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HIGHER UNIFORMITY OF BOUNDED MULTIPLICATIVE
FUNCTIONS IN SHORT INTERVALS ON AVERAGE

KAISA MATOMAKI, MAKSYM RADZIWILL, TERENCE TAO, JONI TERAVAINEN,
AND TAMAR ZIEGLER

ABSTRACT. Let A denote the Liouville function. We show that, as X — oo,

2X
/ sup Z A(n)e(—=P(n))| de =o(XH)
P(Y)€ER[Y
X cgeg)lepg[k] z<n<z+H
for all fixed k and X% < H < X with 0 < 8 < 1 fixed but arbitrarily small. Previously this
was only established for k£ < 1. We obtain this result as a special case of the corresponding
statement for (non-pretentious) 1-bounded multiplicative functions that we prove.
In fact, we are able to replace the polynomial phases e(—P(n)) by degree k nilsequences
F(g(n)I'). By the inverse theory for the Gowers norms this implies the higher order
asymptotic uniformity result

2X
/X Mot om sy do = 0(X)

in the same range of H.

We present applications of this result to patterns of various types in the Liouville se-
quence. Firstly, we show that the number of sign patterns of the Liouville function is
superpolynomial, making progress on a conjecture of Sarnak about the Liouville sequence
having positive entropy. Secondly, we obtain cancellation in averages of A over short poly-
nomial progressions (n + Pi(m),...,n+ Px(m)), which in the case of linear polynomials
yields a new averaged version of Chowla’s conjecture.

We are in fact able to prove our results on polynomial phases in the wider range
H > exp((log X)*/5%¢), thus strengthening also previous work on the Fourier uniformity
of the Liouville function.
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1. INTRODUCTION

Let A: N — {—1,+1} denote the Liouville function, that is to say the completely mul-
tiplicative function with A(p) = —1 for all primes p; we extend A by zero to the integers.
In [23] it was shown that this function exhibited cancellation on almost all short intervals
[z, 4+ H] in the sense thaﬂ

2X
/ Y An)| doe=o(HX) (1)

X r<n<z+H

as X — oo, whenever H = H(X) was a function of X that went to infinity as X — oc;
see also [22] for a simpler proof of in the case of “polynomially large intervals”, in which
H = X' for a fixed 0 < 6§ < 1. In [23], [22] the qualitative gain o(HX) over the trivial
bound O(H X) was improved to a more quantitative bound, but in this paper we will focus
only on qualitative estimates. The bounds for A also extend to the closely related Mdbius
function p, but for the sake of discussion we shall restrict attention initially to the Liouville
function A.
In [25] the estimate was generalized to

2X
(leé%/x ngJFH)\(n)e(—om) dr =o(HX) (2)

as X — oo, for any H = H(X) that went to infinity as X — oo, where we adopt the usual
notation e(a) = €2™. Informally, this asserts that A does not asymptotically exhibit any
correlation with a fized linear phase n +— e(an) in short intervals on average. The question
was then raised in [34] Section 4| as to whether the stronger estimate

2X
/X 2161% xgg+H)\(n)e(—om) dx = o(HX) (3)

could be established. This is not known unconditionally, although as observed in [35] it can
be deduced from the Chowla conjecture [4]. However, in a recent paper [26] the bound
was established in the regime where H = X? for a fixed 0 < 6 < 1; the case § > 5/8 without
needing the z-average was previously established by Zhan in [41] (and Zhan’s result was
recently improved to 6 > 3/5 in [28]).

1See Section [2] for our asymptotic notation conventions.
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For any non-negative integer k > 0, any interval [z, z + H], and any function f: Z — C,
define the weak Gowers uniformity norm

lnasmy = s —=| S A(m)e(~P(n) (4)

PePoly ., (R—R) 1 | = .

where Poly (R — R) is the k+ 1-dimensional vector space of polynomial map&ﬂ P:R—>R
of degree at most k. This norm is indeed much weaker than the usual Gowers norm, in the
sense that it is well-known (see [T, §4]) that it does not control linear patterns of complexity
> 2. Nevertheless, we will need the weak Gowers uniformity result in Theorem below
in order to establish the strong Gowers uniformity result in Theorem

The result in [26] is then equivalent to the bound

2X
/X Mty i = 0(X)

as X — oo, with H = X? for a fixed 0 < # < 1; the corresponding (and weaker) bound
for the u! norm follows from the earlier result in [23] or [22]. Our first main result extends
these bounds to higher orders of uniformity:

Corollary 1.1 (Liouville does not correlate with polynomial phases on short intervals on
average). Let k > 0 be a non-negative integer, and let 0 < 6 < 1 be fized. Then we have

2X
| it ey o = o) (5)
as X — oo, where H == X,

Remark 1.2. In Theorem [1.8 below we show that Corollary holds for H as small as
exp((log X)%/8+¢) for any fized e > 0.

We remark that previously this was known in the & > 1 cases for § > 2/3 by [27,
Theorem 1.4]. In fact, in this regime a uniform bound sup,e(x 2x7 Al s +1 (oot m7) = 0(1)
is established. It is natural to conjecture that such uniform bounds extend to all 8 > 0,
but this seems well beyond the reach of the methods in this paper.

In fact (as in [26]), we can generalize Corollary|[1.1]to the case where the Liouville function
A is replaced by a more general “non-pretentious” 1-bounded multiplicative function. Recall
that a multiplicative function f: N — C is said to be 1-bounded if |f(n)| < 1 for all n € N.
To motivate the “non-pretentiousness” hypothesis, we consider (as was done in [20] in the
k =1 case) the character

f(n) =n"x(n), (6)
formed by multiplying an “Archimedean character” n — n® for some real number ¢ with
[t| < eXk+1/H*! for some small ¢ > 0, and a Dirichlet character y of some bounded
conductor gq. Observe that f is completely multiplicative and 1-bounded, and a Taylor

2In the sum in , only the values of P on the integers Z are relevant, but in our later analysis it will
be convenient to evaluate such polynomials at non-integer values as well.
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expansion with remainder of the phase n % log n of the Archimedean character n' =

e(5=logn) around a given point x € [X,2X] yields a decomposition of the form
n' = e(Py(n)) + Ok(e) (7)

for all n € [z, 2 + H] and some polynomial P, € Poly,(R — R) depending on x (and ¢).
This together with the g-periodicity of x can be used to imply that

2X
/X 1ttt (o) 02 g X

if 1 < H < X are sufficiently large.

Our next result asserts that this is essentially the only obstruction to extending Corol-
lary to more general 1-bounded multiplicative functions. Following Granville and
Soundararajan [12], we define the distance function

D(f,g; X) := ( Z 1- Re(f(p)g(p)))l/Q,

p<X p

and further define the quantity

M(f;X,Q) = inf inf D " X).
(£iX,Q) = inf inf D(f,n e x(n)n"; X)
q<Q
Informally, M (f; X,Q) is small whenever f is close to a function of the form @ with

|t| < X and x of conductor at most ). We then have

Theorem 1.3 (Non-pretentious multiplicative functions do not correlate with polynomial
phases on short intervals on average). Let k > 0 be a non-negative integer, and let 0 <
0 < 1/2. Suppose that f: N — C is a multiplicative 1-bounded function, and suppose that
X >1, X' <H< Xl_e, and n > 0 are such that

2X
/X 1l (o) d > X,

Then one has
M(f; CX* 1 HM Q) g 1
for some Q,C <gpno 1.

The upper bound H < X'~ here is for minor technical reasons and it is likely that one
can replace it with H < X; however our main interest is in the opposite regime when H
is as small as possible. Standard calculations regarding the “non-pretentious” nature of the
Liouville function (using the Vinogradov—Korobov zero-free region for L-functions) allow
one to deduce Corollary [I.1| from Theorem see for instance [25], (1.12)]. The k = 0 case
of this theorem follows from the results in [23], and the k = 1 case is establishedﬁ in [20,

3In that paper the constant C appearing in the above theorem was worsened to H” for some arbitrarily
small constant p > 0, but we have found a way to modify the arguments to eliminate that power loss in
this result. In fact, it will be important in the induction arguments used to establish Theorem below
that such losses are avoided.
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Theorem 1.4]. Our focus here shall accordingly be on the higher order case k > 2, which
we will establish by generalizing the techniques in [26] to the polynomial phase setting (and
in fact further to nilsequences, which are needed in proving our Theorem [I.5] on genuine
Gowers norms of multiplicative functions).

As a corollary of Theorem and the decomposition we can also control the cor-
relation of non-pretentious multiplicative functions with Archimedean characters on short
intervals on average:

Corollary 1.4 (Non-pretentious multiplicative functions do not correlate with
Archimedean characters on short intervals on average). Let k > 0 be a non-negative in-
teger, and let 0 < 0 < 1/2. Suppose that f: N — C is a multiplicative 1-bounded function,
and suppose that X >1,e >0, X0 < H < X' andn > 0 are such that

2X
/ sup Z fn)n'| de >nHX.
X Jt<eXFHU/HM <ot H

Then one has
M(f; CX*HHM Q) ppen 1
Jor some Q,C <gpeo 1.

We also note that He and Wang [19] recently proved that

2X
s [T ST A= P(w)| do = ofHX)
PePoly <, (R=R)JX | ol

for any H tending to infinity with X, and they also proved an analogous estimate for
nilsequences. This statement with the supremum outside the integral unfortunately does
not lead to control on Gowers norms (or weak Gowers norms) of A over short intervals
and is accordingly closer in spirit to [25] than to the current paper. It is the case with the
supremum inside the integral (as in Theorems and that we need for the applications
in this paper, and such estimates would lead to a proof of the logarithmically averaged
Chowla and Sarnak conjectures (via [35, Theorem 1.8]) if one was able to take the interval
length H to grow sufficiently slowly in them; see Proposition

As indicated above, we can strengthen Theorem [I.3|further. For any non-negative integer
k > 0, and any function f: Z — C with finite support, define the (unnormalized) Gowers
uniformity norm

1/2k+1
[ flowsr(zy = Z H Cllf(y + wihy + -+ w1 i)
Y,hi,ehe11€Z we{0,1}k+1
where w = (w1, ...,Wkt1), |W| = w1+ -+ + wgt1, and C: z — Z is the complex conjugation

map. Then for any interval [,z + H] with H > 1 and any f: Z — C (not necessarily of
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finite support), define the Gowers uniformity norm over [x,x + H] by

[ flloe1 (ot m1]) = 1z ermllven @)/ 1Yz armlosz) (8)
where 1(, ;4 f: Z — C is the indicator function of [x,z + H]. We then have

Theorem 1.5 (Non-pretentious multiplicative functions are Gowers uniform on short in-
tervals on average). Let k > 0 be a non-negative integer, and let 0 < 0 < 1/2. Suppose
that f: N — C is a multiplicative 1-bounded function (extended by zero to the remaining
integers), and suppose that X > 1, X9 < H< XY andn >0 are such that

2X
| Wl umiay do = 0.
Then one has
M (f; CXFFHM, Q) <ppo 1 (9)
for some Q,C < po 1.

The corresponding statement on correlations of f with nilsequences n — F(g(n)I') on
intervals [z, z+ H], which we will use to derive Theorem (and which in fact is equivalent
to it), is given as Theorem

In particular, using the non-pretentious nature of the Liouville function, this theorem
yields the following corollary.

Corollary 1.6 (Gowers uniformity of Liouville on short intervals on average). Let an integer
k>0 and 0 <0 <1 be fired. Then for H > X? we have

2X
/X Mgkt (o.a ) 2 = 0(X). (10)

Note that in the corollary above the case of larger values of H > X'~°() follows from
the case H = X% by a simple averaging argument (by first using the inverse theorem for the
Gowers norms to express in terms of the correlation of A with nilsequences on [z, z+ H],
and then partitioning this interval into subintervals of length =< X!=¢). This partially
verifies [35, Conjecture 1.6], which asserted that this estimate (or more precisely, a slightly
weaker logarithmically averaged version of this estimate) held whenever H = H (X)) went to
infinity as X — oo. Fully resolving this conjecture would have many implications, including
the (logarithmically averaged) Chowla and Sarnak conjectures; see [34], [37] and [10] for
the best currently known results in this direction). Correspondingly, the partial result
allows us to make progress on some problems concerning the Liouville function, including
its word complexity and an averaged version of Chowla’s conjecture, which we discuss in
Subsection .2

Regarding previous results on Gowers norms of non-pretentious multiplicative functions,
a result of Frantzikinakis and Host [9] (generalizing work of Green and Tao [I5]) establishes
the “long sum” endpoint case of Theorem (corresponding to the case H = X, which
is strictly speaking not covered by the above theorem), showing that || f||yk+1p1 x) = o(1)
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under the assumption that D(f, n — x(n)n®; X) — oo as X — oo for any fixed real number
t and Dirichlet character x.
It is not difficult to establish a general estimate of the form

[ f lr 1 (b)) <t | llomt (oo m)

for any f: Z — C; this can be established for instance by a minor modification of the
arguments in [38, §11.2]. Thus Theorem implies Theorem The converse implication
is also routine for k¥ = 0,1, but as is now well known (see e.g., [38, Proposition 11.8]),
for higher k the polynomial phases n — e(P(n)) appearing in the definition of the weak
Gowers norms are insufficient to control the full Gowers norms . To bridge the gap,
one needs to replace these polynomial phases by more general nilsequences n — F(g(n)T').
The polynomial phases correspond to nilsequences on filtered nilmanifolds G/T" with G
abelian. We will thus first prove Theorem in Section [3] to treat the case of abelian G,
and then use a different and more delicate argument (presented in Section 4| and outlined
in Subsection to handle the non-abelian case.

1.1. Connection with the Chowla and Sarnak conjectures. As already mentioned,
estimates such as with slowly growing H are closely tied to the Chowla and Sarnak
conjectures. The logarithmically averaged Chowla conjecture states that

3 Alarn +b1) - -- AMagn + by)

n

= o(log z)

n<x

whenever a;,b; are natural numbersﬂ with a;b; # a;b; for i # j. The logarithmically
averaged Sarnak conjecture in turn is the statement that

Z Aln)a(n) = o(log x)

n<x "
for every bounded, deterministic sequence a: N — C (in the sense that a has zero topological
entropy). See [0] for a survey of previous work on these two conjectures.

In [35], it was shown that the logarithmically averaged Chowla conjecture and the log-
arithmically averaged Sarnak conjecture are equivalent, and that both would also follow
from being true for every H = H(X) tending to infinity with X. In fact these two
conjectures are equivalent to the logarithmic version of in this regime, which states
that

X
/ dezo(log)ﬁ (11)
1 X

whenever H = H(X) goes to infinity with X. Thus, a potential strategy towards proving
the logarithmic Chowla and Sarnak conjectures emerges from the possibility of lowering
the value of H = H(X) in Theorem We observe in Section that we in fact do not
need for arbitrarily slowly growing H to deduce the logarithmic Chowla conjecture; it
instead suffices to prove it for H > (log X)" for every n > 0.

4In this paper the natural numbers N = {1,2,3,...} begin with 1.
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Proposition 1.7. Suppose that for every natural number k and every n > 0 for H =
H(X) = (log X)" we have

/X [AMlos+1e 24 H] dz = o(log X)
1 Z B2

Then the logarithmic Chowla conjecture holds.

This proposition will be proved in Subsection [5.3]

Thus, in order to prove the logarithmic Chowla conjecture, it would suffice to bridge the
gap between H > X" (which is the range where Corollary [1.6]is valid) and H < (log X)" in
Proposition [I.7] In Section [6], we already show that, at least in the case of our result on the
weak Gowers norms (Theorem [L.3)), we may lower the admissible H to H > exp((log X)¢)
for some ¢ > 0.

Theorem 1.8 (Shortening the intervals). Let k be a natural number, and let 6 > 5/8 and
p >0 be fized. Suppose that f: N — C is a multiplicative 1-bounded function (extended by
zero to the remaining integers), and suppose that X > 1, X > H > exp((log X)?), and
n > 0 are such that

2X
/X 1l (o 0 > 0 X (12)

Then one has
M(f; XFH/HFP Q) <0 1 (13)

Jor some Q <k popl.

It is conceivable that a careful reworking of the nilsequence part of our arguments in
Section [4f would yield a similar regime H > exp((log X)!~?) for Theorem ; we do not
pursue this here, however (see however Remark .

The exponent 5/8 appearing in Theorem is significant as it shows that it is possible
to control || f[|x+1y 54 fr] 00 average over z without establishing cancellations in short sums

over primes of the form } p oy p't (with t of size X*). Instead, we show using general
Dirichlet polynomial techniques that the set of points ¢ at which the above Dirichlet polyno-
mial exhibits no cancellation is sparse. We note that the smallest H for which >y <oy p't

is known to exhibit cancellations for ¢ of size X* is H = exp((log X)?/3+¢). We also note
that the proof of Theorem [I.§| crucially relies on cancellation in short sums of multiplicative
functions outside a power-saving exceptional set, proved in [24] as an improvement to [23].
See Remark on how in the case of f = A the weaker range H > exp((log X)%/3*¢) and
can be obtained using only the method of [22].

It seems nonetheless that the lower bound for H in Theorem is close to the breaking
point of several arguments in our proof. Firstly, for H much smaller than exp((log X))
with ¢ > 0 it appears difficult to show (using general Dirichlet polynomial techniques) that
for a large proportion of values [t| < XOM) the sum 3 H<p<2H p' exhibits cancellations.

Secondly, in the graph-theoretic part of our arguments factors of the type ¢! with £ < iggg

arise, and while these are harmless for H > X", they become problematic in the regime
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H < exp((log X)?), in particular if § < 1/2. Despite these limitations, at least if one works
with certain model cases of the problem (such as a “99% version” of Theorem (1.5, where 7
is very close to 1) and assumes GRH, then one should be able to push H further down.

Handling the regime H € [(log X)", (log X )’771], at the very least, would likely necessitate
an entirely new idea for several reasons. Firstly, even under GRH cancellation in the Dirich-
let polynomials > e, cop- x(p)p™ is known essentially only for H >, (log X)@tme",
Secondly, the arguments for solving “approximate functional equations” involving phase
functions that are used in this paper do not seem to work (even in model cases) for such
H, as such arguments rely on the “modulus” [ <p<op= P being much larger than X (see
footnote |14]). Thirdly, the entropy decrement argument (which is applied to prove Propo-
sition at the H > (log X )" range of implies the logarithmic Chowla conjecture)
is restricted to the regime H < (log X)", as it is based on equidistribution of the integers
in [1, X] modulo [Tyac,<opap for A > 1 large enough (see however the recent work [I] for
a quantitatively stronger alternative replacement to the entropy decrement method in the
case of two-point correlations).

1.2. Applications.

1.2.1. Sign patterns of the Liouville function. Let
s(k) ={ve {-1,+1}*: v=(A(n+1),...,A\(n+k)) for some n € N}| (14)

be the number of sign patterns of length & in the Liouville sequence. A direct consequence
of Chowla’s conjecture (or its logarithmic version) is that s(k) = 2 for all k and that
each pattern of length k occurs with positive lower density; yet, this remains unknown
(apart from the k < 4 cases handled in [37]). In fact, known lower bounds on s(k) are far
from exponential; Frantzikinakis and Host [10] proved that s(k)/k — oo as k — oo, and
recently this was improved by McNamara [29] to s(k) > k2. In fact, both in [29] and [10]
a stronger result was proved, namely that A is orthogonal (with logarithmic averages) to
any sequence having o(k?) (respectively O(k)) sign patterns of length k. Let us also remark
that the validity of the 2j-point Chowla conjecture for any fixed j implies by a simple
moment computation that there are > k7 sign patterns of length k that occur with positive
density (so, in particular, s(k) > k7). As an application of Theorem we prove a
superpolynomial lower bound on s(k).

Theorem 1.9 (The Liouville function has superpolynomial number of patterns). We have
s(k) >4 k% for every A > 1.

In fact, we prove a more general result (Theorem, which shows that any improvement
in the range of validity of leads to an improvement in the lower bound on s(k).
In particular, if holds for H > exp((log X)'79), then s(k) . k1osh)”/!797° " gee
also Theorem for a generalization to multiplicative functions other than the Liouville
function.

Theorem can be viewed as progress towards a conjecture of Sarnak in [32] that the
Furstenberg systems of the Liouville function have positive entropy (so that in particular
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s(k) > c* for some ¢ > 1). Sarnak highlighted this as a key special case of his Mobius
randomness conjecture. It is worth noting that, as was observed in [32], one easily sees
that the Mdbius system has positive entropy, but this amounts solely to the fact that the
distribution of squarefree numbers is very well understood and therefore this does not imply
anything about the Liouville system (indeed, Sarnak says in [32] that it appears “pretty
hard to show that X is not deterministic”). In this connection, it would be very interesting
to say more about the frequency of the superpolynomially many patterns produced by
Theorem [1.9

The proof of Theorem involves a different approach than the previous sign pattern
arguments, utilizing a type of “structure and randomness” dichotomy (meaning that if there
are few sign patterns, then the Liouville function is easier to understand, and we can leverage
this to eventually get a contradiction); see Section [5|for the proof and Subsection for
its outline.

1.2.2. Polynomial averages of the Liouville function. As another application of Theorem[1.5]
we use it to establish cancellation in averages

En<x B e xi/ad(n+ Pr(m)) - - A(n + Py(m))

of the Liouville function along polynomial progressions (n + Py(m),...,n + Pi(m)) (with
d being the maximum degree of the polynomials P;). Averages along polynomial progres-
sions are natural objects in additive combinatorics and ergodic theory, and a particularly
important result concerning them is the polynomial Szemerédi theorem of Bergelson and
Leibman [2] that guarantees for any non-constant polynomials P;(x) € Z[x] with P;(0) =0
the existence of a polynomial progression n + Pi(m),...,n + Pi(m) inside any positive
density subset of the integers. This was generalized to polynomial progressions inside the
primes in [39]. However, when one is considering polynomial progressions weighted by an
oscillating function (such as ), these results do not apply (as they are lower bound results).

It was later shown in [40, Theorem 1.4] that if the assumption P;(0) = 0 for all i is
replaced with the polynomials P; — P; having degree d for all i # j (where d is the maximum
of the degrees of P;) one has an asymptotic for polynomial patterns (n + Pi(m),...,n +
Pi.(m)) weighted by the von Mangoldt function (and the same argument works for the
Liouville function). Here we remove this assumption on the degree d coefficients of the
P; being distinct in the case of the Liouville weight, thus obtaining a result that works
for any polynomial patterns (that are not of “infinite complexity”, such as the pattern
(n+1,n+2,...,n+ k)). Moreover, we can take the m average in our results to be of
subpolynomial size, which is important for Corollary below.

Theorem 1.10 (Polynomial averages of the Liouville function). Let k,r > 1 be integers,
and let Py, ..., Py be polynomials in Z[x, ..., x,| with degrees < d. Suppose that P; — P;j is
nonconstant for all i # j. Then for any fized 0 < € < 1/d we have

Emepxe)r [En<xA(n + Pr(m)) - -+ A(n + Pr(m))| = o(1).
Here, [N]" stands for the r-dimensional discrete box {1,...,N}".



HIGHER UNIFORMITY OF MULTIPLICATIVE FUNCTIONS 11

Specializing to linear polynomials, the following result on Chowla’s conjecture with a
short one-variable average is an immediate corollary (in fact, this corollary could also be
obtained more directly from our Gowers uniformity result, Corollary see footnote [21]).

Corollary 1.11 (Chowla’s conjecture with a short average). Let k > 1 be an integer, and
let ai,...,ar > 0 be distinct. Let € > 0 be arbitrary. Then we have

Ep<xe[En<xA(n +aih)--- A(n + agh)| = o(1).
We remark that the Theorem (and hence Corollary [1.11)) continues to hold, with

essentially the same proof, if £ — 1 of the k occurrences of A in the correlation average are
replaced with arbitrary fixed 1-bounded sequences.

Taking h bounded in Corollary [I.T1] would amount to settling Chowla’s conjecture. Pre-
viously, the result of Corollarylzl]-lwas only known for k£ < 2 (using the main result of [25]),
and for £ = 3 without the absolute values around the n average (using [26, Corollary 1.5]).
Note that for £ > 3 the averaged Chowla conjecture of [25] is not applicable in the setting
above, since that result requires averaging over k — 1 independent short variables.

We can also prove an asymptotic similar to the one in Theorem for averages of
the von Mangoldt function if one of the terms in the progression is assigned the Liouville
weight (but perhaps surprisingly the proof does not apply if the weight A is replaced with
the constant weight 1).

Theorem 1.12 (Polynomial averages of the von Mangoldt function with Liouville twist).
Let k,r > 1 be integers, and let Py, ..., Py be non-constant polynomials in Z[x1, . .., x,| with
degrees < d. Suppose that P; — Pj is nonconstant for all i # j. Let A be the von Mangoldt
function. Then for any fired 0 < e < 1/d we have

Emexep|Encx A(n + Pr(m))A(n + P2(m)) - - - A(n + Pp(m))| = o(1).

We remark that the theorem continues to hold, with essentially the same proof, when
the occurrences of A in the correlation average are replaced with arbitrary fixed sequences
that are bounded by A in modulus.

These results will be established in Section [Tl

1.3. Overview of proofs.

1.3.1. The higher order uniformity theorem. Let us outline the proof of Corollary the
proof of the more general Theorem follows along similar lines. By the inverse theorem
for the Gowers norms, Corollary [I.6] is equivalent to a discorrelation estimate between the
Liouville function and nilsequences; more precisely

2X
/ sup Z A(n)F(g(n)T)| dz = o(HX), (15)

X g€Poly(Z—G) né[z,z+H]
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where G/T" is any ﬁxedlﬂ degree k filtered nilmanifold, F': G/T' — C is any fixed Lipschitz
function, and the supremum is over all polynomial sequences g(n) taking values in the Lie
group G (for all the relevant definitions and for the precise statement, see Section .

By using an induction on the dimension of G we may assume that the function F' is
“irreducible” in a certain technical sense, which roughly means that the nilsequences n +—
F(g(n)T') are “orthogonal” to all lower dimensional nilsequences. We split the proof of this
estimate into two cases that are analyzed separately, the case of abelian G and the
case of non-abelian G.

For abelian G, the nilsequences that arise on the filtered nilmanifold G/T" are (Lipschitz
functions of) polynomial phases n — e(P(n)) with deg(P) < k, so this case reduces to the
polynomial phase case. This case is handled in Section [3|and is already sufficient for proving
Corollary . Here the task is to establish structure in phase functions P, € Poly,(Z — R)
satisfying

> Am)e(Pu(n))| do>H (16)
ne€lz,x+H|

for > X choices of z € [X,2X] N Z, and eventually to exploit that structure to show
that such functions do not exist. In order to talk about polynomials being equal up to
negligible contributions, we introduce an equivalence relation on them; in this sketch, we
say that P, ~ Qg iiﬁ P,(n) = e(n)Qz(n) holds on the underlying interval [,z + H| for
some polynomial e(n) which is “smooth” in the sense that |¢()(n)| < H~* for all £ < k.
Note that if we can show that

e(Py(n)) ~e (2T7rlogn+fy(n)> , ne€lzr,z+ H, (17)

with v € Poly (R — R) being a O(1)-integral polynomial (that is, it maps from ¢Z to Z
for some ¢ = O(1)) and T independent of x and of polynomial size in X, then e(Py(n))
is essentially a twist of the Archimedean character n — n’’, so we can use the results
from [23], [25] to obtain the desired contradiction.

As in the linear phase case handled in [26], we begin by establishing an “approximate
functional equation’ﬂ for the polynomial function P,(n) in (16)). Note that if p < H® is a
prime, then if A correlates with e(P;(n)) on [x,z + HJ, then X correlates with e(P,(pn)) on
[z/p, (x + H)/pl, for “most” choices of p (this is a standard Turan—Kubilius argument; see
Proposition . Similarly, for “most” y € [X,2X] and primes ¢ < H®, we must have that
X correlates with e(Py(gn)) on [y/q, (y + H)/q]. Now, if |z/p —y/q| < H/(2max{p,q}),

®We note that the notion of “complexity” of nilmanifolds plays no role in this paper, unlike in e.g. [I5],
since the inverse theorem supplies us with a single nilmanifold G, /T’y such that ||fllgyen > 7 with f
1-bounded implies that f correlates with a nilsequence on G, /T',.

6The actual equivalence relation used in Section |3|is slightly more elaborate; it also allows for a factor
~(n) which is a rational polynomial. To show ideas, let us work with this slightly simpler equivalence in
which we allow the “Archimedean” error € but not the “non-Archimedean” error ~.

"Our use of the term approximate functional equation of course differs from its meaning in the context
of L-functions.



HIGHER UNIFORMITY OF MULTIPLICATIVE FUNCTIONS 13

then the intervals [x/p, (x + H)/pl, [y/q, (y + H)/q| have large intersection, and since by
the large sieve for polynomial phases (Proposition there can only be boundedly many
polynomial phases that A correlates with on an interval, we can say that

e(Pr(pn)) = e(Py(qn)), n € [z/p,(z + H)/p]

for “most” p,q € [P,2P] and z,y € [X,2X] with z/p = y/q+ O(H/P) for some P < HE.
This corresponds to an approximate equality of polynomials modulo 1, but using a suitable
version of the Chinese remainder theorem (Proposition , and shifting P, P, by integer
amounts, which is always allowable, we can eventually upgrade this to an equality modulo
the product Hp’eP p’, where P is a “large” set of primes in [P, 2P], and thus with our choice
of H the modulus is enormous compared to X, so we can essentially treat this as a genuine
equality in R. In this way, we can essentially pass to the approximate functional equation

Py(pn) ~ Py(qn) (18)

for “most” p,q € [P,2P] and z,y € [X,2X] with «/p =y/q+ O(H/P).

