the vital role of the kinetic energy balance in turbulence development, it is important that the numerical scheme is 
capable of representing the correct evolution of kinetic energy. As defined by Jameson[17], in kinetic-energy-preserving (KEP) 
schemes for compressible flows, the discrete volume integral of kinetic energy is not changed by the convective terms but only 
by the pressure work, ignoring the viscous terms, boundary conditions, and time integration errors. A KEP scheme can be eas-
ily obtained from the consistency condition due to Jameson[17], which was derived for second-order finite-volume schemes. KEP 
schemes have been successfully used in incompressible [18] and compressible simulations [2,19,20] to suppress numerical insta-
bilities. Feiereisen et al. [19] proposed a quadratic-split form that is KEP for compressible flows. Pirozzoli [2] found a cubic-split 
form from Kennedy and Gruber[9] is also KEP, which has subsequently been applied in other studies [21,22]. Comparisons, such 
as those by Kuya et al. [22] and Gassner et al. [4], have indicated that this cubic-split form [2,9] was a promising approach for 
compressible flows regarding numerical robustness and computational efficiency. Other notable KEP schemes for compressible 
flows are based on square-root density splittings, such as the formulations of Morinishi [1] and Rozema et al. [23], and recent
works [24,25].

Despite its success, discrete conservation of kinetic energy is not a sufficient condition for numerical stability in under-resolved 
simulations of compressible flows, and additional conditions such as entropy preservation have been proposed [26]. It has been 
shown that for schemes achieving discrete conservation of entropy1, thermodynamic fluctuations converge and numerical instabil-
ities are suppressed for high Reynolds number flows [16,21,22]. Following the concept by Tadmor[27], Chandrashekar[28] used 
the physical entropy as the mathematical entropy function to derive a second-order entropy-conservative scheme that is also KEP. 
However, Gassner et al. [4] reported its failure to preserve kinetic energy in a discontinuous Galerkin framework, which, due to the 
summation-by-parts property, shares many features with the finite-difference formulation.  Ranocha[29] furthermore constructed 
an improved scheme that is entropy-conservative according to Tadmor’s concept and preserves kinetic energy. A different approach 
was taken by Honein and Moin[16], who enforced exact conservation of the physical entropy by solving a modified internal energy 
equation that is numerically equivalent to the entropy equation. Similarly, Coppola et al. [21] achieved exact entropy conserva-
tion by directly solving the entropy equation. Interestingly, they also found that solving the standard internal energy equation in 
the cubic-split form nearly conserves entropy. Although a rigorous proof was not offered by Coppola et al. [21], this outcome may 
be linked to implicit entropy conservation via the Gibbs equation, which, as described by Subbareddy and Candler[20] and Kuya 
et al. [22], relates the continuity and internal energy equations with the entropy equation. Based on the Gibbs equation, consistency 
conditions were summarised in Refs. [3,22,30]; satisfying these conditions helps correctly represent local energy exchange between 
kinetic energy and internal energy, and thus supports entropy conservation. Particularly, the kinetic-energy- and entropy-preserving 
(KEEP) scheme due to Kuya et al. [22] achieved discrete entropy conservation implicitly by solving the total energy equation with 
consistent split-form numerical fluxes. This approach is preferred as it also conserves total energy, which is important for compress-
ible problems. Although this method does not conserve entropy exactly, the entropy conservation errors were small [22,30,31] and
adjustable [32].

However, subsequent research by Shima et al. [31] found that despite conserving kinetic energy, entropy, and total energy, the 
split form by Kuya et al. [22] led to numerical instability in a resolved single-component flow with initially uniform pressure and ve-
locity but varying density. This instability was attributed to spurious pressure oscillations induced by the cubic-split form for internal 
energy. To remedy this, Shima et al. [31] suggested a quadratic-split form that eliminated these oscillations, thus preserving pressure 
equilibrium and stabilising the simulation with a slight impact on entropy conservation. They described pressure equilibrium in invis-
cid, ideal-gas, single-component flows as the physical property where initially uniform pressure and velocity remain constant despite 
variations in density, and characterised their scheme, which consistently maintains this property in the discrete level, as pressure-
equilibrium-preserving (PEP). Ranocha and Gassner[33] subsequently found the entropy-conservative and KEP scheme developed 
by Ranocha[29] is also PEP. However, this scheme has stability issues due to the use of logarithmic means in the density flux [33] 
and is computationally expensive. Additionally, De Michele and Coppola recently confirmed the square-root splitting proposed by 
Rozema et al. [23] to be PEP [34] and to exhibit excellent entropy conservation [35], as further explored by Kawai and Kawai[36]. 
De Michele and Coppola[34] also constructed new PEP schemes through minor modifications to classical numerical fluxes of Piroz-
zoli [2] and Kuya et al. [22]. These modifications were shown to improve the overall performance of the original schemes without 

1 Entropy in this article refers to the physical entropy, unless stated otherwise. Entropy conservation means that the discrete volume integral of 
the physical entropy is not changed by the convective terms and is preserved over time, assuming the viscous terms, boundary conditions and time 
integration errors are ignored.
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increasing computational cost in ideal-gas, single-component flows. On the other hand, in multi-component flows, ensuring pressure 
equilibrium across interfaces, where jumps in specific heats may occur, presents extra challenges, particularly within a fully conser-
vative system [37,38]. Despite many studies working on this issue [39–41], the application of split forms for maintaining pressure 
equilibrium had not been explored until the recent work by Fujiwara et al. [42]. They proposed a fully conservative split-form scheme 
that preserves pressure equilibrium at interfaces without jumps for calorically perfect gases, which reduces to the scheme by Shima 
et al. [31] for uniform concentrations. The entropy-conservative schemes in Tadmor’s framework (e.g., Ranocha[29]) have also re-
cently been extended to multi-component, thermally perfect gas in a discontinuous Galerkin setting [43,44]. However, these do not 
satisfy a strict PEP property. Furthermore, Jain and Moin[30] derived a condition to preserve pressure equilibrium at two-phase 
flow interfaces, which requires identical split forms for internal energy and total mass, resulting in the same split forms as Shima 
et al. [31]. While different split forms were evaluated by Jain and Moin[30], a uniform specific heat ratio was assumed. In other 
related studies, more sophisticated PEP split forms have been constructed for real-fluid simulations to address challenges arising from 
highly nonlinear relations between pressure and internal energy [45,46]. Therefore, although various split forms of PEP schemes have 
been proposed over the past few years, discussion on most schemes in multi-component, compressible flows with varying specific 
heats remains limited. In particular, there is no thorough evaluation of the PEP schemes by Shima et al. [31] and Rozema et al. [23] 
in this context, leaving open questions about whether they still outperform other split forms, such as those that only preserve kinetic 
energy [2] or entropy [22], and how they compare to PEP schemes specifically designed for multi-component flows, such as the one 
by Fujiwara et al. [42].

For multi-component flows, the numerical schemes for the convective terms in the species mass transport equations require further 
careful consideration. The discrete conservation of species mass should first be preserved. This is particularly important in chemically 
reacting flows as a prerequisite for accurately evaluating reaction rates and other properties. When solving conservative species equa-
tions, Trisjono et al. [47] suggested discretely satisfying the advection forms of these equations, as it helps avoid an initially uniform 
species field being disturbed spuriously for flows with non-uniform density or velocity. Additionally, Terashima et al. [41] noted that 
properly treating the molar concentration, associated with species partial densities, is important to preserve temperature equilibrium 
at material interfaces. Although this challenge is typically encountered at material interfaces of multi-component flows [40,41], we 
will show that even with uniform specific heats and preserved pressure equilibrium, improper reconstructions of partial densities at 
flux points can cause spurious temperature oscillations. This was also discussed by Subbareddy et al. [48] for finite-volume methods. 
They advised against separating total density and species mass fraction when reconstructing partial densities at cell faces to prevent 
large temperature excursions. Otherwise, for systems solving equations for all species without the continuity equation, numerical 
schemes need to ensure that all partial densities sum to the mixture density [48]. Jain and Moin[30] implemented this condition 
in constructing split-form numerical fluxes for phase masses in multiphase flows. Nevertheless, very few studies have explored split 
forms for the convective terms in species mass transport equations, and to the best of our knowledge, the characteristics of different 
split forms for species convective terms have not been discussed, particularly regarding the key physical properties discussed above, 
including species mass conservation, uniform species field and temperature-equilibrium preservation. This gap remains despite the 
fact that some studies have applied split forms to species convective terms. For instance, Kennedy and Gruber[9] adopted split forms 
with better aliasing behaviour and computational efficiency, Pantano et al. [49] used a quadratic-split form to improve stability, 
Fujiwara et al. [42] employed a quadratic-split form for its compatibility with their pressure-equilibrium condition, and Terashima 
et al. [46] also chose a quadratic-split form when constructing their approximate PEP scheme. While Fujiwara et al. [42] discussed 
the PEP property of their quadratic-split form and a divergence form, their characteristics concerning the key physical properties 
mentioned above were not explored.

Therefore, the focus in the present study is on the development of a high-order, non-dissipative, accurate, stable and physi-
cally consistent2 finite-difference scheme for turbulent compressible multi-component flows. The first objective is to evaluate the 
performance and properties of schemes using the pressure-equilibrium-preserving split forms, including the schemes by Shima 
et al. [31] and Rozema et al. [23], in the context of multi-component flows. This evaluation includes a comparison with other 
existing schemes such as low-aliasing, kinetic-energy-preserving, or entropy-preserving schemes, and with the multi-component 
pressure-equilibrium-preserving scheme by Fujiwara et al. [42]. The properties of the schemes are investigated by analytical meth-
ods and their performance is tested in numerical experiments. A second objective is to construct a scheme for convective terms 
in the species mass transport equations based on the essential physical properties, including species mass conservation, uniform 
species field and temperature-equilibrium preservation. The capability of the proposed scheme in maintaining these physical prop-
erties is demonstrated analytically and verified in numerical tests. It is also compared to other possible schemes that do not sat-
isfy these physical properties, to highlight the importance of using physically consistent forms in computing the mass fraction 
and temperature. It should be noted that we specifically aim at constructing high-order schemes for direct numerical simulations, 
and thus all formulations are derived for an arbitrary order of accuracy, and all numerical tests are carried out using eighth-order
schemes.

The remainder of this article is organised as follows. Section 2 summarises the governing equations. Section 3 describes the 
conditions and formulations for the schemes which are in the numerical flux form, along with a summary of the schemes to be tested. 
Section 4 presents the numerical tests in terms of the two objectives, followed by concluding remarks in Section 5.

2 We say a scheme is physically consistent if the scheme consistently maintains relevant physical properties discretely.
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2.  Governing equations

2.1.  Conservation equations

We are interested in solving the compressible, multi-component, chemically-reacting flow equations. However, given the current 
focus on numerical schemes for the convective terms, we consider the inviscid system, which contains the classical three-dimensional, 
compressible Euler equations for the mixture and additional species transport equations, as widely considered in the community [9,
40,49–53]:

𝜕𝜌
𝜕𝑡

+
𝜕𝜌𝑢𝑗
𝜕𝑥𝑗

= 0, (1)

𝜕𝜌𝑢𝑖
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝑢𝑗
𝜕𝑥𝑗

+
𝜕𝑝
𝜕𝑥𝑖

= 0, (2)

𝜕𝜌𝐸
𝜕𝑡

+
𝜕𝜌𝐸𝑢𝑗
𝜕𝑥𝑗

+
𝜕𝑝𝑢𝑗
𝜕𝑥𝑗

= 0, (3)

𝜕𝜌𝑌𝛼
𝜕𝑡

+
𝜕𝜌𝑌𝛼𝑢𝑗
𝜕𝑥𝑗

= 0, 𝛼 = 1,⋯ , 𝑁𝑠 − 1, (4)

where 𝑡 denotes time, 𝑥𝑖 are the spatial coordinates in a Cartesian coordinate system, 𝑢𝑖 is the velocity vector component in the 𝑖th
direction, 𝜌 is the mixture density, 𝑝 is the mixture total pressure, 𝑌𝛼 is the mass fraction of species 𝛼, and 𝑁𝑠 is the total number of 
species. Only 𝑁𝑠 − 1 species equations are solved and the mass fraction of species 𝑁𝑠 is determined from the constraint: ∑𝑁𝑠

𝛼=1 𝑌𝛼 = 1. 
This approach ensures that the mass fractions of all species sum up to unity by design. The specific total energy, 𝐸 = 𝑒 + 𝑘, is the sum 
of mixture specific internal energy, 𝑒, and specific kinetic energy, 𝑘 = 𝑢𝑖𝑢𝑖∕2. Accordingly, as in Kuya et al. [22], we can rewrite the 
total energy equation (Eq. (3)) as

𝜕𝜌𝐸
𝜕𝑡

+
𝜕𝜌𝑒𝑢𝑗
𝜕𝑥𝑗

+
𝜕𝜌𝑘𝑢𝑗
𝜕𝑥𝑗

+
𝜕𝑝𝑢𝑗
𝜕𝑥𝑗

= 0. (5)

Similarly, as in Pirozzoli [2], using the mixture total specific enthalpy, 𝐻 = 𝐸 + 𝑝∕𝜌, the total energy equation (Eq. (3)) becomes:
𝜕𝜌𝐸
𝜕𝑡

+
𝜕𝜌𝐻𝑢𝑗
𝜕𝑥𝑗

= 0. (6)

In the discussed equations, the conserved variables are solved directly, and the convective terms are expressed in the divergence 
form. This approach is commonly used in compressible solvers [52,54] to discretely conserve total mass, momentum, total energy, and 
species mass. However, as will be explored in Section 3, there are alternative convective formulations that are analytically equivalent 
to the divergence form. Despite being numerically different, these formulations may also achieve similar discrete conservation.

2.2.  Equation of state

We assume that the species are calorically perfect gases in thermal equilibrium, each with constant specific heat capacities 𝐶𝑝,𝛼 and 
𝐶𝑣,𝛼 . Consequently, the mean specific heats of their mixture alter with composition but remain constant with temperature changes. 
This simplifies the computation of thermodynamic relations by using mixing rules. It also allows for diverse spatial distributions of the 
mixture specific heats, a critical aspect of our study on pressure equilibrium in multi-component flows. The specific internal energy 
of species 𝛼 is

𝑒𝛼 = 𝐶𝑣,𝛼𝑇 =
𝑅𝑢∕𝑊𝛼
𝛾𝛼 − 1

𝑇 =
𝑝𝛼

𝜌𝛼(𝛾𝛼 − 1)
, (7)

and the mixture specific internal energy is given by

𝑒 =
𝑁𝑠
∑

𝛼=1
𝑌𝛼𝑒𝛼 . (8)

Therein, 𝑇  is the temperature, 𝑅𝑢 is the universal gas constant, 𝑊𝛼 and 𝛾𝛼 are respectively the molar mass and the specific heat ratio 
of species 𝛼, the partial pressure is 𝑝𝛼 = 𝑝𝑋𝛼 with 𝑋𝛼 denoting the species mole fraction, and the partial density 𝜌𝛼 = 𝜌𝑌𝛼 denotes the 
density of species 𝛼. With the relation 𝑌𝛼∕𝑋𝛼 = 𝑊𝛼∕𝑊 , the mean molar mass of the mixture, 𝑊 , is

𝑊 =
𝑁𝑠
∑

𝛼=1
𝑋𝛼𝑊𝛼 =

(𝑁𝑠
∑

𝛼=1

𝑌𝛼
𝑊𝛼

)−1

. (9)

The mean specific heat ratio of the mixture is 𝛾 = 𝐶𝑝∕𝐶𝑣, where 𝐶𝑝 =
∑𝑁𝑠

𝛼=1 𝑌𝛼𝐶𝑝,𝛼 and 𝐶𝑣 =
∑𝑁𝑠

𝛼=1 𝑌𝛼𝐶𝑣,𝛼 are the mean specific heats, 
and 𝛾 can be obtained from:

1
𝛾 − 1

=
𝑁𝑠
∑

𝛼=1

𝑋𝛼
𝛾𝛼 − 1

. (10)
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Then, we obtain the thermodynamic equation of state for the mixture:
𝑒 =

𝑝
𝜌(𝛾 − 1)

, (11)

which closes the balance equations, and the mixture ideal-gas law:

𝑝 = 𝜌
𝑅𝑢
𝑊

𝑇 . (12)

3.  Numerical flux form of split convective terms

3.1.  Numerical flux form

For compressible flows that may develop discontinuities, it is beneficial to globally conserve the primary invariants (i.e., total 
mass, momentum, total energy, and species mass) in a discrete sense, since according to the Lax–Wendroff theorem [55], it assures the 
discrete solution converges to a unique weak solution upon grid convergence. The numerical flux form, which casts the discretisation 
of convective terms in the difference of numerical fluxes at adjacent intermediate nodes, ensures global conservation through the 
telescopic property [55]. It is also known as the local conservative form [14], and it achieves better numerical stability than forms 
without discrete conservation [21]. Using 𝐹  to represent a generic flux function, the spatial derivative in the 𝑗th direction at grid 
point 𝑚 is discretised using the numerical flux form:

𝜕𝐹𝑗

𝜕𝑥𝑗

|

|

|

|

|𝑚
≈

𝐹𝑗 |𝑚+ 1
2
− 𝐹𝑗 |𝑚− 1

2

Δ𝑥𝑗
, (13)

where 𝐹𝑗 |𝑚± 1
2
 denotes the numerical flux at the flux point 𝑚 ± 1

2  between grid points 𝑚 and 𝑚 ± 1, and Δ𝑥𝑗 is the grid spacing size.
Applying the generic numerical flux (Eq. (13)), the semi-discrete representation for Eqs. (1)–(4) can be expressed as:

𝜕𝜌
𝜕𝑡

|

|

|

|𝑚
+

𝐶̂𝑗 |𝑚+ 1
2
− 𝐶̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
= 0, (14)

𝜕𝜌𝑢𝑖
𝜕𝑡

|

|

|

|𝑚
+

𝑀̂𝑖𝑗 |𝑚+ 1
2
− 𝑀̂𝑖𝑗 |𝑚− 1

2

Δ𝑥𝑗
+

𝐺̂|𝑚+ 1
2
− 𝐺̂|𝑚− 1

2

Δ𝑥𝑖
= 0, (15)