If we now form a graph G on [ X, 2X]NZ by connecting x, y whenever x/p = y/q+O(H/P)
and x,y, p, ¢ are satisfying the above conditions, we obtain a graph whose structure governs
the solutions to . In particular, (a known case of) Sidorenko’s conjecture tells us that
G contains many configurations C consisting of two ¢-cycles and an edge between them, for
¢ > log X/log P. When we unwrap what this means in terms of approximate functional
equations, we obtain (in Proposition the approximate dilation invariance

P.(azn) ~ P.(byn) (19)

for many pairs (a,, b,) that are of polynomial size in X (more precisely, products of ¢ primes
from [P, 2P]), and relatively close to each other (with % =< ),

We then “solve” the approximate equation using properties of the underlying poly-
nomial algebra, with the conclusion that P, must locally “pretend” to be a character:

e(Pa(m) = ¢ (2 g + () )

where 7, is O(X°™M)-rational (in a sense specified in Section 4)) and T, = O(X**1/H+*1);
see Proposition [3.8] for a precise statement. Moreover, the quantities T}, can now be shown
to satisfy the approximate functional equation

T,=T,+ O(X/H)
when z/p = y/q + O(%), for “most” x,y,p,q. As in [20], using mixing properties of the
graph G arising from cancellation in Y p_,op pt for |t| < XOM, we may deduce from

this that T, = To + O(X/H) for some Ty of polynomial size and for a “most” values of x.
Further, we also have (modulo integer-valued polynomials) the relation

Yz(pn) = vy(qn)
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for the same tuples (x, y, p, q), and solving this eventually leads to 7, (n) being O(1)-rational
(with a bit more work than in [25], where ;(n) was just of the form Zn). Putting everything
together, we reach the relation , which was enough for finishing the proof.

For G non-abelian, we can use some of the above arguments, but certain additional
difficulties (indicated below) arise that necessitate a more involved analysis involving quan-
titative nilalgebra and some refinements on the graph theory side. Note that by the factor-
ization theorem for nilsequences [16], we have a similar splitting of polynomials g : Z — G
to a smooth part, an equidistributed part and a rational part, so we may define a similar
equivalence relation for these sequences as for polynomial phases. Moreover, we can make
sense of the sequence g(n) evaluated at real n and we can define the size of an element of
G} see Section [4] for details.

Up until the approximate functional equation (now with g.(n) in place of P,(n)),
the arguments in the polynomial phase case are sufficiently general to work equally well for
nilsequences. We can also obtain the analogue of similarly but, perhaps surprisingly, in
the nilsequence setting the solutions to for a given pair (ay, b;) are not all approximate
characters (see for a counterexample). We thus must proceed more carefully and extract
more information from the fact that holds for an extremely large family of pairs (a,, by ).
It turns out that the pathological solutions to for a given (ay, b;) generally do not obey
for other pairs (al,b,), but demonstrating that requires some work.

The way we obtain the required extra information is by generalizing the graph theory
argument from [26] a bit (to configurations of two cycles of unequal length connected by
an edge), and this extra flexibility allows us to obtain

gfﬂ((l + 9)75) ~ gﬂc(t)')’x,e(t% le [:U?‘r + H] (20)

for t € R and for a “very dense” set of real numbers § = O(H/X) (as opposed to just a few
such numbers), where 7, ¢ is Q-rational with @ > HpE[ P2P] p° (this notion makes sense in
Lie algebras; see Section . This is the outcome of Proposition m

Remark 1.13. As indicated above, while in the case of polynomial phases it suffices to
have equation hold for a single 0, in the more general nilsequence case this condition
is insufficient due to the existence of exotic "approximately multiplicative” nilsequences.
Consider for example ¢p(n) = F(g(n)T") where

_ Ty

Ty logn Tologn 3 (logn)?
€ €2 €12

g(n) =

where here e1, eq, €19 are the generators of the free 2-step 3 dimensional nilpotent Lie group,
I the standard lattice. By Taylor approximation of the logarithm function, g(n) differs from
a polynomial sequence by a negligible amount. Moreover, g((1+ 0)t) = g(1+ 0)g(t) so that
s0 one would get ¢((1+ 0)n) ~ ¢(n) if g(1 + 8) is very close to I', independent of n.

It is a fact (following from the Baker-Campbell-Hausdorff formula) that if n — v, 9(n)
is simultaneously very rational and of polynomial size, then it is a constant; thus, v, ¢(n) =:

V0. Make in the change of variables 1 + 6, = e*/N with o ~ 1 restricted to a very
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dense set of numbers and with N = X/H. Then
9o (eNt) ~ go ()0 t =2+ O(H),
so by iterating
92 ("N t) ~ ga ()7 o
for all integers n = O(1). In fact, by an interpolation lemma (Lemma [2.3)), we will be able

to boost this to real n as well. Now we essentially have a two-variable functional equation
for g., which after some manipulation gives us

guly) ~ TN1BWE -y — & 4 O(H), (21)
and for some T' =T, € G of polynomial size. Here, T is given by the relation
T ~ 7386,04

for s = O(1) and for a dense set of a ~ 1 (cf. Proposition[4.20). This is still not enough for
us, since when G is non-abelian, y +— F(TN1°8@/*)I") need not resemble a character at all.
With some extra work, which involves quantitative equidistribution theory of nilsequences
and the mixing lemma to carefully analyze the compatibility between and , we
eventually show that T = O(1)Ty, where Tj is of polynomial size and lies either in the
center of G or in a proper rational subgroup of GG. In the case that G is non-abelian,
the former case is contained in the latter. This is then finally enough, since the O(1)
error turns out to be negligible by Taylor expansion, and if 7" lies in a proper rational
subgroup, we ascend to a group of lower dimension, so we can apply induction to conclude.
Thus n — TN8(M/%) must essentially be a polynomial function on an abelian nilmanifold,
meaning that it is a classical polynomial. This reduces us back to the polynomial phase
case, whose proof we outlined above.

1.3.2. The sign patterns result. We then sketch the proof of Theorem [I.9] Suppose for the
sake of contradiction that s(k) < k4 for some A and for k belonging to an infinite set K.
Then, expanding the (logarithmic) density of each sign pattern of length & as a correlation,
we must have

1 ZA(n+h1)--->\(n+hj)

= > 1
log n
n<x
for k € K and for some distinct hi,...,h; € [1,k]. The entropy decrement argument
developed in [34] (see also [37]), allows one to write C' as a double average:
log P 1 A(n +phy) - X(n + ph;)
= (—1)* d 1 22
o=yl v Ly : Lo, @
P<p<l2P n<z

where P = P(z) is suitable. However, P has to be very small here (namely P < (log z)°™),
which is by far too small in order to apply Corollary[I.6] Instead, we leverage the assumption
that X is assumed to have few sign patterns to show that the entropy decrement argument
can be replaced with a quantitatively much stronger method of moments computation, and
this eventually allows us to obtain for P > X¢ (along a suitable sequence of values
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of X depending on K). Then we are in a position to apply Corollary and we conclude
from the generalized von Neumann theorem that actually C' = o(1), which is the desired
contradiction.
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2. NOTATION AND PRELIMINARIES

We use the asymptotic notation X < Y, X = O(Y) or Y > X to denote the estimate
|X| < CY for some absolute constant C' (in case of Y > X we also require that X > 0).
If we allow the constant C' to depend on parameters, we will indicate this by subscripts
unless otherwise specified, thus for instance X = O(Y') denotes the estimate |X| < CrY
for some C}, depending on k. We also write X <Y for X <YV <« X.

Several of the concepts defined in this paper (e.g., “large family”, “smooth polynomial”,
“comparable interval”, etc.) will rely on the above notation, and thus involve some unspec-
ified implicit constants. If a proposition involves such notation in both its hypotheses and
conclusion, then the implied constants in the conclusions are always permitted to depend
on the implied constants in the hypotheses.

All intervals in this paper will be closed. If I is an interval, we use |I| to denote its

Lebesgue measure and z7 to denote its midpoint, thus I = [z — %l,ac] + %l] For any
x € R, we define the normalized distance
diam(/ U {x
() = ST UAT}) (23)
1|
and similarly for an interval J
diam(f U J
()= ST, (24)

We say that two intervals I, J are compambl@lﬂ and write I ~ J, if we have (I) s, (J); < 1,
or equivalently if || < [J| < diam(I U J). Note that this is an equivalence relation up to
modification of the implied constants; for instance if I ~ J and J ~ K then I ~ K, where
the implied constants in the latter relation can differ from those in the former.

8Here and throughout the paper, definitions such as this one that depend on an implicit asymptotic
parameter are only called in the presence of such parameters (which will be the parameters in Theorem .
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If F is a finite set, we use #F to denote its cardinality. If F is a set, we use 1g to denote
its indicator function, thus 1g(n) = 1 when n € E and 1g(n) = 0 otherwise. Similarly, for
any statement S, we define the indicator 1g to equal 1 when S is true and 0 otherwise.

For any subset E of the real line, we use a + F := {a + z : x € E} to denote the
translation of E by a shift @ € R, and AE := {A\z : © € E} to denote the dilation of E by
a factor A > 0. For instance if I,J are intervals, then I ~ J if and only if AT ~ AJ. If
f: R — S is any function taking values in some set S, we use f(\): R — S to denote the
dilated function ¢t — f(At). For an interval I and function g, we also use the pushforward
notation A\ (I, g) := ()J,g (%))

If a,b are elements of an additive group (G, +), and H is a subgroup of G, we write
a = bmod H to denote the claim that a —b € H; by abuse of notation we also use a mod H
to denote the element a + H of the quotient group G/H. Similarly, if G = (G,-) is a
multiplicative group and H is a normal subgroup, we write a = b mod H to denote the
claim that ab~! € H.

Summations and products over the symbol p (or p/, etc.) are always understood to be
over primes unless otherwise specified, and similarly sums over n are understood to be over
integers unless otherwise specified.

In Section [5] we will need some averaging notation. For a function f : A — C defined on
a set A with A C N nonempty, define its unweighted and logarithmic average over A by

Bucal(n) = o 3 () and Engﬂn)::Z Cy

neA n€A n necA

respectively. Thus in particular for a bounded function f : N — C we have

B f) = o D o), and Eepeanf () = o X 10

n<z r<p<l2x

If P is a collection of prime numbers, we use [[ P to denote the product of its elements:
[P =1
peEP
For any P > 2, we let mo(P) denote the quantity
P
P) = .
mo(P) log P
Note that from the prime number theorem, we see that for sufficiently large P, the number
of primes in [P,2P] or [P/2, P] is comparable to my(P). Accordingly, we say that a set of
primes in [P,2P] or [P/2, P] is large if its cardinality is > mo(P). Observe that if P is a
large set of primes in [P, 2P] or [P/2, P], then we have an exponential lower bound

H P > exp(cP) (25)

for some ¢ > 1. In practice, this lower bound means that [[P is so large compared with
the many “polynomial size” quantities we will encounter in the course of our arguments that
this modulus is effectively infinite.
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For a smooth function f: R — C, we use f) to denote the j* derivative for j > 0. We
recall the Bernstein inequality (see e.g., [31, p. 146|)

sup | fM(#)] <k [T sup [£(2))] (26)

tel tel

for all polynomials f € Poly; (R — R), and hence on iteration

sup [ fU) ()] < 1] sup [ £(2)] (27)

tel tel
for any j > 0 (note that f () vanishes for j > k). From Taylor expansion we then also have
PO < 117 supl (1) (28)

€

for any ¢ € R and j > 0, using the notation (23)).

If § > 0, we use Poly . (0Z — Z) to denote the subgroup of the additive group
Poly (R — R) consisting of polynomials  such that y(0Z) C Z; we refer to these polyno-
mials as %—mtegml polynomials. We have the following explicit description of these groups:

Lemma 2.1 (Discrete Taylor expansion). For any § > 0 and k > 0, the space Poly <4 (0Z —
Z) consists precisely of those functions v : R — R of the form

k
t/é
=3 (")
=0 N7
for some integers cy, ..., cy, where (f) = w

In some parts of the paper we will also use a non-abelian version of Lemma (see

Lemma [B.2]).

Proof. By rescaling we may take 6 = 1. The claim is trivial for k£ = 0, so suppose inductively
that k£ > 1 and that the claim has already been proven for k—1. The polynomials (]) for j =
0,...,kallliein Poly4(Z — Z), and hence so do all integer linear combinations Z?:o c;j (])
Conversely, suppose that v € Poly 4 (Z — Z). On taking kM divided differences, we see that
the k*® derivative 4(¥) (which is a constant) is equal to an integer ¢;. Thus the polynomial
v — Ck (k) has vanishing k" derivative and thus lies in Poly.y_1(Z — Z). The claim now

follows from the induction hypothesis. O

We will need the following application of Bezout’s identity:
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Lemma 2.2 (Bezout identity). Let a,b be coprime natural numbers, and let k > 0. Then
for any A > 0 we have

Poly ., (2% — Z> + Poly_, (2% — Z) = Poly ., (\Z — Z)

and

A A A

Thus for instance every l-integral polynomial can be decomposed as the sum of an a-
integral and a b-integral polynomial, and a polynomial is ab-integral if and only if it is both
a-integral and b-integral.

Proof. See Appendix [C] O

We will need a variant of the Bernstein inequality for exponential polynomials, that is to
say real linear combinations of exponential monomials t — ¢/ exp(at) for some non-negative
integers j and real numbers «:

Lemma 2.3 (Bernstein inequality for exponential polynomials). Let dy,...,dx be non-
negative integers, and let Ny be a sufficiently large natural number depending on
k,di,...,di. Let aq,...,ar be real numbers whose absolute values are sufficiently small
depending on k,dq, .. . dig, No. Let P : R — R be a real linear combination of the exponen-
tial monomials t — t7 exp(ayt) fori =1,....k and 0 < j < d;. Then for any interval 1
and any non-negative integer m one has, for allt € I,

[P ()] i o,t SUP_ |P(0)]. (29)

n=1,...,Ng

Proof. See Appendix [A] O

3. LOCAL CORRELATIONS WITH POLYNOMIAL PHASES

In this section, we establish Theorem [I.3] which implies Corollary as a special case.
Our arguments shall follow those in [26] (although they will be reformulated in a more
general and algebraic setting that applies to relevant collections of phase functions, such
as polynomial phases and later to nilsequences in Section . Some familiarity with the
arguments in [26] will be presumed in this section.

Let k,60, f, X,n, H be as in Theorem To simplify the notation we now allow all
implied constants in the asymptotic notation to depend on k, 8,7, thus for instance

2X
/X 1Lkt (o > X, (30)
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We can assume that X is sufficiently large depending on k, 0,7, since the claim is trivial
otherwise. We can also assumeﬂ k > 1, since the k = 0 case follows similarly to [25, Theorem
Al

It will be convenient to abstract the properties of the polynomial phases one is testing
against, as this will allow us to easily generalize many of the arguments in this section to
the case of nilsequence correlations in Section @] Define a local polynomial phase to be a
pair ¢ = (I, P), where I is an interval in R and P € Poly.,(R — R) is a polynomial. We
let @ denote the set of all local polynomial phases (I, P), and ®; the set of local polynomial
phases (I, P) with a given I. Intuitively, (I, P) should be viewed as an abstraction of the
phase function t — e(P(t)) on the interval I. If ¢ = (I, P) is a local polynomial phase and
f :Z — C is a function, we define the correlation

(f.6) = ,}| S f(n)e(—P(n). (31)

nel
Thus we have
|’f”uk+1([x7x+H]) = Sup ’<f7 ¢>’

¢€¢)[2,1‘+H]

and thus from (30))
2X
[ s o dos x. (32)

X ¢eq>[z,z+H]
Recall from Section [2] that given any local polynomial phase ¢ = (I, P) € ® and a scaling
factor A > 0, we define the rescaling (or pushforward) A.¢ € ® by the formula

o (r(3).

Note that this gives a multiplicative action on @, in the sense that

(A1)« ((A2)+0) = (AM1A2)+0

whenever ¢ € ® and A1, Ay > 0.

Following [26], §2|, we perform a convenient discretization. Define an (X, H)-family of
intervals to be a finite collection Z of intervals of length H contained in [X/10,10X] such
that any pair of intervals in Z are separated by a distance at least 500H. We say that such
a family Z is large if #Z > X/H. By repeating the proof of |26, Lemma 2.1| (which is a
pigeonholing argument) using as a starting point, one obtains a large (X, H)-family of
intervals Z, such that for each I € 7 one can find ¢; € ®; such that

[(fsén] > 1. (33)

9Indeed7 from the results in [26] we can almost assume k > 2, except for the problem that those results
contain an additional loss of H” in the conclusion that is not conceded here. In any case, the arguments
here will also recover the k = 1 case without difficulty.

10The only difference is that one needs to, in the formula below [25] Theorem A.2], treat the integral over
[t| > CX/(2H) by the mean value theorem to be able to work with M (f; CX/H, Q) instead of M (f; X, Q).



HIGHER UNIFORMITY OF MULTIPLICATIVE FUNCTIONS 21

We remark that this step does not require any properties of the polynomial space Poly .. (R —
R), as it only uses the fact that e(P(n)) is 1-bounded for every P in this space.

The next step is to use the multiplicativity of f to relate the various ¢; to each other.
We need a key definition, given as Definition below. Given an interval I in R, we say
that a map e € Poly.,(R — R) is smooth on [ if one has the bound

le(t)] <« 1
for all t € I, which by also implies that

dJ ke
= J J
‘dtjs(t)’ < |7t

for all 7 > 0 and ¢t € R. In particular, if € is smooth on I, then it is also smooth on I’ for
any I’ ~ I.

Definition 3.1 (Comparability of polynomial phases). Given two local polynomial phases
o1 = (11, P1), p2 = (I2, P2) of ® and a scaling factor 6 > 0, we define the relation

D1 ~s P2

to hold if Iy ~ Iy, and we have a splitting
Pl =c+ P+,
where €, € Poly (R — R) are polynomials obeying the following azioms:
(i) (e smooth) ¢ is smooth on I.
(ii) (v is §-integral) v € Poly 4 (0Z — 7Z).

Informally, the relation ¢1 ~s ¢o asserts that ¢, “pretends to be” ¢o on the discrete set
I; N §Z. Technically, this is not a single relation, but a family of relations, depending on
the choices of implied constants appearing in (i), but we shall abuse notation by referring
to ~g as a single relation. It obeys the following basic properties:

Proposition 3.2 (Basic properties of ~s). Let § > 0, and let ¢,¢',¢" € ®.

(i) (Equivalence relation) We have ¢ ~s ¢, and if ¢ ~5 ¢ then ¢' ~s5 ¢. Finally, if
¢ ~s ¢ and ¢ ~5 @' then ¢ ~s5 ¢, where we allow the implied constants in the
latter relations to depend on the implied constants in the former relations.

(ii) (Dilation invariance) If ¢ ~5 ¢’ and X > 0, then Aud ~xs A@'.

(i) (Sparsification) If ¢ ~5 @', then ¢ ~ps ¢ for any natural number ¢.

Proof. These are immediate from Definition together with the previously made obser-
vation that a polynomial smooth on an interval I is automatically smooth on all comparable
intervals I’ ~ I. O

The relevance of this relation to the correlations (33)) comes from the following lemma.
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Proposition 3.3 (Large sieve). Let I be an interval of some length |I| > 1, and let f :
Z — C be a function bounded in magnitude by 1. Suppose that for each i = 1,..., K there
s an interval I; ~ I and a local polynomial phase ¢; € @y, such that

Then either
Kkl

or there exists 1 < i < j < K such that
bi ~1 @5

Proof. Write ¢; = (I;, P;) and H = |I|. By (1), for each 1 < i < K, we can find a real
number 6; such that

Re (e(6;) ) f(n)e(=Pi(n)) | > H

TZEI,'

and hence on summing in ¢ and rearranging

Re (Z f(n) Z 17, (n)e(@i)e(—Pi(n))> > HK.

nel
By Cauchy-Schwarz we conclude that

>

nel

2

K
> 1 (n)e(0i)e(—Pi(n)| > HK?.

=1

The left-hand side can be rearranged as
K K
D> e0;—6:) > e(Pin) — Pi(n)).
i=1 j=1 nelNI;

Thus, by the pigeonhole principle and triangle inequality, there exists 1 < ¢ < K such that

K
Z Z e(P;(n) — Pj(n))| > HK,
Jj=1 |nel;ni;
and hence
> elBi(n) = Py(n)| > H (34)
nel;NIl;

for > K choices of j = 1,..., K. Fix this choice of 1.
Let ny denote an integer point in I. For each j such that holds, we write

k
P(t) — Pi(t) = Y ajult — np)’
=0
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for some real coefficients a;;. Then we have
k
nE(Ii—n[)m(I]’—nI) =0

Applying Weyl sum estimates such as [33, Lemma 1.1.16], we conclude that there exists a
natural number 1 < g; < 1 such that

lgjojallr/z < H™

for Il =0,...,k, where |z|g/z denotes the distance of = to the nearest integer. In particular
there exist natural numbers 1 < a;; < ¢; such that

a]7l
95

< H7.
R/Z

Q51—

The total number of tuples (gj,a;1,...,a;x) is O(1). Thus by the pigeonhole principle,
either K < 1, or else there exist 1 < j < j/ < K such that ¢; = ¢; and a;j; = aj; for all
l=0,...,K. In particular, by the triangle inequality we have

oy — vjrillryz < H™'

for{ =0,..., K, so we can write o/ ; = € jr 1+ + ;4 for some integer v, ;s ; and some
real number ¢; /| = O(H™"). This gives the decomposition

Zgjjllt_nf +P +Z'7jj’l

=0

Comparing this with Definition we see that

i ~1 Py,

and the proposition follows. O

Using this proposition, we can obtain
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Proposition 3.4 (Scaling down). Let 2 < P < Q < H < X and let f : N — C be a
1-bounded multiplicative function. Suppose there exists a large (X, H)-family Z and a local
polynomial phase ¢ € @ associated to each interval I € T such that

for all I € T. Assuming that P, iggg are sufficiently large (depending on the implied con-

stants in the above hypotheses), there exist P' € [P,Q/2], a large (&, &)-family T', and a
function ¢, € ®p associated to each I' € I, such that

(f, &) > 1

for all I' € T'. Furthermore, for each I' € T', one can find > wo(P') pairs (I,p’), where
I € T and p' is a prime in [P',2P'], such that the rescaled interval I%I lies within 3% of

I', and such that

(5,)*@ ~1 & (35)

Proof. From Proposition [3.3| and the greedy algorithm, we can associate to each interval I
of length H > 1 and any 1/ > 0 a family ¢1,...,¢x € ®; of local polynomial phases with
K = O,y(1) such that whenever one has

[(f. o) =7
for some ¢ € ®; with J C I and |J| > n/|I|, then one has
¢ ~1 ¢
for some ¢ = 1,..., K (if we permit implied constants in the ~; notation to depend on 7).

The claim now follows by repeating the proof of |26, Proposition 3.1| (which is a Turan—
Kubilius argument), using the above claim as a substitute for |26l Lemma 2.2|. For the
convenience of the reader we sketch the main ideas of this argument as follows. First, by
using |26, Proposition 2.5] and the multiplicative nature of f, one can deduce that

1, <;,>*¢z> >1

for many I € Z and many primes p’ € [P, Q], and thence (by the pigeonhole principle) for
many [ € Z and p’ € [P',2P'] for a suitable P’. By further pigeonholing, we may arrange
matters so that the intervals I%I lie close to intervals I’ in a suitable large (%, %)—family

7'. Using the previously mentioned claim, one can then show that many of the (z%)*@
associated to a given interval I’ are related via the ~i relation to a suitable phase ¢/,
which will give the claim. O

We also need the following version of the Chinese remainder theoremEL This proposition
turns out to be very useful in what follows, since it allows us to upgrade equivalences

L The reason we call this a Chinese remainder theorem is that it allows us to combine mod p conditions
for different primes p.



HIGHER UNIFORMITY OF MULTIPLICATIVE FUNCTIONS 25

between different exponential phases up to the point where the modulus is so large that we
must have a genuine equality in R.

Proposition 3.5 (Chinese remainder theorem). Let I be an interval of some length |I| > 1,
and let P be a finite collection of primes.

(i) Suppose that ¢ € @1, and that for each p € P there exists ¢, € ® such that
bp ~1 P
Then there exists ¢~> € ®; such that
Pp ~1 ¢

for all p € P, and furthermore (f, ) = (f, ¢ for all f: Z — C.
(ii) Suppose that ¢ € ®; and ¢’ € ® are such that

¢N% ¢’

forallp € P, and suppose |1| is sufficiently large (depending on the implied constants

in the ~1 notation). Then
P

p~_ @

P

Proof. See Appendix [C] O

One can now conclude

Proposition 3.6 (Building a family of related local polynomial phases). Let the hypotheses
be as in Theorem[1.3 Let € > 0 be sufficiently small depending on k,6,n, and suppose that
X is sufficiently large depending on 0,n,,k. Then there exist P', P € [X52/2,X5], a large

(proms pism ) -family I, and local polynomial phases ¢, € ®1» for each I" € I" such that
[(f. 7| > 1 (36)
for all I" € T". Furthermore, there exists a collection Q of > Wo(P/)Q% quadruples

(17, I3, py, ) with I7, IY distinct i,ntervals in I and pY,ph distinct primes in [P’,2P'],
such that 17 lies within 50557 of 21§ (so in particular pi,li’ ~ pi,lé’), and such that
1 2 1

P
1
Ui /!
( )*¢1{' Nﬁ (171)*@5’ (37>

1
Ph

for a large set of primes p” in [P"/2,P"]. (The implied constants in the conclusions may

depend on the implied constants in the hypotheses.)

Proof. One basically repeats [20, Proof of Proposition 3.2] more or less verbatim, but re-
placing [26, Proposition 3.1] by Proposition . For the convenience of the reader we
now outline some more details of the argument. By two applications of Proposition [3.4]
(arguing exactly as in the proof of [26, Proposition 3.2] down to [26, (41)]), we can find
P' € [X",X?] and P € [(X/P)",(X/P')?] C [X*/2,X¢], an (X/P', H/P')-family I’ of
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intervals, an (X/P'P", H/P'P")-family Z” of intervals, and functions ¢/, ¢, € ® associ-
ated to each I’ € 7', I" € T” with the following properties:
e One has for all I"” € 7",
e For each I' € 7', there are > m(P’) pairs (I,p’) with I € Z and p’ a prime in
[P’,2P’] such that I/p’ lies within 3H/P’ of I' and

<@wwwh (38)

e For each I” € Z”, there are > mo(P”) pairs (I',p") with I’ € 7 and p” a prime in
[P"/2, P"] such that I'/p" lies within 3575, of I”, and

1 /!
(17)*¢]/ ~1 ¢I”' (39)

Note that the property only depends on the values of ¢7, on the integers. Thus, by
Proposition i), we may without loss of generality upgrade (39) to

1
(= )x0r ~1 G (40)
P P

without impacting or any of the other properties listed above. Henceforth we shall
assume that holds. Applying Cauchy-Schwarz (as in the continuation of the proof
of [26] Proposition 3.2] down to [26, (43)]), we can now find > o (P’)?mo(P") % octupletﬁ
(1,11, 15, I{, I, py, phy, p") where

e [cZ INILeT I, 1) €T,

e p!,ph are primes in [P’,2P'], and p” is a prime in [P”/2, P"], with p} # ph;

e Fori=1,2, pll lies within 34 of I/, and ]%I{ lies within 355, of I/,

e For each i = 1,2, we have

(7 )er ~1 0 (41)
and
()l ~ 3, i (42)
From and Proposition (ii) we have for i = 1,2 that
()t~ )ty

and hence by and Proposition [3.2]1)

(o

/!
pzp”)*d)l ~d 91

12For a visualization of the dependencies between the intervals I, I}, I/, I3 and Iy, we refer to [26]
Figure 8|.
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and thus by Proposition [3.2(ii), (iii)
1
()01~ (5—
Pip5p” v pg
and thus by Proposition [3. ( ) we obtain (37)). The proposition now follows by repeating the

remainder of the proof of |26, Proposition 3.2| (where one estimates how many quadruples
arise from these octuplets). O

)«

One should think of the set Q of quadruples e = (I, 15, p,p)) produced by the above
proposition as a family of “edges” of a certain graph with vertex set Z”. Now, we adapt the
graph-theoretic arguments in [26, §4] to locate lots of quadruples e = (17,1}, pl, ph) in Q
for which one has a lot of structural control on the local polynomial phases ¢/ Iz 11/5’7 and
their relationship to each other. For the rest of this section we introduce the quantities

X
N = #1" = 7 and di= mo(P")2. (43)

We say that a quantity a is of polynomial size if one has a = O(Xo(l)). For instance,
P' P’ H,X,N,d are all of polynomial size.

Proposition 3. 7 (Local structure of ¢”). Let the hypotheses be as in Theorem and let
e, X, P, P" 1" ¢, Q be as in Proposztzon- Let 01, {5 be even integers such that

d“,d > N?q*. (44)

(Note from the lower bound on P’ that we can choose ¢1,03 = O(1)). We allow implied
constants to depend on e,01,0s. Then, for a subset Q" of the quadruples e = (I7, I, ), ph)
in Q of cardinality > dN, one can find a collection A, of quadruples @ = (a1, asz,b1,b2)
of natural numbers of cardinality = d“t%2 /N2, and a large collection Pea of primes in
[P"/2, P"] associated to each @ € A, with the following properties:

(i) One has
I,// ~_ 1 ( ) Q[)I// (45)

Here the implied constants in the equwalence relation do not depend on £y or {s.
(ii) Fori=1,2, a;,b; are products of £; primes in [P',2P']; in particular

a;, bi = (P/yi, (46)
so a;i, b; are of polynomial size. Furthermore, we have
1
a; — bi = Nai. (47>
(i) Fori = 1,2, we have the approzimate dilation invariance

1 /!
(a)*%{’ NH L ( ) ¢1” (48)

Here the implied constants in the equivalence relation may depend on ¢;, but not on
the complementary parameter £3_;.

e,a
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For the arguments in this section, one could take the parameters £1,¢s to be equal to
each other, but in the next section it will be convenient to allow ¢1, ¢2 to be distinct (in fact
in that section we will take ¢; to be very large compared to ¢2). The specified dependence
of parameters in , on {1, ¢ will be of no relevance in the current arguments, but
will be crucially exploited in the next section.