𝜕𝜌𝐸
𝜕𝑡

|

|

|

|𝑚
+

𝐸̂𝑗 |𝑚+ 1
2
− 𝐸̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
+

𝐷̂𝑗 |𝑚+ 1
2
− 𝐷̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
= 0, (16)

𝜕𝜌𝑌𝛼
𝜕𝑡

|

|

|

|𝑚
+

𝑌𝛼,𝑗 |𝑚+ 1
2
− 𝑌𝛼,𝑗 |𝑚− 1

2

Δ𝑥𝑗
= 0, 𝛼 = 1,⋯ , 𝑁𝑠 − 1, (17)

where 𝐶̂𝑗 , 𝑀̂𝑖𝑗 , 𝐺̂, 𝐸̂𝑗 , 𝐷̂𝑗 , and 𝑌𝛼,𝑗 are the total mass, momentum (in the 𝑖th direction), pressure-gradient, total energy, pressure-
diffusion, and species mass (for species 𝛼) numerical fluxes, respectively. Many compressible flow solvers (e.g., [52]) adopt the 
intuitive formulation of the energy equation (Eq. (16)), which was also used by Kennedy and Gruber[9]. An alternative formulation, 
based on separating the internal and kinetic energy (Eq. (18)), was used by Kok[3], Kuya et al. [22], Shima et al. [31], and Jain and 
Moin[30], whereas Jameson[17] and Pirozzoli [2] used the total enthalpy leading to Eq. (19):

𝜕𝜌𝐸
𝜕𝑡

|

|

|

|𝑚
+

𝐼𝑗 |𝑚+ 1
2
− 𝐼𝑗 |𝑚− 1

2

Δ𝑥𝑗
+

𝐾̂𝑗 |𝑚+ 1
2
− 𝐾̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
+

𝐷̂𝑗 |𝑚+ 1
2
− 𝐷̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
= 0, (18)

𝜕𝜌𝐸
𝜕𝑡

|

|

|

|𝑚
+

𝐻̂𝑗 |𝑚+ 1
2
− 𝐻̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
= 0, (19)

where 𝐼𝑗 , 𝐾̂𝑗 , and 𝐻̂𝑗 are the internal energy, kinetic energy, and total enthalpy numerical fluxes, respectively. Coppola et al. [21] 
employed the internal energy equation:

𝜕𝜌𝑒
𝜕𝑡

|

|

|

|𝑚
+

𝐼𝑗 |𝑚+ 1
2
− 𝐼𝑗 |𝑚− 1

2

Δ𝑥𝑗
+ 𝑝|𝑚

𝑈̂𝑗 |𝑚+ 1
2
− 𝑈̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
= 0, (20)

where 𝑈̂𝑗 is the numerical flux for 𝜕𝑢𝑗∕𝜕𝑥𝑗 in the pressure-dilation term (𝑝𝜕𝑢𝑗∕𝜕𝑥𝑗).

3.2.  ‘Skew-symmetric’ split form

To simplify the notation, we will introduce the split forms in one dimension. The extension to two and three dimensions is trivial. 
The generic flux function can be expressed as 𝐹 = 𝑓𝑔 and 𝐹 = 𝑓𝑔ℎ respectively for quadratically and cubically nonlinear derivatives, 
where 𝑓 , 𝑔, and ℎ are arbitrary functions of 𝑥. Quadratically nonlinear derivatives can be split as:

𝜕𝑓𝑔
𝜕𝑥

= 𝛼𝑞
𝜕𝑓𝑔
𝜕𝑥

+
(

1 − 𝛼𝑞
)

(

𝑓
𝜕𝑔
𝜕𝑥

+ 𝑔
𝜕𝑓
𝜕𝑥

)

, (21)
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where 𝛼𝑞 is an arbitrary coefficient. Ducros et al. [14] first showed that this split form with 𝛼𝑞 = 1∕2 can be written in the numerical 
flux form for explicit central-difference approximations. Fisher et al. [56] proved that the telescopic property [55] is satisfied for any 
constant 𝛼𝑞 in conservation law equations discretised using any diagonal-norm split summation-by-part (SBP) operators. For cubically 
nonlinear derivatives, Kennedy and Gruber[9] derived the general split form:

𝜕𝑓𝑔ℎ
𝜕𝑥

= 𝛼𝑐
𝜕𝑓𝑔ℎ
𝜕𝑥

+ 𝛽
(

𝑓
𝜕𝑔ℎ
𝜕𝑥

+ 𝑔ℎ
𝜕𝑓
𝜕𝑥

)

+ 𝜅
(

𝑔
𝜕𝑓ℎ
𝜕𝑥

+ 𝑓ℎ
𝜕𝑔
𝜕𝑥

)

+ 𝛿
(

ℎ
𝜕𝑓𝑔
𝜕𝑥

+ 𝑓𝑔 𝜕ℎ
𝜕𝑥

)

+ 𝜁
(

𝑔ℎ
𝜕𝑓
𝜕𝑥

+ 𝑓ℎ
𝜕𝑔
𝜕𝑥

+ 𝑓𝑔 𝜕ℎ
𝜕𝑥

)

, (22)

where 𝛼𝑐 + 𝛽 + 𝜅 + 𝛿 + 𝜁 = 1. Eq. (22) contains all the possible combinations in Eq. (21) by letting the function ℎ = 1, the coefficients 
𝛼𝑐 + 𝛿 = 𝛼𝑞 , and 𝛽 + 𝜅 = 1 − 𝛼𝑞 . However, not all combinations of Eq. (22) can be cast into the numerical flux form (Eq. (13)) [2,21], 
such as the formulation with 𝛼𝑐 = 𝜁 = 1

2  and 𝛽 = 𝜅 = 𝛿 = 0, referred to here as the KG form: 
𝜕𝑓𝑔ℎ
𝜕𝑥

= 1
2
𝜕𝑓𝑔ℎ
𝜕𝑥

+ 1
2

(

𝑔ℎ
𝜕𝑓
𝜕𝑥

+ 𝑓ℎ
𝜕𝑔
𝜕𝑥

+ 𝑓𝑔 𝜕ℎ
𝜕𝑥

)

. (23)

The KG form (Eq. (23)) demonstrates low aliasing errors and good numerical stability, as tested by Kennedy and Gruber[9], despite 
lacking conservation of primary quantities (except for total mass) and secondary quantities (kinetic energy and entropy). We include 
the KG form (Eq. (23)) in this study for comparative evaluation with the schemes introduced later in Section 3.3. For compressible 
multi-component flows, the governing equations split using the KG form read:

𝜕𝜌
𝜕𝑡

+ 1
2
𝜕𝜌𝑢𝑗
𝜕𝑥

+ 1
2

(

𝑢𝑗
𝜕𝜌
𝜕𝑥

+ 𝜌
𝜕𝑢𝑗
𝜕𝑥

)

= 0, (24)

𝜕𝜌𝑢𝑖
𝜕𝑡

+ 1
2
𝜕𝜌𝑢𝑖𝑢𝑗
𝜕𝑥

+ 1
2

(

𝑢𝑖𝑢𝑗
𝜕𝜌
𝜕𝑥

+ 𝜌𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥

+ 𝜌𝑢𝑖
𝜕𝑢𝑗
𝜕𝑥

)

+
𝜕𝑝
𝜕𝑥𝑖

= 0, (25)

𝜕𝜌𝐸
𝜕𝑡

+ 1
2
𝜕𝜌𝐸𝑢𝑗
𝜕𝑥

+ 1
2

(

𝐸𝑢𝑗
𝜕𝜌
𝜕𝑥

+ 𝜌𝑢𝑗
𝜕𝐸
𝜕𝑥

+ 𝜌𝐸
𝜕𝑢𝑗
𝜕𝑥

)

+ 1
2
𝜕𝑝𝑢𝑗
𝜕𝑥

+ 1
2

(

𝑢𝑗
𝜕𝑝
𝜕𝑥

+ 𝑝
𝜕𝑢𝑗
𝜕𝑥

)

= 0, (26)

𝜕𝜌𝑌𝛼
𝜕𝑡

+ 1
2
𝜕𝜌𝑌𝛼𝑢𝑗
𝜕𝑥

+ 1
2

(

𝑌𝛼𝑢𝑗
𝜕𝜌
𝜕𝑥

+ 𝜌𝑢𝑗
𝜕𝑌𝛼
𝜕𝑥

+ 𝜌𝑌𝛼
𝜕𝑢𝑗
𝜕𝑥

)

= 0, 𝛼 = 1,⋯ , 𝑁𝑠 − 1. (27)

On the other hand, Coppola et al. [21] showed that 𝜁 = 0 is a sufficient condition for casting Eq. (22) into numerical flux form for 
explicit central-difference approximations, assuming all the coefficients are constants. With this constraint, we obtain four formula-
tions:

Divergence form ∶
𝜕𝑓𝑔ℎ
𝜕𝑥

, (28)

Quadratic-split form ∶ 1
2

(

𝜕𝑓𝑔ℎ
𝜕𝑥

+ 𝑓
𝜕𝑔ℎ
𝜕𝑥

+ 𝑔ℎ
𝜕𝑓
𝜕𝑥

)

, (29)

Cubic-split form ∶ 1
4

(

𝜕𝑓𝑔ℎ
𝜕𝑥

+ 𝑓
𝜕𝑔ℎ
𝜕𝑥

+ 𝑔ℎ
𝜕𝑓
𝜕𝑥

+ 𝑔
𝜕𝑓ℎ
𝜕𝑥

+ 𝑓ℎ
𝜕𝑔
𝜕𝑥

+ ℎ
𝜕𝑓𝑔
𝜕𝑥

+ 𝑓𝑔 𝜕ℎ
𝜕𝑥

)

, (30)

Product-rule form ∶ 𝑓
𝜕𝑔ℎ
𝜕𝑥

+ 𝑔ℎ
𝜕𝑓
𝜕𝑥

, (31)

where the terminology extends to the quadratically nonlinear derivatives by setting ℎ = 1. The quadratic-split (𝛼𝑐 = 𝛽 = 1
2 ; 𝜅 = 𝛿 = 𝜁 =

0) and cubic-split (𝛼𝑐 = 𝛽 = 𝜅 = 𝛿 = 1
4 ; 𝜁 = 0) forms are referred to as the ‘standard’ split forms by Pirozzoli [2] and are widely used [4,

22,30]. Additionally, we consider the square-root-based split form due to Rozema et al. [23] (see also De Michele and Coppola[34] 
and Kawai and Kawai[36]):

Square-root form ∶ 1
2

(

√

𝑔
𝜕𝑓

√

𝑔ℎ
𝜕𝑥

+ 𝑓
√

𝑔ℎ
𝜕
√

𝑔
𝜕𝑥

)

+ 1
2

(

𝑓
√

𝑔
𝜕
√

𝑔ℎ
𝜕𝑥

+
√

𝑔ℎ
𝜕𝑓

√

𝑔
𝜕𝑥

)

. (32)

Note that varying combinations of 𝑓 , 𝑔, and ℎ may result in different discretisation schemes, each with different properties. For 
instance, the quadratic-split form by Feiereisen et al. [19] using 𝑓 = 𝑢𝑖, 𝑔 = 𝜌, and ℎ = 𝑢𝑗 is KEP, whereas the one due to Blaisdell 
et al. [13] with 𝑓 = 𝑢𝑗 , 𝑔 = 𝜌, and ℎ = 𝑢𝑖 is not.

Applying the two-point discrete averaging operator from Pirozzoli [2] and Coppola et al. [21], and invoking the generic numerical 
flux (Eq. (13)), the numerical fluxes for these split forms in the 2𝐿th-order accuracy are expressed as:

𝐹 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

̃(𝑓, 𝑔, ℎ)𝑚−𝑘,𝑙 , (33)

where 𝑎𝐿,𝑙 is the coefficients in the standard explicit central-difference approximation of the first-order derivative with the formal 
order of accuracy of 2𝐿, and ̃(𝑓, 𝑔, ℎ)𝑚−𝑘,𝑙 is the two-point discrete averaging operator. The corresponding operators to the forms in 
Eqs. (28)–(32) are:

̃(𝑓, 𝑔, ℎ)
Divergence
𝑚−𝑘,𝑙 =

(𝑓𝑔ℎ)|𝑚−𝑘 + (𝑓𝑔ℎ)|𝑚−𝑘+𝑙
2

, (34)

̃(𝑓, 𝑔, ℎ)
Quadratic-split
𝑚−𝑘,𝑙 =

𝑓 |𝑚−𝑘 + 𝑓 |𝑚−𝑘+𝑙
2

(𝑔ℎ)|𝑚−𝑘 + (𝑔ℎ)|𝑚−𝑘+𝑙
2

, (35)
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̃(𝑓, 𝑔, ℎ)
Cubic-split
𝑚−𝑘,𝑙 =

𝑓 |𝑚−𝑘 + 𝑓 |𝑚−𝑘+𝑙
2

𝑔|𝑚−𝑘 + 𝑔|𝑚−𝑘+𝑙
2

ℎ|𝑚−𝑘 + ℎ|𝑚−𝑘+𝑙
2

, (36)

̃(𝑓, 𝑔, ℎ)
Product-rule
𝑚−𝑘,𝑙 =

𝑓 |𝑚−𝑘+𝑙(𝑔ℎ)|𝑚−𝑘 + 𝑓 |𝑚−𝑘(𝑔ℎ)|𝑚−𝑘+𝑙
2

, (37)

̃(𝑓, 𝑔, ℎ)
Square-root
𝑚−𝑘,𝑙 =

𝑓 |𝑚−𝑘 + 𝑓 |𝑚−𝑘+𝑙
2

√

𝑔|𝑚−𝑘𝑔|𝑚−𝑘+𝑙
ℎ|𝑚−𝑘 + ℎ|𝑚−𝑘+𝑙

2
. (38)

All numerical fluxes in this study, except for the kinetic energy numerical flux, can be derived by substituting 𝑓 , 𝑔, and ℎ with 
corresponding flow variables. Note that although we focus only on standard explicit schemes in this study, the split forms may also 
be discretised with compact stencils [57,58].

3.3.  Consistent forms for compressible multi-component flows

3.3.1.  Total mass and momentum numerical fluxes
The numerical fluxes for total mass, 𝐶̂𝑗 , and momentum, 𝑀̂𝑖𝑗 , are required to satisfy the kinetic-energy-preserving (KEP) property 

discretely. Jameson[17] derived a KEP condition: 

𝑀̂𝑗 |𝑚+ 1
2
= 𝐶̂𝑗 |𝑚+ 1

2

𝑢𝑖|𝑚 + 𝑢𝑖|𝑚+1
2

, (39)

satisfying which results in a group of KEP schemes. However, this condition is confined to second-order accuracy and does not 
explicitly extend to high-order numerical fluxes. In Theorem 1, we extend the KEP condition to numerical fluxes in an arbitrary order 
of accuracy, with a proof provided in Appendix A.
Theorem 1. In the semi-discrete sense, the total kinetic energy is globally conserved, i.e., it is not changed by the convective terms but only 
changed by the pressure work and boundary terms, if the numerical fluxes in 2𝐿th-order accuracy for total mass, 

𝐶𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 , (40)

and momentum, 

𝑀̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 𝑢𝑖)𝑚−𝑘,𝑙 , (41)

satisfy the condition: 

̃(𝜌, 𝑢𝑗 , 𝑢𝑖)𝑚−𝑘,𝑙 =
̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙

𝑢𝑖|𝑚−𝑘 + 𝑢𝑖|𝑚−𝑘+𝑙
2

, (42)

where the two-point discrete averaging operators, ̃(⋅, ⋅, ⋅), are defined in Eqs. (34)–(38). 
Proof. Appendix A. ∎

According to this condition, we can formulate KEP numerical fluxes with arbitrary order of accuracy. For instance, the standard 
quadratic-split and cubic-split forms are represented by

𝐶̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (43)

𝑀̂𝑖𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

𝑢𝑖|𝑚−𝑘 + 𝑢𝑖|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (44)

respectively. Their robustness and KEP property have been demonstrated in numerical tests [2,22,57]. Another group tested by Kuya 
et al. [22] is:

𝐶̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑢𝑗 )|𝑚−𝑘 + (𝜌𝑢𝑗 )|𝑚−𝑘+𝑙
2

, (45)

𝑀̂𝑖𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑢𝑗 )|𝑚−𝑘 + (𝜌𝑢𝑗 )|𝑚−𝑘+𝑙
2

𝑢𝑖|𝑚−𝑘 + 𝑢𝑖|𝑚−𝑘+𝑙
2

, (46)

the divergence and quadratic-split formulations, respectively, which were shown to be less stable than Eqs. (43) and (44). Additionally, 
the square-root density splitting proposed by Rozema et al. [23] satisfies the KEP condition, and its excellent performance has recently 
been demonstrated by De Michele and Coppola[35] and Kawai and Kawai[36] in ideal-gas, single-component flows. The formulation 
is given by

𝐶̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

√

𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙

2
, (47)
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𝑀̂𝑖𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

√

𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
𝑢𝑖|𝑚−𝑘 + 𝑢𝑖|𝑚−𝑘+𝑙

2
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙

2
. (48)

In the present study, we adopt the two groups, Eqs. (43) and (44) and Eqs. (47) and (48), for their superior performance.