Proof. Running the proof of [26, Proposition 4.1] all the way down to [26], (53)] (with the
role of k replaced by ¢; and /5, noting that the argument works perfectly well when the
two cycles in the graph have different length), with Proposition playing the role of |26,
Proposition 3.2], we conclude that we can find > d“*+2+1/N (¢, + £5)-tuples

r (I" )i=1,2;j€{0,1,....4;—1} € (I”)eh%
which are “non-degenerate and very good” in the sense that they obey the following axioms:
(i) If i = 1,2 and j = 0,...,¢ — 1 then there exist (uniquely determined) distinct
Pl .
lies within 1OOP,P,, of P';,;,i I7; (with

primes p} ;;,py ;; € [P',2P] such that I7,;

the cyclic convention Iy ; = Ijf;). In particular , I]”Jrl i~ ; ZI’:
(ii) There also exist distinct primes p),ph € [P, 2P’] such that (191,15 2, P, p2) € Q.
In particular, Ij, lies within IOOP,P,, of %Io,l and hence ilw ~ %1071

(iii) For ¢ = 1,2, the primes pLj’i, j=0,...,¢; — 1 are distinct from the primes p’2’j7i,

7 =0,...,¢; — 1. In particular we have the non-degeneracy condition
4;i—1 li—1
[1 v =TT #ha#0 (49)
=0 =0
fori=1,2.
(iv) There exists a large collection P(I”) of primes in [P”/2, P”] such that
1 /! 1 /!
- "o~ - 1" 50
G G 6

forall j =0,...,0; —1and ¢ = 1,2, and similarly
( ) ¢[6'1 ~L ( ) ¢10’27 (51)

where @ is the modulus

Q=[[PU". (52)
The relationships between the intervals I7; . can be schematically described by an ¢;-cycle
and an fs-cycle linked by an edge; see [26], Flgure 10] for an example of this diagram in the

case {1 = V9 = 4.
We note that in [26] the distinctness of the primes pj ;, and the primes p} ;; in (iii)
was not established. However one can obtain this reduction as follows. For the sake of
notation we eliminate the contribution of the case when one has a collision p} 5, = ph1;
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the other cases are treated similarly. Firstly observe that from iterating axiom (i) using the
equivalence relation and dilation invariance properties of ~, we have

li—
H] =0 pl:]ZI//

H[—l / I
j=0 P2,

and hence
l;—1

H p2,]z H pl,jz ~ N Pl) (53)

for i =1,2. If p o1 = ph 4, we can cancel one factor in the i = 1 case and conclude that

l1—1 l1—1

HPQ,jl le,jl NN Pl)el L

Using [26, Lemma 2.6], the number of primes p’Ljﬂ-,p’z’j’i that can obey all these constraints
is bounded by
dél 1 de d£1+£2—1/2

N N < N2
Since the tuple I" is determined by the quadruple (IO 17.702,1)1,])’2) € @ and the above
primes, and since I§ |, I 5 uniquely determine py, py, we conclude that the number of tuples
of this type is bounded by O(d***+1/2/N), and so these tuples can be removed without
significantly affecting the total number of tuples. Similarly for other collisions.

In a similar spirit, we may improve the non-degeneracy bound property to

< mo(P')

£;—1

H p,2,jz H pl W5t Pl) (54)
j=0

by the following argument. Suppose that we had

4;—1 l;—1

H p/2,j 7 H pl,j i = (P/)
7=0

for some i = 1,2, and some ¢ > 0 to be chosen later. From with ¢ replaced by 3 —i we

also have
l3_

l3_i—1 i—
l3—;
H p/2,j,3—i - H p1,;,3 i~ N(P/) - (55)
j=0 3=0
By two applications of [26, Lemma 2.6], the number of tuples (pijﬂ-)l’izl’g;j:()’m’gi_l of
primes in [P’,2P’] with these properties is O(cd***2 /N?). Since the tuple I” is determined
by (151,152, P, P5) and the above primes, we conclude that the number of tuples I" arising

in this fashion is at most O(cd“**2+1/N). For ¢ small enough, this is less than (say) half of
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the tuples of I” currently under consideration, so on removing those tuples we obtain the

bound .
If we apply Proposition (ii) to (50) with the dilation factor

/ /
H D1y H D2

0<5'<g J<j'<¥;
we conclude that
]‘ /! ]‘ Ui
( )*‘Z’[(’. ~1 ( )*¢[<’ )
Qaji Jst Q@ Aj414 J+1,i

for j=0,...,£—1, where

— / /
Qi "= H Pujsi H P25

0<y'<j J<3 <l

for j = 0,...,¢;. Observe that the intervals ilj”z all have length =< (P')~% 5L, and are

comparable to each other in the sense of the relation ~. Applying Proposition (i)7 (iii)
O(¢;) times, we conclude that

1

ag,;

(

)*Gb/[/&i N% ( )*gb/]/(’)ti‘

1
Ay, 4
Since ag i, ar, ; are the product of ¢; distinct primes in [P’,2P'], we have

Qao,;, Qg i = (PI)&. (56)
Also, from the fundamental theorem of arithmetic, once one fixes 1§y, Ij 5, each quadruplet

(@o,1,ae, 1,002, ae,2) is associated to at most O(1) tuples I" (note that from the above
axiom (i) that I, ; is uniquely determined by I7;, pj ; ;. P5 ;;)-

On the other hand, since ——1”. ~ -1 we have
) ag,; 0,2 ag, i 0,2

1 1 X H
_ Pl —4; Pl —4;
(o) P < P

which simplifies using , to

( P/ )Zi

N
From we get the corresponding lower bound. If we set a; to be the larger of ay, ;, a0,
and b; to be the smaller, then we have the properties claimed in (ii), (iii) of the proposition,
while (i) follows from (51)).

The counting argument at the end of the proof of |26, Proposition 4.1] (which is based
on the estimate in [26, Lemma 2.6]) shows that each quadruple e in Q is associated to at
most O(d“+%2 /N2) tuples I” of the above form, and Q has cardinality O(dN), hence there
is a subset Q' of Q of cardinality > dN such that each e € Q' is associated to =< dhtte /N 2

Qg i — a0 K
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tuples I , which by the previous discussion generates =< d“ 72 /N? quadruples (ay, b1, az, by)
obeying the required properties (i), (ii), (iii). The claim follows. O

In this section the precise values of ¢1, /5 are not important; we can select them to be
any bounded even integers obeying . In [26], ¢1,¢2 were essentially chosen to be the
minimal even integer obeying , so that one could make a; — b; as small as possible;
however this will convey no significant advantage in our current arguments.

While the above proposition produces a large family A. of quadruples @ associated to
each e € @', in the argument below it will suffice to just use a single such quadruple d@; this
was also the case in the previous paper [26]. However, when we work with nilsequences in
the next section, it will become necessary to use multiple quadruples a@ for each e € Q.

Thus far we have not exploited the polynomial phase structure of functions in P beyond
the properties in Proposition [3.2] and Proposition [3.3] Now we make heavier use of this
structure in order to “solve” the approximate dilation invariance relation (48)) produced by
Proposition [3.7] using just a single quadruple from A.. The following proposition asserts,
roughly speaking, that this equation is only solvable when the local polynomial phases ¢7, ()
“pretend” to be like the character ¢*7 on I ! for some real number 7' = Ty gy Let us say that
a polynomial v € Poly (R — R) is Q-rational for some Q if it lies in Polygk(%Z — 7Z)
for some natural number ¢ of polynomial size.

Proposition 3.8 (Solving the approximate dilation invariance). Let the notation and hy-
potheses be as in Proposz'tion and write ¢, = (I", Prr) for each I". Then for any of
the quadruples e = (I{,15,p},ph) € Q', and any @ = (a1,b1,a2,b2) in A., there exists a
real number
T = T[if’[éf < Nk+1
and decompositions
T
Pri(t) =ei(t) + 5, logt+ 7i(t)
fori=1,2 andt > 0, where ;: RT™ — R is a smooth function obeying the derivative bounds
e () < 11|
for all j >0 and t € I!', and ; is a Q-rational polynomial with

Q=[] Pea

Here T, e; and ~; may depend on e and a.
Also, we have

Y1(py) = 72(p}-) mod Poly 4 (Z — Z). (57)

Proof. We abbreviate P as P From (48) we have an identity of the form

Pi(ait) = 8;’(15) + Pz(blt) + ’71,(75)
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where ¢} € Poly (R — R) is smooth on a%[{’ and 7] € Polygk(éZ — 7Z) is Q-integral; by
a change of variables, we can write this as
Pi(ait) = sg(ait) + Pz(bzt) + ’Y;(t) (58)

where €} € Poly.,(R — R) is now smooth on I{. Taking k™ derivatives to make all
functions independent of ¢, we conclude in particular that

af P = af(e)® + o P + () ®
or equivalently
P = af ()™ + ()™ (59)
Wherﬂ q; = af — bi-“. As «; is Q-integral, we see on taking k" divided differences (or using
Lemma that %'(k) is an integer multiple ¢;QF of Q*. Thus
a:P" = O(af|1/|F) + eiQ*

From (46]) we also know that ¢; is a natural number of polynomial size; and from the mean
value theorem and we have

_bl
- k
qi =< a;

1 ok
473 N i -
We thus have

)

p® — %Q’f +O(N|I/[H).

Recalling that z;/ is the midpoint of I, we can write the above estimate as

ci DY e-1)! T,
B(k)ziQk+( ) 2( )Tz (60)
qi 7T sz{/
for some real number 7; with the bounds
k
—k k+1
Ty < N (P,P,/> || 7% < N¥TL
Motivated by the Taylor expansion around x I, we write
. T; ~ -
Pt) = &(6) + 5 - logt + Bi(t) + () (61)

for t € RT, where &; : R™ — R is the Taylor remainder

.7 1T t— ZEIN)j

- T;
ei(t):—ﬁlogt%— log$1//+z =
1

L3Note that this choice of ¢; explains why our bound on ¢; in this lemma is a lot weaker that in [26]
Proposition 4.1], even if we try to take £1, £ to be as small as possible. Indeed, if ¢; = a¥ — vF with a; — b;
small, a¥ — b¥ may still be relatively large.
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which is a smooth function obeying the bounds
() < (H/P'P")
for j > 0and t € I/, and ¥; € Poly., (R — R) is the function

s = 2 (),

and
k
~ ] 1T t—CCI//) E
Pz(t) =P, Z x — % log .'L’IZ{/
j=1 Iy
is an element of Poly.;_;(R — R). We can then write by and
Py(ait) = e (ait) + Fi(bit) + 7 (1) (62)

for t € RT, where

N N _ T; b
% (1) = 7i(t) + 3i(bit) — Fi(ait) + {2 log J
T a;

b; T; b;
St =) +E | —t) &t —log — ¢ .
(0 =0+ (2e) -+ { S og 2 |

By construction, v is an element of Polygk(%Z — 7Z) that has vanishing k" derivative,

so 7; in fact lies in Polyo;_;(R — R). From we conclude that €f(a;t) also lies in
Polyj_1(R — R), and from the triangle inequality we have

(1) () < (H/P'P")™

for all j > 0 and ¢ € I;'. In conclusion, P; obeys similar properties to P; except that all
polynomials involved have degree at most k —1 instead of at most £, and the polynomial ~;
lies in Polygkfl(%Z — Z) rather than Polygkfl(éZ — Z). One can iterate this procedure
k times and after collecting terms in the telescoping series, one ends up with a decomposition
of the form

and

*%k

Pi(t) = €7*(1) + 5 logt + P +1°(1)
for t € RT, where T;** is a real number with
T < NF+1
*:RT — R is a smooth function obeying the derivative estimates
(7)Yt < (H/P'P")

for all j > 0 and t € I/, P** € R is a constant, and 7}* is Q-rational. By splitting P;* into
integer and fractional parts and redistributing these parts to ;* and &;* respectively, we
may assume that P/ = 0, thus

Fi(t) = &7 (8) +

kK

2’7 logt + ;™ (¢) (63)
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for t € RT.

This is almost what we need for the claims of the proposition (excluding ), except
that the two real numbers 77", T5™* are allowed to be unequal. From and Definition
we have

Pi(pyt) = ' (pht) + Pa(pit) +71 (1)
for t € R*, where ef € Poly (R — R) is smooth on I(’]”l, and ~ is Q-integral. Inserting
, we conclude that

% log(pyt) = e (pht) + % log(pyt) + (1)
where £7T: Rt — R is given by the formula
e (pyt) = e (pyt) + 5" (W1t) — 7" (Wt)
and obeys the derivative estimates
(eMY(t) < (H/P'P")
for all j >0 and ¢ € I”, and 41T is given by the formula

V() = 21(8) + 37 (1) — 1 () (64)
and in particular is @)-rational. Let n 1, be an integer point of I(’)”l. From Lemma H we
see that the first derivative (717)/(n 1y,) takes values in %Z for some ¢q of polynomial size.
We conclude that . ‘P’P” _— 0

1 2
=0 d Z. 65
27TTLI(I]/1 < H > + 27TTL16/1 o qkk! ( )

Since Py 1y is a large set of primes in [P”/2, P"], we see from that @ > exp(cP") for
some ¢ > 1, so in particularﬂ Q exceeds X© for any fixed C if X is large enough. But
both sides of are of polynomial size, and thus have magnitude less than % for X
large enough. Hence we may remove the modulus restriction and conclude that

1** _ O (PIPII> + T2>k>k

271'77,]// H 27’['nI//
0,1 0,1

which we can rearrange using as
T =T5" + O(N).
If we set T := T,

Xk ok

T: T T T:
wll) =A@+ {QW log "fa’,lJ ,and &(t) = e} () + 15— log t— { log mg,lJ ,

kok

2 2

14We remark that it is this need for Q@ to be bigger than X that puts a limit on the range of H where
one could possibly prove Theorem using the strategy of this paper. Since P’ < H¢, we must have
H > (logz)? for any fixed A. It turns out that there are further restrictions on the size of H in our
proof, coming from the graph theory part of the proof, where factors of ¢! appear, and also from the
Vinogradov—Korobov zero-free region. For these reasons, H actually needs to be at least exp((log X)¢) for
some ¢ > 1/2.



HIGHER UNIFORMITY OF MULTIPLICATIVE FUNCTIONS 35

we obtain all the required claims except for (57). But observe that the previous argument
in fact showed that the first derivative of 4T vanished at all integer points of I(’): 1, and

thus vanished identically thanks to Lagrange interpolation; hence ' is in fact an integer
constant. The claim now follows from ([64)) since 7' is already 1-integral. O

We now follow the arguments in [26], §5] (starting after the proof of [26, Corollary 5.2].
Let § > 0 be a sufficiently small quantity (depending on k,e,n,6) to be chosen later. We
assume X (and hence H) to be sufficiently large depending on 4, and allow implied constants
to depend on §. Define a good quadruple to be a tuple (I"”,T, q,~v) with I € 7", T a real
number with

1
7] < SNEH, (66)
and ¢ a natural number with
1<g< X0 (67)
and v an element of Polyék(ﬁz — 7) for some collection P of primes in [P”/2, P"] of
cardinality > dmo(P") that do not divide ¢, such that we have a decomposition

P (t) =e(t) + % logt + ~(¢) (68)

for all t > 0, where ¢}, = (I, Piv), and e: R* — R is a smooth function obeying the
estimates

£0)(0)] < < (H/P'P") (69)

for t € I” and 0 < 7 < k. We also require that ¢ is the least natural number for which
v € Poly.(qZ — Z).

We will shortly show that Proposition yields a lot of pairs of “compatible” good
quadruples.

Each interval I” is only associated with a small number of essentially distinct good
quadruples. Indeed, we have

Proposition 3.9. Let I" € ", let K be a sufficiently large natural number depending on
9, and let (I",Tj,q5,7;),7 = 1,..., K be a collection of good quadruples associated to the
interval 1". Then there exist 1 < j < j' < K with the following properties:

(i) g5 = g5r-

(i) v = vj» mod Z. (Here we view Z C Poly.,, (R — R) as the group of constant

integer functions). -

(ili) T; =Ty + O(N).

(Recall that we allow implied constants to depend on ¢.)

Proof. We modify the proof of [26, Proposition 5.3]. For j =1,..., K, let P; denote the
set of primes in [P”/2, P"] associated to the good quadruple (I”,T},q;,;). Then

K
Z Z 1p”€73j > K57T0(P”)

p”E[P”/Q,P”] j=1
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and hence by the prime number theorem we have that

K
Z 1p”€73j > K§
j=1
for > dmo(P") primes p” € [P”/2,P"]. For K large in terms of §, we can then find
J,j" € {1,..., K} such that P := P; NP} contains >5 mo(P") primes p” € [P"/2, P"].
From , we have for all j =1,..., K that

T.
P (t) = g(t) + i logt + ; ()

for all ¢ > 0, where ¢/, = (I”, P") and ¢;: R* — R is smooth with 55.”(75) < (H/P'P"7
for all t € I” and 0 <[ < k. Taking first derivatives, we see that the function
T,
' J /
is independent of j. We now specialize ¢ to an integer point ny~» of I”. From Lemma
P!Z. Thus we have

we have v} (ny) € ?T
J
T; T PP
I =—1 40 ( > mod 117 Z

k
27’[‘n1// o 27Tn]// H qqu/k'

for all j,5' € {1,...,K}. Both sides of this equation are of polynomial size, while the
modulus % is far larger than this thanks to . We may thus remove the modulus
"k k!

Tj]. _ er/ n O P/P//
2w 2 H

Ty = Tj + O(N),
giving the conclusion (iii). If we now return to the independence of in j, we conclude

that pipy
B0 -0 =0 (5)

for all t € I”. By the Bernstein inequality (27), we can thus obtain the bound

2 VAN
30 r) 4 0r) = 0 ((P; ) )

for all 1 <1 < k. On the other hand, from Lemma the left-hand side lies in [r 7

k Kk 1.1
a5 a5/ k!
Using ([25)) as before, we conclude that

l l
v nr) =29 (1) =0

for 1 <1 <k, hence by Taylor expansion ; and ;s differ by a constant, which must lie in
Z since 7,7 € Poly<(qjqyZ — Z). This gives the conclusion (ii). Finally, since g; is the

and conclude that

and hence by
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minimal natural number for which v; € Poly;(¢;Z — Z), and ~;, v, differ by an integer
shift, we conclude (i). O

From this and the greedy algorithm, we conclude the following analogue of [26, Corollary
5.4]:

Corollary 3.10. For each I" € T" there exists a set F(I") of triples (T', q,~') of cardinality
#F(I" < 1

such that for any good quadruple (I",T,q,~) there exists a real number T' and a ~' =
v mod Z such that (T",q,~") € F(I") and

T =T+ O(N).

Henceforth we fix the finite sets F(I”). Now we can obtain many pairs of compatible
good quadruples:

Proposition 3.11. For > Nnuo(P')? pairs (I, I5) € (I")?, there exist Th, T, ¢, 71,2 with
(Ti,q,7vi) € F(I') fori=1,2 and

T, =T+ O(N) (71)
Furthermore, for each such pair, there exist primes py,ph € [P’,2P’] coprime to q such that

I{ lies within 100 iy of 7715 with
1

Y1(phy-) = Y2(py-) mod Poly4(Z — Z). (72)

Proof. This will be a modification of the arguments used to establish |26, Proposition
5.5].  From Propositions and [3.8 we can find a collection Q' of quadruples e =
(17,1, p, ph) in Q of cardinality > No(P’)?, such that to each such quadruple e there
exists T, e1,€9,71, 72, Q obeying the conclusions of Proposition (for some quadruple @,
which will play no further role in the arguments). In particular, each e € Q' generates
a pair of good quadruples (I{,T1,q1,7), (I§,T%, q2,72) for some v; € Polyc,(1Z — 7Z),
Y2 € Poly<(q2Z — 7Z) obeying , . By Corollary we may adjust these good
quadruples so that (T;,¢;,vi) € F(I}') for i = 1,2.

At present it is possible that p/ divides ¢; for some i, j = 1,2. But, as noted in |26,
Proposition 5.5], for each g; there are only at most O(1) such p} that can do this, and by
the bounded cardinality of the F(I]), the total number of quadruples e = (17,13, p}, p)
that generate such a situation is O(N7o(P’)), which is negligible compared to the cardinality
of Q. Thus by refining Q" we may assume that p}, p,, do not divide ¢; or ga.

We now claim that ¢; and ¢ are equal. By the definition of a good quadruple, ~; lies
in Poly.,(¢1Z — 7); by this implies that 72 lies in Poly,(phqnZ — Z). On the
other hand, g2 is the minimal natural number for which 75 lies in Poly..(q2Z — Z); by
Lemma this implies that go divides phqi, and similarly ¢; divides p/go. Since p),p} do
not divide g1, g2, we obtain ¢; = ¢o, and the claim follows. O
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As in [20] §5], on the space Z of triples (T, q,v) with T € R, ¢ > 1, v € Poly(¢Z — Z)
we define the metric

1 1
d((T1, q1,m), (T2, q2,72)) = 0(5)N|T1 — Tl + 1gy ¢ + mlvl;ﬁw

with some sufficiently small constant ¢(d) > 0. Proposition m provides one with a
collection S of sextuples (I}, 15, (T1, q1,71), (T, q2,72), P}, py) of cardinality > No(P’)?
such that

d((T1,q1,m), (T2, q2,72)) < o

Applying the mixing lemma in |26, Corollary 5.2], we conclude that there exists a triple
(Th, q0,7) € Z and a collection T of quadruples (I”,T,q,~v) with I"” € T, (T, q,~) € F(I"),
and d((T, q,7), (T, 90,7%)) < % such that

#T >N

and such that there are > Nd sextuples (I, I, (Th,q¢',m), (T2, ¢',72), Py, ph) such that
(I!',T;,q',v) € T and py,p) distinct primes in [P’,2P'] with I{ lying within 100557 of

% 1Y (so in particular I} ~ %IQ’), with p},p coprime to ¢/, and obeying the properties
1

p
, '

In particular, if (I”,T,q,7) € T, then g = qp and

T =Ty+ O(N). (73)
From this and , we conclude in particular that
Tp < NF+L (74)

At present our upper bound on g = qo is quite large (and significantly worse than
in [26]). Nevertheless, we can improve the bound on gy after first establishing the following
variant of [26, Lemma 2.6]:

Lemma 3.12. Let m,f € N and P', N > 3 be such that (P')*~' > N. Let ¢ > 1. Then the
number of 20-tuples (P} 1, .-, P| P15 -+ Pyy) of primes in [P, 2P'] not dividing q obeying

the condition
14 14 ¢
(P")
=1 =1

¢ l

H(plz,j)m = H(p/u)m mod ¢

j=1 j=1
for some C > 1 is bounded by

dt [ me@ 1
en N\ oo TN )

where w(q) denotes the number of prime factors of q.

and
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Proof. This follows the same Dirichlet character argument used to prove |26, Lemma 2.6],
with the one main difference being that the indicator 1,—,, is replaced by 1,m—,,. This
latter condition is attained for at most m®(@ characters x with period ¢, explaining the
additional factor of m“(9) here compared with [26, Lemma 2.6]. O

We now have
Proposition 3.13. ¢y < 1.
Proof. This will be a modification of the proof of |26, Proposition 5.6, using Lemma
in place of [26, Lemma 2.6]. Let £ be the first even natural number such that d* > N2*.
Arguing as in the proof of |26, Proposition 5.6], we can find > d’ tuples
(QOv cee 7@[—1) S Tg
such that if we write Q; = (I}, T}, qo,v;) for j = 0,...,£ (with the convention Q¢ = Qo)
then for each j =0,...,¢ — 1, there exist primes pj ;,p’; 5 € [P, 2P'] such that
Vi (Pj27) = vj+1(P)1-) mod Poly 4 (Z — Z)

and such that I7 ~ p] =17, ;. From the first claim we have
7,1

7—1
szl Hpm = Vj+1 szl Hpm mod Poly(Z — Z)

i=j7+1

for  =0,...,£—1, which by transitivity implies that

-1 -1
% <(H pép)) =0 ((H p271)~> mod Poly <4 (Z — Z). (75)
i=0 i=0
Hf épé 2
[Tz é Pi1
- -1
H p;,z - H P;;,
i=0 i=0
Now we analyze the condition . We write the polynomial g as

k a
t) = Zmym
Yo(t) = b

Similarly, we have that I{] ~ I{, which implies that

where by, are natural numbers and each a,, is an integer coprime to b,,. Clearly vy €
Poly_j(b1...b0xZ — Z), and hence qo < by...b. In particular, there exists 1 < m < k

such that b, > qé/ * From and Lemma and extracting the t" coefficient, we see

that
-1 m
(H p'/i,2> 7 <H b; 1) mOd k'Z
i=0
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-1 m 0—1 m b
! — ! d m__
(H)Z%Q) (}ig]%,l) mo (bm, k")

mw (@)

By Lemma [3.12[ (and boundmg o < q 12, say), we conclude that the total number of

and hence

tuples of primes (pf ;,p; 2)o<i<¢ is at most

dt [ _1jom 1
SN (qo * logX )~

Since there are < N choices for the interval I7, and I and (p] y, p} 5)o<i<¢ determine the
other I7, and we have #F'(I]') < 1, we deduce that the number of tuples (Qo, ..., Q1) €

T* is in fact < d*(qy L2k + (log X)71). Comparing with the lower bound we had for the
number of these tuples, we must have

~1/2k 1
T * log X

> 1,

giving the claim. ([l
Let (I"”,T,qo,7) € T, then from one has

> f(n)e(—Pru(n))

nel”

>> |_[”’.

Let H* == c% for a sufficiently small ¢ > 0. Then one has

S fel-Pum) =g [ 3 fwe(=Puln) o+ O(H")

nel’ nelz,x+H*]

and thus by the triangle inequality we have (for ¢ small enough)

/f Y. fe(=Pr(n)| du> |I"|H". (76)

! nelz,z+H*]
For n € [z, + H*| N Z, we have from that
T
Pr(n) = e(n) + 5 _logn +(n);

from we have
g(n) =¢e(z) + O(c)
while from one has

— 1o logz + O(c).

T To T
—logn = —logn +
27 27
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The effect of the O(c) error to is negligible if ¢ is small enough, and the constant terms

e(z), T;WTO log x disappear once the absolute value signs in are applied. We conclude

that

/ Y fmn T Toe(—x(n))| da > |I"|H".
1 n€(z,x+H*)
The function e(—~(n)) is periodic modulo gg. Since gy = O(1), we can expand e(y(n)) as a
linear combination of O(1) functions of the form 1,,,x(n/q1), where ¢; divides go and x is
a Dirichlet character of period go/q1. We conclude that there exists g1, x of this form such
that

[ s ™ xn/a)| o> |1
L nex,z+H*|
Since each I" is associated to O(1) quadruples in T, there are > X/H intervals I"” € 7"
for which we have an estimate of this form. At present ¢;,x can depend on I”, but there
are only O(1) choices for these quantities, so by the pigeonhole principle we may make g1, x
independent of I”, while still retaining > X/H intervals. Summing in these intervals, we
conclude that

4X/P'P" . B X
Z f(n)n 1q1\nX(n/QI) df]}' >> P/P//H °
X/AP'P" | o]

Arguing exactly as in the final part of [20, §5] (namely, applying the complex-valued ver-
sion [25] of the main result from [23]), we conclude that

M(f;T,Q) <1
for some T' <« % and @ < 1, and Theorem follows.

4. LOCAL CORRELATION WITH NILSEQUENCES

4.1. The set-up. In this section we prove Theorem [I.5] Our argument shall closely follow
in large parts the proof of Theorem [I.3] except that the space ® of local polynomial phases
will be replaced by a different family ¥ of local nilsequences, and significantly more effort
needs to be expended to “solve” the approximate dilation invariance “equations”.

Recall that a degree k filtered nilmanifold G/T" is a quotient space G/I', where

e (G is a connected, simply connected Lie group equipped with a filtration G4 =

(Gi)i>o of closed connected subgroups G;, with Go = G1 = G, G; D G,41 for all 4,

G; = {1} for i > k, and [G;,G;] C Giyj for i,j > 0 (note in particular that this

implies that G is nilpotent);

e [' is a discrete subgroup of G such that the subgroups I'; .= G; N T" are cocompact
subgroups of G; for each i, so that the quotient spaces G;/I'; are all compact.