3.3.2.  Energy numerical fluxes
3.3.2.1.  Entropy conservation. The construction of the numerical fluxes in the energy equation should aim for discrete conservation 
of entropy. We adopt the method due to Kuya et al. [22], which implicitly conserves entropy by solving the total energy equation 
with consistent numerical fluxes. This method is grounded in the ‘conservation’ form of the Gibbs equation from Subbareddy and 
Candler[20]:

𝜕𝜌𝑠
𝜕𝑡

+
𝜕𝜌𝑠𝑢𝑗
𝜕𝑥𝑗

= 1
𝑇

(

(

𝑠𝑇 − 𝑒 −
𝑝
𝜌

)( 𝜕𝜌
𝜕𝑡

+
𝜕𝜌𝑢𝑗
𝜕𝑥𝑗

)

+
( 𝜕𝜌𝑒

𝜕𝑡
+

𝜕𝜌𝑒𝑢𝑗
𝜕𝑥𝑗

+ 𝑝
𝜕𝑢𝑗
𝜕𝑥𝑗

)

)

, (49)

where 𝑠 = 𝐶𝑣 ln(𝑝∕𝜌𝛾 ) is the mixture specific entropy. This equation (Eq. (49)) suggests that entropy is implicitly conserved upon 
satisfying the continuity and internal energy equations. The continuity equation is satisfied discretely by solving Eq. (14), while the 
satisfaction of the internal energy equation follows from satisfying the total energy and the kinetic energy equations, as per:

𝜕𝜌𝑒
𝜕𝑡

+
𝜕𝜌𝑒𝑢𝑗
𝜕𝑥𝑗

+ 𝑝
𝜕𝑢𝑗
𝜕𝑥𝑗

=
(

𝜕𝜌𝐸
𝜕𝑡

+
𝜕𝜌𝐸𝑢𝑗
𝜕𝑥𝑗

+
𝜕𝑝𝑢𝑗
𝜕𝑥𝑗

)

−
(

𝜕𝜌𝑘
𝜕𝑡

+
𝜕𝜌𝑘𝑢𝑗
𝜕𝑥𝑗

+ 𝑢𝑗
𝜕𝑝
𝜕𝑥𝑗

)

. (50)

Consistent numerical fluxes, i.e., fluxes satisfying the Analytical Relations3 proposed by Kuya et al. [22], are required for all convective 
terms in Eq. (50) to maintain correct local exchanges between internal energy and kinetic energy discretely and thus conserve entropy. 
Interested readers are referred to Refs. [22,57] for details.

In the present study, schemes are categorised as entropy preserving, as summarised later in Table 1, if they conserve entropy in the 
sense of Kuya et al. [22], that is, if they use consistent numerical fluxes that satisfy the Analytical Relations as defined by Kuya et al. [22]. 
However, this approach does not strictly guarantee exact entropy conservation, as it does not directly solve the entropy equation. 
Consequently, some entropy conservation errors are expected, and their magnitudes may vary significantly between schemes, as 
suggested by the error analysis in Tamaki et al. [32]. The actual entropy-conservation properties of the schemes considered will be 
assessed through the numerical tests in Section 4.1.

As per Refs. [22,57], for the total energy equation (Eq. (18)), the consistent kinetic energy numerical flux 𝐾̂𝑗 , based on 𝐶̂𝑗 and 
𝑀̂𝑖𝑗 from Eqs. (43) and (44), respectively, is formulated as:

𝐾̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

𝑢𝑖|𝑚−𝑘𝑢𝑖|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

. (51)

The consistent internal energy numerical flux 𝐼𝑗 takes the cubic-split form:

𝐼𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

𝑒|𝑚−𝑘 + 𝑒|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

. (52)

However, relaxing the consistency condition in Analytical Relation 2 from Refs. [22,57] to
𝜕𝜌𝑘𝑢𝑗
𝜕𝑥𝑗

+
𝜕𝜌𝑒𝑢𝑗
𝜕𝑥𝑗

=
𝜕(𝜌𝑘 + 𝜌𝑒)𝑢𝑗

𝜕𝑥𝑗
, (53)

allows for different splitting methods in 𝐼𝑗 (𝜌 and 𝑒) and 𝐾̂𝑗 (𝜌 and 𝑘), while still imposing the restriction that 𝑢𝑗 be consistently split 
in both. This flexibility permits the inclusion of the quadratic-split form:

𝐼𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑒)|𝑚−𝑘 + (𝜌𝑒)|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

. (54)

This is the pressure-equilibrium-preserving flux derived by Shima et al. [31] and Jain and Moin[30], and will be discussed in the next 
section. The consistent numerical flux for the pressure-diffusion term 𝐷̂𝑗 is in the product-rule form:

𝐷̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝑝|𝑚−𝑘+𝑙𝑢𝑗 |𝑚−𝑘 + 𝑝|𝑚−𝑘𝑢𝑗 |𝑚−𝑘+𝑙
2

, (55)

which is derived from the numerical flux for 𝜕𝑝∕𝜕𝑥𝑗 in Eq. (15):

𝐺̂|𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝑝|𝑚−𝑘 + 𝑝|𝑚−𝑘+𝑙
2

, (56)

3 The Analytical Relations are: 1. the kinetic energy equation is derived from the continuity and momentum equations; 2. the kinetic and internal 
energies are convected by the same velocity; 3. the pressure-diffusion term is the sum of 𝑢𝑗𝜕𝑝∕𝜕𝑥𝑗 in the kinetic energy equation and 𝑝𝜕𝑢𝑗∕𝜕𝑥𝑗 in 
the internal energy equation [22].
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and the numerical flux for 𝜕𝑢𝑗∕𝜕𝑥𝑗 in Eq. (20):

𝑈̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

. (57)

Therefore, Eqs. (51), (52), and (55) are the consistent numerical fluxes from Kuya et al. [22,57] and referred to as the KEEP scheme. 
The group with Eqs. (51), (54), and (55) is the KEEPPE scheme [31]. This methodology implies that replacing the total energy 
equation with the internal energy equation for entropy conservation, as in Coppola et al. [21], appears unnecessary if the consistency 
conditions are discretely guaranteed. When consistent numerical fluxes are used, solving both equations is equivalent in the semi-
discrete limit [35].

Furthermore, the split forms of Rozema et al. [23] are also consistent numerical fluxes and demonstrate entropy conservation in 
a manner similar to the KEEP scheme of Kuya et al. [22]. From the total mass (𝐶̂𝑗) and momentum (𝑀̂𝑖𝑗) fluxes, Eqs. (47) and (48), 
respectively, the consistent kinetic energy and internal energy numerical fluxes then follow as

𝐾̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

√

𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
𝑢𝑖|𝑚−𝑘𝑢𝑖|𝑚−𝑘+𝑙

2
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙

2
, (58)

𝐼𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

√

𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
√

𝑒|𝑚−𝑘𝑒|𝑚−𝑘+𝑙
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙

2
. (59)

The consistent numerical flux for the pressure-diffusion term is subsequently given by Eq. (55). Since the scheme of Rozema et al. 
is KEP [23], shows excellent entropy-conservation property [35,36], and also preserves pressure equilibrium [34,36], the set with 
Eqs. (58), (59), and (55) is hereafter referred to as the KEEPPE-R scheme.

Comparatively, Pirozzoli [2] adopted the total enthalpy splitting (Eq. (19)) with the cubic-split form for the total enthalpy numer-
ical flux 𝐻̂𝑗 :

𝐻̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

𝐻|𝑚−𝑘 +𝐻|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

. (60)

This scheme, hereafter referred to as Kennedy–Gruber–Pirozzoli (KGP) (cf. Coppola et al. [21]), does not conserve entropy and will 
be discussed in the numerical tests to highlight the role of entropy conservation.

3.3.2.2.  Pressure-equilibrium preservation. For flows with spatially uniform pressure and velocity at the initial time, this uniformity 
is required to be maintained discretely with time. Shima et al. [31] proposed the pressure-equilibrium-preserving internal energy 
numerical flux (Eq. (54)) for a single-component flow with an initially non-uniform density field, and Jain and Moin[30] derived 
the same formulation for a two-phase flow. The splitting of Rozema et al. [23] based on square-root variables is also an excellent 
PEP scheme as demonstrated by De Michele and Coppola[34] and Kawai and Kawai[36]. However, these numerical fluxes have 
not been evaluated in multi-component flows with potentially varying specific heats. In the following, we discuss its applicability to 
multi-component flows in terms of maintaining the pressure equilibrium.

As discussed previously, the semi-discrete internal energy equation (Eq. (20)) can be derived assuming consistent numerical fluxes. 
For the KEEPPE scheme of Shima et al. [31], substituting 𝐼𝑗 and 𝑈̂𝑗 with Eqs. (54) and (57), respectively, and invoking the equation 
of state (Eq. (11)), the internal energy equation leads to the pressure evolution:

Δ𝑥𝑗
𝜕 𝑝
𝛾−1

𝜕𝑡

|

|

|

|

|

|𝑚

= −2
𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(

𝑢𝑗 , 𝑝,
1

𝛾 − 1

)
Quadratic-split

𝑚−𝑘,𝑙
−

̃(

𝑢𝑗 , 𝑝,
1

𝛾 − 1

)
Quadratic-split

𝑚−1−𝑘,𝑙

− 𝑝|𝑚
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙 − 𝑢𝑗 |𝑚−1−𝑘 − 𝑢𝑗 |𝑚−1−𝑘+𝑙

2

)

.

(61)

Introducing an index 𝑡𝑛 to denote that the temporal derivative and other quantities are evaluated at time step 𝑡𝑛, and assuming 
𝑢𝑗 |

𝑡𝑛
𝑚 = 𝑢𝑗0 and 𝑝|

𝑡𝑛
𝑚 = 𝑝0, ∀𝑚, we can formulate Eq. (61) as:

Δ𝑥𝑗
𝜕 𝑝
𝛾−1

𝜕𝑡

|

|

|

|

|

|

𝑡𝑛

𝑚

= −2𝑝0𝑢𝑗0

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(

1
𝛾 − 1

, 1, 1
)

𝑚−𝑘,𝑙
−

̃(

1
𝛾 − 1

, 1, 1
)

𝑚−1−𝑘,𝑙

)

|

|

|

|

|

|

𝑡𝑛

, (62)

where the two-point operator reduces to the arithmetic mean of 1∕(𝛾 − 1).
In this study, we assume calorically perfect gases, with the mixture specific heat ratio depending only on concentrations and 

species specific heats (Eq. (10)). For the special case with uniform 𝛾 (possibly due to 𝛾𝛼 = const., ∀𝛼 or uniform concentrations), 
Eq. (62) reduces to:

𝜕𝑝
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 0, ∀𝑚, (63)

indicating the pressure equilibrium is preserved by Eq. (54) in KEEPPE. Similarly, for the KEEPPE-R scheme of Rozema et al. [23], 
substituting 𝐼𝑗 with Eq. (59) yields the same pressure evolution as Eq. (62). Here, the two-point operator is the geometric mean of 
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1∕(𝛾 − 1). Assuming uniform 𝛾, the pressure equilibrium is also preserved by Eq. (59) in KEEPPE-R. Likewise, it is straightforward to 
prove that the divergence form,

𝐼𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑒𝑢𝑗 )|𝑚−𝑘 + (𝜌𝑒𝑢𝑗 )|𝑚−𝑘+𝑙
2

, (64)

preserves the pressure equilibrium with uniform 𝛾, whereas the cubic-split form Eq. (52) in the KEEP scheme is incapable of this. In 
general multi-component systems with varying 𝛾, Eq. (63) holds if and only if an additional advection equation,

𝜕
𝜕𝑡

(

1
𝛾 − 1

)

+ 𝑢𝑗
𝜕
𝜕𝑥𝑗

(

1
𝛾 − 1

)

= 0, (65)

is satisfied using the same discretisation as that used in Eq. (62). To prove this, we begin with the semi-discrete representation of 
Eq. (65):

Δ𝑥𝑗
𝜕 1
𝛾−1

𝜕𝑡

|

|

|

|

|

|

|

𝑡𝑛

𝑚

= −2𝑢𝑗0

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(

1
𝛾 − 1

, 1, 1
)

𝑚−𝑘,𝑙
−

̃(

1
𝛾 − 1

, 1, 1
)

𝑚−1−𝑘,𝑙

)

|

|

|

|

|

|

𝑡𝑛

. (66)

Next, we apply the product rule to the temporal derivative in Eq. (62), resulting in:

𝜕
𝜕𝑡

(

𝑝
𝛾 − 1

)

|

|

|

|

|

𝑡𝑛

𝑚
= 𝑝0

𝜕
𝜕𝑡

(

1
𝛾 − 1

)

|

|

|

|

|

𝑡𝑛

𝑚
+

(

1
𝛾 − 1

)

|

|

|

|

|

𝑡𝑛

𝑚

𝜕𝑝
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
. (67)

Multiplying Eq. (66) by 𝑝0 and subtracting it from Eq. (62) leads to Eq. (63). To prove the reverse direction, i.e., deriving Eq. (66) 
from Eq. (63), we multiply Eq. (67) by Δ𝑥𝑗 and substitute the terms Δ𝑥𝑗 𝜕(𝑝∕(𝛾 − 1))∕𝜕𝑡|𝑡𝑛𝑚  and 𝜕𝑝∕𝜕𝑡|𝑡𝑛𝑚  using Eq. (62) and Eq. (63), 
respectively. The resulting relation is Eq. (66), provided 𝑝0 ≠ 0. Furthermore, invoking Eq. (10) shows that the 1∕(𝛾 − 1) advection 
equation (Eq. (65)) can be satisfied by consistently satisfying the 𝑋𝛼 advection equation for all species. Otherwise, the pressure 
equilibrium depends on the velocity equilibrium (as indicated by Eq. (61)), and vice versa. The KEP schemes derived from Theorem 1 
ensure the preservation of velocity equilibrium (see Appendix B for the proof).

Therefore, the split numerical fluxes proposed by Shima et al. [31] and Jain and Moin[30] (Eq. (54)) and Rozema et al. [23] 
(Eq. (59)) can preserve pressure equilibrium only for flows with uniform specific heat ratios. For flows with varying specific heat 
ratios, preserving pressure equilibrium requires satisfying an additional advection equation of the material property 1∕(𝛾 − 1). It is 
worth noting that the above analysis does not account for temperature-dependent specific heats and, therefore, does not naturally 
extend to a thermally perfect setting.

Directly solving the advection equation of 1∕(𝛾 − 1) is a common approach to reducing spurious pressure oscillations at ma-
terial interfaces [40,41,59]. Nevertheless, Johnsen and Ham[40] pointed out an inconsistency between the solutions determined 
by species mass fractions and those determined by 1∕(𝛾 − 1). This issue is particularly relevant to finite-difference methods where 
pointwise values are directly concerned, although finite-volume methods might allow for variations in cell averages. Solving the 
advection equations of 𝑋𝛼 implies not solving the conservative equations of 𝜌𝑌𝛼 , which potentially compromises species mass 
conservation. The ‘double-flux’ model [38,39] is another approach to addressing such pressure oscillations. However, Subbareddy 
et al. [48] observed high energy conservation errors with this model, despite the fact that it did preserve the expected thermody-
namic equilibrium. A recent study by Fujiwara et al. [42] implicitly satisfied the advection equation of 1∕(𝛾 − 1) using a compatibility 
condition between the numerical fluxes of internal energy and species mass. As a result, their method preserves pressure equilib-
rium across discontinuity-free interfaces for calorically perfect gases and conserves all primary variables, without solving additional
equations.

The present study will not further address numerical treatments for preserving pressure equilibrium in flows with varying spe-
cific heat ratios. Instead, our focus is on evaluating exemplary split-form PEP schemes in the context of multi-component flows. 
In Section 4.1, we validate the above analysis through numerical tests and evaluate the performance of the KEEPPE and KEEPPE-R
schemes, comparing them with other schemes that have different properties (e.g., KGP and KEEP). The multi-component PEP scheme 
of Fujiwara et al. [42], referred to here as PE-F, is also included for comparative evaluation. While its PEP property and stability have 
been demonstrated for calorically perfect, multi-component problems [42,46], other properties, such as entropy conservation, have 
not been examined. 

The numerical fluxes of the PE-F scheme are:

𝐶̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜙−𝜌|𝑚−𝑘 + 𝜙+𝜌|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (68)

𝑀̂𝑖𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜙−𝜌|𝑚−𝑘 + 𝜙+𝜌|𝑚−𝑘+𝑙
2

𝑢𝑖|𝑚−𝑘 + 𝑢𝑖|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (69)

𝐾̂𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜙−𝜌|𝑚−𝑘 + 𝜙+𝜌|𝑚−𝑘+𝑙
2

𝑢𝑖|𝑚−𝑘𝑢𝑖|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (70)
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where 𝜙− = 𝑊 |𝑚−𝑘
𝜌|𝑚−𝑘

𝜌|𝑚−𝑘+𝑙
𝑊 |𝑚−𝑘+𝑙

 and 𝜙+ = 𝑊 |𝑚−𝑘+𝑙
𝜌|𝑚−𝑘+𝑙

𝜌|𝑚−𝑘
𝑊 |𝑚−𝑘

. The formulations of 𝐺̂, 𝐼𝑗 , and 𝐷̂𝑗 are the same as those of the KEEPPE scheme, 
i.e., Eqs. (56), (54), and (55), respectively. The species mass numerical flux 𝑌𝛼,𝑗 , 𝛼 = 1,⋯ , 𝑁𝑠 − 1, of PE-F is expressed as:

𝑌𝛼,𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜙−𝜌𝑌𝛼)|𝑚−𝑘 + (𝜙+𝜌𝑌𝛼)|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (71)

which was constructed from the compatibility condition of pressure equilibrium [42]. Note that the species fluxes for the KEEPPE and 
KEEPPE-R schemes take different forms and will be constructed in the following section.

It is evident that 𝐶̂𝑗 and 𝑀̂𝑖𝑗 of the PE-F scheme satisfy the KEP condition. However, since the density averages in the PE-
F scheme are weighted by the mixture molar mass (𝑊 ), variations in 𝑊  can influence the solutions for density and other flow 
variables. This effect can be exemplified by a simplified one-dimensional case with uniform density and velocity at time step 𝑡𝑛, 
i.e., 𝑢|𝑡𝑛𝑚 = 𝑢0 and 𝜌|𝑡𝑛𝑚 = 𝜌0, ∀𝑚. In this setting, the continuity equation (Eq. (1)) suggests that the density remains constant in time: 
𝜕𝜌∕𝜕𝑡|𝑡𝑛𝑚 = −𝜕𝜌0𝑢0∕𝜕𝑥|

𝑡𝑛
𝑚 = 0, ∀𝑚. However, applying the semi-discrete continuity equation (Eq. (14)) with the PE-F total mass flux 

(Eq. (68)) yields

Δ𝑥
𝜕𝜌
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= −𝜌0𝑢0

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

𝑊 |𝑚−𝑘
𝑊 |𝑚−𝑘+𝑙

+
𝑊 |𝑚−𝑘+𝑙
𝑊 |𝑚−𝑘

−
𝑊 |𝑚−𝑘−1
𝑊 |𝑚−𝑘+𝑙−1

−
𝑊 |𝑚−𝑘+𝑙−1
𝑊 |𝑚−𝑘−1

)

|

|

|

|

|

𝑡𝑛
, (72)

which shows that 𝜕𝜌∕𝜕𝑡|𝑡𝑛𝑚 = 0, ∀𝑚 is not ensured for non-uniform 𝑊 , as spatial variation in 𝑊  leads to imbalanced contributions 
in the flux evaluation. This example therefore suggests that the total mass flux 𝐶̂𝑗 in PE-F may introduce density errors, with their 
magnitudes depending directly on the point-to-point variation of 𝑊  across the grid. Additionally, while PE-F satisfies the Analytical 
Relations in a manner similar to KEEPPE, the use of inconsistent density averages in 𝐾̂𝑗 and 𝐼𝑗 under varying 𝑊  conditions may also 
introduce additional entropy conservation errors. These characteristics will be evaluated in numerical tests in Section 4.1.

3.3.3.  Species mass numerical fluxes
This section constructs the numerical flux for species mass (𝑌𝛼,𝑗) based on the physical properties of preserving the uniform 

distributions of species mass fraction and temperature under relevant conditions.

3.3.3.1.  Uniform species mass fraction preservation. For flows with spatially uniform species mass fractions for any species 𝛼 at the 
initial time, such uniform distributions should be preserved in time. This is indicated by the evolution equation of species mass 
fractions,

𝜕𝑌𝛼
𝜕𝑡

= 1
𝜌

(

𝜕𝜌𝑌𝛼
𝜕𝑡

− 𝑌𝛼
𝜕𝜌
𝜕𝑡

)

= 1
𝜌

(

𝑌𝛼
𝜕𝜌𝑢𝑗
𝜕𝑥𝑗

−
𝜕𝜌𝑌𝛼𝑢𝑗
𝜕𝑥𝑗

)

, 𝛼 = 1,⋯ , 𝑁𝑠 − 1, (73)

which are derived from the species equation (Eq. (4)) and the continuity equation (Eq. (1)). With the condition 𝑌𝛼|𝑡𝑛𝑚 = 𝑌𝛼0, ∀𝑚, the 
temporal derivative at time step 𝑡𝑛 reduces to zero:

𝜕𝑌𝛼
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 1

𝜌|𝑡𝑛𝑚

(

𝑌𝛼0
𝜕𝜌𝑢𝑗
𝜕𝑥𝑗

|

|

|

|

|

𝑡𝑛

𝑚
−

𝜕𝜌𝑌𝛼0𝑢𝑗
𝜕𝑥𝑗

|

|

|

|

|

𝑡𝑛

𝑚

)

= 0, ∀𝑚,∀𝛼 ∈ [1 . . 𝑁𝑠 − 1]. (74)

It should be noted that Eq. (73) is analytically equivalent to the advection equation of mass fraction (𝜕𝑌𝛼∕𝜕𝑡 = −𝑢𝑗𝜕𝑌𝛼∕𝜕𝑥𝑗), which 
suggests the same constraint as Eq. (74). Summing Eq. (73) over 𝑁𝑠 − 1 species and subtracting it from 𝜕∑𝑁𝑠

𝛼=1 𝑌𝛼∕𝜕𝑡 = 0 indicates 
that Eq. (74) applies to species 𝑁𝑠 .

However, under non-uniform density and velocity conditions, this uniform distribution of mass fraction may not be preserved by 
some split formulations, due to inconsistency between formulations for total mass and species mass. Hence, we propose a consistency 
condition in Theorem 2, the satisfaction of which yields numerical flux formulations that preserve uniform mass fractions. Its proof 
is presented subsequently.
Theorem 2. In an inviscid, compressible, 𝑁𝑠-species flow (∑𝑁𝑠

𝛼=1 𝑌𝛼 = 1), if any species 𝛼 ∈ [1 . . 𝑁𝑠] has a spatially uniform mass fraction 
at time step 𝑡𝑛, i.e., 𝑌𝛼|𝑡𝑛𝑚 = 𝑌𝛼0, ∀𝑚, the uniformity of mass fraction 𝑌𝛼 is preserved in the semi-discrete sense, if the numerical flux for the 
species mass,

𝑌𝛼,𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−𝑘,𝑙 , ∀𝛼 ∈ [1 . . 𝑁𝑠 − 1], (75)

is consistent with the numerical flux for the total mass,

𝐶𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 , (76)

that is, the following condition is satisfied:
̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 −

̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−𝑘,𝑙 =
̃(𝜌, 𝑢𝑗 , 1 − 𝑌𝛼)𝑚−𝑘,𝑙 , ∀𝛼 ∈ [1 . . 𝑁𝑠 − 1], (77)

where the two-point discrete averaging operators, ̃(⋅, ⋅, ⋅), are defined in Eqs. (34)–(38). 

Journal of Computational Physics 540 (2025) 114269 

11 



Y. Wang, A. Wehrfritz and E.R. Hawkes

Proof.  We start from the semi-discrete equation of Eq. (73), for any 𝛼 = 1,⋯ , 𝑁𝑠 − 1,

𝜕𝑌𝛼
𝜕𝑡

|

|

|

|𝑚
= 1

𝜌|𝑚

(

𝑌𝛼||𝑚
𝐶̂𝑗 |𝑚+ 1

2
− 𝐶̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
−

𝑌𝛼,𝑗 |𝑚+ 1
2
− 𝑌𝛼,𝑗 |𝑚− 1

2

Δ𝑥𝑗

)

. (78)

Substituting for 𝐶̂𝑗 and 𝑌𝛼,𝑗 using Eq. (75) and Eq. (76), respectively, and applying the condition 𝑌𝛼|𝑡𝑛𝑚 = 𝑌𝛼0, ∀𝑚, we obtain, at time 
step 𝑡𝑛, for any 𝛼 = 1,⋯ , 𝑁𝑠 − 1,

Δ𝑥𝑗
𝜕𝑌𝛼
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 1

𝜌|𝑡𝑛𝑚
2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

𝑌𝛼0 ̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 −
̃(𝜌, 𝑢𝑗 , 𝑌𝛼0)𝑚−𝑘,𝑙 − 𝑌𝛼0 ̃(𝜌, 𝑢𝑗 , 1)𝑚−1−𝑘,𝑙 +

̃(𝜌, 𝑢𝑗 , 𝑌𝛼0)𝑚−1−𝑘,𝑙

)

|

|

|

|

|

𝑡𝑛
. (79)

Invoking the consistency condition Eq. (77) and the relation 𝑌𝛼0 ̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 =
̃(𝜌, 𝑢𝑗 , 𝑌𝛼0 ⋅ 1)𝑚−𝑘,𝑙, we obtain, for any 𝛼 = 1,⋯ , 𝑁𝑠 − 1,

Δ𝑥𝑗
𝜕𝑌𝛼
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 1

𝜌|𝑡𝑛𝑚
2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(𝜌, 𝑢𝑗 , 𝑌𝛼0 − 𝑌𝛼0)𝑚−𝑘,𝑙 −
̃(𝜌, 𝑢𝑗 , 𝑌𝛼0 − 𝑌𝛼0)𝑚−1−𝑘,𝑙

)

|

|

|

|

|

𝑡𝑛
= 0, ∀𝑚. (80)

Then we prove this for species 𝑁𝑠. Summing Eq. (78) over all 𝑁𝑠 − 1 species and implementing Eqs. (75) and (76) for all 𝑁𝑠 − 1
species, we obtain, at time step 𝑡𝑛,

Δ𝑥𝑗
𝜕
∑𝑁𝑠−1

𝛼=1 𝑌𝛼
𝜕𝑡

|

|

|

|

|

|

𝑡𝑛

𝑚

= 1
𝜌|𝑡𝑛𝑚

2
𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝑁𝑠−1
∑

𝛼=1
𝑌𝛼||

𝑡𝑛
𝑚

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 −
𝑁𝑠−1
∑

𝛼=1

̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−𝑘,𝑙 −
𝑁𝑠−1
∑

𝛼=1
𝑌𝛼||

𝑡𝑛
𝑚−1

̃(𝜌, 𝑢𝑗 , 1)𝑚−1−𝑘,𝑙

+
𝑁𝑠−1
∑

𝛼=1

̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−1−𝑘,𝑙

)

|

|

|

|

|

𝑡𝑛
.

(81)

Applying the consistency condition Eq. (77) for all 𝑁𝑠 − 1 species, we obtain the relation ̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 −
∑𝑁𝑠−1

𝛼=1
̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−𝑘,𝑙 =

̃(𝜌, 𝑢𝑗 , 1 −
∑𝑁𝑠−1

𝛼=1 𝑌𝛼)𝑚−𝑘,𝑙. Using the uniformity condition for 𝛼 = 𝑁𝑠 (𝑌𝑁𝑠
|

𝑡𝑛
𝑚 = 𝑌𝑁𝑠 0, ∀𝑚), we have 

∑𝑁𝑠−1
𝛼=1 𝑌𝛼|

𝑡𝑛
𝑚 = 1 − 𝑌𝑁𝑠 0, ∀𝑚. Hence, 

Eq. (81) equals 0. Given 𝑌𝑁𝑠
= 1 −

∑𝑁𝑠−1
𝛼=1 𝑌𝛼 , we arrive at the equilibrium for species 𝑁𝑠:

Δ𝑥𝑗
𝜕𝑌𝑁𝑠

𝜕𝑡

|

|

|

|

|

𝑡𝑛

𝑚
= Δ𝑥𝑗

𝜕
(

1 −
∑𝑁𝑠−1

𝛼=1 𝑌𝛼
)

𝜕𝑡

|

|

|

|

|

|

|

𝑡𝑛

𝑚

= 0, ∀𝑚. (82)

With Eqs. (80) and (82), we obtain, for any 𝛼 = 1,⋯ , 𝑁𝑠,

𝜕𝑌𝛼
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 0, ∀𝑚. (83)

 ∎
This consistency condition (Eq. (77)) stipulates that the way that the 𝜌 and 𝑢𝑗 terms are formulated in 𝑌𝛼,𝑗 needs to be the same as 

that in 𝐶̂𝑗 . For the KEEPPE scheme, we adopt the quadratic-split form (Eq. (43)) for 𝐶̂𝑗 , so the forms for 𝑌𝛼,𝑗 allowed by the condition 
are:

𝑌𝛼,𝑗 |𝑚+ 1
2
=2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

(𝑢𝑗𝑌𝛼)|𝑚−𝑘 + (𝑢𝑗𝑌𝛼)|𝑚−𝑘+𝑙
2

, (84)

𝑌𝛼,𝑗 |𝑚+ 1
2
=2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑌𝛼)|𝑚−𝑘 + (𝜌𝑌𝛼)|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

, (85)

𝑌𝛼,𝑗 |𝑚+ 1
2
=2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

𝜌|𝑚−𝑘 + 𝜌|𝑚−𝑘+𝑙
2

𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙
2

𝑌𝛼|𝑚−𝑘 + 𝑌𝛼|𝑚−𝑘+𝑙
2

, (86)

where the first two are quadratic-split forms and hereafter referred to as Q1 and Q2, respectively, while the last one is the cubic-
split form and hereafter termed KGP. The name for the cubic-split form (KGP) follows Coppola et al. [21]. Even though the KG form 
(Eq. (27)) cannot be cast into a numerical flux form, it reduces to a split form that satisfies the consistency condition under uniform 
mass fractions. However, another quadratic-split form:

𝑌𝛼,𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑢𝑗 )|𝑚−𝑘 + (𝜌𝑢𝑗 )|𝑚−𝑘+𝑙
2

𝑌𝛼|𝑚−𝑘 + 𝑌𝛼|𝑚−𝑘+𝑙
2

, (87)

and the divergence form:

𝑌𝛼,𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(𝜌𝑢𝑗𝑌𝛼)|𝑚−𝑘 + (𝜌𝑢𝑗𝑌𝛼)|𝑚−𝑘+𝑙
2

, (88)
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do not satisfy the consistency condition. They will be included in the numerical test to highlight the role of satisfying this condition 
for preserving uniform mass fraction. The form Eq. (87) is referred to as Q3, while the divergence form Eq. (88) is termed DIV, which 
is equivalent to the standard central-difference scheme.

Nevertheless, the consistency condition also suggests that if the total mass numerical flux (𝐶̂𝑗) adopts the divergence form 
(Eq. (45)), the quadratic-split form Q3 and the divergence form DIV can preserve uniform mass fraction, where the latter is commonly 
employed in compressible solvers. Conversely, the Q1, Q2 and KGP forms do not satisfy the condition with the divergence-form total 
mass numerical flux.

For the KEEPPE-R scheme, based on the square-root form of 𝐶̂𝑗 (Eq. (47)), we propose two forms for 𝑌𝛼,𝑗 :

𝑌𝛼,𝑗 |𝑚+ 1
2
=2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

√

𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙

2
𝑌𝛼|𝑚−𝑘 + 𝑌𝛼|𝑚−𝑘+𝑙

2
, (89)

𝑌𝛼,𝑗 |𝑚+ 1
2
=2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

√

𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
𝑢𝑗 |𝑚−𝑘 + 𝑢𝑗 |𝑚−𝑘+𝑙

2
√

𝑌𝛼|𝑚−𝑘𝑌𝛼|𝑚−𝑘+𝑙 . (90)

The first form, referred to as RA, applies the arithmetic mean to 𝑌𝛼 and satisfies the consistency condition. The second form, termed 
RG, uses the geometric mean of 𝑌𝛼 , resulting in the geometric mean of the partial density: 

√

𝜌𝛼|𝑚−𝑘𝜌𝛼|𝑚−𝑘+𝑙. Under the assumption 
𝑌𝛼|

𝑡𝑛
𝑚 = 𝑌𝛼0, ∀𝑚, the RG formulation satisfies the consistency condition for 𝛼 = 1,⋯ , 𝑁𝑠 − 1. However, it does not hold for species 

𝑁𝑠 because 1 −
∑𝑁𝑠−1

𝛼=1

√

𝑌𝛼|𝑚−𝑘𝑌𝛼|𝑚−𝑘+𝑙 ≠
√

𝑌𝑁𝑠
|𝑚−𝑘𝑌𝑁𝑠

|𝑚−𝑘+𝑙. In Section 4.2, the performance of both RA and RG will be evaluated 
through numerical tests.

An alternative form, based on √𝜌|𝑚−𝑘𝜌|𝑚−𝑘+𝑙
(𝑢𝑗𝑌𝛼 )|𝑚−𝑘+(𝑢𝑗𝑌𝛼 )|𝑚−𝑘+𝑙

2 , also satisfies the consistency condition. This form yields findings 
similar to the Q1 form for the KEEPPE scheme, and therefore for simplicity, is not included in the evaluation. Other formulations that 
do not satisfy the consistency condition, i.e., √𝜌𝑢𝑗 |𝑚−𝑘𝜌𝑢𝑗 |𝑚−𝑘+𝑙

𝑌𝛼 |𝑚−𝑘+𝑌𝛼 |𝑚−𝑘+𝑙
2  and √𝜌𝑢𝑗𝑌𝛼|𝑚−𝑘𝜌𝑢𝑗𝑌𝛼|𝑚−𝑘+𝑙, which are similar to Q3 

and DIV for the KEEPPE scheme, respectively, are likewise excluded.

3.3.3.2.  Temperature-equilibrium preservation. The temperature prediction becomes important when extending to Navier–Stokes equa-
tions, where heat diffusion and chemical reactions are solved. In the context of Euler equations, the temperature is computed from 
the mixture ideal-gas law in Eq. (12), and as pointed out by Terashima et al. [41] and Subbareddy et al. [48], its solution is directly 
related to the mixture molar concentration (𝑐 = 𝜌∕𝑊 ) by

𝑇 =
𝑝

𝑅𝑢𝑐
. (91)

We can derive the transport equation of 𝑐 from the species equation (Eq. (4)) and the continuity equation (Eq. (1)):
𝜕𝑐
𝜕𝑡

+
𝜕𝑐𝑢𝑗
𝜕𝑥𝑗

= 0, (92)

which suggests that for flows with spatially uniform velocity and mixture molar concentration at any time step 𝑡𝑛, the uniform mixture 
molar concentration is preserved in time:

𝜕𝑐
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 0, ∀𝑚. (93)

Then, from Eq. (91), the temperature temporal evolution can be represented by
𝜕𝑇
𝜕𝑡

= 1
𝑅𝑢𝑐2

(

𝑐
𝜕𝑝
𝜕𝑡

− 𝑝 𝜕𝑐
𝜕𝑡

)

, (94)

indicating that if Eq. (93) is true, the temperature should be uniform and preserved in equilibrium over time, assuming that the 
pressure is uniform and in equilibrium. Otherwise, any spurious oscillations in molar concentration (and pressure) will contaminate 
the temperature field.