Let G be a connected, simply connected nilpotent Lie group. Then G is isomorphic to

a matrix Lie group (a Lie group consisting of invertible n X n complex matrices for some

n); see e.g., |20, Proposition 16.2.6], and so for the following discussion we may assume
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without loss of generality that G is a matrix Lie group. The Lie algebra of G, defined as
the tangent space of G at the identity, will be denoted log G. The matrix exponential map
exp: log G — G is then a diffeomorphism (see e.g., [20, Corollary 11.2.7]), and hence we
have a well-defined logarithm map log: G — log GG inverting this map; similarly we have
the diffeomorphism log: G; — log GG; where log G; is the Lie algebra of G;. We define
exponentiation g’ for any g € G and t € R by the familiar formula

g' = exp(tlogg), (77)
so in particular log(g') = tlogg. We place an arbitrary Euclidean metric on the vector
space log G, and allow implied constants to depend on G and this metric. If ¢ € G and
X > 0, we then write ¢ = O(X) as shorthand for |logg| = O(X). We also place an
arbitrary smooth metric d on G/I' (for instance, one could take the Carnot—Carathéodory
metric associated to the metric on log G, although it is not essential here that we do so),
and define the Lipschitz norm of a function F': G/T" — C to be

1Pl = sup [F@)+  swp  T0 LW
z€G/T z,yeG/Tixty d(l" y)
and call a function F' Lipschitz continuous if its Lipschitz norm is finite.
The presence of the logarithm here may seem strange to those accustomed to more
“abelian” analysis, but for nilpotent groups (written multiplicatively) one should view log,
exp, and (g,t) — ¢' as polynomial maps, as the following example illustrates:

1 R R
Example 4.1 (Heisenberg group). Take G to be the Heisenberg group G = |0 1 R |,
0 0 1
1 0 R 100
with filtration Go = Gy =G, Go= [0 1 0], and G; = 010 for all i > 2.
0 0 1 0 01
0 R R
ThenlogG =0 0 R| and
0 0 O
0 =z 2 1z z2+%
exp|0 O y] =101 Y ,
000 00 1
and hence
1 z z 0 z z—%
log|{0 1 y| =10 0 Y
0 01 0 0 0

for any x,y,z € R. In particular we have

! tr tz+ @xy

1
=10 1 ty
0 0 1

o O =
O~ 8
— QW
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1
for any x,y,z,t e R, and | 0 = O(X) if and only if x,y,z — % = O(X).
0

(el RS
— < W

From the identity log g~! = — log g we see that if g = O(X) then g~ = O(X). Similarly,
from the Baker—-Campbell-Hausdorff formula , we see that that log(gh) is a
polynomial function of log g,log h (with degree and coefficients O(1)), and hence if g, h =
O(X) then gh = O(X°W).

We define Poly(R — G) to be the space of all maps g: R — G of the form

k
g(t) = exp(z X;th)
=0

where X; € logG; for i = 0,...,k. From the Baker—Campbell-Hausdorff formula (175,
(1176), (179) we see that Poly(R — G) is a group with respect to multiplication. For any
d > 0, we define Poly(0Z — G) to be the set of all maps g: §Z — G such that

Ohy - - Oh,9(t) € Gj

for all i > 0 and hq,...,h;,t € 0Z, where Opg(t) == g(t + h)g(t)~!. We similarly define
Poly(6Z — T') by replacing G; with I'; in the above definition; equivalently, Poly(dZ — T")
consists of those elements of Poly(6Z — G) that take values in I'. We refer to elements of
Poly(R — G) and Poly(6Z — G) as polynomial maps. We have the following basic fact:

Lemma 4.2. Let § > 0. Then every element g of Poly(R — G) restricts to an element g
of Poly(6Z — G); conversely, every element g of Poly(6Z — G) has a unique extension to
an element g of Poly(R — G). Finally, Poly(0Z — T') forms a group.

Proof. See Appendix [B] O

In view of this lemma we shall abuse notation by identifying Poly(0Z — G) with
Poly(R — G), and viewing each of the Poly(6Z — T') as subgroups of Poly(R — G).
We will refer to polynomial maps in Poly(0Z — T') as being %-z’ntegml.

Applying the inverse conjecture for the Gowers norms as in [35, §4]|, [I7, §C| we see that

Theorem follows from (and is in fact equivalent to) the following claim:
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Theorem 4.3 (Non-pretentious multiplicative functions do not correlate with nilsequences
on short intervals on average). Let k > 0 be a non-negative integer, and let 0 < 6 < 1.
Let G/T be a degree k filtered nilmanifold, and let F': G/T' — C be a Lipschitz function.
Suppose that f: N — C is a multiplicative 1-bounded function, and suppose that X > 1,
X< H<XY and n > 0 are such that

2X
[ s S w)F(n)| o gHx.

X gePoly(R—G) né(z,z+H)

Then one has
M(f;CX /M Q) L0, F,G)T 1 (78)
for some C,Q <y 0.7 1-

We note that in order to prove Theorem [I.5] it suffices to prove Theorem [£.3] with F'
fixed since by Arzela—Ascoli the family of Lipschitz functions F' on G/T" of bounded norm is
precompact in the uniform topology, and moreover we can modify F' in the uniform norm by
anything less than 7/10, say, without significantly affecting the assumption of Theorem
(i.e changing > nHX to > nHX/2, say). As a result we can restrict to a finite set of F’s
and thus to a fixed F' by pigeonholing.

As in the previous section, at present it is only the values of g on Z that are relevant, but
once one begins exploiting the dilation structure of R it becomes convenient to view g as
a polynomial map on all of R and not just on Z. As remarked in the introduction, in [19]
a variant of this estimate was established in which the supremum in g was placed outside
the integral, and in which H was allowed to grow in X arbitrarily slowly rather than at a
polynomial rate; see also [7] for an earlier partial result in this direction.

We prove Theorem by induction on the dimension dim(G/I') = dim(G) of the nil-
manifold G/T" (keeping k fixed). When dim(G/T") = 0, the function F'(g(n)I') is constant,
and the claim corresponds to k = 0 case of Theorem which in turn essentially followed
from the result in [25]. Hence we assume inductively that dim(G/I') > 1, and that the
claim has already been proven for all G of smaller dimension. We now fix k,n,0, F,G/T,
and allow implied constants to depend on these quantities. Thus we have

2X
/ sup Z f(M)F(g(n)T')| dz > HX, (79)
X  g€Poly(R—G) nelz,e+H]
and our objective is to show that
M(f; CX*1/HM Q) <1

for some C, Q = O(1). We may normalize F' to be bounded in magnitude by 1, so that the
sequences n — F(g(n)T') are 1-bounded. As in the previous section, we also introduce a
small parameter € > 0 that can depend on k,n,0, F,G/T", and allow implied constants to
also depend on ¢ unless otherwise specified.
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4.2. Initial reductions. We first make a minor but convenient reduction, namely that we
restrict to the case when f is completely multiplicative rather than merely multiplicative
(cf. |34 Proposition 10]). If we let fi be the completely multiplicative function that equals f
at each prime p, then we can write f as a Dirichlet convolution f(n) = > 32, 14,.f1(%)h(d)
for some multiplicative function h with h(p) = 0 and |h(p’)| < 2 for all j > 2 (in fact
h(p?) = f(p)) — f(p)f(p"~1)). From and the triangle inequality, we thus have

00 2X _
;‘h(d”/x sup Z 1d|nfl(E)F(g(n)F) dr > HX.

g€Poly(R—G) n€le,z+ H

From Euler products we see that > 57 ‘2573' < 1 (say), so by the pigeonhole principle there

exists d > 1 such that

2X
n.— B
/ sub Z 1d|nf1(d)F(g(n)F) de > d2PHX.
X gePoly(RG) n€lz,z+H)

The left-hand side can be trivially bounded by O(d~'HX), hence d = O(1). Making the
change of variables n = dn/ and x = dz’, we then have

2X/d o
/ sup S AE)F(g(dn)T)| dz > (H/d)(X/d).
X/d ge€Poly(R—G) n'ela! x'+H/d)

Note that if g lies in Poly(R — G) then the dilation g(d-) does also. Applying Theorem
for the completely multiplicative function f; (adjusting 6 slightly to retain the hypothesis
X< H< Xl_e), we conclude that

M (fi; C(X/d)* ) (H/d)*, Q) < 1

and the claim follows.

It remains to establish the claim for completely multiplicative f. Assume for contradic-
tion that this claim is false. Then we can find a sequence X = X, > 1 of real numbers and
a sequence f = fy of 1-bounded completely multiplicative functions, such that holds
uniformly in n, but such that

M(f;CXEL/HM Q) = 00 (80)

as n — oo for any fixed Q,C, where H = H, lies in the interval [X? X!=%]. Among other
things, this implies that X — oo as n — co. We now restrict attention to n sufficiently
large, so that X can be made larger than any fixed constant. Henceforth we suppress the
dependence of X, H, f on n. We refer to a quantity as fized if it is independent of n, and
use the asymptotic notation Y = o(Z) to denote the claim |Y| < ¢(n)Z for some quantity
¢(n) that may depend on fixed quantities, but goes to zero as n — oo. From the induction
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hypothesis, we conclude that

2X _
[ s LS @ FGD)| do = oHX)

X GePoly(R—G) n€lz,z-+H)

whenever C:T‘ / 1~“~is a fixed degree k filtered nilmanifold of dimension strictly less than that of
G/T',and F : G/T' — C is a fixed Lipschitz function. More generally, for any fixed Dirichlet
character y, we see from (80) and enlarging @ that

M (fx; OXFH/HEL, Q) — o0
for any fixed C', and hence

2X — -
/ sip | S Fmx(m)EGn)D)| do = o HX).
X gePoly(R—G) n€lz,z-+H)

By multiplicative Fourier expansion we thus have

2X _
[ s | S 0 ot FG0D)| de=olHX) (8D
X gePoly(R—G) n€lz,o+H]
for any fixed natural number ¢ and any fixed a coprime to ¢q. Because f is completely
multiplicative, we also see that the same claim is true when a shares a common factor d
with ¢, after rescaling X, H,z,n by d as before (and expressing sum over the shrunken
interval [z/d,z/d + H/d] as an average of sums over intervals of length (X/H)%?2, plus
negligible error).
Among other things, this allows us to eliminate “major arc’ cases of . Define a
rational subgroup of G to be a closed subgroup G of G for which GNT is cocompact in G.

Proposition 4.4 (Major arc case). Assume that f satisfies . Let G be a fized connected
rational subgroup of G, and suppose that Gisa proper subgroup in the sense that dlm(G) <
dim(G) (or equwalentlg@ G # G). We endow G with the filtration G; = G; N G induced
from G. Let q be a fized natural number, and let E be a fized compact subset of G. Then

2X

[ s | Y gD de = ofX)

X eek
GePoly(R—@) |ME@w+H]
~vE€Poly(¢Z—T)

%This is because G # @G is equivalent to log G being a proper subspace of log G.

Proof. Since F' is a Lipschitz function, and E is compact it suffices to verify the Theorem
for a single choice of €. Next, we claim that the quotient space Poly(¢Z — T') /Poly(Z — T)
is finite. Indeed, from Taylor expansion we see that if v € Poly(¢Z — T'), then +(Z) takes
values in the group I"” generated by the roots {vl/qk ;v €T} of I. As noted at the end
of Appendix , I’ has finite index in IV, so there are only finitely many possibilities for
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the tuple (7(0),...,7(k)) modulo right multiplication by elements of T**1. As this tuple
uniquely determines the polynomial map 7, we conclude that there are only finitely many
possibilities for 4 modulo right multiplication by elements of Poly(Z — I'), giving the claim.

Since the quantity F'(g(n)y(n)I') is unaffected if one multiplies v on the right by an
element of Poly(Z — T'), we see that we may restrict v without loss of generality to a set
of coset representatives of the finite quotient space Poly(¢Z — I')/Poly(Z — T'). Thus, by
the triangle inequality, it suffices to prove the claim for a single fixed choice of ~.

Fix «v. As I’ has finite index in I", there is a finite index subgroup I'y of I" which is
normal in IV (for instance, one can take 'y to be the kernel of the left-action of T on the
finite space T'/T).

The sequence n — v(n)T'y is then a polynomial map from Z to the finite group I /T
(it is the composition of v € Poly(Z — I') with the quotient homomorphism 7 from I' to
I'/T, where we equip I'"/T', with the filtration 7(I';)) and is hence periodic of some fixed
period @; this implies that n — ~(n)I’ depends only on the residue class n mod @. By the
triangle inequality, it now suffices to show that

2X
[ s |3 0k o F (G| de=olHX) (82
X gePoly(R—G) n€lz,o+H]
for any fixed a and any fixed yo € T".
Since G NT is cocompact in G sois GNT,. As T, is normalized by 70, this implies that
Y IGVO N F* is cocompact in v, 1G, so in particular the group Yo LGy is rational. If we
let F:v5 'Gyo/ (75 'Gyo NT.) — C be the function

F(yg g7l ) = F(g70l)
then F is Lipschitz, and the left-hand side of can be rewritten (after conjugating g by
Y0) as

2X _
/ sup S (M) a mod @ G(n)T)| do.

X gePoly(R—»yO—lé’yo) n€lz,z+H]

Here of course we give 7 LG the filtration (v 1670)1‘ =7 L @i, and note that composi-
tion with the Lie group isomorphism g = 7y, 1970 gives an isomorphism between Poly (R —
G) and Poly(R — v 'Gy). Since the dimension of the nilmanifold 75 ' Gvo/(75 *GyoNTx)
is strictly less than that of G/T', the claim now follows from (81)). O

We now eliminate some components of F' that arise from lower dimensional nilmani-
foldﬁ Suppose that there is a non-trivial normal rational connected closed subgroup N
of G. Then inside the Hilbert space L?(G/T) of square-integrable functions on G/T" (with
respect to the Haar probability measure pg/r) there is the closed subspace L*(G/T)N
functions that are invariant with respect to the left-action of N; from normality this space
is also preserved by the left-action of G.

15The need for dealing with these arises from the large sieve for nilsequences that we present as

Lemma m
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Proposition 4.5 (Invariant case). Assume that f satisfies . If N is a fized non-
trivial normal connected rational subgroup of G, and Fy € L*(G/T)N is a fived Lipschitz
continuous function, then

2X
[ s |3 BNl de = o(HX).

X gePoly(R=G) |, el )

Proof. Let m: G — G/N be the quotient map from G to G/N. As N is normal, closed,
and connected, G/N is also a nilpotent connected, simply connectedm Lie group, with a
degree Fk filtration (G/N); := n(G;). Because I is discrete and cocompact in G and NNT
is discrete and cocompact in N, we see that 7(I') = I'/(N NT) is discrete and cocompact
in 7(G) = G/N. Thus 7(G)/n(T") is a degree k filtered nilmanifold, whose dimension
dim(G) — dim(N) is strictly less than that of G/I". Then we can write Fiy = F o7 for some
F: n(G)/n(T) — C with #: G/T — =(G)/x(T) is the obvious projection; this function
F can be seen to also be Lipschitz continuous by working in local coordinates. Since
7o g € Poly(R — 7(G)) whenever g € Poly(R — G), the claim now follows from (81). O

We let '+ E(F|N) denote the orthogonal projection from L?(G/T') to L?(G/T)"; it
can be described explicitly as

E(FIN)D) = [ Flga) duxyven (@
N/(NAT)

for almost every g € G, where we view N/(N NT") as a subset of G/I in the natural fashion.
One can check (using the normality of N and the uniqueness of the Haar probability measure
pny(ner)) that this gives a well-defined self-adjoint projection from L?*(G/T) to L*(G/T)N,
and so must indeed agree with the orthogonal projection to the latter space. It is also clear
from this definition that if F' is Lipschitz continuous then so is E(F|N). In particular, from
Proposition one can remove the component E(F|N) from F while making a negligible
impact to . In our arguments we would like to perform this maneuver not for a single
N, but for a large (but fixed) finite collection of such N. To do this we need the following
observation:

Lemma 4.6 (Composition of projections). Let Ni, Ny be two normal connected rational

subgroups of G. Then N1Ny is also a normal connected rational subgroup, and
E(E(F|N1)|N2) = E(F|N1Ns)

for all F € L*(G/T). In particular (since N1No = NoNy), the projections F — E(F|Ny)

and F +— E(F|N2) commute with each other.

Proof. 1t is clear that N1 Ny is a normal connected subgroup of G. Because Ny NI is
cocompact in Nj and N NI is cocompact in Ny, and Ny is normal, (N; NI')(NoNT) is

16Indeed, from the Baker—Campbell-Hausdorff formula the space G/N is homeomorphic to the vector
space log G/ log N.
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cocompacﬂ in N1 Ns, so N1 Ns is rational. The function
F — E(E(F|N1)|N2) = (F = E(F|N1)) + (E(F|N1) — E(E(F|N1)|N2))
is orthogonal to L?(G/T")™ N L2(G/T)N2 = L?(G/T)MN2. The function
E(E(F|N1)|N2)

is clearly Ns-invariant, and can also be seen to be Nj-invariant using the normality of Na.
Thus E(E(F|N1)|Na) lies in L2(G/T)NN2 | and is thus the orthogonal projection of F' to
this space. The claim follows. O

Given any fixed finite collection Ny, ..., Ny of non-trivial normal connected rational sub-
groups Ni,..., Ny of G, let Iy, : L*(G/T) — (L*(G/T)"i)* denote the complementary
orthogonal projection to L?(G/T)Yi, thus

Iy, F == F — E(F|N)).

From the above lemma, the Iy, all commute with each other. Let Iln, . n, = IIy, ... 1Ly,
denote the composition of these projections. Then one can express F'—Ily, . n,F as a finite
sum of Lipschitz functions, each of which lies in one of the L?(G/T")™i. From Proposition
and the triangle inequality, we thus have

2X
/ sup S f)F =T, F)(gn)D)| do=o(HX)  (83)
X gePoly(R~G) | oot ]

as n — 0o.
We can also use Theorem proven in the previous section, to obtain

Proposition 4.7. Let the hypotheses be as in Theorem [{.3, but assume that f satisfies
(80). Then G is not abelian.

Proof. Suppose for contradiction that G was abelian, then G/T" is a connected abelian
Lie group and is therefore a torus (this follows for instance from Pontryagin duality).
One can approximate F' uniformly by finite linear combinations of characters e(¢), where
¢: G/T — R/Z are continuous homomorphisms. By the triangle inequality (and passing to
a subsequence of X if necessary), we may thus find £ such that

2X
/ Supb > fn)e(=&(g(n)T))| da>> HX.
X gePoly®R—C) |, (-

But from Taylor expansion we see that ¢ — &(g(t)I') is of the form ¢ — P(t) mod Z for
some P € Poly,(R — R), and Theorem supplies the required contradiction. (Il

17Indeed, we have N1 = K1(N1 NT') and Ny = K3(N2 NT) for some compact K, K2, hence N1 Ny =
N1K2(N2NT) = KoNi(N2NT) = Ko K1 (N1 NT) (N2 NT), giving the cocompactness.
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4.3. Studying the structure of local nilsequences. Now we start following the argu-
ments of the previous section. Define a local nilsequence to be a pair ¢ = (I, g), where I
is an interval and g € Poly(R — G). We let ¥ be the collection of all local nilsequences
¢ = (I,g), and ¥ to be the collection of local nilsequences (I, g) with a fixed choice of
I. One should view (I, g) as an abstraction of the function ¢ — F(g(¢)I') on I. For any
¢»=(I,g9) € Vand f: R — C, we define the correlation

1 _
nel

where F': G/T' — C is understood to be a fixed Lipschitz function, with G/T" a fixed filtered

nilmanifold. As before we have the dilation action

(L) = (M,g (i))

for any (I,g9) € ¥ and A > 0. The family ¥ will play the role of the family ® from the
preceding section (which can be viewed as the special case when G/T' = R/Z with the
filtration G; = R for j < k and G; = {0} for j > k, and F(z) := e(x)). From we have

2X
/ swp (. 6)] de> X

X ¢€\Ij[z,z+H]

and hence by repeating the proof of [20, Lemma 2.1| as in the previous section, we can find
a large (X, H)-family of intervals Z, such that for each I € Z one can find ¢; € ¥ such
that |(f, ér)| > 1.

For subsequent analysis we will need to somehow import the decay estimates in Proposi-
tion and into this context. This is achieved via the following application of Markov’s
inequality. Call a (X, H)-family of intervals small if it has cardinality o(X/H).

Proposition 4.8 (Local decay outside of exceptional set). Assume that f satisfies .
Let1 < P < X%, and let T' be a (X /P, H/P)-family of intervals. Then there exists a small
exceptional subset £ of T' such that the following properties hold uniformly for all I € T'\E:

(i) (Magjor arc estimate) If G is a fized connected closed proper rational subgroup of G,
FE is a fired compact subset of G, and q is a fived natural number, then

wp sup %f(n)F(sé(n)v(n)F) dz = o(H/P)

gePoly(R—G)
~v€Poly(¢Z—T)
where I' ranges over all intervals contained in 5001.
(i1) (Invariant estimate) For any fived finite collection N1, ..., Ny of non-trivial normal
connected rational subgroups Ni,..., Ny of G, one has

sup sup | > f(n)(F —Ty,,. nF)(g(n)T)| = o(H/P).
g€Poly(R—G) I'C5001 |, = 1y
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Proof. We begin with (i). We will shortly establish that

sup sup Zf(n)?(ag(n)fy(n)l“) = o(X/P) (84)
lezr e€Bg(lr)  I'Cs001 | =7,

gePoly(R—G)
~v€Poly(¢qZ—T)

for each fixed G, q,r, where Bg(1,7) denotes the ball of radius 7 centred at the identity
in G, and the decay rate in the o(X) right-hand side may depend on G,q. Assuming this
bound for the moment, we can perform the following “diagonalization” argument. There
are only countably many rational subgroups G of G (because log G can be described as a
subspace of log G cut out by equations with rational coefficients). Enumerate the countable
set of triples (G, q,r) with r a natural number as (G, i, ;). For each i, we see from (84),
the triangle inequality, and Markov’s inequality that we can find an exceptional set & C 7
of cardinality at most %5, and a threshold x;, such that

T 1
Sup sup | f(n)F(eg(n)y(n)T)| < H/P
j<i €€Bg(lry) I'C5001 | o7 i
B §€Poly(R—>@j)

~v€Poly(q;Z—T)

whenever x > x; and I € Z\&;. By increasing the x; as necessary we may assume that
X;4+1 > x; for all ¢. If we now set £ = &;,, where i, is the largest natural number for which
x > x;,, then £ is well-defined for sufficiently large x, and the claim (i) follows (since any
compact set E is a subset of some ball B(1,r)).

It remains to verify . Set H* := (X/P)%/?. Then we can use the triangle inequality
to write

Y F)F(eg(n)y(n)l) < : /1 2. f)F(Eg(my ()| da+ O(H")

H*
nel’ nex,z+H*|

and thus (since the intervals 5007 in Z’' have bounded overlap in [X/2P,4X/P]) we can
bound the left-hand side of by

1 rax/p

o s | f0)F(egn)y (D) de + o(X/P)
H X/2P c€E nelmotH]

gePoly(R—G) ’

~vEPoly(qZ—T)

and the claim now follows from Proposition (which is also valid if one replaces X by a
quantity comparable to X/P).

The claim (ii) is proven similarly (using in place of Proposition[4.4)), noting that there
are only countably many rational closed connected subgroups N of G (since such groups
are determined by their intersection N NI with I', which is a finitely generated subgroup
of the countable group I'), and hence only countably many finite tuples (Ny,...,Ny). O
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Thus, for instance, using this proposition (with P =1 and Z' = Z), we could now delete
a small set of intervals from Z and assume without loss of generality that the conclusions
of this proposition hold for all I € Z. As it turns out, however, it will be more useful to
apply this proposition to a different family Z’ of intervals than Z, as we shall shortly see.

As in the preceding section, the next step is to relate the various ¢y to each other.
We need a variant of Definition If I is an interval, we say that a polynomial map
e € Poly(R — Q) is smooth on I if e(t) = O(1) for all ¢ € I. Taking logarithms and
applying to the polynomial map loge: R — log G, this implies in particular that
\% loge(t)| < |[I|77 <t>IO(1) for all 7 > 0 and ¢ € R. In particular € is also smooth on any
interval I’ ~ I that is comparable to I. Also observe from the Baker—Campbell-Hausdorff
formula that if €1, are both smooth on I, then so are sfl and e1ey (with slightly
different implied constants).

Definition 4.9 (Comparability of nilsequences). Given two local nilsequences ¢ =
(I,9),¢' = (I',g") € ¥ and a scaling factor § > 0, we define the relation

¢~ ¢
to hold if I ~ I', and we have the relation
g(t) =e(t)g'()(t)
for allt € R, where e,y € Poly(R — G) are polynomials obeying the following axioms:
(i) (e smooth) ¢ is smooth on I.
(ii) (v is §-integral) v € Poly(0Z — T).
We have the following analogue of Proposition [3.2

Proposition 4.10 (Basic properties of ~s). Let 6 > 0, and let ¢,¢',¢" € V.

(i) (FEquivalence relation) We have ¢ ~s ¢, and if ¢ ~s5 ¢' then ¢/ ~s5 ¢. Finally, if
¢ ~s ¢ and ¢ ~s5 @' then ¢ ~s5 ¢, where we allow the implied constants in the
latter relations to depend on the implied constants in the former relations.

(ii) (Dilation invariance) If ¢ ~5 ¢ and X\ > 0, then Aud ~xs A@'.

(iv) (Sparsification) If ¢ ~s ¢, then ¢ ~is ¢ for any natural number .

Proof. These are immediate from Definition [£.9] together with the previous observation
that a polynomial map that is smooth on I is also smooth on I’ for any I’ ~ I, and the
observation that the product of two polynomial maps smooth on [ is also smooth on I. [

Now we have the analogue of Proposition [3.3}

Proposition 4.11 (Large sieve). Let I be an interval of some length |I| > 1, and let
f:7Z — C be a function bounded in magnitude by 1. Suppose that for each i = 1,..., K
there is an interval I; ~ I and a local nilsequence ¢; € Yy, such that

[{fs 0 > 1. (85)
Then at least one of the following claims hold:
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(i) K < 1.

(ii) There exist 1 <1i < j < K such that ¢; ~1 ¢;.

(iii) (Correlation with major arc nilsequence) There is a connected closed proper rational
subgroup G of G (drawn from a fized finite collection of such subgroups) and a natural
number q (drawn from a fized finite collection of such numbers) and a compact subset
E of G (again drawn from a fized finite collection) such that

swp sup |37 fn)F(egln)y(n)D)| de > 1.
scE _ I'C5001 | =]
gePoly(R—G)
~yEPoly(¢Z—T)
(iv) (Correlation with invariant nilsequence) There is a tuple (N1, ..., Ny) of non-trivial
normal connected rational subgroups Ni,...,Ny of G (drawn from a fized finite

collection of such subgroups) such that

sup sup > [I].

g€Poly(R—G) I'C5001

3" () (F —Tiy,...nF)(g(n)T)

nel’

As one might expect, we will be able to use Proposition to eliminate the options (iii),
(iv) from this proposition, after removing a small set of exceptional intervals.

Proof. We let K be a sufficiently large fixed natural number (depending on F,G/T"), to be
chosen later, and write ¢; = (I}, g;). We can assume that K > Ky, since otherwise we are
in case (i). We will initially just analyze the first K¢ local nilsequences ¢;, and return to
the remaining ¢; later.

Let S: RT™ — RT be a sufficiently rapidly growing but fixed function depending on
F,G/T', Ky to be chosen later. The tuple § = (g1,...,9k,) can be viewed as a polynomial
map in the product group GX° (endowed with the obvious filtration (GX°); := GJKO). The
subgroup I'0 is a discrete cocompact lattice in G0, We may thus apply the quantitative
factorization theorem in |16, Theorem 1.19]|, using the function S in place of the function
M + MA, to obtain a factorization

g=¢379 (86)
where £,§',7 € Poly(R — GX0) obey the following properties for some quantity 1 <
M« Ko,S 1:

(i) (Smoothness) One has |log &(t)| < M for allt € I (and hence by (27), |§% log €(t)| <«
M|I|™7 for allt € I and j > 0).

(ii) (Equidistribution) g’ takes values in some rational connected closed subgroup G of
G*&o which is M-rational (in the sense of [I6], Definition 2.5, using some arbitrarily
chosen Mal'cev basis on G%0), and is totally 1/S(M)-equidistributed in the sense
that

1
Fls
= S( )H HLP

- )
75 2 T~ [ Fdug s <

nepP
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for any Lipschitz function F: G / I — C, and any arithmetic progression P in INZ
of length at least 5 ]I| where T := ' N T50 (and we endow G//I" with the
metric induced from G (G/T)Ko),

(iii) (Rationality) 7(Z)I'5° takes values in the set {yI'50 : ¥4 € T'Ko} for some 1 < ¢ <

M, and the sequence n + 5(n)I'%0 is periodic on Z with period at most M.
Arguing as in the proof of [16, Corollary 1.20], this gives a summation formula of the form

G(n)T A
ngZng " Z /:cié’yiFKO/FKO

5 [Ea=
F dﬂZié’yirKO/FKO + OM,KO <SW)II;2‘I’ (87)

for any interval I’ C I, where the A; are positive quantities summing to O(|I|), the x; are
clements of GX0 with logz; = Op(1), of magnitude Op(1), and the y; are elements of
GKo with y! € ' (the argument proceeds by splitting I’ into Oy x, (S(M)'/?) arithmetic
S(]\‘/ﬁl/z
could be more precise about the values of A;, x;,y; here, as well as provide upper bounds
on the quantity s but it will not be necessary for our argument to do so.