Since 𝑐 is the sum of species molar concentrations (𝑐𝛼 = 𝜌𝑌𝛼∕𝑊𝛼):

𝑐 =
𝑁𝑠
∑

𝛼=1
𝑐𝛼 =

𝑁𝑠
∑

𝛼=1

𝜌𝑌𝛼
𝑊𝛼

, (95)

the numerical treatment of 𝜌𝑌𝛼 , i.e., the numerical flux for species mass, is crucial for preserving the uniform molar concentration 
and thereby for avoiding temperature errors. Therefore, we formulate a condition in Theorem 3 for the species mass numerical flux. 
The formulations satisfying this condition are able to preserve the uniform mixture molar concentration and temperature. The proof 
of this theorem is presented subsequently.
Theorem 3. In an inviscid, compressible, 𝑁𝑠-species flow (∑𝑁𝑠

𝛼=1 𝑌𝛼 = 1), if the flow has spatially uniform velocity and mixture molar 
concentration at time step 𝑡𝑛, i.e., 𝑢𝑗 |𝑡𝑛𝑚 = 𝑢𝑗0 and 𝑐|

𝑡𝑛
𝑚 = 𝑐0, ∀𝑚, the uniformity of the mixture molar concentration is preserved with time in 

the semi-discrete sense, if the numerical flux for the species mass,

𝑌𝛼,𝑗 |𝑚+ 1
2
= 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−𝑘,𝑙 , ∀𝛼 ∈ [1 . . 𝑁𝑠 − 1], (96)

Journal of Computational Physics 540 (2025) 114269 

13 



Y. Wang, A. Wehrfritz and E.R. Hawkes

satisfies the following condition for all species, 𝛼 ∈ [1 . . 𝑁𝑠]:

̃(𝜌, 𝑢𝑗 , 𝑌𝛼)𝑚−𝑘,𝑙 =
̃(𝑐𝛼𝑊𝛼 , 𝑢𝑗 , 1)𝑚−𝑘,𝑙 , (97)

where the two-point discrete averaging operators, ̃(⋅, ⋅, ⋅), are defined in Eqs. (34)–(37). 
Proof.  Starting from the semi-discrete species equation (Eq. (17)); substituting for 𝑌𝛼,𝑗 using Eq. (96) and applying the uniform 
velocity condition 𝑢𝑗 |𝑡𝑛𝑚 = 𝑢𝑗0, ∀𝑚, we obtain, at time step 𝑡𝑛, for all 𝑁𝑠 − 1 species,

Δ𝑥𝑗
𝜕𝜌𝑌𝛼
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= −2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(

𝜌, 𝑢𝑗0, 𝑌𝛼
)

𝑚−𝑘,𝑙 −
̃(

𝜌, 𝑢𝑗0, 𝑌𝛼
)

𝑚−1−𝑘,𝑙

)|

|

|

|

|

|

𝑡𝑛

. (98)

Summing them over 𝑁𝑠 − 1 species and deducting it from the semi-discrete continuity equation (Eq. (14)), we obtain the semi-discrete 
transport equation for species 𝑁𝑠. Assuming a consistent numerical flux for total mass, the equation for 𝑁𝑠 species is in the same form 
as Eq. (98). For all 𝑁𝑠 species, dividing each equation (Eq. (98)) by their respective molar mass, 𝑊𝛼 , and applying the condition in 
Eq. (97), we obtain

Δ𝑥𝑗
𝜕𝑐𝛼
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= −2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(

𝑐𝛼 , 𝑢𝑗0, 1
)

𝑚−𝑘,𝑙 −
̃(

𝑐𝛼 , 𝑢𝑗0, 1
)

𝑚−1−𝑘,𝑙

)|

|

|

|

|

|

𝑡𝑛

, (99)

where ∀𝛼 ∈ [1 . . 𝑁𝑠], ∀𝑚. Summing Eq. (99) over all species, with 𝑐 =
∑𝑁𝑠

𝛼=1 𝑐𝛼 and 𝑐|
𝑡𝑛
𝑚 = 𝑐0, ∀𝑚, we arrive at

𝜕𝑐
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 0, ∀𝑚. (100)

 ∎
Assuming the pressure equilibrium is preserved and invoking Eq. (94), we eventually achieve the preservation of temperature 

equilibrium:

𝜕𝑇
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 0, ∀𝑚. (101)

The condition (Eq. (97)) stipulates that 𝜌 and 𝑌𝛼 in 𝑌𝛼,𝑗 need to be reconstructed together to constitute 𝜌𝛼 or 𝑐𝛼 at every grid 
point. Therefore, for the KEEPPE scheme, only the quadratic-split form, Q2 (Eq. (85)), and the divergence form, DIV (Eq. (88)), satisfy 
this condition. In a finite-volume framework, Subbareddy et al. [48] made a consistent choice on reconstructing 𝜌 and 𝑌𝛼 together at 
cell faces. Adopting a partial density structure is also a logical choice for extending entropy-conservative schemes within Tadmor’s 
framework to multi-component systems (e.g., Peyvan et al. [44] and Ching et al. [43]).

However, for the KEEPPE-R scheme, it remains challenging to construct a formulation that meets this condition – neither RA nor RG 
does. Although RG constitutes 𝜌𝛼 at each grid point, this does not apply to species 𝑁𝑠 due to the geometric mean, which may introduce 
temperature-equilibrium errors. Furthermore, it is important to note that the RG form can be impractical in real simulations due to 
potential small negative values in mass fractions (e.g., from numerical oscillations), which can cause NaN errors when taking the 
square root. As such, RG is not our preferred species scheme for KEEPPE-R. Instead, RA is used for the numerical tests in Section 4.1, 
while the differences between the two schemes are evaluated in Section 4.2.

Consequently, the Q2 form with the KEEPPE scheme is the only one meeting both consistency conditions (Eqs. (77) and (97)). 
In the subsequent numerical tests, the ability of Q2 in preserving the physical properties will be validated, and the importance of 
satisfying these properties will be highlighted in comparison to schemes that do not.

It is worth noting that the PE-F scheme of Fujiwara et al. [42] reduces to KEEPPE with Q2 as the species mass numerical flux, under 
uniform mass fractions or uniform 𝑐. Therefore, it satisfies both conditions, preserving the uniform mass fractions and temperature 
equilibrium. In the numerical tests, PE-F is included for comparison with the proposed schemes. There might be other formulations for 
the PE-F scheme that satisfy these physical properties. However, constructing one would need additional consideration with respect 
to the compatibility condition of pressure equilibrium, which may require a redesign of other terms, such as the internal energy 
numerical flux. This would be a challenging task and may be considered in future work.

Although this work assumes calorically perfect gases for simplicity, it is worth noting that the requirements for species schemes 
may extend to thermally perfect gases.

3.4.  Summary of numerical schemes

3.4.1.  Continuity, momentum, and energy equations
Since the first objective of the present study is to evaluate the properties and characteristics of the pressure-equilibrium-preserving 

schemes in the context of compressible, multi-component flows, we compare KEEPPE and KEEPPE-R with PE-F and other existing 
schemes in numerical tests in Section 4.1. The benchmarked schemes for the continuity, momentum, and energy equations are 
summarised below, and their properties are listed in Table 1. For the species equation, the Q2 numerical flux Eq. (85) is used, except 
for KEEPPE-R and PE-F, where the RA form Eq. (89) and Eq. (71) are used, respectively.
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Table 1 
Properties satisfied (✓) or not satisfied (x) by the schemes for the continuity, momentum, and 
energy equations; Primary conservation refers to the conservation of total mass, momentum, 
and total energy; ∗Only total mass is conserved; Entropy preserving is defined as satisfying the 
Analytical Relations proposed by Kuya et al. [22]; The pressure-equilibrium-preserving prop-
erty assumes calorically perfect, multi-component flows; ‡Under the assumption of uniform 
specific heats.

 DIV  KG  KGP  KEEP KEEPPE KEEPPE-R  PE-F
 Primary conservation ✓ x∗ ✓ ✓ ✓ ✓ ✓

 Kinetic energy preserving x x ✓ ✓ ✓ ✓ ✓

 Entropy preserving x x x ✓ ✓ ✓ ✓

 Pressure equilibrium preserving ✓‡ x x x ✓‡ ✓‡ ✓

• DIV: It directly discretises the divergence-form convective terms in Eqs. (1)–(3) by the standard explicit central-difference approx-
imation. This constitutes the baseline reference scheme, which due to its intuitive and straightforward implementation, has been 
widely used in compressible flow literature [9,52,54].

• KG: It is the low-aliasing split form by Kennedy and Gruber[9]. It discretises the split convective terms in Eqs. (24)–(26) by the 
standard explicit central-difference approximation. It does not conserve primary or secondary quantities, except for total mass.

• KGP: It is the set of kinetic-energy-preserving numerical fluxes due to Pirozzoli [2], while it does not conserve entropy. In the 
continuity and momentum equations (Eqs. (14) and (15)), it employs the numerical fluxes of Eqs. (43), (44), and (56). It adopts 
the total energy equation of Eq. (19) and splits the total enthalpy term using Eq. (60).

• KEEP: It is the set of kinetic-energy-preserving, entropy-preserving numerical fluxes due to Kuya et al. [22,57]. It adopts the same 
formulations as KGP for the continuity and momentum equations. It adopts the total energy equation of Eq. (18) and splits the 
internal energy, kinetic energy, pressure-diffusion terms using Eqs. (52), (51), and (55), respectively.

• 𝐊𝐄𝐄𝐏𝐏𝐄: It is the set of kinetic-energy-preserving, entropy-preserving, pressure-equilibrium-preserving numerical fluxes due to 
Shima et al. [31]. It adopts the same formulations as KEEP except that it splits the internal energy term using Eq. (54).

• 𝐊𝐄𝐄𝐏𝐏𝐄-𝐑: It is the set of kinetic-energy-preserving, entropy-preserving, pressure-equilibrium-preserving fluxes due to Rozema 
et al. [23]. It adopts Eqs. (47), (48), and (56) for the numerical fluxes in continuity and momentum equations. It adopts the total 
energy equation of Eq. (18) and splits the internal energy, kinetic energy, and pressure-diffusion terms using Eqs. (59), (58), and
(55), respectively.

• PE-F: It is the set of pressure-equilibrium-preserving fluxes due to Fujiwara et al. [42]. It adopts formulations similar to KEEPPE, 
except using Eqs. (68) and (69) for the total mass and momentum numerical fluxes, respectively, and Eq. (70) for the kinetic 
energy flux.

3.4.2.  Species equation
Our second objective is to demonstrate the ability of the species mass numerical fluxes in preserving the physical properties and to 

highlight the importance of using physically consistent species mass numerical fluxes in simulations of compressible multi-component 
flows. Hence, we compare the following species split forms in the numerical tests presented in Section 4.2. Note that DIV, KG, KGP, 
Q1, Q2, and Q3 adopt the KEEPPE scheme to discretise the continuity, momentum, and energy equations, while RA and RG use 
KEEPPE-R. PE-F is also included for comparison. The physical properties of the species schemes are summarised in Table 2.

• DIV: It directly applies the standard explicit central-difference approximation to 𝜕𝜌𝑌𝛼𝑢𝑗∕𝜕𝑥 in Eq. (4) and is equivalent to the 
divergence-form numerical flux Eq. (88). This constitutes the baseline reference scheme.

• KG: It is the low-aliasing split form by Kennedy and Gruber[9]. It discretises the split species convective term in Eq. (27) using 
the standard explicit central-difference approximation. It does not conserve species mass.

• KGP: It applies the cubic-split numerical flux Eq. (86).
• Q1: It applies the quadratic-split numerical flux Eq. (84).
• Q2: It applies the quadratic-split numerical flux Eq. (85).
• Q3: It applies the quadratic-split numerical flux Eq. (87).
• RA: It applies the square-root numerical flux Eq. (89).
• RG: It applies the square-root numerical flux Eq. (90).

Table 2 
Properties satisfied (✓) or not satisfied (x) by the schemes for the species equation; The 
properties of uniform mass fraction preserving and temperature equilibrium preserving are 
also subject to the scheme for the continuity equation; ∗Except for the last species.

 DIV  KG  KGP  Q1  Q2  Q3  RA  RG
 Species mass conservation ✓ x ✓ ✓ ✓ ✓ ✓ ✓

 Uniform mass fraction preserving x ✓ ✓ ✓ ✓ x ✓ ✓∗

 Temperature equilibrium preserving ✓ x x x ✓ x x x

Journal of Computational Physics 540 (2025) 114269 

15 



Y. Wang, A. Wehrfritz and E.R. Hawkes

4.  Numerical tests

In this section, we evaluate the above-listed numerical schemes in numerical experiments. All the schemes are equipped with the 
eighth-order explicit central approximation4. To ensure clarity in the following, each test is labelled according to the combination 
of schemes applied to the continuity, momentum, and energy equations, as well as the species equation. For example, KEEPPE-Q2 
refers to the KEEPPE scheme used for the first three equations and the Q2 scheme for the species equation. PE-F is labelled by its 
standalone name, as it is already defined as a complete multi-component scheme. The classical four-stage fourth-order Runge–Kutta 
scheme [60] is employed. Considering the dissipative characteristics of Runge–Kutta schemes, temporal errors can be controlled by 
using sufficiently small time steps [61]. For the one-dimensional (1D) cases, we use very small time steps corresponding to a Courant 
number of approximately 0.01, which provides temporally converged results and ensures that local temporal errors remain smaller 
than the eighth-order spatial discretisation errors. For the three-dimensional (3D) cases, we adopt a Courant number of approximately 
0.05, where, as detailed in Appendix C, time-step convergence is obtained. Therefore, we confirm that the time steps are small enough 
to prevent temporal errors from affecting the results and discussion that follow, and we will not discuss the effects of time integration 
methods further in the present study.

4.1.  Continuity, momentum, and energy equations

To evaluate the properties and characteristics of the numerical schemes for continuity, momentum, and energy equations (in 
Section 3.4.1) in the context of multi-component flows, we benchmark them in 1D advection problems and 3D inviscid Taylor–Green 
vortex flows. Additionally, we demonstrate the analysis in Section 3.3, such as the pressure-equilibrium-preserving property, holds 
in the numerical experiments.

4.1.1.  Pressure-equilibrium preservation: 1D advection
We set up 1D advection problems of scalar waves with uniform pressure and velocity, to compare the numerical schemes regarding 

their performance of maintaining pressure equilibrium and numerical stability in simulations of multi-component flows. We obtain 
the initial conditions of density, pressure, and velocity from the single-component case by De Michele and Coppola[35]:

𝑢 = 1, 𝑝 = 1, 𝜌 = 1 + 𝑒sin2𝜋𝑥,

which is similar to the case by Shima et al. [31]. The domain spans 0 ≤ 𝑥 ≤ 1 with periodic boundary conditions and is discretised 
uniformly with 61 grid points. We then extend this case to multi-component systems by initialising species mass fractions. To evaluate 
the performance across different profiles of the mixture specific heat ratio, we set three two-component cases, G1, G2, and G3, with 
different initial species mass fraction distributions:

G1 ∶ 𝑌H2
=
(

𝑒 − 𝑒sin(2𝜋𝑥)
)

∕(𝑒 − 𝑒−1), 𝑌N2 = 1 − 𝑌H2
;

G2 ∶ 𝑌H2
=
(

𝑒 − 𝑒sin(2𝜋𝑥)
)

∕(𝑒 − 𝑒−1), 𝑌H2O = 1 − 𝑌H2
;

G3 ∶ 𝑌H2
= 𝑓 (1∕(𝛾 − 1)), 𝑌H2O = 1 − 𝑌H2

.

In cases G1 and G2, we apply a smooth wave to the H2 mass fraction and adopt N2 in G1 and H2O in G2 as the other species. Given 
the material properties:

(𝛾H2
, 𝛾N2

, 𝛾H2O) = (1.4, 1.4, 1.33),

(𝑊H2
,𝑊N2

,𝑊H2O) = (0.002, 0.028, 0.018),

G1 presents an initially uniform 𝛾 profile, whereas G2 has a varying 𝛾 profile; correspondingly, their 1∕(𝛾 − 1) profiles are uniform for 
G1 and varying for G2, as shown in Fig. 1. Furthermore, given that 1∕(𝛾 − 1) is the transported quantity in Eq. (65) and its variations 
are closely linked to internal energy and pressure changes [40,53], we expect different pressure-equilibrium behaviours in a case 
with a better-resolved 1∕(𝛾 − 1) profile that has smoother transitions between grid points, compared to case G2. Hence, we set up a 
sinusoidal 1∕(𝛾 − 1) profile in case G3:

1
𝛾 − 1

= 0.5

(

1
𝛾H2O − 1

+ 1
𝛾H2

− 1

)

+ 0.5

(

1
𝛾H2O − 1

− 1
𝛾H2

− 1

)

sin(2𝜋𝑥),

which features smoother transitions between grid points in 0.1 < 𝑥 < 0.4 compared to G2, while maintaining the same global extrema 
as G2, as illustrated in Fig. 1. The initial 𝑌H2

 for G3 is then computed from 1∕(𝛾 − 1) using Eqs. (9) and (10). In addition, the three 
cases are suitable for assessing the performance of numerical schemes under different distributions of the mixture molar mass 𝑊 , 
particularly for PE-F, where the density fluxes are weighted by 𝑊 . As shown in Fig. 1, cases G1, G2 and G3 feature different initial 
profiles of 𝑊 . G1 has a higher peak and thus a larger variation between points in 0.1 < 𝑥 < 0.4. The 𝑊  profiles of G2 and G3 share 
the same extrema, while for G3, the profile is sinusoidal, with smoother transitions between points.

Fig. 2 presents the profiles of 𝜌, 𝑝, and 𝑌H2
 at 𝑡 = 19, when the waves are transported over 19 periods, for case G1, i.e., the case 

with uniform 𝛾 and 1∕(𝛾 − 1). The first two subplots in the second row are the temporal evolution of ‖𝜖𝜌‖1 and ‖𝜖𝑝‖1, which are 

4 𝐿 = 4: 𝑎4,1 = 4∕5, 𝑎4,2 = −1∕5, 𝑎4,3 = 4∕105, 𝑎4,4 = −1∕280.
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Fig. 1. The initial profiles of 1∕(𝛾 − 1) and 𝑊  for cases G1, G2, and G3.

Fig. 2. The profiles for case G1: spatial distributions of density, pressure, and H2 mass fraction at 𝑡 = 19, and temporal evolution of density error, 
pressure error, and normalised entropy conservation error. The exact solution is the initial condition.

the 𝐿1 norm of density and pressure errors, respectively. The error 𝜖 is defined as the deviation of the obtained solution from the 
exact solution: 𝜖(⋅) = (⋅) − (⋅)Exact. The last subplot is the temporal evolution of normalised entropy conservation error. The integration 
symbol ∫𝑉  denotes spatial integration over the entire domain, the subscript 0 indicates the value at the initial time, and the Δ symbol 
indicates the change of integration from the initial time: Δ ∫𝑉 𝜌𝑠 = ∫𝑉 𝜌𝑠 − ∫𝑉 𝜌0𝑠0. 

Since species mass fractions are passive scalars when 𝛾 is constant, the numerical stability from different schemes presents the same 
trend as the single-component flow reported by Shima et al. [31] and De Michele and Coppola[35]. The KEEPPE-Q2 and KEEPPE-R-
RA schemes maintain the pressure- and velocity-equilibrium properties and achieve accurate and stable simulation in the long run5. 
Since an eighth-order spatial discretisation is used, nearly no phase errors are shown in 𝜌 and 𝑌H2

, unlike the second-order schemes by 
Shima et al. [31] and De Michele and Coppola[35] which exhibit clear phase errors. Both KEEPPE-Q2 and KEEPPE-R-RA show excellent 
entropy-conservation properties, with the latter producing smaller errors. Pressure oscillations emerge in the simulations using the 
KGP-Q2 and KEEP-Q2 schemes, and these oscillations subsequently grow exponentially, leading to the simulations blowing up at 
𝑡 = 15.4 and 𝑡 = 26.9, respectively. Velocity oscillations (not shown in the figure) are induced through the momentum equation, and 
consequently, the density distribution is disturbed through the continuity equation. Both errors affect the H2 mass fraction solution 
through the species mass equation.

The results for case G1 further yield new insights into the DIV-Q2, KG-Q2, and PE-F schemes. In particular, DIV-Q2 is found to 
preserve the pressure and velocity equilibrium. This stems from the central-difference approximation applied to the divergence-form 
derivatives, which subsequently leads to a numerical flux for the internal energy term in divergence form. As shown in Section 3.3.2, 
this divergence-form numerical flux (Eq. (64)) can preserve the pressure equilibrium (assuming 𝛾 is constant). Therefore, DIV-Q2 
achieves stable and accurate simulation in the long run. However, the divergence form is usually less robust than the KGP splitting 
and diverges very fast in turbulent cases [2,9]. The different observations between the current and those turbulent cases may imply that 
preserving pressure equilibrium is critical to maintaining numerical stability in the current laminar case, but perhaps less dominant 
in turbulent cases.

The KG-Q2 scheme yields smaller oscillations relative to KGP-Q2 at 𝑡 = 19. The simulation blows up at 𝑡 = 25.1, later than KGP-Q2 
but slightly earlier than KEEP-Q2. This indicates that the KG-Q2 scheme is more stable than the KGP-Q2 scheme, which is unexpected 
considering that KG-Q2 neither preserves kinetic energy nor inherently conserves primary variables except total mass. While Kennedy 

5 We have validated this until 𝑡 = 1000.
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Fig. 3. The profiles for case G2: spatial distributions of density, pressure, and H2 mass fraction at 𝑡 = 5, and temporal evolution of density error, 
pressure error, and normalised entropy conservation error. The exact solution is the initial condition.

and Gruber[9] reported similar numerical stability and aliasing errors for the KG and KGP schemes tested on a 3D isotropic turbulence 
case, Coppola et al. [21] found for a 3D inviscid Taylor–Green vortex flow the KG scheme is less robust. However, since Coppola et al. 
were not using exactly the same KG scheme as in our KG-Q2 – their version, denoted as KG1, employed the product-rule form for 
the convective term in the continuity equation, it becomes unclear whether the improved stability observed here is specific to the 
current case or/and can be attributed to the difference in the continuity equation schemes. This is further discussed in the 3D inviscid 
Taylor–Green vortex cases in Section 4.1.2.

The PE-F scheme preserves the pressure equilibrium close to machine precision. However, it generates large oscillations in density 
and H2 mass fraction. As indicated by the analysis based on Eq. (72), this behaviour results from the density averages in the flux 
formulations, which are weighted by the mixture molar mass at neighbouring points (e.g., in Eqs. (68) and (71)). In case G1, 𝑊  is 
less resolved with larger point-to-point variations (see Fig. 1), which leads to imbalanced contributions in the density averages and 
subsequently affects the solutions for density and H2 mass fraction. These errors grow over time and lead to entropy conservation 
errors in the order of 10−2, which are significantly larger than those in KEEPPE-Q2 and KEEPPE-R-RA, eventually causing the simulation 
to blow up at 𝑡 = 309.1.

Fig. 3 provides the spatial distributions at 𝑡 = 5 and temporal evolutions for case G2, i.e., the case with varying 𝛾 and 1∕(𝛾 − 1). In 
this scenario, species mass fractions are no longer passive scalars as they can change the mixture specific heat ratio and hence can 
alter the pressure field. As analysed in Section 3.3.2, the pressure equilibrium is no longer ensured by the KEEPPE-Q2 and KEEPPE-R-
RA schemes – spurious pressure oscillations arise at 𝑡 = 5. These oscillations disturb the velocity equilibrium via the momentum 
equation, triggering oscillations in density and mass fraction and causing entropy conservation errors. The pressure oscillations 
intensify rapidly, resulting in a simulation failure at 𝑡 = 7.0 for KEEPPE-Q2. The simulation with KEEPPE-R-RA continues to 𝑡 = 20.0, 
demonstrating better stability. Similarly, the DIV-Q2 scheme fails at 𝑡 = 6.6. Nevertheless, these three schemes still provide improved 
stability over KEEP-Q2, KG-Q2, and KGP-Q2, which cause the simulations to fail at 𝑡 = 6.2, 6.1, and 5.7, respectively. These schemes 
follow similar relative performance to case G1 but lead to earlier simulation crashes in case G2. In contrast, the PE-F scheme maintains 
the pressure equilibrium to near machine precision, as it satisfies the pressure-equilibrium compatible condition regardless of the 𝛾
distribution [42]. Furthermore, due to the smaller 𝑊  variations in case G2 compared to case G1, the density and mass fraction errors 
from the density averages in PE-F are reduced and are smaller than those caused by the pressure oscillations in KEEPPE-Q2 and 
KEEPPE-R-RA. However, these errors still induce entropy-conservation issues and lead the simulation to blow up at 𝑡 = 381.3.

Fig. 4 provides the spatial distributions at 𝑡 = 5 and temporal evolutions for case G3. This case also features varying 𝛾 and 1∕(𝛾 − 1), 
similar to G2, while G3 offers a better-resolved sinusoidal 1∕(𝛾 − 1) with smoother transitions between grid points. Compared to case 
G2, the KEEPPE-Q2 and KEEPPE-R-RA schemes exhibit noticeably improved behaviour in case G3. KEEPPE-Q2 preserves the pressure 
equilibrium with an error below 10−5 up to 𝑡 = 70 and sustains the simulation for about 145 periods despite subsequent error growth. 
KEEPPE-R-RA maintains such approximate pressure equilibrium and numerical stability throughout the simulation (𝑡 = 1000). Both 
schemes produce only minor errors in density, mass fraction and entropy conservation. The DIV-Q2 scheme also shows enhanced 
stability, diverging at 𝑡 = 24.7. These improvements are attributed to the smoother 1∕(𝛾 − 1) distribution in case G3, which reduces 
its jumps between grid points and subsequently lessens the pressure variations. Such 1∕(𝛾 − 1) distribution leads to a better-resolved 
total energy profile, which likely also mitigates the pressure oscillations. Nevertheless, the schemes that were unable to maintain 
pressure equilibrium in cases G1 and G2, i.e., KEEP-Q2, KG-Q2, and KGP-Q2, still lead to early simulation crashes in case G3, at 
respectively 𝑡 = 7.0, 7.1, and 5.8, although the pressure oscillations are less pronounced in this case. These trends align with previous 
cases. The PE-F scheme retains its strong PEP property, with a smaller pressure error than in case G2. The sinusoidal 𝑊  profile 
in case G3 also provides smoother variations between grid points, further reducing errors in density, mass fractions, and entropy 
conservation. Although these errors remain larger than those in KEEPPE-Q2 and KEEPPE-R-RA, and grow over time, the PE-F scheme 
achieves a stable simulation. This case highlights the potential advantage of the pressure-equilibrium-preserving numerical fluxes in 
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Fig. 4. The profiles for case G3: spatial distributions of density, pressure, and H2 mass fraction at 𝑡 = 5, and temporal evolution of density error, 
pressure error, and normalised entropy conservation error. The exact solution is the initial condition.

preserving pressure equilibrium and improving numerical stability in scenarios with non-uniform specific heat ratios. This finding is 
an important supplement to the observations from case G2.

In brief, the results from cases G1, G2, and G3 highlight that the pressure-equilibrium-preserving numerical schemes used in 
DIV-Q2, KEEPPE-Q2, and KEEPPE-R-RA cannot fully guarantee the pressure-equilibrium preservation in flows with varying specific 
heat ratios. Nevertheless, they still outperform schemes lacking this property. In particular, KEEPPE-Q2 and KEEPPE-R-RA provide 
better pressure-equilibrium preservation and numerical stability, especially for flows with a smooth sinusoidal 1∕(𝛾 − 1) distribu-
tion. Conversely, PE-F maintains the pressure equilibrium regardless of the 𝛾 profile and shows better stability than KEEPPE-Q2 and 
KEEPPE-R-RA in flows with varying 𝛾. However, for flows with less resolved 𝑊  profiles, PE-F introduces errors (e.g., in density and 
entropy conservation) that affect numerical stability.

For the cases in the following sections, we focus on physical properties beyond pressure equilibrium and consider only uniform 
specific heat ratios.

4.1.2.  Conservation and numerical stability: Inviscid Taylor–Green vortex
In this section, inviscid Taylor–Green vortex (TGV) flows are examined using the numerical schemes, with the aim to compare 

their performance in under-resolved simulations and identify reliable schemes. Based on previous studies [22,31,35,57], our analysis 
includes a wider selection of schemes and considers additional metrics, including the conservation of primary invariants (see Table 1). 
We present all results in the eighth-order accuracy, unlike the previous second-order accuracy comparisons of KGP, KEEP, and 
KEEPPE [31]. The initial conditions for the density, velocities, pressure, and species mass fractions are given as

𝜌 = 1,

𝑢 = 𝑀0sin(𝑥)cos(𝑦)cos(𝑧),

𝑣 = −𝑀0cos(𝑥)sin(𝑦)cos(𝑧),

𝑤 = 0,

𝑝 = 1
𝛾0

+
𝜌𝑀0

2

16

(

cos(2𝑥) + cos(2𝑦)
)(

cos(2𝑧) + 2
)

,

𝑌H2
= 0.8,

𝑌N2
= 1 − 𝑌H2

.

The initial mixture specific heat ratio is 𝛾0 = 𝛾H2
= 𝛾N2

= 1.4. The initial Mach number 𝑀0 is set to 0.05 and 0.4 in order to model 
an (effectively) incompressible flow and a compressible flow, respectively. The computational domain is a triply periodic box of 
dimension [0, 2𝜋]3, discretised uniformly with 333 grid points. No subgrid-scale model is used. Since PE-F reduces to KEEPPE-Q2 with 
uniform species mass fractions, it is not included in this evaluation. The simulations were run up to 𝑡 = 200, where 𝑡 = 𝑀0𝑡 is the 
scaled time.

The results are shown in Figs. 5 and 6 for 𝑀0 = 0.05 and 𝑀0 = 0.4, respectively, in terms of temporal evolution of primary invariants 
(i.e., total mass, momentum, total energy, and species mass), secondary invariants (i.e., kinetic energy and entropy), and root-mean-
square (rms) value of fluctuations in density, temperature, and species mass fraction. In these plots, as introduced for Fig. 2, ∫𝑉  denotes 
spatial integration and Δ ∫𝑉 (⋅) = ∫𝑉 (⋅) − ∫𝑉 (⋅)0 is the change of the integrated values compared to 𝑡 = 0. The overbar denotes spatial 
average over the domain, and the prime symbol represents the fluctuation from the average, therefore its rms: (⋅)′rms =

√

((⋅)−(⋅))2.
The computations employing the DIV-Q2 scheme crash before 𝑡 = 5 for both 𝑀0. Designed to reduce the aliasing errors, the KG-

Q2 scheme manages to drive the computation to ̂𝑡 = 200 for 𝑀0 = 0.05. KG-Q2 yields approximately the same level of fluctuations in 
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Fig. 5. Temporal evolution of primary invariants, secondary invariants, and rms value of fluctuations for the TGV flow at 𝑀0 = 0.05.

Fig. 6. Temporal evolution of primary invariants, secondary invariants, and rms value of fluctuations for the TGV flow at 𝑀0 = 0.4.

density and temperature as the KGP-Q2 scheme, although it is unable to conserve the momentum, total energy, and kinetic energy, 
and produces larger entropy reduction than KGP-Q2. On the contrary, in the incompressible TGV test by Coppola et al. [21], their 
KG1 form crashes at the very beginning. As mentioned in the above section (case G1), the only difference between their KG1 form 
and the KG form in our KG-Q2 is the split method applied to the convective term in the continuity equation. This implies that this 
difference improves the stability for KG-Q2. However, for 𝑀0 = 0.4, KG-Q2 is unstable – it leads to an exponential growth of kinetic 
energy and thermodynamic fluctuations after ̂𝑡 ≈ 50 and causes the computation to crash at ̂𝑡 = 131. The KGP-Q2 form is more stable 
as it delays the exponential growth. This implies that the primary conservation and kinetic-energy preservation of KGP-Q2 improve 
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the stability in the under-resolved compressible simulation. However, this appears to be less significant in the previous well-resolved 
1D cases, as KG-Q2 exhibits better stability than KGP-Q2 there. Nonetheless, it is very likely that KGP-Q2 crashes soon after 𝑡 = 200
given the exponential growth of kinetic energy and fluctuations.

For the KEEP-Q2 scheme, stable simulations are observed for 𝑀0 = 0.05 and 0.4, where the kinetic energy and thermodynamic 
fluctuations reach an asymptotically constant level. This is likely attributed to the feature of KEEP-Q2 that accurately represents 
local energy exchanges between kinetic energy and internal energy, contributing to entropy conservation. Particularly for 𝑀0 = 0.4, 
where higher physical compressibility causes more evident energy exchanges through the pressure work [21,22,30], the benefits of 
this feature is pronounced, as indicated by the improvements of KEEP-Q2 over KGP-Q2. Considering that entropy conservation is 
implicitly achieved by KEEP-Q2, small errors in entropy conservation should be allowed – entropy reductions of the order of 10−10 for 
𝑀0 = 0.05 and 10−4 for 𝑀0 = 0.4 were observed. Similar levels of entropy conservation errors were also reported by Kuya et al. [22] 
and Shima et al. [31].

For the KEEPPE-Q2 scheme, the kinetic energy trends are similar to those observed with KEEP-Q2. However, due to the change in 
the internal energy numerical flux compared to KEEP-Q2, the entropy conservation error of KEEPPE-Q2 increases to order 10−3 for 
𝑀0 = 0.4, whereas it remains comparable to that of KEEP-Q2 for 𝑀0 = 0.05. Consequently, at 𝑀0 = 0.4, we observe a mild growth 
in fluctuations for KEEPPE-Q2 relative to KEEP-Q2, particularly in temperature, which increases linearly over time. Nevertheless, the 
KEEPPE-Q2 scheme still achieves good entropy conservation compared to other schemes and maintains stable simulations with small 
thermodynamic fluctuations and no tendency to diverge.

The KEEPPE-R-RA scheme also demonstrates excellent performance in preserving both kinetic energy and entropy, and in main-
taining numerical stability. Its kinetic energy trends are similar to KEEP-Q2 and KEEPPE-Q2. The entropy conservation error is an 
order of magnitude smaller than that of KEEP-Q2 for 𝑀0 = 0.05, while for 𝑀0 = 0.4, it remains comparable. The thermodynamic 
fluctuations also asymptotically reach a steady level close to that of KEEP-Q2.

The KGP-Q2, KEEP-Q2, KEEPPE-Q2, and KEEPPE-R-RA schemes accurately conserve the total mass, momentum (only the 𝑥-
directional momentum is shown), total energy, and species mass up to machines precision for both 𝑀0 = 0.05 and 0.4. Furthermore, 
there are almost no fluctuations in the species mass fraction for all non-diverging schemes, indicating that the mass fraction distribu-
tions remain uniform for 𝑀0 = 0.05 and 0.4. This property is related to the numerical scheme applied to the species mass term and is 
further discussed in the next section.

In summary, the simulations presented in Section 4.1 indicate that both KEEPPE-Q2 and KEEPPE-R-RA schemes produce reliable 
results, with KEEPPE-R-RA showing relative advantages, such as improved numerical stability in the 1D cases and better entropy 
conservation. Although the PE-F scheme provides superior PEP properties, it can introduce relatively large errors in density and 
entropy conservation in flows with less resolved mixture molar mass. Consequently, in the subsequent discussion of numerical schemes 
for the species equation, KEEPPE and KEEPPE-R are used to discretise the continuity, momentum, and energy equations. PE-F is 
included as a comparison.

Furthermore, the results presented above imply a trade-off between maintaining global entropy conservation and preserving 
pressure equilibrium. To enforce both properties, a promising approach may be to employ a time-varying convex combination of 
KEEP-Q2 and KEEPPE-Q2 following the adaptive weighting procedure proposed by Coppola et al. [21]. Incorporating the PE-F scheme 
could further allow the design of weighting parameters that minimise pressure-equilibrium errors in multi-component flows while 
retaining entropy conservation. These ideas are left for future work.

4.2.  Species equation

In this section, to demonstrate the capability of the species mass numerical fluxes in maintaining the physical properties, including 
species mass conservation, uniform species mass fraction and temperature-equilibrium preservation, and to highlight the importance 
of using physically consistent species numerical fluxes, we examine the split forms listed in Section 3.4.2 in 1D advection problems 
and a 3D two-species, compressible Taylor–Green vortex flow. The properties in Table 2 are discussed. The list includes a group 
of species schemes, including DIV, KG, KGP, Q1, Q2, and Q3, using KEEPPE to discretise the continuity, momentum, and energy 
equations, and a second group, i.e., RA and RG, using KEEPPE-R. Each test is labelled by the full combination of schemes used (e.g., 
KEEPPE-Q2). Furthermore, PE-F is included in the TGV case (Section 4.2.3) for comparison but omitted from the 1D cases, where it 
reduces to KEEPPE-Q2 under uniform species mass fractions (Section 4.2.1) or uniform mixture molar concentration (Section 4.2.2).

4.2.1.  Uniform species mass fraction preservation: 1D advection
It has been demonstrated analytically in Section 3.3.3 that for flows with initially uniform species mass fractions, this uniformity 

should be preserved in time. Numerical schemes of the species convective term are required to be consistent with the schemes of 
the continuity equation (i.e., satisfying the condition outlined in Eq. (77)), to maintain this uniformity discretely, particularly under 
conditions with non-uniform density and velocity. In this section, we design a 1D advection problem with initially uniform species 
mass fractions but non-uniform density and velocity to validate the previous analysis and evaluate the schemes. We hereafter refer 
to this case as case S1. The initial conditions for case S1 are given as

𝑢 = 1 + 0.1sin(2𝜋𝑥), 𝑝 = 10, 𝜌 = 2 + sin(2𝜋𝑥),

𝑌H2
= 0.5, 𝑌N2

= 1 − 𝑌H2
,

where the velocity is a sinusoidal wave with a mean value of 1, the density follows the same sinusoidal distribution as the case by 
Shima et al. [31], and the pressure is increased to provide a smaller Mach number. There are two species in the mixture, H2 and N2, 
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Fig. 7. The profiles for case S1: spatial distributions of density, velocity, pressure, temperature, and H2 mass fraction at 𝑡 = 200, and temporal 
evolution of H2 mass fraction error.

with the same specific heat ratios, 𝛾H2
= 𝛾N2

= 1.4, and uniform distributions. The domain spans 0 ≤ 𝑥 ≤ 1 and the grid spacing is 
Δ𝑥 = 0.025, uniform over the domain. The number of grid points is 41.