We write & = (e1,...,€x,), § = (91,1 9K,), and 7 = (71,...,7K,). We now divide

progressions of diameter O/ g, ( ) and spacing equal to the period of YT50). One

into several cases, depending on the nature of G'. Foreach 1 < Jj < Ko, let 7;: G¥o — G be
the projection to the j* factor of G. Then ﬂ'j(é/ ) is a closed connected rational subgroup
of G. Suppose that there exists j for which 7; is not surjective, so that 7;(G") is a proper

subgroup of GG. Because G'is M -rational, it belongs to a fixed finite family of subgroups of
G*0, and hence 7;(G’) also belongs to a fixed finite family of subgroups. From ,
we have

> fn) g5 (n)y;(n)T) | > 1],

nel;

so in particular |[;| > [I]. Let ¢ > 0 be a small quantity to be chosen later. Then by
covering I; by intervals I ]’ of length o|I| and using the pigeonhole principle, we can find
one such interval IJ’- for which

> F(n)F(g5(n)g(n)y;(n)T)| > olI|.

nEI’
From property (i) and we see that
F (ffj(n)gj(n)w(n)l“) = F(ej(x1)gj(n)y;(n)T) + O (o)

fornel j’ For o sufficiently small depending on M (but with o =<j; 1) we can then neglect
the error term and conclude that

> f)F(ej(ap)g;(n)y;(mD)| > o],

nEI’
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and now we have conclusion (iii) of the proposition.
Henceforth we now assume that 7; is surjective for all 1 < j < Kj. For distinct 7,5 €
{1,..., Ky}, consider the group

N].f{m() ]’LGG/TI']()—l}.
This is a normal connected closed rational subgroup of GG; indeed one can check that
logNi’j:{frl-( ) helogG' 7T]( )—O}

where 7;: log GK0 — log G are the coordinate projections, and then the claims are easily
verified. Let IT be the projection on L?(G/T") formed by composing together the IT N, ; for
all distinct 4,7 € {1,..., Ko} for which V; ; is not trivial. Note that because G’ belongs to

a fixed finite family of subgroups of G*v, N; ; belongs to a fixed finite family of subgroups
of G (depending on M, Kj). Thus, if

> f()(F —TF)(g;(m)D)| > |1

nGIi

for some i = 1, ..., Ky, then we have conclusion (iv) of the proposition. Otherwise, by
and the triangle inequality, we may assume that

> F()IF (gi(n)T)| > |1]

nel;
foralli =1,..., Ky. We may now apply Cauchy—Schwarz as in the proof of Proposition [3.3]
and conclude that
Ko Ko
S S UG DT 01| > K31, (88)

=1 j=1 |nel;NI;

We now dispose of the diagonal terms by claiming that

> IF(gi(n)D)? < 1| (89)
nel;

for each 7. A key point here is that the implied constant does not depend on Ky, M. Here
we have a technical difficulty because IIF' is not well controlled in L*°(G/I") norm (one
has a L> bound of Ok, »(1) rather than O(1)); however it is still bounded in L?(G/T)
by 1 since IT is an orthogonal projection, and it also has a Lipschitz norm of Og, a(1).
Nevertheless, by applying the formula , one can write the left-hand side of as
> 1
Z;Aj/ [ILE o i ey, Gryrico prico + OM Ko (Wuo
j=

xj@’ijKO/FKO

for some Aj,x;,y; (which can depend on i) with the properties listed after . As m; is
surjective, it pushes forward Haar measure to Haar measure by the uniqueness properties
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of Haar measure, so the above estimate simplifies to

° 1
Ay [ PP duge + Oy (gl
; J ar /T 0 S(M)1/2

Since the L? norm of IIF is bounded by 1, and > 5=14; = O(|1]), we obtain the claim
if S is chosen to be sufficiently rapidly growing.

Using to remove the diagonal terms from , we conclude (for K large enough)
that there exist distinct 4,j € {1,..., Ko} such that

Y LF(gi(m)D)IF(g;(n)T)| > |1].

TLGIZ‘ﬂIj

Applying , we can bound the left-hand side by
>
=1 r

for some Ay, x7,y; obeying the properties after ; in particular, for S sufficiently rapidly
growing, there exists [ such that

- I
(HF o Wz)(HF o 7'(']) d'uzlé’yzFKO/FKo + OM,KO <Si]\|4—)>

1G/y T Ko /T Ko

/aczé/yzFKO/FKo (HF ° Wz)(HF © Trj) d'umlé/ylFKO/FKo ?é 0.

We can project the nilmanifold xlé’ylFKo/FKO down to (G/I')? using the projection map
(m;, ;) to the 4, j coordinates. The image of this nilmanifold is then invariant under the
left action of the normal group N;; x {1}. If N;; is non-trivial, then IIF" has mean zero
along all orbits of IV; ; by construction, and the above integral will vanish. Thus V; ; must
be trivial. A similar argument shows that N;; is trivial.

Now consider the subgroup

Gij = {(mi(9),7;(9) : § € G’}
of G?; this is a closed connected rational subgroup of G2. By the preceding discussion, the

projections 71 : G; j — G, m2: G; j — G are both surjective and injective. By the Goursat
lemma, G; ; then takes the form

Gij={(9,015(9)) : g € G} (90)
for some group isomorphism ¢; j: G — G. As there are Ok, am(1) = Ok, s(1) possible

choices for G/, there are Ok,,s(1) choices of ¢; ;. As G;; is rational, the map ¢;; (when
expressed in the standard basis for log ) is a polynomial map with rational coefficients,
hence (by Baker-Campbell-Hausdorff) ¢; ;(I') is covered by finitely many translates of I',
and conversely; thus ¢; ;(I') must be commensurate with I', in the sense that ¢; ;(I') N T’

has finite index in ¢; ;(I') or I'. Since ¢ takes values in G, we see from that

g; = ¢i;(9)
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and thus by

9j = €i,jbi,j(9i) i (91)
where

€ig = &50ij(gi)
and

Vi = Gi5 (%) -
From the smoothness properties of €;,e; we see that
loge; (t) <kym 1
for ¢ € I, and hence (since M = Og, s(1))
loge; j(t) <K, 1. (92)

By rationality, the functions ¢; ;(v;)I', ;1" each map Z to {7I' : 44 € I'} for some ¢ =
Oky,m(1) = Ok, 5(1) and are also periodic with period O, (1), which (as discussed at
the end of Appendix [B)) implies that

’)/ZJ(Z)F C {’YF : ’yq c F} (93)

for some ¢ = Ok, s(1), and ; j is periodic with period Ok, s(1).

Call a pair (i,7) of distinct elements of {1,..., K} good if there is an identity of the
form , where ¢; ; ranges over one of Ok, s(1) isomorphisms of G, €; ; obeys on
I, and 7;; obeys for some ¢ = Ok, 5(1) and is periodic with period O, s(1). By
relabeling, we have shown that every Ky-element subset of {1,..., K} contains a good pair
(i,7). Averaging over all such subsets, we conclude that there are >, K2 good pairs. In
particular, by the pigeonhole principle, there exists ¢ € {1,..., K} such that (i,7) is good
for >k, K values of j. Note that there are only Ok, s(1) possible values of ¢; ; and of the
coset y; jPoly(Z — TI'). Thus, if K is large enough, we see from the pigeonhole principle
that there exist distinct j, j* such that ¢; ; = ¢; j» and ~; jPoly(Z — T') = ~; yPoly(Z — T').
From we conclude that

-1 -1
g] = 817]51,]/9‘71’}’17]/717]
and hence by Definition [4.9
$j ~1 By
and the claim follows. U]
Using this proposition as in the previous section (but now also using Proposition to

eliminate the unwanted options (iii), (iv) from Proposition 4.11)), we obtain the following
variant of Proposition
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Proposition 4.12 (Scaling down). Let 2 < P < Q < H < X and let f: N — C be
a 1-bounded completely multiplicative function. Assume that P, igg g are sufficiently large

(depending on the parameters k,0,1n). Suppose there exists a large (X, H)-family T and a
local nilsequence ¢r € Wy associated to each interval I € T such that

’<f7 ¢[>’ >1
holds for all I € I. Then there exist P' € [P,Q/2], a large (3, &)-family T', and a local
nilsequence ¢, € W associated to each I' € T', such that

for all I' € T'. Furthermore, for each I' € T, one can find > mo(P’) pairs (I,p’), where
I €T and p' is a prime in [P',2P'], such that the rescaled interval Z%I lies within 3% of
I', and such that

<;,>*¢I ~ & (94)

Proof. Repeat the proof of [26, Proposition 3.1] down to the paragraph after (36). Then
one can find P’ € [P,Q/2], and a collection Zy of intervals in [0, 10X/P’] that are separated
by distance at least 2H/P’, with the property that for > %ﬂ'o(P/) pairs (I,p') with I € Z

and p’ a prime in [P, 2P’], I%I lies within 3% of some interval I’ € Z,, and furthermore

. <;,>*¢I>| S 1.

Note that each I" is associated to at most O(my(P’)) such pairs. In particular we have the
freedom to remove a small set of intervals from Z’ without significantly diminishing the set
of pairs (I,p’) in the above claims.

From Proposition and the greedy algorithm, we see that for each I’ € Z5, at least
one of the following claims hold:

(i) There is a family ¢r1,...,¢r k, € ¥ of functions with Ky = O(1) such that
whenever (I,p’) is one of the above pairs with i[ within 3% of I, one has

1
(]7)*@ ~1 ¢1 K,

for some ¢ =1,..., K.

(ii) There is a connected closed proper rational subgroup G of G (drawn from a fixed
finite collection of such subgroups) and a natural number ¢ (drawn from a fixed
finite collection of such numbers) and a compact subset E of G (again drawn from
a fixed finite collection) such that

- H
sup sup Z f(n)F(eg(n)y(n)T)| dz > o
c€E _ JCs00I |5
gePoly (R—G)
~v€Poly(¢Z—T)
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(iii) There is a tuple (Ny,...,Ny) of non-trivial normal connected rational subgroups
Ni,...,Nyof G (drawn from a fixed finite collection of such subgroups) such that

H
sup sup [y f(n)(F =TIy, N, F)(g(n)T)| > o
g€Poly(R—G) JC5001" | 1=

By Proposition[.8] we can eliminate the options (ii), (iii) by removing a small set of intervals
from 7y, leaving only option (i). One can now continue the proof of [26, Proposition 3.1]
(making only the obvious changes) to conclude the proposition. ]

We continue to follow the line of argument from the previous section. We will need an

analogue of Lemma [2.2] for nilsequences:
Lemma 4.13 (Bezout identity). Let a,b be coprime natural numbers, and let X\ > 0. Then
A A
Poly(=Z —T) - Poly(gZ — I') =Poly(\Z — T)
a
and
A A A
Poly(=Z — T')NPoly(~Z — T') = Poly(—Z — T).
a b ab
Proof. See Appendix [C] O
As a consequence, we can now establish the analogue of Proposition [3.5] for nilsequences
(though with a slightly weaker version of part (ii)):

Proposition 4.14 (Chinese remainder theorem). Let I be an interval of some length |I| >
1, and let P be a finite collection of primes.

(i) Suppose that ¢ € Vr, and for each p € P there exists ¢, € U such that
¢p ~1 ¢
Then there exists ¢' € Wy such that
¢p N% ¢/
for all p € P, and furthermore (f,p) = (f,d') for all f: Z — C.
(ii) Suppose that ¢ € Uy and ¢’ € U are such that
¢~ g
p
forallp € P, and suppose |1| is sufficiently large (depending on the implied constants
in the ~1 notation). Then there is a subset P’ of P with #P' > #P such that

P
g~ 1 ¢
e
Proof. See Appendix [C| O

One can now conclude an analog of Proposition [3.6]
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Proposition 4.15 (Building a family of related local nilsequences). Let the hypotheses be
as in Theorem[.3 Let € > 0 be sufficiently small depending on k,6,n, and suppose that
X s sufficiently large depending on 0,n,,k. Then there exist P', P € [X52/2,X5], a large
(%, %)—family 7", and a local nilsequence ¢, € Win for each I" € I such that ([36)
holds for all I" € T"; also, each I" € " obeys the conclusions (i), (ii) of Proposition 4.8
(with P = P'P"). Furthermore, there exist a collection Q of > WO(P')Q% quadruples
(17, I}, py, ) with I7, IY distinct iretervals in I" and pl, ph disz&z’nct primes in [P',2P'],
such that I} lies within 50555 of %IQ’ (so in particular If ~ %?Ié’), and such that
holds for a large set of primes p” in [P"/2, P"].

Proof. One repeats the proof of Proposition 3.6 verbatim, using Propositions

in place of Propositions 3.4 To ensure the conclusions (i), (ii) of Proposition
one simply removes the exceptional set produced by that proposition, which has only a

negligible impact on the cardinality of Q. O
For the rest of this section we introduce the quantities
X
N =#7T"=<—
# H
and
d = o(P /)2

as in the previous section. We now establish an analog of Proposition

Proposition 4.16 (Local structure of ¢""). Let the hypotheses be as in Theorem and let
e, X, P',P"T" ¢7, be as in Proposition . Let l1,45 be bounded even integers obeying
. We allow implied constants to depend on €,01,ls. Then, for a subset Q" of the
quadruples e = (I}, 15, p},ph) in Q of cardinality > dN, one can find a collection A of
quadruples @ = (ay,az,bi,by) of natural numbers of cardinality =< d“+% /N2, and a large
collection P, g of primes in [P" /2, P"] associated to each @ € A., obeying the properties (i),
(i), (iii) of Proposition[3.7 In particular, the implied constants in do not depend on
l1,45, and the implied constants in may depend on £; but do not depend on f3_;.

Proof. One repeats the proof of Proposition using Propositions [4.10] [4.15] [4.14]in place
of Propositions . Note that Proposition M(u) will force us to refine the set of
primes Py i somewhat, but it will still remain large. O

In the previous section, the values of ¢1, o were not of particular significance. In this
section it will be convenient to choose £1 to be significantly larger than £s, because we will
need to work with many quadruples simultaneously.

4.4. Solving the approximate dilation invariance. The next step is to solve the ap-
proximate dilation invariance equation for a given quadruple e. In the previous section,
we were able to obtain a satisfactory description of the solutions just by using a single choice
of @ = (a1, b1,a2,b2) € Ac; see Proposition Here, however, the situation will be more
complicated, because for each @ there can be some unwanted “exotic” solutions qﬁ’l’{/ to (48)
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that do not pretend to behave like a character ¢'7, and which therefore cannot be treated
using the results from [23], [25]. For instance, consider the situation in which

Sy = (It = 770) (95)
for some v = 74, 5, € I of polynomial size vy = X°() and some polynomial P(t) which is
a partial Taylor expansion of the analytic function t — bg%z% around the midpoint z Iy

of I!'. If the filtration G; is defined suitably, ¢t — v7'®) will be a polynomial map. On the

other hand, since
log(aqt) log(byt)
rylog(a1/b1) = fylog(a1/b1)ry

one can verify that the approximate dilation invariance (48]) will be obeyed for i = 1 if P(t)

is a sufficiently long partial Taylor expansion of ¢ +— m. If v is a central element of

G, the local nilsequence ([95) will then “pretend” to be like ¢*I" for some T depending on
~ and log(a;/b1), but if 7 is not central then one would not expect this to be the case in
general. As a consequence, merely having for a single tuple @ will be insufficient for
our arguments. However, as we shall see, if have the approximate dilation invariance (48))
holds for a very “dense” collection of ratios a;/b;, then one cannot have a representation
such as for all of these a1 /b; simultaneously unless the bases v involved are essentially
central, or if é/[/i' can be modeled by a lower dimensional nilsequence. Actually the first
case is contained in the second thanks to Proposition [4.7] so we will be able to proceed via
Proposition [.4]

We now begin the formal arguments. The first step is to decouple the “continuous” (or
“Archimedean”) aspects of the equation (associated to the smooth polynomial maps € in
Deﬁnition and the dilation structure in ) from the “rational” (or “non-Archimedean”)
aspects (associated to the rational maps ~ in Definition . It will be possible to do this
thanks to the exponentially large size of the modulus [[P.z occurring in , which
enable a sort of “Lefschetz principle” to pass to the continuous setting. To describe this
more precisely we need some more notation. As in the previous section, a quantity a
(which could be a number or an element of G or log G) is said to be of polynomial size if
a = O(X°(M). We similarly say that a map g € Poly(R — G) is of polynomial size if the
coefficients gg, ..., gi of the Taylor expansion

t t

g(t) = gogl(l) . -g,gk)
of g around the origin are all of polynomial size. Observe from many applications of the
Baker—Campbell-Hausdorff formula (Appendix that a polynomial map g € Poly(R — G)
is of polynomial size if and only if the polynomial map log g: R — log G has all coefficients
of its Taylor expansion around the origin of polynomial size. In particular (from a further
application of Baker—-Campbell-Hausdorff) if g, h € Poly(R — G) are of polynomial size
then so are g~! and gh (though with different implied constants in the O() notation); also
one has g(t) of polynomial size whenever g, t are. Next, for any modulus ¢ > 0, we say that
a map vy € Poly(R — G) is Q-rational if y € Poly(%Z — I') for some natural number ¢ of

polynomial size. From Lemma (and a rescaling by ¢) we see that if y,~" € Poly(R — G)
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are Q-rational, then so are y~! and v/, again with different implied constants in the O()

notation. The key fact that allows us to decouple is the following “transversality” between
the collection of maps of polynomial size and the collection of maps that are extremely
rational.

Lemma 4.17 (Transversality). Let P be a large set of primes in [P"/2, P"]. Suppose that
g € Poly(R — G) is both of polynomial size and Q-rational, where Q@ = [[P. Then g is
equal to a constant g(t) = for some v € I of polynomial size.

Proof. The group element ¢(0) lies in I" and is of polynomial size. By dividing this out we
may assume g(0) = 1. We first prove the claim for abelian groups G. Since ¢ in a map in
Poly(&Z — T') we have

with a; € Z. So that

Since g is polynomial size we conclude that [%]k%ak must be of polynomial size; as ¢ is

also of polynomial size, we therefore have
ar = O(XOWQ™k),
On the other hand, as P is a large set of primes in [P”/2, P”], we have from that
Q> exp(X‘EQ/?’)

(say). Since ap € Z we conclude that ar = 0. Proceeding by induction we obtain that
a; = 0 for all i > 0.
Now that if g € Poly(R — @) is of polynomial size then g = ¢|G,G] € Poly(R —
t t t t
G/|G, G]) is also of polynomial size, since if g(t) = gogl(l) . glg’“) then g(t) = goggl) . .g,g’f),
where g; = g;[G,G]. Consider g now as a polynomial map in Poly(Z — I'/[I,I), then
by Lemma we have the Taylor expansion

g (qt> = 303 .4

Q
where 7; = ;[[, T']. By the claim for abelian groups we have for each ¢ > 1 that 4; = 1, so
that ; € [I',I']. The claim now follows by induction on the derived sequence. O

Using this lemma, we obtain the following.
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Proposition 4.18 (Splitting). Let the notation and hypotheses be as in Proposition
and assume {1 > ly. Let e = (I{, I}, p},ph) € Q@ and @ = (a1,b1,a2,b2) in A, and write
dp = (I, gpr) fori=1,2 and some gpr € Poly(R — G). Then we may factor

grr = Ge,diVe,d,i (96)

for i = 1,2, where gegz; € Poly(R — G) is of polynomial size (with exponents that can
depend on la, but are independent of 1) and Yeg; is || Peg-rational. Furthermore, we
have the approximate dilation invariance

- a; -

Ge,a,i <bl> = €ife,a,ii (97)
(]

for some v; = viea € I' of polynomial size, and some €; = ;.5 € Poly(R — G) that is

smooth on II'. In a similar vein we have

Jean(Py) = €' Geaa(p) (98)
for some et = 51,6 € Poly(R — G) that is smooth on il{’, and

Vea1 (Pa7) = Yeaa(Pi )y (99)
for some T = v;r@ € Poly(n%&az —I).

The fact that the polynomial size bounds for g. 71 depend only on the smaller exponent
£5 rather than the larger one ¢; will be crucial in our subsequent analysis.

Proof. Let i = 1,2, and set Q := [[Peg. From and Definition one has
grr(ai) = 5 grr (bi)v; (100)

where 7/ is @-rational and €] is smooth on %IZ{’. Applying to the polynomial log e}
we conclude that ¢ is of polynomial size (with exponents that do not depend on /1, f3).
We now claim inductively for every j = 1,...,k + 1 that we can factor

911 = Ge,d,ij9e,ai Vesd,ivi (101)

where gz ; € Poly(R — G) is of polynomial size (with exponents that may depend on /;
but not on £3_;), Veq:,; € Poly(R — G) is Q-rational, and g.z;; € Poly(R — G;) takes
values in G; setting j = k + 1 then gives the desired claim for ¢ = 2 at least; for i =1
we will have the issue that the exponents depend on ¢; rather than ¢, but we will return
to fix this issue later.

The inductive claim is trivial for j =1 (set g g1 = gry with Ge i 1,%Ve,a,i1 trivial); now
suppose that the claim has been established for some 1 < j < k. In this argument all
exponents are allowed to depend on ¢; but not on ¢3_;. Then from (100 we see that

Gedij(@i) = €jGe.di;(bir)V;

for some €; of polynomial size and @-rational v; (we suppress the dependence of these maps
on e, d,i for brevity). Quotienting by G; we see that Ej_l and ~y; agree modulo G, and
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hence by Lemma applied to G/G; are both equal modulo G; to a constant v € T" of
polynomial size. Thus we have

Geaij(air) = v geaii(bi)V7;

for some €; of polynomial size taking values in G, and Q-rational 7; taking values in G;.
In the abelian group G;/Gj+1, we thus have the identity

9e,iij(@i") = €jge,aij(bir)y; mod Gyt

and thus on taking logarithms and working in the abelian Lie algebra logG;/log Gj41
(noting from Appendix [B| that the logarithm map is a homomorphism from G;/Gj41 to

log G;/log Gjt1), we have from that
10g ge,,i,j(air) =10g €j 4108 ge 5,4, (bi) + log 7; mod log Gj41.
For d =0,...,j, we may differentiate d times at 0 and rearrange to conclude that
(af — b)(1og gea.:.5)(0) = (log )V (0) + (log7;)'¥(0) mod log Gj1.
As €; is of polynomial size, we have
(log ;) (0) = O(XW).

Similarly, as 4; is Q-rational, (log ﬁj)(d) (0) mod log G 11 takes values in % logI'; mod log Gj11
for some positive integer ¢ of polynomial size. Since af — bf is also a positive integer of
polynomial size, we conclude that

(log ge,57i7j)(d)(0) = O(Xo(l)) + ffyd mod log Gj+1
d

for some v4 € I'; and positive integer g4 of polynomial size. By Taylor expansion (and
clearing denominators with the ¢4), we may then write

10g ge,a,i,j = log gj + log ’y;-‘ mod log Gj41

where g7 € Poly(R — Gj) is of polynomial size and 77 € Poly(R — Gj) is Q-rational.
Exponentiating (noting that G;/G 1 is abelian), we conclude that

% *
Ge,dyi,j = 959Ye,d,i,j+17;

for some g, 541 € Poly(R — Gj41). Inserting this into (L01]) we close the induction and
establish (with the above caveat regarding the exponents depending on ¢; rather than

0s).
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From we have

T

910 (Py) = €'gpy (pr-)y"

for some e € Poly(R — G) smooth on p%[{’, and some ' € Poly(%Z — T'); in particular,
2

4T is Q-rational with exponents that do not depend on ¢; or f5. Combining this with
and rearranging, we see that

Ge.a2P1) T HEN  Fean (Ph) = Ye.a2(PL) Y Va1 (D)

The left-hand side is of polynomial size and the right-hand side is Q-rational. Here the
exponents depend on both #1, fs; since ¢1 > {5, we can view these exponents as depending
on {1 only. Applying Lemmald.17] both sides are equal to a constant v € I of polynomial size
(with exponents depending on /1, (3). By multiplying g, z1 on the right by v~! (and 7. z1 on
the left by ), we can assume that v = 1, without significantly worsening any of the claimed
properties of these objects, thus we may assume without loss of generality that v = 1. Once
one makes this normalization, one obtains the factorizations , . Furthermore, since
the right-hand side of is of polynomial size with exponents depending only on /5, the
left-hand side is also. Hence we have now resolved the previously mentioned caveat in
in that the exponents for the polynomial size nature of g. 71 were depending on /; rather
than 62.
Inserting back into and rearranging, we conclude that

Jeai(bir) (€5 (1) Geai(ait) = Yeai(bit)y; ()7, 5.4 (ait).

As the left-hand side is of polynomial size and the right-hand side is Q-rational, we conclude
from Lemma that both sides are equal to a constant 4; € I' of polynomial size. This
rearranges to give

Ge,ai(ait) = &7 (t)Ge,a,i(bit)vi

and therefore the claim follows from reparameterizing ¢ and defining €;(t) := €} (a;t).
O

At this point we encounter a minor technical complication due to the fact that the factors
Je,ai» Ve,d,i generated by the above proposition depend on @, so in particular as one varies
a;, b; the polynomial map g, z; appearing in relations such as also varies. Fortunately,
using some arguments of a graph theoretic nature, and taking advantage of the ability to
make the two parameters 1, {5 differ significantly from each other, we can eliminate this
dependence:
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Proposition 4.19 (Approximate dilation invariance for a dense set of dilations). Let e =
(1,13, p1,p5) € Q, and let gy, g1y € Poly(R — G) be the maps associated to ¢, by
Assume that €1 is sufficiently large depending on €. Then there is a large set P, of primes
in [P" /2, P"] and a factorization

91 = Ge,iVei (102)
for each i = 1,2, where g.; € Poly(R — G) is of polynomial size and e is | [ Pe-rational,
one has the relation

ge,l(pIQ') = 5T§e,2(p1') (103)
for some &' € Poly(R — G) that is smooth on p—l,I{', and one has the relation
2
Yea(py) = e (Ph)n! (104)

for some 4T € Poly(ﬁZ — T'). (In all these cases we permit the exponents to depend on
both ¢y and l.) Furthermore:

(i) There exists a measurable subset Q. of the interval [1+ o, 1—}—%] for some fixed con-
stant C' > 0 of measure > 1/N, such that for each a € Q. one has the approximate
dilation invariance

-6671(01') = 501!?6,1’704 (105)
for some v, € T' of polynomial size, and some €, € Poly(R — G) that is smooth on
I7.
(ii) We have ge1(zrr) = O(1).

Proof. We first observe that we may drop the conclusion (ii) as follows. Suppose we have
already obtained all the conclusions of the proposition other than (ii). Then ge(x I{’) is
already of polynomial size. Since G/T" is compact, we may write

Gea(zp) = O(1)y
, multiply ve 1

for some 7y € I" of polynomial size. If we then multiply ge 1 on the right by v~
and 7 on the left by ~, and replace the lattice element -, appearing in by YYay L,
we thus see that we may recover the claimed property (ii), without significantly impacting
any of the other claims.

Henceforth we focus on establishing the remaining conclusions of the proposition. For
i = 1,2, let V; denote the set of ratios Z—z of coprime positive integers a;, b; that are products
of ¢; primes in [P’,2P'] with

1

a; 1= 1 - H

b; TN X
By [26, Lemma 2.6], V; has cardinality O(d%/N). From Proposition we see that for
any e € Q' the set

ay a
E, = {(bl, b72) : (al,bl,ag,bg) S .Ae}

1 b2

is a subset of Vi x V5 of cardinality > d2+2 /N2, thus #V; =< d% /N and #E, =< (#V1)(#V3).

We view E. as a dense bipartite graph on V;, V5. Each edge d@ = (’;—i, z—;) in E. is associated
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to a large set of primes Pe g := Pe (a;,b1,a0,00) 0 [P”/2, P"]. In particular
D H#Pea > (#V1)(#Va)mo(P”)
ack.
which we rearrange as
D D #Hur € Vi (v1,02) € Besp” € Peuy )} > mo(PY)(#V1)(#V2).
PIE[P)2,P"] v2EVa
By Cauchy—Schwarz, this implies that
> D #H{or € Vi (v1,0) € Eesp € Pe o0} 3> m0(P)(#V1)*(#V2),
p"”€[P"/2,P"| va€V3
which we rearrange as
> > H#(Pe(or,0) N Pe(u] 02)) > To(P")(#V1)? (#V2).
(v1,v2)EEe v} €V1:(v]v2)EE,
Hence by the pigeonhole principle there exists (v1,vs) € E, for which
DY # P N Pefn) > T(P)#A
v eVi:(v],v2)€E,
which implies that
#(Pe,(vl,vz) N Pe,(v'l,vg)) > 7TO(F)”)

and (v}, vs) € E, for all v} in a subset V, of V; of cardinality > #V; > d“/N.
Set Pe = Pe,(v;,v5)- From Proposition applied to the quadruple (vi,v2), we obtain
factorizations

g1 = Ge,iVe,i (106)

fori = 1,2, where ge i = G (v;,0),i € Poly(R — G) is of polynomial size and Ve ;i = Ve, (v;,00),i
is [ [ Pe-rational, obeying

Jea () = €' Ge2(p1-) (107)

f € Poly(R — G) that is smooth on pi,li’. For any v] € V¢, we also
2

e,(v1,v2)
have a factorization

for some ef = ¢

gry = ge,(vi,vg),lve,(v’l,vg),l7 (108)

where e (4] v,),1 18 of polynomial size and e (1 v,),1 18 HPe,(vi ,up)-rational, and

’Uiﬂ}Q
ge,(v’l,vg),l(vi') = Evige,(v’l,vg),lvvi (109)
for some €,; smooth on I " and Y, € I of polynomial size. From (106)), (108]) we have

~—1~ _ -1
geyl gev(U/hUQ)vl - 767176,(’0/1,’[)2),1 :
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The left-hand side is of polynomial size and the right-hand side is [[(Pe, (4, 0,) N 776,(1,3,1,2))—

rational. By Lemma both sides are then equal to a constant v, € I' of polynomial
1

size, thus

ge,(v’l,vg),l = ge,l'}/:;/l-
We conclude from (109)) that
g@l(”i') = Ev’lge,l:yvi

1

for all t € R, where Vo = o Vo, (Pyzi)’ is an element of I' of polynomial size. This gives
1

the bound for all « in the discrete set V.. This is not yet what we need because V.
has measure zero. However we can use the hypothesis that ¢; is large compared to ¢ to
remove the discretization as follows. Recall from Propositionthat Je,1 is of polynomial
size, with exponents depending only on the smaller parameter 5 and not on the larger
parameter ¢;. As a consequence, if holds for some real number o = 1 4 O(%), then

one can perturb a by at most d=“/10 (say) and still retain (T03) with only a negligible
change in all the implied constants. Hence we have (105)) for all o € €, where €2 is the
d—t/1% neighborhood of V,. We have

/Q D Lo g-t1/10 gt 0(8) dB = 24OV, > @ /10/N.
€ aeVe

To obtain the desired lower bound of > 1/N on the measure of €2, it suffices to establish
the pointwise bound

Z 1[a—d*¢1/10,a+d41/10] (5) < d9€1/10
acVe
for any f =14 O(1/N). The left-hand side can be written as

#HaeV.: jla—p| < d_él/lo}.