Fig. 7 shows the spatial distributions of 𝜌, 𝑢, 𝑝, 𝑇 , and 𝑌H2
 at 𝑡 = 200. The last plot shows the temporal evolution of the 𝐿1 norm of 

the 𝑌H2
 error, ‖𝜖𝑌H2 ‖1. Since this is a nonlinear case, we see large variations in velocity and pressure. The mean velocity deviates from 

1, causing phase errors in density and temperature waves. In terms of the 𝑌H2
 profile, oscillations appear for computations using the 

KEEPPE-DIV and KEEPPE-Q3 schemes and increase with time, with the 𝐿1-norm error reaching 1.6 × 10−3 at 𝑡 = 200. The KEEPPE-KG 
scheme produces marginal errors with the largest deviation in order 10−13 (not shown in the figure), whereas other schemes maintain 
the uniformity of species mass fraction up to machine precision.

This finding verifies the analytical deduction for Theorem 2, where it was pointed out that the form of the species numerical flux 
should be consistent with the form of the total mass numerical flux, to preserve mass fraction uniformity. The total mass numerical 
flux for the KEEPPE scheme (Eq. (43)) is in the quadratic-split form which separates the density and velocity; however, the DIV and 
Q3 forms reconstruct the density and velocity together, which does not satisfy the consistency condition (Eq. (77)) and hence sparks 
oscillations in the mass fraction. In contrast, the KGP, Q1, and Q2 forms reconstruct the density and velocity separately, therefore, 
preserving the uniformity. By assigning the species mass fractions as constants, the KG form reduces to a split form identical to 
that of the total mass, and consequently, maintains the uniformity, despite not being cast in a numerical flux. Similarly, the total 
mass numerical flux for KEEPPE-R (Eq. (47)) separates the density and velocity while applying the square root of the density. Under 
uniform mass fraction, both RA and RG construct the density and velocity consistently with the total mass numerical flux, ensuring 
the uniformity of the species mass fraction.

4.2.2.  Temperature-equilibrium preservation: 1D advection
In Section 3.3.3, we highlighted that for flows with initially uniform temperature, the equilibrium should be preserved in time, 

assuming the pressure and velocity are initially uniform and in equilibrium. To maintain this property discretely, particularly under 
conditions with non-uniform density and species mass fraction, the numerical flux of species mass should reconstruct the density 
and mass fraction together (i.e., satisfying the condition outlined in Eq. (97)). In this section, we design a 1D advection problem to 
demonstrate the analysis and evaluate the effect of species schemes on maintaining the temperature equilibrium. We hereafter refer 
to this case as case S2. The initial conditions for case S2 are given as

𝑢 = 1, 𝑝 = 1, 𝜌 = 2 + sin(2𝜋𝑥), 𝑇 = 1,

𝑌O2
= 0.1, 𝑌H2

= 𝑓 (𝑝, 𝜌, 𝑇 , 𝑌O2
), 𝑌N2

= 1 − 𝑌H2
− 𝑌O2

,

where the temperature is set to unity, and the velocity, pressure, and density conditions follow the case by Shima et al. [31]. It is a 
three-species system composed of H2, O2, and N2, with the same specific heat ratios, 𝛾H2

= 𝛾O2
= 𝛾N2

= 1.4. The initial H2 mass fraction 
is 𝑌H2

= 𝑓 (𝑝, 𝜌, 𝑇 , 𝑌O2
), denoting it is computed from these known variables using Eqs. (12) and (9). The density and H2 mass fraction 

are set to vary over the domain, in order to expose the issue caused by inconsistent schemes. The O2 mass fraction is initialised with 
a uniform profile; the reason why we add it is to explore the uniform mass fraction preservation capability of the schemes under a 
different initial condition from case S1. The domain spans 0 ≤ 𝑥 ≤ 1 and the grid spacing is Δ𝑥 = 0.025, uniform over the domain. 
The total number of grid points is 41.

Fig. 8 presents the spatial distributions at 𝑡 = 200 of 𝜌, 𝑝, 𝑌H2
, 𝑇 , and 𝑌O2

, and the temporal evolution of the 𝐿1-norm error for 
𝑌H2

, 𝑇 , 𝑐O2
, and 𝑐H2

. The schemes preserve the pressure (and velocity) equilibrium with minor errors of order 10−13, attributed to the 
KEEPPE and KEEPPE-R schemes (see case G1). Looking at the temperature profile, we find that oscillations appear in computations 
using the KG, KGP, Q1, and Q3 species forms with KEEPPE, and both the RA and RG forms with KEEPPE-R. These oscillations grow 
approximately linearly with time, reaching a maximum of around 0.002 at 𝑡 = 200 for the KEEPPE group, but with smaller amplitudes 
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Fig. 8. The profiles for case S2: spatial distributions of density, pressure, H2 mass fraction, temperature, and O2 mass fraction at 𝑡 = 200, and 
temporal evolution of errors in H2 mass fraction, temperature, O2 molar concentration, and H2 molar concentration.

for the KEEPPE-R group: about 0.001 with RA and only 5 × 10−5 with RG. The tendency of oscillations is nearly identical across the 
schemes (except for KEEPPE-R-RG), suggesting that the underlying reason could be the same for them. On the contrary, the results 
show that KEEPPE-DIV and KEEPPE-Q2 maintain the temperature equilibrium, with marginal errors in order 10−13 (not shown in the 
figure).

The observations align with Theorem 3, which highlights that the ability of the species split form to constitute 𝑐𝛼 at the discrete 
level is the key to preserving the temperature equilibrium. The DIV and Q2 species forms achieve this by reconstructing density and 
species mass fraction together at every grid point. In contrast, the KG, KGP, Q1, Q3, and RA species schemes, which reconstruct 
density and species mass fraction separately, cannot constitute 𝑐𝛼 at every grid point, leading to errors in 𝑐𝛼 and temperature. The 
RG species form is a special case – although it forms 𝑐𝛼 at the discrete level, this structure does not hold for species 𝑁𝑠 due to the 
nonlinear geometric means. As a result, the computation with RG produces temperature errors, but these errors are significantly 
smaller than those with RA, which fails to maintain the 𝑐𝛼 structure for all species.

The temperature errors in computations using KG, KGP, Q1, Q3, RA, and RG species forms mainly arise from errors in the H2 and 
N2 molar concentrations. However, for species O2, the initially uniform mass fraction of O2 allows all species split forms to constitute 
𝑐O2

 at every grid point, regardless of whether density and O2 mass fraction are reconstructed together or separately. Consequently, 
all schemes yield only minor errors in the O2 molar concentration, which are comparable within their respective groups (DIV, KG, 
KGP, Q1, Q2, and Q3 with KEEPPE; RA and RG with KEEPPE-R). Note that the difference between the two groups is caused by the 
different density means employed in each.

The errors in species molar concentrations also affect species mass fractions. For species H2, increasing errors in 𝑌H2
 are observed 

in simulations using the KG, KGP, Q1, Q3, RA, and RG species forms, exhibiting trends similar to the errors in 𝑐H2
. This correlation 

stems from the relation 𝜕𝑌H2
∕𝜕𝑡 = (𝜕𝜌𝑌H2

∕𝜕𝑡 − 𝑌H2
𝜕𝜌∕𝜕𝑡)∕𝜌, which indicates that inaccuracies in 𝑌H2

 may arise from errors in the 
directly solved variables 𝑐H2

 (or 𝜌𝑌H2
) and 𝜌. Given the relatively minor errors in 𝜌, the primary source of the observed errors in 𝑌H2

 is 
likely 𝑐H2

, explaining the similar error trends for 𝑌H2
 and 𝑐H2

. In contrast, KEEPPE-DIV and KEEPPE-Q2, which yield nearly zero errors 
in 𝑐H2

, maintain 𝑌H2
 errors close to zero. However, for species O2, since all schemes achieve nearly the same accuracy for 𝑐O2

 within 
their respective groups, their solutions for 𝑌O2

 are also nearly identical. Unlike in case S1, all schemes, including KEEPPE-DIV and 
KEEPPE-Q3, preserve the uniformity of 𝑌O2

 in this case, with a minor error of order 10−14. This is attributed to the initially uniform 
velocity profile in the current case, under which all species schemes remain consistent with their respective total mass numerical 
fluxes.

4.2.3.  Conservation and scalar fluctuation: Inviscid Taylor–Green vortex
In this section, aiming to examine the effect of species numerical flux formulations in under-resolved turbulence simulations and 

determine the most reliable scheme, we present simulations of a two-species inviscid Taylor–Green vortex flow. The initial conditions 
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Fig. 9. Temporal evolution of H2 mass, entropy, and rms fluctuations in H2 mass fraction and temperature. Energy spectrum of three-dimensional 
H2 mass fraction and temperature fields at ̂𝑡 = 5, for two-species inviscid TGV flow at 𝑀0 = 0.4.

are adapted from the previous section by setting spatially varying density and mass fractions in the 𝑥 direction:
𝑌H2

= 0.5 + 0.1sin(𝑥 − 𝜋),

𝑌N2
= 1 − 𝑌H2

,

𝜌 = 𝜌sf ,H2
𝑌H2

+ 𝜌sf ,N2
𝑌N2

,

𝑢 = 𝑀0sin(𝑥)cos(𝑦)cos(𝑧),

𝑣 = −𝑀0cos(𝑥)sin(𝑦)cos(𝑧),

𝑤 = 0,

𝑝 = 1
𝛾0

+
𝜌𝑀0

2

16

(

cos(2𝑥) + cos(2𝑦)
)(

cos(2𝑧) + 2
)

,

where 𝜌sf ,H2
= 0.1 and 𝜌sf ,N2

= 1 are density scaling factors, 𝛾0 = 𝛾H2
= 𝛾N2

= 1.4, and 𝑀0 = 0.4. The computational domain is a triply 
periodic box of dimension [0, 2𝜋]3, discretised uniformly with 333 grid points. We run the simulations up to ̂𝑡 = 200.

Fig. 9 illustrates the temporal evolution of the H2 species mass, entropy, and rms fluctuations in H2 mass fraction and temperature 
in the first two columns, which are computed in the same way as the plots in Figs. 5 and 6. Energy spectrum of 3D H2 mass fraction 
and temperature fields at ̂𝑡 = 5 is presented in the last column of Fig. 9.

We see significant differences between the split forms. We begin by examining the KEEPPE group. For KEEPPE-DIV and KEEPPE-
Q1, the rms values of the 𝑌H2

 fluctuations diverge within 𝑡 = 10, which leads to breakdown of the H2 species mass conservation. 
Subsequently, the computations of temperature diverge, and the entropies are no longer conserved. For KEEPPE-Q3, although the 
onset of spurious oscillations in 𝑌H2

 happens at nearly the same stage as KEEPPE-DIV and KEEPPE-Q1, the growth is considerably 
slower compared to them, and the scaled rms value is bounded within 4.8 until 𝑡 = 200. Hence, the integrated species mass remains 
conserved at machine precision. Nevertheless, the errors in 𝑌H2

 still lead to divergence in the temperature computation at 𝑡 ≈ 10, 
and subsequently increase the error in entropy conservation to approximately 2 × 10−2. In terms of the KEEPPE-KG scheme, spurious 
oscillations in 𝑌H2

 increase slower and the scaled rms value reduces to 0.6 at 𝑡 = 200, relative to KEEPPE-Q3. However, as the KG 
species form does not conserve species mass, the integrated species mass exhibits conservative errors, reaching 2 × 10−2 at 𝑡 = 200. 
The temperature oscillations from KEEPPE-KG are also lower, and the rms value diverges later at 𝑡 ≈ 60, compared to KEEPPE-Q3. 
Consequently, the entropy production from the KEEPPE-KG scheme is slightly less than that from KEEPPE-Q3. On the other hand, the 
KEEPPE-KGP and KEEPPE-Q2 schemes substantially reduce the 𝑌H2

 and temperature fluctuations compared with other schemes. Strict 
species mass conservation is maintained at machine precision, and their entropy conservation errors are in the order of 10−3, lower 
than other schemes.

In case S1, KEEPPE-DIV and KEEPPE-Q3 fail to preserve mass fraction uniformity, which is attributed to inconsistency between the 
species flux and the total mass flux. Hence, it is reasonable that they yield significant 𝑌H2

 oscillations in the current case, subsequently 
causing large temperature fluctuations. However, the improvement from KEEPPE-Q1 to KEEPPE-KGP is unexpected, as both preserve 
the mass fraction uniformity in case S1. Their only difference lies in the species scheme: Q1 reconstructs 𝑢 and 𝑌H2

 together, while KGP 
does so separately. A possible reason could be that during turbulence development, the increased velocity variations may enhance 
nonlinear effects. Thus, reconstructing 𝑌H2

 together with 𝑢 as in Q1 may make the 𝑌H2
 solution more susceptible to nonlinearities, 

compared to the separate reconstruction in KGP. This explanation might also account for the lower 𝑌H2
 fluctuations with Q2 than with 

Q1, as 𝑌H2
 and 𝑢 are reconstructed separately in Q2. Additionally, the reduced temperature fluctuations with Q2 may further lower 

𝑌H2
 fluctuations, as suggested by the observations from case S2. This analysis is supported by the 𝑌H2

 energy spectrum, which exhibits 
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larger aliasing error in KEEPPE-Q1 than in KEEPPE-KGP and KEEPPE-Q2. The KEEPPE-KG scheme also features smaller aliasing in the 
𝑌H2

 spectrum compared to KEEPPE-Q1, likely answering why it produces smaller 𝑌H2
 oscillations. Furthermore, the improvement from 

KEEPPE-KG to KEEPPE-KGP may be attributed to the strict species mass conservation with the KGP species form yet not with KG, given 
that both schemes have the same ability in terms of uniform mass fraction preservation and temperature-equilibrium preservation, 
and also produce similar aliasing errors.

Comparing KEEPPE-KGP and KEEPPE-Q2, we observe that the former introduces slightly lower 𝑌H2
 fluctuations. Similar to the 

above explanation, this may be attributed to that the KGP species flux, reconstructing 𝜌 and 𝑌H2
 separately, diminishes the influence 

of nonlinearities that are enhanced by the increased density variations during turbulence development. In spite of this, the tempera-
ture oscillations in KEEPPE-Q2 are less than half of those in KEEPPE-KGP. This reduction benefits from the temperature-equilibrium 
preservation property of Q2, as demonstrated in case S2. Eventually, KEEPPE-Q2 results in a smaller deviation in entropy conservation 
compared to KEEPPE-KGP. Furthermore, the results of KEEPPE-Q2 closely match those of PE-F, unlike in case G1 where the former 
was more accurate. This is due to the smaller variations in species mass fractions, and thus in mixture molar mass in this case, which 
reduce differences between the two schemes.

Regarding the group of KEEPPE-R schemes, the RA and RG split forms demonstrate similar performance. They produce low 𝑌H2
fluctuations similar to KEEPPE-KGP, attributed to the property of uniform mass fraction preservation. However, despite lacking the 
property of temperature-equilibrium preservation, KEEPPE-R-RA and KEEPPE-R-RG both yield temperature fluctuations slightly lower 
than KEEPPE-Q2. This is due to the excellent entropy-conservation property of KEEPPE-R, leading to entropy conservation errors in 
an order of magnitude smaller than the KEEPPE scheme.

To summarise the tests on the species schemes, the analytical deductions in Section 3.3.3 are verified, and among the proposed 
schemes, KEEPPE-Q2, the Q2 species numerical flux with the KEEPPE scheme, is demonstrated to be the only one that exhibits all 
considered physical properties, i.e., preserving the mass fraction uniformity and the temperature equilibrium under relevant condi-
tions, and conserving species mass. While we did not find a scheme that fully preserves the temperature equilibrium for KEEPPE-R, 
the RG split form exhibits relatively smaller errors than RA. In the inviscid TGV flow, satisfying these physical properties overall 
improves the accuracy of solutions for species mass fraction and temperature, and also aids in the conservation of species mass and 
entropy, which highlights the importance of using physically consistent forms in turbulence simulations. The physically consistent 
Q2 scheme outperforms all other species schemes, and therefore we consider it to be the preferred choice for the KEEPPE scheme. 
Note that although KEEPPE-Q2 yields slightly larger mass fraction oscillations than KEEPPE-KGP in the TGV flow, it demonstrates 
superiority in reducing the temperature oscillations and preserving the entropy conservation. Its performance is also comparable to 
that of PE-F. The KEEPPE-R scheme is superior in entropy conservation, which results in small temperature oscillations for both RA 
and RG species schemes. However, due to the practical limitation of RG with negative mass fractions, RA might be a more reliable 
choice. Finally, it should be noted that while our tests demonstrated strong numerical robustness without the need for numerical 
dissipation, incorporating it may still be necessary in some cases to suppress high-wavenumber modes and improve solution quality 
(e.g., Edoh et al. [62]).

5.  Conclusion

In this work, we developed high-order, non-dissipative, accurate, stable and physically consistent finite-difference schemes for 
turbulent compressible multi-component flow simulations. We firstly analysed the properties and characteristics of kinetic-energy-
preserving, entropy-preserving, and pressure-equilibrium-preserving schemes in conditions with varying specific heats, and examined 
their performance in numerical experiments, with a comparison to other schemes. Next, for the convective terms in the species mass 
fraction transport equation, we constructed a split-form numerical flux that consistently satisfies key physical properties, includ-
ing species mass conservation, uniform mass fraction preservation, and temperature-equilibrium preservation, and demonstrated its 
properties and capability by analytical deductions and through numerical tests.