This in turn can be bounded by the number of pairs (a,b) € 52 with ¢ = 8+ O(d—/10),
where S is the collection of products of ¢1 primes in [P’,2P’]. This can then be bounded
by
o dt
a0 [ roron )
0
where
F(t) = #(SN[(1 - Crd=4/10¢, (1 + C1d=4/10)))

for some absolute constant C; > 0. By Cauchy—-Schwarz, the previous expression may be

bounded by
d21/10 /00 f(t)Q@
0 t

which is in turn bounded by the number of pairs (a,b) € S? with ¢ = 1+ O(d—4/10),
Applying |26, Lemma 2.6], this quantity is O(d”/10), and the claim follows. O
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Now that we have established an approximate dilation invariance (105 for a large set of
dilation parameters «, we can begin solving this equation effectively. The first step is as
follows.

Proposition 4.20. Let e, I{, §e,1, e, Ya be as in Proposition|4.19 Then for any o € Q,

we have the estimate
log(t/l‘li/)

Jea(t) = O(1)ya ** (110)
for real t with <t>I;’ < 1. As a consequence, for any a, o’ € Qe, we have

log o

S
Yor = O(1)7a . (111)

for all s = O(1).
Proof. From iterating we see that for any fixed natural number n and any o € Q. we
have
Jea(a"zrr) = O(1)ge(@ry) e
which we rearrange as
gea(exp(nloga)rp)y,™ = O(1). (112)

The left-hand side is a (matrix-valued) exponential polynomial in n, with the exponents
in the exponentials being bounded multiples of log « and thus of size O(1/N). Applying
Lemma to each component of this matrix-valued function, we conclude that holds
for all real n = O(1). Rearranging using the fact that loga =< %, we conclude the estimate

(110)). Applying this estimate twice we conclude that

Gea (5 z ) = O(1)75

and
~ slog o’ Sllc;gi/
4o (€715 ) = O(1)
for a,/ € Q, and s = O(1), giving (111). O

Now we give some satisfactory control on g. 1, which roughly speaking asserts that ge 1

. 1 ” . . .
“pretends to be like” ¢ +— Tog(t/ “1y) for some T which is either nearly central, or nearly

contained in a proper subgroup of G. Following [16], we define a horizontal character to
be a continuous additive homomorphism 7 : G — R/Z that annihilates I'; its derivative
dn : log G — R at the identity is then a linear functional on log G, and is related to n by
the formula

n(g) = dn(log g) mod Z, (113)

as can be seen by starting with the formula n(g) = nn(exp(% log g)) and taking limits as
n — oo. In particular, 7 is the descent of the homomorphism dnolog: G — R to R/Z.
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Example 4.21. Let G be the Heisenberg group from Ezample[].1], and let T be the lattice

1 Z Z
r=10 1 z
0 0 1
Then every horizontal character nn: G — R/Z takes the form
1 z =z
n 01 y = ax + by mod 1
0 0 1
for some integers a,b, and the corresponding map dn: log G — R is given by
0 =z =z
dn 01 y = ax + by.
0 00

Proposition 4.22 (Description of ge1). Let e,ge1,1i be as in Proposition .
(1) Then there exists T =T, € G of polynomial size such that the map

£+ log (ge,l(t)T‘ log(&/ mfi’)) (114)

is bounded by O(1) and has a Lipschitz norm of O(|I]|~') whenever <1

(2) There is a non-trivial horizontal character n = ne : G — R/Z such that dn : log G —
R has operator norm O(1), and such that

dn(log T) = O(N). (115)

Proof. Let Q¢ and ~, be as in Proposition Let ag be an arbitrary element of €., and
let T' € G be the quantity

1
-~
Since 7, is of polynomial size and ag — 1 =< %, we see that T is also of polynomial size.
From one has
Gea (t) = O()T =) (116)
whenever (t);s < 1. In particular, after making the substitution u := Nlog(t/zy), the
function

u = lOg <§e71(6u/N[L‘I{/)T_u/N>

is bounded for u = O(1). By the Baker—-Campbell-Hausdorff formula (see Appendix, this
map is an exponential polynomial involving O(1) terms with exponents of order O(1/N).
(Note that the quantity 7-*" = exp(—ulogT/N) is actually a polynomial in wu, rather
than an exponential polynomial, due to the nilpotent nature of G.) Applying Lemma
we conclude that this map has a Lipschitz constant of O(1). Undoing the substitution, we
obtain the claims regarding .

Applying again and combining with , we see that

7 = O(1)T* o8
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for all @ € Q. and s = O(1). If we then write
Jo = Tloga,)/;l
then g, = T'°¢“ mod I" and g, = O(1). Furthermore, for any s = O(1) we have

T$ logag T—sloga _ T(s+1)log oc,y—lT—slogoc
o = a

=0yt o)™
= 0(1),

and thus
T'goT™" = 0O(1)

for all @ € Q. and t = O(%) Taking logarithms and applying the Lie algebra identity

(178)), we may rewrite this as
etadlogT log Ja = 0(1) (117)

for all t = O(%) and a € €.

Let Cy > 0 be a sufficiently large fixed quantity to be chosen later. Suppose first that
%adlogT has operator norm less than Cy. The map ad : X — adx is a fixed linear map
from log G to the space End(log G) of linear endomorphisms of log G, and its kernel is
log Z(G) where Z(G) is the center of G. The image of % log T under this map has size
O(Cy), hence +1logT lies at a distance O(Cjp) from log Z(G). On the other hand, from
Proposition log Z(G) is a proper normal subalgebra of the Lie algebra log G; using
Mal’cev bases (for definition, see Appendix [B|) it can also be seen to be rational. By lifting
a non-trivial horizontal character of G/Z(G) (which can be in turn obtained by lifting a
non-trivial character from the horizontal torus formed by quotienting out G/Z(G) by both
I'Z(G)/Z(G) and the commutator group [G/Z(G),G/Z(G)]), we may thus find a fixed
non-trivial horizontal character n that annihilates log Z(G) and such that dn has operator
norm O(1), so that holds, in which case we are done.

Henceforth we may assume that %adlogT has operator norm at least Cy. As %adlogT
is nilpotent, we conclude (on finite Taylor expansion of the logarithm map) that the linear
map enadios T hag operator norm > (' for some constant ¢ > 0. From this and the singular
value decomposition, we conclude that the set

Q={zrelogG: evadiosT g — O(1)}

lies in the O(C|, ©)-neighbourhood of a hyperplane II in log G. From (117) we conclude that
for a € Qe, log go lies within O(C{, ©)-neighbourhood of II. Since we have g, = O(1) and
go = T'°2% mod T, we thus have

78T = g, € {wexp(h)[ : v € G;h € I;k = O(Cy€); h = O(1)}. (118)

Thus, for t = O(1/N) in a set of measure < 1/N, T'T is contained in the O(Cj°)-
neighbourhood of the set

Y ={exp(h)':hell;h=0(1)}.
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Discretising this using the polynomial size of T', we conclude (for A > 0 a large enough
constant) that 7'T lies in the O(Cy ) neighbourhood of % for > X4 /N values of t =
O(1/N) with t € X~4Z. If Cy is large enough, this implies that the sequence n TX~np
fails to be C’ac—equidistributed on the interval [~-CX4/N,CX4/N] N Z for some fixed
C > 0, in the sense of [16], Definition 1.2| (by testing this equidistribution hypothesis against
a suitable cutoff function adapted to the O(Cj °)-neighbourhood of X). Applying [16],
Theorem 1.16], this implies that there is a non-trivial horizontal character n: G — R/Z

with dn having operator nor O(C'OO(I)), such that
—Ay, —A(p_ _
(T Xy — (X 1))HR/Z < XN
for n €[-CX4/N,CX4/N]NZ, which by (113)) implies that
X dn(logT) = O(X~AN) mod Z.

For A large enough, both sides here are less than 1/2 in magnitude, so we may remove the
mod Z constraint. The claim follows. ([l

Remark 4.23. Proposition [{.29(2) is the first place where the non-abelian nature of G
plays a role. Part (1) of Proposz'tz'on is valid for abelian groups as well. However in
part (2), if the group G is abelian, then we can not find a character n with the desired
properties since the action of adiog 7 is trivial.

Having established satisfactory control on the “continuous” (or “Archimedean”) compo-
nent g1 on the factorization from Proposition we now need to control the “rational”
(or “non-Archimedean”) component 7. ;, with the ultimate aim being to establish an ana-
logue of Proposition We begin with a variant of Corollary [3.10, We view I' as a
subgroup of Poly(R — G), by identifying each element « of I' with the constant polynomial
map ¢ +— . In particular we may form the quotient space I'\Poly(R — G).

Proposition 4.24. For each I" € I" there exists a set F(I") of elements of the quotient
space T'\Poly (R — G) of cardinality O(1) such that for any quadruple e = (I7, I}, p},ph) €
Q' and functions e, as in Proposition one has

e, € F(I") (119)

if i =1,2 and I/’ = I". Furthermore, each element in F(I") is 1-rational, that is to say it
lies in T'\Poly(qZ — T') for some positive integer q of polynomial size.

Proof. We just prove the claim for ¢ = 1, as the ¢ = 2 case is similar, and then we can
obtain the joint case i = 1,2 by taking the union of the two sets F(I”) thus produced.
We let F(I") be the collection of all cosets I've 1 whenever e = (I, I}, p},ph) € Q" with
I = I". Since 7 ; is Q-rational for some natural number @, it is also 1-rational.

BMore precisely, |16, Theorem 1.16] shows that 7, when expressed in Mal'cev coordinates, is given by a
linear functional with coefficients O(C’(? (1))7 from which it is easy to verify that dn is also a linear functional
with coefficients O(C’é)(l)).
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Clearly we have the property by definition for i = 1. To complete the proof of the
proposition, we need to show that F(I”) has cardinality O(1). Suppose for contradiction
that F(I"”) has cardinality at least K for some large fixed K to be chosen later. By
construction, we can then find K quadruples e; = (I”, I3 ;,p} ;,p5 ;) € Q for j=1,... K
and associated factorizations

grr = gej,IVej,l (12())

for j =1,..., K, with g.; 1 € Poly(R — G) of polynomial size and ~, 1 [] Pe;-rational for
some large set Pe; of primes in [P”/2, P"], and such that the cosets I'y.; 1 are all distinct.
As each P; is large, we have

K

> #Pe, > Kmo(P").

j=1
The left-hand side can be written as ZPE[P///QJJN] #{1 < j < K :pe P;}. By Cauchy-
Schwarz we then have
Y #{I<G<K:ipeP}? > Kom(P").
pE[P" /2,P"]
The left-hand side may be written as
Z #(PEJ' m Pej/)'

1<5,j'<K

For K large enough, we may delete the diagonal contribution j = j' and then use the
pigeonhole principle to conclude that there exists 1 < j7 < j/ < K for which Pe; N 776]., is

large. For this j,j’, we use (120]) to conclude that
ge_j}’lgej,l = 'Yej“l’Ye_]}l.

The left-hand side is of polynomial size, and the right-hand side is [[(Pe,; N Pe,, )-rational.

By Lemma 4.17, we conclude that 76],,7176_7,711 € I, thus I'ye; 1 = F%j,,l, contradicting the
construction of the e;. The claim follows. O

We can now establish an analogue of Proposition that dramatically improves the
bound on gq.

Proposition 4.25. There exists a subset Q" of Q' of cardinality > dN, such that for each
e € Q" and functions 7.; as in Proposition one has ve1 € Poly(¢Z — T) for some
q=0(1).

Proof. Let qg be a sufficiently large fixed quantity to be chosen later. Suppose for contra-
diction that the proposition fails, then we can find a subset Q" of @' of cardinality at least
3#Q' > dN such that v & Poly(¢Z — T') forany 1 < ¢ < go and e = (I}, I}, p},py) € Q".
By Proposition , I'yeq € F(I7). By randomly selecting one element Fyv from each
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F(I{) and using the probabilistic method, we conclude that for at least one such choice of
elements Fpp, there is a subset Q" of Q" of cardinality > dN such that

Dei = Fpy
for all e = (17, I, p,ph) € Q" and i = 1,2. In particular, we have
FI{/ ¢ I'\Poly(¢Z — T)

whenever e = (IY, I, p},p5) € Q" and 1 < ¢ < qp.

Let £ be a bounded integer, large enough so that d* > Nd'°. Viewing Q" as a (directed)
graph with vertex set Z” and applying the Blakley-Roy inequality [3] (see also [30]) and
Cauchy—Schwarz to count cycles of length 2¢ in this graph, we conclude that there exist
> d?! 20-tuples

(I )o<j<e-ti=12 € (Z)* (121)
with the property that for each 0 < j < £ — 1, there exists primes p’ 1, p} 5,0} 3,04 €
[P’,2P’] such that

" " / / " " / / "
( AR j,27pj,17pj,2)7 (Ij+1,17 j27pj,37pj,4) €9

for j =0,...,¢ — 1, with the periodic convention I = 01- In particular, I7; lies within
O(557) of p”IJ”Q, and similarly 7, ; lies within O(P,P,,) of p“[” Iterating this we
conclude that /g, lies within O( W) of Hﬁ é zﬁ A7), 110 1, which implies that
la —b| < N(P’) (122)

where

-1

a = HP;'AP}J

3=0

and

/-1
b= H P} 3Dja-

By the plgeonhole principle, we may find an IJ; € Z” which is associated to a family 7 of

tuples (121)) of cardinality
#T > d*N. (123)

We now fix this interval Ig; and the family 7.
Let g be the least positive integer for which
FI(I)/,I S F\Poly(qZ — F).
By construction we have
g < q< XOW.
Intuitively, the lower bound g > gop means that polynomials in the coset F 1, have at least
one coefficient with some “large denominator” n,,. The strategy is to locate thls coeflicient
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and this denominator, and then to study the equation to obtain some non-trivial
congruence conditions relating a and b modulo n,, which will restrict the size of 7 enough
to obtain a contradiction.

We turn to the details. We arbitrarily select a coset representative o1 € Poly(¢Z —T")
of Flé’l' For any | = 1,...,k + 1, we let 791 mod G; be the projection to Poly(¢Z —

FG;/G;) C Poly(R — G/G}), and let g; be the least positive integer for which vp; mod G; €
Poly(qZ — T'G;/G)). Then q1 = 1, qx+1 = ¢ > qo, and from Lemma we have ¢;|qi+1
for i = 1,...,k. In particular, by the pigeonhole principle we can find I € {1,...,k} such
that

i—1

qa < g

and . )
Q1> 45 > 45 q- (124)
We now fix this [. By lifting the Taylor coefficients of 791 mod G; from G/G; back to G,
we can factor
Y0,1 = 76,176/,1 (125)
where v, € Poly(¢Z — T') and v, € Poly(R — Gj), hence also 7 ; € Poly(¢Z — T7).
We then see that g;y1 is the least multiple of ¢; for which 76’1 mod G411 € Poly(q 172 —
I'Gi41/Gry1). If we perform the Taylor expansion

tk k!

Yo.u(t) = god} - 91, (126)
for go, ..., gr € Gy, then on setting t = 0 we conclude that gg € I'y; also, by taking repeated
differences with spacing ¢;4+1, we see that for each m = 1,...,k we have g% € I'Gi41
for some positive integer a,, of polynomial size. Note that g1,..., ¢, do not depend on

the choice of coset representative g 1. If we let n,, be the least positive integer such that
m oo
gZ}{"q’ /m! € I'Gyy1, we see that each n,, is of polynomial size and
Y01 mod Gy € Poly(k!ny ... mpqiZ — T1Giy1/Giryr)

and thus
ny...Ngq > qi+1
so by (124) and the pigeonhole principle we can find m = 1, ..., k such that

> g/ (127)

Henceforth we fix this m. We will shortly use this large integer n,, as a modulus to which
one can apply Lemma[3.12] A key technical point is that this modulus does not depend on
the tuples in 7.

Next, we claim that after removing a negligible fraction of tuples from the family 7,
we may assume that none of the p;l divide n,,. For sake of notation let us just remove
the contribution where pf; divides n,,. There are O(N) choices for If;. As n, is of
polynomial size and pg; € [P',2P'], we see that there are only O(1) choices for pg ;. After
fixing this choice, there are at most O(m(P")2~1) = O(d*~/?) choices for the remaining
choices of p;’ 4 P},p j=0,...,£—1. Then we see from and the fundamental theorem
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of arithmetic that there are O(4(P')*) = O(d“**M)/N) choices for the D)3, D After
making all these choices, the tuple (121] . is fixed, so the total number of tuples generated
in this fashion is O(d?*~ 1/2+0 (1) /N), which is negligible. Similarly for the cases when some
other prime p;; divides np,.

For each 0 < j < ¢ and i = 1,2, let 7;; € Poly(R — G) be a representative of the coset
f[// € I'\Poly(R — G), thus f[// = I'v;; for (4,7) = (0,1) we use the same choice 791 of

coset representative that was made earlier. From ([104]) we have for all 0 < j < ¢ — 1 that
Yia(Phar) = 2@
for some v; € I',; and some 'y]T- € Poly(Z — T'), and similarly

'7j+1,1(p;',4') = %’%}2(1);‘,3')’?;

for all £ € R and some 7; € I', and some 7ij € Poly(Z — T"). Concatenating these estimates,
we conclude that

Yo,1(as) =¥, 1(1)')7T
for some v € I and 4! € Poly(Z — TI'). By (125)), this implies that

Yo.1(a-) =701 ()7~ il

where 4t € Poly(¢Z — T'). Since Yp.1(a-) and vvé’l(b-)q/_l both take values in Gy, 77 does
also, thus 47 € Poly(¢,Z — T}). If we now project to the torus G;/(I';G111), we see that
76,1(“%”) = %’),1(qu) mod I'Giy1

for all integers m. Using the Taylor expansion (126)), we conclude on taking m divided
differences with spacing ¢; at the origin that

g™ = g™ mod TGy,

and hence by definition of n,,
a™ = b"™ mod n,y,.

Applying Lemma [3:12] we can then bound the number #7 of tuples as

w(nm)
#T<<d (k: 1 )

N \ %(mm) " TogN

which by the divisor bound and ((127)) gives
124

s d
T 2k2
#T <0y

which contradicts the lower bound (123 if gg is large enough. O

Note that each I} appears in at most O(d) quadruples e = (I{, I}, p}, p}) € Q”. Com-
bining this observation with Propositions we conclude
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Corollary 4.26. For all I" in a large subcollection " of I”, we can find a representation
F(grT) = F(grmT) (128)
for some g,y € Poly(R — G), and Ty € G of polynomial size such that
(i) The map
t e log (g ()T, ")) (129)
is bounded by O(1) and has a Lipschitz norm of O(|I"|™') whenever (t)pr < 1.
(ii) There is a non-trivial horizontal character npr: G — R/Z such that the derivative
dnpr: log G — R has operator norm O(1), and such that
dnrr(log Tyv) = O(N). (130)
(iii) y» € Poly(qpZ — T') for some qrn = O(1).

Let I”, gy, v, Tprympe, qpe be as in the above corollary. Observe that as the number of
possible ¢ is bounded, we may refine the family Z" of intervals in the above corollary by
a bounded factor to assume that

arr =4q
is independent of I” (one could also simply clear denominators here). In a similar spirit,
as ny» takes values in the lattice of horizontal characters (which one can identify with the
Pontryagin dual of the torus G/I'[G, G]) and is a bounded distance away from the origin,
there are only finitely many choices for 1y, so we may assume that

nre=mn

is independent of I”.

Now we will be able to descend from G to the lower-dimensional nilpotent group ker(n)
as follows. Since nn: G — R/Z is a homomorphism to the abelian group R/Z, it annihilates
the commutator group [G, G|, and hence (by ) the derivative map dn: logG — R
annihilates the commutator algebra [log G, log G|. In particular, from the Baker-Campbell—
Hausdorff formula, we have

~ —1 1! ~
dn (1og (G (01T, *) ) = dn(log (1)) — og(t /v )dn(log Trn).
If we then apply dn to (129), we conclude that the map

t = dn(log gr»(t)) — log(t/z1)dn(log Ty»)
has a Lipschitz norm of O(|I”|~!) whenever (t);» < 1. Combining this with (130)), we see
that the map
t — dn(log gr(t))
also has a Lipschitz norm of O(|I”|~!) in this region. From the definition of Poly(R — G),

this map is also a polynomial of degree k, with the #/ coefficient lying in dn(log G) for each
j > 0. By the Bernstein inequality , we may thus write

k
dn(log g (t)) = > 0;(t — i)’
i=0
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where the 6; are real numbers with 0; € dn(logG;) and 6; = O(|I”|77). Lifting this
polynomial back to G, we may thus write

k
log g (t Z X;(t — x7) mod ker(dn)
7=0
for some X; € log G; with X; = O(|I"|77). If we set
k
er(t) = exp(>_ Xj(t — xpn)7)
=0

then e;» € Poly(R — G) is smooth on I”, and if we then define g}, : R — G to be the map
for which

gpl(t) =& (t)gfu (t)
then from the Baker-Campbell-Hausdorff formula (176)) we see that g7, € Poly(R —

ker(n)) takes values in the kernel ker(n) = exp(ker(dn)) of G, which is a proper rational
normal subgroup of G. By ((128)), we then have

> F)F(er(n)gin(n)ym (n)T)| > |1"].

nel”

Let H* = c% for a sufficiently small absolute constant ¢ > 0. Then we have

LI X roFemmg e @) s

' ne€lz,x+H*|

As epn is smooth on I, e (n) is O(1) and varies by at most O(c) on [z, z + H*], hence by
the Lipschitz nature of F'

/1 Y fWF(em(@)gin(n)ym(n)T)| dz > [I"|H.

" n€z,x+H*|

Summing over I” € 7", we conclude that

2X
/ o > fm)F(eg(n)y(n)T)| du>> HX
X e€E;gePoly(Z—ker(n));vEPoly(qZ—T) nelrodtH]

for some compact set E C G. But this contradicts Proposition [£.4] This contradiction
(finally!) concludes the proof of Theorem

Remark 4.27. It seems plausible that the proof of Theorem [1.5, combined with the quan-
titative work in Section [6 for lowering the value of H, would allow lowering the length of
the intervals to H > exp((log X)'=%) for some § > 0. We do not pursue this further here,
however, as that would further lengthen this paper. Let us note, however, that at least the
convenient notion of polynomially large elements in Lie groups used in this section would
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have to be replaced with a more cumbersome notation in the case where H is no longer
polynomially large in terms of X.

5. SIGN PATTERNS

5.1. The Liouville case. Our main goal in this section is to use Theorem to prove
Theorem , which asserts a superpolynomial lower bound on the number s(k) of sign
patterns of the Liouville function, defined in . We will also prove a generalization of
Theorem to sign patterns of other multiplicative functions (Theorem , and prove
Proposition

Regarding Theorem we will in fact prove a more general implication, which gives a
lower bound on s(k) whenever one has local Gowers uniformity of the Liouville function on
short intervals:

Theorem 5.1 (From local Gowers uniformity to lower bounds on sign patterns). Let 0 <
Kk <1/2. Let U : R>; — R be a strictly increasing function with X < ¥(X) < exp(X1/27%)
for all large enough X . Suppose that holds for H(X) = W=1(X") for every fived n > 0.
Then s(k) > V(k) for all large enough k.

Taking ¥(X) = X4 and applying Theorem we see that Theorem follows directly
from the above theorem. Furthermore, we have the following conditional corollary.

Corollary 5.2. Let ¢ > 0. Assuming that holds with H(X) = exp((log X)'~°) for
some 0 € (0,1), we have s(k) >, (s R0 Burther, assuming with H(X) =
(log X)¢ for some C > 2, we have s(k) >. exp(kY/¢~¢).

Remark 5.3. In the proof of Theorem[5.1] below, one may on first reading want to assume
that W(X) = XA, which corresponds to H(X) = X°M) | in which case we wish to show that
s(k) >4 kA for all A. This simplifies various expressions involved; in particular expressions
involving ¥ are just large powers of the argument and expressions involving ¥—' are small
powers of the argument.

We now begin the proof of Theorem [5.I] Fix £ > 0; we allow all implied constants to
depend on k. Suppose for the sake of contradiction that s(m) < ¥(m) for infinitely many
m. We will use this to show that s(k) = 2 for all k. Since W(k) < 2* for all sufficiently
large k, this will give the required contradiction.

Fix k; we now allow all implied constants to depend on k. We now select additional
parameters €, w, m, R, x, arranged so that

1
k<<g<<w<<m<<R<<x,

by the following scheme.

e First, we choose £ > 0 to be a sufficiently small quantity depending on k, x.

e Then we choose a quantity w > 1 to be sufficiently large depending on ¢, k, k.

e Next, we choose m to be a natural number with s(m) < ¥(m) that is sufficiently
large (depending on w, e, k, ). Such an m always exists by hypothesis.
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e One then sets R := ¥(m)° * and z := U(m)* .
By construction and the hypothesis X < W(X) < exp(X'/27%), we have R = 2°,

(logz)*™™ <m < e (131)
and ,
s(m) <zt (132)
Now suppose for contradiction that s(k) < 2¥. Then by there exists a sign pattern
(€1,...,ex) € {—1,+1}* which never occurs in the Liouville sequence, so in particular
It
E;éxl)\(n—l-l):sl Tt 1)\(n+k:):sk =0. (133)

Writing 13(n1j)=; = %(nﬂ), we may expand the left-hand side of ([133)) as the sum of
the 2% quantities of the form

(JJew)2 "EXE A+ 6) - Mn+ ), where {f1,....4} C{1,2,....k}.
=1

The i = 0 term is equal to 27%. Thus by the pigeonhole principle, there must exist 1 < i < k
and 1 < /¢; < ... < ¥{; <k for which the correlation

C=EXE ANn+0) - An+6) (134)

is such that
ICl> 1. (135)
The precise choice of i, £1, ..., ¥¢; may depend on x, but this will not concern us. Henceforth

let 4,41, ...,¢; be chosen so that ([135]) holds.
Set P := gr. By using the multiplicativity relation A(pn) = —A(n) and the fact that the
correlation C' in ([134]) involves a logarithmic average, for all primes p < 2P we deduce

C = (=1)'E"°%_X(pn + pl1)--- Mpn + pl;)

n<x
= (S1ESE A 4 ph) - A+ plo)ply + O()
= (—1)iE173g§x)\(n/ +pl1) - X' + pli)ply, + O(e?),

where the final estimate follows from (131])). Hence, by averaging over p,
C = (—l)iEp§p<2pEf§z)\(n +p£1) o An+ pfi)plpm + 0(83).

The contribution of n < R = z° to the average is trivially < ¢, so

O = (1) EpcprrEps, o, An+pl1) - Mn + pli)plyy, + O(e), (136)
We will shortly exploit the sign pattern bound (132)) to obtain the bound
Ep<perpEpt e, A0+ ply) - A+ pl) (plyp, — 1) < e. (137)

Assuming this bound for the moment, we may then simplify (136) to
C' = (—1)'Ep<perrEgs . A+ pl1) -+ A(n + pl;) + O(e).
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For d € [P,2P], the von Mangoldt function A(d) is equal to (1 4+ O(e))log P when d is
prime and is only nonzero (and of size O(log P)) for O(P'/?%¢) other values of d. Since P
is large compared to €, we easily conclude that

O = (—1)'Ep<icap MA)ERE , A(n + dly) -+ A(n + dl;) + O(e)

We now apply the “W-trick”. If we set W = Hpgwp and split d into residue classes
b mod W, then the contribution of the non-primitive classes (b, W) > 1 is negligible, and
we have

C = (—1)Ei<pcw IEP/Wdep/WAWb(d)EIR?gSnSI)\(n—I—(Wd—Fb)&) - An+(Wd+b)4;)+0(g)

(b, W)=1
(138)
where Ay p(d) = %A(Wd + b), and ¢ is the Euler totient function. By splitting the
average over n into intervals of length P/W and applying the Gowers uniformity of Ay (d)—
1 (established in [14], [I5], [I7]) as in [35, Proposition 3.3|, we find

Epjw<a<zpw (Awp(d) — DERE, _ A(n+ (Wd+0)01) - Mn + (Wd + b)) < e

for any b € (Z/W7Z)* (here we use the fact that P is large compared to W, e). We conclude

that

C = (_l)iE1§b§WEP/W§d<2P/WE£g<;n<I)\(n + (Wd + b)gl) e )\(n + (Wd + b)gl) + 0(6),
(b,W)=1 ==

or equivalently

C=(-1)——k
S
Splitting the n sum into intervals of length m = 3kP and using the triangle inequality,

we obtain

EP§d<2P1(d,W):1E1]({)g§n§z)‘(n + dfl) e /\(n + d&) + O(E)

w
¢< WEPSUKZPEEECC‘Enﬁn’ﬁn—i-m)‘(n, + Cwl) e )‘(n/ + d&)‘ t+e.

Embedding [n,n + m] into a cyclic group of prime order, and applying the generalized von
Neumann theorem in the form of [I4, Proposition 7.1|, we have

w
WEP§d<2P|En§n’§n+m>\(n/ +dly) - )‘(n/ +dt;)| < OW(H(H)‘HU’“[n,n—i—m])) +e
for some bounded function k(z) tending to 0 as x — 0, and so we conclude that
C < Ow (BE (N ltpnm)) + & (139)

Since m = U1(22"), we conclude from the assumption of the theorem (and the fact that
x is sufficiently large depending on w, k, ¢) that
C<Ke,

but this contradicts (135]) for e small enough.
To conclude the proof of Theorem it remains to establish the bound (137). This is

reminiscent of the bounds one can establish by entropy decrement arguments as seen for
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instance in [35]; however the size of P compared to x is too large here for such methods
to apply (and furthermore these methods need to exclude an exceptional set of bad scales
P). The key observation is that one can instead exploit the small number of sign
patterns of length m = 3kP to obtain a strong estimate via the moment method. Firstly,
by approximate translation invariance we can write

Ep<perpBpt, <, An+ply) - Mn + pli) (plyy, — 1)
as
Ep<perpBiS, <, A+ +pl) - A+ j + pli) (plyjns; — 1) + O(e)

for any 1 < j < P, thus on averaging we may also write it as

Epe <o BpepeapBicpAn+ j +pl) - Mn+ j + pli) (plynr; — 1) + O(e).
Thus by the triangle inequality, it suffices to show that

Elgggnsx |Ep<p<arBicpA(n+j +pli) - A+ j 4 pli) (plypy; — 1] < e

By the triangle inequality, the quantity inside the absolute values is bounded by O(1). Thus
it will suffice to establish the probability bound

PR e ([Ep<pcarEjcpA(n+ i+ pl) - A+ j + pli) (plyjs; — 1)| 2 ) < e

where ]P)ln?in <, (A) = ]Eln?g<R<x1 A(n) is the probability measure associated to the averaging
operator Elgin<x.

Observe that the numbers n + j + pf; that appear in this expression all lie in the interval
{n+1,...,n+m}. By (132), there are at most 2 possible choices for the sign pattern

(AMn+1),...,AX(n+m)). Thus, by the union bound, it will suffice to show that

1 _ .3
PR e ([Ep<p<aPBicpjipe, -~ ajipe; (Dlpingy — 1)| > &) < eax™® (140)

for each choice of sign pattern (ai,...,an) € {—1,+1}™.
Fix ai,...,an. Let 2r be the largest even integer such that P?" < 2¢°. From (131)) and
the definition P = m/(3k) we observe the estimates

log x log x
2 2

. 141
log P < loglog x (141)

From Markov’s inequality we may bound the left-hand side of (140|) by

—9r log ) 2r
€ ERSnSx ‘EP§p<2PE]§Paj+p€1 Cr Qgpl (plpln—l—j - 1)‘

1
- KLKrxe
€

which by expanding out the 2r*" power and applying the triangle inequality is bounded by

-2 1 . .
€ TEPSPI7---ap2r<2PEj17---7j2r§P‘Egingxgpl (n + -]1) e £p2r (n + j2T)|

where &,(n) = pl,, — 1. From (14I) we have e**! > 27", so it will thus suffice to
establish the estimate

1 . . _9g3
EPSpl,-~.,p2r<2PEj1,...,j2r§P‘Elgggngmgpl (n+71).. -Epar (n+ jor)| <z " (142)
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For any given p1,...,par, j1, - . -, jor, the function n — &, (n+71) ... &p,, (n+j2r) is periodic
of period @ := py ... psr and has magnitude at most Q. We have

e} . . (e} 1 ] Q2
Elegngxém (’I?ﬁi‘]l) o §p2'r (7”L+]2r) = Elzéngxfpl (n+h+]1) - §p2r (n+h+]2r)+0 <R10gx

for any 1 < h < Q. Averaging in h and using the periodicity, we conclude that

o . . . . Q*
ES o cubpr (N4 51) - Epp (N Jor) = Bnezyquép (0 + 1) - &py, (n+ Jor) + O <R10gx

where we view &, , ..., &p,, as functions on Z/QZ in the obvious fashion. Since
Q2 < (2P)47" < 24rx252 < x382

(by (141)) and R = 2¢, we see that the Q?/(Rlogz) error is negligible. Thus it will suffice
to show that

. . _ 9.3
Ep<pr,...por<2PEji,...jor<P|Enez/Qzéo (N + 1) - &py, (n + jor)| < 27 (143)

If one of the primes p; is distinct from all the others, then the inner average E,,cz/qz8p, (n+
J1) - - - €py, (n+j2r) vanishes from the Chinese remainder theorem, since &y, (n+7;) is periodic
with mean zero with period p;, and all other factors have period coprime to p;. Thus we
may restrict attention to those tuples (pi,...,po,) in which each prime p; appears at least
twice, hence there are at most r distinct primes in this tuple. The number of such tuples
can then be bounded crudely by O(r?m(P))", by first selecting r primes in [P,2P] (for
which there are O(mo(P))" choices), and then assigning each pi,...,p2, to one of these
primes (for which there are 72" choices). Thus the proportion of such tuples amongst all
primes P < py,...,po, < 2P is O(r?mo(P)~1)". If (p1,...,p2r) is such a tuple, then from
the triangle inequality one has

Ejh---,jerP‘EneZ/Qng (n + jl) .. '§P2r (n + j27‘)‘

< Enez/zEi....jar<PlEpr (0 + g1)| - - - [€pa, (0 + Jor)|
2r

= Enezyqz | [ Ej<plén (n +5)]
=1

<o)

since E;j<p|&p,(n + j)| < 1 for any i. Thus we can bound the left-hand side of by
O(r*mo(P)~1)". But from (141)), we have r2m(P)~! < P~¢ for some ¢ > 0 depending
only on x, hence by the left-hand side of is O(x_5/52) for some ¢’ > 0 depending
on x, and the claim follows. This concludes the proof of Theorem [5.1]

5.2. Generalization to other multiplicative functions. The above proof can be gen-
eralized to produce a result about patterns in more general multiplicative functions.
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Theorem 5.4. Let g : N — uyp be a multiplicative function taking values in the roots of
X —o00

unity of order £ > 2, and suppose that D(g’, x; X) =—=+ oo for all Dirichlet characters x
and for all 1 < j < ¢ —1. Then the number

sgk) ={veu: v=(g(n+1),...,9(n+k)) for some n € N}
of value patterns of g of length k satisfies sq(k) >4 kA

We remark that a similar result holds (with essentially the same proof) for any 1-bounded

multiplicative function g : N — C such that infj; < xs+1 D(g7, x(n)n®; X) X220 6 for all

7 > 1. In this case, the “sign patterns” would be defined as occurrences of a pattern
(g(n+1),...,9(n+k)) € I x -+ x Iy, where I; are arcs of the unit circle of the form
le(mi/f),e((m; +1)/¢)] with 0 < m; < ¢ —1. We leave the details of this generalization to
the interested reader.

Proof. (Sketch) The proof follows along similar lines as that of Theorem . We assume
for the sake of contradiction that s,(m) < mA for infinitely many m and aim to deduce
that

C=E% g% (n+ ) g% (n+L;) = o(l) (144)

for any nonempty set {¢1,...,¢;} C {1,2,...,k} with the ¢; distinct, and for any integers
ai,...,a; € [1,£ —1]. Once we have proved ((144)), we use the expansion

-1 .
1 ; aj
Lotmy=c(a/t) = 5 Zg(n)je(—?)
=0

for the indicator functions of the level sets to obtain s, (k) = ¢k for any k, which gives the
desired contradiction.

The main difﬁcultﬂ is that the factor (—1)¢ that appeared in the proof of Theorem
must now be replaced by g(p)~* " ~%. One can still repeat the proof of Theorem With
obvious modifications down to , where the right-hand side is now up to O(g) equal to

E(lbgv?/g)leP/WSd<2P/Wg(d)_al_m_aj Awp(d)ERE g (nH(Wd+b)y) - - - g% (n+(Wd-+b);).
The weight g(d)~“'~""~% now prevents one from applying the Gowers uniformity theory
for the von Mangoldt function [14], [15], [17]. However, the function g(d)™*'~"~% Ay (d)
is still dominated pointwise by Ayw(d), which is a pseudorandom majorant in the sense
of [I4]. One can then apply the generalized von Neumann theorem (essentially in the form
of [I4, Proposition 7.1]), and reduce matters to showing that

1 .
]Er?éx”g]HUk—l[n’ner} =o(1)

19A much more minor difficulty is that g is now only assumed to be multiplicative rather than completely
multiplicative, so that the identity g(n) = g(p) 'g(pn) only holds when n is not divisible by p. However,
as we will be working with moderately large primes p, the contribution of those n which are divisible by p
can easily be seen to be negligible.
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whenever 1 < j </—1and m > z? for some 6 > 0. This Gowers norm bound then follows
from Theorem , once we show that M(f;z*T! Q) — co as  — oo for any given k and
Q. By |21, Lemma 3.1] (which is a pretentious triangle inequality argument), and the fact
that D(f, g;x) = D(f, g; 2**1) + Ox(1), we have

M(g;a®+? f D —

(g; 2", Q) > Xéﬁdq (g%, n— n'z) > 2kQ
q<Q
|t‘§rk+1

min{(loglog )"/, D(gx, 1;2)} — Okq(1),

and the right-hand side is tending to infinity with & by assumption. This completes the
proof. O

5.3. Uniformity at very small scales. We now give a proof of Proposition[I.7]that states
that the estimate at scale H = (logz)" is enough to deduce the logarithmic Chowla
conjecture (and hence in fact for any H = H(X) tending to infinity, thanks to the
results in [35]).

Proof of Proposition[I.7]. Let k be a natural number, and let be hy, ..., hj given shifts. Let
x be large enough, and denote the correlation along these shifts by

C=E% Nn+hi)-- Mn+ hy).

n<x

For any fixed ¢ > 0, we wish to show that |C| < . We begin by applying the entropy
decrement argument in the slightly refined form given in |36, Theorem 3.1]| (the original

argument from [34] is able to locate a good scale on any interval I with 3 ; m >

710 whereas the refined one is able to locate a good scale on any interval with Zme I >
-10
e ).
By [36, Theorem 3.1], we deduce that
C = ( 1) E2m<p<2m+1E;§x)\(n =+ phl) R )\(n +phk) + 0(5) (145)

for all m <loglog X outside of an exceptional set M C [1,loglogz] N N with

> % <73

meM
In particular we can locate some m with the property belonging to the range m €
€' loglog z, 75 log log z] with &’ := exp(—e~10). Let P = 2™ > (log 2)'/2, where m has this
value. Then, by introducing the von Mangoldt weight, we have

C = (=) EpcgcapAd)ELE X(n + dhy) - - - A(n + dhy) + O(e)

n<x

As in the proof of Theorem we may split d into residue classes (mod W) with W =
Hp<wp and w = w(x) tending to infinity slowly enough, and then apply the Gowers
uniformity of the W-tricked von Mangoldt function and the generalized von Neumann
theorem (as in [36, Section 5|) to conclude that

C=(-1)rF——- W

QZ5(W) EP<d<2P1(d W)= 1En<x)\(n + dhl) oo )\(TL + dhk> + O(E)
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Arguing as in the proof of (139)), we have
1
C < Ow (B2 k(M ukpnntsnp) + &

Since P > (log )" where n = ¢’/2, the hypothesis of the theorem will then give C' = O(¢)
if we assume zx sufficiently large depending on w. O

6. REDUCING THE LENGTH OF THE INTERVALS

In this section we indicate the changes needed to the proof of Theorem [I.] to obtain
Theorem Up to Proposition (corresponding to the work up to [26, Section 4]),
everything works for smaller H as well, except in the statement of Proposition the
range for P/, P" is now [H"/2, H?].

To proceed, we will need the following variant of Lemma [3.12] in which the implied
constants do not depend on the number of primes in the product. Crude bounds suffice
here and stronger bounds would not be useful as we in any case lose factors like ¢! in our
arguments.

Lemma 6.1 (Counting nearby products of primes). Let m,¢,q € N and P',N > 3. Then
the number of 2¢-tuples (P} 1, .., D] Py 1s---,Pyy) of primes in [P',2P'] obeying the con-
ditions

l L
(2P
j=1 j=1

¢ ¢
H(pé,j)m = H(p,u)m mod ¢
j=1 j=1
for some C > 1 is bounded by

1AV
< C0%(2P")m~@ <(2§q) + 1) .

and

Proof. Since every integer has at most ¢! representations as a product of ¢ primes, the
number of prime tuples we need to count is at most £!? times the number of integers
n1,na < (2P')¢ for which

2P
\nl—nglgC-( N) and ni" = ny’ mod gq.
The claim follows by noticing that there are (2P')¢ choices for ny, and after fixing it, there
are at most m*(@ choices for ny mod g. [l

Let us now get back to Proposition corresponding to |26, Proposition 4.1]. In our
setting we obtain the following variant, where we for simplicity restrict to the case ¢1 =
fy = ¢ and a single quadruple @ corresponding to each e € Q as this is sufficient for the
polynomial phase case.
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Proposition 6.2 (Local structure of ¢"). Let the hypotheses be as in Theorem|1.8, and let
e, X, P, P" 1" ¢, Q be as in Proposztzon 0 (except now P, P" € [H€2/2, HE®)). Let ¢ be
an even integer such that

N2d'° < df = Oo(NOW), (146)
We allow implied constants to depend on e,m and 6. There exists a constant ¢ = c(g,n,0)
such that, for a subset Q' of the quadruples e = (I}, I, p),pb) in Q of cardinality > c*dN,
one can find a quadruple @ = (ai,as2,b1,b2) of natural numbers, and a collection P, of
primes in [P" /2, P"] with |P.| > (log X)~'%nq(P"), with the following properties:

(i) One has

p12 ° ¢1/’ ™ s 171 ° ¢I”- (147)
(ii) Fori=1,2, a;,b; are products of £; primes in [P',2P’']; in particular
(P < ai,b; < (2P, (148)
Furthermore we have .
0#a; — b < Wa,-, (149)

where C is an absolute constant.
(iii) Fori = 1,2, we have the approzimate dilation invariance

1
— O ¢/I/// ~_1 — O d)ll/ (150)

a; @ TPz b

Here (abusing the notation) the implied constants depend linearly on £.

Sketch of proof. The proof is very similar to the proofs of Propositions and [20, Proposi-
tion 4.1]: One makes two cycles of length ¢ joined by a "middle edge". The main difference
is that now ¢ =< (logz)'~%, so £ is no longer a constant.

Since the number of edges in the graph is > %Plz/(log P")2, the number of such constel-
lations gets reduced by a factor ¢’ (with certain constant ¢’ € (0,1)). Hence the Cauchy-
Schwarz argument at the end naturally only gives us > ¢*X/H - m(P’)? middle edgesm
Since P’ is larger than (cflog P')°©), Lemma is sufficient to show that degenerate cases
involving repeating primes or products are negligible as before.

Since the constellation involves 2¢ 4+ 1 edges, the intersection

= P({1 017 ﬂ ﬂ P( {IJ//NIIHZ})

J=14=1,2

that appears in [26], (52)] is now expected to be only of size c/mo(P’) for some constant ¢ > 0,

s0 ¢ in [26, (52))] cannot anymore be taken to be a constant but can be at most cf. In fact
to compensate for losses in Lemma we choose d in [26], (52))] to be (log X)~1%. Then in
the argument below [26] (52))] the number of candidate tuples is at most £1*P"**1/N and

20This might be fixable through arguing more carefully removing some edges before running the argument
but this would be of no importance.
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so the expected number of good tuples obeying [26, (52))] is < (log X) ™19 P1A+1 /N <«
(log X)~*d?**1 /N whereas with probability > 1, there are > c/d***!/N non-degenerate
good tuples. Hence one can indeed find a deterministic choice of p such that there are
> c!d? T /N very good tuples, i.e. tuples for which

#73(.7) > (log X)_loewo(P/)

as desired. OJ

Lowering H does not affect solving the approximate dilation invariance in Proposition 3.8
except that the bounds for 7" and the smoothness of 51(] ) (t) get worsened by C* for a constant
C. Since P ﬁ now of size > (log X) 1% (P’), we now need to take K > (log X)'¢ in
Proposition% so in Corollary we now have #F(I") < (log X)'%. Proposition
works without changes but now it provides only > ¢! X/Hmo(P')? pairs (I, IY).

To proceed, we need an adequate version of the mixing lemma:

Lemma 6.3 (Mixing lemma). Let X,V > 3,2 < P < H. Let Ay, Az be two (X, H)-families
of intervals. Write

V= ¢e[-X/H X/H]:| Y pE =PV
P<p<2P
Then the number of quadruplets (Ji, Ja,p1,p2) with Ji € Ay, Jo € Az, p1,p2 primes in
[P,2P], and I lying within 100H of %f[g is
P

2
< |V|(#A1)(#Ag)§ <logP> + (#A) V2 (#A)2 P2V 2, (151)

Proof. As in |26, Proof of Lemma 5.1], the number of quadruplets in question is bounded
by

H

<</ 1S1E[S2(IT () dE (152)
€<%
where
Si(€) ==Y e(¢logar)
I€A;
for i =1,2 and
()= Y, p"= (153)
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Splitting the integral in (152]) according to whether £ € V, we obtain that (152)) is at
most
H

H
V) sup 151(6)Sa(€)T ()] + L P2y / 11(6)]152(6)] de
X ey X lel<X

H P \* H 2
il o H 5oy,-2 2 2
< gVIGANEAD (s ) + PV ( [, s@raf s ds) .
From the large sieve inequality (see e.g. [26, Lemma 2.3]) we have
X
Si () < #A T, (154)
/|£<§ H

and the claim follows. O

Note that the size of V above is at most twice the size of the maximal one-spaced subset
of V (meaning a set where any two points are at least one apart). The needed bound for
|[V| in our situation is provided by the following lemma. The requirement 6 > 5/8 comes
from it as for smaller  we do not know how to obtain |V| = P°(),

Lemma 6.4. Let 6 € (5/8,1) be fired, H = exp((log X)?) and P = exp(e(log X)?) for
some € > 0, and let V = (log X)'0% where £ < (log X)'*=Y. Let U be a set of one-spaced
points € € [-X/H, X/H] for which

} Zp%'rz{‘ > PV*I.

p~P
Then, for some ¢’ > 0, we have

#U < exp((log X)) = po),

Remark 6.5. From the proof of Lemma it will be clear that the larger 8 > 5/8 is,
the better the bound we can obtain on #U. In fact, for 6 = 2/3 + ¢ the Vinogradov—
Korobov bound (see |22, Lemma 2|) directly gives U C [-V2 V2], so that #U < V? <

exp((log X)10%%) | say. Nevertheless, here the main interest is in the smallest value of 0
Jor which #U < exp((log X)0=<') holds, so this aspect is not optimized.

Proof. Let T'(x) be as in (153). We apply [24, Lemma 4.4], which is a variant of the Halasz—
Montgomery estimate that uses Vinogradov’s bound on P<n<2p n™ as an input (see also
Lemma below with ¢ = 1). This gives that uniformly for n € (0,1) and integers k£ > 0
we have

#U - (§>2k < Z IT(¢)* < ((QP)"‘ NN '€ i (log X)?/3 . (2P)k(1—77/4)>k! . (2P)*.
teu

(155)

This means that we have the bound

#U < (4kV)H
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whenever X57° (log X)3/2k2k pk2=n/4) = o((P/V')?*). The latter holds whenever
X5 B2 exp(k(log X)' 0 (loglog X)?) = o(exp(Snk(log X)%)),
which in turn follows from
5n°/2 log X + 2k log k + k(log X)'~?(loglog X)? < £nk(log X)°.
This holds (assuming already k = (log X)°() and letting § be a small positive constant) if
k > n'/2(log X )10+

n > (log X)~0+°
n > (log X)'=20+0,

For 6 < 1, the third condition is more demanding than the second and thus we can set
n = (log X)'=20%9 and k = (log X)?/2720+20 With these choices the first term dominates
in (155)) and we obtain the upper bound

H#U < (4kV)?F < (log X% <« exp((log X)?/2730+39)
The claim follows as 5/2 — 30 < 6 since 6 > 5/8. 0

Now this leads to approximate ergodicity [26, Corollary 5.2| except that now we have
either

MK?
5 (log X)*t00¢
or a collection 7 as in |26, Corollary 5.2| but with
. 0 X
#T > exp(—(log X)? Ve (156)

We can apply this with § = ¢/, K = (log X)'%, M = 100 and r = 1/10 to get conclusions
between Proposition and Lemma [3.12] except that now have the weaker lower bound
#T > exp(—(log X)'=5)X/H.

As for the analogue of Proposition we can use the same argument as in its proof
to obtain upper and lower bounds for the number of certain tuples (Qo,...,Q,_1) € T
The lower bound we get is > c‘d® (with d := (P’/log P")?) and the upper bound (from

Lemma 18
1AVA
< 02(2P") k0@ <(2p) + 1)

1/k
qO/N

Combining the lower and upper bounds, we obtain ¢y < (log X)
Now, repeating the arguments after Proposition we see that there are at least
> exp(—(log X)) X/(P'P") integers X/(2P'P") < x < X/(P'P") for which

Y fmn ey )| > B (157)
n€(z,x+H*)

with H* := C~*H/(P'P") and 7(t) = Z?:o ¢j (t/jgo)’ where ¢; are integers.

o)
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Now we will obtain a contradiction as in Section [3| except due to worse bounds for
T* and gy we need to use results from [24] where one obtains a polynomial saving in the
exceptional set for averages of multiplicative functions in short intervals (in the special case
f=Xand 0 = 2/3 + ¢ arguments of [23] actually suffice — see Remark below). Also
since qg is not bounded, we need to treat the g-aspect non-trivially.

As in 23] 24] we first restrict n to a set of numbers with factors of convenient sizes. For
this, let 0 be small in terms of the implied constant above and define S as in [24, Proof of
Theorem 1.7 in Section 11], i.e. choose in [24) Section 9| the parameters n = 1/150,v; =
62/4000,v5 = 1/10,Q1 = H* and P; = Q‘f/“, sothat J =1, Py = X", Qy = P3 = XV"1?2
and Q3 = X2 and S consists of numbers with a prime factor on each interval (P;, Q;] with
j=1,23.

Using the linear sieve (cf. [24, Proof of Theorem 1.7 in Section 11]), we see that n ¢ S
make a negligible contribution of

log P;
H ) log L < SH”,
152,108 Qi

to (T57) and so we have > exp(—(log X)?~¢)X/(P'P") integers X/(2P'P") <z < X/(P'P")
for which

> fnTe(—y(n))| > H.

n€lz,x+H*)
nes

Splitting into residue classes a mod gy and then splitting according to g2 = ged(a, qo),
we see that

2 |2 ete) 3 ST

q2: 0=q192 b mod q; nes
(byq1)=1 n€lz/qe,(x+H")/q2]
n=b mod q1

for > exp(—(log X)?=¢) X /(P'P") integers X/(2P'P") < x < X/(P'P"). This implies that
for some choice of gy = g1¢2, we have

LS ) S e T s A g
b mod nes q1q92
q1
(b,q1)=1 n€x,z+H*/q2]
n=b mod qi

for > exp(—(log X)?=)X /(g2 P'P") integers X/(2¢2P'P") < x < X/(q2P'P"). Moving
into characters, the left-hand side is at most

i) DI D DR G () O] K B SR DN (D

<Z5(Q1) x mod ¢1 b mod q1 nes
(b,q1)=1 n€lz,x+H" /qo]
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Recall that 7 is a polynomial phase of degree k. By [0, Corollary 1.1] and the Chinese
reminder theorem we have, for every Yy,

Y e (ba)x(®)] = O(g;*H), (158)
b mod q1
(a,(Il):l
so that ' ihss
S Y fxmn T > ¢/ H g (159)
X mod q1

nes
ne[z,:p—le-H*/qg]
for > exp(—(log X)?=%)X /(g2 P' P") integers X/(2¢oP'P") < x < X/(q2P'P").
Now, if g1 < @ for a constant Q <, 0, 1 to be determined later, we have, for some x
(mod q1),

> S x| >p 0, HY a2

x mod q1 nes
ne€lz,x+H*/q2]

for > exp(—(log X)?7%)X /(g P'P") integers X/(2¢2P'P") < 2 < X/(q2P'P"). By [24,
Theorem 9.2(i)] this 1mphes that

Z f(n)X(n)n_iT+itO’ >km,0,p X,

nes
X<n<2X

for some |tp| < X, which in turn by inclusion-exclusion and Halasz’s theorem implies
since |T| < CHX/H)F1 < Xk+1/Hk+1=p/2,

Let us now turn to the case ¢; > @. The proof of [24, Proposition 8.3| (taking V; = ) in
the proof of [24, Proposition 8.3] and bounding R (1 + it) trivially) gives

1 T ( 1 )
n)x(n)n™ = A(x, H" /q2,Ud) + O
T X e (o a2, 10) +0 (57
TLE[CE,]}-"-H*/QQ]
1/2
o X X |@3Ax,1+zt>| >y !Q2BX,1+Z75)|) ).
A=27 teW*(x B=27 teEW*(x
P3/2<A<Q3 P, /2<B<Qs
(160)
where

WH(x) C {Jt] < X: m§X|Q27B(X7 1+ it)| > X~vi/320)

is one-spaced,

Qip X
]7 °
D<p<2D
Pj<p<Q;

and A(z, H*/q2,U) satisfies [24], (46)].
Asin [24], Proof of Theorem 9.2(ii)] with same choices of U and d,,, we have |A(x, H* /q2,U)| <
H*9/5900 oxcept for < X H*79/%00 values X/(21P'P") < 2 < X/(q1P'P"). Summing
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over xy mod ¢; and taking the union bound, the contribution from A(x, H*/q2,U) is accept-
able.

Given all this, (159)) implies that

Z Z Z 1Q3,4(x, 1 +it)|? Z Z Z \Q2BX,1+2t )2 > ¥/ (k+2)

x mod q1 A teW*(x) x mod g1 B teW*(x
(161)
In [24] this sort of term with ¢; = 1 is dealt with using [24] Lemma 4.4| which is a large
values result of Halasz fMontgomery type that uses Ford’s bound (see [8, Theorem 1|)

IC(o +it)| < 1+ yty (log(|t| +2)¥3 for1/2<o<1.

for ((s). As pointed out by Ford, L(s,x) = ¢ *>.¢ _; x(m)¢(s,m/q), where ((s,u) =
Yoo o(n+u)~® is the Hurwitz zeta function, so that [8, Theorem 1] also gives

9 l1-0o
IL(o +it, )| < ¢"|t|20"* (log(|t] + 2))%/® + 1‘17 for 1/2 <o < 1.
—0
Using this in the proof of [24] Lemma 4.4], we get the following variant.

Lemma 6.6. Let T > 3 g > 1 and let T be a set of pairs (x,t), where x is a Dirichlet
character mod q and t € [=T,T| such that if (x,t1),(x,t2) € T, then |t1 — ta] > 1.
Let P(s,x) = ZN<p§2N a(p)x(p)p™ be a Dirichlet polynomial of length N < T? whose
coefficients are supported on primes. Then, for any &',n € (0,1/2),

) N 9.3/2 R
S° P0Gt <o (o + TG T (0g TP 4+7 ) N1710-) 37 Ja(p) 2
(xHeT & N<p<2N

Using this and arguing as in [24, Proof of Proposition 8.3|, we obtain

YYD Qsalbt+it)P > > Y \QQBX,1+Zt)|2<<1

x mod g1 A teEW*(x) x mod g1 B teW*(x
which contradicts once the constant @ is large enough. Hence Theorem [1.8] - 8| follows.

Remark 6.7. We remark that the special case f = X of Theorem[1.8 with the weaker value
0 =2/3+ ¢ can be proved more simply by relying only on [22] as follows. Firstly note that,
by Remark we can replace exp(—(log X)) with exp(—(log X)) in and
on later occurrences. Note also that in this case q1,q2 < exp((log X)l/?’*f/z).

We must then show that with f = A cannot hold for > exp(—(log X)'=0=*) X /(q2P'P")
integers X/(2q2P'P") < x < X/(q2P'P"). We have the Vinogradov-Korobov zero-free re-
gion for L-functions of the form
€o
o0 200 2 oy o+ (g + 8 (o log((1] + 3) 7
for all x (mod q1), apart from possibly one real zero corresponding to one real character. In
case an exceptional character exists, q1 >4 (log X)A. The contribution of an exceptional
character to 1s trivially negligible, so we may assume that in we only sum over

(162)
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characters x (mod q1) satisfying . Moreover, we may assume that the set S in
is instead simply defined as the set of n having a prime factor from [P, Q], with Q = H*,
P =Q%% We again claim that fails, which will then provide the desired contradiction.
To show this claim, we apply the proof method of [22] to the multiplicative function
A(n)x(n)n~, summed over n € S. Reducing matters from short sums to Dirichlet poly-
nomials by Parseval-type arguments, as in [22], Section 4], we can reduce the claim to

/ |P(1+it)2|Q(1 + it)|? dt < exp(—(log X)/37¢/10), (163)
[7T17T1]\[T7T0,T+TO]
where Ty = exp((log X)/3=¢/19) and Ty = X exp((log X)'/3-¢/10) /H* | and we have P(s) =

> pel x(P)p*~ for some interval I C [P,Q] and Q(s) = > x/Q<n<x @nn® for some |an| <
1. Asiin [22], applying the pointwise Vinogradov-Korobov bound to P(s) and the mean value

theorem to Q(s), (163) follows.