In the 1D scalar advection tests on the schemes for continuity, momentum, and energy equations, the multi-component versions 
of the KEEPPE scheme, the KEEPPE-R scheme, and the non-split standard central-difference scheme (DIV), i.e., KEEPPE-Q2, KEEPPE-R-
RA, and DIV-Q2, respectively, were able to preserve pressure equilibrium and numerical stability in the case with a uniform specific 
heat ratio. For the cases with varying specific heats, KEEPPE-Q2 and KEEPPE-R-RA exhibited improved performance in preserving 
pressure equilibrium and numerical stability compared to other schemes that are not pressure-equilibrium-preserving by design, 
particularly for the case with a smooth sinusoidal 1∕(𝛾 − 1). Nevertheless, neither scheme guaranteed the pressure equilibrium and 
stability in a long-term run. Conversely, the PE-F scheme, designed for calorically perfect, multi-component flows, maintained the 
pressure equilibrium regardless of the 𝛾 distribution and exhibited better stability than KEEPPE-Q2 and KEEPPE-R-RA under varying 
specific heats. However, for the flows with less resolved mixture molar mass, PE-F led to errors in density and entropy conservation 
that negatively affected numerical stability. The tests on 3D inviscid TGV flows demonstrated that both KEEPPE-Q2 and KEEPPE-R-RA 
provided reliable results, with the latter showing relative advantages, particularly in entropy conservation. Both schemes outperform 
the scheme designed to reduce aliasing errors and the schemes that preserve merely kinetic energy or entropy, or neither.

For the species mass numerical flux, analytical deductions and 1D advection tests suggest that consistent reconstructions of density 
and velocity with the total mass numerical flux are necessary for preserving uniform mass fractions, and reconstructing density and 
mass fraction together is essential for preserving temperature equilibrium, under relevant conditions. The Q2 species formulation 
with the KEEPPE scheme (KEEPPE-Q2) is the only form that satisfies both conditions and thereby maintains both uniform mass 
fraction preservation and temperature-equilibrium preservation properties. Due to the numerical flux formulation, Q2 also inherently 
maintains species mass conservation. In the 3D TGV test, the schemes designed to preserve uniform mass fractions mostly led to 
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lower mass fraction and temperature fluctuations, and the schemes designed to preserve temperature equilibrium usually resulted in 
smaller temperature fluctuations and entropy conservation errors. Strict species mass conservation also tended to help improve the 
overall accuracy. However, these outcomes may be influenced by nonlinearities of velocity, density, and mass fractions. While no 
scheme fully preserves the temperature equilibrium for KEEPPE-R, the RG split form, using the geometric mean of partial densities, 
exhibits relatively smaller errors than RA, using the arithmetic mean of mass fractions. Due to the superiority of KEEPPE-R in entropy 
conservation, using both RG and RA produces small temperature oscillations in the TGV test. However, due to the practical limitation 
of RG with negative mass fractions, RA may be a more reliable choice. For KEEPPE, despite Q2 showing slightly higher mass fraction 
fluctuations than the cubic-split form, it exhibited superiority in reducing temperature oscillations and entropy conservation errors, 
with performance comparable to that of PE-F. Hence, we conclude that the Q2 form is the most reliable choice. The improved 
performance observed with Q2 highlights the importance of a species mass convective scheme being able to consistently preserve 
the key physical properties, including species mass conservation, uniform mass fraction preservation, and temperature-equilibrium 
preservation.

The physically consistent split-form framework provides an effective strategy for improving numerical stability and accuracy 
in simulations of compressible multi-component flows. Future work will explore adaptive blending procedures using time-varying 
convex combinations of schemes such as KEEP-Q2, KEEPPE-Q2, and PE-F, to balance entropy conservation and pressure-equilibrium 
preservation (e.g., Coppola et al. [21]). Additional investigations will consider alternative formulations based on the multi-component 
PE-F scheme. Furthermore, the correction procedures of Abgrall [63] (see also Refs. [64–66]) offer an alternative to split forms for 
enforcing secondary physical consistencies and improving stability, which may also be worth exploring in future developments.
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Appendix A.  The Proof of Theorem 1

Proof.  Multiplying the semi-discrete continuity equation (Eq. (14)) by (−𝑢2𝑖 ∕2)|𝑚 and the semi-discrete momentum (Eq. (15)) by 𝑢𝑖|𝑚, 
and adding them, we obtain the semi-discrete representation of the kinetic energy equation at grid point 𝑚:

𝜕𝜌
𝑢2𝑖
2

𝜕𝑡

|

|

|

|

|

|

|𝑚

+ 𝑢𝑖|𝑚
𝑀̂𝑖𝑗 |𝑚+ 1

2
− 𝑀̂𝑖𝑗 |𝑚− 1

2

Δ𝑥𝑗
−

𝑢2𝑖
2
|𝑚

𝐶̂𝑗 |𝑚+ 1
2
− 𝐶̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
+ 𝑢𝑗 |𝑚

𝐺̂|𝑚+ 1
2
− 𝐺̂|𝑚− 1

2

Δ𝑥𝑗
= 0. (A.1)

Multiplying Eq. (A.1) by the volume element Δ𝑉 = Δ𝑥Δ𝑦Δ𝑧 (assuming uniform grid sizes in all directions) and summing over the 
grid points, we obtain the discrete volume integral of kinetic energy:

∑

𝑉
Δ𝑉

𝜕𝜌
𝑢2𝑖
2

𝜕𝑡

|

|

|

|

|

|

|𝑚

=
∑

𝑥

∑

𝑦

∑

𝑧

(

− 𝑢𝑖|𝑚
𝑀̂𝑖𝑗 |𝑚+ 1

2
− 𝑀̂𝑖𝑗 |𝑚− 1

2

Δ𝑥𝑗
+

𝑢2𝑖
2
|𝑚

𝐶̂𝑗 |𝑚+ 1
2
− 𝐶̂𝑗 |𝑚− 1

2

Δ𝑥𝑗
− 𝑢𝑗 |𝑚

𝐺̂|𝑚+ 1
2
− 𝐺̂|𝑚− 1

2

Δ𝑥𝑗

)

Δ𝑥Δ𝑦Δ𝑧. (A.2)

We can organise Eq. (A.2) as:

∑

𝑉
Δ𝑉

𝜕𝜌
𝑢2𝑖
2

𝜕𝑡

|

|

|

|

|

|

|𝑚

=
∑

𝑦

∑

𝑧
𝑥|𝑚Δ𝑦Δ𝑧 +

∑

𝑥

∑

𝑧
𝑦|𝑚Δ𝑥Δ𝑧 +

∑

𝑥

∑

𝑦
𝑧|𝑚Δ𝑥Δ𝑦, (A.3)
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where, for the 𝑗th direction,

𝑗 |𝑚 =
∑

𝑥𝑗

(

− 𝑢𝑖|𝑚

(

𝑀̂𝑖𝑗 |𝑚+ 1
2
− 𝑀̂𝑖𝑗 |𝑚− 1

2

)

+
𝑢2𝑖
2
|𝑚

(

𝐶̂𝑗 |𝑚+ 1
2
− 𝐶̂𝑗 |𝑚− 1

2

)

− 𝑢𝑗 |𝑚

(

𝐺̂|𝑚+ 1
2
− 𝐺̂|𝑚− 1

2

))

. (A.4)

By assuming the grid points in the 𝑗th direction are [1 . . 𝑁] and using summation by parts, Eq. (A.4) is transformed into

𝑗 |𝑚 =
𝑁−1
∑

𝑚=1

(

𝑀̂𝑖𝑗 |𝑚+ 1
2

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
)

− 𝐶̂𝑗 |𝑚+ 1
2

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
) (𝑢𝑖|𝑚+1 + 𝑢𝑖|𝑚)

2

)

− 𝑢𝑖|𝑁𝑀̂𝑖𝑗 |𝑁+ 1
2
+

𝑢2𝑖
2
|𝑁 𝐶̂𝑗 |𝑁+ 1

2
+ 𝑢𝑖|1𝑀̂𝑖𝑗 | 1

2

−
𝑢2𝑖
2
|1𝐶̂𝑗 | 1

2
+

𝑁−1
∑

𝑚=1
𝐺̂|𝑚+ 1

2

(

𝑢𝑗 |𝑚+1 − 𝑢𝑗 |𝑚
)

− 𝑢𝑗 |𝑁 𝐺̂|𝑁+ 1
2
+ 𝑢𝑗 |1𝐺̂| 1

2
.

(A.5)

By substituting for 𝐶̂𝑗 and 𝑀̂𝑖𝑗 using Eqs. (40) and (41), respectively, and applying the proposed KEP condition (Eq. (42)), the 
right-hand-side first summation operator in Eq. (A.5) becomes

𝑁−1
∑

𝑚=1

(

𝑀̂𝑖𝑗 |𝑚+ 1
2

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
)

− 𝐶̂𝑗 |𝑚+ 1
2

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
) (𝑢𝑖|𝑚+1 + 𝑢𝑖|𝑚)

2

)

=
𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑁−1
∑

𝑚=1

( 𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚−𝑘+𝑙 − 𝑢𝑖|𝑚+1
)

−
𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚 − 𝑢𝑖|𝑚−𝑘
)

)

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
)

.

(A.6)

By expanding terms (𝑢𝑖|𝑚−𝑘+𝑙 − 𝑢𝑖|𝑚+1) and (𝑢𝑖|𝑚 − 𝑢𝑖|𝑚−𝑘), and changing the orders of summation, the two innermost summation 
operators can be converted to 

𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚−𝑘+𝑙 − 𝑢𝑖|𝑚+1
)

=
𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙

(

(

𝑢𝑖|𝑚−𝑘+𝑙 − 𝑢𝑖|𝑚−𝑘+𝑙−1
)

+
(

𝑢𝑖|𝑚−𝑘+𝑙−1 − 𝑢𝑖|𝑚−𝑘+𝑙−2
)

+⋯ +
(

𝑢𝑖|𝑚+3 − 𝑢𝑖|𝑚+2
)

+
(

𝑢𝑖|𝑚+2 − 𝑢𝑖|𝑚+1
)

)

=
𝑙−1
∑

𝑘=0

𝑙−1−𝑘
∑

𝑞=1

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚+𝑞+1 − 𝑢𝑖|𝑚+𝑞
)

=
𝑙−2
∑

𝑘=0

𝑙−1−𝑘
∑

𝑞=1

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚+𝑞+1 − 𝑢𝑖|𝑚+𝑞
)

,

(A.7)

and, 
𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚 − 𝑢𝑖|𝑚−𝑘
)

=
𝑙−1
∑

𝑘=0

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙

(

(

𝑢𝑖|𝑚−𝑘+1 − 𝑢𝑖|𝑚−𝑘
)

+
(

𝑢𝑖|𝑚−𝑘+2 − 𝑢𝑖|𝑚−𝑘+1
)

+⋯ +
(

𝑢𝑖|𝑚−1 − 𝑢𝑖|𝑚−2
)

+
(

𝑢𝑖|𝑚 − 𝑢𝑖|𝑚−1
)

)

=
𝑙−1
∑

𝑘=0

𝑘
∑

𝑞=1

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚−𝑞+1 − 𝑢𝑖|𝑚−𝑞
)

=
𝑙−2
∑

𝑘=0

𝑙−1−𝑘
∑

𝑞=1

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑞−𝑘,𝑙
(

𝑢𝑖|𝑚−𝑞+1 − 𝑢𝑖|𝑚−𝑞
)

,

(A.8)

respectively, with which, Eq. (A.6) reduces to a formulation with only boundary terms, as:
𝑁−1
∑

𝑚=1

(

𝑀̂𝑖𝑗 |𝑚+ 1
2

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
)

− 𝐶̂𝑗 |𝑚+ 1
2

(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
) (𝑢𝑖|𝑚+1 + 𝑢𝑖|𝑚)

2

)

=
𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−2
∑

𝑘=0

𝑙−1−𝑘
∑

𝑞=1

𝑁−1
∑

𝑚=1

(

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
(

𝑢𝑖|𝑚+𝑞+1 − 𝑢𝑖|𝑚+𝑞
)(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
)

− ̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘−𝑞,𝑙
(

𝑢𝑖|𝑚+1 − 𝑢𝑖|𝑚
)(

𝑢𝑖|𝑚+1−𝑞 − 𝑢𝑖|𝑚−𝑞
)

)

=
𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−2
∑

𝑘=0

𝑙−1−𝑘
∑

𝑞=1

𝑞−1
∑

𝑝=0

(

̃(𝜌, 𝑢𝑗 , 1)𝑁−1−𝑝−𝑘,𝑙
(

𝑢𝑖|𝑁−𝑝+𝑞 − 𝑢𝑖|𝑁−𝑝+𝑞−1
)(

𝑢𝑖|𝑁−𝑝 − 𝑢𝑖|𝑁−𝑝−1
)

− ̃(𝜌, 𝑢𝑗 , 1)−𝑝−𝑘,𝑙
(

𝑢𝑖|−𝑝+𝑞+1 − 𝑢𝑖|−𝑝+𝑞
)(

𝑢𝑖|−𝑝+1 −𝑢𝑖|−𝑝
)

)

=
𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−2
∑

𝑘=0

𝑙−1−𝑘
∑

𝑞=1

𝑞−1
∑

𝑝=0

(

Φ|𝑁 − Φ|1

)

, (A.9)
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where Φ|𝑚 = ̃(𝜌, 𝑢𝑗 , 1)𝑚−1−𝑝−𝑘,𝑙(𝑢𝑖|𝑚−𝑝+𝑞 − 𝑢𝑖|𝑚−𝑝+𝑞−1)(𝑢𝑖|𝑚−𝑝 − 𝑢𝑖|𝑚−𝑝−1). Plugging Eq. (A.9) into Eq. (A.5), we obtain
𝑗 |𝑚 = 𝐵.𝑇 . + 𝑃 .𝑇 ., (A.10)

where 𝐵.𝑇 . represents the boundary terms and 𝑃 .𝑇 . is the term of pressure work. For all directions 𝑗 = 1, 2, 3, putting Eq. (A.10) into 
Eq. (A.3), i.e., summing Eq. (A.10) over the surface normal to direction 𝑗, demonstrates that the discrete volume integral of kinetic 
energy only consists of terms related to boundary and pressure work. ∎

Appendix B.  Velocity equilibrium of the KEP schemes

Invoking the semi-discrete equations for total mass (Eq. (14)) and momentum (Eq. (15)), we substitute 𝐶̂𝑗 with the generic 
formulation (Eq. (40)) in Theorem 1, substitute 𝑀̂𝑖𝑗 with the generic formulation (Eq. (41)) and the KEP condition (Eq. (42)) in 
Theorem 1, and substitute 𝐺̂ with Eq. (56). Accordingly, we obtain:

Δ𝑥𝑗
𝜕𝜌
𝜕𝑡

|

|

|

|𝑚
= −2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 −
̃(𝜌, 𝑢𝑗 , 1)𝑚−1−𝑘,𝑙

)

, (B.1)

Δ𝑥𝑗
𝜕𝜌𝑢𝑖
𝜕𝑡

|

|

|

|𝑚
= − 2

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙
𝑢𝑖|𝑚−𝑘 + 𝑢𝑖|𝑚−𝑘+𝑙

2
− ̃(𝜌, 𝑢𝑗 , 1)𝑚−1−𝑘,𝑙

𝑢𝑖|𝑚−1−𝑘 + 𝑢𝑖|𝑚−1−𝑘+𝑙
2

−
𝑝|𝑚−𝑘 + 𝑝|𝑚−𝑘+𝑙 − 𝑝|𝑚−1−𝑘 − 𝑝|𝑚−1−𝑘+𝑙

2

)

.

(B.2)

At time step 𝑡𝑛, assuming 𝑢𝑖|𝑡𝑛𝑚 = 𝑢𝑖0 and 𝑝|𝑡𝑛𝑚 = 𝑝0, ∀𝑚, Eq. (B.2) becomes:

Δ𝑥𝑗
𝜕𝜌𝑢𝑖
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= −2𝑢𝑖0

𝐿
∑

𝑙=1
𝑎𝐿,𝑙

𝑙−1
∑

𝑘=0

(

̃(𝜌, 𝑢𝑗 , 1)𝑚−𝑘,𝑙 −
̃(𝜌, 𝑢𝑗 , 1)𝑚−1−𝑘,𝑙

)

|

|

|

|

|

|

𝑡𝑛

. (B.3)

Next, by applying the product rule to the temporal derivative in Eq. (B.3):
𝜕𝜌𝑢𝑖
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 𝑢𝑖0

𝜕𝜌
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
+ 𝜌|𝑡𝑛𝑚

𝜕𝑢𝑖
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
, (B.4)

then multiplying Eq. (B.1) by 𝑢𝑖0 and subtracting it from Eq. (B.3), we derive:
𝜕𝑢𝑖
𝜕𝑡

|

|

|

|

𝑡𝑛

𝑚
= 0, ∀𝑚, (B.5)

which indicates the velocity equilibrium is preserved over time.

Appendix C.  Time-step convergence study on Taylor–Green vortex cases

To ensure the results and discussion of the Taylor–Green vortex tests are not influenced by time integration errors, we carried out a 
temporal convergence study using four different time steps corresponding to Courant numbers of approximately 0.5, 0.1, 0.05, and 0.02. 
We employed the classical four-stage fourth-order Runge–Kutta time integration and the eighth-order explicit central approximation, 
using the KEEPPE scheme for continuity, momentum, and energy equations, and the Q2 scheme for the species equation.

Fig. C.10 shows the temporal evolution of kinetic energy, entropy, and rms temperature fluctuations for the Taylor–Green vortex 
cases in Section 4.1.2. At 𝑀0 = 0.05, all time steps yield similar results. However, at 𝑀0 = 0.4, differences between time steps are 
distinct. Reducing the Courant number from 0.5 to 0.05 alters the kinetic energy, entropy and temperature fluctuations, indicating 
that the results are affected by temporal errors. Further reducing the Courant number to 0.02 produces overlapping profiles with 
0.05, suggesting that 0.05 is sufficiently small to achieve temporally converged results. The TGV case in Section 4.2.3 shows similar 
temporal convergence to the case here at 𝑀0 = 0.4; thus, the results are not shown. Therefore, we confirm that a Courant number of 
0.05 provides sufficiently small time steps to prevent temporal errors from affecting the results.
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Fig. C.10. Temporal evolution of kinetic energy, entropy, and rms temperature fluctuations at different time steps, corresponding to Courant 
numbers of approximately 0.5, 0.1, 0.05, and 0.02, for the Taylor–Green vortex cases in Section 4.1.2 at (a) 𝑀0 = 0.05 and (b) 𝑀0 = 0.4.
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