7. POLYNOMIAL AVERAGES OF THE LIOUVILLE FUNCTION

In this section, we prove Theorems and Note that Corollary is a special
Casﬂ of Theorem where we take P;(m) = a;m.

Proof of Theorems[I.1(] and[I.13. We borrow notation from [40]. Note that the claim of
Theorem [L.10 follows from

EmepxeprEncxex (m)A(n + Pr(m))A(n + Pe(m)) - A(n + Pr(m)) = o(1) (164)

for an arbitrary unimodular sequence cx(m). Denoting W = Hp<w p, where w tends to

infinity very slowly in terms of X, and splitting n and m into residue classes (mod W) in
the statement of Theorem that theorem in turn reduces to

Emeizjr En<x/wex (m) X, w(n 4+ P(m))Ay, w(n + Py(m)) - - Ay, w(n + Pj(m)) = o(1)

(165)
uniformly for unimodular sequences cx (m), for X¢/W <« L < X¢, for 1 <by,...,bpy <W
coprime to W, and for P, ..., Py polynomials in Z[zy,...,z,] with P/ — P/ non-constant

for ¢ # j, and deg P! < d, and the coefficients of P/ bounded by W% in absolute value
for some constant x > 0 (cf. [40, Section 5| for this reduction). Here we have denoted
Xow (n) := AM(Wn+b), and recall that Ay (n) := ¢(W)/W - A(Wn+b). We now see that
in fact both Theorem and will follow once we prove in a form where some
copies of A are allowed to be replaced with A.

Let A = W'/, so that the absolute values of the coefficients of P! are bounded by A.
Recall d = max; deg P/. We set N = | X/W |, so that L = o(N*/%). Consider functions
fi,-.o, fx o [N] = C with |fi| < Ay, w +1 and |f1] < 1. Extend the f; to functions
fi: Z/NZ — C by making them N-periodic. Observe that

Eme(r)-En<nex (m) fi(n + Pi(m)) - fr(n + Py (m)) (166)

21 This special case could in fact be proved more directly without considering polynomial progressions,
instead combining the generalized von Neumann theorem with Corollary
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is up to o(1) error equal to
Eme(rjrcx (m)Eyez/nzfi(n+ Pl(m)) - fu(n+ P(m)), (167)

since the components of the m variable in (166 are bounded by nXl/d for some n > 0
small enough in terms of A, so that wraparound issues are negligible.

This latter expression is in turn bounded using van der Corput’s inequality (see e.g. [13]
Formula (4.1)|) by

< (Enez/nzlBmeryr Encz/nzAnfi(n + P{(m)) - - Ay fi(n + P (m)))'/2,

where Ay, f(z) := f(x + h) f(x).
By [40, Theorem 13|, for any polynomials P/ as in Theorems 1.12, we have
Bpez/nzBameryr Anfi(n + Pi(m)) - - Ap fr(n + P(m))| = o(1),
provided that

Ete[AflL]rHAhleDD' =o(1) (168)

Q1()[-A~ILATIL], ..Qp (®)[-A~1L, A7 1]
for any fixed D’ > 1 and any polynomials Q1,...,Qp € Zlt1,...,t,] not identically zero
and with coefficients of size O(A°(M), where
1/24

= | Ezez/NnzEnicci—cy -+ Engecy—cy H C|“|f(:v +w-h)
we{0,1}4

,,,,,

is a Gowers box norm of order d and C is the complex conjugation operator, and we used
the notation q[—N, N| := [—¢N,gN] N ¢Z. Thus we may control polynomial averages with
averaged Gowers box norms. Further, by a concatenation theorem, namely [40, Theorem
9] (with dp = 1 there), we have provided that

1AL Fi ]l yor =o(1) (169)

q[1,A—2D" 1)

holds for all fixed D” > 1 and all 1 < ¢ < AP”| where HfHUg = HfHDdC o
Averaging this over h, we now conclude that the desired bound for (167) follows from
- 2D//
Enez/nzllAnfill o =o(1).
a[1,A=2D" )
Expanding out the Gowers norm above, we see that this claim in turn reduces to
[f1ll o = o(1). (170)
Z/NZ,q[1,A—2D" ] ... q[1,A—2D" )

Since wraparound issues are again negligible, we can split the average over Z/NZ implicit
in (170]) into intervals of length < L and apply the generalized von Neumann theorem, thus

reducing the proof of (170)) to

sup  Enen—mlf1llgorsap ppag = o(1) (171)
A=cL<M<ACL



96 MATOMAKI, RADZIWILL, TAO, TERAVAINEN, AND ZIEGLER

for any constant ¢ > 1.

Now specialize to the case where f1 is the (W-tricked) Liouville function Ay w (n)1jn(n)
(and N = | X/W| as before). By making a change of variables, and extending the range of
the supremum in W1l,,—y (mod w), we reduce to

sup Epcwvoan|A- W=y (mod w)Liwnllyorsipn nian = 0(1)- (172)
NE/QSMSNZ’S
The factor 1y can be removed, since the contribution to the n average from the range
WN - OM) < n < W(N — M) is negligible. By Fourier expanding 1.—j (moq w7 in
terms of additive characters, and applying the triangle inequality (and recalling that w
tends to infinity arbitrarily slowly) we reducﬂ to proving also without the factor
Wl (mod W)+
By our main theorem, Theorem , we have without the term W1,y (mod w)lwnis
and therefore taking above f; € {\p, w, Ap,,w} for 1 < i <k, both Theorem and The-
orem [L.12] follow. O

APPENDIX A. BERNSTEIN INEQUALITY FOR EXPONENTIAL POLYNOMIALS

In this appendix we establish the Bernstein inequality for exponential polynomials,
Lemma [2.3] We begin with a bound for the number of zeroes of such polynomials:

Lemma A.1. Let o, ..., ap be real numbers, let di, ..., dy be non-negative integers, and
let P: R — R be a real linear combination of the exponential monomials t — t7 exp(ayt) for
i=1,....k and 0 < j < d;. Then if P is not identically zero, it has at most k + Zle d;
zeroes.

Proof. The claim is trivial for £ = 0, so suppose that k > 1 and that the claim has already
been proven for k — 1. We now fix k£ and induct on Ele d;. By reordering we may assume
that dy < dy < --- < dj. By multiplying P by ¢ — exp(—ait) we may assume that a; = 0.
If dy vanishes, then the derivative P’ is a linear combination of the exponential monomials
t — t/exp(a;t) with 2 < i < k and 0 < j < d;, so the claim follows from the outer
induction hypothesis on k and Rolle’s theorem. If instead d; does not vanish, then P’ is
of the same form as P but with d; replaced by di — 1, thus by the induction hypothesis it
either vanishes identically or has at most k + (Zle d;) — 1 zeros. The claim now follows
from Rolle’s theorem. O

Proof of Lemma[2.3. We allow all implied constants to depend on k,dy,...,dg,m,I. Let
Np be large enough in terms of k, d1, . . ., d,. We may normalize sup,,_; _n, [P(n)| = 1. The
claim is trivial if P is constant, so we may assume that P is non-constant. By Lemma
the exponential polynomial P(t) then attains the values =1 at most O(1) times, so the set
{t € R : |P(t)] < 1} is the union of O(1) intervals (possibly of infinite or zero length).
As this set contains {1,..., Ny}, we conclude from the pigeonhole principle (for Ny large

22Note that even though the Fourier expansion of 1.=4 (moa w) followed by the triangle inequality loses
a multiplicative factor of W, this loss is harmless, since w, and hence W, can be assumed to tend to infinity
much slower than the decay rate of (172 without the W1.oy (moa w)liwn factor.
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enough in terms of di,...,d) that this set also contains an interval [n,n + 1] for some

nzl,...,N()—l.
Now observe that P solves the ordinary differential equation

Writing D = Zle(di +1) = O(1) and ¢ := sup; ;< |a;| (where, by assumption, ¢ is small

enough in terms of k,dy, ..., dg, Np), we can write this equation as
PO+ ep 1 PPD(E) 4+ + coP(t) =0 (173)
where the coefficients ¢y, ...,cp_1 are of size O(¢). In terms of the D-dimensional vector

P(t)
u(t) =
POt

one can write this differential equation as a first-order system

&U(t) = (U + E)v(t)
where U is the shift matrix
01 0
00 0
U=t
00 ... 1
00 ... 0

and F is a t-independent matrix of dimension D with all entries being of size O(g). The
solution of this equation is

v(t) =exp((t —n)(U + E))v(n).
By the continuity of the matrix exponential we then have
v(t) = exp((t — n)U)v(n) + O(ellv(n)]]) (174)

whenever |t —n| = O(1) (here || - || denotes the Euclidean norm of a vector). In particular,
we have the approximate Taylor expansion
D—
P(t) =

[ay

(t—n)
4!

PY(n) + O(e|jv(n)]]).

[en]

]:
Since |P(t)| <1 for t € [n,n + 1], we conclude that

-1

)

(t —j!”)j PY)(n) < 1+¢llvn)|

.
Il
o
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for t € [n,n + 1]. From applied to the polynomial in ¢ on the left-hand side we have
that

[P (n)] < 1+e]v(n)].
We conclude that
lo(n)[ < 1 +eljo(n)]
and hence for £ small enough we see that all the components of v(n) are O(1). Inserting

this back into (174)) we conclude that (29) holds for all m < D —1; the remaining cases then
follow by differentiating the equation (173)) m — D times and using induction on m. O

APPENDIX B. THE BAKER—CAMPBELL-HAUSDORFF FORMULA AND ITS CONSEQUENCES

In this section, we review some standard facts about connected, simply connected nilpo-
tent Lie groups G' and their Lie algebras log G. As mentioned in Section [4] all connected,
simply connected nilpotent Lie groups are isomorphic to matrix algebras, so we shall abuse
notation in this appendix by viewing elements of G and log G as matrices (in particular we
identify the Lie group exponential with the matrix exponential).

If G is a simply connected nilpotent Lie group with some filtration (G;)i>o with G; =0
for ¢ > k, we can define the operation * : log G x log G — log G by the formula

X #Y = log(exp(X)exp(Y)) (175)
for all X,Y € log G, or equivalently
log(gh) = log g x log h
for all g, h € G. For instance, in the Heisenberg group example from Example we have

0 =1 = 0 zo 2o 0 z1+22 21+20+ %
0 0 m|=*|0 0 w]=10 0 Y1+ y2
0 0 O 0 0 O 0 0 0

The operation * is clearly a group operation on log G (with identity 0 and inverse map
X — —X). The Baker—-Campbell-Hausdorff formula gives an explicit description of this
operation. As is well known, log G is a nilpotent Lie algebra, using the usual matrix
commutator [X,Y] = XY — Y X as the Lie bracket; see [20, Corollary 11.2.7]. For any
X € log G, we can then define the adjoint representation adx: log G — log G to be linear
map

adx(Y) = [X,Y].
As log G is a nilpotent Lie algebra, adx is a nilpotent linear transformation, thus ad'y =0
for some natural number m; more generally, for any X,Y € log G, any word in adyx,ady
of length greater than or equal to some threshold m will vanish (in fact, by the inclusion
established below, one can take m to equal the degree k of the filtration). The
Baker—Campbell-Hausdorff formula then states

1
XY =X+ / P(erdx vy gt
0
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where e2dx = 37 1! ad’y is the matrix exponential of adx, and % is the function

n=0 n!
xlogx r—1 (z—1)2
= g 1 —
V)= = 6
see for instance [18, Theorem 3.3] or |20, Proposition 3.4.4|. Note that from the nilpotent
nature of log G that we can truncate the Taylor series for the matrix exponential and the
function 9 to some finite threshold m, so that

X*Y=X+Y + P(adx,ady)Y (176)

for some (non-commutative) polynomial P of two variables of bounded degree and coeffi-
cients that are rational numbers of bounded height, where the constant term of P vanishes
and the linear term is equal to %ad x (the contribution of ady can be deleted from the linear
term since adyY = 0). The first few terms of this formula are

S

1 1
X*Y:X—i—Y—i—iadXY—i——(ad%(—adyadX)Y+...

12
= XY X Y] (XX Y] - XY

although we will not need the explicit form of these terms beyond the quadratic case. From

(176)) we conclude in particular that X %Y is a polynomial combination of X,Y ", with

bounded degree and coefficients. As one particular consequence of this formula, we see that
(tX) * (1Y) * (—tX) * (—tY) = *[X, Y] + O(t?)

ast — 0 for any X,Y € log G, so the Lie bracket can be recovered from * by the limiting
formula

X.Y] = }g% (tX) = (tY) *t(Q—tX) * (—tY)7 (177)

which can also be established directly from (175 and Taylor expansion of the matrix ex-
ponential (this is also [20] (3.14)]).
Another closely related identity to the Baker—-Campbell-Hausdorff formula is
XY = exp(X)Y exp(—X)
for any X,Y € logG; see [I8, Proposition 2.25]. As exp(C~1YC) = C~texp(Y)C for any
invertible C, we have
exp(exp(X)Y exp(—X)) = exp(X) exp(Y) exp(—X)

and thus
exp(e23XY) = exp(X) exp(Y) exp(—X)
for all X,Y € log G, or equivalently
log(hgh™!) = eiosh Jog g (178)

for all g,h € G.

By definition, the groups G; in the filtration (G;) are closed subgroups of G, and thus
are themselves Lie groups with a Lie algebra log G; that are subalgebras of log G; see |20,
Proposition 9.3.9], [I8, Proposition 3.14]. In particular, the exponential map exp : log G —
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G descends to a diffeomorphism exp : log G; — G, so G; is simply connected. The group
G is nilpotent simply connected, and G;41 is a closed simply connected nilpotent subgroup,
thus G;/Gi41 is simply connected. If X € log G; and Y € log G;, then from the filtration

property [G;, G;] C Gy and ([175]) we see that (tX) x (tY) x (—tX) * (—tY) € log G, for
any t > 0; inserting this into ((177) we conclude that [X,Y] € log G;4;, thus we have the
Lie algebra filtration property

[log Gi,log G;] C log Gy ;. (179)
In particular, each of the log G; are normal Lie subalgebras of log G. From the Baker—
Campbell-Hausdorff formula and we then also have
X*xY =X+4+Y mod logGi1
whenever ¢ > 1 and X,Y € log G;, or equivalently
log(gh) = log(g) + log(h) mod log G;1 (180)

whenever ¢ > 1 and g,h € G;. Thus logG;/logG;11 is an abelian Lie algebra for any
1 > 1, and the logarithm map descends to a homomorphism from the multiplicative group
G;/Git1 to the additive group log G;/log G;y1.

Lemma B.1 (Taylor expansion). Let d > 1 be a natural number, and let g € Poly(Z — G).
Then there exist unique Taylor coefficients g; € G such that

g(n) = Hg](»?)-

Proof. This is a special case of [17, Lemma B.9]. O
Now we can prove Lemma [£.2]

Proof of Lemmal[f.3. We may rescale § = 1. The fact that Poly(Z — G) forms a group is
the Leibman—Lazard theorem; see e.g., [I7, Corollary B.4]. Now suppose that g € Poly(R —
@), thus we have a Taylor expansion

k
log g(t) = Z X;t!
i=0

for some X; € logG;. For any j > 0, let V; denote the vector space of polynomial maps
p: R — log G of the form
pt)y=">Y_ vt

0<i<k—j
where Y; € log G4 ; for all ¢, thus logg € Vp. One can check that the V; are decreasing
with
[Vi, Vil € Vi (181)
and V; = 0 for ¢ > k; in particular, the V; are each Lie algebras. We now claim by induction
that
logOp, ...0h;g €Vj
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for all j > 0 and hq,...,h; € R. This claim is already established for j = 0. If it holds for
some j, and hji1 € R, then by using the fact that (¢t+hj11)° differs from ¢* by a polynomial
of degree at most ¢ — 1 in ¢, we see that

log O, . .. ahjg(- + hj+1) =log Oy, .. .(9hj§ mod V1
and hence by the Baker-Campbell-Hausdorff formula ({176)
log O, . .. ahjg(- + hj+1) * (— log O, . .. ahjg) € Vi,

But by (175) the left-hand side is equal to log Op, ... O, , g, closing the induction. Applying
this with j = k and hi,...,h;,t € Z, we conclude that the restriction of g to Z lies in
Poly(Z — G).

Now suppose that g € Poly(Z — G). Any such element can be expressed uniquely as a
Taylor expansion

g(n) = gogfl) = -glg’“)

for all n € Z and some g; € G;; see [17, Lemma B.9]. Using the real exponentiation ,
we can extend ¢ to the map

t t
() = gt gV (182
and from many applications of the Baker-Campbell-Hausdorff formula (175)), (176, (179)
one sees that ¢ is now an element of Poly(R — G). This establishes existence. To show
uniqueness, it suffices by the group property to check the case g = 1. Then any extension g
is such that log g(n) = 0 for every integer n; since log g is also a polynomial, log g vanishes
identically, hence § must be 1, giving uniqueness. O

As a corollary we obtain:

Lemma B.2 (Non-abelian Discrete Taylor expansion). For any § > 0, the space Poly(0Z —
G) consists precisely of those functions v : R — G of the form
ko es
20 =TTo"
§=0

m) — x(xfl)..:(zfj+1)

for some g; € G, where (j i

If ' is a cocompact discrete subgroup of G with each I'; .= I'N G; cocompact in G;, then
there exists a Mal’cev basis for I', by which we mean a linear basis X, ..., Xqim g for log G
with the property that Xqim G—dim G;+1; - - - » Xdim ¢ form a basis for log G; for each i (so in
particular [X;, X;] lies in the span of Xy .(i j)+1,- - - Xdimg for any 1 < i, j < dim G), and

I' = {exp(n1 X1) - - - exp(Ndim ¢ Xdim @) : N1, - -, NdimG € Z}.

See [16], §2| for details. From this and many applications of the Baker—-Campbell-Hausdorff
formula, we see that for any 1 < 4,5 < dimG, the coefficients of [X;, X;] in the basis
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Xmax(l-7j) 41,--.,Xdim¢ are rational numbers with denominator O(1), and thus every ele-
ment of I' can be written in the form
1
eXp(@(anl + -+ ndimGXdimG)) (183)
for some integers ni,...,ngimg and some natural number Q1 = O(1) depending only on

G and the Mal’cev basis; conversely, there exists a natural number Q2 = O(1) such that
every expression of the form

exp(Q2(n1 X1 + -+ + ndim ¢ Xdim )

with n1,...,n4ima € Z lies in I'. One consequence of this and the Baker—Campbell—-
Hausdorff formula is that, for any fixed natural number ¢ = O(1), the set {y € G : v? € T'}
generates a group, all of whose elements are of the form

1
eXP(é(n1X1 + -+ Ndim ¢ Xdim @)

for some @) depending on G, ¢, and the Mal’cev basis; in particular, this group contains
only finitely many cosets of I', so that I" is a finite index subgroup of it. As one particular
corollary of this, we see that if 71,72 € G are such that 7{',~75* € T for some natural
numbers ¢1, g2 = O(1), then one has (y172)? € T for some ¢ = O(1).

APPENDIX C. BEZOUT’S IDENTITY AND THE CHINESE REMAINDER THEOREM FOR
POLYNOMIAL SPACES

In this section, we prove various versions of Bezout’s identity and the Chinese remain-
der theorem for polynomial maps, either into the circle R/Z or into more general filtered
nilpotent Lie groups.

C.1. Bezout-type identities.

Proof of Lemma[2.3. We may normalize A = 1. We begin with the first claim. It suffices
to establish the inclusion

1 1

as the opposite inclusion is trivial. That is, it suffices to show that every v € Poly .,.(Z — Z)
may be split as v = v, + 7, where v, € Poly;, (éZ — Z) and v, € Poly, (%Z — Z).

We prove this by induction on k. The claim is trivial for k¥ = 0, so suppose that £ > 1
and that the claim has already been proven for £k — 1. From Lemma [2.1| we can write
~(t) = c(}i) +77*(t) for some integer ¢ and 7v* € Poly;_; (R — R). By Bezout’s identity we
may write ¢ = ga®* + rb* for some integers ¢, r, thus

v =) +r(3) +2m0
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for some v** € Poly;,_1(R — R). As v(Z) C Z, also v**(Z) C Z; so by the induction
hypothesis we may write y**(t) = v:*(t) + 7;*(t) where v;* € Polyo;_; (1Z — Z) and
Vi* € Poly<y_1 ($Z — Z). Setting vq(t) = q(%) + 25 () and y(t) = r(lg’) +955(t) closes
the induction.

Now we prove the second claim. Again it suffices to prove the inclusion

1 1 1

as the opposite inclusion is trivial, and we may again inductively assume that £ > 1 and
that the claim has already been proven for k£ — 1.

If v € Poly (%Z — Z) N Poly, (%Z — Z), then from Lemma we see that the
derivative 4(®) (which is a constant) is an integer multiple of both a* and b*, hence can
be written as c(ab) for some integer c. Thus we may write v(t) = c(a,i’t) + ~*(t) for some

integer ¢ and v* € Poly.;_;(R — R). One then easily checks that

1 1
'Y* S PO]Y<k—1 (Z — Z> n P01y<k—1 <bZ — Z)
< a <
and the claim now follows from the induction hypothesis and Lemma [2.1] O

Proof of Lemmal[4.13. We again normalize A\ = 1. We begin with the first claim. As
Poly(Z — T) is a group that containﬁ Poly(1Z — I'), Poly(+Z — I'), we clearly have the
inclusion

1 1
Poly(aZ -1 Poly(gZ —I') C Poly(Z — 1)

and it now suffices to show that any v € Poly(Z — I') can be factored as v = 475, where
Ya € Poly(1Z — T') and v, € Poly(3Z — I).

Set I'; .= G; NT for all i. If 7 lies in Poly(Z — T'y4+1) then the claim is trivial since
k41 = {1}, so now suppose by downward induction that 7 lies in Poly(Z — T';) for some
1 < i < k, and that the claim has already been proven for v in Poly(Z — T'iy1). By
Lemma we have a Taylor expansion of the form

y(t) = H’y]@.

Since for t € Z we have y(t) € I'; we get by induction on n that v; € I';. If we let
mi: I's = I';/Ti41 be the quotient map, then since I';/T';41 is abelian we get for ¢t € Z

mi((t) = [T mil) V).
=0

23We remind here that, by Lemma the group Poly(6Z — T') can be (by an abuse of notation)
interpreted as a subgroup of Poly(R — T').
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By Lemma we can split each (;) as P, ;(t) + Py ;(t) for t € R and some P, ; €
Poly_;(1Z — Z) and P, ; € Poly_;(3Z — Z). Setting

7 %
P, ;(t Py (t
wt) =TT % ="
§=0 §=0
for all t € R, we see that v, € Poly(1Z — I), 4} € Poly(3Z — I'), and
V= Y%
for some o € Poly(Z — T'i+1). The claim now follows from the induction hypothesis.
Now we prove the second claim. We show by downwards induction on k that for each
1 <i<k+1andy € Poly(2Z — T;) N Poly(3Z — T;) one has v € Poly(%Z — T}).
The claim is trivially true for ¢ = k + 1, so suppose that 1 < ¢ < k and that the claim has

already been proven for i + 1. From two applications of Lemma [B:2] and with 7; as above,
we have

ri(y(t) = [[ mi(r0) () (184)
j=0

for all t € %Z and some v;, € I';, and
i bt
mi(y(8)) = [ milr;) ) (185)
§=0

for all t € %Z and some v;;, € I';. Specializing to ¢ € Z and comparing the top order
coefficients of these polynomials (using the uniqueness of the Taylor expansion) in the
abelian group I';/T'; 11, we conclude that

Ti(Yia)® = mi(ip)"
As a',b" are coprime, the Bezout identity allows one to express 1 as an integer combination
of a’,bl. We conclude that there exists v; € I'; such that m;(viq) = m(7:)" and m;(yip) =

7(7:)® . If one then divides out the polynomial ¢ — %-(a?t) (which lies in Poly(4Z — I';))
from ~ (either on the right or left), one ends up with a polynomial in v € Poly(éZ —
I;) N Poly(3Z — T';) which has an expansion similar to that of (I84), but with the
j =i term absent. Repeating this argument we may eliminate all the other factors in ,
by dividing out appropriate sequences in Poly(%Z — I';), until 7;(y(n)) is identically
equal to 1 on both 1Z and $Z, so that y now lies in Poly(2Z — T';41) N Poly(3Z — T'i41),
and the claim now follows from the induction hypothesis. O

C.2. Chinese remainder theorems.

Proof of Proposition[3.5. We begin by proving an auxiliary claim, namely that if a1, ..., apn,
are coprime natural numbers, and v1,...,Ym € Poly<,(Z — Z), then there exists v €
Poly < (Z — Z) such that v; — v € Poly,(2Z — Z) for i = 1,...,m. It suffices to verify

i

this when m = 2, as this also implies the m = 1 case, and the higher m cases also follow
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from induction. From the first claim of Lemma we can write 71 — 72 = 7] — 5 where
7€ Polygk(a—llZ — Z) and 5 € Polygk(éZ — Z). The claim now follows by setting
VEY T =02 %

Now we prove (i). Write ¢ = (I, P) and ¢, = (I, P,). From Definition [3.1} we have

P,=e,+ P+

where g, € Poly(R — R) obeys the smoothness bounds in Definition (i), and 7, €
Poly(Z — Z). From the previous claim, there exists v € Poly.;(Z — Z) such that

Y»—"7 € Polygk(%Z — Z) for each p. If one then sets ¢ := (I, P++), one obtains the claim

(i)-

Now we prove (ii). Write ¢ = (I, P) and ¢/ = (I’, P"). From hypothesis we may write
P(t) = ep(t) + P'(t) + 7(t)

for all p € P and some ¢p,7, € Poly<,(R — R) obeying the properties in Definition .
In particular, we see that €,(t) + 7,(t) is independent of p. Setting n; to be an integer
point in I, we then have that €,(n;) mod 1 is independent of p. Since also €,(nr) = O(1),
we may subtract a bounded integer from each ¢, and add it to 7, to assume without loss
of generality that €,(ny) is independent of p. Since €,(n + 1) = ¢,(n) + O(1/|1]) for all
n € I NZ, and €y(n) mod 1 is independent of p, we conclude from induction (for |I| large
enough) that €,(n) is independent of p for all n € I NZ, which by Lagrange interpolation
(or Lemma [2.3) implies that €, = € is independent of p. This implies that v, = v is also
independent of p. Since v € Polygk(z%Z — Z) for all p € P, we see from iterating the
second claim of Lemma [2.2| that v € Polygk(ﬁZ — Z), and the claim follows. O

Proof of Proposition[{.1] As with the proof of Proposition [3.5] we begin by proving an
auxiliary claim, namely that if aq,...,a,, are coprime natural numbers, and ~yi,...,v, €
Poly(Z — T), then there exists v € Poly(Z — I') such that v~ 1v; € Poly(a%_Z — I') for
i = 1,...,m. As before it suffices from induction to verify the m = 2 case. From the
first claim of Lemma we can write v, 'y2 = (v7) "'y where 77 € Poly(iZ — I') and
V5 € Poly(éZ — T). The claim now follows by setting v = v1(7}) ™! = 72(73) L.

Now we prove (i). From Definition if we write ¢ = (I, ¢g) and ¢, = (Ip, gp), we have

9p = Ep97p

where ¢, € Poly(R — G) obeys the smoothness bounds in Definition i), and v, €
Poly(Z — T). From the previous claim, there exists v € Poly(Z — I') such that 41y, €
Poly(%Z — 7) for each p. If one then sets ¢/ := (I, g7y), one obtains the claim (i).

Now we prove (ii). Write ¢ = (I,g) and ¢’ = (I, ¢’). From hypothesis we may write
9= €9 (186)
for all p € P and some €p,7, € Poly(R — G) obeying the properties in Definition Let
ny be an integer point in /. The points loge,(ny) take values in a ball of size O(1) around

the origin in log G. Let 6 > 0 be a small, fixed constant (depending on k,e,0,G/T', F'). By
the pigeonhole principle, one can find a subcollection P’ of P with #P’ >>5 #P such that
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loge,(nr) = €9 + O(6) for some g = O(1). From Bernstein’s inequality (applied to
the function that expresses the distance between loge,(t) and €y) we also have logey,(t) =
€0 + O(9) whenever t = ny + O(d]I]). From (186 one has

(g')_leglep/g' = 'yp*yl;l. (187)

Now suppose that ¢ is an integer with ¢t = n; + O(6|I]). By the Baker—-Campbell-Hausdorff
formula (176]), the quantity

ep(t) ey (t) = exp((—log (1)) * log ey (1)) = exp((—eo + O(9)) * (€0 + O(9)))

lies within O(9) of the identity, hence the conjugate ¢'(t) ~te,(t) ~te, (1) g/ (t) lies within O(0)
of the identity when projected to the abelian group G/G2. On the other hand by ,
the projection of v,(t)yy (t)~! to G/G is rational in the sense that it lies in the image of I’
when raised to some power ¢ = O(1). For § small enough, these facts are only compatible if
the projection of both sides of to G/Go is trivial, that is to say both sides of lie
in Ga, s0 €,(t) '€, (t) also lies in G2. Now one can project to the abelian group Ga/G3 and
repeat the above arguments to show that both sides of lie in G'3 (for ¢ small enough).
Continuing this argument we conclude that both sides of are in fact trivial for all
integers t = ny + O(d|1|), and hence by Lagrange interpolation (for || large enough) for all
real t also. In particular, 7, = 7 is independent of p. From the second part of Lemma
we conclude that v € Poly( ﬁZ — Z), and the claim follows. O
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